A

Summary of distributions

Discrete distributions

1. Bernoulli distribution: Ber(p), where 0 < p < 1.
PX=1)=p and P(X=0)=1-p.
E[X]=p and Var(X)=p(l—p).

2. Binomial distribution: Bin(n,p), where 0 < p < 1.

P(X=k)= <Z>pk(1 —p)"F fork=0,1,...,n.
E[X]=mnp and Var(X)=np(l—p).

3. Geometric distribution: Geo(p), where 0 < p < 1.
P(X =k)=p(1—p)Ft fork=12,....
E[X]=1/p and Var(X)=(1-p)/p

4. Poisson distribution: Pois(u), where p > 0.
k

P(X:k):‘l; e b fork=0,1,....

E[X]=p and Var(X) = pu.

Continuous distributions

1. Cauchy distribution: Cau(«, 3), where —oo < o < o0 and 8 > 0.

_ B
M= 2@ 1 o)

1 1 —
F(z) = 5 + - arctan(aj 3 oz) for —oo < x < 0.

for —oco < x < 0.

E[X] and Var(X) do not exist.
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2. Exponential distribution: Exp()), where A > 0.

f(z) =Xxe ™ forz>0.

F(z)=1—e* forxz>0.

E[X]=1/) and Var(X)=1/)\%
3. Gamma distribution: Gam(«a, \), where @ > 0 and A > 0.
A(Az)* e

flx) = T'(a) for z > 0.
TAN)T T e N
F(x)z/o I'a) dt  for z > 0.

E[X]=a/A and Var(X)=a/)\°.
4. Normal distribution: N(u,0?), where —oco < p < oo and o > 0.
(e

2
= e ) for —oo < x < 0.
o2

f(z)

T 1 1(1‘,—“)2
F(a:)z/ e *\ 7/ dt for —oco <z < o0.
oo OV 2T

E[X]=p and Var(X)=o2.
5. Pareto distribution: Par(«), where a > 0.
o
flx) = potl for z > 1.
Flz)=1—2"% forz >1.
E[X]=a/(a—1) for > 1 and oo for 0 < a < 1.
Var(X) = a/((a — 1)*(a — 2)) for @ > 2 and oo for 0 < o < 1.

6. Uniform distribution: U(a,b), where a < b.

1
f(x)zb_a fora <z <b.
F(x)::;:z fora <z <b.

E[X]=(a+b)/2 and Var(X)= (b—a)?/12.
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Tables of the normal and t-distributions
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Table B.1. Right tail probabilities 1 — ®(a) = P(Z > a) for an N(0, 1) distributed
random variable Z.

a 0 1 2 3 4 5 6 7 8 9
0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
0.3 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
0.4 3446 3409 3372 3336 3300 3264 3228 3192 3156 3121
0.5 3085 3050 3015 2981 2946 2912 2877 2843 2810 2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
0.7 2420 2389 2358 2327 2296 2266 2236 2206 2177 2148
0.8 2119 2090 2061 2033 2005 1977 1949 1922 1894 1867
0.9 1841 1814 1788 1762 1736 1711 1685 1660 1635 1611
1.0 1587 1562 1539 1515 1492 1469 1446 1423 1401 1379
1.1 1357 1335 1314 1292 1271 1251 1230 1210 1190 1170
1.2 1151 1131 1112 1093 1075 1056 1038 1020 1003 0985
1.3 0968 0951 0934 0918 0901 0885 0869 0853 0838 0823
1.4 0808 0793 0778 0764 0749 0735 0721 0708 0694 0681
1.5 0668 0655 0643 0630 0618 0606 0594 0582 0571 0559
1.6 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455
1.7 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367
1.8 0359 0351 0344 0336 0329 0322 0314 0307 0301 0294
1.9 0287 0281 0274 0268 0262 0256 0250 0244 0239 0233
2.0 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
2.1 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
2.2 0139 0136 0132 0129 0125 0122 0119 0116 0113 0110
2.3 0107 0104 0102 0099 0096 0094 0091 0089 0087 0084
2.4 0082 0080 0078 0075 0073 0071 0069 0068 0066 0064
2.5 0062 0060 0059 0057 0055 0054 0052 0051 0049 0048
2.6 0047 0045 0044 0043 0041 0040 0039 0038 0037 0036
2.7 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026
2.8 0026 0025 0024 0023 0023 0022 0021 0021 0020 0019
2.9 0019 0018 0018 0017 0016 0016 0015 0015 0014 0014
3.0 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
3.1 0010 0009 0009 0009 0008 0008 0008 0008 0007 0007
3.2 0007 0007 0006 0006 0006 0006 0006 0005 0005 0005
3.3 0005 0005 0005 0004 0004 0004 0004 0004 0004 0003

3.4 0003 0003 0003 0003 0003 0003 0003 0003 0003 0002
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Table B.2. Right critical values ., of the t-distribution with m degrees of freedom

corresponding to right tail probability p: P(Ty, > tm.,p) = p. The last row in the table
contains right critical values of the N(0, 1) distribution: teo,p = 2p.

Right tail probability p

m 0.1 0.05 0.025 0.01 0.005 0.0025 0.001  0.0005
1 3.078 6.314 12.706 31.821 63.657 127.321 318.309 636.619
2 1.886 2.920 4.303 6.965 9.925 14.089 22.327  31.599
3 1.638 2.353 3.182 4.541 5.841 7.453 10.215 12.924
4 1.533 2132 2776 3.747 4.604 5.598 7.173 8.610
5 1.476 2.015 2,571 3.365 4.032 4.773 5.893 6.869
6 1.440 1.943 2447 3.143 3.707 4.317 5.208 5.959
7 1.415 1.895 2365 2998 3.499 4.029 4.785 5.408
8 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781

