APPENDIX 1

The Transcendence of
eand &

The proof which we shall give here follows the classical method of Gelfond
and Schneider, properly formulated. It is based on a theorem concerning values
of functions satisfying differential equations, and it had been recognized for some
time that such values are subject to severe restrictions, in various contexts.
Here, we deal with the most general algebraic differential equation.

We shall assume that the reader is acquainted with elementary facts con-
cerning functions of a complex variable. Let f be an entire function (i.e. a
function which is holomorphic on the complex plane). For our purposes, we
say f is of order < p if there exists a number C > 1 such that for all large R we
have

lf@) < ¥

whenever |z| = R. A meromorphic function is said to be of order < pifitisa
quotient of entire functions of order < p.

Theorem. Let K be a finite extension of the rational numbers. Let fi, ..., fy
be meromorphic functions of order < p. Assume that the field K(fy, ..., fv)
has transcendence degree = 2 over K, and that the derivative D = d/dz maps
thering K[ fy, ..., fvlintoitself. Letw,, ..., w,, be distinct complex numbers
not lying among the poles of the f;, such that

fiw,)e K
foralli=1,...,Nandv=1,...,m Thenm < 10p[K : Q].

Corollary 1. (Hermite-Lindemann). If « is algebraic (over Q) and # 0,
then ¢* is transcendental. Hence m is transcendental.
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Proof. Suppose that o and ¢* are algebraic. Let K = Q(a, ¢*). The two
functions z and e* are algebraically independent over K (trivial), and the ring
K[z, ¢*] is obviously mapped into itself by the derivative. Our functions take on
algebraic values in K at o, 2a, ..., mo for any m, contradiction. Since 2™ = 1,
it follows that 27i is transcendental.

Corollary 2. (Gelfond-Schneider). If a is algebraic #0, 1 and if B is
algebraic irrational, then of = 8% is transcendental.

Proof. We proceed as in Corollary 1, considering the functions ¢*' and ¢’
which are algebraically independent because f is assumed irrational. We look
at the numbers loga, 2 loga, . . ., mlog a to get a contradiction as in Corollary 1.

Before giving the main arguments proving the theorem, we state some lemmas.
The first two, due to Siegel, have to do with integral solutions of linear homo-
geneous equations.

Lemma 1. Let

a“xl + "'+a1nx"=0

Xy + -+ ayx, =0

be a system of linear equations with integer coefficients a;;, and n > r. Let A
be a number such that |a;;| < A for all i, j. Then there exists an integral,
non-trivial solution with

x| < 2Q2nAy/e=",

Proof. We view our system of linear equations as a linear equation
L(X) = 0, where L is a linear map, L: Z"™ — Z®, determined by the matrix of
coefficients. If B is a positive number, we denote by Z™(B) the set of vectors X
in Z™ such that | X| £ B (where | X | is the maximum of the absolute values
of the coefficients of X). Then L maps Z"™(B) into Z"(nBA). The number of
elements in Z™(B) is =2 B" and <(2B + 1)". We seek a value of B such that
there will be two distinct elements X, Y in Z®(B) having the same image,
L(X) = L(Y). For this, it will suffice that B" > (2nBA)', and thus it will suffice
that

B = (2nAy’®=",

We take X — Y as the solution of our problem.

Let K be a finite extension of Q, and let I be the integral closure of Z in K.
From Exercise 5 of Chapter IX, we know that Iy is a free module over Z, of
dimension [K:Q]. We view K as contained in the complex numbers. If
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o € K, a conjugate of « will be taken to be an element oo, where ¢ is an embedding
of Kin C. By the size of a set of elements of K we shall mean the maximum of the
absolute values of all conjugates of these elements.

By the size of a vector X = (x,, ..., x,) we shall mean the size of the set of its
coordinates.
Let oy, ..., w, be a basis of I over Z. Let a € Iy, and write

a=aw; + -+ ayy.

Let ), ..., w}, be the dual basis of w,, ..., w, with respect to the trace. Then
we can express the (Fourier) coefficients a; of « as a trace,

a; = Tr(oaw?).

The trace is a sum over the conjugates. Hence the size of these coefficients is
bounded by the size of o, times a fixed constant, depending on the size of the
elements .

Lemma 2. Let K be a finite extension of Q. Let

Ot“xl + - + Otlnx,,=0

%Xy + o+ tpx, =0

be a system of linear equations with coefficients in Iy, and n > r. Let A be a
number such that size(a;;) < A, for all i, j. Then there exists a non-trivial
solution X in I such that

size(X) < C(C,nA)'™ ",
where C, C, are constants depending only on K.
Proof. Let wy, ..., wy be a basis of Iy over Z. Each x; can be written
X;=Cjwy + -+ Eyoy
with unknowns ¢;;. Each a;; can be written
%ij = ;10 + o0+ Ay Oy

with integers a;;; € Z. If we multiply out the a;;x;, we find that our linear equa-
tions with coefficients in I; are equivalent to a system of rM linear equations in
the nM unknowns &;,;, with coefficients in Z, whose size is bounded by CA, where
Cisanumber depending only on M and the size of the elements w,, together with
the products w;w,, in other words where C depends only on K. Applying
Lemma 1, we obtain a solution in terms of the ¢;;, and hence a solution X in I,
whose size satisfies the desired bound.
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The next lemma has to do with estimates of derivatives. By the size of a
polynomial with coefficients in K, we shall mean the size of its set of coefficients.
A denominator for a set of elements of K will be any positive rational integer
whose product with every element of the set is an algebraic integer. We define in
a similar way a denominator for a polynomial with coefficients in K. We
abbreviate “denominator” by den.

Let

P(Tla ey TN) = Z a(v)M(v)(T)

be a polynomial with complex coefficients, and let

Q(Tv cees TN) = z B(V)M(v)(T)

be a polynomial with real coefficients =0. We say that Q dominates P if
|| < Py for all (v). It is then immediately verified that the relation of domi-
nance is preserved under addition, multiplication, and taking partial derivatives
with respect to the variables Ti, ..., Ty.

Lemma 3. Let K be of finite degree over Q. Let f,, ..., fy be functions,
holomorphic on a neighborhood of a point w e C, and assume that D = d/dz
maps the ring K[ f1, ..., fy] into itself. Assume that f{w)€ K for alli. Then
there exists a number C, having the following property. Let P(T,, ..., Ty) be
a polynomial with coefficients in K, of degree < r. Ifweset f = P(f1,..., fv),
then we have, for all positive integers k,

size(D*f (w)) < size(P)r*k!Ck*r
Furthermore, there is a denominator for D*f (w) bounded by den(P)C%*".

Proof. There exist polynomials P(T}, ..., Ty) with coefficients in K such
that

Df; = Pi(fls-‘-,fN)'
Let h be the maximum of their degrees. There exists a unique derivation D on
K[T,, ..., Ty] such that DT, = P(T,, ..., Ty). For any polynomial P we have
N
D(P(Tl"“’ TN)) = Z(Dip)(Tb-u, TN)'Pi(Tl’-”a TN),
i=1

where D, ..., Dy are the partial derivatives. The polynomial P is dominated by
SIZC(P)(I + T1 + o+ TN)r,

and each P;is dominated by size(P;)(1 + T, + --- + Ty)". Thus DP is dominated
by

size(P)C,r(1 + Ty + --- + Ty *h
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Proceeding inductively, one sees that D*P is dominated by
size(PYCKr*k1(1 + T, - -+ + Ty) t*".

Substituting values f(w) for T;, we obtain the desired bound on D*f(w). The
second assertion concerning denominators is proved also by a trivial induction.

We now come to the main part of the proof of our theorem. Let f, g be two

functions among f}, ..., fy which are algebraically independent over K. Let
r be a positive integer divisible by 2m. We shall let r tend to infinity at the end
of the proof.
Let
F= Z b f ‘g’

ij=1

have coefficients b;;in K. Letn = r*/2m. We can select the b;; not all equal to 0,
and such that

D*F(w,) = 0

forO0 < k<mnandv = 1,..., m Indeed, we have to solve a system of mn linear
equations in r? = 2mn unknowns. Note that

mn_

2mn —mn
We multiply these equations by a denominator for the coefficients. Using the
estimate of Lemma 3, and Lemma 2, we can in fact take the b;; to be algebraic
integers, whose size is bounded by

O(r"n!C1*") £ O(n*")

for n — oo.

Since f, g are algebraically independent over K, our function F is not
identically zero. We let s be the smallest integer such that all derivatives of F
up to order s — 1 vanish at all points w,, ..., w,,, but such that D°F does not
vanish at one of the w, say w,. Then s = n. We let

y = DF(w,) # 0.

