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Preface to the Second Edition

Over the decade and a half since I wrote the first edition, nothing has altered my
belief in the soundness of the overall approach taken here. This is based on the
response of teachers, students, and my own occasional rereading of the book. I was
generally quite happy with the book, although there were portions where 1 felt 1
could have done better and portions which bothered me by their absence. I welcome
this opportunity to rectify all that.

Apart from small improvements scattered over the text, there are three major
changes. First, I have rewritten a big chunk of the mathematical introduction in
Chapter 1. Next, I have added a discussion of time-reversal invariance. I don’t know
how it got left out the first time—I wish I could go back and change it. The most
important change concerns the inclusion of Chaper 21, “Path Integrals: Part IL.”
The first edition already revealed my partiality for this subject by having a chapter
devoted to it, which was quite unusual in those days. In this one, I have cast off all
restraint and gone all out to discuss many kinds of path integrals and their uses.
Whereas in Chapter 8 the path integral recipe was simply given, here I start by
deriving it. I derive the configuration space integral (the usual Feynman integral),
phase space integral, and (oscillator) coherent state integral. I discuss two applica-
tions: the derivation and application of the Berry phase and a study of the lowest
Landau level with an eye on the quantum Hall effect. The relevance of these topics
is unquestionable. This is followed by a section of imaginary time path integrals—
its description of tunneling, instantons, and symmetry breaking, and its relation to
classical and quantum statistical mechanics. An introduction is given to the transfer
matrix. Then I discuss spin coherent state path integrals and path integrals for
fermions. These were thought to be topics too advanced for a book like this, but I
believe this is no longer true. These concepts are extensively used and it seemed a
good idea to provide the students who had the wisdom to buy this book with a head
start.

How are instructors to deal with this extra chapter given the time constraints?
I suggest omitting some material from the earlier chapters. (No one I know, myself
included, covers the whole book while teaching any fixed group of students.) A
realistic option is for the instructor to teach part of Chapter 21 and assign the rest
as reading material, as topics for take-home exams, term papers, etc. To ignore it,
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I think, would be to lose a wonderful opportunity to expose the student to ideas that are
central to many current research topics and to deny them the attendant excitement. Since
the aim of this chapter is to guide students toward more frontline topics, it is more
concise than the rest of the book. Students are also expected to consult the references
given at the end of the chapter.

Over the years, | have received some very useful feedback and I thank all those
students and teachers who took the time to do so. I thank Howard Haber for a
discussion of the Born approximation; Harsh Mathur and Ady Stern for discussions
of the Berry phase; Alan Chodos, Steve Girvin, Ilya Gruzberg, Martin Gutzwiller,
Ganpathy Murthy, Charlie Sommerfeld, and Senthil Todari for many useful comments
on Chapter 21. I am most grateful to Captain Richard F. Malm, U.S.C.G. (Retired),
Professor Dr. D. Schliiter of the University of Kiel, and Professor V. Yakovenko of the
University of Maryland for detecting numerous errors in the first printing and taking the
trouble to bring them to my attention. I thank Amelia McNamara of Plenum for urging
me to write this edition and Plenum for its years of friendly and warm cooperation.
I thank Ron Johnson, Editor at Springer for his tireless efforts on behalf of this book,
and Chris Bostock, Daniel Keren and Jimmy Snyder for their generous help in
correcting errors in the 14" printing. Finally, I thank my wife Uma for shielding me as
usual from real life so I could work on this edition, and my battery of kids (revised and
expanded since the previous edition) for continually charging me up.

R. Shankar
New Haven, Connecticut



Preface to the First Edition

Publish and perish—Giordano Bruno

Given the number of books that already exist on the subject of quantum mechanics,
one would think that the public needs one more as much as it does, say, the latest
version of the Table of Integers. But this does not deter me (as it didn’t my predeces-
sors) from trying to circulate my own version of how it ought to be taught. The
approach to be presented here (to be described in a moment) was first tried on a
group of Harvard undergraduates in the summer of 76, once again in the summer
of *77, and more recently at Yale on undergraduates (*77-'78) and graduates ('78-
’79) taking a year-long course on the subject. In all cases the results were very
satisfactory in the sense that the students seemed to have learned the subject well
and to have enjoyed the presentation. It is, in fact, their enthusiastic response and
encouragement that convinced me of the soundness of my approach and impelled
me to write this book.

