
APPENDICES 

These appendices contain proofs of some of the general Lie algebra facts that 
were postponed during the course, as well as some results from algebra and 
invariant theory which were used particularly in the "Weyl construction­
Schur functor" descriptions of representations. 

The first appendix is a fairly serious excursion in polynomial algebra. It 
proves some basic facts about symmetric functions, especially the Schur 
polynomials, which occur as characters of representations of G L. or SL", and 
gives determinantal formulas for them in terms of other basic symmetric 
polynomials. The last section of Appendix A includes some new identities 
among symmetric polynomials, which, when the variables are specialized, 
express characters of representations of SP2" and SOm as determinants in the 
characters of basic representations. 

Appendix B gives a short summary of some basic multilinear facts about 
exterior and symmetric powers. The first two sections can be used as a 
reference for the conventions and notations we have followed; the third 
contains a general discussion of constructions such as contractions, many 
special cases of which were discussed in the main text. 

The next three appendices conclude our discussion of the theory of Lie 
algebras, which began in Lectures 9, 14, and 21. Proofs are given, by standard 
methods, of the promised general results on semisimplicity, the theorem on 
conjugacy of Cart an subalgebras, facts about the Weyl group, Ado's theorem 
that every Lie algebra has a faithful representation, and Levi's theorem that 
splits the map from a Lie algebra to its semisimple quotient. 

The last appendix develops just enough classical invariant theory to find 
the polynomial invariants for SLnC, SP2"C, and SOne. This was the key to 
our proofthat Weyt's construction gives the irreducible representations ofthe 
symplectic and orthogonal groups. 



APPENDIX A 

On Symmetric Functions 

§A.l: Basic symmetric polynomials and relations among them 
§A.2: Proofs of the determinantal identities 
§A.3: Other determinantal identities 

§A.l. Basic Symmetric Polynomials and 
Relations among Them 

The vector space of homogeneous symmetric polynomials of degree d in k 
variables x I, . . . , Xk has several important bases, usually indexed by the 
partitions A = (AI ~ A2 ~ . . . ~ At ~ 0) of d into at most k parts, or by Young 
diagrams with at most k rows (see §4.1). We list four of these bases, which 
are all valid for polynomials with integer coefficients, or coefficients in any 
commutative ring. 

First we have the monomials in the complete symmetric polynomials: 

(A.1) 

where Hj is the jth complete symmetric polynomial, i.e., the sum of all distinct 
monomials of degree j; equivalently, 

k 1 00 • n--= L Hjt l . 
i=l 1 - xit j=O 

For example, with three variables, 

H(l . l) = (Xl + X2 + X3)2, 

H(2.0) = xi + x~ + x~ + X 1 X2 + X 1X3 + X2X3 ' 
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Next are the monomial symmetric polynomials: 

MA = Ixa, (A.2) 

the sum over all distinct permutations IX = (IX 1 , ... , IX,,) of (..1. 1 , ••• , A.,,); here 
xa = x~' ..... X:k. For example, 

M(1.1) = X 1X2 + X1 X 3 + X2 X 3, 

M(2.0) = XI + xi + x~. 
The third are the monomials in the elementary symmetric functions. Unlike 

the first two, these are parametrized by partitions Il of d in integers no larger 
than k, i.e., k :?: III :?: ... :?: III :?: O. These are exactly the partitions that are 
conjugate to a partition of d into at most k parts. (The conjugate to a partition 
A. is the partition whose Young diagram is obtained from that of A. by inter­
changing rows and columns. We denote the conjugate of A. by A.', although the 
notation 1 is also common.) For such Il set 

EIJ = E IJ , • ElJl • ••.• E IJ" 

where Ej is the jth elementary symmetric polynomial, i.e., 

For example, 

" co TI (1 + xit) = L Ejt j . 
i=l j=O 

E(1.1) = (Xl + X 2 + X3)2, 

E(2.0) = X 1X 2 + X 1X 3 + X2 X 3' 

(A.3) 

The fourth are the Schur polynomials, which may be the most important, 
although they are less often met in modern algebra courses: 

IX~j+k-il IX~j+k-il 
S - J - J (A 4) 

A - Ixj" il - A ' . 

where A = TIi<j(Xi - Xj) is the discriminant, and lai.jl denotes the deter­
minant of a k x k matrix. For example, 

S(l.l) = X 1X2 + X 1X 3 + X2 X 3, 

S(2.0) = xi + xi + x~ + X 1X2 + X 1X3 + X2 X 3' 

The first task of this appendix is to describe some relations among these 
symmetric polynomials. For example, one sees quickly that 

S(1.1) = E(2.0) = H; - H 2 , 

S(2.0) = H(2 .0) = Ei - E 2, 

S(1.0)· S(1.0) = S(1.1) + S(2.0) · 

These are special cases of three important formulas involving Schur poly­
nomials, which we state next. The first two are known as determinantal 
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formulas. The first is also known as the Jacobi- Trudy identity. From geometry, 
the first two are sometimes called Giambelli's formulas, and the third is Pieri's 
formula. The proofs will be given in the next section. 

(A.5) 

H Ak-t+1 ••• HAk 

Note that if A.P+1 = ... = A.t = 0, the determinant on the right is the same as 
the determinant of the upper left p x p comer. The second is 

(A.6) 

E IlI -1+1 • • • EIlI 

where J1. = (J1.1' ••. , J1.,) is the conjugate partition to A.. 
The third "Pieri" formula tells how to mUltiply a Schur polynomial SA by 

a basic Schur polynomial S(m) = H", 1: 

SAS(m) = L Sy, (A.7) 

the sum over all v whose Young diagram can be obtained from that of A. by 
adding a total of m boxes to the rows, but with no two boxes in the same 
column, i.e., those v = (V1' • • • , vA:) with 

V1 ~ A.1 ~ V2 ~ A.2 ~ •.• ~ Vt ~ A.t ~ 0, 

and L Vj = L A.j + m = d + m. For example, the identity 

S(2.1)· S(2) = S(4.1) + S(3 . 2) + S(3.1.1) + S(2.2.1) 

can be seen from the pictures 

One can use the Pieri and determinantal formulas to multiply any two 
Schur polynomials, but there is a more direct formula, which generalizes 
Pieri's formula. This Littlewood-Richardson rule gives a combinatorial formula 
for the coefficients NAllY in the expansion of a product as a linear combination 
of Schur polynomials: 

1 When k is fixed, we often omit zeros at the end of partitions, so (m) denotes the partition 
(m, 0, ... ,0). 
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SA'S/l = L NA/l.S., (A.8) 

Here A is a partition of d, J.l a partition of m, and the sum is over all partitions 
v of d + m (each with at most k parts). The Littlewood-Richardson rule says 
that NA/l. is the number of ways the Young diagram for A. can be expanded 
to the Young diagram for v by a strict J.l-expansion. If J.l = (J.l1' ... , J.lk), a 
J.l-expansion of a Young diagram is obtained by first adding J.l1 boxes, accord­
ing to the above description in Pieri's formula, and putting the integer 1 in 
each of these J.l1 boxes; then adding similarly J.l2 boxes with a 2, continuing 
until finally J.lk boxes are added with the integer k. The expansion is called 
strict if, when the integers in the boxes are listed from right to left, starting 
with the top row and working down, and one looks at the first t entries in this 
list (for any t between 1 and J.l1 + ... + J.lk)' each integer p between 1 and k - 1 
occurs at least as many times as the next integer p + 1. 

For example, the equation 

S(2,1)'S(2,1) = S(4,2) + S(4,1,1) + S(3,3) + 2S(3,2,1) 

+ S(3,1,1,1) + S(2,2,2) + S(2,2,1,1) 

can be seen by listing the strict (2, 1 )-expansions of the Young diagram EfJ: 

ffiFill ~ BiliJ ~ 

~ r §E f 
A proof of the Littlewood-Richardson rule can be found in [Mac, §I.9]; for 
the other results of this appendix we can get by without using it. 

Formula (A.7), applied inductively, yields 

HA = S(A,)' S(A2)· ·· ·· SO'k) = L K/lAS/l' (A.9) 

where K/lA is the number of ways one can fill the boxes of the Young diagram 
of J.l with A1 1 's, A2 2's, up to Ak k's, in such a way that the entries in each row 
are nondecreasing, and those in each column are strictly increasing. Such a 
tableau is called a semistandard tableau on J.l of type A.. These integers K/lA are 
all non-negative, with 

Ku= 1 and K /lA = 0 if A. > J.l, (A.lO) 

i.e., if the first nonvanishing A. i - J.li is positive; in addition, K/lA = 0 if A. has 
more nonzero terms than J.l. For example, if k = 3, (K/l A) is given by the matrix 
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ITO 
EP 
§ 

ITOEP§ 
1 1 1 

0 1 2 

0 0 1 

The integers Kp.;' are called Kostka numbers. 

Exercise A.H. Show that Kp.;' is nonzero if and only if 

Al + A2 + ... + Ai :s; J1.1 + J1.2 + ... + J1.i 

for all i ~ 1. 

457 

When A = (1, 1, ... , 1), Kp.(l ..... l) is the number of standard tableaux on the 
diagram of J1., where a standard tableau is a numbering of the d boxes of a 
Young diagram by the integers 1 through d, increasing in both rows and 
columns. 

We need one more formula involving Schur polynomials, which comes 
from an identity of Cauchy. Let Y 1, ... , Yk be another set of indeterminates, 
and write P(x) and P(y) for the same polynomial P expressed in terms of 
variables Xl' .. . , Xk and YI ' ... , Yk' respectively. The formula we need is 

d I 1 I A(x)A(y) 
et 1 - XiYj = TI (1 - xiY/ 

i.j 

(A.l2) 

The proof is by induction on k. To compute the determinant, first subtract 
the first row from each of the other rows, noting that 

1 1 Xi - Xl. Yj 

1 - x iYj 1 - x1Yj 1 - xIYj 1 - xiYj 

and factor out common factors. Then subtract the first column from each of 
the other columns, this time using the equation 

Yj 

to factor out common factors. One is left with a matrix whose first row is 
(1 0 ... 0), and whose lower right square has the original entries. The formula 
follows by induction (cf. [WeI, p. 202]). 0 

Another form of Cauchy's identity is 
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(A.l3) 

the sum over all partitions A. with at most k terms. To prove this, expand the 
determinant whose i, j entry is (1 - XiYj)-1 = 1 + XiYj + xfyJ + .... One sees 
that for any 11 > ... > 11 the coefficient of y~ly~2 .. . . . y~k is the determinant Ix}'I. 
By symmetry of the x and Y variables we have 

detl 1 1= L Ix}'I ' IYJ'I, (A. 14) 
1 - XiYj I 

Combining (A.I2) with (A.4) gives (A.l3). o 
Expansion of the left-hand side of (A.13) gives 

n (1 ~ ) = n ( f Hm(X)yr) = L Hl(X)Ml(Y)' 
xiYj J m=O l 

i,j 

(A.lS) 

Since the polynomials Hl as well as the Mil form a basis for the symmetric 
polynomials, one can define a bilinear form < , ) on the space of homo­
geneous symmetric polynomials of degree d in k variables, by requiring that 

(A.l6) 

where bl ,1l is 1 if A. = J.I. and 0 otherwise. The basic fact here is that the Schur 
polynomials form an orthonormal basis for this pairing: 

(A.l7) 

In particular, this implies that the pairing < , ) is symmetric. Equation 
(A.17) is easily deduced from the preceding equations, as follows. Write 
Sl = LalyHy = LbylMy, for some integer matrices aly and byl ' Then 

<Sl' SIl) = L alybyll' (A.lS) 

In order that 

be equal to LyHy(x)My(Y), which it must by (A. 13) and (A.lS), we must have 

L bplaly = bp,y' 
l 

This is equivalent to the equation LyalybYIl = b;',Il' which by (A.lS) implies 
(A. 17). 

Because of this duality, formula (A.9) is equivalent to the equation 

SI' = L KIl;,Ml · (A.l9) 
l 
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This gives another formula for these Kostka numbers: K/JA is the coefficient 
of x A in S", where X A = xt, ..... xtk. 

The identities (A.9) and (A.l9) for the basic symmetric polynomials allow 
us to relate the coefficients of X A in any symmetric polynomial P with the 
coefficients expanding P as a linear combination of the Schur polynomials. If 
P is any homogeneous symmetric polynomial of degree d in k variables, and 
A is any partition of d into at most k parts, define numbers I/IA(P) and wiP) by 

I/IA(P) = [PJA, 

where [PJA denotes the coefficient of X A = xt,· .. . · xtk in P, and 

WA(P) = [A, PJ" 1= (A1 + k - I, A2 + k - 2, . .. , At); 

(A.20) 

(A.21) 

here A = Oi <j (Xi - X). We want to compare these two collections of numbers, 
as A varies over the partitions. 

The first numbers I/IA(P) are the coefficients in the expression 

P = L I/IA(P)MA (A.22) 

for P as a linear combination of the monomial symmetric polynomials M A• 

The integers wiP) have a similar interpretation in terms of Schur polynomials: 

(A.23) 

Note from the definition that the coefficient of X, in A· SA is I, and that no 
other monomial with strictly decreasing exponents appears in A· SA; from this, 
formula (A.23) is evident. In this terminology we may rewrite (A.19) and 
(A.9) as 

(A.24) 

and 

(A.25) 

Lemma A.26. For any symmetric polynomial P of degree d in k variables, 

I/IiP) = L K/JA ·w/J(P), 
/J 

PROOF. We have 

L I/IA(P)MA = P = L w/J(P)S/J = L W/J(P)K/JJ.MA 
A /J A, /J 

= ~ ( ~ K/JAWiP») M A, 

and the result follows, since the MA are independent. o 

We want to apply the preceding discussion when the polynomial P is a 
product of sums of powers of the variables. Let ~ = xi + ... + x~, and for 
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i = (iI ' . .. , id), a d-tuple of non-negative integers with L cxi« = d, set 

pi) = p~1 . p12 • • ••• pJd. 
These Newton or power sum polynomials form a basis for the symmetric 
functions with rational coefficients, but not with integer coefficients. Let 

COl (i) = COl(Pi) . 

Equivalently, 

p(i) = L col(i)Sl' (A.27) 

For the proof of Frobenius's formula in Lecture 4 we need a formal lemma 
about these coefficients COl (i): 

Lemma A.28. For partitions A. and JI. of d, 

~ IiI' ,. 1 . did' , col(i)co/l(i) = {OI 
I 11" . . Id• 

irA. = JI. 

otherwise. 

PROOF. We will use Cauchy's formula (A.l3). Note that 

10g(n (1 - X iYT 1) = f ~~(x)~(Y)' 
i,j j=1 ] 

so 

n (1 1 ) = n exp (~~(X)~(Y») 
- xiYj j ] 

Comparing with (A. 13), the conclusion follows. o 

Exercise A.29*. Using the pairing ( , > of (A.16), the coefficients coii) = 
COl(p(i» can be written col(i) = (Sl, p(i». 

(a) Show that the Newton polynomials are orthogonal for this pairing, and 

(PH), p(i) > = 1 ili1 !2i2i2 !· ... · di4id !. 

Equivalently, 

Sl = L Z;i) coii)PI), 

where the sum is over all partitions i = (iI' .. . , id) with Lcxi« = d, and 
z(i) = i1! IiI . i2 !2i2 . . .. . id!did. 

(b) Show that coii) = Lv (Sl' Mv) ' <Hv, pH» . 
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We should remark that we have chosen to write our formulas for a fixed 
number k of variables, since that often simplifies computations when k is small. 
It is more usual to require the number of variables to be large, at least as large 
as the numbers being partitioned-or in the limiting ring with an infinite 
number of variables, cf. Exercise A.32; the formulas for smaller k are then 
recovered by setting the variables Xi = 0 for i > k. For example, if k ~ 2 we 
have S(~) = S(2) + S(I , 1)' which reduces to S(~) = S(2) when k = 1. 

The next two exercises give formulas for the value of the Schur polynomials 
when the variables Xi are all set equal to 1; these numbers are the dimensions 
of the corresponding representations. For a formula for S .. (1, . . . , 1) involving 
hook lengths of the Young diagram of .A, see Exercise 6.4. 

Exercise A.30*. When Xi = Xi-I, the numerators in (A.4) are van der Monde 
determinants, leading to 

(i) S (1 2k-I) k n x";-"j+ j -i - 1 
.. ,X, X , ... , X = X i<j --x~j ~i-_-l- ' 

Taking the limit as X -+ 1, one finds 

(ii) S (1 1) = n .Ai - .Aj + j - i 
A. , •• • , • • • 

i<j ] - I 

By (A.5) and (A.6) we have also the following two formulas: 

(1'1' 1') S (1 1) h h" h' 1 .. , ... , = I ";+j-d, were L... jti = (1 _ t)k' 

(iv) S .. (1, ... , 1) = I( k. .)1, where (JlI' . .. , Jl,) = .A'. 
Jli + ] - I 

Exercise A.31 *. (a) Show that 

Sil = L K/UlXa, 

the sum over all monomials xa = xi' ... .. x:K, where, for any k-tuple a of 
non-negative integers, K/Ul is the number of ways to number the boxes of the 
Young diagram of Jl with all 's, a2 2's, ... , ak k's, with nondecreasing rows 
and strictly increasing columns. In particular, the right-hand side is a sym­
metric polynomial, a fact which is not obvious from the definition. 

(b) Deduce that SIl(1, .. . , 1) is the number of ways to number the boxes of 
the Young diagram of Jl with integers from 1 to k, with nondecreasing rows 
and strictly increasing columns (i.e., the number of semi standard tableaux). 

Exercise A.32*. The idea of considering symmetric polynomials in an arbi­
trarily large number of variables can be formalized by working in the ring 
A = lim A(k), where A(k) denotes the ring of symmetric polynomials in k 

+-
variables. Then 
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A = l[Hl>'" Hk, ... J = l[El , · · · Ek,···J 

is a graded polynomial ring, with Hi and Ei of degree i. A ring homomorphism 
3: A -+ A can be defined by requiring 

3(EJ = Hi for all i. 

(i) Show that 3 is an involution: 32 = 3. Equivalently, 

3(Hi) = E i . 

(ii) If X is the conjugate partition to A., show that 

3(S,d = SA" 

(iii) If P.i = x{ + ". + x, is the jth power sum, show that 

3(P.i) = ( - 1 )j-l P.i, 
(iv) Deduce the formula 

(v) Deduce a dual form of(A.7): 

SA' S(1 ..... 1) = SA' Em = L S", 

the sum over all partitions 1t whose Young diagram can be obtained from 
that of A. by adding m boxes, with no two in any row. 

(vi) Show that 

H = ,,_l_p(i) 
m L.. z(i) , 

where the sums are over all i = (i1' . .. , id) with L (Xi", = d, and 
z(i) = il ! Iii. i2 !2i2 ... .. id!d id• Note that 

§A.2. Proofs of the Determinantal Identities 

To prove the Jacobi-Trudi identity (A.5), note the identities 

xl - El Xr 1 + E2 Xr 1 -'" + (-llEkxrk = 0, 

for any 1 ~ j ~ k, p ~ k. And for any 0 ~ m < k and p ~ k, 

(A.33) 

Hp-m - ElHp-m-l + E2 Hp - m- 2 + ... + (-l)kEkHp-m_k = O. (A.34) 

Both of these follow immediately from the defining power series for the Ej and 
Hj • Since these two recursion relations are the same, there are universal 
polynomials A(p, q) in the variables E l' ... , Ek such that 
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xl = A(p, l)x;-1 + A(p, 2)X;-2 + . .. + A(p, k), 
(A.35) 

Hp- m = A(p, I)Ht - m - l + A(p, 2)Hk- m- 2 + ... + A(p, k)H_m • 

For any integers AI' ... , Ak this leads to matrix identities 

(Xf;+k-i)ij = (A(Ai + k - i, r))ir ' (xf-r)rj' 

(Hl;+j-i)ij = (A(Ai + k - i, r))ir'(Hj-r)rj, 
(A.36) 

where ( )pq denotes the k x k matrix whose p, q entry is specified between the 
parentheses. The relations (A.34) also imply: 

Lemma (A.37). The matrices (Hq_p ) and (( -1)q-PEq_p ) are lower-triangular 
matrices with 1 's along the diagonal, and are inverses of each other. 

The identities (A.36) therefore combine to give 

( l;+k-i) _ (H ) .((-l)Q-PE ).( k-q ) (A.38) Xj ij - l;+p-i ip q_p pq Xj qj 

Taking determinants gives (A.5), since the determinant of the matrix in the 
middle is 1. 

Exercise A.39*. Prove the identity 

the sum over all k-tuples (ml' ... , mt ) of non-negative integers with ml ~ 11 > 
m2 ~ ... > mk ~ lk' and deduce Pieri's formula (A.7). 

To complete the proofs of the assertions in §A.l, we show that the two 
determinants appearing in the Giambelli formulas (A.5) and (A.6) are equal, 
i.e., if A = (AI' ... , Ak) and JJ. = (JJ.l' ... , JJ./) are conjugate partitions, then 

IHl,+j-il = IE",+j-d. (A.40) 

Here the Hi and Ei can be any elements (in a commutative ring) satisfying the 
identity (IHiti)'(I( -1)iE/) = 1, with Ho = Eo = 1 and Hi = Ei = 0 for 
i < O. To prove it, we need a combinatorial characterization of the conjugacy 
of partitions: 

Exercise A.41 *. For A = (AI' . .. , At) and JJ. = (JJ.l' ... , JJ./) conjugate partitions, 
show that the sets 

{Ai+n+l-i:l~i~k} and {n+j-JJ.j:l~j~l} 

form a disjoint union ofthe set {I, . .. , k + I}. 

We also need a basic matrix identity which relates minors of a matrix to 
minors of its inverse (or matrix of cofactors). If A = (aiJ is an r x r matrix, 
and S = (SI' .•. , Sk) and T = (t 1, ... , tk ) are two sequences of k distinct integers 
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from {I, ... , r}, let AS.T denote the corresponding minor: AS.T is the deter­
minant of the k x k matrix whose i,}' entry is as t. ,. J 

Lemma A.42. Let A and B be r x r matrices whose product is a scalar matrix 
c ·/r. Let (S, S') and (T, T') be permutations of the sequence (1, ... , r), where S 
and T consists of k integers, S' and T' of r - k. Then 

cr - t . As. T = e' det(A)' BT,.s', 

where s is the product of the signs of the two permutations. 

PROOF. By permuting the rows and columns of A, multiplying on the left and 
right by permutation matrices P and Q corresponding to the two permutations 
of (1, ... , r), we may take the (S, T) minor to the upper left corner: 

PAQ = (AI A2), AS.T = det AI' 
A3 A. 

Then 

Now taking determinants in the identity 

( AI A2) . (lt B2) = (AI 0) 
A3 A. 0 B. A3 cIr - k 

gives the equation det(PAQ)' det(B.) = det(A I)' c,-t. Since e is the product of 
the determinants of P and Q, the lemma follows. 0 

PROOF OF (A.40). Apply the lemma to A = (Hq_p) and B = « -1)q-p Eq_p), with 
r = k + I, and 

Then 

Similarly, 

S = (A,I + k, A2 + k - 1, ... , At + 1), 

S' = (k + 1 - Ill' k + 2 - 1l2' .. . , k + 1- Il,), 

T = (k, k - 1, ... ,1), 

T' = (k + 1, k + 2, ' .. , k + I). 