Then y is an element of K, and by Lemma 3, it has a denominator which is
bounded by O(C}) for s — co. Let ¢ be this denominator. The norm of ¢y from
K to Q is then a non-zero rational integer. Each conjugate of ¢y is bounded by
0(s**). Consequently, we get

(1) 1 < INg(en)| £ OG> A1),
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where |y|is the fixed absolute value of y, which will now be estimated very well by
global arguments.

Let 6 be an entire function of order & p, such that 6f and 6y are entire, and
6(w,) # 0. Then 6*'F is entire. We consider the entire function

H(z) = JO7FE)
n (Z - Wv)s

v=1

Then H(w,) differs from D°F(w,) by obvious factors, bounded by C5s!. By the
maximum modulus principle, its absolute value is bounded by the maximum of
H on a largecircle of radius R. If we take R large, then z — w, has approximately
the same absolute value as R, and consequently, on the circle of radius R, H(z)
is bounded in absolute value by an expression of type

3s/2rRe
s¥°Cs
R™

We select R = s!/2?. We then get the estimate

4ss
s¥Cg
Iyl < T

We now let r tend to infinity. Then both nand s tend to infinity. Combining this
last inequality with inequality (1), we obtain the desired bound on m. This
concludes the proof.

Of course, we made no effort to be especially careful in the powers of s
occurring in the estimates, and the number 10 can obviously be decreased by
exercising a little more care in the estimates.

The theorem we proved is only the simplest in an extensive theory
dealing with problems of transcendence degree. In some sense, the theorem is
best possible without additional hypotheses. For instance, if P(t) is a polynomial
with integer coefficients, then e”® will take the value 1 at all roots of P, these being
algebraic. Furthermore, the functions

t,e, e, ..., e
are algebraically independent, but take on values in Q(e) for all integral values
of t.
However, one expects rather strong results of algebraic independence to hold.
Lindemann proved that if «y, .. ., o, are algebraic numbers, linearly independent
over Q, then

are algebraically independent.
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More generally, Schanuel has made the following conjecture: I ay,..., o,
are complex numbers, linearly independent over Q, then the transcendence
degree of

an

a
Ay evns Uy, €40, €

should be = n.

From this one would deduce at once the algebraic independence of ¢ and n
(looking at 1, 2mi, e, e*™), and all other independence statements concerning the
ordinary exponential function and logarithm which one feels to be true, for
instance, the statement that n cannot lie in the field obtained by starting with the
algebraic numbers, adjoining values of the exponential function, taking algebraic
closure, and iterating these two operations. Such statements have to do with
values of the exponential function lying in certain fields of transcendence degree
< n, and one hopes that by a suitable deepening of Theorem 1, one will reach
the desired results.



APPENDIX 2

Some Set Theory

§1. DENUMERABLE SETS

Let n be a positive integer. Let J, be the set consisting of all integers k,
1 £ k £ n. If Sisaset, we say that S has n elements if there is a bijection between
Sand J,. Sucha bijection associates with each integer k as above an element of S,
say k — a,. Thus we may use J,to “count” S. Part of what we assume about the
basic facts concerning positive integers is that if § has n elements, then the integer
n is uniquely determined by S.

One also agrees to say that a set has 0 elements if the set is empty.

We shall say that a set S is denumerable if there exists a bijection of § with the
set of positive integers Z*. Such a bijection is then said to enumerate the set S.
It is a mapping

n—a,
which to each positive integer n associates an element of S, the mapping being
injective and surjective.

If D is a denumerable set, and f: S — D is a bijection of some set S with D,
then S is also denumerable. Indeed, there is a bijection g: D — Z*, and hence
g o fis a bijection of S with Z*.

Let T be a set. A sequence of elements of T is simply a mapping of Z™ into T.
If the map is given by the association n+ x,, we also write the sequence as
{Xa}nz1,0ralso {x, x,,...}. Forsimplicity, we also write {x,} for the sequence.
Thus we think of the sequence as prescribing a first, second, .. ., n-th element of

T. We use the same braces for sequences as for sets, but the context will always
make our meaning clear.

875
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Examples. The even positive integers may be viewed as a sequence {x,} if
weput x, = 2nforn = 1,2, . ... The odd positive integers may also be viewed
as a sequence {y,} if we put y,=2n — 1 for n = 1,2,.... In each case, the
sequence gives an enumeration of the given set.

We also use the word sequence for mappings of the natural numbers into a set,
thus allowing our sequences to start from O instead of 1. If we need to specify
whether a sequence starts with the 0-th term or the first term, we write

{xn}ngo or {xn}ngl

according to the desired case. Unless otherwise specified, however, we always
assume that a sequence will start with the first term. Note that from a sequence
{X,}n>0 We can define a new sequence by letting y, = x,_, for n = 1. Then
Y1 = Xg, ¥, = Xy, .... Thus there is no essential difference between the two
kinds of sequences.

Given a sequence {x,}, we call x, the n-th term of the sequence. A sequence
may very well be such that all its terms are equal. For instance, if we let x, = 1
for all n 2 1, we obtain the sequence {1, 1, 1,...}. Thus there is a difference
between a sequence of elements in a set T, and a subset of T. In the example just
given, the set of all terms of the sequence consists of one element, namely the
single number 1.

Let {x,, x,, ...} be a sequence in a set S. By a subsequence we shall mean a
sequence {Xx,, X,,,...} such that n; <n, <---. For instance, if {x,} is the
sequence of positive integers, x,, = n, the sequence of even positive integers {x,,}
is a subsequence.

An enumeration of a set S is of course a sequence in S.

A set is finite if the set is empty, or if the set has n elements for some positive
integer n. If a set is not finite, it is called infinite.

Occasionally, a map of J, into a set T will be called a finite sequence in T.
A finite sequence is written as usual,

{x4,..., %, oOF {xi}i=1,...,n'

When we need to specify the distinction between finite sequences and maps of
Z" into T, we call the latter infinite sequences. Unless otherwise specified, we
shall use the word sequence to mean infinite sequence.

Proposition 1.1. Let D be an infinite subset of Z*. Then D is denumerable,
and in fact there is a unique enumeration of D, say {ky, k,, ...} such that

ki <k, < - <k, <k, {<---.

Proof. We let k, be the smallest element of D. Suppose inductively that we
have defined k, < --- < k,, in such a way that any element k in D which is not
equaltok,..., k,is > k,. Wedefinek, , , to be the smallest element of D which
is > k,. Then the map n+ k, is the desired enumeration of D.
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Corollary 1.2. Let S be a denumerable set and D an infinite subset of S.
Then D is denumerable.

Proof. Given an enumeration of S, the subset D corresponds to a subset of
Z" inthisenumeration. Using Proposition 1.1, we conclude that we can enumer-
ate D.

Proposition 1.3. Every infinite set contains a denumerable subset.

Proof. Let S be an infinite set. For every non-empty subset T of S, we
select a definite element ar in T. We then proceed by induction. We let x, be the
chosen element ag. Suppose that we have chosen x, ..., x, having the property
that for each k = 2, ..., n the element x, is the selected element in the subset
which is the complement of {x,, ..., x,_,}. Welet x,, , be the selected element
in the complement of the set {x,,..., x,}. By induction, we thus obtain an
association n — x, for all positive integers n, and since x, # x, for all k < n it
follows that our association is injective, i.e. gives an enumeration of a subset of S.

Proposition 1.4. Let D be a denumerable set, and f:D — S a surjective
mapping. Then S is denumerable or finite.

Proof. For each ye S, there exists an element x, € D such that f(x,)) =y
because f is surjective. The association y — X, is an injective mapping of S
into D, because if

y,zeS and x,=x,

then
y=flx)=f(x;) =z

Let g(y) = x,. The image of g is a subset of D and D is denumerable. Since g
is a bijection between § and its image, it follows that S is denumerable or finite.

Proposition 1.5.  Let D be a denumerable set. Then D x D (the set of all pairs
(x, y) with x, y € D) is denumerable.

Proof. There s a bijection between D x Dand Z* x Z*, so it will suffice to
prove that Z* x Z* is denumerable. Consider the mappingof Z* x Z+* - Z*
given by

(m, n) > 2"3™,
It is injective, and by Proposition 1.1, our result follows.

Proposition 1.6. Let {D,, D,, . . .} be a sequence of denumerable sets. Let S
be the union of all sets D; (i = 1,2, ...). Then S is denumerable.
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Proof. Foreachi= 1,2, ... weenumerate the elements of D;, as indicated
in the following notation:

Dy: {xy11, X120, X135, 0}
Dy: {x31, X35, X23,...}

i AXin Xi2s X3, )

Themap f:Z* x Z* — D given by
f(l9.]) = xij

is then a surjective map of Z* x Z* onto S. By Proposition 1.4, it follows that
S is denumerable.