10 1.372 1.812 2228 2764 3.169 3.581 4.144 4.587

11 1.363 1.796 2.201 2.718 3.106 3.497 4.025 4.437

12 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4.318

13 1.350 1.771  2.160 2.650 3.012 3.372 3.852 4.221

14 1.345 1.761 2.145 2.624 2977 3.326 3.787 4.140

15 1.341 1.753 2131 2.602 2.947 3.286 3.733 4.073

16 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015

17 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965

18 1.330 1.734 2.101 2.552 2.878 3.197 3.610 3.922

19 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883

20 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850

21 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819

22 1.321 1.717 2.074 2508 2.819 3.119 3.505 3.792

23 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.768

24 1.318 1.711 2.064 2.492 2.797 3.091 3.467 3.745

25 1.316 1.708 2.060 2.485 2.787 3.078 3.450 3.725

26 1.315 1.706 2.056 2.479 2.779 3.067 3.435 3.707

27 1.314 1.703 2.052 2473 2.771 3.057 3.421 3.690

28 1.313 1.701  2.048 2.467 2.763 3.047 3.408 3.674

29 1.311 1.699 2.045 2462 2.756 3.038 3.396 3.659

30 1.310 1.697 2.042 2457 2.750 3.030 3.385 3.646

40 1.303 1.684 2.021 2423 2.704 2.971 3.307 3.551

50 1.299 1.676 2.009 2.403 2.678 2.937 3.261 3.496

1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291

8
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Answers to selected exercises

2.1 P(AUB)=13/18. 3.4 P(B|T)=9.1-10""° and
2.4 Yos P(B|T) =43-10",
2.8 P(D1UD;) <2-107% and 3.7b P(B) =1/3.
P(D1 N Ds) < 107°. 3.8a P(W)=0.117.
2.11 p=(-1++5)/2 3.8b P(F|W) = 0.846.
2.12a 1/10! 3.9 P(B|A) =7/15.
2.12b 5! 5! 3.14a P(W|R) =0and P(W|R®) =1
2.12 ¢ 8/63 = 12.7 percent. 3.14b P(W) =2/3.
2.14a 3.16a P(D|T) = 0.165.
a b 3.16 b 0.795.

a 0 1/6 1/6 4.1a a 0 1 2

b 0 0 1/3 pz(a) 25/36 10/36 1/36

c 0 1/3 0 Z has a Bin(2,1/6) distribution.
2.14b P({(a,b), (a,0)}) = 1/3. 4.1b {M=2,72=0}={(2,1),(1,2),

(272)}7 {5:5,Z:1}:®, and

2.14¢ P({(b,c), (c,b)}) = 2/3. (92851} = ((6.2). (3.6},

2.16 P(E)=2/3. P(M =2,7Z =0) =1/12,

2.19a Q={2,3,4,...}. P(S=5,Z=1)=0, and

2.19b 4p3(1 — p)*. P(S=8,7Z=1)=1/18.

3.1 7/36. 4.1 ¢ The events are dependent.

3.2a P(A|B) = 2/11. 43 a 0 1/2 3/4

3.2b No. pla) 1/3 1/6 1/2

3.3a P(S1) =13/52 = 1/4, 4.6a pg(l) =px(3) =1/27, px(4/3) =
P(S2|51) =12/51, and px(8/3) = 3/27, px(5/3) = px(7/3) =
P(S>|S5) = 13/51. 6/27, and px (2) = 7/27.

3.3b P(S2) = 1/4. 4.6b 6/27.
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4.7a Bin(1000,0.001).

4.7b P(X =0) = 0.3677, P(X = 1) =
0.3681, and P(X > 2) = 0.0802.

4.8a Bin(6,0.8178).

4.8 b 0.9999634.

4.10 a Determine P(R; = 0) first.
4.10b No!

4.10 ¢ See the birthday problem in Sec-
tion 3.2.

4.12 No!
4.13a Geo(1/N).

4.13b Let D; be the event that the
marked bolt was drawn (for the first
time) in the ith draw, and use condi-
tional probabilities in
P(Y=k)=P(DiNn---NDj_,NDy).
4.13 ¢ Count the number of ways the
event {Z = k} can occur, and divide this
by the number of ways (]Z) we can select
r objects from N objects.

5.2 P(1/2 < X < 3/4) =5/16.

5.4a P(X <41/2) = 1/4.

5.4b P(X = 5)=1/2.

5.4c X is neither discrete nor continu-
ous!

5.5a c=1.

5.5b F(z)=0 for z < —3;

F(z) = (x+3)*/2 for -3 <2 < —2;
F(z)=1/2for =2 <2 <2;
Flz)=1-38-z)?/2for 2<x <3;
F(z)=1for z > 3.

5.8a g(y) =1/(2y/ry).

5.8b Yes.

5.8 ¢ Consider F(r/10).

5.9a 1/2 and {(z,y):2<2<3,1<y<
3/2}.

5.9b F(x) =0 for z < 0;
F(z)=2zfor 0 <z <1/2;
F(x)=1forz > 1/2.

59c f(r)=2for 0 <z <1/2;

f(z) = 0 elsewhere.

5.12 2.

5.13 a Change variables from x to —z.
5.13b P(Z < —2) = 0.0228.

6.2a 1+2v0.378--- = 2.2300795.
6.2b Smaller.

6.2 c 0.3782739.

6.5 Show, for a > 0, that X < a is

a

equivalent with U > e™“.
6.6 U=e 2%,

6.7 Z=./—In(1-0U)/5, or
Z =/-InU/5.

6.9a 6/8.

6.9b Geo(6/8).

6.10a Define B, = 1 if U; < p and
B; = 0if U; > p, and N as the posi-
tion in the sequence of B; where the first
1 occurs.

6.10b P(Z>n) = (1 —p)", for n =
0,1,...; Z has a Geo(p) distribution.

7.1 a Outcomes: 1, 2, 3, 4, 5, and 6. Each
has probability 1/6.
7.1b E[T] =7/2, Var(T) = 35/12.
7.2a E[X]=1/5.
7.2b y 0 1

P(Y=y) 2/5 3/5
and E[Y] = 3/5.
7.2¢c E[X?] =3/5.
7.2d Var(X) = 14/25.
7.5 E[X]=p and Var(X
7.6 195/76.
7.8 E[X]=1/3.
7.10a E[X] =1/X and E[X?] =2/)%.
7.10b Var(X) = 1/)\%
7.11a 2.
7.11 b The expectation is infinite!
711lc E[X] = [[“z-az”* " da.
7.15a Start with
Var(rX) =E[(rX — E[rX])?].
7.15b Start with Var(X + s) =
E[((X +s)—E[X +3])7].
7.15c¢ Apply b with »X instead of X.
7.16 B[X]=4/9.

) =p(1—p).



7.17a If positive terms add to
they must all be zero.

7.17b Note that
E[(V —E[V])?] = Var(V).

8.1 y 0 10 20
P(Y=y) 02 04 04

8.2a y 1 0 1

1/6 1/2 1/3

-1 0 1
P(Z=2) 1/3 1/2 1/6

8.2c P(W=1)=1.