The basic idea is to develop the subject from its postulates, after addressing
some indispensable preliminaries. Now, most people would agree that the best way
to teach any subject that has reached the point of development where it can be
reduced to a few postulates is to start with the latter, for it is this approach that
gives students the fullest understanding of the foundations of the theory and how it
is to be used. But they would also argue that whereas this is all right in the case of
special relativity or mechanics, a typical student about to learn quantum mechanics
seldom has any familiarity with the mathematical language in which the postulates
are stated. I agree with these people that this problem is real, but I differ in my belief
that it should and can be overcome. This book is an attempt at doing just this.

It begins with a rather lengthy chapter in which the relevant mathematics of
vector spaces developed from simple ideas on vectors and matrices the student is
assumed to know. The level of rigor is what I think is needed to make a practicing
quantum mechanic out of the student. This chapter, which typically takes six to
eight lecture hours, is filled with examples from physics to keep students from getting
too fidgety while they wait for the “real physics.” Since the math introduced has to
be taught sooner or later, I prefer sooner to later, for this way the students, when
they get to it, can give quantum theory their fullest attention without having to
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battle with the mathematical theorems at the same time. Also, by segregating the
mathematical theorems from the physical postulates, any possible confusion as to
which is which is nipped in the bud.

This chapter is followed by one on classical mechanics, where the Lagrangian
and Hamiltonian formalisms are developed in some depth. It is for the instructor to
decide how much of this to cover; the more students know of these matters, the
better they will understand the connection between classical and quantum mechanics.
Chapter 3 is devoted to a brief study of idealized experiments that betray the
inadequacy of classical mechanics and give a glimpse of quantum mechanics.

Having trained and motivated the students I now give them the postulates of
quantum mechanics of a single particle in one dimension. I use the word “*postulate”
here to mean ‘“‘that which cannot be deduced from pure mathematical or logical
reasoning, and given which one can formulate and solve quantum mechanical prob-
lems and interpret the results.” This is not the sense in which the true axiomatist
would use the word. For instance, where the true axiomatist would just postulate
that the dynamical variables are given by Hilbert space operators, I would add the
operator identifications, i.c., specify the operators that represent coordinate and
momentum (from which others can be built). Likewise, [ would not stop with the
statement that there is a Hamiltonian operator that governs the time evolution
through the equation i%d|y)/ét=H|y); I would say the H is obtained from the
classical Hamiltonian by substituting for x and p the corresponding operators. While
the more general axioms have the virtue of surviving as we progress to systems of
more degrees of freedom, with or without classical counterparts, students given just
these will not know how to calculate anything such as the spectrum of the oscillator.
Now one can, of course, try to “derive” these operator assignments, but to do so
one would have to appeal to ideas of a postulatory nature themselves. (The same
goes for “deriving” the Schrodinger equation.) As we go along, these postulates are
generalized to more degrees of freedom and it is for pedagogical reasons that these
generalizations are postponed. Perhaps when students are finished with this book,
they can free themselves from the specific operator assignments and think of quantum
mechanics as a general mathematical formalism obeying certain postulates (in the
strict sense of the term).

The postulates in Chapter 4 are followed by a lengthy discussion of the same,
with many examples from fictitious Hilbert spaces of three dimensions. Nonetheless,
students will find it hard. It 1s only as they go along and see these postulates used
over and over again in the rest of the book, in the setting up of problems and the
interpretation of the results, that they will catch on to how the game is played. It is
hoped they will be able to do it on their own when they graduate. I think that any
attempt to soften this initial blow will be counterproductive in the long run.

Chapter 5 deals with standard problems in one dimension. It is worth mentioning
that the scattering off a step potential is treated using a wave packet approach. If
the subject seems too hard at this stage, the instructor may decide to return to it
after Chapter 7 (oscillator), when students have gained more experience. But I think
that sooner or later students must get acquainted with this treatment of scattering.

The classical limit is the subject of the next chapter. The harmonic oscillator is
discussed in detail in the next. It is the first realistic problem and the instructor may
be eager to get to it as soon as possible. If the instructor wants, he or she can discuss
the classical limit after discussing the oscillator.



We next discuss the path integral formulation due to Feynman. Given the intui-
tive understanding it provides, and its elegance (not to mention its ability to give
the full propagator in just a few minutes in a class of problems), its omission from
so many books is hard to understand. While it is admittedly hard to actually evaluate
a path integral (one example is provided here), the notion of expressing the propag-
ator as a sum over amplitudes from various paths is rather simple. The importance
of this point of view is becoming clearer day by day to workers in statistical mechanics
and field theory. I think every effort should be made to include at least the first three
(and possibly five) sections of this chapter in the course.