BT,.s' = I( -1)/lJ+ i-jE/lj +i_i l = (-I)L(/lrJ)( -1)LiIE/lj +i- i l 

= (-I)dIE/lj +i _ j l, 

with d = ~>j = LAi' Since e = (_1)4, (A.40) follows. 0 
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§A.3. Other Determinantal Identities 

In this final section we prove some variations of these formulas which are 
useful for calculating characters of symplectic and orthogonal groups. We 
want to compare minors, not of H = (Hi- j ) and E = (( -1)i-j Ei_j ), but of 
matrices H+ and E- constructed from them by the following procedures: 

For an r x r matrix H = (Hi,j)' and a fixed integer k between 1 and r, H+ 
denotes the r x r matrix obtained from H by folding H along the kth column, 
and adding each column to the right of the kth column to the column the 
same distance to the left. That is, 

H.+. = {Hi,j + Hi,2k-j ifj < k 
',J Hi,j ifj ~ k 

(with the convention that Hp,q = 0 if p or q is not between 1 and r). The matrix 
E- is obtained by folding E along its kth row, and subtracting rows above 
this row from those below: 

E-:- . = {Ei,j - E2k - i,j ifi> k 
',J Ei,j if i S; k. 

Lemma A.43. If Hand E are lower-triangular matrices with l's along the 
diagonal, that are inverse to each other, then the same is true for H+ and E-. 

PROOF. This is a straightforward calculation: the i, j entry ofthe matrix H+ . E­
is 

k-l , 

L (Hi,p + Hi,2k-p)Ep,j + Hi,kEk,j + L Hi,p(Ep,j - E2k- p) 
p~l p~k+l 

, k-l , 

= L Hi,pEp,j + L Hi,2k-pEp,j - L Hi,qE2k- Q,j' 
p~l p~l Q~k+l 

The first sum is bi, j' and the others cancel term by term. D 

Proposition A.44. Let A. = (A. 1 , ... , At) and Il = (Ill' .. . , Il,) be conjugate parti­
tions. Set 

E; = Ei for i S; 1, and E; = Ei - Ei- 2 for i ~ 2. 

Then the determinant of the k x k matrix whose ith row is 

(HAi-i+l H Ai - i+ 2 + H Ai- i HAi -i+3 + H Ai - i- 1 . •• HAi-i+k + HAi- i-k+2) 

is equal to the determinant of the I x I matrix whose ith row is 

(E~ f -i+l E~i-i+2 + E~f -i E~i -i+3 + E~i-i-l ... E~i_i+1 + E~i-i-I+2)' 

Each of these determinants is equal to the determinant 
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and to the determinant 

where Hi' = Hi for i :s; 1, and for i :2: 2 

Hi' = Hi + Hi- 2 + Hi- 4 + .. . + {71 
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if i is odd 

if i is even. 

PROOF. With H = (Hi - j ) and E = (( -1)q-PEq_p)we can apply the basiclemma 
(A.42) to the new matrices A = H+ and B = E-, and the same permutations 
(S, S') and (T, T') used in the proof of (A.40). This time 

and 

Similarly, 

with 

AS •T = det(H~H+l-i. k-j+l)' 

H+ _ {HAi-i+ j + HAi-i - j+2 
A, H+1-i, k-j+1 - H 

A,-i+l 

ifj=2, ... ,k 

if j = 1. 

As before, Lemma A.42 implies that the determinant of the first displayed 
matrix of the proposition is equal to that of the third. Noting that 

one can do elementary column operations on the third matrix, subtracting 
the first column from the third, then the second by the fourth, etc., to see that 
the second and third determinants are equal. Since Hi = Hi' - Hi'-2, the same 
argument shows the equality of the first and fourth determinants. 0 

Note that in these four formulas, as in the determinantal formulas for Schur 
polynomials, if a partition has p nonzero terms, only the upper left p x p 

subdeterminant needs to be calculated. We denote by So> the determinant of 
the proposition: 

S(A> = IHAi - i+1 HAi-i+2 + HAi - i .. . HA,-iH + HAi - i-k+21. (A.4S) 

Dually, set Hi = Hi - Hi- 2 and E;' = Ei + Ei- 2 + Ei- 4 + '" . 

Corollary A.46. The following determinants are equal: 

(i) 

(ii) 

IH~i-i+l H~i- i+2 + H~, -i H~i-i+k + H).i - i-k+21, 
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(iii) 

(iv) 

Define Sp.] to be the determinant of this corollary: 

467 

Sp.] = IH~i-i+l H~i-i+2 + H~i-i ... H~i-i+k + H~i-i-k+21. (A.47) 

Exercise A.48*. Let A be the ring of symmetric polynomials, 9: A -+ A the 
involution of Exercise A.32. Show that 

9(S().») = SIll] 

when A. and J1. are conjugate partitions. 

For applications to symplectic and orthogonal characters we need to 
specialize the variables XI' ••• , X k• First (for the symplectic group SP2.) take 
k = 2n, let Z 1, ... , z. be independent variables, and specialize 

Set 

(A.49) 

in the field Q(z 1, • .. , z.) of rational functions. 

Proposition A.50. Given integers ..1.1 ~ •.• ~ A.. ~ 0, we have 

IZ~i+.-i+l _ z:-().i+.-i+l)1 
J J = IJ I 

I • i+1 - (. i+l)1 ). , 
Zj - Zj 

where J). denotes the n x n matrix whose ith row is 

From Proposition A.44 we obtain three other formulas for the right-hand side, 
e.g., 

Exercise A.52. Calculate the denominator of the left-hand side: 

Izj-i+l - Zj-(·-i+l)1 = A(el' ... , e.)·el · ... ·e., 

where ej = Zj + Zj-l and ej = Zj - Zj-l. 

PROOF OF PROPOSITION A.50. Set 

ej(p) = Z! - Zj-P, 

(A.51) 

(A. 53) 
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By the same argument that proved the Jacobi-Trudy formula (A.5) via (A.38), 
the proposition follows from the following lemma: 

Lemma A.54. For 1 ~ j ~ n and any integer I ;;:: 0, (j(l) is the product of the 
1 x n, n x n, and n x 1 matrices 

PROOF. From (A.37) we can calculate zJ and Zj-I, and subtracting gives 

2. 

(j(l) = I JI _ 2.+PSp, (A.55) 
p=l 

where sp = I;:.p( -1)q-Peq_p(i2n - q). Multiplying (A.33) by Zj-P and sub­
tracting we find 

(ip) - e l (ip - 1) + ... + (-l)P-lep(j(l) 

= (-l)p+lep+l (it) + (-1)P+2ep+2(j(2) + .. . + e2.(j(2n - pl. (A.56) 

Note also that 

(-l)pep = (-1)2.- Pe2._p , 

since I( -l)PeptP = n (1 - zi tHl - zilt) = n (1 - ~it + t2). 
and (A.57) follows 

(A.57) 

From (A.56) 

(A.58) 

where rp = I:=p( -t)4-Peq _ p (j(n + 1 - q). Combining (A.55) and (A.58) con­
cludes the proof. 0 

Next (for the odd orthogonal groups 02.+1) let k = 2n + 1, and specialize 
the variables Xl' ... , X2• as above, and X2.+1 ~ 1. We introduce variables Z]'2 
and Zj-1/2, square roots of the variables just considered, and we work in the 
field Q(z~/2, ... , z!/2). Set 

Kj = Hj(Zl' ... , Zn' zit, ... , z;;\ 1) 

= Hj(Zl' ... , Zn' zil , . .. , Z;;l, 1) - Hj- 2 (Zl' . .. , z., zit, ... , Z;;l, 1), 
(A.59) 

where Hj is the jth complete symmetric polynomial in 2n + 1 variables. 

Proposition A.60. Given integers A.l ;;:: ... ;;:: A.n ;;:: 0, we have 

IzA;+n-i+1/2 _ z:-(A;+n-i+1/2)1 
J Izj i+1/2 _ z~ (n i+1/2)1 = IKAI, 
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where KA is the n x n matrix whose ith row is 

Corollary A.46 gives three alternative expressions for this determinant, e.g., 

IKAI = IhAi-i+j - hAi-i-jl, 

where hj = Hj(Zl' ... , Zn' zi1, . .. , z;;-1, 1). 

Exercise A.62. Calculate the denominator of the left-hand side: 

Izri+1/2 - Zj-(n-i+1/2) I = L1(~1' ... , ~n)·(lm·"' · (nm. 

(A.61) 

PROOF OF PROPOSITION A.60. We have (j(l) = zJ - Zj-l and ~i/) = zJ + Zj-l in 
Q(zt/2, ... , Z!/2) for I an integer or a half integer. First note that 

~i!) ' (i/) = (j(l + !) + (i l - !). 
Multiplying the numerator and denominator of the left-hand side of 
the statement of the proposition by ~ 1 m ... .. ~nm, the numerator 
becomes "iAi + n - i + 1) + (iAi + n - i)l, and the denominator becomes 
"in - i + 1) + (j(n - ill = "in - i + 1)1. We can, therefore, apply Lemma 
A.54 to calculate the ratio, getting the determinant of a matrix whose entries 
are sums of certain ~'s. Note that by direct calculation K j = ~ + ~-1' so the 
terms can be combined, and the ratio is the determinant of the displayed 
matrix K A• 0 

Finally (for the even orthogonal groups 02n), let k = 2n, and specialize the 
variables x l' ... , X2n as above. Set 

with Hj the complete symmetric polynomial in 2n variables. 

Proposition A.64. Given integers A1 ~ .. . ~ An ~ 0, we have 

Iz!,+n-i + Zj-(Ai+n-i)1 = {!ILAI if An> ° 
Izj i + Zj-(n ill ILAI if An = 0, 

where LA is the n x n matrix whose ith row is 

As before, there are other expressions for these determinants, e.g., 

ILAI = IhAi-i+j - hAi-i-jl, 

where hj = Hj (z1' ... , Zn' zit, . .. , Z;1). 

(A.63) 

(A.65) 
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Exercise A.66. Calculate the denominator of the left-hand side: 

I n-i + -(n-i)1 - 2· A(J: J: ) Zj Zj - 0 '> l' ... , '>n • 

PROOF OF PROPOSITION A.64. Note that (j' eil) = ei' + 1) - ej(l- 1). Multi­
plying the numerator and denominator by (1 ..... (n' the numerator becomes 
"l~'i + n - i + 1) - (lA.i + n - i - 1)1 and the denominator becomes 

"j(n - i + 1) - (j(n - i - 1)1 = 2"j(n - i + 1)1; 

this is seen by noting that the bottom row of the matrix on the left is 
((j(l) - (j( -1)) = (2(i1)), and performing row reductions starting from the 
bottom row. The rest of the proof is the same as in the preceding proposition. 
The only change is when A.n = 0, in which case the bottom row in the numerator 
matrix is the same as that in the denominator. 0 

Exercise A.67*. Find a similar formula for 

Iz/",+n-i _ Zj-(A,+n-i)1 

IZjn i + Zj (n ill 



APPENDIX B 

On Multilinear Algebra 

In this appendix we state the basic facts about tensor products and exterior and 
symmetric powers that are used in the text. It is hoped that a reader with some linear 
algebra background can fill in details of the proofs. 

§B.l: Tensor product 
§B.2: Exterior and symmetric powers 
§B.3: Duals and contractions 

§B.l. Tensor Products 

The tensor product of two vector spaces V and W over a field is a vector space 
V ® W equipped with a bilinear map 

V x W -+ V ® w, v X wt-+ V ® w, 

which is universal: for any bilinear map fJ: V x W -+ U to a vector space U, 
there is a unique linear map from V ® W to U that takes v ® w to fJ(v, w). 
This universal property determines the tensor product up to canonical iso­
morphism. If the ground field K needs to be mentioned, the tensor product is 
denoted V ®K W 

If {eJ and {.Ij} are bases for V and W, the elements {ej ® .Ij} form a 
basis for V ® W This can be used to construct V ® W The construction is 
functorial: linear maps V -+ V' and W -+ W' determine a linear map from 
V® Wto V'® W'. 

Similarly one has the tensor product VI ® .. . ® v,. of n vector spaces, with 
its universal multilinear map 

VI x ... x v,. -+ VI ® .. . ® v,., 
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taking VI X ••. X vn to VI ® ... ® Vn . (Recall that a map from the Cartesian 
product to a vector space U is multilinear if, when all but one of the factors ~ 
are fixed, the resulting map from V; to U is linear.) The construction of tensor 
products is commutative: 

V®W~W®v, V® WI-+W ® v; 

distributive: 

and associative: 

(U ® V) ® W ~ U ® (V ® W) ~ U ® V ® w, 
by (u® v) ® WI-+U ®(v® w)I-+U ® v® w. 

In particular, there are tensor powers v®n = V ® ... ® V of a fixed space 
V. By convention, V®o is the ground field. 

If A is an algebra over the ground field, and V is a right A-module, and W 
a left A-module, there is a tensor product denoted V ® ... W, which can be 
constructed as the quotient of V ® W by the subspace generated by all 
(v' a) ® w - v ® (a' w) for all V E V, W E W, and a E A. The resulting map from 
V x W to V ®A W is universal for bilinear maps P from V x W to vector 
spaces U that satisfy the property that P(v' a, w) = P(v, a' w). This tensor 
product is also distributive. 

§B.2. Exterior and Symmetric Powers 

The exterior powers Nv of a vector space V, sometimes denoted Altnv, come 
equipped with an alternating multilinear map 

v x ... x V -NV, VI X .•. X Vn 1-+ VI A .,. A Vn' 

that is universal: for p: V x ... x V - U an alternating multilinear map, there 
is a unique linear map from N V to U which takes V I A .. • A Vn to P( V I' ... , vn). 
Recall that a multilinear map P is alternating if P(VI ' . .. , vn) = 0 whenever two 
of the vectors Vi are equal. This implies that P(v l , •. • , vn) changes sign when 
two of the vectors are interchanged. I It follows that 

P(Va(I)' ... , vain») = sgn(a)p(VI' ... , vn) for all a E 6 n· 

The exterior power can be constructed as the quotient space of v®n by the 
subspace generated by all VI ® ... ® Vn with two of the vectors equal. We let 

n: v®n_Nv, 

I This follows from the standard polarization.: for two factors, P(v + w, v + w) - P(v, v) -
P(w, w) = P(v, w) + P(w, v). 
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denote the projection. If {ei} is a basis for V, then 

{ei1 /\ ei2 1\ ... 1\ ein : i l < iz < ... < in} 

is a basis for NV. Define Nv to be the ground field. 
If V and Ware vector spaces, there is a canonical linear map from 

NV ® Nw to N+b(V Ef) W), which takes (VI 1\ •.• 1\ va) ® (WI 1\ ... 1\ Wb) 
to VI 1\ .. • 1\ Va 1\ WI 1\ •.. 1\ Wb . This determines an isomorphism 

n 

N(V E9 W) ~ EB NV ® N-aW (B.1) 
a=O 

(From this isomorphism the assertion about bases of Nv follows by induction 
on the dimension.) 

The symmetric powers Symnv, sometimes denoted snv, comes with a 
universal symmetric multilinear map 

V x ... x V --+ Symnv, 

Recall that a multilinear map {3: V x ... x V --+ U is symmetric if it is 
unchanged when any two factors are interchanged, or 

{3(Va(I)' •.• , vain») = {3(V I , ..• , vn) for all (J E 6 n. 

The symmetric power can be constructed as the quotient space of v®n by the 
subspace generated by all VI ® ... ® Vn - Va(l) ® ... ® Va(n)' or by those in 
which (J permutes two successive factors. Again we let 

denote the projection~ If {ei} is a basis for V, then 

is a basis for Symn V. So Symn V can be regarded as the space of homogeneous 
polynomials of degree n in the variables ei. Define SymOV to be the ground 
field. As before, there are canonical isomorphisms 

n 

Symn(V E9 W) ~ EB SymaV ® Symn-aW (B.2) 
a=O 

The exterior powers NVand symmetric powers SymnV can also be realized 
as subspaces of v®n, assuming, as we have throughout, that the ground field 
has characteristic O. We will denote the inclusions by I, so we have 

The imbedding ,: Nv --+ v®n is defined by 

I(VI 1\ .•• 1\ vn) = L sgn((J)va(l) ® ... ® vain). (B.3) 
ere 6" 

(This is well defined since the right-hand side is alternating.) The image of I is 
the space of anti-invariants of the right action of 6 n on v®n: 
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(VI ® ... ® v n)· U = Vall) ® . . . ® Vain), Vi E Y, U E 6 n • (B.4) 

(The anti-invariants are the vectors Z E v®n such that z · U = sgn(u)z for all 
u E 6 n .) Moreover, if A = Ion, then (lln!)A is the projection onto this anti­
invariant subspace. 2 (Often the coefficient lin! is put in front of the formula 
for I; this makes no essential difference, but leads to awkward formulas for 
contractions.) 

Similarly we have I: SymnV ~ v®n by 

I(VI ••..• vn) = L vall) ® ... ® Vain) ' (B.S) 
tiE 5" 

The image of 1 is the space of invariants of the right action of 6 n on v®n. If 
A = Ion, then (lln!)A is the projection onto this invariant subspace. 

The wedge product /\ determines a product 

(B.6) 

(VI /\ ..• /\ Vm) ® (Vm+1 /\ ••• /\ Vm+n) 1-+ VI /\ ••• /\ Vm /\ Vm+l /\ • • • /\ Vm+n' 

which is associative and skew-commutative. This product is compatible with 
the projection from the tensor powers onto the exterior powers, but care must 
be taken for the inclusion of exterior in tensor powers, since for example V /\ W 

is sent to V ® w - w ® V [not to t(v ® w - w ® v)] by I. In general, the 
diagram 

I\mv ® NV ~ I\m+n V 

commutes when the bottom horizontal map is defined by the formula 

(VI ® ... ® Vm) ® (Vm+1 ® ... ® Vm+n) 

1-+ L sgn(U)Va(l) ® .. . ® Valm) ® Va(m+1) ® .. . ® valm + n)' 

(B.7) 

(B.8) 

the sum over all "shuffies," i.e., permutations u of {I, . .. , m + n} that preserve 
the order of the subsets {I, ... , m} and {m + 1, .. . , m + n}. 

Similarly the symmetric powers have a commutative product (Vi····· Vm) ® 
(Vm+l .••.. Vm+n) 1-+ Vi · ••• · Vm ' Vm+1 ...•• Vm+n' with a similar compatibility. Note 
that v2 E Sym2 V is sent to 2v ® V in V ® Y, vn E SymnV to n!(v ® ... ® v) in 
v®n, and generally one has the analogue of (B.7), changing each "sgn(u)" to 
"1" in formula (B.8). 

All these mappings are compatible with linear maps of vector spaces 
V ~ W, and in particular commute with the left actions of the general linear 
group GL(V) = Aut(V) of automorphisms, or the algebra End(V) = 
Hom(Y, V) of endomorph isms, on v®n, NY, and Symnv. 

2 It is this factor which limits our present discussion to vector spaces over fields of characteristic O. 
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It is sometimes convenient to make algebras out of the direct sum of all of 
the tensor, exterior, or symmetric powers. The tensor algebra TV is the 
sum EBn~o v®n, with product determined by the canonical isomorphism 
v®n ® v®m -+ v®(n+m). The exterior algebra A"V is the sum EBn~o NV, which 
is the quotient of TV by the two-sided ideal generated by all v ® v in 
V®2. The symmetric algebra Sym'V is the sum EBn 2: 0 Symnv, which is the 
quotient of TV by the two-sided ideal generated by all v ® w - w ® v in V®2. 

Exercise B,9, The algebra Sym'V is a commutative, graded algebra, which 
satisfies the universal property that any linear map from V to the first graded 
piece C1 of a commutative graded algebra C' determines a homomorphism 
Sym'V -+ C' of gradt;d algebras. Use this to show that Sym'(V $ W) ~ 
Sym'V ® Sym'w, and deduce the isomorphism (B.2). Prove the analogous 
assertions for A"v, in the category of skew-commutative graded algebras. 
In particular, construct an isomorphism A"(V $ W) ~ ;\'v ® A"w, where ® 
denotes the skew-commutative tensor product: it is the usual tensor product 
additiveiy, but the product has (a ® b)' (c ® d) = (_1)deg(b)de g(C)(a' b) ® (c' d) 
for homogeneous elements a and c in the first algebra, and band d in the 
second. In particular, this proves (B.l). 

§B,3, Duals and Contractions 

Although only a few simple contractions are used in the lectures, and most of 
these are written out by hand where needed, it may be useful to see the general 
picture. 

If V* denotes the dual space to V, there are contraction maps 

cJ: V®P ® (V*)®q -+ V®(p-l) ® (V*)®(q-l), 

for any 1 S; i S; P and 1 S; j S; q, determined by evaluating the jth coordinate 
of (V*)®q on the ith coordinate of V®P: 

(B.lO) 
= IPj(VJVI ® ... ® OJ ® .. . ® vp ® IPI ® .. . ® <Pj ® .. . ® IPq· 

More generally if 1=(i1 , ... , in) and J=(jl, ... ,jn) are two sequences of 
n distinct indices from {1, ... ,p} and {1, ... ,q}, respectively, there is a 
contraction 

d : V®P ® (V*)®q -+ v®(p-n) ® (V*)®(q-n) 

which takes VI 1\ ... 1\ vp ® IPI ® . . . ® IPq to 
n 

(B.ll) 

fl IPjJVjJv1 ® .. . ® Oi, ® ... ® Vi2 ® ... ® Vp ® IPI ® ... ® <Pit ® ... ® IPq· 
«=1 

For example, if p = q = n and 1= J = (1, . .. , n), this contraction 
v®n ® (V*)®n -+ C identifies (V*)®ft with the dual space of v®n. 
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Now (v®n)* consists of n-multilinear forms on V, and (NV)* consists of 
alternating n multilinear forms on V; in particular, (NV)* is a subspace of 
(V®n)*; this is the inclusion via n*. The composite 

N(V*) -+ (v*)®n -+ (v®n)*, 

where the first map is the inclusion I and the second is the isomorphism of the 
preceding paragraph, maps N(V*) isomorphically onto the subspace (NV)*. 
Explicitly, 

N(V*) ~ (NV)*, 

f/Jl /\ ... /\ f/Jn H [VI /\ ... /\ VnH L sgn(u)f/Ja(1)(V1)····· f/J .. (n)(Vn) 

= det(f/Jj(vi »)]. 

This dual pairing NV ® N(V*) -+ K is often denoted < , ). 
There is a similar isomorphism of Symn(V*) with Symn(V)*, but without 

the signs "sgn(u)." 

Exercise B.12. If e1 , •.• , em is a basis for V, with er the dual basis for V*, 
then {eil /\ ... /\ ein : 1 ::;; il < ... < in ::;; m} is a basis for NV, and 
{e~l ... "e~m: ia ~ 0, Lia = n} is a basis for Symnv. Show that, via the above 
isomorphisms, the dual bases for N(V*) and Symn(V*) are 

{e~ /\ ... /\ et} and {n ~ia!) (enll ..... (e:)im}. 

a 

There are related contractions, sometimes called internal products, and 
denoted ...Jand L, on exterior and symmetric powers. For the exterior powers 
they are maps: 

Nv ® N+q(V*) -+ N(V*), 

N+qv ® N(V*) -+ N(V), 

x®aHx...Ja; 

x®aHxLIX. 
(B. 13) 

These can be defined most simply as transposes of wedge products, i.e., they 
are determined by the identities 

<z, x ...Jex) = <z /\ x, ex) for Z E NV 

and 

<x L ex, p) = <x, ex /\ P) for P E N(V*). 