8.3a V has a U(7,9) distribution.

8.3b rU + s has a U(s,s + r) distribu-
tion if r > 0 and a U(s+r, s) distribution
if r <0.

8.5a z?(3—xz)/4for 0 <z < 2.

8.5b Fy(y) = (3/4)y* — (1/4)y® for 0 <
y <2

8.5¢ 3y® — (3/2)y° for 0 < y < /2,
0 elsewhere.

8.8 Fy(w)=1—¢ """ with v = \°.
8.10 0.1587.
8.11 Apply Jensen with —g.

Z€ro,

8.12a Y 0 1 10 100
PY=y) 4 4 1 .
8.12b /E[X] > E [\/X] .

8.12¢ /E[X] = 50.25, but E [\/X] -
27.75.

8.18 V has an exponential distribution
with parameter nA\.

8.19a The upper right quarter of the
circle.

8.19b Fz(t) =1/2 + arctan(t)/m.
8.19¢ 1/[r(1 + 22)].

9.2a P(X =0,Y = —1) = 1/6,
P(X =0,Y =1) =0,

P(X =1,Y = —1) = 1/6,

P(X =2,Y =—1) = 1/6,

and P(X =2,Y =1)=0.
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9.2 b Dependent.
9.5a 1/16 <n < 1/4.
9.5b No.
9.6a

U

v 0 1 2

0 1/4 0 1/4 1/2
10 1/2 0 1/2

1/4 1/2 1/4 1

9.6 b Dependent.
9.8a z 0 1 2

w

pz(2) 4 4
z

|
—_
[em RN

9.8b 1 2 3

101 1 1 1 1
pz)884488

X
9.9a Fx(z) = e * for x > 0 and
Fy(y)=1- yfory>0

9.9b f(z,y) =2~ for £ > 0 and
y > 0.

9.9c fx(z) =2e"
e ¥ for y > 0.
9.9d Independent.

9.10a 41/720.

_ 3 232 | 2
9.10b F(a,b) = ;a"b" + Za
9.10c Fx(a) = a®.
9.10d fx(z)=2zfor 0 <z <1
9.10 e Independent.

9.11 27/50.
9.13a 1/7.
9.13b Fr(r)=r*for0<r < 1.
9.13¢c fx(z) = 2V1—22 = fy(z) for
x between —1 and 1.
area (ANO(a,b))

9.15a Since F(a,b) = ¥~ 0"

where [(a,b) is the set of points (z,y),
for which z < a and y < b, one needs to
calculate the areas for the various cases.

9.15b f(z,y) = 2 for (z,y) € A, and
f(z,y) = 0 otherwise.

9.15 ¢ Use the rule on page 122.
9.19a a =52, b=4v2, and c = 18.

2 x> 0and fy(y) =

2p3.
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1(y—n)?
9.19b Use that Ulwef2( v ) is
the probability density function of an
N(u,0?) distributed random variable.

9.19¢ N(0,1/36).

10.1a Cov(X,Y) =
correlated.

10.1b p(X,Y) = 0.0503.
10.2a E[XY] = 0.

10.2b Cov(X,Y) = 0.
10.2¢ Var(X +Y) =4/3.
10.2d Var(X —Y) =4/3.

0.142. Positively

10.5a
a
b 0 1 2
0 8/72 6/712 10/72 1/3
1 12/72 9/72 15/72  1/2
2 4/72 3/72 5/72  1/6
1/3  1/4 5/12 1

10.5b E[X] = 13/12, E[Y] = 5/6, and
Cov(X,Y) = 0.

10.5c Yes.

10.6a E[X]=E[Y] =0 and
Cov(X,Y) =0.

10.6b E[X]=E[Y]=c¢ E[XY] = .
10.6 ¢ No.

10.7a Cov(X,Y) = —1/8.

10.7b p(X,Y)=—-1/2.

10.7 ¢ For € equal to 1/4, 0 or —1/4.
10.9a P(X; =1) = (1-0.001)* = 0.96
and P(X; = 41) = 0.04.

10.9b E[X;] =2.6 and

E[Xl + - +X25] = 65.

10.10a E[X] = 109/50,
E[Y]=157/100, and E[X + Y] = 15/4.
10.10b E[X?] = 1287/250,

E[Y?] = 318/125, and

E[X +Y] = 3633/250.

10.10 ¢ Var(X) = 989/2500,

Var(Y') = 791/10 000, and

Var(X +Y) = 4747/10 000.

10.14 a Use the alternative expression
for the covariance.

10.14 b Use the alternative expression
for the covariance.

10.14 ¢ Combine parts a and b.
10.16 a Var(X) + Cov(X,Y).
10.16 b Anything can happen.

10.16 ¢ X and X +Y are positively cor-
related.

10.18 Solve 0 = N(N —1)(N +1)/12+
N(N — 1)COV(X1,X2).

11.1 a Check that for k between 2 and 6,
the summation runsover ¢ = 1,..., k—1,
whereas for k between 7 and 12 it runs
over { =k —6,...,12.

11.1 b Check that for 2 < k < N, the
summation runs over £ = 1,...,k — 1,
whereas for k between N + 1 and 2N it
runs over { =k — N,...,2N.

11.2 a Check that the summation runs
over £ =0,1,...,k.

11.2b Use that \* =1’ /(A +p)* is equal
to p[(l —p)k_e, with p = p/(A + p).
11.4a E[Z] = —3 and Var(Z) = 81.
11.4b Z has an N(—3,81) distribution.
11.4c P(Z < 6) = 0.8413.

11.5 Check that for 0 < z < 1, the in-
tegral runs over 0 < y < z, whereas for
1<z<2/itrunsover z —1 <y < 1.

11.6 Check that the integral runs over
0<y<=z

11.7 Recall that a Gam(k,\) random
variable can be represented as the sum of
k independent Ezp(\) random variables.

3/ 1 1
11.9a fz(z) = 2(z2 — Z4),for22 1.

af 1 1
11.9b fz(z) = B—a <Z,3+1 - Za+1)7
for z > 1.

12.1e 1: no, 2: no, 3: okay, 4: okay, 5:
okay.

12.5a 0.00049.



12.5b 1 (correct to 8281 decimals).
12.6 0.256.

12.7a A~ 0.192.

12.7b 0.1583 is close to 0.147.

12.7¢ 2.71-107°.

12.8a E[X(X — 1)] = p°.