The content of the remaining chapters is standard, in the first approximation.
The style is of course peculiar to this author, as are the specific topics. For instance,
an entire chapter (11) is devoted to symmetries and their consequences. The chapter
on the hydrogen atom also contains a section on how to make numerical estimates
starting with a few mnemonics. Chapter 15, on addition of angular momenta, also
contains a section on how to understand the “‘accidental”” degeneracies in the spectra
of hydrogen and the isotropic oscillator. The quantization of the radiation field is
discussed in Chapter 18, on time-dependent perturbation theory. Finally the treat-
ment of the Dirac equation in the last chapter (20) is intended to show that several
things such as electron spin, its magnetic moment, the spin-orbit interaction, etc.
which were introduced in an ad hoc fashion in earlier chapters, emerge as a coherent
whole from the Dirac equation, and also to give students a glimpse of what lies
ahead. This chapter also explains how Feynman resolves the problem of negative-
energy solutions (in a way that applies to bosons and fermions).

For Whom Is this Book Intended?

In writing it, I addressed students who are trying to learn the subject by them-
selves; that is to say, I made it as self-contained as possible, included a lot of exercises
and answers to most of them, and discussed several tricky points that trouble students
when they learn the subject. But I am aware that in practice it is most likely to be
used as a class text. There is enough material here for a full year graduate course.
It is, however, quite easy so adapt it to a year-long undergraduate course. Several
sections that may be omitted without loss of continuity are indicated. The sequence
of topics may also be changed, as stated earlier in this preface. I thought it best to
let the instructor skim through the book and chart the course for his or her class,
given their level of preparation and objectives. Of course the book will not be particu-
larly useful if the instructor is not sympathetic to the broad philosophy espoused
here, namely, that first comes the mathematical training and then the development
of the subject from the postulates. To instructors who feel that this approach is all
right in principle but will not work in practice, I reiterate that it has been found to
work in practice, not just by me but also by teachers elsewhere.

The book may be used by nonphysicists as well. (I have found that it goes well
with chemistry majors in my classes.) Although I wrote it for students with no familiar-
ity with the subject, any previous exposure can only be advantageous.

Finally, I invite instructors and students alike to communicate to me any sugges-
tions for improvement, whether they be pedagogical or in reference to errors or
misprints.

xi
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FIRST EDITION
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Prelude

Our description of the physical world is dynamic in nature and undergoes frequent
change. At any given time, we summarize our knowledge of natural phenomena by
means of certain laws. These laws adequately describe the phenomenon studied up
to that time, to an accuracy then attainable. As time passes, we enlarge the domain
of observation and improve the accuracy of measurement. As we do so, we constantly
check to see f ihe laws continue to be valid. Those laws that do remain valid gain
in stature, and those that do not must be abandoned in favor of new ones that do.

In this changing picture, the laws of classical mechanics formulated by Galileo,
Newton, and later by Euler, Lagrange, Hamilton, Jacobi, and others, remained
unaltered for almost three centuries. The expanding domain of classical physics met
its first obstacles around the beginning of this century. The obstruction came on two
fronts: at large velocities and small (atomic) scales. The problem of large velocities
was successfully solved by Einstein, who gave us his relativistic mechanics, while the
founders of quantum mechanics—Bohr, Heisenberg, Schrédinger, Dirac, Born, and
others—solved the problem of small-scale physics. The union of relativity and quan-
tum mechanics, needed for the description of phenomena involving simultaneously
large velocities and small scales, turns out to be very difficult. Although much pro-
gress has been made in this subject, called quantum field theory, there remain many
open questions to this date. We shall concentrate here on just the small-scale problem,
that is to say, on non-relativistic quantum mechanics.

The passage from classical to quantum mechanics has several features that are
common to all such transitions in which an old theory gives way to a new one:

(1) There is a domain D, of phenomena described by the new theory and a sub-
domain D, wherein the old theory is reliable (to a given accuracy).

(2) Within the subdomain D, either theory may be used to make quantitative pre-
dictions. It might often be more expedient to employ the old theory.

(3) In addition to numerical accuracy, the new theory often brings about radical
conceptual changes. Being of a qualitative nature, these will have a bearing on
all of D,,.

For example, in the case of relativity, D, and D, represent (macroscopic)
phenomena involving small and arbitrary velocities, respectively, the latter, of course,
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being bounded by the velocity of light. In addition to giving better numerical pre-
dictions for high-velocity phenomena, relativity theory also outlaws several cherished
notions of the Newtonian scheme, such as absolute time, absolute length, unlimited
velocities for particles, etc.