(The relation of this definition to the contraction maps d above is expressed 
in Exercise B.16.) Note that when q = 0, these contractions reduce to the 
previous duality pairing between NV and N(V*). 

For symmetric powers, the internal products are defined similarly: 

SymPV ® Symp+q(V*) -+ Symq(V*), x ® a H x ...J a; 

Symp+qV ® SymP(V*) -+ Symq(V), x ® ex H x L ex. 
(B.14) 
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Exercise B.15. For v, WE V, and (fJ, t/I E V*, show that 

v ...J «(fJ A t/I) = t/I(V)(fJ - (fJ(v)t/I and (v A w) L (fJ = (fJ(V)W - (fJ(W)V. 

More generally, for if x = Vi A ' " A vp and IX = (fJl A • • • A (fJp+q, with Vi E V 
and (fJj E V*, then 

(i) x ...J IX = L sgn(O')(fJa(q+l)(vd· ... · (fJa(q+p)(vp)' (fJa(l) A ... A (fJa(q)' 

the sum over all permutations 0' of {I, ... , p + q} that preserve the order of 
{I, .. . , q}. If x = Vi A ••• A vp+q and IX = (fJl A ••• A (fJp, then 

(ii) x L IX = L sgn(O')(fJl (va(1»)· ... · (fJp(va(P») ' Va(p+1) A •.. A va(p+q)' 

the sum over all permutations that preserve the order of {p + 1, "., p + q}. 
Verify these formulas and use them to give formulas for these internal products 
in terms of standard bases. State and verify analogous formulas for symmetric 
powers. In particular, for V, WE V, (fJ, t/I E V*, 

V ...J «(fJ' t/I) = t/I(V)(fJ + (fJ(v)t/I and (v' w) L (fJ = (fJ(v)w + (fJ(w)v. 

For example, V ...J«(fJ2) = 2(fJ(v)(fJ and (v2) L (fJ = 2(fJ(v)v. 

Exercise B.16. Using formula (ii) of the preceding exercise, show that the 
contraction map L may be given as l/p!q! times the composition of the maps 

N+qv ® N(V*) -+ V®(p+q) ® (V*)®P -+ v®q -+ NV, 

where the middle map is the contraction map d of (B.11), with I = J = 
{I, . '" p}, and the other maps come from I and n. Prove the same formulas 
(with the same scalar factor) for the other internal products. 

Exercise B.17. In the situation offormula (ii), suppose the Vi are independent, 
and let W be the (p + q)-dimensional subspace of V that they span; suppose 
the (fJi are independent, and let Z be the p-codimensional subspace of V of the 
common zeros of the (fJi' Show that x L IX = 0 if dim(W n Z) > q, and other­
wise x L IX = U l A ••• A uq for some vectors U i that span W n Z. 

Exercise B.18. Prove the formulas 

(x A Y)...J IX = X ...J (y ...J IX) and x L (IX A p) = (x L IX) L p. 

State and verify the analogous formulas for symmetric powers. 

For a detailed development of these ideas, see [Bour, Algebra, Chap. 3]. 



APPENDIX C 

On Semisimplicity 

§C.l: The Killing form and Cartan's criterion 
§C.2: Complete reducibility and the Jordan decomposition 
§C.3: On derivations 

§C.1. The Killing Form and Cartan's Criterion 

We recall first the Jordan decomposition of a linear transformation X of a 
finite-dimensional complex vector space V as a sum of its semisimple and 
nilpotent parts: X = X. + X n , where X. is the semisimple part of X, and Xn 
the nilpotent part. It is uniquely characterized by the fact that X. is semisimple 
(diagonalizable), Xn is nilpotent, and X. and Xn commute with each other. In 
fact, X. and Xn can be written as polynomials in X, so any endomorphism 
that commutes with X automatically commutes with Xs and Xn. One case 
of the in variance of Jordan decomposition is an easy calculation: 

Exercise C.l·. For any X E gl(V), the endomorphism ad (X) of gl(V) satisfies 

ad(X). = ad (X.) and ad(X)n = ad(Xn). 

There is a Killing form By defined on gl(V) by the formula 

By(X, Y) = Tr(X 0 Y), (C.2) 

where Tr is the trace and 0 denotes composition of transformations. As in 
(14.23), the identity 

Bv(X, [Y, Z]) = Bv([X, Y], Z) 

holds for all X, Y, Z in gl(V). 

(C.3) 
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The Killing form B on a Lie algebra 9 is that of Exercise C.1 for the adjoint 
representation: B(X, Y) = Bg(ad(X), ad(Y)). This was introduced in Lecture 
14, where a few of its properties were proved. Here we use the Killing form to 
characterize solvability and semisimplicity of the Lie algebra. 

If 9 is solvable, by Lie's theorem its adjoint representation can be put in 
upper-triangular form. It follows that ~g = [g, g] acts by strictly upper­
triangular matrices. So if X is in ~g and Yin g, then ad (X) 0 ad(Y) is strictly 
upper triangular; in particular its trace B(X, Y) is zero. Cartan's criterion is 
that this characterizes solvability: 

Proposition C.4. The Lie algebra 9 is solvable if and only if B{g, ~g) = O. 

We will prove something that looks a little weaker, but will turn out to be 
a little stronger. We prove: 

Theorem C.5 (Cartan's criterion). If 9 is a subalgebra of gl(V) and Bv(X, Y) = 0 
for all X and Y in g, then 9 is solvable. 

For this, it suffices to show that every element of ~g is nilpotent, for then 
by Engel's theorem ~g must be a nilpotent ideal, and therefore 9 is solvable. 

So take X E ~g, and let AI" ' " Ar be its eigenvalues (counted with 
multiplicity) for X as an endomorphism of V. We must show the Aj are all 
zero. These eigenvalues satisfy some obvious relations; for example, L AjAj = 
Tr(X 0 X)) = Bv(X, X) = O. What we need to show is 

(e.6) 

To prove this, take a basis for V so that X is in Jordan canonical form, 
with AI' ... , Ar down the diagonal; the semisimple part D = X. of X is this 
diagonal transformation. Let D be the endomorphism of V given by the 
diagonal matrix with II , ... , Ir down the diagonal. Since Tr{D 0 X) = L IjA j, 
it suffices to prove 

Tr(D 0 X) = O. (C.7) 

Since X is a sum of commutators [Y, Z], with Y and Z in g, Tr(D 0 X) is 
a sum of terms of the form Tr(D 0 [Y, Z]) = Tr([D, Y] 0 Z). So we will be 
done if we know that [D, Y] belongs to g, for our hypothesis is that Tr(g 0 g) == 
O. That is, we are reduced to showing 

ad(D){g) c g. (e.8) 

For this it suffices to prove that ad(D) can be written as a polynomial in 
ad (X), for we know that ad{X)k(y) is in 9 if X and Yare in g. Since ad(D) = 
ad (X.) = ad (X). is a polynomial in ad (X), it suffices to show that ad(D) can 
be written as a polynomial in ad (D). This is a simple computation: using the 
usual basis {E jj } for gl{V), ad(D) and ad(D) are complex conjugate diagonal 
matrices, and any such are polynomials in each other. 0 
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We can prove now that if 9 is a Lie algebra for which B(~g, ~g) == 0, then 
9 is solvable, which certainly implies Proposition C.4. By what we just proved, 
the image of ~g by the adjoint representation in gl(g) is solvable. Since the 
kernel of the adjoint map is abelian, this makes ~g solvable (cf. Exercise 9.8), 
and by definition this makes 9 solvable. 0 

Exercise C.9. Show that a Lie algebra 9 is solvable if and only if 
B(ad(X), ad(X» = 0 for all X in g. 

It is easy to deduce from Cartan's criterion a criterion for semisimplicity­
part of which we saw in Lecture 14, but there assuming some facts we had not 
proved yet: 

Proposition C.IO. A Lie algebra 9 is semisimple if and only if its Killing form 
B is nondegenerate. 

PROOF. By (C.3) the null-space s = {X E g: B(X, Y) = 0 for all Y E g} is an 
ideal. Suppose 9 is semisimple. By Cartan's criterion, the image ad(s) c gl(g) 
is solvable; as in the preceding proof, s is then solvable, so s = 0 by the 
definition of semisimple. Conversely, if B is nondegenerate, we must show 
that any abelian ideal a in 9 must be zero. If X E a and Y E g, then 
A = ad (X) 0 ad(Y) maps 9 into a and a to 0, so Tr(A) = O. This implies that 
a c s = 0, as required. 0 

Corollary C.ll. A semisimple Lie algebra is a direct product of simple Lie 
algebras. 

PROOF. For any ideal I) of g, the annihilator 

1).1 = {X E g: B(X, Y) = 0 for all Y E I)} 

is an ideal, by (C.3) again. By Cartan's criterion, I) (11).1 is solvable, hence zero, 
so 9 = I) EB 1).1. The decomposition follows by a simple induction. 0 

It follows that 9 = ~g, and that all ideals and images of 9 are semisimple. 
In fact: 

Exercise C.12*. Show that if 9 is a direct product of simple Lie algebras, the 
only ideals in 9 are sums of some of the factors. In particular, the decomposition 
into simple factors is unique (not just up to isomorphism). 

Exercise C.13*. Show that if 9 is semisimple, the adjoint map ad: 9 ~ gl(g) is 
an isomorphism of 9 onto the algebra Der(g) of derivations of g. 

Exercise C.14. Show that if 9 is nilpotent then its Killing form is identically 
zero, and find a counterexample to the converse. 
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We repeat that this section is optional, since the results can be deduced from 
the existence of a compact group such that the complexification of its Lie 
algebra is a given semisimple Lie algebra. We include here the standard 
algebraic approach. A finite-dimensional representation of a Lie algebra 9 will 
be called a g-module, and a g-invariant subspace a submodule. 

Proposition C.tS. Let V be a representation of the semisimple Lie algebra 9 and 
W c V a submodule. Then there exists a submodule W' c V complementary 
to W 

PROOF. Since the image of 9 by the representation is semisimple, we may 
assume 9 c gI(V). We will require a slight generalization of the Casimir 
operator Cy E End(V) which was used in §25.l in the proof of Freudenthal's 
formula. We take a basis Ul , ... , U, for g, and a dual basis Ui, ... , U:, but this 
time with respect to the Killing form By defined in Exercise C.l: By(X, Y) = 

Tr(X 0 Y). (Note by Cartan's criterion that By is nondegenerate.) Then Cy is 
defined by the formula Cy(v) = L Uj ' (U[· v). 

As before, a simple calculation shows that Cy is an endomorphism of V 
that commutes with the action of g. Its trace is 

Tr(Cy ) = LTr(Uj 0 Un = L By(Uj , un = dim (g). (C.l6) 

We note also that since Cy maps any submodule W to itself, and since it 
commutes with g, its kernel Ker(Cy ) and image are submodules. 

Note first that all one-dimensional representations of a semisimple 9 are 
trivial, since ~g must act trivially on a one-dimensional representation, and 
9 =~g. 

We proceed to the proof itself. As should be familiar from Lecture 9, the 
basic case to prove is when W c V is an irreducible invariant subspace of 
codimension one. Then Cy maps W into itself, and Cy acts trivially on V/W 
But now by Schur's lemma, since W is irreducible, Cy is multiplication by a 
scalar on W This scalar is not zero, or (C.l6) would be contradicted. Hence 
V = WEB Ker( Cy ), which finishes this special case. 

It follows easily by induction on the dimension that the same is true 
whenever We V has codimension one. For if W is not irreducible, let Z be a 
nonzero submodule, and find a complement to W/Z c VIZ (by induction), say 
Y/Z. Since Y/Z is one dimensional, find (by induction) U so that Y = ZEBU. 
Then V = WEB U. 

By the same argument, it suffices to prove the statement of the theorem 
when W is irreducible. Consider the restriction map 

p: Hom(V, W) ~ Hom(W, W), 
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a homomorphism of g-modules. The second contains the one-dimensional 
submodule Homg(W, W). By the preceding case, there is a one-dimensional 
submoduleofp-l(Homg(W, W» c Hom(V, W)whichmapsontoHomg(W, W) 
by p. Since one-dimensional modules are trivial, this means there is a 
g-invariant t/I in Hom(V, W) such that p(t/I) = 1. But this means that t/I is a 
g-invariant projection of V onto W, so V = W $ Ker(t/I), as required. 0 

We will apply this to prove the invariance of Jordan decomposition 
(Theorem 9.20). The essential point is: 

Proposition C.17. Let 9 be a semisimple Lie subalgebra of gI(V). Then for any 
element X E g, the semisimple part Xs and the nilpotent part Xn are also in g. 

PROOF. The idea is to write 9 as an intersection of Lie subalgebras of gI(V) for 
which the conclusion of the theorem is easy to prove. For example, we know 
9 c sI(V) since 9 = .@g, and clearly Xs and Xn are traceless if X is. Similarly, 
if V is not irreducible, for any submodule W of V, let 

Sw = {Y E gl(V): Y(W) c Wand Tr(Ylw) = OJ. 
Then 9 is also a subalgebra of sw, and Xs and Xn are also in Sw. 

Since [X, g] c g, it follows that [p(X), g] c 9 for any polynomial p(T). 
Hence [Xs, g] c 9 and [Xn, g] c g. In other words, Xs and Xn belong to the 
Lie subalgebra n of gl(V) consisting of those endomorphisms A such that 
[A, g] c g. So n gives us another subalgebra to work with. Now we claim that 
9 is the intersection of n and all the algebras Sw for all submodules W of V. 
This claim, as we saw, will finish the proof. Let g' be the intersection of all 
these Lie algebras. Then 9 is an ideal in g' since g' c n. 

By the complete reducibility theorem we can find a submodule U of g' so 
that g' = 9 $ U. Since [g, g' ] c g, we must have [g, U] = O. To show that U 
is 0, it suffices to show that for any Y E U its restriction to any irreducible 
submodule W of V is zero (noting that Y preserves W since Y E Sw, and that 
V is a sum of irreducible submodules). But since Y commutes with g, Schur's 
lemma implies that the restriction of Y to W is multiplication by a scalar, and 
the assumption that Y E Sw means that Tr(Ylw) = 0, so Ylw = 0, as required. 

o 
Now if 9 is a semisimple algebra, the adjoint representation ad embeds 9 

in gl(g). For any X in 9 the theorem implies that the semisimple and nilpotent 
parts of ad (X) are in g. We write these Xs and Xn. The decomposition 
X = Xs + Xn may be called the absolute Jordan decomposition. Note that 
[Xs, Xn] = O. It follows easily from the definition that if p: 9 -+ g' is a homo­
morphism from one semisimple Lie algebra onto another, then p(Xs) = p(X)s 
and p(Xn) = p(X)n. (This follows for example from the fact that g' is obtained 
from 9 by factoring out some of its simple ideals.) In fact, the absolute 
decomposition determines all others: 
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Corollary C.18. If p: 9 -+ gI(V) is any representation of a semisimple Lie algebra 
g, then p(Xs) is the semisimple part of p(X) and p(Xn) is the nilpotent part of 
p(X). 

PROOF. We just saw that p(Xs) and p(Xn) are the semisimple and nilpotent 
parts of p(X) as regarded in the semisimple Lie algebra g' = p(g). Apply the 
theorem to g' c gI(V). 0 

It follows that an element X in a semisimple Lie algebra that is semisimple 
in one faithful representation is semisimple in all representations. 

§C.3. On Derivations 

In this final section we collect a few facts relating the Killing form, solvability, 
and nil potency with derivations of Lie algebras, mainly for use in Appendix 
E. We first prove a couple of lemmas related to the Lie-Engel theory of 
Lecture 9. For these 9 is any Lie algebra, r = Rad(g) denotes its radical, and 
~g = [g, g]. 

Lemma C.19. For any representation p: 9 -+ gI(V), every element of p(~g n r) 
is a nilpotent endomorphism. 

PROOF. It suffices to treat the case where the representation V is irreducible, 
for if W were a proper subrepresentation, we would know the result by 
induction on the dimension for Wand V/W, which implies it for V. We may 
replace 9 by its image, so we may assume p is injective. In this case we show 
that ~g n r = O. We may assume r -# O. Consider the largest integer k such 
that a = ~kr is not zero. This a is an abelian ideal of g. It suffices to show that 
~g n a = 0, for if k > 0, then a c ~g. 

We need three facts: 

(i) If 9 c gI(V) is an irreducible representation and b is any ideal of 9 that 
consists of nilpotent transformations of V, then b = O. (Indeed, by Engel's 
theorem, 

W= {VE V:X(v)=OforallXEb} 

is nonzero, and by Lemma 9.13, W is preserved by g. Since V is irreducible, 
W = V, which says that b = 0 .) 

(ii) A transformation X is nilpotent exactly when Tr(Xn) = 0 for all positive 
integers n. (This is seen by writing X in Jordan canonical form.) 

(iii) Tr([X, y] . Z) = 0 whenever [Y, Z] = O. (This follows from the identity 
(C.3): Tr([X, y]. Z) = Tr(X' [Y, Z]).) 

Next we can see that [g, a] = O. For if X E 9 and YEa, then [X, Y] E a; 
since a is abelian, Y commutes with [X, Y] and hence with powers of [X, Y]. 
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Applying (iii) with Z = [X, YJ,,-l gives Tr([X, YJ") = 0 for n > 0, and (ii) and 
(i) imply that [g, a] = O. 

Finally we show that ~g fl a = O. If X, Y E g and [X, Y] E a, then 
[Y, [X, Y]] = 0 by the preceding step, so again Y commutes with powers of 
[X, YJ, and the same argument shows that Tr([X, YJ") = 0, and (ii) and (i) 
again show that !0g (1 a = O. 0 

Lemma C.20. For any Lie algebra g, [g, r] is nilpotent. 

PROOF. Look at the images g and f of 9 and r by the adjoint representation 
ad: 9 -+ gl(g). By Lemma C.19 and Engel's theorem, [g, r] is a nilpotent ideal 
ofg. Since the kernel of the adjoint representation is the center of g, it follows 
that the quotient of [g, r] by a central ideal is nilpotent, which implies that 
[g, r] itself is nilpotent. 0 

An ideal a of a Lie algebra 9 is called characteristic if any derivation of g 
maps a into itself. Note that an ideal is just a subspace that is preserved by 
all inner derivations Dx = ad (X). It follows from the definitions that if a is any 
ideal in g, then any characteristic ideal in a is automatically an ideal in g. 

The following simple construction is useful for turning questions about 
general derivations into questions about inner derivations. Given any Lie 
algebra 9 and a derivation D of g, let g' = 9 $ C, and define a bracket on g' by 

[(X, A), (Y, Jl)] = ([X, Y] + AD(Y) - JlD(X), 0). 

It is easy to verify that g' is a Lie algebra containing 9 = 9 $ 0 as an ideal, 
and that, setting e = (0, 1), the restriction of D~ = ad(e) to 9 is the given 
derivation D. 

As a simple application of this construction, if B is the Killing form on g, 
we have the identity 

B(D(X), Y) + B(X, D(Y» = 0 (C.2I) 

for any derivation D of g, and any X and Y in g. Indeed, if B' is the Killing 
form on g', (C3) gives B'([e, X], Y) + B'(X, [e, Y]) = 0; since 9 is an ideal in 
g', B is the restriction of B' to g, and (C.21) follows. 

From (C2I) it follows that if a is a characteristic ideal of g, then its 
orthogonal complement with respect to the Killing form is also a characteristic 
ideal of g. 

Proposition C.22. For any Lie algebra g, Rad(g) is the orthogonal complement 
to ~g with respect to the Killing form. 

PROOF. To see that r = Rad(g) is contained in !0gl, i.e., that ~g is perpendic­
ular to r, let X, Y E 9 and Z E r. Recalling that B([X, Y], Z) = B(X, [Y, z]), 
it suffices to show that B(X, [Y, Z]) = O. Let l) be the subalgebra of 9 generated 
by rand X. Then [l), l)] c r, so l) is solvable, so by Lie's theorem, under the 
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adjoint action, ~ acts on 9 by upper-triangular matrices. By Lemma C.19, 
[Y, Z] acts on 9 by nilpotent transformations. It follows that X 0 [Y, Z] 
also acts nilpotently on g, from which it follows that B(X, [Y, Z]) = 
Tr(X 0 [Y, Z]) = 0, as required. 

Since ~g is a characteristic ideal, (~g).l is an ideal. It is solvable by Cartan's 
criterion (Proposition C.4), since 

B(~g.l, ~(~g.l» c: B(~g.l , ~g) = 0. 

It follows that ~g.l c: r, which concludes the proof. 

Corollary C.23. If u is an ideal in a Lie algebra g, then 

Rad(u) = Rad(g) fl u. 

o 

PROOF. Since Rad( u) is a characteristic ideal of an ideal, it is an ideal of g. Since 
it is solvable, it must be contained in the radical of g. This shows the inclusion 
c:; the opposition inclusion is clear since Rad(g) fl u is a solvable ideal in u. 

o 
Proposition C.24. If D is a derivation of a Lie algebra g, then D(Rad(g» is 
contained in a nilpotent ideal of g. 

PROOF. Construct g' = 9 $ C as before, with e = (0,1). Since Rad(g) c: 
Rad(g'), we have 

D(Rad(g» = [e, Rad(g)] c: [g', Rad(g')] fl g. 

By Lemma C.20, [g', Rad(g')] is a nilpotent ideal in g', so its intersection with 
9 is also nilpotent. 0 

Just as with the notion of solvability, any Lie algebra 9 contains a largest 
nilpotent ideal, usually called the nil radical of g, and denoted Nil(g) or n. 
Proposition C.24 says that any derivation maps r into n, which includes the 
result of Lemma C.20 that [g, r] c: n. The existence of this ideal follows from: 

Lemma C.25. If u and b are nilpotent ideals in a Lie algebra g, then u + b is also 
a nilpotent ideal. 

PROOF. An ideal u is nilpotent iff there is a positive integer k so that all 
k-fold brackets [Xl' [X2 ' [ ... , [Xk- l ' Xk ] ••• ]]] are zero when each Xi is in 
u. Equivalently, all m-fold brackets of m elements of 9 are zero if at least k of 
them are in u. If k is chosen to work for u and for b, it is easy to verify that 2k 
works for the sum u + b, since any bracket of 2k elements, each from u or from 
b, contains at least k elements from u or from b. 0 

Since Nil(g) c: Rad(g), it follows from Proposition C.24 that Nil(g) is a 
characteristic ideal of g. The same reasoning as in Corollary C.23 gives: 
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Corollary C.26. If a is an ideal in a Lie algebra g, then 

Nil(a) = Nil(g) n Q. 

C. On Semisimplicity 

If 9 is a Lie algebra, its universal enveloping algebra U = U (g) is the quotient 
ofthe tensor algebra of 9 modulo the two-sided ideal generated by all X ® Y -
Y ® X - [X, YJ for all X, Yin g. It is an associative algebra, with a map 
I : 9 -+ U such that 

I([X, Y]) = [I (X), I(Y)] = I(X)I(Y) - I(Y)I(X), 

and satisfying the universal property: for any linear map qJ from 9 to an 
associative algebra A such that cp([X, YJ) = [cp(X), qJ(Y)] for all X, Y, there 
is a unique homomorphism of algebras $: U -+ A such that cp = $ 0 I. For 
example, a representation p: 9 -+ gI(V) determines an algebra homomorphism 
jj: U(g) -+ End(V). Conversely, any representation arises in this way. 