Corollary 1.7. Let F be a non-empty finite set and D a denumerable set. Then
F x D is denumerable. If S,, S,, ... are a sequence of sets, each of which is
finite or denumerable, then the union S; U S, U - - - is denumerable or finite.

Proof. Thereisan injectionof F into Z " and a bijection of Dwith Z*. Hence
there is an injection of F x Z* into Z* x Z™ and we can apply Corollary 1.2
and Proposition 1.6 to prove the first statement. One could also define a sur-
jective map of Z* x Z™ onto F x D. (Cf. Exercises 1 and 4.) As for the second
statement, each finite set is contained in some denumerable set, so that the second
statement follows from Proposition 1.1 and 1.6.

For convenience, we shall say that a set is countable if it is either finite or
denumerable.

§2. ZORN’'S LEMMA

In order to deal efficiently with infinitely many sets simultaneously, one needs
a special property. To state it, we need some more terminology.

Let S be a set. An ordering (also called partial ordering) of S is a relation,
written x £ y,amongsome pairs of elements of S, having the following properties.

ORD 1. We have x < x.
ORD2 Ifx=yandy < zthenx < z.
ORD3. Ifx<yandy < xthen x = y.
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We sometimes write y = xfor x < y. Notethat wedon’t require that therelation
x < yory £ xhold for every pair of elements (x, y) of S. Some pairs may not be
comparable. Ifthe ordering satisfies this additional property, then we say that it
is a total ordering.

Example 1. Let G be a group. Let S be the set of subgroups. If H, H' are
subgroups of G, we define

H=sH

if H is a subgroup of H'. One verifies immediately that this relation defines an
ordering on S. Given two subgroups H, H' of G, we do not necessarily have
H<HoHCZLH.

Example 2. Let R be aring, and let S be the set of left ideals of R. We define
an ordering in S in a way similar to the above, namely if L, L’ are left ideals of R,
we define

L<L
fLclL.

Example 3. Let X be a set, and S the set of subsets of X. If Y, Z are subsets
of X, we define Y < Z if Y is a subset of Z. This defines an ordering on S.

In all these examples, the relation of ordering is said to be that of inclusion.

In an ordered set, if x < y and x # y we then write x < y.

Let A be an ordered set,and B a subset. Then we can define an ordering on B
by defining x < yfor x, ye Bto hold ifand only if x < yin 4. We shall say that
R, is the ordering on B induced by R, or is the restriction to B of the partial
ordering of 4.

Let S be an ordered set. By a least element of S (or a smallest element) one
means an element a € S such that a < x for all xe S. Similarly, by a greatest
element one means an element b such that x < b for all xe S.

By a maximal element m of S one means an element such that if x € § and
X = m,then x = m. Note that a maximal element need not be a greatest element.
There may be many maximal elements in S, whereas if a greatest element exists,
then it is unique (proof ?).

Let S be an ordered set. We shall say that S is totally ordered if given x, ye §
we have necessarily x £ yor y £ x.

Example 4. The integers Z are totally ordered by the usual ordering. So
are the real numbers.

Let S be an ordered set, and T a subset. An upper bound of T (in S) is an
element b € S such that x < bfor all xe T. A least upper bound of T in S is an
upper bound b such that, if ¢ is another upper bound, then b < ¢. We shall say
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that S is inductively ordered if every non-empty totally ordered subset has an
upper bound.

We shall say that § is strictly inductively ordered if every non-empty totally
ordered subset has a least upper bound.

In Examples 1, 2, 3, in each case, the set is strictly inductively ordered. To
prove this, let us take Example 1. Let T be a non-empty totally ordered subset
of the set of subgroups of G. Thismeansthatif H,H' € T,thenH <« H'orH' = H.
Let U be the union of all sets in T. Then:

1. U is a subgroup. Proof: If x, ye U, there exist subgroups H, H' e T
such that xe Hand ye H'. If,say, H ¢ H’, then both x, y € H and hence
xye H'. Hence xyeU. Also, x 'eH’, so x 'eU. Hence U is a
subgroup.

2. U is an upper bound for each element of T. Proof: Every H e T is con-
tainedin U,so H S Uforall He T.

3. U is a least upper bound for T. Proof: Any subgroup of G which
contains all the subgroups H € T must then contain their union U.

The proof that the sets in Examples 2, 3 are strictly inductively ordered is
entirely similar.
We can now state the property mentioned at the beginning of the section.

Zorn’s Lemma. Let S be a non-empty inductively ordered set. Then there
exists a maximal element in S.

As an example of Zorn’s lemma, we shall now prove the infinite version of a
theorem given in Chapters 1, §7, and XIV, §2, namely:

Let R be an entire, principal ring and let E be a free module over R. Let F be a
submodule. Then F is free. In fact, if {v;};.; is a basis for E, and F # {0},
then there exists a basis for F indexed by a subset of I.

Proof. For each subset J of I we let E, be the free submodule of E generated
by all v;,jeJ,and we let F; = E; n F. We let S be the set of all pairs (F;, w)
where J isa subset of I, and w: J' — Fis a basis of F; indexed by a subset J' of J.
We write w; instead of w(j) for je J'. If (F;, w) and (F, u) are such pairs, we
define (F;,w) < (Fk,u) if J ¢ K, if J' = K', and if the restriction of u to J' is
equal to w. (In other words, the basis u for Fy is an extension of the basis w for
F,.) This defines an ordering on S, and it is immediately verified that S is in fact
inductively ordered, and non-empty (say by the finite case of the result). We can
therefore apply Zorn’s lemma. Let (F,, w) be a maximal element. We contend
that J = I (this will prove our result). SupposeJ # Iandletkelbutk¢J. Let
K=Julk} If

E_,U(k)ﬁF = FJ,
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then (Fg, w) is a bigger pair than (F,, w) contradicting the maximality assump-
tion. Qtherwise there exist elements of Fx which can be written in the form

cv, +y

with some y€ E; and ce R, ¢ # 0. The set of all elements ¢ € R such that there
exists y € E; for which cv, + y € F is an ideal. Let a be a generator of this ideal,
and let

w,=av, + Yy

be an element of F, with y € E;. If z € Fy then there exists b € R such that
z — bw, € E;. But z — bw; € F, whence z — bwy, € F;. It follows at once that
the family consisting of w; (j € J) and wy is a basis for Fy, thus contradicting the
maximality again. This proves what we wanted.

Zorn’s lemma could be just taken as an axiom of set theory. However, it is
not psychologically completely satisfactory as an axiom, because its statement
is too involved, and one does not visualize easily the existence of the maximal
element asserted in that statement. We show how one can prove Zorn’s lemma
from other properties of sets which everyone would immediately grant as ac-
ceptable psychologically.

From now on to the end of the proof of Theorem 2.1, we let A be a non-
empty partially ordered and strictly inductively ordered set. We recall that
strictly inductively ordered means that every nonempty totally ordered subset
has a least upper bound. We assume given a map f: 4 — A4 such that for all
xe€ A wehave x £ f(x). We could call such a map an increasing map.

Letae A. Let B be asubset of A. We shall say that B is admissible if:

1. B contains a.
2. We have f(B) < B.

3. Whenever T is a non-empty totally ordered subset of B, the least upper
bound of T in A lies in B.

Then B is also strictly inductively ordered, by the induced ordering of 4. We
shall prove:

Theorem 2.1. (Bourbaki). Let A be a non-empty partially ordered and
strictly inductively ordered set. Let f: A — A be an increasing mapping.
Then there exists an element x, € A such that f(x,) = Xg-

Proof. Suppose that A were totally ordered. By assumption, it would have
a least upper bound b € 4, and then

bs f(b)=b,
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so that in this case, our theorem is clear. The whole problem is to reduce the
theorem to that case. In other words, what we need to find is a totally ordered
admissible subset of A.

If we throw out of A4 all elements x € A such that x is not = a, then what
remains is obviously an admissible subset. Thus without loss of generality, we
may assume that A has a least element a, that is a < x for all x € A.

Let M be the intersection of all admissible subsets of A. Note that A itself is
an admissible subset, and that all admissible subsets of 4 contain a, so that M is
not empty. Furthermore, M is itself an admissible subset of A. To see this, let
x e M. Then x is in every admissible subset, so f(x) is also in every admissible
subset, and hence f(x)e M. Hence f(M) c M. If T is a totally ordered non-
empty subset of M, and b is the least upper bound of T in A, then b lies in every
admissible subset of 4, and hence lies in M. It follows that M is the smallest
admissible subset of 4, and that any admissible subset of 4 contained in M is
equal to M.

We shall prove that M is totally ordered, and thereby prove Theorem 2.1.