In a similar manner, quantum mechanics brings with it not only improved
numerical predictions for the microscopic world, but also conceptual changes that
rock the very foundations of classical thought.

This book introduces you to this subject, starting from its postulates. Between
you and the postulates there stand three chapters wherein you will find a summary
of the mathematical ideas appearing in the statement of the postulates, a review of
classical mechanics, and a brief description of the empirical basis for the quantum
theory. In the rest of the book, the postulates are invoked to formulate and solve a
variety of quantum mechanical problems. It is hoped that, by the time you get to
the end of the book, you will be able to do the same yourself.

Note to the Student

Do as many exercises as you can, especially the ones marked * or whose results
carry equation numbers. The answer to each exercise is given either with the exercise
or at the end of the book.

The first chapter is very important. Do not rush through it. Even if you know
the math, read it to get acquainted with the notation.

I am not saying it is an easy subject. But I hope this book makes it seem
reasonable.

Good luck.



Contents

1. Mathematical Introduction

1.1
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.
1.9.

Linear Vector Spaces: Basics .

Inner Product Spaces .

Dual Spaces and the Dirac Notatlon
Subspaces .

Linear Operators . .
Matrix Elements of Linear Operators .
Active and Passive Transformations.

The Eigenvalue Problem.

Functions of Operators and Related Concepts

1.10. Generalization to Infinite Dimensions .

2. Review of Classical Mechanics .

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.

2.8.

The Principle of Least Action and Lagrangian Mechanics
The Electromagnetic Lagrangian . .

The Two-Body Problem .

How Smart Is a Particle?

The Hamiltonian Formalism .

The Electromagnetic Force in the Hamlltoman Seheme
Cyclic Coordinates, Poisson Brackets, and Canonical
Transformations .

Symmetries and Their Consequences

3. All Is Not Well with Classical Mechanics .

3.1.
3.2.
3.3.
34
3.5.

Particles and Waves in Classical Physics .

An Experiment with Waves and Particles (Classwal)
The Double-Slit Experiment with Light .

Matter Waves (de Broghe Waves)

Conclusions . ..

11
17
18
20
29
30
54
57

75

78
83
85
86
86
90

91
98

107

107
108
110
112
112

Xv



xvi
CONTENTS

10.

The Postulates— a General Discussion

4.1. The Postulates .

4.2. Discussion of Postulates I IH .

4.3, The Schrédinger Equation (Dotting Your i’s and
Crossing your #’s)

Simple Problems in One Dimension .

5.1. The Free Particle .

5.2. The Particle in a Box . .

5.3. The Continuity Equation for Probabxhty

5.4, The Single-Step Potential: a Problem in Scattering
5.5.  The Double-Slit Experiment . .

5.6. Some Theorems

The Classical Limit

The Harmonic Oscillator .

7.1. Why Study the Harmonic Oscillator?

7.2. Review of the Classical Oscillator .

7.3.  Quantization of the Oscillator (Coordinate Ba31s)
7.4. The Oscillator in the Energy Basis

7.5. Passage from the Energy Basis to the X Ba51s

The Path Integral Formulation of Quantum Theory .

8.1. The Path Integral Recipe
8.2.  Analysis of the Recipe .
8.3.  An Approximation to U(t) for the Free Partlcle .

8.4. Path Integral Evaluation of the Free-Particle Propagator .

8.5. Equivalence to the Schrodinger Equation .
8.6. Potentials of the Form V=a-+bx+ cx*+dx +exx .

The Heisenberg Uncertainty Relations .

9.1. Introduction . .
9.2. Derivation of the Uncertamty Relatlons .
9.3. The Minimum Uncertainty Packet

9.4. Applications of the Uncertainty Principle
9.5. The Energy-Time Uncertainty Relation .

Systems with NV Degrees of Freedom

10.1. AN Particles in One Dimension .
10.2.  More Particles in More Dimensions .
10.3. Identical Particles .

115

115
116

143

151

151
157
164
167
175
176

179

185

185
188
189
202
216 -

223

223
224
225
226
229
231

237

237
237
239
241
245

247

247
259
260



11.

12.

13.

14.

15.

16.

17.

Symmetries and Their Consequences . . . . . . . . . . . . . .