We will need the following easy lemma: 

Lemma C.27. For any derivation D of a Lie algebra g, there is a unique 
derivation jj of the associative algebra U(g) such that jj 0 1 = 10 D. 

PROOF. Define an endomorphism of the tensor algebra of 9 which is zero on 
the zeroth tensor power, and on the nth tensor power is 

Xl ®···®X.f-+DXI ®X2 ®···®X. + Xl ®DX2 ® ··· ®X. + ... 

+XI ®X2 ®···®DX • . 

This is well defined, since it is multilinear in each factor, and it is easily checked 
to be a derivation of the tensor algebra; denote it by D'. To see that D' passes 
to the quotient U(g) one checks routinely that it vanishes on generators for 
the ideal of relations. 0 

Exercise C.28. If D is an inner derivation by an element X in g, verify that jj 
is the inner derivation by the element I(X). 

It is a fact that the canonical map 1 embeds 9 in U(g). The Poincare­
Birkhoff- Witt theorem asserts that, in fact, if U(g) is filtered with the nth piece 
generated by all products of at most n products of elements of I(g), then the 
associated graded ring is the symmetric algebra on g. Equivalently, if Xl' . .. , 
X, is a basis for g, then the monomials X~I ... .. x;r form a basis for U(g). We 
do not need this theorem, but we will use the fact that these monomials 
generate U (g); this follows by a simple induction, using the equations Xi · Xj -
Xj · Xi = [Xi' Xj] to rearrange the order in products. 



APPENDIX D 

Cart an Subalgebras 

§D.l: The existence of Cartan subalgebras 
§D.2: On the structure of semisimple Lie algebras 
§D.3: The conjugacy of Cartan subalgebras 
§D.4: On the Weyl group 

Our task here is to prove the basic general facts that were stated in Lecture 
14 about the decomposition of a semisimple Lie algebra 9 into a Cartan 
algebra 9 and a sum of root spaces g", including the existence of such 9 and 
its uniqueness up to conjugation. 

§D.1. The Existence of Cartan Subalgebras 

Note that if we have a decomposition as in Lecture 14, and H is any element 
of 9 such that IX(H) #- 0 for all roots IX, then 9 is determined by H: 9 = c(H), 
where 

c(H) = {X E g: [H, X] = O}. (0.1) 

The elements of 9 with this property are called regular. They form a Zariski 
open subset of 9: the complement of the union of the hyperplanes defined by 
the equations IX = O. In particular, regular elements are dense in 9. If H E 9 is 
not regular, then c(H) is larger than 9, since it contains other root spaces. Note 
that all elements of9 are also semisimple, i.e., they are equal to their semisimple 
parts. 

Of course, this discussion depends on knowing the decomposition which 
we are trying to prove. But it suggests one way to construct and characterize 
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Cart an subalgebras: they should be subalgebras of the form c(H) for some 
semisimple element H, that are minimal in some sense. We can measure this 
minimality simply by dimension. 

Definition 0.2. The rank n of a semisimple Lie algebra 9 is the minimum of 
the dimension of c(H) as H varies over all semisimple elements of g. A 
semisimple element H is called regular if c(H) has dimension n. A Cartan 
subalgebra of 9 is an abelian subalgebra all of whose elements are semisimple, 
and that is not contained in any larger such subalgebra. Our first main goal 
is 

Proposition D.3. If H is regular, then c(H) is a Cartan subalgebra. 

For any semisimple element H, 9 decomposes into eigenspaces for the 
adjoint action of H: 

9 = EB g;.(H) = c(H) E9 EB g,\(H), (0.4) 
A '\#0 

where g,\(H) = {X E g: [H, X] = AX}, and c(H) = go (H). There is a similar 
decomposition even if H (or g) is not semisimple, but replacing the eigenspace 
by g,\(H) = {X E g: (ad (H) - A.J)k(X) = 0 for large k}. 

Exercise 0.5. Without assuming that H is semisimple, show that 
[9;.(H), 91'(H)] c: gHI'(H), by proving the identity 

(ad (H) - (A + jt)I)k([X, Y]) 

= jto e) [(ad(H) - A.JY(X), (ad (H) - jtI)k- j(y)] 

Let us (temporarily) call an arbitrary element H E 9 regular if dim(90(H» ~ 
dim(go(X» for all X E 9. 

Lemma 0.6. If H is regular, then go(H) is abelian. 

PROOF. Consider how the Killing form B respects the decomposition (0.4)­
again knowing what to expect from Lecture 14. If Y is in g,\(H) with A =F 0, 
then ad(Y) maps each eigenspace to a different eigenspace (by Exercise 0.5), 
as does ad(Y) 0 ad(X) for X E 90(H). The trace of such an endomorphism is 
zero, i.e., B(X, Y) = 0 for such X and Y. 

Because 9 is semisimple, B is nondegenerate. Since we have shown that 
90(H) is perpendicular to the other weight spaces, it follows that the restriction 
of B to 90(H) is nondegenerate. 

Consider the Jordan decomposition X = Xs + Xn of an element X in 90(H). 
Since ad(Xn) = ad(X)n is nilpotent, Xn belongs to go (H), so Xs = X - Xn does 
also. Then ad(Xs) = ad(X). is nilpotent and semisimple on go(H), so it vanishes 
there. But this already shows that ad(X) = ad(Xs) + ad(Xn) is a nilpotent 
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endomorphism of 90(H) for any X E 90(H). Hence, by Engel's theorem, 90(H) 
is nilpotent, so by Lie's theorem 9 has a basis in which the endomorphisms 
ad (X) are upper-triangular for all X E 90(H). It follows that for any elements 
in 90(H), the trace of products of their adjoint actions on 9 is independent of 
the order of composition. In particular, for X, Y, Z E 90(H), the trace of 
ad([X, Y]) 0 ad(Z) on 9 is zero, i.e., B([X, Y], Z]) == O. But since B is non­
degenerate on 90(H), [X, y] = 0, so 90(H) is abelian. 0 

It follows immediately that 90(H) is not contained in any larger abelian 
subalgebra, since any element that commutes with H is in 90(H) by defini­
tion. To finish the proof ofthe proposition we must prove the following lemma, 
which also shows that the temporary definition of regular agrees with the first 
one: 

Lemma 0.7. If H is regular, then any element of 90(H) is semisimple. 

PROOF. We saw that if X is in 90(H) then Xn is also. Using the same basis as 
in the preceding proof, we see that ad(Xn) has a strictly upper-triangular 
matrix. Hence, B(Xn' Y) = Tr(ad(Xn) 0 ad(Y» = 0 for all Yin 90(H). By the 
nondegeneracy again, Xn = 0, as required. 0 

It follows from Lemma D.6 that if H is regular, and X is in 90(H), then 
90(X) contains 90(H), and they are equal exactly when X is also regular. 

Problem 0.8*. Prove that if H is regular in any Lie algebra, then 90(H) is a 
nilpotent Lie algebra. 

Exercise 0.9. Show that a subalgebra is a Cartan subalgebra if and only if it 
consists entirely of semisimple elements and is contained in no larger sub­
algebra with this property. 

§D.2. On the Structure of Semisimple Lie Algebras 

Let 1) be a Cartan subalgebra of a semisimple Lie algebra 9. Under the adjoint 
representation it consists of commuting semisimple endomorphisms. It is then 
a standard linear algebra fact that this action is simultaneously diagonalizable: 

(D.10) 

where the eigenspaces are parametrized by some set of linear forms IX E 1)*, 
including IX = 0, and where 

9« = {X E 9: [H, X] = IX(H)· X for all H E 1)}. 

In particular, 90 is the centralizer of 1) in 9. The nonzero IX are called roots. 
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Lemma 0.11. ~ = 90 . 

PROOF. Since ~ is abelian, ~ is contained in 90. If ~ corresponds to a regular 
element H, i.e., ~ = 90(H), anything that commutes with H must be in~, so 90 
is contained in ~. 0 

If ~ is constructed from the regular element H, then by definition 9iH) is 
the direct sum of those 9,. for which (X(H) = A.. Note that the decomposition 
(D.10) may be finer than (DA), but that if H is chosen to be an element of ~ 
such that the (X(H) are distinct for distinct roots (x, then the decompositions 
coincide. 

Our next task is to study the other eigenspaces 9,. . As before, we have 
[9,., 9/1] C 9,.+/1· It follows that if (X + P ¥- 0, and if X E 9,. and Y E 9/1' then 
ad(X) 0 ad( Y) is nilpotent, so its trace is zero, i.e., 

If (X + P ¥- 0, then B(g.., 9/1) = o. (D.12) 

Now for any root (x, if - (X were not a root, this implies 9,. is perpendicular 
to all 9/1 (including P = 0), which would contradict the nondegeneracy of B. 
So we get one of the facts asserted in Lecture 14: 

If (X is a root, then - (X is also a root. (D.l3) 

Moreover, the pairing B: 9,. x 9-,. -+ C is nondegenerate. Another fact also 
follows easily: 

The roots (X span ~*. (D.l4) 

For if not there would be a nonzero X E ~ with (X(X) = 0 for all roots (x, which 
means that [X, Y] = 0 for all Y in all 9,. . But then X is in the center of 9, 
which is zero by semisimplicity of 9. 

Now let (X be a root, let X E 9,., Y E 9-,., and take any H E ~. Then 

B(H, [X, Y]) = B([H, X], Y) = (X(H)B(X, Y). (D.l5) 

This cannot be zero for all H, X, and Y without contradicting what we have 
just proved. In particular, 

For any root (x, [9,., 9-,.] ¥- O. (D.l6) 

Let 7;. E ~ be the element dual to (X via the pairing B on ~, i.e., characterized 
by the identity B(T,., H) = (X(H) for all H in ~. We claim next that 

[X, Y] = B(X, Y)7;. for all X E 9,., Y E 9-,.. (D.l7) 

To see it, pair both sides with an arbitrary element H of~. Using (D.15), we 
have 

B(H, B(X, Y)7;.) = B(H, 7;.)B(X, Y) = (X(H)B(X, Y) = B(H, [X, Y]), 

as required. Next we show that 
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1X(7;.) "# 0. (D.18) 

Suppose this were false. Choose X E g .. , Y E g_ .. such that B(X, Y) = c "# 0. 
Then [X, y] = c7;., so X, Y, and 7;. span a Lie sub algebra 5 of g. If 1X(7;.) = 0, 
s is solvable. Since [X, y] E ~s, it follows that ad([X, Y]) is a nilpotent 
endomorphism of g. But then 7;. is nilpotent; but all elements of ~ are semi­
simple, so 7;. = 0, a contradiction. This gives another claim from Lecture 14: 

For any root IX, [[9 .. , g_ .. ], g .. ] "# 0. (D.19) 

For with X and Yas above, [[X, Y], X] = c· [7;., X] = c ·1X(7;.)X "# 0. 
The last remaining fact about root spaces left unproved from Lecture 14 is 

For any root IX, 9 .. is one-dimensional. (D.20) 

By what we have seen, we can find X E g .. , Y E g_ .. , so that H = [X, Y] "# 0, 
and IX(H) "# O. Adjusting by scalars, they generate a subalgebra s isomorphic 
to sl2iC, with standard basis H, X, Y, so in particular IX(H) = 2. Consider 
the adjoint action of 5 on the sum V = ~ EB EBgk«' the sum over all nonzero 
complex multiples klX of IX. From what we know about the weights of repre­
sentations of 5, the only k that can occur are integral multiples of!. 

Now 5 acts trivially on Ker(lX) C ~ C V. and it acts irreducibly on 5 c V. 
Together these cover the zero weight space 1), since H is not in Ker(IX). So the 
only even weights occurring can be ° and ± 2. In particular, 

21X cannot be a root. (D.21) 

But this implies that !IX cannot be a root, which says that 1 is not a weight 
occurring in V. But then there can be no other representations occurring in 
V. i.e., V = Ker(lX) EB 5, which proves (D.20). 0 

§D.3. The Conjugacy of Cartan Subalgebras 

We show that any two Cartan subalgebras are conjugate by an inner auto­
morphism of the adjoint subgroup of Aut(g). Fix one Cartan subalgebra ~, 
and consider the decomposition (D.lO). For any element X in a root space 9 .. , 
ad (X) E gl(g) is nilpotent, as we have seen, so its exponential exp(ad(X)) E 

GL(g) is just a finite polynomial in ad (X). Set 

e(X) = exp(ad(X)). 

Let E@ be the subgroup of Aut(g) generated by all such e(X). We want to 
prove now that this group is independent ofthe choice of1), and that all Cartan 
subalgebras are conjugate by elements in this group. (We will see in the next 
section that E@is the connected component of Aut(g), i.e., that it is the adjoint 
group.) The proof will be a kind of complex algebraic analogue of the corre­
sponding argument for compact tori that was sketched in Lecture 26. 
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Theorem D.22. Let ~ and ~' be two Cartan subalgebras of g. Then (i) E(9) = 
E(~'), and (ii) there is an element gEE = E(9) so that g(~) = ~'. 

PROOF. Fix a Cart an subalgebra ~. Let <Xl' ••• , <x, be its roots. Consider the 
mapping 

F: gal X ••• X gar X ~ -+ 9 

defined by F(Xl' ... , X" H) = e(X do··· 0 e(X,)(H). Note that F is a poly­
nomial mapping from one complex vector space to another of the same 
dimension. We want to show that not only is the image of F dense, but that, 
if ~reg denotes the set of regular elements in ~, then 

F(gal X •.• X gar X ~re8) contains a Zariski open set, (0.23) 

i.e., it contains the complement of a hypersurface defined by a polynomial 
equation. 

Suppose that this claim is proved. It follows that for any other Cartan 
subalgebra I)', the corresponding image also contains a Zariski open set. But 
two nonempty Zariski open sets always meet. In this case this means E(~)· ~re8 
meets E(~')· ~~eg" That is, there are 9 E E(9), H E ~re8' g' E E(~'), H' E ~~e8 such 
that g(H) = g'(H'). But then since Hand H' are regular, 

g(l)) = g(go(H)) = go(g(H)) = go(g'(H')) = g'(go(H')) = g'(I)'). 

This proves the conjugacy of ~ and ~'. And since 

E(9) = gE(9)g-l = E(g(9)) = E(g'(£)')) = g' E(~')(gTl = E(I)'), 

both statements of the theorem are proved. o 
To prove (0.23), we use a special case of a very general fact from basic 

algebraic geometry: if F: eN -+ eN is a polynomial mapping whose derivative 
dF* Ip is invertible at some point P, then for any nonempty Zariski open set 
U c eN, F(U) contains a nonempty Zariski open set. For the proof we refer 
to any basic algebraic geometry text, e.g., [Ha], or to [Bour, VI, App. A]. So 
it suffices to show that dF* Ip is surjective at a point P = (0, ... , 0, H), where 
H E ~re8 . This is a simple calculation: 

Exercise D.24*. Show that dF*lp(O, .. . , 0, Z) = Z for Z E~, and that 
dF*lp(O, ... ,0, y, 0, ... ,0,0) = ad(Y)(H) = -ad(H)(Y) for Y Ega,. Conclude 
that the image of dF* Ip contains ~ and each root space, so dF* Ip is surjective. 

o 
We remark that although this section, like the preceding appendix, was 

written for complex Lie algebras, a simple "base change" argument shows 
that the results extend to Lie algebras over any algebraically closed field of 
characteristic zero. Some, such as Cartan's criterion, then follow over any field 
of characteristic zero, by extending to an algebraic closure. 
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§D.4. On the Weyl Group 

In this section we complete the proofs of some of the general facts about the 
Weyl group that were stated in Lectures 14 and 21. The notation will be as in 
those sections: IE is the real space generated by the roots R; 'ID is the Weyl 
group, generated by the involutions w" of IE determined by 

w,,(P) = P - p(Ha)a = P - 2 ((p, a)) a, 
a, a 

where (, ) denotes the Killing form (or any inner product invariant for the 
Weyl group). We consider a decomposition 

R = R+ uR-

into positive and negative roots, given by some I: IE -+ IR as in Lecture 14, and 
we let S c R+ be the set of simple roots for this decomposition. Note that for 
any W in the Weyl group, 

R = W(R+) u W(R-) 

is the decomposition into positive and negative roots for the linear map 
loW-I. We want to show that every decomposition arises this way. To prove 
this we need some simple variations of the ideas in §21.1. 

Lemma D.25.If a is a simple root, then w" permutes all the other positive roots, 
i.e., w" maps R + \ {a} to itself. 

PROOF. This follows from the expression of positive roots as sums P = L mjaj, 
with the a j simple, and the mj non-negative integers. If a = a;, w,,(P) differs 
from P only by an integral multiple of aj. If P :f. aj, w,,(P) still has some positive 
coefficients, so it must be a positive root. 0 

Let 'IDo be the subgroup of'ID generated by the w", as a varies over the 
simple roots. (We will soon see that 'IDo = 'ID.) 

Lemma D.26. Any root P can be written in the form P = W(a) for some a E S 
and WE 'IDo. In particular, R = 'ID(S). 

PROOF. It suffices to do this for positive roots, since 'IDo(a) = 'IDo w,,(a) = 
-'IDo(a) for any a E S.1f Pis positive but not simple, write P = Lmjaj as above, 
and induct on the level Lm j • As in the previous lemma, there is a simple root 
y so that J-Yy(P) is a positive root of lower level. By induction, J-Yy(P) = W(a) 
for a E Sand WE 'IDo, so P = J-Yy W(a), as required. 0 

Lemma D.27. The Weyl group is generated by the reflections in the simple roots, 
i.e., 'ID = 'IDo. 
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PROOF. Given a root fl, we must show that Wp is in Woo By the preceding 
lemma, write fl = U(tX) for some U E Wo, tX E S. Then 

Wp = WU(a) = U·~· U-l, 

since both sides act the same on fl and fll.. 

(D.28) 

o 

Proposition D.29. The Weyl group acts simply transitively on the set of decom­
positions of R into positive and negative roots. 

PROOF. For the transitivity, suppose R = Q+ U Q- is another decomposition. 
We induct on the number of roots that are in R+ but not in Q+. If this 
number is zero, then R+ = Q+. Otherwise there must be some simple root tX 

that is not in Q+ . It suffices to prove that ~(Q+) has more roots in common 
with R+ than Q+ does, for then by induction we can write ~(Q+) = W(R+) 
for some WE W, so Q+ = ~ W(R+), as required. In fact, we have by Lemma 
D.25, 

~(Q+) n R+ :::> ~(Q+ n R+) u {tX} = ~(Q+ n R+ u { -tX}), 

and this proves the assertion. 
For simple transitivity, we must show that if an element W in the Weyl 

group takes R+ to itself, then it must be the identity. If not, write W as a 
product of reflections in simple roots, 

W = Wi···· · w,., 
with r minimal, with W; the reflection in the simple root fli' Let tX = flr. It 
suffices to show that 

Wi ' ... ' w,. = Wi····· W.-l w.+1 ..... w,.-l 
for some s, 1 ::; s ::; r - 2. Let Us = w.+1 ..... w,.-l' This equation is equivalent 
to the equation W. Us w,. = Us, or Us w,. Us- l = w., or Us(tX) = fls (since by 
(D.28), WU(Il) = U~U-I). 

To finish the proof we must find an s so that Us(tX) = fls. Note that Ur- 2(1X) = 
w,.-l (tX) is a positive root (by Lemma D.25, since flr-l * IX). On the other hand, 
the hypothesis implies that 

Uo(tX) = Wi··· · · w,.-l (IX) = Wi··· · · w,.( -IX) = - W(tX) 

is a negative root. So there must be some s with 1 ::; s ::; r - 2 such that Us(tX) 
is positive and Us- 1 (IX) is negative. This means that W. takes the positive root 
Us(lX) to the negative root US - 1 (tX). But by Lemma D.25 again, this can happen 
only if W. is the reflection in the root Us(IX), i.e., fl. = Us(IX). 0 

The simple roots S for a decomposition R = R+ U R- are called a basis for 
the roots. Since Sand R+ determine each other, the proposition is equivalent 
to the assertion that the Weyl group acts simply transitively on the set of bases. 

Exercise D.30. For WE W, set I(W) = #(R+ n W(R-)). Show that W can be 
written as a product of I(W) reflections in simple roots, but no fewer. 
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If n .. denotes the hyperplane in IE perpendicular to the root a, the (closed) 
Weyl chambers are the closures of the connected components of the comple­
ment IE\ Un .. of these hyperplanes. For a decomposition R = R+ U R- with 
simple roots S, the set 

"IY = {P E IE: (P, a) ~ 0, Va E R+} = {P E IE: (P, a) ~ 0, Va E S} 

is one of these Weyl chambers. The fact that every Weyl chamber arises this 
way follows from 

Lemma 0.31. For any P in IE there is some WE W such that (W(P), a) ~ 0 
for all a E S. 

PROOF. Let p be half the sum of the positive roots. It follows from Lemma 
0.25 that J.t;,(p) = p - a for any simple root IX. Take Win W to maximize the 
inner product (W(P), p). Then for all a E S, 

(J.t;,W(P), p) = (W(P), J.t;,p) = (W(P), p - IX) = (W(P), p) - (W(P), a) 

cannot be larger than (W(P), p), so (W(P), IX) ::; O. o 

Thus, the orbit of one Weyl chamber by the Weyl group covers IE, so all 
Weyl chambers are conjugate to each other by the action of the Weyl group. 
So all arise by partitioning R into positive and negative roots. This partition­
ing is uniquely determined by the Weyl chamber. In fact, the walls of a Weyl 
chamber are the hyperplanes n .. as IX varies over the n corresponding simple 
roots, n = dim (IE). From the proposition we have: 

Corollary 0.32. The Weyl group acts simply transitively on Weyl chambers. 

Exercise 0.33*. Let (f; be the group of automorphisms of IE that map R to 
itself. 

(i) Show that W is a normal subgroup of (f;. 
(ii) Let 9l be the automorphisms in (f; which map a given set of simple roots 

S to itself. Show that (f; is a semidirect product ofW and 9l. 
(iii) Show that 9l is isomorphic to the group of automorphisms of the Oynkin 

diagram. 
(iv) Compute 9l for each of the simple groups. 

Our next goal is to show that the lattice Z{H .. : IX E R} c ~ has a basis of 
elements H .. where a varies over the simple roots. This is analogous to the 
statement we have proved that the root lattice AR in ~* is generated by simple 
roots. The first statement can be deduced from the second, using the Killing 
form to map ~ to ~*, HI-+(H, -), where ( , ) is the Killing form. We saw in 
Lecture 14 that this map takes H .. to a' = (2/(a, a»a. Given a root system R 
in a Euclidean space IE, to each root a one can define its coroot a' in IE by the 
formula 
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, 2 
r:x. = (r:x., r:x.) r:x.. 

Let R' = {r:x.': r:x. E R} be the set of coroots. For any 0 =f. r:x. E 1), set r:x.' = 
(2/(r:x., r:x.))r:x., and for any r:x., P E 1)*, set npa = 2(P, r:x.)/(r:x., r:x.). Let R = R+ V R- be 
a decomposition of R into positive and negative roots, and let S be the 
corresponding set of simple positive roots. 