[First we make some remarks which don’t belong to the proof, but will help
in the understanding of the subsequent lemmas. Since ae M, we see that
fl@)eM, f o f(a)e M, and in general f"(a) e M. Furthermore,

A @S [

If we had an equality somewhere, we would be finished, so we may assume that
the inequalities hold. Let D, be the totally ordered set { f"(a)},»o. Then D,
looks like this:

a< fla)< fAa)<---< ffa)y<---.

Let a, be the least upper bound of D,. Then we can form
a; < fa) < f2a) <--
in the same way to obtain D,, and we can continue this process, to obtain
D,D,,....

It is clear that D,, D,, ... are contained in M. If we had a precise way of ex-
pressing the fact that we can establish a never-ending string of such denumerable
sets, then we would obtain what we want. The point is that we are now trying to
prove Zorn’s lemma, which is the natural tool for guaranteeing the existence of
such a string. However, given such a string, we observe that its elements have
two properties: If ¢ is an element of such a string and x < ¢, then f(x) < c.
Furthermore, there is no element between ¢ and f(c), that is if x is an element of
the string, then x < cor f(c) £ x. We shall now prove two lemmas which show
that elements of M have these properties.]
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Letce M. Weshall say that c is anextreme point of M if whenever x € M and
x < ¢, then f(x) < ¢. For each extreme point c € M we let

M,=setofxeM suchthat x<c¢ or f(c) < x.

Note that M, is not empty because a is in it.

Lemma 2.2. We have M, = M for every extreme point ¢ of M.

Proof. 1t will suffice to prove that M, is an admissible subset. Let xe M.
If x < ¢ then f(x) < c¢so f(x)e M,. If x = c then f(x) = f(c)is againin M_.
If f(c) £ x, then f(c) £ x £ f(x), so once more f(x)e M,.. Thus we have
proved that f(M,) c M..

Let T be a totally ordered subset of M_ and let b be the least upper bound of
Tin M. If all elements x e T are < ¢, thenb £ cand be M,. If some xe T is
such that f(c) < x,then f(c) £ x < b,andsobisin M,. This proves our lemma.

Lemma 2.3. Every element of M is an extreme point.

Proof. Let E be the set of extreme points of M. Then E is not empty because
a € E. 1t will suffice to prove that E is an admissible subset. We first prove that
fmaps Eintoitself. Letce E. Let x e M and suppose x < f(c). We must prove
that f(x) = f(c). By Lemma 2.2, M = M_, and hence we have x < ¢, orx = ¢,
or f(c) £ x. This last possibility cannot occur because x < f(c). If x <c¢
then

fx)sc= fo

If x = ¢ then f(x) = f(c), and hence f(E) < E.

Next let T be a totally ordered subset of E. Let b be the least upper bound
of Tin M. We must prove that b€ E. Letxe M and x < b. If forall c € T we
have f(c) = x, then ¢ = f(c) = x implies that x is an upper bound for 7', whence
b = x, which is impossible. Since M, = M for all ¢ € E, we must therefore
have x = ¢ for some c € T. If x < ¢, then f(x) = ¢ = b, and if x = ¢, then

c=x<b.

Since ¢ is an extreme point and M, = M, we get f(x) = b. This proves that
b € E, that E is admissible, and thus proves Lemma 2.3.

We now see trivially that M is totally ordered. For let x, ye M. Then xis an
extreme point of M by Lemma 2, and ye M, so y < x or

x < f(x) 2,

thereby proving that M is totally ordered. As remarked previously, this con-
cludes the proof of Theorem 2.1.
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We shall obtain Zorn’s lemma essentially as a corollary of Theorem 2.1.
We first obtain Zorn’s lemma in a slightly weaker form.

Corollary 2.4. Let A be a non-empty strictly inductively ordered set. Then A
has a maximal element.

Proof. Suppose that A does not have a maximal element. Then for each
x € A there exists an element y, € A such that x < y,. Let f: A — A be the map
such that f(x) = y, for all x € A. Then A, f satisfy the hypotheses of Theorem
2.1 and applying Theorem 2.1 yields a contradiction.

The only difference between Corollary 2.4 and Zorn’s lemma is that in
Corollary 2.4, we assume that a non-empty totally ordered subset has a least
upper bound, rather than an upper bound. It is, however, a simple matter to
reduce Zorn’s lemma to the seemingly weaker form of Corollary 2.4. We do
this in the second corollary.

Corollary 2.5. (Zorn’s lemma). Let S be a non-empty inductively ordered
set. Then S has a maximal element.

Proof. Let A be the set of non-empty totally ordered subsets of S. Then A4
is not empty since any subset of S with one element belongs to 4. If X, Y € 4,
we define X < Y to mean X < Y. Then A is partially ordered, and is in fact
strictly inductively ordered. Forlet T = {X,};., bea totally ordered subset of 4.
Let

Z={)X.
iel

Then Z is totally ordered. To see this, let x, ye Z. Then x€ X; and ye X for
some i, je I. Since T is totally ordered, say X; = X;. Then x, y € X; and since
X istotally ordered, x < yory £ x. Thus Z is totally ordered, and is obviously
a least upper bound for T in 4. By Corollary 2.4, we conclude that 4 has a
maximal element X ,. This means that X, is a maximal totally ordered subset of
S (non-empty). Let m be an upper bound for X, in S. Then m is the desired
maximal element of S. For if x e S and m £ x then X, U {x} is totally ordered,
whence equal to X, by the maximality of X,. Thus x € X, and x < m. Hence
X = m, as was to be shown.

§3. CARDINAL NUMBERS

Let A, B be sets. We shall say that the cardinality of A is the same as the
cardinality of B, and write

card(4) = card(B)

if there exists a bijection of 4 onto B.
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We say card(4) < card(B) if there exists an injective mapping (injection)
f:A— B. We also write card(B) = card(A4) in this case. It is clear that if
card(A) < card(B) and card(B) £ card(C), then card(A4) < card(C).

This amounts to saying that a composite of injective mappings is injective.
Similarly, if card(A4) = card(B) and card(B) = card(C) then card(A4) = card(C).
This amounts to saying that a composite of bijective mappings is bijective.

We clearly have card(A) = card(A). Using Zorn’s lemma, it is easy to show (see
Exercise 14) that

card(4) < card(B) or card(B) < card(4).
Let f: A — B be a surjective map of a set A onto a set B. Then
card(B) £ card(A).

This is easily seen, because for each y e B there exists an element x € 4,
denoted by x,, such that f(x,) = y. Then the association y — x, is an injective
mapping of B into A, whence by definition, card(B) < card(A).

Given two nonempty sets A, B we have card(A) = card(B) or card(B) < card(A).
This is a simple application of Zorn’s lemma. We consider the family of pairs

(S, f) where S is a subset of A and f: S — B is an injective mapping. From the
existence of a maximal element, the assertion follows at once.

Theorem 3.1. (Schroeder-Bernstein). Letr A, B be sets, and suppose that
card(A) £ card(B), and card(B) < card(A4). Then

card(A) = card(B).
Proof. Let
fiA->B and ¢g:B—- A
be injections. We separate A into two disjoint sets A; and A,. We let A; consist
of all x € A such that, when we lift back x by a succession of inverse maps,

x,9 M x), fTlogTix), g lef T teg T (x),...

then at some stage we reach an element of 4 which cannot be lifted back to B by
g. Welet A, be the complement of 4,, in other words, the set of x € A which can
be lifted back indefinitely, or such that we get stopped in B (i.e. reach an element
of Bwhich has no inverse imagein A by f). Then4 = 4, U A,. Weshalldefine
a bijection h of A onto B.

If x € 4,, we define h(x) = f(x).

If xeA,, we define h(x) = g~ '(x) = unique element ye B such that
g(y) = x.

Then trivially, h is injective. We must prove that h is surjective. Let be B.
If, when we try to lift back b by a succession of maps

o fThogThe fTle g fT(D)
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we can lift back indefinitely, or if we get stopped in B, then g (b) belongs to A,
and consequently b = h(g(b)), so b lies in the image of 4. On the other hand, if we
cannot lift back b indefinitely, and get stopped in A, then f~1(b) is defined
(i.e., b is in the image of f), and f~!(b) lies in 4;. In this case, b = h(f~'(b))
is also in the image of 4, as was to be shown.

Next we consider theorems concerning sums and products of cardinalities.

We shall reduce the study of cardinalities of products of arbitrary sets to the
denumerable case, using Zorn’s lemma. Note first that an infinite set 4 always
contains a denumerable set. Indeed, since A is infinite, we can first select an
element a, € A, and the complement of {a,} is infinite. Inductively, if we have
selected distinct elements a,, ..., q, in A, the complement of {a,,..., a,} is
infinite, and we can select a,,, in this complement. In this way, we obtain a
sequence of distinct elements of A4, giving rise to a denumerable subset of A.