12.8 b Var(X) = p.

12.11 The probability of the event in
the hint equals (As)"e™*?*/(k!(n — k)!).
12.14a Note:1-1/n — land 1/n — 0.
12.14b E[X,]=(1-1/n) -0+ (1/n) -
m="T.

13.2a E[X;] =0 and Var(X;) = 1/12.
13.2b 1/12.

13.4a n > 63.

13.4b n > 250.

13.4c n > 125.

13.4d n > 240.

13.6 Expected income per game € 1/37,;
per year: € 9865.

13.8a Var(Y,/2h) = 0.171/h+/n.
13.8b n > 801.

13.9a T, is the average of a sequence of
independent and identically distributed
random variables.

13.9b a =E[X7] =1/3.

13.10a P(|M, — 1| >¢) = (1 —e)" for
0<e<1.

13.10b No.
14.2 0.9977.
14.3 17.
14.4 1/2.

14.5 Use that X has the same probabil-
ity distribution as X1 + X2 + -+ + X,,
where Xi, Xo,...,X, are independent
Ber(p) distributed random variables.

14.6a P(X < 25) ~ 0.5, P(X < 26) ~
0.6141.

14.6b P(X <2) ~0.
14.9a 5.71%.
14.9b Yes!
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14.10a 91.

14.10b Use that (M, — ¢)/o has an

N(0,1) distribution.

15.3a

Bin
(0,250]

(250,500
(500,750]
(750,1000]
1000,1250
1250,1500

(
(
(1500,1750
(1750,2000
(
(

Height

0.00297
0.00067
0.00015
0.00008
0.00002
0.00004
0.00004
0

0

0.00002

2250,2500
2250,2500

15.3 b Skewed.

0.003

0.002

0.001

0 500 1000 1500 2000 2500

15.4a

Bin
[0,500]
(500,1000]
1000,1500

1500,2000
2000,2500

Height

0.0012741
0.0003556
( ] 0.0001778
( ] 0.0000741
( ] 0.0000148
(2500,3000] 0.0000148
(3000,3500] 0.0000296
(3500,4000] 0

(4000,4500]  0.0000148
(4500,5000] 0

(5000,5500] 0.0000148
(5500,6000] 0.0000148
(6000,6500] 0.0000148
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15.4b
t Fo(t) t F.(t)
00 3500 0.9704
500 0.6370 4000 0.9704
1000 0.8148 4500 0.9778
1500 0.9037 5000 0.9778
2000 0.9407 5500 0.9852
2500 0.9481 6000 0.9926
3000 0.9556 6500 1

15.4 ¢ Both are equal to 0.0889.

15.5
Bin  Height
(0,1]  0.2250
(1,3] 0.1100
(3,5] 0.0850
(5,8]  0.0400
(8,11] 0.0230
(11,14] 0.0350
(14,18] 0.0225

15.6 F,(7) = 0.9.

15.11 Use that the number of z; in
(a,b] equals the number of x; < b minus
the number of z; < a.

15.12 a Bring the integral into the sum,
change the integration variable to u =
(t — ;) /h, and use the properties of ker-
nel functions.

15.12 b Similar to a.

16.1 a Median: 290.

16.1b Lower quartile: 81; upper quar-
tile: 843; IQR: 762.

16.1c 144.6.

16.3 a Median: 70; lower quartile: 66.25;
upper quartile: 75.

16.3b

81
75

70
66.25

31 o

16.3 ¢ Note the position of 31 in the
boxplot.

16.4a Yes, they both equal 7.056.
16.4b Yes.

16.4c Yes.

16.6a Yes.

16.6 b In general this will not be true.
16.6 c Yes.

16.8 MAD is 3.

16.10 a The sample mean goes to infin-
ity, whereas the sample median changes
to 4.6.

16.10 b At least three elements need to
be replaced.

16.10 ¢ For the sample mean only one;
for the sample median at least | (n+1)/2]
elements.

16.12 7, = (N +1)/2; Med,, = (N +
1)/2.

16.15 Write (z; — ,)? = 27 — 2Zn2; +
-2
Tn-

17.1
N(3,1) N(0,1)  N(0,1)
N(3,1) Ezp(1/3) Ezp(1)
N(0,1) N(0,9) Ezp(1)
N(3,1) N(0,9) Eaxp(1/3)
N(0,9) Ezp(1/3) Ezp(1)



17.2
Bap(1/3) N(0,9) Exp(1/3)
N(,1) N(3,1) Eap(1)
N(0,9)  N(0,9) N(3,1)
Ezp(1) N(3,1) Ezp(1)
N(O,1)  N(O,1) Eap(1/3)

17.3a Bin(10,p).

17.3b p=0.435.

17.5a One possibility is p = 93/331; an-
other is p = 29/93.

17.5b p=474/1285 or p = 198/474.

17.5¢c 0.6281 or 0.6741 for smokers and
0.7486 or 0.8026 for nonsmokers.

17.7 a An exponential distribution.
17.7b One possibility is A = 0.00469.

17.9 a Recall the formula for the vol-
ume of a cylinder with diameter d (at
the base) and height h.

17.9b z, = 0.3022; /T = 0.3028; least
squares: 0.3035.

18.1 5% = 15625. Not equally likely.
18.3a 0.0574.

18.3b 0.0547.

18.3 ¢ 0.000029.

18.4a 0.3487.

18.4b (1—1/n)".

18.5 values 0, £1, +2, and +3 with
probabilities 7/27, 6/27, 3/27, and 1/27.
18.7 Determine from which parametric
distribution you generate the bootstrap
datasets and what the bootstrapped ver-
sion is of X, — pu.

18.8 a Determine from which £ you

generate the bootstrap datasets and
what the bootstrapped version is of X,, —

7
18.8 b Similar to a.

18.8 ¢ Similar to a and b.

18.9 Determine which normal distribu-
tion corresponds to X7, X5,..., X, and
use this to compute P(|X,; — p*| > 1).
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19.1a First show that E [X7] = 6%/3,
and use linearity of expectations.
19.1b /T has negative bias.

19.3 a=1/n,b=0.

19.5 c=n.

19.6 a Use linearity of expectations and
plug in the expressions for E[M,] and
E[X.].

19.6b (nM, — X,)/(n —1).
19.6 ¢ Estimate for §: 2073.5.

19.8 Check that E[Y;] = Bz; and use
linearity of expectations.

20.2a We prefer T'.