11.1. Overview. . . . . . . . . . . . . oo
11.2. Translational Invariance in Quantum Theory . . . . . . .
11.3. Time Translational Invariance. . . . . . . . . . . . . .
11.4. Parity Invariance . . . . . . . . . . . . . .. .. ..
11.5. Time-Reversal Symmetry . . . . . . . . . . . . .. ..

Rotational Invariance and Angular Momentum . . . . . . . . . .

12.1. Translations in Two Dimensions. . . . . . . . . . . .

12.2. Rotations in Two Dimensions. . . . . . . . .

12.3. The Eigenvalue Problem of L.. . . . . . . . . Coe e e
12.4. Angular Momentum in Three Dimensions . . . . . . .

12.5. The Eigenvalue Problem of L*and L. . . . . . . . .

12.6. Solution of Rotationally Invariant Problems . . . . . .

The Hydrogen Atom . . . . . . . . . . . . .. C e

13.1. The Eigenvalue Problem . . . . . . . . . . . . . .. .
13.2. The Degeneracy of the Hydrogen Spectrum .......
13.3. Numerical Estimates and Comparison with Experiment . .
13.4. Multielectron Atoms and the Periodic Table . . . . . .

Spin . . . . .. L

14.1. Introduction

14.2. What is the Nature of Spm" ..............
14.3. Kinematicsof Spin . . . . . . . . .. ...
144. Spin Dynamics . . . . . . . . . . . . . ... ...
14.5. Return of Orbital Degrees of Freedom . . . . . . . . .

Addition of Angular Momenta . . . . . . . . . . . . . . ..

15.1. A Simple Example. . . . . . . . . . . . .. . ... .
15.2. The General Problem . . . . . . C e e e

15.3. TIrreducible Tensor Operators . . . . . . . . . . . . . .
15.4. Explanation of Some “Accidental” Degeneracies. . . . . .

Variational and WKB Methods . . . . . . . . .

16.1. The Variational Method . . . . . . . . . . . . . . ..

16.2. The Wentzel-Kramers—Brillouin Method . .

Time-Independent Perturbation Theory . . . . . . . . . . . . .

17.1. The Formalism . . . . . . e e e e e
17.2. Some Examples .
17.3. Degenerate Perturbation Theory. . . . . . . . . . .

353

353
359
361
369

373

373
373
374
385
397

403

403
408
416
421

429
429
435

451

451
454
464

xvii
CONTENTS



xviii
CONTENTS

18.

19.

20.

21.

Time-Dependent Perturbation Theory . . . . . . . . . . . . .

18.1.
18.2.
18.3.
18.4.
18.5.

The Problem . . . . . . . . . . . . ..
First-Order Perturbation Theory Ce
Higher Orders in Perturbation Theory . . . . . . .
A General Discussion of Electromagnetic Interactions
Interaction of Atoms with Electromagnetic Radiation

Scattering Theory . . . . . . . . . . .. e e

19.1.
19.2.
19.3.
19.4.
19.5.
19.6.

Introduction . . . . . . . .. .. L0
Recapitulation of One Dlmensmnal Scattering and Overview

The Born Approximation (Time-Dependent Description) . .
Born Again (The Time-Independent Approximation) . . . . .
The Partial Wave Expansion . . . . . . . . . T,
Two-Particle Scattering. . . . . . . . . . . . . . . . ..

The Dirac Equation . . . . . . . . . . .

20.1.
20.2.
20.3.

The Free-Particle Dirac Equation . . .
Electromagnetic Interaction of the Dirac Partlcle
More on Relativistic Quantum Mechanics . . . . . . . . .

Path Integrals—II. . . . . . . . . . . . ... . ..

21.1.
21.2.
21.3.
21.4.

Appendix

ANSWERS TO SELECTED EXERCISES .
TABLE OF CONSTANTS . . . .

INDEX. . .

Al
A2
A3
A4

Derivation of the Path Integral . . . . . . . . . . . .
Imaginary Time Formalism . . . . . . . . . . . . . .
Spin and Fermion Path Integrals . . . . . . . . .
Summary. . . . . . . . Lo

Matrix Inversion. . . . . . . . . . . . . .
Gaussian Integrals . . . . . . . . . . . . ..
Complex Numbers . . . . . . . . . . ..

The ig Prescription. . . . . . . . . . . .

473

473
474
484
492
499

523

523
524
529
534
545
555

563
563
566
574
581

582
613
636
652

655

655
659
660
661

665
669
671



	Preface to the Second Edition
	Preface to the First Edition
	For Whom Is this Book Intended?
	Acknowledgments

	Prelude
	Note to the Student

	Contents