Let A be a set. By a covering of A one means a set I of subsets of 4 such that
the union

Uc
Cerll

of all the elements of I is equal to 4. We shall say that I' is a disjoint covering if
whenever C, C'eT, and C # C, then the intersection of C and C’ is empty.

Lemma 3.2. Let A be an infinite set. Then there exists a disjoint covering of
A by denumerable sets.

Proof. Let S be the set whose elements are pairs (B, I') consisting of a
subset B of 4, and a disjoint covering of B by denumerable sets. Then S is not
empty. Indeed, since A is infinite, A contains a denumerable set D, and the pair
(D, {D})isin 8. If (B, I') and (B', I'") are elements of S, we define

(B,T) = (B,I)

tomean that B < B,and I' = I". Let T be a totally ordered non-empty subset
of S. We may write T = {(B;, I'})};.; for some indexing set I. Let

B=UB, and F=Url.

iel iel
If C, C'el’, C # (', then there exists some indices i, j such that CeI; and
C’eT;. Since T is totally ordered, we have, say,

(Bi’ rl) g (Bja F])

Hence in fact, C, C’ are both elements of I';, and hence C, C’ have an empty
intersection. On the other hand, if x € B, then x € B, for some i, and hence there
is some C € T'; such that x e C. Hence I is a disjoint covering of B. Since the
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elements of each I'; are denumerable subsets of A4, it follows that I is a disjoint
covering of B by denumerable sets, so (B, I') is in S, and is obviously an upper
bound for T. Therefore S is inductively ordered.

Let (M, A) be a maximal element of S, by Zorn’s lemma. Suppose that
M # A. Ifthe complement of M in 4 is infinite, then there exists a denumerable
set D contained in this complement. Then

(M uD,AuU{D})

is a bigger pair than (M, A), contradicting the maximality of (M, A). Hence the
complement of M in A is a finite set F. Let D, be an element of A. Let

Dl =DOUPw.

Then D, is denumerable. Let A, be the set consisting of all elements of A, except
D,, together with D,. Then A, is a disjoint covering of A by denumerable sets,
as was to be shown.

Theorem 3.3. Let A be an infinite set, and let D be a denumerable set. Then
card(A x D) = card(A).
Proof. By the lemma, we can write

AZUDI

iel
as a disjoint union of denumerable sets. Then

Ax D=J(D; x D).

iel

For each i € I, there is a bijection of D; x D on D; by Proposition 1.5. Since the
sets D; x D are disjoint, we get in this way a bijection of 4 x D on A, as desired.

Corollary 3.4. If F is a finite non-empty set, then
card(4 x F) = card(A).
Proof. We have
card(A4) < card(4 x F) £ card(4 x D) = card(A4).

We can then use Theorem 3.1 to get what we want.

Corollary 3.5. Let A, B be non-empty sets, A infinite, and suppose

card(B) < card(A4).



888 SOME SET THEORY APPENDIX 2

Then
card(4 u B) = card(A).

Proof. We can write AU B = 4 U C for some subset C of B, such that C
and A4 aredisjoint. (Welet C be the set of all elements of B which are not elements
of A.) Then card(C) < card(4). We can then construct an injection of A U C
into the product

A x {1, 2}

of A with a set consisting of 2 elements. Namely, we have a bijection of 4 with
A x {1} in the obvious way, and also an injection of C into A x {2}. Thus

card(4 U C) £ card(4 x {l, 2}).

We conclude the proof by Corollary 3.4 and Theorem 3.1.

Theorem 3.6. Let A be an infinite set. Then
card(4 x A) = card(A).

Proof. Let S be the set consisting of pairs (B, f) where B is an infinite subset
of A, and f is a bijection of B onto B x B. Then S is not empty because if D is
a denumerable subset of 4, we can always find a bijection of D on D x D. If
(B, f) and (B, f') are in S, we define (B, f) < (B’, f') to mean B < B, and
the restriction of f’ to B is equal to f. Then § is partially ordered, and we con-
tend that S is inductively ordered. Let T be a non-empty totally ordered subset
of S, and say T consists of the pairs (B;, f;) for i in some indexing set 1. Let

M = iek)IBi.

We shall define a bijection g: M —- M x M. If x e M, then x lies in some B;.
We define g(x) = fi(x). This value fi(x) is independent of the choice of B; in
which x lies. Indeed, if x € B; for some j € I, then say

(Bi,.f) = (Bj, f)).

By assumption, B; < B;, and f(x) = fi(x), so g is well defined. To show g is
surjective, let x, ye M and (x, y)e M x M. Then x e B, for some iel and
y€ B;forsomejel. Againsince Tis totally ordered, say (B;, f;) < (B;, f). Thus
B; c Bj, and x, y € B;. There exists an element b € B; such that

f{b) = (x,y)eB; x B;.

By definition, g(b) = (x, y), so g is surjective. We leave the proof that g is
injective to the reader to conclude the proof that g is a bijection. We then see
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that (M, g) is an upper bound for T in S, and therefore that S is inductively
ordered.

Let (M, g) be a maximal element of S, and let C be the complement of M in A.
If card(C) < card(M), then

card(4) = card(M v C) = card(M)

by Corollary 3.5, and hence card(M) =card(4). Since card(M)=
card(M x M), we are done with the proof in this case. If

card(M) < card(C),
then there exists a subset M, of C having the same cardinality as M. We consider
MuM)x(MuM,)
=M x My)uM; x MyuM x M,)u(M,; x M,).

By the assumption on M and Corollary 3.5, the last three sets in parentheses on
the right of this equation have the same cardinality as M. Thus

MUM)xMUM)=(Mx MyuM,

where M, is disjoint from M x M, and has the same cardinality as M. We now
define a bijection

giI'M UM, -MuM))x (MuM,).

We let g,(x) = g(x)if x € M, and we let g, on M, be any bijection of M, on M.
In this way we have extended g to M U M, and the pair (M U M,,g,)isin S,
contradicting the maximality of (M, g). The case card(M) £ card(C) therefore
cannot occur, and our theorem is proved (using Exercise 14 below).

Corollary 3.7. If A is an infinite set,and A™ = A x --- x A is the product
taken n times, then

card(A™) = card(A).
Proof. Induction.

Corollary 3.8. IfA,, ..., A, are non-empty sets with A, infinite, and

card(4;) < card(4,)

fori=1,...,n,then

card(4, x --- x A,) = card(4,).
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Proof. We have
card(4,) < card(4; x --- x A,) < card(4, x --- X A4,)

and we use Corollary 3.7 and the Schroeder-Bernstein theorem to conclude the
proof.

Corollary 3.9. Let A be an infinite set, and let @ be the set of finite subsets
of A. Then

card(®) = card(A).

Proof. Let @, be the set of subsets of 4 having exactly n elements, for each
integern = 1,2,.... We first show that card(®,) < card(A). If F is an element
of @,, we order the elements of F in any way, say

F={x;..., %}
and we associate with F the element (x,, ..., x,) € A®,
Fr(xg,...,x,).

If G is another subset of A having n elements, say G = {y,, ..., y,},and G # F,
then

(X155 X)) # (V15 -0 Vo)
Hence our map
Fro(xy...,x,)
of @, into A™ is injective. By Corollary 3.7, we conclude that
card(®,) < card(A).

Now @ is the disjoint union of the @, for n = 1, 2, ... and it is an exercise to
show that card(®) £ card(A) (cf. Exercise 1). Since

card(4) £ card(®),

because in particular, card(®,) = card(4), we see that our corollary is proved.

In the next theorem, we shall see that given a set, there always exists another
set whose cardinality is bigger.

Theorem 3.10. Let A be an infinite set, and T the set consisting of two
elements {0, 1}. Let M be the set of all maps of A into T. Then

card(4) < card(M) and card(4) # card(M).
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Proof. For each x € A we let
fi:A-{0,1}

be the map such that f(x) = 1 and f.(y) = 0if y # x. Then x — f, is obviously
an injection of A into M, so that card(4) < card(M). Suppose that

card(A4) = card(M).
Let
X g,
be a bijection between 4 and M. We define a map h: A — {0, 1} by the rule
h(x) =0 if g(x) =1,
h(x)y=1 if gJ(x)=0.

Then certainly h # g, for any x, and this contradicts the assumption that x +— g,
is a bijection, thereby proving Theorem 3.10.

Corollary 3.11. Let A be an infinite set, and let S be the set of all subsets of A.
Then card(A) £ card(S) and card(4) # card(S).