20.2b If a < 6 we prefer T'; if a > 6 we
prefer S.

20.3 Ti.
20.4a E[3L-1]
20.4b (N +1)(N
20.4 c 4 times.

20.7 Var(Ti) = (4 — 6%)/n and
Var(Tz) = 0(4 — 6) /n. We prefer Ts.

20.8 a Use linearity of expectations.

=3E[N+1—-M]-1=N.
-2)/2.

20.8 b Differentiate with respect to r.

20.11 MSE(T}) = o*/(3 1132)
MSE(T3) = (o2 /n?) - (1/1’1)7
MSE(Ts) = o n/(} 7 m) :

21.1 Ds.
21.2 p=1/4.

21.4a Usethat Xi,..., X, are indepen-
dent Pois(p) distributed random vari-
ables.

21.4b ((u) = (37, @) In(p)
—In(zi! 22! xp!) —npu, =2
21.4c e "n.

21.5a x,.

I
21.5b \/nzizlaﬁi.
217 |/ T, 2
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21.8a L(@) = 43?39 : (2 + 0)1997 - 632 .
(1 —0)'8° () = In(C) — 38391n(4) +
1997 In(2 + 6) + 321n(6) + 1810In(1 — 6).
21.8b 0.0357.

21.8¢c (—b++/D)/(2n), with b = —n1 +
na +2ns+2n4, and D = (n1 —na2 —2n3 —
2714)2 + 8nno.

21.9 & =z and B = T(n)-

21.11a 1/Z,.

21.11b y,).

22.1a & =2.35, 3= —0.25.

22.1b 7 = —0.1, ro = 0.2, 73 = —0.1.

22.1c The estimated regression line
goes through (0, 2.35) and (3, 1.6).

22.5 Minimize 37" (y; — Bx;)>.

22.6 2218.45.

22.8 The model with no intercept.
22.10a & = 7/3, B = —1, A&, B) =
4/3.

22.10b 17/9 < a < 7/3, a =2.
22.10c a =2, 3= —1.

22.12a Use that the denominator of B
and that > x; are numbers, not random
variables.

22.12b Use that E[Y;] = a + Bz;.
22.12 ¢ Simplify the expression in b.
22.12d Combine a and c.

23.1 (740.55,745.45).

23.2 (3.486, 3.594).

23.5a (0.050, 1.590).

23.5b See Section 23.3.

23.5¢ (0.045, 1.600).

23.6 a Rewrite the probability in terms
of L, and U,.

23.6b (3L, + 7, 3un + 7).
23.6¢c L, =1— U, and U = 1 — Ly,.
The confidence interval: (—4, 3).

23.6d (0,25) is a conservative 95% con-
fidence interval for 6.

23.7 (e ®,e?) = (0.050,0.135).
23.11a Yes.

23.11 b Not necessarily.
23.11 ¢ Not necessarily.

24.1 (0.620,0.769).

24.4a 609.

24.4b No.

24.6a (1.68,00).

24.6 b [0,2.80).

24.8a (0.449,0.812).

24.8b (0.481,1].

24.9a See Section 8.4.
24.9b ¢ =0.779, c, = 0.996.
24.9c¢ (3.013,3.851).

24.9d (m/(1 —a/2)Y™ m/(a/2)*/™).
25.2 Hy:p > 1472,

25.4 a The difference or the ratio of the
average numbers of cycles for the two
groups.

25.4b The difference or the ratio of
the maximum likelihood estimators pi
and ﬁg.

25.4c H; :p1 < p2.

25.5 a Relevant values of Ty are in [0, 5];

those close to 0, or close to 5, are in favor
of H1 .

25.5b Relevant values of T are in [0, 5];
only those close to 0 are in favor of Hj.

25.6 a The p-value is 0.23. Do not reject.

25.6 b The p-value is 0.77. Do not re-
ject.

25.6 ¢ The p-value is 0.968. Do not re-
ject.

25.6d The p-value is 0.019. Reject.
25.6 e The p-value is 0.99. Do not reject.

25.6 f The p-value is smaller than 0.019.
Reject.

25.6g The p-value is smaller than
0.200. We cannot say anything about re-
jection of Hy.

25.10a Hi:p > 23.75.
25.10 b The p-value is 0.0344.
25.11 0.0456.



26.3a 0.1.
26.3b 0.72.

26.5a The p-value is 0.1050. Do not re-
ject Hopj; this agrees with Exercise 24.8 b.

26.5b K ={16,17,...,23}.
26.5c 0.0466.

26.5d 0.6950.

26.6 a Right critical value.

26.6 b Right critical value ¢ = 1535.1;
critical region [1536, co).

26.8a For T we find K = (0, ¢;] and for
T we find K’ = [cy, 1).

26.8b For T we find K = (0,¢] U
[cu,0) and for T’ we find K’ = (0,c}] U
[Cs 1).

26.9a For T we find K = [c,,00) and
for 7' we find K’ = [¢},0) U (0, c},].
26.9b For T we find K = [c,,0) and
for 7' we find K’ = (0, ,].
27.2a Hy : p = 2550 and H,
2550.

27.2b t =1.2096. Do not reject Ho.

Cp
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27.5a Ho: p=0; Hi : p>0;t=0.70.

27.5b p-value: 0.2420. Do not reject
Ho.

27.7Ta Ho: f=0and H,: 3 <0;
tp, = —20.06. Reject Ho.

27.7b Same testing problem;
tp, = —11.03. Reject Ho.

28.1a Ho: p1 = p2 and Hy @ p1 # po;
t, = —2.130. Reject Hy.

28.1b Ho L1 = 2 and H1 AN 7& 23
tqg = —2.130. Reject Ho.

28.1 ¢ Reject Hp. The salaries differ sig-
nificantly.

28.3a t, = 2.492. Reject Hp.
28.3 b Reject Hp.
28.3c tq = 2.463. Reject Hp.
28.3d Reject Hp.

28.5a Determine E [aS§ + 65'32/}, using
that S% and S% are both unbiased for o2.
28.5b Determine E LaS% +(1- a)S)Q/},
using that S% and S% are independent,
and minimize over a.



D

Full solutions to selected exercises

2.8 From the rule for the probability of a union we obtain P(D; U D2) < P(D1) +
P(D;) = 2- 1075, Since Dy N Dy is contained in both D; and Dy, we obtain
P(D1 N Dy) < min{P(D1),P(D>)} = 107°%. Equality may hold in both cases: for
the union, take Dy and Ds disjoint, for the intersection, take D; and D2 equal to
each other.