Lemma 0.34. (i) The set R' of coroots forms a root system in IE. 
(ii) The set S' = {r:x.': r:x. E S} is a set of simple roots for R'. 
(iii) For r:x., PES, np'a' = nap, 

PROOF. It is a straightforward calculation that nfl'a' = nap, It follows by another 
short calculation that if J¥" denotes the reflection in the hyperplane perpendic­
ular to r:x., then J¥" ,(P') = (J¥,,(P»),. The four defining properties of a root system 
specified in §21.1 follow immediately from this. It is clear that if R+ is the 
set of roots in R that are positive for a functional I on IE, then (R+), = 
{r:x.': r:x. E R+} is the corresponding set of positive roots for R'. Roots in R+ are 
those that can be written as a nonnegative linear combinations of roots in 
S, and this property characterizes S. Since r:x.' is a positive multiple of r:x. for any 
r:x., it follows that roots in (R+), are those that can be written as non-negative 
linear combinations of roots in S', which proves (ii). 0 

The root system R' is called the dual of R. 

Exercise 0.35. Find the dual of each type of simple root system. 

Proposition 0.36. (i) The elements Haforr:x. E S generate the lattice Z{Ha: r:x. E R}. 
(ii) If Wa E 1) are defined by the property that wa(Hp) = ha,p, then the elements 

Wa generate the weight lattice Aw. 
(iii) The nonnegative integral linear combinations of the fundamental weights 

wa are precisely the weights in "Ir n Aw , where "Ir is the closed Weyl chamber 
corresponding to R+. 

PROOF. The isomorphism 1) -+ 1)* given by the Killing form takes Ha to the 
coroot r:x.'. By the lemma and the fact that all positive roots are sums of simple 
roots, the set {r:x.': r:x. E S} spans the same lattice as {r:x.': r:x. E R}. This proves (i), 
and it follows that the weights are precisely those elements in 1) that take 
integral values on the set {Ha: r:x. E S}. The rest of the proposition follows, 
noting that 

"Ir = {P E IE: P(Ha) ~ 0 for all r:x. E R+} 

= {P E IE: P(Ha} ~ 0 for all r:x. E S} . o 

If we identify 1) with 1)* by means of the Killing form, we can regard iID as 
a group of automorphisms of 1). By means of this, the reflection J¥" corre-
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sponding to a root a becomes the automorphism of I) which takes an element 
H to H - a(H)· H". We have a last debt (Fact 14.11) to pay about the Weyl 
group: 

Proposition 0.37. Every element of the Weyl group is induced by an auto­
morphism of 9 which maps I) to itself. 

PROOF. It suffices to produce the generating involutions w" in this way. The 
claim is that if X" and y" are generators of g" and g_" as usual, then 8" = 
e(X,,)e( - y")e(X,,) is such an automorphism, where, as in the preceding 
section, we write e(X) for exp(ad(X)). We must show that 8,,(H) = H -
a(H)· H" for all H in I). It suffices to do this for H with a(H) = 0, and for 
H = H", since such together span I). If a(H) = 0, then [X"' H] = [Y", H] = 0, 
so 8,,(H) = H, which takes care of this case. For H = H", it suffices to calculate 
on the subalgebras" = C{H", X"' Y,,} ~ s12C, and this is a simple calculation: 

Exercise 0.38. (a) For sl2C with its standard basis, show that 8 = 
e(X)e(Y)e(X) maps H to -H, X to - Y, and Y to -X. 

(b) Show that if G is a Lie group with Lie algebra g, then 8" is induced by 
the element exp(1n(X" - y")) of G. 

We need a refinement of the preceding calculation. For a root a and a 
nonzero complex number t, define two automorphisms of g: 

8,,(t) = e(t· X,,) 0 e( _(t)-l . y") 0 e(t· X,,) 

and 

Lemma 0.39. The automorphism <!lit) is the identity on I), and for any root {J, 
it is multiplication by tP(H.) on gp . 

PROOF. Look first in s12, with X = X"' Y = Y". It is simplest to calculate in 
the covering SL2 C of the adjoint group. Here 8,,(t) lifts to 

exp(tX) · exp(-C1Y)·exp(tX) = (~ ~)( _~-l ~)(~ ~) 

so <!lit) lifts to 

(_~-l ~)(~ -~)=(~ t~l). 
To see how <!lit) acts on g" for {J oF ± IX, it suffices to consider the action of 
the SL2C corresponding to s" = C{H", X"' Y,,} on the a-string through {J, i.e., 
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on EBg/l+k We know that this is an irreducible representation ofSL2 C, and 

the weight of g« is P(H«). It follows that (t °1) acts by multiplication by o C 
t/l(H.). Similarly on ~ it acts by multiplication by to = 1. 0 

Putting the preceding results together, we can give a description of the 
automorphism group Aut(g) of g. Let E = E(~) be the subgroup generated by 
elements exp(ad(Z», as Z varies over root spaces g«, (X :F 0, as in §0.3. 
Let G be the adjoint form of g, so we have 

E c G c AutO(g) c Aut(g), 

where Auto(g) is the connected component of the identity. 

Proposition D.40. We have E = G = AutO(g), and Aut(g)/AutO(g) is isomorphic 
to the automorphism group of the Dynkin diagram. 

PROOF. Fix the Cartan algebra ~ and positive roots R+. Let Aut(g), be the 
group of automorphisms of 9 that map ~ to itself, and similarly denote by 
primes the intersections of subgroups with Aut(g),. We leave it to the reader 
to construct a finite subgroup K of Aut(g), which maps isomorphically onto 
the automorphism group of the Oynkin diagram, and which meets G only in 
the identity element (see Exercise 22.25 for a direct case-by-case approach, 
or use (21.25». It then suffices to prove that Aut(g) is a semidirect product of 
E and K, i.e., that Aut(g) = E· K. 

To see this, start with any element (1 in Aut(g). By Theorem 0.22, there is 
a tl E E with (1(~) = t 1@. Then 0"1 = t~I'(1 is in Aut(g),. By Proposition 0.29 
and the proof of Proposition 0.37 there is a t2 E E' so that (12 = t21 • (11 maps 
R+ to R+ . This element may permute the simple roots, but there is some k E K 
so that (13 = (12' k- 1 is the identity on the set of simple roots. Now (13 is the 
identity on ~ and it is multiplication by some nonzero scalar c/I on each g/l' 
By the nonsingularity of the Cartan matrix there is some nonzero complex 
number t and some A. E AR so that cli = tA(H,) for every simple root p. From 
Lemma 0 .39 it follows that there is a t in E' so that t and (13 agree on each 
g/l for each simple root p, and both are the identity on ~. But it then follows 
from the uniqueness theorem (Claim 21.25) that (13 = t. Hence 

(1 = tl • t 2 · (13 ' k E E · K, 

as required. o 
Exercise D.41. Show that any two Borel subalgebras of a semisimple Lie 
algebra are conjugate. 
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Ado's and Levi's Theorems 

§E.l: Levi's theorem 
§E.2: Ado's theorem 

§E.1. Levi's Theorem 

The object of this section is to prove Levi's theorem: 

Theorem E.1. Let 9 be a Lie algebra with radical r. Then there is a subalgebra 
1 of 9 such that 9 = r $ I. 

PROOF. There are several simple reductions. First, we may assume there is no 
nonzero ideal of 9 that is properly contained in r. For if 0 were such an 
ideal, by induction on the dimension of g, g/o would have a subalgebra 
complementary to r/o, and this subalgebra has the form I/o, with I as required. 
In particular, we may assume r is abelian, since otherwise .@r is a proper ideal 
in r which is an ideal in 9 by Corollary C.23. We may also assume that 
[g, r] = r, for if[g, r] = 0 then the adjoint representation factors through g/r, 
and since g/r is semisimple, the submodule reg has a complement, which is 
the required I. 

Now V = gl(g) is a g-module via the adjoint representation: for X E 9 and 
ipEV, 

X'ip = [ad(X), ip] = ad(X) 0 ip - ip 0 ad (X). 

In other words, for X, Y E 9 and ip E V, 

(X, ip)(Y) = [X, ip(Y)] - ip([X, Y]). (E.2) 
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The trick is to consider the following subspaces of V: 

C = {<p E V: <p(g) c r and <pIt is multiplication by a scalar} 
U 
B = {<p E V: lP(g) c rand <p(r) = O} 
U 
A = {ad(X): X E r}. 

These are easily checked to be g-submodules of V, included in each other as 
indicated. And ClB is a trivial g-module of rank 1, i.e. ClB = C, by taking IP 
in C to the scalar A. such that IPlt = A. . I. (Note that ClB :F 0 since one can find 
an endomorphism of the vector space 9 which is the identity on r and zero on 
a vector space complement to r.) We claim also that 

9 . C c Band r . C c A. (E.3) 

To prove these let IP E C, and assume the restriction of IP to r is multiplication 
by the scalar e. If X E 9 and Y E r, then by (E.2), 

(X ' IP)(Y) = [X, eY] - e[X, Y] = 0, 

so X' IP E B; this proves the first inclusion. If X E r, and Y E g, then 
[X, IP(Y)] E [t, r] = 0, so 

(X, <p)(Y) = -<p([X, Y]) = [-eX, Y], 

and X . <p = ad( - eX) is in A, which proves the second inclusion. 
This means that the map CIA -+ CI B = C is a surjection of g/r-modules, 

which must split since g/r is semisimple. In other words, there is an element 
IP in C such that IPlt = idt and g ' <p is contained in A. Now let 

I = {X E g: X ' IP = O} . 

It is easy to check that I is a subalgebra of g. We must verify: (i) I II r = 0; and 
(ii) 9 = I + r. For the first, if X is a nonzero element of the intersection, then, 
as we saw above, X 'IP = ad( - X), so ad(X) = O. Hence [g, X] = 0, so C . X 
is a nonzero ideal in r, contradicting our assumptions. For (ii), let X E g. Then 
X' <p is in A, so X'IP = ad(Y) for some Yin t. We saw that ad(Y) = - y. <p, 
so (X + y) . <p = 0, i.e., X + Y belongs to l. Hence X = (X + Y) - Y is in the 
sum of( and r. D 

This proves the existence of Levi subalgebras I of any Lie algebra. We have 
no need to prove the companion fact that any two Levi subalgebras are 
conjugate, cf. [Bour, I, §6.8]. 

§E.2. Ado's Theorem 

The goal is Ado's theorem that every Lie algebra is linear, i.e., is a subalgebra 
of gl(V) for some vector space V, which is the same as saying it has a 
finite-dimensional faithful representation. As in the previous section, there are 
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some easy steps, and then a clever argument is needed to create an appropriate 
representation. 

We start, of course, with the adjoint representation, which is about the only 
representation we have for an abstract Lie algebra g. Since the kernel of the 
adjoint representation is the center c of g, it suffices to find a representation 
of 9 which is faithful on c. For then the sum of this representation and the 
adjoint representation is a faithful representation of g. 

The abelian Lie algebra c has a faithful representation by nilpotent matrices. 
For example, when c = IC is one dimensional, one can take the representation 
A 1-+ (8 ~); in general a direct sum of such representations will suffice. 

We can choose a sequence of subalgebras 

c = go C gl C ... c gp = n c gp+l c .. . c gq = r c gq+1 = g, 

each an ideal in the next, with n = Nil(g) the largest nilpotent ideal of g, and 
r = Rad(g) the largest solvable ideal; as in §9.1 we may assume dim(g;/gi-1) = 1 
for i :::; q. The plan is to start with a faithful representation of go, and construct 
successively representations of each gi which are faithful on c. The conditions 
we will need to make this step are that gi = gi-1 ED ~i with gi-1 a solvable ideal 
in gi and ~i a subalgebra of gi' We can achieve this by taking ~j to be any 
one-dimensional vector space complementary to gj-1 for i :::; q. Similarly to 
go from r to g, use Levi's theorem to write 9 = r ED ~ for a subalgebra~ . . 

Call a representation p of a Lie algebra 9 a nilrepresentation if p(X) is a 
nilpotent endomorphism for every X in Nil(g). A stronger version of Ado's 
theorem is: 

Theorem E.4. Every Lie algebra has a faithful finite-dimensional 
nilrepresentation. 

The crucial step is: 

Proposition E.S. Let 9 be a Lie algebra which is a direct sum of a solvable ideal 
a and a subalgebra ~. Let u be a nilrepresentation of a. Then there is a 
representation p of 9 such that 

~ (l Ker(p) c Ker(u). 

IfNil(g) = Nil(a) or Nil (g) = g, then p may be taken to be a nilrepresentation. 

Ado's theorem follows readily from this proposition. Starting with a faithful 
representation Po of c = go by nilpotent matrices, one uses the proposition to 
construct successively nilrepresentations pj of gj. The displayed condition 
assures that they are all faithful on c. Note that if i :::; p, Nil(g;) = gj, while if 
i > P we have Nil(gj) = Nil(gj_1) = n by Corollary C.26, so the hypotheses 
assure that all representations can be taken to be nilrepresentations. 0 

Suppose 9 = a ED ~ is a Lie algebra which is a direct sum of an ideal a and 
a subalgebra ~. Let U = U(a) be the universal enveloping algebra of Q. Any 
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Y in a determines a linear endomorphism Ly of U, which is simply left 
multiplication by the image of Y in U. Any X in 9 determines an inner 
derivation Y 1-+ [X, Y] of a; let Dx be the corresponding derivation of U, cf. 
Lemma C.27. For each X in 9 we define a linear mapping Tx: U -. U by 
writing X = Y + Z with Y in a and Z in 1), and setting 

Tx = Ly + Dz· 

A straightforward calculation shows that 

1(x"X2) = Tx, 0 TX2 - TX20 Tx ,. (E.6) 

If gl(U) denotes the infinite-dimensional Lie algebra of endomorphisms of U, 
with the usual bracket [A, B] = A 0 B - BoA, this means that the mapping 
a -. gI(U), X 1-+ Tx, is a homomorphism of Lie algebras. 

Suppose u: a -. gl(V) is a finite-dimensional representation of a. Let 
if: U -. End(V) be the corresponding homomorphism of algebras, as in §C.3, 
and let I be the kernel of if. The basic step is: 

Lemma E.7. Assume that a is solvable. Suppose I is an ideal of U = U(a) 
satisfying the following two properties: (i) U II is finite dimensional; (ii) the image 
of every element in Nil(a) in UII is nilpotent. Then there is an ideal J c Iof U 
satisfying properties (i) and (ii), and also (iii) for every derivation D of a, the 
corresponding derivation of U maps J into itself. 

Granting this lemma, we prove Proposition E.5 as follows. From the 
representation u we constructed an ideal I in U = U(a), with UII c End(V), 
so condition (i) is satisfied; the fact that u is a nilrepresentation implies that 
condition (ii) also holds. Let J be an ideal whose existence is asserted in the 
lemma. Because of (iii), each of the endomorphisms Tx of U maps J into itself, 
and so determines an endomorphism Tx of U I J. By (E.6), the mapping X 1-+ Tx 
is a homomorphism of Lie algebras from 9 to gI(U IJ). This is the representa­
tion p required in the proposition. 

We first verify that Ker(p) n a c Ker(u). Note that if X is in a, then Tx is 
just left mUltiplication by X on UIJ, so if p(X) vanishes, the image of X in U 
must be in J; since J c I, X maps to zero in UII c End(V), so u(X) = 0, as 
required. 

It remains to show that, under either of the additional hypotheses, p is a 
nilrepresentation. Note first that each X in a acts on U jJ by left multiplication, 
and if X is in Nil(a), by (ii) its image in U I J is nilpotent. Thus p(X) is nilpotent 
for every X in Nil(a). In particular, this shows that p is a nilrepresentation 
when Nil(g) = Nil(a). 

In the other case, 9 is nilpotent, so a is also nilpotent, and the preceding 
shows that p(Y) is nilpotent for every Yin a. We need a slightly stronger 
assertion than this. Let A c End(UIJ) be the associative algebra (with unit) 
generated by p(g), and let PeA be the two-sided ideal generated by p(a). The 
claim is that P is a nilpotent ideal, i.e., that pk = p . .... P = 0 for some k. To 
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see this, note that there is a k such that every product of k elements of p(a) is 
zero; this follows from Engel's theorem, putting the action in strictly upper­
triangular form. To show that pk = 0, we must show that any product of 
elements in p(g) which contains at'least k members from p(a) is zero. But if x 
is in p(g) and y is in p(a), we have 

X· y = y ' x + [x, y], 

and [x, y] is in p(a), so terms from p(a) can be successively moved to the left 
until the product is a sum of products each beginning with k terms from p( a). 

Now if 9 is nilpotent, for any Z in ~ (or in g), ad(Z) is a nilpotent endo­
morphism of g, and hence of a. By the Leibnitz rule for derivations, it follows 
that the corresponding derivation Dz of V is nilpotent on any element, 
although the power required to annihilate an element may be unbounded. 
However, since VjJ is finite dimensional, it follows readily that the induced 
derivation of V /1 is nilpotent. In other words, p(Z) is nilpotent for every Z in 
~. Given X in g, write X = Y + Z with YEa and Z E~. Choose k as in 
the preceding paragraph, and choose I so that p(Z)' = o. It follows that 
p(X)kl = (p(Y) + p(Z»kl vanishes, since, when the latter is expanded, each 
summand either has p( Y) occurring at least k times, or else p(Z)' occurs 
somewhere in the product. D 

To finish, we must prove Lemma E.7. Let Q be the two-sided ideal in the 
algebra VjI generated by the image of Nil(a). Since VjI is generated by the 
image of a, the same argument as in the paragraph before last shows that 
Qk = 0 for some k. Write Q = KjI for an ideal K of V, and set J = Kk. Clearly 
J c I, and we claim that J satisfies the conditions (i)-(iii) of the lemma. 

To see that J has finite codimension, let Xl' ••• , Xn be a basis for the image 
of a in V, and choose monic polynomials Pi such that Pi(XJ is in K; this is 
possible since V j K is finite dimensional. Therefore, Pi(XJk is in J, so the images 
ofthe Xi satisfy monic equations in V /1. Since V is generated by the monomials 
X~I . •••• x;', it follows readily that V jJ is spanned by a finite number of these 
elements. 

Property (ii) is clear from the construction, for if x E V is the image of an 
element of Nil(a), some power xPis in I by assumption,so x Pk is in Ik c Kk = J. 

For (iii), if D is a derivation of a, since a is solvable, it follows from 
Proposition C.24 that D maps a into Nil(a). The corresponding derivation of 
V therefore maps V into K, from which it follows that it maps J = Kk to itself. 

o 

As before, the results of this section also apply to real Lie algebras: if 9 is 
real, a faithful representation (complex) representation of 9 ® C is auto­
matically a faithful real representation, and embeds g is some gIn IR. 



APPENDIX F 

Invariant Theory for the 
Classical Groups 

The object is to derive just enough invariant theory for the classical groups to verify 
the claims made in the text. We follow a classical, constructive approach, using an 
identity of Capelli. 

§F.l: The polynomial invariants 
§F.2: Applications to symplectic and orthogonal groups 
§F.3: Proof of Capelli's identity 

§F.l. The Polynomial Invariants 

Let V = cn, regarded as the standard representation of GLnC, so of any of 
the subgroups G = SLn C, On C, SOn C, or SPn C (for n even); e 1, ... , en denotes 
a standard basis for V, compatible with one of the standard realizations of G. 
The goal is to find those polynomials F(x(1), ... , x(m») of m variables on V 
which are invariant by G. For example, if Q: V ® V --+ C is the bilinear form 
determining the orthogonal or symplectic group, the polynomials Q(x(i), xu» 
are invariants. In addition, if G is a subgroup of SL(V), the bracket 
[X(1) X(2) ••• x(n)], given by the determinant, 

(F.l) 

is an invariant of G. The first fundamental theorem of invariant theory for 
these groups asserts that any invariant is a polynomial function of these basic 
invariants. This is the goal of this appendix. 

We denote by Sd the homogeneous polynomial functions of degree d on V, 
i.e., Sd = Symd(V*). For an m-tuple d = (d 1 , .•• , dm ) of non-negative integers, 
let Sd = Sd, ® ... ® Sd", be the polynomials on vEilm which are homogeneous of 
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degree d j in the ith variable. Note that 

the sum over all d with di + d2 + ... + dm = k, which identifies elements of 
S· with functions of m-tuples in V. We write F(x(1), ... , x(m» for such a poly­
nomial, with usual abbreviations to F(x) for m = 1, F(x, y) for m = 2, F(x, y, z) 
for m = 3. 

When m = 1 we have already found the invariants: for SLne and SPne all 
symmetric powers Sd are irreducible, so there are no invariants unless d = 0; 
for SOne the kernel of the map Sd -+ Sd-2 (contracting with the given quadratic 
form Q) is irreducible, so by induction one sees that there are no invariants if 
d is odd, whereas if d is even, the invariants are scalar multiples of the 
polynomial Q(x, X)d/2. (These results will be proved again below.) 

In theory one could follow procedures outlined in the text to decompose 
the tensor products of the known representations Sd, to find out how the trivial 
representation occurs in S·. Except in small degrees and dimensions, however, 
this is rather impractical. 

To describe the G-invariant polynomials in S·, we will carry out an 
induction, first with respect to the total degree Ld j , then with respect to 
the individual multidegrees ordered antilexicographically: d' < d means that 
either L d; < L dj or L d; = L dj and the largest i for which d; and dj differ 
has d; < dj • 

For integers i and j between 1 and m there is a canonical "polarization" 
map Djj which takes a polynomial F of m variables to the polynomial 

(F.2) 

This operator lowers the jth degree by 1, while it increases the ith degree by 
1, i.e., it maps S· to S·', where d' is the same sequence of multi-indices as d, 
but with d; = dj - 1 and d; = dj + 1; if dj = 0 set S·' = O. When j = i, note 
that by Euler'sformula, Dii is multiplication by d j • Note also that these Dij are 
derivations: 

(F.3) 

These maps may be described intrinsically in terms of the multilinear 
algebra of Appendix B, as follows. Since only two factors are involved, it 
suffices to look at the map D12 when there are only two factors. In this case 
the map 

is defined by 

e 

u i ' ". 'Ud ® WI··"· We 1-+ L U I ' ". 'Ud' Wj ® WI .". '~j"'" We' 
j=1 
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Equivalently, D12 is the composite 

Sd ® se -4 Sd ®(SI ® se-l) = (Sd ® SI) ® se-l -4 Sd+1 ® se-l, 

where the second is determined by the product Sd ® SI -+ Sd+1 of symmetric 
powers, and the first by the dual map se -4 SI ® se-l (which takes F(x) to 
LkXk ® aF/oxk). This shows, if there were any doubt, that the Dij are maps of 
GL(V)-modules, i.e., that they are independent of choice of coordinates. 

Note that Dji 0 Dij maps S· to itself. Explicitly, for d = (d, e), 

D21 0 DdF) = LYk-aa (L X, aaF) 
k X k I y, 

A first idea is that, i( F is an invariant by a group G c GL(V), then Dij(F) will 
also be an invariant, and these invariants will be known by induction if j < j, 
so one can describe the possible Dji 0 Dij(F) that arise. If one also knew the 
second term in the above expression for this, one could determine e' F, which 
suffices to determine F, provided e is not zero. 