Proof. We leave it as an exercise. [Hint: If B is a non-empty subset of 4,
use the characteristic function ¢g such that

op(x) =1 if xeB,
eg(x) =0 if x¢B.

What can you say about the association B+ ¢5?]

§4. WELL-ORDERING

An ordered set 4 is said to be well-ordered if it is totally ordered, and if every
non-empty subset B has a least element, that is, an element a € B such that
a < x for all xeB.

Example 1. The set of positive integers Z* is well-ordered. Any finite set
can be well-ordered, and a denumerabile set D can be well-ordered: Any bijection
of D with Z* will give rise to a well-ordering of D.

Example 2. Let S be a well-ordered set and let b be an element of some set,
b¢S. LetA =S u {b}. Wedefinex < bforall xeS. Then A is totally ordered,
and is in fact well-ordered.
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Proof. Let Bbe a non-empty subset of 4. If B consists of b alone, then b is a
least element of B. Otherwise, B contains some elementa e A. Then B n A isnot
empty, and hence has a least element, which is obviously also a least element for
B.

Theorem 4.1. Every non-empty set can be well-ordered.

Proof. Let A be a non-empty set.’ Let S be the set of all pairs (X, w), where
X isa subset of 4 and w is a well-ordering of X. Note that S is not empty because
any single element of A gives rise to such a pair. If (X, w) and (X', w’) are such
pairs, we define (X, w) = (X', ') if X C X/, if the ordering induced on X by
' is equal to w, and if X is an initial segment of X’. It is obvious that this
defines an ordering on S, and we contend that S is inductively ordered. Let
{(X;, w;)} be a totally ordered non-empty subset of S. Let X = U X;. Ifa,beX,
then a, b lie in some X;, and we define a = b in X if a = b with respect to the
ordering w;. This is independent of the choice of i (immediate from the assumption
of total ordering). In fact, X is well ordered, for if Y is a non-empty subset of
X, then there is some element y € Y which lies in some X;. Let ¢ be a least
element of X; N Y. One verifies at once that ¢ is a least element of Y. We can
therefore apply Zorn’s lemma. Let (X, w) be a maximal element in S. If X # A,
then, using Example 2, we can define a well-ordering on a bigger subset than
X, contradicting the maximality assumption. This proves Theorem 4.1.

Note. Theorem 4.1 is an immediate and straightforward consequence of
Zorn’s lemma. Usually in mathematics, Zorn’s lemma is the most efficient tool
when dealing with infinite processes.

EXERCISES

1. Prove the statement made in the proof of Corollary 3.9.
2. If Aisan infinite set, and ®, is the set of subsets of 4 having exactly n elements, show that

card(4) £ card(®,)

forn = 1.

3. Let A, be infinite sets for i = 1, 2, ... and assume that
card(4,) £ card(4)

for some set A, and all i. Show that

card(C) Ai) < card(A).
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Let K be a subfield of the complex numbers. Show that for each integer n = 1, the
cardinality of the set of extensions of K of degree n in C is = card(K).

. Let K be an infinite field, and E an algebraic extension of K. Show that

card(E) = card(K).

6. Finish the proof of the Corollary 3.11.
7. 1If A, B are sets, denote by M(A, B) the set of all maps of A into B. If B, B’ are sets with

10.

12.
13.

14.

the same cardinality, show that M(A4, B) and M(A, B’) have the same cardinality. If
A, A’ have the same cardinality, show that M(4, B) and M(A’, B) have the same
cardinality.

. Let A be an infinite set and abbreviate card(A) by a. If B is an infinite set, abbreviate

card(B) by B. Define af to be card(A X B). Let B’ be a set disjoint from A such that
card(B) = card(B’). Define a + B to be card(A U B’). Denote by BA the set of all maps
of A into B, and denote card(B*) by B°. Let C be an infinite set and abbreviate card(C)
by v. Prove the following statements:

(@) of +7)=af + ay.

(b) aff = pa.

(c) of*? = oo,

. Let K be an infinite field. Prove that there exists an algebraically closed field K*

containing K as a subfield, and algebraic over K. [Hint: Let Q be a set of cardinality
strictly greater than the cardinality of K, and containing K. Consider the set S of all
pairs (E, @) where E is a subset of Q such that K < E, and ¢ denotes a law of addition
and multiplication on E which makes E into a field such that K is a subfield, and E is
algebraic over K. Define a partial ordering on § in an obvious way; show that S is
inductively ordered, and that a maximal element is algebraic over K and algebraically
closed. You will need Exercise 5 in the last step.]

Let K be an infinite field. Show that the field of rational functions K(t) has the same
cardinality as K.

. Let J, be the set of integers {1, ..., n}. Let Z* be the set of positive integers. Show

that the following sets have the same cardinality:
(a) The set of all maps M(Z™, J,).
(b) The set of all maps M(Z*, J,).
(c) The set of all real numbers x such that 0 < x < 1.
(d) The set of all real numbers.

Show that M(Z™*, Z*) has the same cardinality as the real numbers.

Let S be a non-empty set. Let S’ denote the product S with itself taken denumerably
many times. Prove that (S')' has the same cardinality as S’. [Given a set S whose
cardinality is strictly greater than the cardinality of R, I do not know whether it is
always true that card § = card S’.] Added 1994: The grapevine communicates to me
that according to Solovay, the answer is “‘no.”

Let A, B be non—empty sets. Prove that
card(A) = card(B) or card(B) = card(A).

[Hint: consider the family of pairs (C, f) where C is a subset of A and f: C —> B is
an injective map. By Zorn’s lemma there is a maximal element. Now finish the proof].
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contravariant functor, 62
convergence, 206
convolution, 85, 116
coordinates, 408
coproduct, 59, 80

of commutative rings, 630

of groups, 70, 72

of modules, 128
correspondence, 76
coset, 12

representative, 12
countable, 878
covariant functor, 62
Cramer’s rule, 513
cubic extension, 270
cuspidal, 318
cycle

in homology, 767

in permutations, 30
cyclic

endomorphism, 96

extension, 266, 288

group, 8, 23, 96, 830

module, 147, 149

tower, 18
cyclotomic

field, 277-282, 314, 323

polynomials, 279

Davenport theorem, 195
decomposable, 439
decomposition

field, 341

group, 341
Dedekind

determinant, 548

ring, 88, 116, 168, 353
defined, 710, 769
definite form, 593
degree

of extension, 224

of morphism, 765

of polynomial, 100, 190

of variety, 438

Weierstrass, 208
Deligne-Serre theorem, 319
density theorem, 647
denumerable set, 875
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dependent absolute values, 465
de Rham complex, 748
derivation, 214, 368, 746, 754

over a subfield, 369

universal, 746
derivative, 178
derived functor, 791
descending chain condition, 408, 439, 443,

661

determinant, 513

ideal, 738, 739

of cohomology, 738

of linear map, 513, 520

of module, 735

of Witt group, 595
diagonal element, 504
diagonalizable, 568
diagonalized form, 576
difference equations, 256
differential, 747, 762, 814
dihedral group, 78, 723
dimension

of character, 670

of module, 146, 507

of transcendental extension, 355

of vector space, 141
dimension in homology, 806, 811, 823

shifting, 805
direct

limit, 160, 170, 639

product, 9, 127

sum, 36, 130, 165
directed family, 51, 160
discrete valuation ring, 487
discriminant, 193, 204, 270, 325
distinguished extensions

of fields, 227, 242

of rings, 335, 291
distinguished polynomials, 209
distributivity, 83
divide, 111, 116
divisible, 50
division ring, 84, 642
Dolbeault complex, 764
dominate (polynomials), 870
double coset, 75, 693
doubly transitive, 80
dual

basis, 142, 287

group, 46, 145

module, 142, 145, 523, 737

representation, 665
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effective character, 668, 685
eigenvalue, 562
eigenvector, 562, 582-585
Eisenstein criterion, 183
elementary

divisors, 153, 168, 521, 547

group, 705

matrix, 540

symmetric polynomials, 190, 217
elimination, 391

ideal, 392
embedding, 11, 120

of fields, 229

of rings, 91
endomorphism, 10, 24, 54

of cyclic groups, 96
enough

injectives, 787

T-exacts, 810
entire, 91

functions, 87
epimorphism, 120
equivalent

norms, 470

places, 349

valuations, 480
erasable, 800
euclidean algorithm, 173, 207
Euler characteristic, 769
Euler-Grothendieck group, 771
Euler phi function, 94
Euler-Poincaré