2.12 a This is the same situation as with the three envelopes on the doormat, but
now with ten possibilities. Hence an outcome has probability 1/10! to occur.

2.12b For the five envelopes labeled 1,2,3,4,5 there are 5! possible orders, and
for each of these there are 5! possible orders for the envelopes labeled 6,7,8,9, 10.
Hence in total there are 5! - 5! outcomes.

2.12 ¢ There are 32-5!-5! outcomes in the event “dream draw.” Hence the probability
is 32-5!5!/100 =32-1-2-3-4-5/(6-7-8-9-10) = 8/63 =12.7 percent.

2.14 a Since door a is never opened, P((a,a)) = P((b,a)) = P((¢,a)) = 0. If the can-
didate chooses a (which happens with probability 1/3), then the quizmaster chooses
without preference from doors b and c. This yields that P((a,b)) = P((a,c)) = 1/6.
If the candidate chooses b (which happens with probability 1/3), then the quizmas-
ter can only open door c. Hence P((b,¢)) = 1/3. Similarly, P((c,b)) = 1/3. Clearly,
P((b,8)) = P((c,c)) = 0.

2.14b If the candidate chooses a then she or he wins; hence the corresponding
event is {(a, a), (a,b), (a,c)}, and its probability is 1/3.

2.14c To end with a the candidate should have chosen b or c¢. So the event is
{(b,0), (c,b)} and P({(b, ), (c,b)}) = 2/3.

2.16 Since EN F NG = 0, the three sets EN F, FNG, and EN G are disjoint.
Since each has probability 1/3, they have probability 1 together. From these two
facts one deduces P(E) = P(EN F)+P(ENG) = 2/3 (make a diagram or use that
E=EnN(ENF)UEN(FNG)UEN(ENG)).

3.1 Define the following events: B is the event “point B is reached on the second
step,” C' is the event “the path to C' is chosen on the first step,” and similarly we
define D and E. Note that the events C, D, and E are mutually exclusive and that
one of them must occur. Furthermore, that we can only reach B by first going to C
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or D. For the computation we use the law of total probability, by conditioning on
the result of the first step:

P(B)=P(BNC)+P(BND)+P(BNE)
=P(B|C)P(C)+P(B|D)P(D)+P(B|E)P(E)
11 4 11 4 1 0= 7
33 4 3 3 36
3.2a Event A has three outcomes, event B has 11 outcomes, and AN B =
{(1,3),(3,1)}. Hence we find P(B) = 11/36 and P(AN B) = 2/36 so that
P(ANB) 2/36 2
P(A|B) = = = .
(4] B) P(B) 11/36 11
3.2b Because P(A) = 3/36 = 1/12 and this is not equal to 2/11 = P(A| B) the
events A and B are dependent.

3.3 a There are 13 spades in the deck and each has probability 1/52 of being chosen,
hence P(S1) = 13/52 = 1/4. Given that the first card is a spade there are 13—1 = 12
spades left in the deck with 52 — 1 = 51 remaining cards, so P(S2|S1) = 12/51. If
the first card is not a spade there are 13 spades left in the deck of 51, so P(S2 | ST) =
13/51.

3.3b We use the law of total probability (based on Q = S; U ST):

P(Sz) = P(SQ n Sl) + P(SQ n Si) = P(SQ | 51) P(Sl) + P(SQ | Si) P(Si)
12 1,13 3 12439 1
T 51451 4 51-4 4
3.7a The best approach to a problem like this one is to write out the conditional
probability and then see if we can somehow combine this with P(A) = 1/3 to
solve the puzzle. Note that P(BNA°) = P(B|A°)P(A°) and that P(AUB) =
P(A) +P(BnN A°). So

11 1N 11 1
P(AUB) = (1= )= =,
( ) 3+4( 3) 37672

3.7b From the conditional probability we find P(A°N B¢) = P(A°|B°)P(B°) =
3 (1 =P(B)). Recalling DeMorgan’s law we know P(A°N B¢) = P((AUB)") =
1—P(AU B) = 1/3. Combined this yields an equation for P(B): } (1 — P(B)) =1/3

2
from which we find P(B) = 1/3.

3.8 a This asks for P(W). We use the law of total probability, decomposing Q =
F U F°. Note that P(W | F') = 0.99.

PW)=PWNFE)+PWNF)=PW|F)P(F)+P(W|F°)P(F°)
=0.99-0.1+0.02-0.9=0.099 +0.018 = 0.117.

3.8 b We need to determine P(F | W), and this can be done using Bayes’ rule. Some
of the necessary computations have already been done in a, we can copy P(W N F)
and P(W) and get:

P(FNW) _ 0.099

P(EIW) = P(W) ~ 0.117

= 0.846.
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4.1a In two independent throws of a die there are 36 possible outcomes, each
occurring with probability 1/36. Since there are 25 ways to have no 6’s, 10 ways to
have one 6, and one way to have two 6’s, we find that pz(0) = 25/36, pz (1) = 10/36,
and pz(2) = 1/36. So the probability mass function pz of Z is given by the following
table:

z 0o 1 2

25 10 1
pz(2) 36 36 36

The distribution function Fz is given by

0 fora <0
25
<
Fz(a) =432 10 _ 35 ior(l);a<;
36 T 36 = 36 orlsa<

§2+§2+316:1 for a > 2.
Z is the sum of two independent Ber(1/6) distributed random variables, so Z has
a Bin(2,1/6) distribution.

4.1 b If we denote the outcome of the two throws by (i,5), where ¢ is the out-
come of the first throw and j the outcome of the second, then {M = 2,Z =0} =
{@21),(1,2),(2,2) 1, {5=5,Z2=1} =0,{S =82 =1} = {(6,2), (2,6) }. Fur-
thermore, P(M =2,Z =0) = 3/36, P(S=5,Z2=1) =0, and P(S=8,Z=1) =
2/36.

4.1 c The events are dependent, because, e.g., P(M =2,Z =0) = 336 differs from
P(M=2)-P(Z=0)= . -5

4.10 a Each R; has a Bernoulli distribution, because it can only attain the values 0
and 1. The parameter is p = P(R; = 1). It is not easy to determine P(R; = 1), but
it is fairly easy to determine P(R; = 0). The event {R; = 0} occurs when none of
the m people has chosen the ith floor. Since they make their choices independently
of each other, and each floor is selected by each of these m people with probability

1/21, it follows that
20\"™
pir == (2)".