In general, it is not evident how to proceed, but in case dim V = 2, and 
d = (d, e), this can idea can be carried through as follows. Some of the terms 
in the second term also occur in the expression 

[Xy] . Q(F) = (Xl Y2 - X2YI)' (a iJ2
aF - a a2

aF ). 
Xl Y2 X2 YI 

The rest occur in 2 

de-F = d'(LY, aF) = L XkY'~' 
ay, axkiJy, 

Comparing the preceding three formulas gives the identity 

(d + l)e' F = D21 0 D12(F) + [xy l Q(F). (F.4) 

From this identity it is easy to find all invariants for one of our subgroups 
of GL2C and for functions of two variables. We will do it for G = S02C, as 
it illustrates the ideas of the general case-even though G is not semisimple, 
and the results can be seen directly by identifying G with C*. We assume the 
simple case of functions of one variable has been checked: only multiples of 
Q(x, X)d12 are invariant. Suppose F E Sd ® se is an invariant of G = S02 C, with 
e> O. We claim that F is a polynomial in the bracket function [xy] and the 
polynomials Q(x, Y), Q(x, x), and Q(y, y). Either directly or from the above 
identity one sees that Q(F) is also an S02 C-invariant, and by induction it is 
a polynomial in these basic polynomials. Similarly by the antilexicographic 
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induction we know that D12 (F) is a polynomial in the the basic invariants. It 
therefore suffices to verify that D21 preserves polynomials in the four basic 
invariants. By the derivation property (F.3) it is enough to compute the effect 
of D21 on the basic invariants, and this is easy: 

D21 [xy] = 0, D21 Q(x, y) = Q(y, y), 

D21 Q(x, x) = 2Q(x, y), D21 Q(y, y) = o. 
By (F.4) we conclude that (d + l)e· F is a polynomial in the basic invariants, 
which concludes the proof. 

This plan of attack, in fact, extends to find all polynomial invariants of all 
the classical subgroups of GL(V). What is needed is an appropriate general­
ization of the identity (F.4). About a century ago Capelli found such an 
identity. The clue is to write (F.4) in the more suggestive form 

IDII + 1 D12 I (F) = [xy] ·Q(F), 
D21 D22 

where the determinant on the left is evaluated by expanding as usual, but being 
careful to read the composition of operators from left to right, since they do 
not commute. 

This is the formula which generalizes. If F is a function of m variables from 
V, and dim V = m, define, following Cayley, 

amF 
Q(F) = L sgn(a) a (I). . a (m) ; 

ae 15m Xa(l) ••• xa(m) 

in symbols, Q is given by the determinant 

a 
axil) 

a 
ax~1) 

a 
ax(1) 

m 

a 
axi2 ) 

The Capelli identity is the formula: 

Dll + m - 1 D12 

a 
ox(m) 

m 

Dim 

(F.S) 

D21 D22 + m - 2 D2m = [X(I) X(2) •• • x(m)]. Q. (F.6) 

This is an identity of operators acting on functions F = F(x(l), ... , x(m») of m 
variables, with m = n = dim V, and as always the determinant is expanded 
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with compositions of operators reading from left to right. Note the important 
corollary: if the number ofvariable~ is greater than the dimension, m > n, then 

DIl + m - 1 D12 DIm 

D21 D22 + m - 2 D2m (F) = o. (F.7) 

This follows by regarding F as a function on Cm which is independent of the 
last m - n coordinates. Since Q(F) = 0 for such a function, (F.7) follows from 
(F.6). 

We will prove Capelli's identity in §F.3. Now we use it to compute invariants. 
Let K denote the operator on the left-hand side of these Capelli identities. The 
expansion of K has a main diagonal term, the product of the diagonal entries 
Dii + m - i, which are scalars on multihomogeneous functions. Note that in 
any other product of the expansion, the last nondiagonal term which occurs 
is one ofthe Djj with i < j. Since the diagonal terms commute with the others, 
we can group the products that precede a given Djj into one operator, so we can 
write, for FE Sd, 

K(F) = p' F - L PjjDij(F), 
i<j 

where p = (d l + m - 1)' (d2 + m - 2)· . .. · (dm), and each Pij is a linear com­
bination of compositions of various Dab' Capelli's identities say that 

p . F = L PijDij(F) ifm > n; (F.8) 
i<j 

p . F = L PijDij(F) + [X(l) ... x(m)] . Q(F) if m = n. (F.9) 
i<j 

Just as in the above special case, if F is an invariant of a group G, each 
Djj(F) is also an invariant in a S·' where we will know all such invariants by 
induction. If G is a subgroup of SL(V), and m = n, then Q(F) is also an 
invariant, as follows from the definition or Capelli's identity. 

Invariants for SLnC. 

Let FE S· be an invariant of the group SLnC. We must show that F can be 
written as a polynomial in the basic bracket polynomials. In particular, if 
m < n, we must verify that there are no invariants except the constants in 
SO = C. This is a simple consequence of the fact that for a dense open set of 
m-tuples of vectors-namely, those which are linearly independent-there is 
an automorphism of SLnC taking them to a fixed m-tuple of independent 
vectors, say el , ••• , em' So an invariant function must take the same value on 
all such m-tuples. By the density, it must be constant. 

For m ~ n, we proceed by induction as indicated above. All DijF are known 
to be invariants (for i < j), as is Q(F), so these are polynomials in the brackets. 
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To complete the proof, by Capelli's identities (F.8) and (F.9), it suffices to see 
that the operators Dab all take brackets to scalar multiples of brackets. This 
is an obvious calculation: Dab takes a bracket [x(itl X(i2 ) ••• x(in)] to zero if b 
does not appear as one of the superscripts, or to the bracket with the variable 
X(b) replaced by x(a) if X(b) does occur; the latter is zero if x(a) also occurs and 
is a bracket otherwise. To avoid repeats, one needs only consider brackets 
where the superscripts are increasing. This completes the proof of 

Proposition F.l0. Polynomial invariants F(x(1), ... , X(M)) of SL.C can be written 
as polynomials in the brackets 

[xli,) X(i2) ••• X(in)], 1:::;; il < i2 < ... < i. :::;; m. 

Exercise F.ll. Show that the only polynomial invariants of GL.C are the 
constants. 

Invariants for SPnC 

Let r = n12, and let Q be the skew form defining the symplectic group SP.C, 
e.g. Q(x, y) = L'i=1 XiYr+i - Xr+iYi in standard coordinates. Note first that the 
brackets are not needed: 

Exercise F.12*. Show that the bracket [x(l) X(2) ••• x(·)] is equal to 

L sgn(a)Q(x(a(I)), X a(2)). Q(x(a(3)), X a(4)) ••••• Q(x(a(.-I)), xa(n)), 

where the sum is over all permutations a of {l, ... , n} such that a(2i - 1) < 
a(2i) for 1 :::;; i :::;; rand O'(i - 1) < a(i) for 2 :::;; i :::;; r. 

Let T"M be the assertion that any SPnC-invariant polynomial in m variables 
from cn can be written as a polynomial in the basic polynomials Q(X(il, xW). 
The antilexicographic induction using the Capelli identities is the same as 
before, and gives the implications 

T"n-l :;. T,,":;. T"M for all m > n. 

The only variation here is to verify that the operators Dab preserve polynomials 
in the basic invariants, and DabQ(x(i), xW) is again zero or another basic 
invariant. 

The situation where m < n is a little more complicated than that for the 
special linear group, however-which is hardly surprising since there are 
nontrivial invariants for SPnC in this range. Note that T"M implies T"M' for 
m' < m, so it suffices to prove T".-I. This is done by induction on r = n12, i.e., 
by proving the implication T"n_-1 :;. T"n-l. To prove this, consider the restric­
tion F' of an invariant polynomial F on V = en to the subspace V' = en- 2 

perpendicular to the plane spanned by er and en' This restriction is an invariant 
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of the group SPn-2c' By induction, F' is a polynomial in the basic invariants. 
Since Q(X(i), xU») restricts to the corresponding invariant on V', there is a 
polynomial in these Q(x(i), xUl ) such that F and this polynomial have the same 
restriction to V'. Subtracting, it suffices to prove that if an invariant F restricts 
to zero on V', then F is zero. 

We show first that the restriction of F to the larger subspace W = V' $ Ce, 
must be zero. Fix y(l), .. . , y<m) in V', and consider the function of m complex 
variables. 

The fact that F is invariant by automorphisms in SPnC which fix V' and send 
e, to a . e, and en to a-I. en shows that 

Since h is a polynomial, it must be constant, so h(t l ' . . . , tm) = h(O, . .. , 0) = 0, 
as required. 

Since F is invariant, it follows that the restriction of F to any hyperplane 
of the form g ' W, for any g E Spn C is zero. It is not hard to verify that every 
hyperplane in cn has this form. So any n - 1 vectors lie in such an hyperplane, 
and so F is identically zero. This finishes the proof for the symplectic group: 

Proposition F.13. Polynomial invariants F(X(I), .. . , x(m») ofSpnC can be written 
as polynomials in functions 

Q(x(i), xUl), 1::;; i < j ::;; m. 

Invariants for SOnIC 

This time brackets may be needed, as well as the functions given by the 
symmetric form Q, but products of brackets are not required: 

Exercise F.14. Prove the identity 

[x(l) X(2) •• • x(n)]. [y(l)y<2) ... yIn)] = IQ(x(i), yU»)llsi,Jsn 

for any variables x(1), •• • , x(n), y(1), .•. , yIn). 

Let 1'"m be the assertion that any SOnC-invariant polynomial in m variables 
can be written as a polynomial in the brackets and the invariants Q(x(i), xU»), 
where we take Q(x, y) = L;=l XiYi to be the form determining the orthogonal 
group. The proofs of the implications 1'"n-l ~ 1'"n ~ 1'"m for m > n are exactly 
as in the preceding cases, and require no further comment. As before, it 
remains to prove 1'"n-l, and, by induction on n, it suffices to prove the 
implication 1'"n_l1 ~ 1'"n-l. 
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Let V' = en-I be the orthogonal complement to en. The restriction F' to 
V' of an SOnC-invariant polynomial F is SOn-l C-invariant, and by induction 
we know it is a polynomial in the restrictions of the basic polynomials 
Q(x(i), x(j») and in the bracket [x(l) . . . x(n-l)]. An apparent snag is met here, 
however, since this bracket is not the restriction of an invariant on V. By 
Exercise F.l4, we can write 

F' = A + B· [X(I) •• • x(n-l)], 

where A and B are polynomials in the Q's alone. In particular, A and Bare 
even, i.e., they are invariants of the full orthogonal group 0n-l C. But F' is also 
even, since any element of 0n-l C is the restriction of some element in SOnC 
(mapping en to ± en). Since the bracket is taken to minus itself by auto­
morphisms of determinant - 1, we must have F' = A. This means that we can 
subtract a polynomial in the invariants Q(X(i), xW) from F, so we can assume 
F' = O. Therefore, the restriction of F to any hyperplane of the form g. V', 
g E SOnC, is zero. But it is easy to verify that (n - I)-tuples in such hyperplanes 
form an open dense subset of all (n - I)-tuples in cn (the condition is that 
there be an orthogonal vector e with Q(e· e) # 0). This proves: 

Proposition F.lS. Polynomial invariants F(x(l), .. . , x(m») of SOn C can be written 
as polynomials in functions 

Q(x(i), x(j») and [X(il) X(i z) ••. x(in)], 

with 1 :$; i :$; j :$; m, 1 :$; i 1 < i2 < ... < in :$; m. 

Exercise F.16*. Show that the polynomial invariants of OnC can be written 
as polynomials in the functions Q(x(i), xW), 1 :$; i < j :$; m. Show that odd 
polynomial invariants of On C, i.e., polynomials F which are taken to det(g)· F 
by g in OnC, can be written as linear combinations of even invariants times 
brackets. 

§F.2. Applications to Symplectic and 
Orthogonal Groups 

We consider the symplectic group SpnC and the orthogonal group OnC 
together, letting Q denote the corresponding skew or symmetric form. The 
results in the first section, applied to the case d = (1, ... , 1), say that the 
invariants in (v*)®m are all polynomials in the polynomials Q(x(i), xUl), and 
by degree considerations m must be even, and they are all linear combinations 
of products 

(F.17) 
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for permutations u of {I, ... , m} such that u(2i - 1) < u(2i) for 1 ~ i ~ m/2. 
Regarding Q E V* ® V*, these are obtained from the invariant Q ® .. . ® Q 
(m/2 times) by permuting the factors. In other words, one pairs off the m 
components, and inserts Q in the place indicated by each pair. 

The form Q gives an isomorphism of V with V*, which takes v to Q(v, -). 
Using this we can find all invariants of tensor products (V*)®k ® (V)®I, via 
the isomorphism 

(V*)®(H/) = (V*)®k ® (V*)®I ~ (V*)®k ® (V)®I. 

They are linear combinations of the images of the above invariants under this 
identification. To see what they are, we just need to see what happens to Q 
under the isomorphisms V* ® V* ~ V* ® V and V* ® V* ~ V ® V: 

Exercise F.lS. (i) Verify that under the canonical isomorphism 

V* ® V* ~ V* ® V = Hom(V, V) = End(V) 

Q maps to the identity endomorphism. (ii) Let '" be the image of Q under the 
canonical isomorphism V* ® V* ~ V ® v. Verify that 

r 

'" = L ei ® er+i - er+i ® ei for G = SPnC, n = 2r; 
i=1 

n 

'" = L ei ® ej for G = One. 
i=1 

For the applications in Lectures 17 and 19, we need only the case 1= k, 
but we want to reinterpret these invariants by way of the canonical isomorphism 

(V*)®2d ~ (V*)®d ® (V)®d ~ Hom(V®d, V®d) = End(V®d). (F.19) 

In §§17.3 and 19.5 we defined endomorphisms 9/ E End(V®d) for each pair I 
of integers from {I, ... , d}; for I the first pair, 

9Av 1 ® V2 ® V3 ® ... ® vd) = Q(v to v2)· '" ® V3 ® ... ® Vd; 

the case for general I is a permutation of this. We claim that an invariant in 
(V*)®2d ofthe form (F.17) is taken by the isomorphism (F.l9) to a composition 
of operators 91 and permutations u in Sd' This is simply a matter of unraveling 
the definitions, which may be simpler to follow pictorially than notationally. 
The invariant in (F.17) is described by pairing the integers from 1 to 2d. These 
pairs are either from the first d, the last d, or one of each. For example, if d = 5 
the pairings could be as indicated: 
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for the pairs {I, 3}, {S, 9}, {2, 6}, {4, 7}, {5, IO}. Composing before and after 
with permutations, this can be changed to 

o o 

I I I o o 

The corresponding endomorphism of V® 5 becomes .91> I = {l, 2}. The general 
invariant one gets can be expressed in the form 

(1 0.9/ 0.9/ 0'" 0.91 0 t, 
I 2 p 

where (1 and t permute the d factors, and the pairs Ij are the first p pairs: 
Ij = {2j - 1, 2j}. 

Now let A be the subalgebra of the ring End(V®4) generated by all 
9 ® . . . ® 9 for 9 in the group G = SpnC (or onq. By the simplicity of the 
group, we know that A is a semisimple algebra of endomorphisms. We have 
just computed that the ring B of commutators of A is the ring generated by 
all permutations in 6 4 and the operators .9/. By the general theory of semi­
simple algebras, cf. §6.2, A must be the commutator algebra of B. In English, 
any endomorphism of V®4 which commutes with permutations and with the 
operators .9/ must be a finite linear combination of operators of the form 
9 ® ... ® 9 for 9 in G. This is precisely the fact from invariant theory that was 
used in the text. 

We remark that a similar procedure can be used for SLnC, but since in this 
case V and V* are not isomorphic, to do this one must first do some more 
work to compute invariants in tensor products of covariant and contra­
variant factors. The idea is simple enough: use the canonical isomorphism 
V;;;;; j\"-l(V*) to turn each V factor into several V* factors. Tracing through 
the invariants by this procedure is rather complicated, however, and we refer 
to [WeI, II.S] for details. We did not need this analysis, because it was easy 
to work the commutator story the other way around, showing that the 
commutator ofC[64] is the algebra generated by all 9 ® .. . ® 9 for gin SLnC 
(or GLnq. This can, in turn, be run backwards: 

Exercise F.20*. Use the fact that the the GLnC-invariants of End(V®4) are 
generated by permutations to show that the GLnC-invariants of(V*)®4 ® V®4 
are obtained by pairing otT the factors and contracting. There are no GLnC­
invariants in (V*)®k ® V®I if k :F l. For SLnC-invariants, one also has deter­
minant factors when k - I is a multiple of the dimension. 

We also omit any discussion of the second fundamental theorems, which 
describe the relations among the generators of the rings of invariants (but see 
the discussions at the ends of Lectures 17 and 19). These results can also be 
found in [WeI]. 
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§F.3. Proof of Capelli's Identity 

The proof is not essentially different from the case m = 2, once one has a good 
notational scheme to keep track of the algebraic manipulations which come 
about because the basic operators Dij do not commute with each other. A 
convenient way to do this is as follows. For indices ii' ji"'" i p , jp between 1 
and m, define an operator ~i J' ~i-; ••• ~i J' which takes a function F of m 

1 1 u2 p p 

variables X(i), • • • , x(m) to the function 

For p = 1, ~ij is just the operator Dij , but for p > 1, this is not the composition 
of the operators ~ikjk' Note that the order of the terms in the expression 
~ilit .• • ~ipj is unimportant. 

We can form determinants of p x p matrices with entries these ~ij' which 
act on functions by expanding the determinant as usual, with each of the p! 
products operating as above. For example, for the m x m matrix (~ij)' 

l~ijl(F) = L sgn(o')- ~la(1)~2a(2) ... ·~ma(m)(F). 
(IE 6rn 

The matrix (~ij) is a product of matrices (x~))-(a;ox~)), and taking deter­
minants gives the 

Lemma F.21. For m = n, l~ijl(F) = [x(1) ... x(m)] 'Q(F). 

To prove Capelli's identity (F.6), then, we must prove the following identity 
of operators on functions F(x(1), ... , X(III)): 

Dll + m - 1 D12 

D2i D22 + m - 2 

DIIIIII 

This is a formal identity, based on the simple identities: 

Dqp 0 Dab = Dqp~ab = ~qp~ab if p -=I a; 

Dqp 0 Dab = ~qp~ab + Dqb if P = a. 

Similarly, if p -=I ak for all k, then 

Dqp 0 ~albl .. . ~a.b. = ~qp~albl ... ~a.b.; 
while if there is just one k with p = ak' then 

(F.22) 

(F.23) 

Dqp 0 ~albl •.. ~a.b. = ~qp~albl ..• ~a.b. + ~albl • • • ~qbk ••. ~a.b. (F.24) 

where in the last term the ~qbk replaces ~a.b.' 
We prove (F.22) by showing inductively that all r x r minors of the two 
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matrices of (F.22) which are taken from the last r columns are equal (as 
operators on functions F as always). This is obvious when r = 1. We suppose 
it has been proved for r = m - p, and show it for r + 1. By induction, we may 
replace the last r columns of the matrix on the left by the last r columns of the 
matrix on the right. The difference of a minor on the left and the corresponding 
minor on the right will then be a maximal minor of the matrix 

Dlp - AlP A 1P+1 AIm 
D2p - A2p A2p+l A2m 

Dpp - App + r ApP+1 Apm 
, 

Dmp - Amp Amp+1 Amm 

so we must show that all maximal minors of this matrix are zero. Suppose the 
minor chosen is that using the qjth rows, for I ::::;; qo < q1 < ... < q, ::::;; m. 
Expanding along the left column, this determinant is 

(F.25) 

where Ek = DqkP - AqkP if qk =F p, and Ek = Dpp - App + r if qk = p, and Mk is 
the corresponding cofactor (r x r) determinant: 

(F.26) 

To show that (F.25) is zero, there are two cases. In the first case, the pth 
row is not included in the minor, i.e., qj =F p for all i. In this case each term 
EjMj is zero, since E j = Dq;p - Aq;p, and all the products in the expansion of 
M j are of the form Aa1b l • • • Aa,.br with all aj =F p, and the assertion follows from 
(F.23). 

In the second case, the pth row is included, i.e., qk = P for some k. As in the 
first case, (Dpp - App)Mk = 0, and since Ek = Dpp - App + r, we have 

EkMk = r· Mk • 

We claim that each ofthe other terms EjMj , for i =F k, is equal to (_I)k-j+l Mk, 
from which it follows that the alternating sum in (F.25) is zero. When M j is 
written out as in (F.26), and it is multiplied by E j = Dq;p - Aq;p' an application 
of (F.24) shows that one gets the same determinant as (F.26), but expanded 
with the qjth row moved between the qk-1 th and the qk+1 th rows. This 
transposition of rows accounts for the sign (_1)k-i+1, yielding EjMj = 
(_I)k-H1 Mb as required. 0 

Exercise F.27. Find a GL(V)-linear surjection from Sd l ® ... ® Sd. onto 
Nv· ® S4 1 -1 ® ... ® Sd.-1 that realizes the map F f-+ [x(l) .. . x(n)] . Q(F). 



Hints, Answers, and References 

Note: Usually answers or references are given only for more theoretical exercises, or 
those which may be referred to elsewhere. 

Lecture 1 

(1.3) The hypotheses ensure that NV is trivial, and the bilinear map I\kV ® N-kV-+ 
NV = C is a perfect pairing, i.e., it makes each space the dual of the other, cr. §B.3. 

(1.4) For (b), take the function (1. to the function (1.', where (1.'(g) = (1.(g-I). 

(1.13) Yes. See Exercise 6.18. 

(1.14) If H is a Hermitian inner product on V, let H: V -+ V· be the conjugate linear 
map given by v ...... H(v, ' ). If H' is another, the composite (HTI 0 H is linear, and a 
G-homomorphism if Hand H' are G-invariant. Apply Schur's lemma. 

Lecture 2 

(2.3) For a general formula expressing complete symmetric polynomials and elemen­
tary symmetric polynomials in terms of sums of powers, see Exercise A.32(vi). 

(2.4) Look at the induced action on I\k v. 
(2.7) V®" = U$Q Efl U'$b Efl vee, with a = b = 1<2"-1 + (-1)"), and c = t(2" + (_Ir-l). 

(2.25) Answers: (i) U Efl V Efl U' Efl V'; (ii) U Efl V$2 Efl V' Efl W 

(2.29) The regular representation will do. 

(2.33) For (c) use characters or the isomorphism 
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HomG(V ® w, U) ~ HomG(W, v· ® U). 

(2.34) Schur's lemma applies to L. 

517 

(2.35) Apply the preceding exercise, with Lo given by a matrix of indeterminates. For 
details, see [Se2, §2.2]. 

(2.36) Show that (X, X) = 1, and compute the sum of the squares of these representa­
tions. Reference: [Se2, §3.2]. 

(2.37) If qJ is the character of an irreducible representation, and X is the character of 
V, let a. = (qJ, X'), and consider the power series 

00 • 1 00 _ 1 lC!qJ(C) 
.f:o a.t = IGI.f:o ~ IClqJ(C)x(C)'t" = IGI ~ (1 - X(C)t)" 

Here C runs over conjugacy classes. Since X(C) = dim(V) only for C = [e], the right­
hand side is a nontrivial rational function; in particular a. cannot be zero for all positive 
n. 