characteristic, 769, 824

map, 156, 433, 435, 770
evaluation, 98, 101
even permutation, 31
exact, 15, 120

for a functor, 619

sequence of complexes, 767
expansion of determinant, 515
exponent

of an element, 23, 149

of a field extension, 293

of a group, 23

of a module, 149
exponential, 497
Ext, 791, 808, 810, 831, 857
extension

of base, 623

of derivations, 375

of fields, 223

of homomorphisms, 347, 378

of modules, 831

exterior
algebra, 733
product, 733
extreme point, 883

factor

group, 14

module, 119, 141

ring, 89
factorial, 111, 115, 175, 209
faithful, 28, 334, 649, 664
faithfully flat, 638
Fermat theorem, 195, 319
fiber product, 61, 81
field, 93

of definition of a representation, 710
filtered complex, 817
filtration, 156, 172, 426, 814, 817
finite

complex, 762

dimension, 141, 772, 823

extension, 223

field, 244

free resolution, 840

homological dimension, 772, 823

module, 129

resolution, 763

sequence, 877

set, 877

type, 129

under a place, 349
finitely generated

algebra, 121

extension, 226

group, 66

module, 129

ring, 90
finitely presented, 171
Fitting ideal, 738-745
Fitting lemma, 440
five lemma, 169
fixed

field, 261

point, 28, 34, 80
flat, 612, 808

for a module, 616
forgetful functor, 62
form

multilinear, 450, 466

polynomial, 384
formal power series, 205
Fourier coefficients, 679



fractional ideal, 88
fractions, 107
free
abelian group, 38, 39
extension, 362
generators, 137
group, 66, 82
module, 135
module generated by a set, 137
resolution, 763
Frey polynomial, 198
Frobenius
element, 180, 246, 316, 346
reciprocity, 686, 689
functionals, 142
functor, 62
fundamental group, 63

G or (G,k)-module, 664, 779
G-homomorphism, 779
G-object, 55
G-regular, 829
G-set, 25,27, 55
Galois
cohomology, 288, 302
extension, 261
group, 252, 262, 269
theory, 262
Gauss lemma, 181, 209, 495
Gauss sum, 277
g.cd., 111
Gelfand-Mazur theorem, 471
Gelfand-Naimark theorem, 406
Gelfond-Schneider, 868
generate and generators
for a group, 9, 23, 68
for an ideal, 87
for a module, 660
for a ring, 90
generating function or power series, 211
generators and relations, 68
generic
forms, 390, 392
hyperplane, 374
pfaffian, 589
point, 383, 408
polynomial, 272, 345
ghost components, 330
GL,, 300, 317, 537, 715
GL,, 19, 521, 543, 546, 547
global sections, 792
Goursat’s lemma, 75

INDEX

graded
algebra, 172, 631
module, 427, 751, 765
morphism, 765, 766
object, 814
ring, 631
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Gram-Schmidt orthogonalization, 579, 599

Grassman algebra, 733
greatest common divisor, 111
Grothendieck
algebra and ring, 778-782
group, 40, 139
power series, 218
spectral sequence, 819
group, 7
algebra, 104, 121
automorphism, 10
extensions, 827
homomorphism, 10
object, 65
ring, 85, 104, 126

Hall conjecture, 197
harmonic polynomials, 354, 550
Hasse zeta function, 255
height, 167
Herbrand quotient, 79
Hermite-Lindemann, 867
hermitian
form, 533, 571, 579
linear map, 534
matrix, 535
Hilbert
Nulistellensatz, 380, 551
polynomial, 433
-Serre theorem, 431
syzygy theorem, 862
theorem on polynomial rings, 185
theorem 90, 288
-Zariski theorem, 409
homogeneous, 410, 427, 631
algebraic space, 385
ideal, 385, 436, 733
integral closure, 409
point, 385
polynomial, 103, 107, 190, 384, 436
quadratic map, 575
homology, 445, 767
isomorphism, 767, 836
homomorphisms in categories, 765
homomorphism
of complex, 445, 765
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homomorphism (continued)
of groups, 10
of inverse systems, 163
of modules, 119, 122
of monoid, 10
of representations, 125
of rings, 88
homotopies of complexes,
787
Horrock’s theorem, 847
Howe’s proof, 258
hyperbolic
enlargement, 593
pair, 586, 590
plane, 586, 590
space, 590
hyperplane, 542
section, 374, 410

Ideal, 86
class group, 88, 126
idempotent, 443
image, 11
indecomposable, 440
independent
absolute values, 465
characters, 283, 676
elements of module, 151
extensions, 362
variables, 102, 103
index, 12
induced
character, 686
homomorphism, 16
module, 688
ordering, 879
representation, 688
inductively ordered, 880
inertia
form, 393
group, 344
infinite
cyclic group, 8, 23
cyclic module, 147
extension, 223, 235
Galois extensions, 313
period, 8, 23
set, 876
under a place, 349
infinitely
large, 450
small, 450
injective

map, ix
module, 782, 830
resolution, 788, 801, 819
inner automorphism, 26
inseparable
degree, 249
extension, 247
integers mod n, 94
integral, 334, 351, 352, 409
closure, 336, 409
domain, 91
equation, 334
extension, 340
homomorphism, 337
map, 357
root test, 185

valued polynomials, 216, 435

integrally closed, 337
integrality criterion, 352, 409
invariant
bases, 550
submodule, 665
invariant
of linear map, 557, 560
of matrix, 557
of module, 153, 557, 563
of submodule, 153, 154
inverse, ix, 7

inverse limit, 50, 51, 161, 163, 169

of Galois groups, 313, 328
inverse matrix, 518
invertible, 84
Irr (z,k,X), 224
irreducible
algebraic set, 382, 408
character, 669, 696
element, 111
module, 554
polynomial, 175, 183

polynomial of a field element, 224

irrelevant prime, 436
isolated prime, 422
isometry, 572
isomorphism, 10, 54

of representations, 56, 667
isotropy group, 27
Iss’sa-Hironaka theorem, 498

Jacobson

density, 647

radical, 658
Jordan-Hélder, 22, 156
Jordan canonical form, 559



K-family, 771
K-theory, 139, 771-782
kernel
of bilinear map, 48, 144, 522, 572
of homomorphism, 11, 133
Kolchin’s theorem, 661
Koszul complex, 853
Krull
theorem, 429
topology, 329
Krull-Remak-Schmidt, 441
Kummer extensions
abelian, 294-296, 332
non-abelian, 297, 304, 326

L-functions, 727
lambda operation, 217
lambda-ring, 218, 780
Langlands conjectures, 316, 319
lattice, 662
law of composition, 3
Lazard’s theorem, 639
leading coefficient, 100
least

common multiple, 113

element, 879

upper bound, 879
left

coset, 12

derived functor, 791

exact, 790

ideal, 86

module, 117
length

of complex, 765

of filtration, 433

of module, 433, 644
Lie algebra, 548
lie above

prime, 338

valuation ring, 350
lifting, 227
linear

combination, 129

dependence, 130

independence, 129, 150, 283

map, 119

polynomial, 100
linearly disjoint, 360
local

degree, 477

homomorphism, 444

INDEX

norm, 478
parameter, 487
ring, 110, 425, 441
uniformization, 498
localization, 110
locally nilpotent, 418
logarithm, 497, 597
logarithmic derivative, 214, 375

Mackey’s theorems, 694
MacLane’s criterion, 364
mapping cylinder, 838
Maschke’s theorem, 666
Mason-Stothers theorem, 194, 220
matrix, 503

of bilinear map, 528

over non-commutative ring, 641
maximal

abelian extension, 269

archimedean, 450

element, 879

ideal, 92
metric linear map, 573
minimal polynomial, 556, 572
Mittag-Leffler condition, 164
modular forms, 318, 319
module, 117

over principal ring, 146, 521
modulo an ideal, 90
Moebius inversion, 116, 254
monic, 175
monoid, 3

algebra, 106, 126

homomorphism, 10
monomial, 101
monomorphism, 120
Morita’s theorem, 660
morphism, 53

of complex, 765

of functor, 65, 625, 800

or representation, 125
multilinear map, 511, 521, 602
multiple root, 178, 247
multiplicative

function, 116

subgroup of a field, 177

subset, 107
multiplicity

of character, 670

of root, 178

of simple module, 644

Nakayama’s lemma, 424, 661
natural transformation, 65
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negative, 449 orthogonality relations, 677

definite, 578 orthogonalization, 579
Newton approximation, 493 orthonormal, 577
nilpotent, 416, 559, 569 over a map, 229