Now use that p=P(R; = 1) =1 — P(R; = 0) to find the desired answer.

4.10b If {R; = 0},...,{R20 = 0}, we must have that {Rz1 = 1}, so we cannot
conclude that the events {R1 = a1},...,{R21 = a21}, where a; is 0 or 1, are indepen-
dent. Consequently, we cannot use the argument from Section 4.3 to conclude that
Sm is Bin(21,p). In fact, Sp, is not Bin(21,p) distributed, as the following shows.
The elevator will stop at least once, so P(S,, = 0) = 0. However, if S,, would have
a Bin(21,p) distribution, then P(S,, = 0) = (1 —p)?' > 0, which is a contradiction.

4.10 ¢ This exercise is a variation on finding the probability of no coincident birth-
days from Section 3.2. For m = 2, S5 = 1 occurs precisely if the two persons entering
the elevator select the same floor. The first person selects any of the 21 floors, the
second selects the same floor with probability 1/21, so P(S2 = 1) = 1/21. For m = 3,
S3 = 1 occurs if the second and third persons entering the elevator both select the
same floor as was selected by the first person, so P(S3 =1) = (1/21)® = 1/441.
Furthermore, S3 = 3 occurs precisely when all three persons choose a different floor.
Since there are 21 - 20 - 19 ways to do this out of a total of 212 possible ways, we
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find that P(Ss = 3) = 380/441. Since Ss can only attain the values 1,2, 3, it follows
that P(Ss = 2) = 1 — P(S5 = 1) — P(Ss = 3) = 60/441.

4.13 a Since we wait for the first time we draw the marked bolt in independent
draws, each with a Ber(p) distribution, where p is the probability to draw the bolt
(so p=1/N), we find, using a reasoning as in Section 4.4, that X has a Geo(1/N)
distribution.

4.13b Clearly, P(Y =1) = 1/N. Let D; be the event that the marked bolt was
drawn (for the first time) in the ith draw. For k = 2,..., N we have that

P(Y =k) =P(D{N---NDi_1 N Dy)

=P(Dr|DiN---NDi_y)-P(DIN---NDj_4).
Now P(Dy | DS N --- N DE ) =

1
N—k+1°

P(D{N---ND§ ;) =P(D{_,|D{N---ND§ ) - P(D{N--- N Df ),

and
1
P(Dy_1|DiNn---ND;_1)=1—P(Dg_1|DiN---NDj_1)=1-— .
(Dx—1| DI N k1) (Dp—1| DI ---NDi_yq) N_kio
Continuing in this way, we find after k steps that
1 N—-—k+1 N—-k+2 N-2 N-1 1

P(Y:k):N—k+1'N—kz+2'N—k+3"'N—1' N N°

See also Section 9.3, where the distribution of Y is derived in a different way.

4.13¢ For k=0,1,...,r, the probability P(Z = k) is equal to the number of ways
the event {Z = k} can occur, divided by the number of ways (]:) we can select r
objects from N objects, see also Section 4.3. Since one can select k marked bolts
from m marked ones in (') ways, and r —k nonmarked bolts from N —m nonmarked

ones in (me

) ways, it follows that

(20

P(Z=k)= (NT) , fork=0,1,2,...,r.
5.4a Let T be the time until the next arrival of a bus. Then T has U(4,6) distri-
bution. Hence P(X < 4.5) = P(T' < 4.5) = [,"°1/2dz = 1/4.
5.4 b Since Jensen leaves when the next bus arrives after more than 5 minutes,
P(X=5)=P(T>5)= [0 Ldz=1/2.
5.4 ¢ Since P(X =5) = 0.5 > 0, X cannot be continuous. Since X can take any of
the uncountable values in [4, 5], it can also not be discrete.

5.8 a The probability density g(y) = 1/(2,/ry) has an asymptote in 0 and decreases
to 1/2r in the point r. Outside [0, 7] the function is 0.

5.8 b The second darter is better: for each 0 < b < r one has (b/r)* < \/b/r so the
second darter always has a larger probability to get closer to the center.

5.8 ¢ Any function F' that is 0 left from 0, increasing on [0, r], takes the value 0.9
in /10, and takes the value 1 in r and to the right of r is a correct answer to this
question.
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5.13 a This follows with a change of variable transformation « — —z in the integral:
b(—a)= [ ¢(x)dz = [T ¢(—z)dz = [° ¢(x)dz =1 — D(a).
5.13 b This is straightforward: P(Z < —2) = ®(—2) =1 — ®(2) = 0.0228.
6.5 We see that
X<a & —-lnU<a & InU>-a & U>e “
and so P(X <a) = PU>e %) = 1-PU<e ®) = 1—e“ where we use
P(U <p)=pfor 0 <p<1 applied to p=e~® (remember that a > 0).
6.7 We need to obtain F'™, and do this by solving F(z) = u, for 0 < u < 1:

l-e ™ =y & ¥ =l-u « —52° = In(1 — u)

& 2'=-02Im(1-u) & z=+/-02In(1-u).

The solution is Z = v/—0.2In U (replacing 1 — U by U, see Exercise 6.3). Note that
Z? has an Ezp(5) distribution.

6.10 a Define random variables B; = 1 if U; < p and B; = 0 if U; > p. Then
P(B;i =1) = p and P(B; =0) = 1 — p: each B; has a Ber(p) distribution. If B; =
By = -+ = Bir_1 = 0 and By = 1, then N = k, i.e.;, N is the position in the
sequence of Bernoulli random variables, where the first 1 occurs. This is a Geo(p)

distribution. This can be verified by computing the probability mass function: for
k>1,

P(N=k)=P(Bi=Bs=--=By_1 =0,B; = 1)
— P(Bi = 0) P(Bs = 0) --- P(Br_s = 0) P(By = 1)
=(1-p)" "p

6.10b If Y is (a real number!) greater than n, then rounding upwards means we
obtain n 4+ 1 or higher, so {Y > n} = {Z > n+ 1} = {Z > n}. Therefore,
P(Z>n)=P(Y >n)=e¢ " = (efA)n. From A = —In(1 — p) we see: e * =1 —p,
so the last probability is (1 — p)™. From P(Z >n—1) = P(Z =n) + P(Z > n) we
find: P(Z=n)=P(Z>n—-1)-P(Z>n)=1-p)" '—(1-p)"=1-p)" 'p.
Z has a Geo(p) distribution.