(2.38) This is another theorem of Burnside. If C is a conjugacy class in G, 
qJ = Lgecg: V -+ V is a G-map, so multiplication by a scalar AC' and Ac·dim V = 
Trace(qJ) = IC!· Xv(C)· The Ac are algebraic integers, since the elements Lgeceg, as C 
varies over the conjugacy classes, generate the center of the group ring Z[G], which 
is a finitely generated abelian group. Now 

L ICI· Xv(C)Xv(C) = IGI, 
c 

so IGI/dim V = LcAc· Xv(C) is an algebraic integer. In fact, the dimension of V divides 
the index of the center of G, cf. [Se2, p. 53]. 

(2.39) In case the character X is Z-valued, the equation L Ix(gW = IGI shows that IGI 
is the sum of IGI non-negative integers, one of which, Ix(eW, is greater than 1, so at 
least one must be O. In general, the values of X are algebraic integers, since they are 
sums of roots of unity. Let X I' .. . Xm be the characters obtained from X by the action 
of the Galois group Gal(Q/Q) (or Gal(C/Q» on X; these characters are also char­
acters of irreducible representations of G. Now if X(g) '" 0, then fli Xi(g) is a nonzero 
integer, so Ini xi(g)1 2 ~ 1. Since the arithmetic mean is at least the geometric mean, 
L IXi(gW ~ m. Therefore, 

m 

mlGI = L L IXi(gW ~ mlGI, 
i=l geG 

and we must have equality for every 9 E G. In particular, if d is the degree of the 
representation, md 2 = Li IXi(eW = m, so d = 1. 

Lecture 3 

(3.5) Use the fact that 9 = (12345) is conjugate to its inverse, so X(g) = X(g-I) = X(g) 
is real. 

(3.25) See §5.1. 

(3.26) If H eGis the subgroup of order 7, there are three one-dimensional representa­
tions from G/H, and two three-dimensional representations induced from H. For 
generalizations, see [Se2, §8.2]. 
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(3.30) W is embedded in the space of W-valued functions on G by sending W E W to 
the function which takes h E H to h· wand all other cosets to zero. Note that if {g,,} 
is a set of coset representatives, the map ff-+ L9" ® f(g;;t) gives an isomorphism from 
HomH(CG, W) to CG ®CH W. 

(3.32) For (b), identify the right-hand side with the trace of an endomorphism of CG. 
For (c), take qJ to be the characteristic function of an element 9 and apply (b). 

(3.33) F is the determinant of left multiplication by the element a = L xgeg E CG on 
the regular representation, and Fp is the determinant of left multiplication by a on the 
irreducible CG-module Vp corresponding to p. The factorization of F follows from the 
decomposition of the regular representation. The irreducibility of Fp follows from the 
irreducibility of a matrix whose entries are indeterminates, using Proposition 3.29. 
Fixing 9 in G, set the variables Xe = 1 and Xh = 0 for h ::I: g; the coefficient of x, in the 
determinant of left multiplication by 1 + x,eg on Vp is Xp(g). 

(3.34) See Exercises 3.8 and 3.9. 

(3.38) V can be replaced by V*; V ® V = Sym 2 V $ N V contains at most one copy 
of the trivial representation. If Sym2 V contains the trivial representation, then 

IGI = L XSym 2 V(g) = t(LXV(g)2 + LXv(g2». 
geG 

Otherwise, the right-hand side is zero; similarly for !\2v. Note that if Xv is real, then 
LXV(g)2 = IGI· 
(3.41) Reference: [Se2, §13.2]. 

(3.42) Reference: [Ja-Ke, p. 12]. 

(3.43) Consider the endomorphism J ® J of V ® w. 
(3.44) For G = 7L./3, the rank of RR(G) is 2, whereas that of R(G) is 3. 

(3.45) See [Se2, §12] for details. 

Lecture 4 

(4.4) Right multiplication by a gives a map Aab -+ Aba, and right multiplication by b 
gives a map back. The composites are multiplications by nonzero scalars. More 
generally, if A = CG is a group algebra, call an element a = L age, Hermitian if d = a, 
i.e., ag_1 = a,. If a and bare idempotents which are Hermitian, then Aab ~ Aba. 

(4.6) A basis for J-(d-I . I) = CGd·CA is V2, ... , Vd, where 

Vj = L e, - L eh· 
g(d)=j h(l)=j 

Note that Vd = CA, VI + . .. + Vd = 0, and g . Vj = Vi if g(j) = i. A basis for V c Cd is V2, 

••• , Vd, where Vj = ej - ej _ l • For the case s > 1, use (4.10) or see (4.43). 

(4.13) Note that the hook lengths of the boxes in the first column are the numbers II, 
... , It· Induct from the diagram obtained by omitting the first column. 
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(4.14) Induct as in the preceding exercise by removing the first column, considering 
separately the cases when the remaining diagram is one of the exceptions. 

(4.1S) Frobenius [Frol] gives these and analogous formulas for A = (d - 3,3), 
(d - 3, 1, 1, 1), (d - 4, 4), . . , . 

(4.16) Using Frobenius's formula, the coefficient of xi' .... . xi" in t\ '(xt + ... + xt)can 
be nonzero only if II = d, so A has the prescribed form; the coefficient OfX~-IX~-2 . .. . . Xt 
in t\(0, X2,"" Xt) is (_l)t-l. 

(4.19) See Exercise 4.S1 for a general procedure for decomposing tensor products. 

(4.20) Use Frobenius's formula as in Exercise 4.16 to show that XA(g) = (-It- I Xp(h), 
where II = (A2 - 1, A3 - 1, . . . , At - 1) and h e 6 4 - q , is the product of cycles of lengths 
Q2, " " q,. 

(4.24) If A. < II use the anti-involution' of A induced by the map gl-+g-l, ge 6 4, 

noting that CA = (aAbAr = bAtiA = bAaA, so (CA' X· Cp)' = Cp' ~. CA = bp' (ap' ~ . bA)' aA = 
O. 

(4.40) Note that the "'A'S are related to the X/s by the same equations as the symmetric 
polynomials H/s to the Schur polynomials S/s, cf. (A.9) in the appendix. The equation 
(A.S) for the S/s in terms of the H/s therefore implies the determinantal formula. 

(4.43) Use Frobenius reciprocity and (4.42) to prove the general formula. To prove 
that Jt(4-•• 1 •.. .• 1) ~ NY, argue by induction on d. Note that the restriction of NV splits 
into a sum of two exterior powers of the standard representation, and from anything 
but a hook one can remove at least three boxes. 

(4.44) The induced representation of VA by the inclusion of 6 4 in 64+m is VA 0 Jt(m) ' 

Use the transitivity of induction, Exercise 3.16(b). 

(4.4S) For (a), see [Jam, pp. 79-83]. For (b), using (4.33), the coefficient of x a in 
(xi + ... + xl)· pO) is the sum of the coefficients of xaxim in pO), summing over those 
j for which ai ~ m. Use the determinantal formula to write XA(g) as a sum 1: ± Xp(h), 
and show that the II which occur are those obtained by removing skew hooks. 
Reference: [80e, pp. 192-196]. 

(4.46) See Exercise A.ll. In fact, this condition is equivalent to the condition that 
KpA :5; Kpp for all p, or to the condition that UA is isomorphic to Up $ W, for some 
representation W, cf. [L-V]. 

(4.47) References: For the first construction see [Jam], [Ja-Ke]; for the second, see 
[Pe2]. 

(4.48) There are several ways to do this: (i) Use the methods of this lecture to show 
that the value of the character of U;, on the class Ci is [.9(p(i)]A" where .9 is the 
involution defined in Exercise A.32. Then apply Lemma A.26. (ii) Show that U;, ® u' 
is isomorphic to UA• and use Corollary 4.39. (iii) Use Exercise 4.40 or 4.44. 

(4.49) Use Exercise A.32(v). 

(4.51) (a) Note that XA = LiWA(i)e(i), and e(i) = (l/z(i»L,w.(i)x .. where e(i) is the 
characteristic function of the conjugacy class C(i) ' Therefore, 

XAXp = L wA(i)wp(i)e(i), 
i 
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from which the required formula follows. For other procedures and tables for small d 
see [Ja-Ke], [Co], and [Ham]. 

(b) V;. ® l'(d) = V;., and V;. ® l'(1. .... I) = V;." which prove the corresponding results 
for Cl.(dW and C).(I, ... , l)W Use (a) to permute the subscripts. 

(4.S2) For (a), the described map from A to R is surjective by the determinantal 
formula of Exercise 4.40; it is an isomorphism since R. and A. are free of the same 
rank. For (f), note that p(i) corresponds to the character L;. X;,(C(i)x;" which by 
Exercise 2.21 is the class function which is zero outside the conjugacy class C(i), and 
whose value on C(i) is z(i). 

For more on this correspondence, see [Bu], [Di2], [Mac]. In [Kn] a A-ring 
structure on this ring is related to representation theory. In [Liu] this Hopf algebra is 
used to derive many of the facts about representations of 6 d from scratch. In [Ze] a 
similar approach is also used for representations of G L.(lFq). 

More about representations of the symmetric groups can also be found in [Foa] 
and [J-L]. 

Lecture 5 
(S.2) Consider the class functions on H which are invariant by conjugation by an 
element not in H. 

(S.4) Step 1. (i) Inverses of elements of e' are conjugate to elements of e' if m is even, 
and to elements of e" if m is odd; X(g-I) = X(g). (ii) (.9, .9) is 

2 2 d' 
-d,(#e"lu - vl2 + #e"'lv - u12) = -d' . ' . lu - v12. 

. . ql ... qr 

(iii) If A corresponded to p oF q, the values of Xl and xl on the corresponding conjugacy 
classes e'(p) and e"(p) would be the same number, say w, and Exercise 4.20 implies that 
2w = ± 1. Since w is an algebraic integer, this is impossible. Therefore, A corresponds 
to q, and now from Exercise 4.20 we get the additional equation u + v = ( -1)'". 

Step 2. (ii) Information about the characters x' and X" of X' and X" is easily 
determined from Exercise 3.19, and the fact that the characters of the factors are known 
by induction. In particular, since e'(q) and e"(q) each decomposes into two conjugacy 
classes in H, we have 

'( '(» el + Je;q; e' + fti' el - Je;q; e' - fti' X e q = . + '-~'--=-
2 2 2 2 

e + Jeql· ... ·qr 

2 

where el = (_1)(q,-I)/2, e' = (_1)(d-q ,-r+Il/2, e = el . e', and q' = q2· ... · qr; and similarly 
for the other values. (iv) The character of Y takes equal values on each pair of conjugate 
classes. (Reference: [Fro2], [Boe]). 

(S.5) Reference: [Ja-Ke]. 

(S.9) If N is a normal subgroup properly between {± 1} and SL2 (lFq), one of the 
nontrivial characters X must take the value X(l) identically on N. 

(S.11) Reference: [Ste1]. 
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Lecture 6 

(6.4) Compare (1) of the theorem with formulas (4.11) and (4.12). For a procedure to 
construct a basis of §). V, see Exercise 6.28. 

(6.10) By (4.41), there is an isomorphism of CIS4+m-modules: 

CIS4+m ®C(s., Sm) (V).IBl~) ~ EE\ N).py Y.. 
Tensoring on the left with the right ClSd+ .. -module v®(d+m) = V®d ®c V® .. , and 
noting that qlSd X ISm) = ClSd ® ClSm, 

(V®d ®c V® .. ) ®cs.®csm (V). ® ~) ~ EByN).p.§. V. 

(This also uses the general fact: if A -+ B is a ring homomorphism, N a left A-module, 
and M a right B-module, then M ®B (B ®..t N) ~ M ®..t N.) The left-hand side of the 
displayed equation is 

(V®d ®C6. V).) ®c (V® .. ®csm Vp) ~ §).(V) ® §p(V), 

which concludes the proof. 

(6.11) (a) The key observation is that 

(VEB W)®d = EB(V®·® W®b)®C(6.' e.) qlSd)' 

the sum over all a, b with a + b = d. Tensoring this on the right with the qlSd)-module 
Y. one gets 

(V EB W)®d = EB(V®· ® W®b) ®C(6 •• e.) Res •. b v., 
where Res •. b denotes the restriction to IS. x ISb• Then use Exercise 4.43 to decompose 
this restriction. 

(b) By Frobenius reciprocity, the representation induced by Vy via the diagonal 
embedding of ISd in ISd x ISd is EB C).py v;'1Bl Vp- With A = ClSd, this says 

(A ® A) ®..t Ac. = EBC).p.(Ac). ® Acp). 

Tensor this with the right (A ® A)-module (V ® W)®d = V®d ® W®d. The special case 
follow from Exercise 4.51 (b). 

(6.13) Use Exercise A.32(iv), or write the left side as V®d ® A· b). and use Exercise 4.48. 

(6.14) These come from the realizations of the representation V;. = Ac). as the image 
of the maps Ab). -+ Aa). given by right multiplication by a)., and similarly Aa). -+ Ab). 
by right multiplication by b).. 

(6.15) It is clear that if one allows T to vary over all tableaux with strictly increasing 
columns but no conditions on the rows, then the corresponding VT span the first space 
Q9i(IV"V); to show that the VT for T semistandard span the image the key point is to 
show how to interchange elements in successive rows. Once it is checked that the 
elements span, the independence can be deduced from the fact that the number of 
semistandard tableaux is the same as the dimension. For a direct proof of both 
spanning and independence, see [A-B-W]-but note that their partitions are all the 
conjugates of ours. See also Proposition 15.55. 
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(6.16) Use Exercise 6.14 to realize each §). V which occurs as the image in V®4 ® V®4 
of a symmetrizing map, and check whether this image is invariant or anti-invariant by 
the map which permutes the two factors. 

(6.17) (a) Identifying the dm elements on which 54 .. acts with the set of pairs 
{(i, j)11 .::; i .::; d, 1 .::; j .::; m} determines embeddings of the groups 5 d x . .. X 54 (m 
factors) and 501 in 54 ... Let 

c' = c). ® ... ® c). E C5d ® . .. ® C54 = C(54 X ... x 54) C C54 .. , 

cn = cl' E C5 .. C C54m. 

Then c = c'· en is the required element of C5dm • For a combinatorial description of 
plethysm see [Mac, §I.8]. 

(b) The answers are 

Sym2(§(2.2) V) = §(4.4) V $ §(4.2.2) V $ §(3.3.1. I) V $ §(2.2.2.2) V; 

N(§(2.2) V) = §(4.3.2) V EB §(3.2.2.1) V. 

Reference: [Lit2, p. 278]. 

(6.18) Their characters are the same. In fact, if x and yare eigenvalues of an endo­
morphism of V, the trace on the left-hand side is If(k)x l y P4-l, where f(k) is the number 
of partitions of k into at most p integers each at most q. This number is symmetric in 
p and q, by conjugating partitions. 

(6.19) The facts about skew Schur polynomials are straightforward generalizations of 
corresponding facts for regular Schur polynomials given in Appendix A; proofs of 
(i)-(iv) can be found in [Mac]. To see that the two descriptions of V).II' agree see the 
hint for Exercise 4.4(a). Skew Schur functors are discussed in [A-B-W], where the 
construction of a basis is given; from this the character formula (viii) follows. Then (iv) 
implies (v) and (ix). 

(6.20) References, with proofs of similar statements in arbitrary characteristic (where 
the results, however, are weaker), are [Pel] and [Jam]. 

(6.21) References: [A-B-W] and [poW]. 

(6.29) A reference for the general theory of semisimple algebras and its applications 
to group theory is [CoR, §26]. 

Lecture 7 

(7.1) One way to show that a symplectic transformation has determinant 1, cf. [Dil], 
is to show that the group SP2.C is generated by those which fix a hyperplane, i.e., 
transformations of the form v H v + 1Q(v, u)u for some vector u and scalar 1. Another, 
cf. Exercise F.12, is to write the determinant as a polynomial expression in terms of 
the form Q. 

(7.2) Consider the action on the quadric Q(v, v) = 1. 

(7.11) For any y, the image of the map XHXyx-1y- 1 is discrete only if y is central. 

(7.13) PGL.C acts by conjugation on n x n matrices. 
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Lecture 8 

(8.10) (b) ad[X, Y](Z) = [[X, Y] , Z], and [ad X, ad Y](Z) = (ad X 0 ad Y­
ad Y o ad X)(Z) = [X, [Y, Z]J - [Y, [X, Z]]. 

(8.16) The kernel of Ad is the center Z(G), cf. Exercise 7.11. 

(8.17) Use statement (ii), noting that W is G-invariant if it is a-invariant, a the 
universal covering of G. 

(8.24) With A, B, C, D n x n matrices, 

Sp2.(~) = {(~ ~) 'AC = 'CA, 'BD = 'DB, 'AD - 'CB = I}. 

SP2.~ = {(~ ~)I'B = B, 'c = C, 'A = -D}. 
(8.28) The automorphisms of G = ajC are the automorphisms of a which preserve C. 

(8.29) The point is that the commutator of two vector fields is again a vector field, 
which can be checked in local coordinates. 

(8.35) Both signs are plus. 

(8.38) Reference: [Hoi]. 

(8.42) For h E H, Ho · h gives a coordinate neighborhood of h. For another approach 
to Proposition 8.41, with more details, see [HeI, §II.2]. 

(8.43) For an example, take any simply connected group which contains a torus of 
dimension greater than one, say SU(3), and take an irrational line in the torus. 

Lecture 9 

(9.7) If H is an abelian subgroup of G, and the claim holds for GjH, show that it holds 
for G. Or, if G is realized as a group of nilpotent matrices, apply Campbell- Hausdorff. 

(9.10) If each ad(X) is nilpotent, the theorem gives a flag 9 = Vo => VI => ••• => v,. = 0, 
with [g, V;] c V;+!, from which it follows that ~ig c V;. 

(9.21) If 9 had an abelian ideal a, semisimplicity of the adjoint representation would 
mean that there is a surjection 9 --+ a of Lie algebras. But an abelian Lie algebra has 
lots of representations that are not semisimple. 

(9.24) For the last statement, note that the adjoint representation is semisimple. Or 
see Corollary C.ll. 

(9.25) Reference: [Bour, I] for this (as well as for details for many other statements in 
Lecture 9). 

(9.27) the adjoint representation is semisimple. 
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Lecture 10 

(10.1) Any holomorphic map from E to C must be constant. 

(10.2) An isomorphism G. ~ Gm would lift to a map G -+ G; show that this map would 
have to be an isomorphism. 

(10.4) By hypothesis, the Lie algebra 9 of G has an ideal ~ with abelian quotient; 
use the corresponding exact sequence of groups, with the corresponding long exact 
homotopy sequence (cf. §23.1), and an induction on the dimension of G. 

Lecture 11 
(11.11) Verify the combinatorial formula 

(
a) ( b ) a (a+b-2t ) i~ X a- 2i j~ X b- 2j = k~O ,~ xa+b-2t-21 . 

Reference: [B-tO, p. 87] 

(11.19) Given two points on C there is a 2-dimensional vector space of quadrics 
containing C and the chord between the points. 

(11.20) Answer: it is the subspace of the space of quadrics spanned by the squares of 
the osculating planes to the twisted cubic curve. 

(11.23) Answer: the cones over the curve, with vertex a varying point in p3. 

(11.25) Look at the chordal variety of the rational normal curve in p4. 

(11.32) The sum for IX ~ k corresponds to the quadrics containing the osculating 
(k - l)-planes to the curve. 

(11.34) See Exercise 6.18. 

(11.35) Reference: [Murl, §15]. 

Lecture 13 

(13.3) For V standard, §(a+b.b) V ~ ra•b. See §15.3 for details. 

(13.8) If a, b > 0, V ® ra•b = r a +l,b ED ra-1.b+l ED r a •b- 1 , cf. §15.3. 

(13.20) Warning: writing out the eigenvalue diagram and performing the algorithm 
above is probably not the way to do this. 

(13.22) The tangent planes to the Veronese surface should span a subrepresentation. 

(13.24) See §23.3 for a general description of these closed orbits. 

More applications of representation theory to geometry can be found in [Don] and 
[Gre]. 
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Lecture 14 

(14.15) The fact that [g., gpJ = g.+p is proved in Claim 21.19. 

(14.33) See the proof of Proposition 14.31. 

525 

(14.34) If Rad(g) n g. i: 0, then Rad(g):::J 5. ~ 512 , which is not solvable. If 
Rad(g) n I) '3 H, and a(H) i: 0, then 9. = [H,9.J c Rad(g). Use the fact that 
[I), Rad(g)] c Rad(g) to conclude that Rad(g) = Rad(g) n I) + I Rad(g) n g. = O. For 
a stronger theorem, see [Va, §4.4]. 

(14.35) Ifb' :::J b, then b' :::J I), so b' is a direct sum ofl) and some root spaces g. for IX E T, 
T ~ R +. Then T contains some -IX together with IX, so b' :::J 5. ~ 512 , which is not 
solvable. 

(14.36) For slmC, B(X, Y) = 2m Tr(X 0 Y). For sOmC, the coefficient is (m - 2), and for 
5PmC, the coefficient is (m + 2). 

Lecture 15 

(15.19) See also Exercise 6.20. 

(15.20) See Pieri's formulas (6.9), (6.8). 

(15.21) Use the dimension formula (15.17). 

(15.31) See Exercise 6.20. 

(15.32) This is Exercise 6.16 in another notation (and restricted to the special linear 
group). 

(15.33) See Exercise 6.16. 

(15.51) Use Weyl's unitary trick with the group U(n). 

(15.52) See Exercise 6.18. 

(15.54) Show by induction on r that r! times the difference is an integral linear 
combination of generators for r. For details see [Tow2]. 

(15.57) The analogue of (15.53) is valid for these products of minors, and that can he 
used as in Proposition 15.55 to show that the eT for semistandard T generate D;.. 
The same eT as in Proposition 15.55 is a highest weight vector. For more on this 
construction, see [vdW]; we learned it from J. Towher. 

For other realizations of the representations of GLftC, see [N-S]. 

Lecture 16 

(16.7) With v = (et A e2)2, calculate as in §13.1; the two vectors X2,1 V2X2,1 V2v and 
X2,1X2,1 V2 V2v are proportional, and V2X2,1X2,1 V2v is independent of them. 



526 Hints, Answers, and References 

Lecture 17 

(17.18) (i) Note that 'P{l , 2}: N- 2V -+ NV is surjective if s > n. See Exercise 6.14 for 
the second statement. (ii) This can be done by direct calculation, as in [WeI, p. 155] 
for the harder case of the orthogonal group. Or, show that §). (V) has a highest weight 
vector with weight A., and this cannot occur in any 'P/(V(d-2»). 

(17.22) This follows from the theorem and the corresponding result for the general 
linear groups. Or see Exercise 6.30. 

Lecture 19 

(19.3) 

{
o if {p, q} () 1= 0 or {p, q} c I 

v;,jvI) = ± VI\ {q}u{p} if P ¢ I and q E I 

± VI\ {p}u{q} if q ¢ I and pEl. 

The first assertion follows readily. If W = ~:aIVI' with the fewest number of nonzero 
coefficients, and aJ and aK are nonzero, choose q E J \ K, p ¢ J u K (possible since 
2k < m); then Vp,qh) ~ 0, Vp.iVK) = 0, and so Vp.q(w) is a nonzero vector with fewer 
nonzero coefficients. 