Noether normalization, 357
Noetherian, 186, 210, 408-409, 415, 427

graded ring, 427 p-adic
module, 413 integers, 51, 162, 169, 488
non-commutative variables, 633 numbers, 488
non-degenerate, 522, 572 p-class, 706
non-singular, 523, 529 p-conjugate, 706
norm, 284, 578, 637 p-divisible, 50
on a vector space, 469 p-elementary, 705
on a finitely generated abelian group, 166 p-group, 33
normal p-regular, 705
basis theorem, 312 p-singular, 705
endomorphism, 597 p-subgroup, 33
extension, 238 pairing, 48
subgroup, 14 parallelogram law, 598
tower, 18 partial fractions, 187
normalizer, 14 partition, 79
Northcott theorems, 864 function, 211
null perfect, 252
sequence, 52 period, 23, 148
space, 586 periodicity of Clifford algebra, 758
nullstellensatz, 380, 383 permutation, 8, 30
perpendicular, 48, 144, 522
Pfaffian, 589
occur, 102, 176 Pic or Picard group, 88, 126
odd permutation, 31 place, 349, 482
one-dimensional Poincaré series, 211, 431
character, 671 point
representation, 671 of algebraic set, 383
open complex, 761 in a field, 408
open set, 406 polar decomposition, 584
operate polarization identity, 580
on a module, 664 pole, 488
on an object, 55 polynomial, 97
on a set, 25, 76 algebra, 97, 633
orbit, 28 function, 98
decomposition formula, 29 invariants, 557
order irreducible, 175, 183
of a group, 12 Noetherian, 185
atp, 113, 488 Pontrjagin dual, 145
at a valuation, 488 positive, 449
of a zero, 488 definite, 578, 583
ordering, 449, 480, 878 power map, 10
ordinary tensor product, 630 power series, 205
orthogonal factorial, 209
basis, 572585 Noetherian, 210
element, 48, 144, 572 primary
group, 535 decomposition, 422
map, 535 ideal, 421

sum, 572 module, 421



prime
element, 113
field, 90
ideal, 92
ring, 90
primitive
element, 243, 244
group, 80
operation, 79
polynomials, 181, 182
power series, 209
root, 301
root of unity, 277, 278
principal
homomorphism, 418
ideal, 86, 88
module, 554, 556
representation, 554
ring, 86, 146, 521
product
in category, 58
of groups, 9
of modules, 127
of rings, 91
profinite, 51
projection, 388
projective
module, 137, 168, 848, 850
resolution, 763
space, 386
proper, ix
congruence, 492
pull-back, 61
purely inseparable
element, 249
extension, 250
push-out, 62, 81

quadratic

extension, 269

form, 575

map, 574

symbol, 281
quadratically closed, 462
quaternions, 9, 545, 723, 758
Quillen-Suslin theorem, 848
quotient

field, 110

ring, 107

radical
of an ideal, 388, 417

INDEX

of a ring, 661
of an integer, 195
Ramanujan power series, 212
ramification index, 483
rank, 42, 46
of a matrix, 506
rational
conjugacy class, 276, 326, 725
element, 714
function, 110
real, 451
closed, 451
closure, 452
place, 462
zero, 457
reduced
decomposition, 422, 443
polynomial, 177
reduction
criterion, 185
map, 99, 102
modulo an ideal, 446, 623
mod p, 623
refinement of a tower, 18
regular
character, 675, 699
extension, 366
module, 699, 829
representation, 675, 829
sequence, 850
relations, 68
relative invariant, 171, 327
relatively prime, 113
representation, 55, 124, 126
functor, 64
of a group, S5, 317, 664
of a ring, 553
space, 667
residue class, 91
degree, 422, 483
ring, 91
resolution, 763, 798
resultant, 200, 398, 410
system, 403
variety, 393
Ribet, 319
Rieffel’s theorem, 655
Riemann surface, 275
Riemann-Roch, 212, 218, 220, 258
right
coset, 12, 75
derived functor, 791
exact functor, 791, 798
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right (continued) simple
ideal, 66 character, 669
module, 117 group, 20
rigid, 275 module, 156, 554, 643
rigidity theorem, 276 ring, 653, 655
ring, 83 root, 247
homomorphism, 88 simplicity of SL,, 539, 542
of fractions, 107 size of a matrix, 503
root, 175 skew symmetric, 526
of unity, 177, 276 SL,, 69, 537, 539, 546
row generators and relations, 69, 70, 537
operation, 154 SL,, 521, 539, 541, 547
rank, 506 snake lemma, 158, 169, 614-621
vector, 503 Snyder’s proof, 220
solvable
S3 and S,, 722 extension, 291, 314
scalar product, 571 group, 18, 293, 314
Schanuel by radicals, 292
conjecture, 873 spec of a ring, 405, 410
lemma, 841 special linear group, 14, 52, 59, 69, 541, 546,
Schreier’s theorem, 22 547
Schroeder-Bemnstein theorem, 885 specializing, 101
Schur specialization, 384
Galois groups, 274 spectral
lemma, 643 sequence, 815-825
Schwarz inequality, 578, 580 theorem, 581, 583, 585
section, 64, 792 split exact sequence, 132
self-adjoint, 581 splitting field, 235
semidirect product, 15, 76 square
semilinear, 532 matrix, 504
seminorm, 166, 475 group, 9, 77, 270
semipositive, 583, 597 root of operator, 584
semisimple stably free, 840
endomorphism, 569, 661 dimension, 840
module, 554, 647, 659 stably isomorphic, 841
representation, 554, 712 stalk, 161
ring, 651 standard
separable complex, 764
closure, 243 alternating matrix, 587
degree, 239 Steinberg theorem, 726
element, 240 Stéwart—Tijdeman, 196
extension, 241, 658 strictly inductively ordered, 881
polynomial, 241 stripping functor, 62
separably generated, 363 Sturm’s theorem, 454
separating transcendence basis, 363 subgroup, 9
sequence, 875 submodule, 118
Serre’s conjecture, 848 submonoid, 6
theorem, 844 subobject, 134
sesquilinear form, 532 subring, 84
Shafarevich conjecture, 314 subsequence, 876
sheaf, 792 subspace, 141

sign of a permutation, 31, 77 substituting, 98, 101



super
algebra, 632
commutator, 757
product, 631, 751
tensor product, 632, 751
supersolvable, 702
support, 419
surjective, ix
Sylow group, 33
Sylvester’s theorem, 577
symmetric
algebra, 635
endomorphism, 525, 585, 597
form, 525, 571
group, 28, 30, 269, 272-274
matrix, 530
multilinear map, 635
polynomial, 190, 217
product, 635, 781, 861
symplectic, 535
basis, 599
syzygy theorem, 862
Szpiro conjecture, 198

Taniyama-Shimura conjecture, 316, 319
Tate group, 50, 163, 169
limit, 598
Taylor series, 213
tensor, 581, 628
algebra, 633
exact, 612
product, 602, 725
product of complexes, 832, 851
product representation, 725, 799
Tits construction of free group, 81
tor (for torsion), 42, 47, 149
Tor, 622, 791
dimension, 622
Tornheim proof, 471
torsion
free, 45, 147
module, 147, 149
total
complex, 815
degree, 103
totally ordered, 879
tower
of fields, 225
of groups, 18
trace
of element, 284, 666
of linear map, 511, 570
of matrix, 505, 511

INDEX

transcendence

basis, 356

degree, 355

of e, 867
transcendental, 99
transitive, 28, 79
translation, 26, 227
transpose

of bifunctor, 808

of linear map, 524

of matrix, 505
transposition, 13
transvection, 542
trigonometric degree, 115

polynomial, 114, 115
trivial

character, 282

operation, 664

representation, 664

subgroup, 9

valuation, 465
two-sided ideal, 86, 655
type

of abelian group, 43

of module, 149

unimodular, 846
extension property, 849
unipotent, 714
unique factorization, 111, 116
uniquely divisible, 575
unit, 84
element, 3, 83
ideal, 87
unitary, 535, 583
universal, 37
delta-functor, 800
derivation, 746
universally
attracting, 57
repelling, 57
upper bound, 879
upper diagonal group, 19

valuation, 465
valuation ring, 348, 481
determined by ordering, 450, 452
value group, 480
Vandermonde determinant, 257-259, 516
vanishing ideal, 38
variable, 99, 104
variation of signs, 454
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variety, 382 Witt group, 594, 599
vector space, 118, 139 theorem, 591
volume, 735 vector, 330, 492

Witt-Grothendieck group, 595
Warning’s theorem, 214

Wedderburn’s theorem, 649 Zariski-Matsusaka theorem, 372
Weierstrass Zariski topology, 407

degree, 208 Zassenhaus lemma, 20

polynomial, 208 zero

preparation theorem, 208 divisor, 91
weight, 191 element, 3
well-behaved, 410, 478 of ideal, 390, 405
well-defined, x of polynomial, 102, 175, 379, 390
well-ordering, 891 zeta function, 211, 212, 255

Weyl group, 570 Zom’s lemma, 880, 884
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