(19.4) The multiplicity of LI + '" + L. - L.-b - .. . - L. in Nv is (~r) if k - a - b = 
2r. For r2• or r2~ the multiplicity is ten if r is positive, by symmetry under replacing 
any rp by - rp. For f. the weights are t(e l LI + .. . + e.L.), with ej = ± 1, and f1 Ej = 1; 
the multiplicities are all one since these are conjugate under the Weyl group; similarly 
for f~ but with f1 Ej = - 1. 

(19.21) For generalizations, see §23.2. 

Lecture 20 

(20.17) Iff spans !\"W', and Uo spans U with Q(uo, uo) = 1, then f'(1 + (-I)·uo) is 
such a generator. See Exercise 20.12. 

(20.21) If x is in the center, take an orthogonal basis {vd, write out x = Lalvl in 
terms of the basis, and look at the equations X· Vj = vj ' x for all j . Note that VI' Vj = 
(-I)I/IV{ VI if j ¢ I, whereas VI' Vj = (-I)I/I-1 Vj ' VI if j E I. Conclude that al = 0 if III 
is odd and there is some j ¢ I c.r iflII is even and there is some j E I . A similar argument 
works if x is odd. Reference [A-B-S, p. 7]. 

(20.22) If X = a 1\ b, [X, v] = t(a-h' V - b ' a ' v - v·a·b + v'b ' a), which is 

t(2Q(b, v)a - a ' V' b - 2Q(a, v)b + b· V · a - 2Q(a, v)b + a' V' b + 2Q(b, v)a - b· V · a) 

= 2Q(b, v)a - 2Q(a, v)b = <PaAb(V). 

(20.23) Reference: [Por], but note that his C(p, q) is our C(q, p). See also [A-B-S]. 
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(20.32) If Q(v - w, v - w) # 0, then Rv-w(v) = w. Otherwise, Rv+w(v) = -w, and 
Rw( - w) = w. For (b) compose a given element of O(Q) with an element constructed 
by (a) to get one fixed on a line, and write, by induction on the dimension, the restriction 
to the perpendicular hyperplane as a product of reflections. 

(20.33) By Exercise 20.22, X' v = [X, v]. See also Exercise 8.24. 

(20.36) If Vj are a basis for V with Q(v;, Vj) = -bj.j, then w = Vi· ... · vm . If m == 2 (4), 
the center is cyclic of order four, while if m == 0 (4), it is the Klein four group. 

(20.37) Show that so(Q) acts by traceless endomorphisms. For example, the trace of 
HjonS+ is the number ofl c {1, ... , n} such that III is even and i E I,minus the number 
with i ¢ I. 

(20.38) For the first statement of (a), choose f spanning I\"W' so that, for the chosen 
generator of A"w, t(f)· e' f = f For the second, when m is even, x(s)f = x' s' f by 
Exercise 20.12, so P(x(s), x(t»f = t(x' s· f). (x' t· f) = t(s' fh(x)' X' (t· f) = t(s' f). 
(t· f) = P(s, t). The odd case can be reduced to the even case by imbedding C(Q) into 
a larger Clifford algebra as in Exercise 20.40. 

(20.43) Reference: [Por]. 

(20.44) For example, the transposition of IXI and 1X4 is achieved by the matrix 

(20.50) Reference: [Ch2, §4.3]. 

[

.1 .1 
2 2 
.1 .! 
2 Z 

! -! 
! -! 

(20.51) Reference: [Ch2, §4.2-4.5], [Jac1]. 

Other references include [L-M], [Cal], [B-tD], [Hus], [P-S]. 

Lecture 21 

(21.9) If lXI' ... , IX, are the vectors, and we have a nontrivial relation 

V = L njlXj = L njlXj' 
jsk J>k 

with non-negative coefficients, then (v, v) = Lj,j njnilXj, IXj) ::; 0, so v = O. But v lies on 
the same side of the hyperplane. 

(21.15) The first is ruled out by considering 

u = ez, v = (3e3 + 2e4 + es)/j6, 

with 1 > (el , U)2 + (e" v)Z + (el' W)2 = 1/4 + 3/8 + 3/8 = 1. For the second, use 

u = ez, v = (2e 3 + e4 )/j3, w = (5e s + 4e6 + 3e7 + 2es + e9)/j15, 

with (e l , u)Z + (el' V)2 + (e l , W)2 = 1/4 + 1/3 + 5/12 = 1. 

(21.16) Using the characterization that w;(H.) = bj,j, one can write the fundamental 
weights Wj in terms of the basis L j. The tables in [Bour, Ch. 6] also express them in 
terms of the simple roots. 
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(E6): 

1- J3 W2 = 2(L1 + L2 + L3 + L4 + Ls) + T L6' 

.l J3 W3 = 2(-L1 + L2 + L3 + L4 + Ls) + 5T L6 , 

W4 = L3 + L4 + Ls + J3L6' 

J3 Ws = L4 + Ls + 2 T L6, 

W6 = Ls + f L6; 

(E7): WI = J2L7' 

W2 = t(L I + L2 + L3 + L4 + Ls + L6) + J2L7' 

.l J2 W3 = 2( -LI + L2 + L3 + L4 + Ls + L6) + 3T L7, 

W4 = L3 + L4 + Ls + L6 + 2J2L7, 

J2 Ws = L4 + Ls + L6 + 3T L7, 

W6 = Ls + L6 + J2L7' 

J2 
W 7 = L 6 + T L 7 ; 

(Es) WI = 2Ls, 

W2 = t(L I + L2 + L3 + L4 + Ls + L6 + L7 + 5Ls), 

W3 = t( - LI + L2 + L3 + L4 + Ls + L6 + L7 + ?Ls), 

W4 = L3 + L4 + Ls + L6 + L7 + 5Ls, 

Ws = L4 + Ls + L6 + L7 + 4Ls , 

W6 = Ls + L6 + L7 + 3Ls, 

W7 = L6 + L7 + 2Ls, 

Ws = L7 + Ls; 

(F4): WI = LI + L 2 , 

W2 = 2LI + L2 + L3, 

W3 = t(3L I + L2 + L3 + L4), 

W 4 = L 1; 

(G2 ) WI = t(L I + J3L2) = 2a l + a2' 

W2 = J3L2 = 3a l + 2a2o 
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(21.17) The only cases of the same rank that have the same number of roots are (B.) 
and (C.) for all n, and (B6 ), (C6 ), and (E6 ); (B.) has n roots shorter than the others, (C.) 
n roots longer, and in (E6) all the roots are the same length. 

(21.18) For the matrices see [Dour, Ch. 6] or [Hul, p. 59]. The determinants are: 

n + 1 for (A.); 2 for (B.),(C.) and (E7 ); 4 for (D.); 3 for (E6); and 1 for (G2),(F4 ), and (Es). 

(21.23) See Lecture 22. 

The proof of Lemma 21.20 is from [lac1, p. 124], where details can be found. 

For more on Dynkin diagrams and classification, see [Ch3], [Dem] , [Dy-O], 
[LIE], and [Til]. 

Lecture 22 
(22.5) Use the fact that B(Y, z) = 6 Tr(Y 0 Z) on s13C, and the formula [ej, ej] = 

3· E',J - OJ,)' J, giving 

B([e;. en Z) = 6 · Tr((3' Ej,) - OJ,)' J) 0 Z) = 18 · Tr(Ej,) 0 Z) = 18 , ej(Z ' e;). 

(22.13) Hint: use the dihedral group symmetry. 

(22.15) Answer: SI3C x SI3L 

(22.20) For (b), apply'" to both sides of (22.17), and evaluate both sides of (22.18) on 
w. Note that "'((V" w) " cp) = (v " w)(cp " "') = ((cp " "') " v)(w). 

(22.21) For a triple J = {p < q < r} c {I, ... , 9}, let eJ = ep " eq " er and similarly 
for CPJ. For triples J and K the essential calculation (see Exercise 22.5) is to verify that 
e J * CPK is 1/18 times 

o if #J nK S 1; 

±Em,. if K = {p, q, n},J = {p, q, m},m #- n; 

Ep,p + Eq,q + Er,r - tl if K = J = {p, q, r}; 

the sign in front of Em,. is the product of the signs of the permutations that put the 
two sets in order. Verify that (V" w)" cP = 18((w* cp) . v - (v* cp). w), For Freudenthal's 
construction, see [Fr2], [H-S]. 

(22.24) For SI'+1 C, such an involution takes Ej,) to (_l)j-i+l E.+ 2-),.+2-;; the fixed 
algebra is {X: 'XM = -MX}, where M = (mij), with mj) = 0 if i + j #- n + 2, and 
otherwise mj) = (-l)j. This M is symmetric if n is even, skew if n is odd, so the fixed 
subalgebra for (A2 .. ) is the Lie algebra S02 .. +1 C of (B .. ), and that for (A2 .. - 1) is the Lie 
algebra SP2 .. C of(Cm). For (D.), the fixed algebra is S02.-1 C, corresponding to (B.-d, 
while for the rotation of (D4 ), the fixed algebra is 92' For a description of possible 
automorphisms of simple Lie algebras, see [lac1, §IX]. 

(22.25) Answer: For sl.+1 C, X 1-+ -X'. For S02.C, n ~ 5, X 1-+ pxrl, where P is the 
automorphism ofC2• that interchanges e. and e2. and preserves the other basic vectors. 
For the other automorphisms of sosC, see Exercise 20.44. 

(22.27) References: [Her], [lac3, p. 777], [Pos], [Hul, §19.3]. 

(22.38) Reference [Ch2, §4.5], [lac4, p. 131], [lac1], [Lo, p. 104]. 
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Lecture 23 

(23.3) The map takes z = x + iy to (u, v) with u = x/llxll, v = y. 

(23.10) Since p(exp(IajH) = (ea" •. • , eO., e-a" • . . ), to be in the kernel we must have 
aj = 2ni' nj, and then exp(I ajHj ) = ( _1)L'I. 

(23.11) Note that the surjectivity of the fundamental groups is equivalent to the 
connectedness of n- I(H) when n: G ~ G is the universal covering, which is equivalent 
to the Cartan subgroup of G containing the center of G. 

(23.17) Note that r(G) = n1(H) surjects onto nl(G), and there is an exact sequence 

o ~ n l (G) ~ Center(G) -+ Center(G) -+ O. 

(23.19) When m is odd, the representations are the representations of SOmC, and the 
products of those by the one-dimensional alternating (determinant) representation. 
When m = 2n, the representations of SOmC with highest weights (A. I , ... , A.) and 
(AI , . .. , - An) are conjugatt:, so that, if A. #- 0, they correspond to one irreducible 
representation of 02.C, whose underlying space can be identified with I(.!, ..... .!o) $ 
r(.!, ... .. - .(o). If A. = 0, then r. is an irreducible representation of OmC. In either case, 
the representations correspond to partitions A = (AI ~ . . . ~ A. ~ 0). See §19.5 for an 
argument. 

(23.31) See Exercises 19.6, 19.7, and 19.16. 

(23.36) For (b), consider (D+)2 . (D-)2 = (D+ . D-)2. 

(23.37) Reference: [B-tD, VI §7]. 

(23.39) Reference: [Bour, VIII §7, Exer. 11]. 

(23.42) Compute highest weight vectors in the (external) tensor product of two 
irreducible representations, to verify that it is irreducible with highest weight the sum 
of the two weights. 

(23.43) See Exercise 20.40 and Theorems 17.5 and 19.2. 

(23.51) An isotropic (n - I)-plane is automatically contained in an isotropic n-plane. 
These are two-step flag varieties, corresponding to omitting two nodes. 

(23.62) For (b), use the fact that B· n'· B is open in G. For (c), if p. is a weight, 
f(x-Iwy) = p.(x)A(y)f(w) for x and y in B, so with x E Hand w = n', 

Il(x)f(w) = f(x-Iw) = f(wx) = A(x)f(w). 

Other references on homogeneous spaces include [B-G-G], [Hel], and [Hi]. 

Lecture 24 

(24.4) (a) is proved in Lemma D.25, and (b) follows. For (c), note that by the definition 
of p as half the sum of the positive roots, p - W(p) is the sum of those positive p such 
that W(fJ) is negative. 
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(24.27) This is Exercise A.62. 

(24.46) This follows from formulas (A.61) and (A.65). 

(24.51) In the following the fundamental weights are numbered as in the answer to 
Exercise 21.16: 

p = 8a l + 15a2 + 21a3 + 11a4; 

dim(r.,.), (i = 1, 2, 3,4): 52, 1274, 273, 26. 

p = L2 + 2L3 + 3L4 + 4Ls + 4J3L6 

= 8a, + l1a2 + 15a3 + 21a4 + 15as + 8a6; 

dim(r.,.), (i = 1, .. . ,6): 27, 78, 351, 2925, 351, 27. 

(E7): p = L2 + 2L3 + 3L4 + 4Ls + 5L6 + 17J2/2L7 

= !(34a l + 49a2 + 66a3 + 96a4 + 75as + 52a6 + 27(1.7); 

dim(r.,.), (i = 1, ... ,7): 133, 912, 8645, 365750, 27664, 1539, 56. 

(Es): P = L2 + 2L3 + 3L4 + 4Ls + 5L6 + 6L7 + 23Ls 

= 46a l + 68a2 + 91a3 + 135a4 + llOas + 84(1.6 + 57a7 + 29as; 

dim(r.,,), (i = 1, . .. , 8): 3875, 147250, 6696000, 6899079264, 146325270, 

2450240, 30380, 248. 

(24.52) Using the dimension formula as in Exercise 24.9, it suffices to check which 
fundamental weights correspond to small representations, and then which sums of 
these are still small. The results are: 

(A) n ~ 1; dim G = n2 + 2n; dim r.,. = ('1'); 

the dominant weights whose representations have dimension at most dim G are: 

2w" 2w" of dimension ('i2); 

w, + w" of dimension n2 + 2n; 

W3 for n = 5; W3, W4 for n = 6; W3, Ws for n = 7. 

(8") n ~ 2; dim G = 2n2 + n; dim r.,. = e"t+l ) for k < n, and dim r.," = 2', giving: 

W" for n = 3, 4, 5, 6; 

2w2 , of dimension 10, for n = 2. 

(C,) n ~ 3; dim G = 2n2 + n; dim r.,. = (~") - (t:'"2), giving: 

2w" of dimension 2n2 + n; 

W3 for n = 3. 
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(D.) n ~ 4; dim G = 2nz - n; dim r",. = (~') for k ~ n - 2, and 

dim r","_. = dim r"," = 2'-1, giving: 

(0.-1, (0. for n = 4, 5, 6, 7. 

(E6) dim G = 78; (01, (Oz, (06' 

(E7) dim G = 133; (01' (07' 

(Eg) dim G = 248; (Og. 

(F4) dim G = 52; (01' (04' 

(Gz) dim G = 14; (01' (Oz· 

For irreducible representations of general Lie groups with this property, see [S-K]. 

Other references with character formulas include [ES-K], [Ki1], [Ki2], [Kl], 
[Mur2], and [Ra]. 

Lecture 25 

(25.2) Changing Jl. by an element of the Weyl group, one can assume Jl. is also 
dominant and A. - Jl. is a sum of positive roots. Then IIA.II > 11Jl.1I, and c(Jl.) = (A., A.) -
(Jl., Jl.) + (A. - Jl., 2p) > O. 

(25.4) A direct calculation gives 

C(X'v) - X·C(v) = L UdU/, X]·v + L CUi> X]· U/·v. 

To see that this is zero, write [Uj , X] = L l1.ij~; then by (14.23), l1.ij = ([Ui, X], UJ) = 
-(CUi, X], UJ, so CUi, X] = - Ll1.ijU/. The terms in the above sums then cancel in 
pairs. 

(25.6) By (14.25), (H., Ha) = I1.(H.)(X., 1:,) = 2(X., 1:,). Use Exercise 14.28. 

(25.12) The symmetry gives 

(P - il1., l1.)n/l-ia + (P - (m - i)l1., l1.)n/l-(m-i). = (2P - rna, l1.)n/l- ia = 0 

since 2(P, a) = m(l1., a), so the terms cancel in pairs. 

(25.22) We have 

L (-1)wp(Jl. + W(p) - p)e(-Jl.) = L(-l)W(e(W(p) - p»/ n (1- e(-I1.», 
W.1l W aeR+ 

and the right-hand side is 1 by Lemma 24.3. 

(25.23) We have 

L (-1)Wnp +p _W(P) = I (-l)ww'P(W'(A. + p) - «Jl. + p - W(p» + p» 
W W.W' 

= I (_l)W' I (-1)Wp«W'(A. + p) - Jl. - p) + W(p) - p), 
W' W 
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and the inner sum is zero unless W'(A. + p) = II + p. Note that if II is a root of rl , this 
happens only if II = A. by Exercise 25.2. 

(25.24) The minuscule weights are: 

(A.): WI' . . . ,00 .. , 

(B.): (01' 

(C.): (0., 

(D.): OJ 1, (0,,-1' (0 .. , 

(E6): (01' (06, 

(E7): (07· 

Reference: [Bour, VIII, §7.3]. 

(25.28) One easy way is to use the isomorphism S04C ~ sI2 C X s12C. 

(25.30) Nlpy is zero by definition when)' is not in the closed positive Weyl chamber 
"IY, and W(v + p) - p is not in "IY if W ~ 1. Reference: [Hu1]. 

(25.40) The weight space of the restriction of r l corresponding to ji is the direct sum 
of the weight spaces of r l corresponding to those II which restrict to ji. 

(25.41) Use the preceding exercise and Exercise 25.23. 

(25.43) Using the action of a Lie algebra on a tensor product, the action of C on 
VI .•.•• Vm is a sum over terms where Uj and Ui act on different elements or the same 
element. Grouping the terms accordingly leads to the displayed formula. See [L-T, I, 
pp.19-20]. 

Lecture 26 

(26.2) In terms of the basis L I , L2 of~* dual to {HI, H2}, eigenvalues are ±iL2 and 
±3LI ± iL2 • 

(26.9) Reference: [Hel, §III.7]. 

(26.10) Constructing ~ = go(H) as in Appendix D, take H so that u(H) = H. 

(26.12) See Exercise 23.6. 

(26.13) Reference: [Hel, §X.6.4]. 

(26.21) If a conjugate linear endomorphism q>: W -+ W did not map r l to itself, there 
would be another factor U of Wand an isomorphism of rl with U*; the highest weight 
of (rl)* cannot be lower than ..t. 

(26.22) See Exercise 3.43 and Exercise 26.21. 

(26.28) References: [A-B-S], [Hus], [Por]. See also Exercise 20.38. 

(26.30) Use the identity t/12[V] = [V ® V] - 2[;\2V]. 

Other references on real forms are [Gil], [B-tO], [Va]. 
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Appendix A 

(i) _ ~ P<i) (A.29) (b) Use P - L.. (H., >M •. 

(A.30) Some of these formulas also follow from Weyl's character formula. 

(A.31) For part (a), when at ;:::: a2 ;:::: ••• ;:::: ak , this is (A.19). The proof of (A.9) shows 
that for any a = (ai, ... , ak ), 

which shows that the K~. are unchanged when the a/s are reordered. For a purely 
combinatorial proof see [Sta, §1O]. 

(A.32) For (i) compare the generating functions E(t) = I Eiti = n (l + Xit) and 
H(t) = I Hi = I/E( - t); (ii) follows from (A.5) and (A.6). For (iii), note that 
P(t) = I P;tj = L xit/(1 - Xit) = tH'(t)/H(t). Exponentiate this to get (vi). For details 
and more on this involution, see [Mac] or [Sta], where it is used to derive basic 
identities among symmetric polynomials. 

(A.39) References: [Mac], [Sta], [Fu, §A.9.4]. 

(A.41) See [Mac, p. 33] or [Fu, p. 420]. 

(A.48) Since 9(E;) = Hi and 8(En = Hi', 

8(S<d = 8(1H~,-i+j - H~,-i-jl) = IE~,_i+j - E~,-i-jl = S[I']. 

(A.67) Answer:!C I ..... C. times the determinant of the matrix whose ith row is 

(J,,-i Jl,-i+1 + Jl,-i-l ... Jl,-i+.-I + J,,-i-.+1). 

More on symmetric polynomials can be found in [Mac], [Sta], [L-S], and 
references listed in these sources. Some of the identities in §A.3 are new, although results 
along these lines can be found in [Wei], [Litl], [Lit2] and [Ko-Te]; other identities 
involving the determinants discussed in §A.3 can be found in [Mac, §I.5]. Discussions 
of Schur functions and representation theory can be found in [Di2] and [Lit2]. 

Appendix C 
(C.l) Take a basis in which X has Jordan canonical form, and compute using the 
corresponding basis Eij for gl(V). 

(C.12) If 9 = EBgi> and 1) is a simple ideal, 1) = [g,1)] = EB[gj, 1)], so 1) is contained 
in some gi. 

(C.13) Since for (j E Der(g) and X E g, ad«(j(X)) = [(j, ad(X)], ad(g) is an ideal in the 
Lie algebra Der(g). Therefore, [ad(g)l., ad (g)] = 0; in particular, if (j E ad(g)l. and X E g, 
then ad«(j(X)) = [(j, ad(X)] = O. So ad(g)l. = 0 and ad(g) = Der(g). 

Appendix D 
(D.8) To show ad(X) is nilpotent on 9o(H) for X in go(H), consider the complex line 
from H to X: set H(z) = (1 - z)H + zX. Then ad(H(z)) preserves each eigenspace 
9l(H). By continuity, for z sufficiently near 0, ad(H(z)) is a nonsingular transformation 
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of gJ.(H) for A. # 0, which implies that go(H(z)) is contained in go (H), and by the 
regularity of H, go(H(z)) = go(H) for small z. 

This means that there is an integer k so that ad(H(z)t(y) = 0 for all Y E gotH) and 
all small z. But ad(H(z)t(Y) is a polynomial function of z, so it must vanish identically. 
Hence, setting z = I, ad(Xt vanishes on go (H), as asserted. 

(D.24) See [Bour, VII, §3] for details. 

(D.33) References: [Se3, §V.lI], [Hul, §12.2]. 

Appendix E 

Proofs of both ofthese theorems can be found, together with many other related results, 
in [Bour I]. See also [Se3], [Pos], [Va], [Jacl]. 

Appendix F 

(F.l2) Check that the right-hand side is multilinear, alternating, and takes the value 
I on a standard basis. Or see [Wei, §VI.1]. 

(F.l6) SOne-invariants can be written in the form A + IAjBj where A and the 
Aj are polynomials in the Q(x(j" xW) and the Bj are brackets. Such is taken to 
A + det(g) I AjBj by g in OnC For an odd (resp. even) invariant the first (resp. the 
second) term must vanish. 

(F.20) Reference: [Wei, 11.6], or [Br, p. 866]. 

There are many elementary references for invariant theory, such as [D-C], [PrJ, 
[Spl], and [H02]; the last contains a proof of Capelli's formula. There are also many 
modern approaches to invariant theory, some which can be found in [DC-P], [Sch] 
and [Vu] and references described therein; some of these also contain some invariant 
theory for exceptional groups. For a more conceptual and representation-theoretic 
approach to Capelli's identity, see [H03]. Weyl's book [Wei] remains an excellent 
reference for invariant theory of the orthogonal and symplectic groups together with 
the related [Br], [We2]. 
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