6.12 We need to generate stock prices for the next five years, or 60 months. So we
need sixty U(0, 1) random variables Ui, ..., Uso. Let S; denote the stock price in
month 4, and set So = 100, the initial stock price. From the U; we obtain the stock
movement, as follows, for i =1,2,...:

0.9585;,—1 if U; <0.25,
Si =4 Si—1 if 0.25 < U; <0.75,
1.05S5;,—1 if U; > 0.75.

We have carried this out, using the realizations below:

1-10: 0.72 0.03 0.01 0.81 0.97 0.31 0.76 0.70 0.71 0.25
11-20: 0.88 0.25 0.89 0.95 0.82 0.52 0.37 0.40 0.82 0.04
21-30: 0.38 0.88 0.81 0.09 0.36 0.93 0.00 0.14 0.74 0.48
31-40: 0.34 0.34 0.37 030 0.74 0.03 0.16 0.92 0.25 0.20
41-50: 0.37 0.24 0.09 0.69 0.91 0.04 0.81 0.95 0.29 0.47
51-60: 0.19 0.76 0.98 0.31 0.70 0.36 0.56 0.22 0.78 0.41
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We do not list all the stock prices, just the ones that matter for our investment
strategy (you can verify this). We first wait until the price drops below € 95, which
happens at S4 = 94.76. Our money has been in the bank for four months, so we own
€1000 - 1.005* = €1020.15, for which we can buy 1020.15/94.76 = 10.77 shares.
Next we wait until the price hits € 110, this happens at Si5s = 114.61. We sell the
our shares for €10.77 - 114.61 = € 1233.85, and put the money in the bank. At
Si2 = 92.19 we buy stock again, for the € 1233.85 - 1.005%7 = €1411.71 that has
accrued in the bank. We can buy 15.31 shares. For the rest of the five year period
nothing happens, the final price is Seo = 100.63, which puts the value of our portfolio
at € 1540.65.
For a real simulation the above should be repeated, say, one thousand times. The
one thousand net results then give us an impression of the probability distribution
that corresponds to this model and strategy.
7.6 Since f is increasing on the interval [2, 3] we know from the interpretation of
expectation as center of gravity that the expectation should lie closer to 3 than to 2.
The computation: E[Z] = [} 2 2%dz = [ 2 zﬂg =22,
7.15a We use the change-of-units rule for the expectation twice:
Var(rX) = E[(rX - E[rX]*)] = E[(rX —rE[X])?]
=E[r(X —E[X]))?] =r’E[(X — E[X])*] = r*Var(X).
7.15b Now we use the change-of-units rule for the expectation once:
Var(X +s) = E[((X +s) — E[X + s])?]
=E[(X +s) —E[X]+5)’] =E[(X - E[X])?] = Var(X).
7.15 ¢ With first b, and then a: Var(rX + s) = Var(rX) = r*Var(X) .
7.17a Since a; > 0 and p; > 0 it must follow that aipi + --- + arpr > 0. So
0=E[U] =aip1+---+arpr > 0. As we may assume that all p; > 0, it follows that
a1 =a2=---=ar =0.
7.17b Let m = E[V] = p1b1+- - -+p,b,. Then the random variable U = (V-E[V])?
takes the values a1 = (b1 —m)?, ..., a, = (br —m)?. Since E[U] = Var(V) = 0, part
a tells us that 0 = a1 = (b1 — m)%,...,0 = a, = (b, — m)?. But this is only
possible if by = m,...,b, = m. Since m = E[V], this is the same as saying that
P(V=E[V]) =1.
8.2 a First we determine the possible values that Y can take. Here these are —1,0,

and 1. Then we investigate which z-values lead to these y-values and sum the prob-
abilities of the z-values to obtain the probability of the y-value. For instance,
1 1

P(Y:O):P(X:2)+P(X:4)+P(X:6):6+é+é:2.

Similarly, we obtain for the two other values

1 1

P(Y = —1) = P(X = 3) P(Y=1)=P(X =1)+P(X =5) =

= 5
8.2b The values taken by Z are —1, 0, and 1. Furthermore
1 1 1 1
P(Z=0)=P(X=1)+P(X =3)+P(X =5)= 66 6" o

and similarly P(Z = —1) =1/3 and P(Z =1) = 1/6.
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8.2 ¢ Since for any « one has sin?(a) 4 cos?(a) = 1, W can only take the value 1,
soP(W=1)=1.

8.10 Because of symmetry: P(X > 3) = 0.500. Furthermore: 0® = 4, so o = 2.
Then Z = (X —3)/2 is an N(0, 1) distributed random variable, so that P(X < 1) =
P((X—3)/2)<(1-3)/2=P(Z<—1)=P(Z > 1) =0.1587.

8.11 Since —g is a convex function, Jensen’s inequality yields that —g(E[X]) <
E[—g(X)]. Since E[—g(X)] = —E[g(X)], the inequality follows by multiplying both
sides by —1.

8.12a The possible values Y can take are VO = 0, /1 = 1, /100 = 10, and
v/10000 = 100. Hence the probability mass function is given by

Y 0 1 10 100

4 4 4 4

8.12b Compute the second derivative: dd; VT = —ix_3/2 < 0. Hence g(z) = —v/x

is a convex function. Jensen’s inequality yields that \/E [X]>E [\/X]

8.12¢ We obtain /E[X] = /(0 + 1+ 100+ 10000)/4 = 50.25, but
E[vVX] = E[Y] = (0+1+10+ 100)/4 = 27.75.

8.19 a This happens for all ¢ in the interval [7/4, 7 /2], which corresponds to the
upper right quarter of the circle.

8.19b Since {Z <t} = {X < arctan(t)}, we obtain
Fz(t) =P(Z <t)=P(X < arctan(t)) = ; + ! arctan(t).
T

8.19 ¢ Differentiating Fz we obtain that the probability density function of 7 is

d d /1 1 1
fz(z) = | Fz(z) = s <2 + arctan(z)) = (14 22) for —oo0 < z < 0.

dz

9.2a FromP(X =1,Y =1) =1/2, P(X = 1) = 2/3, and the fact that P(X =1) =
P(X=1,Y =1) + P(X = 1,Y = —1), it follows that P(X =1,V = —1) = 1/6.
Since P(Y =1) =1/2 and P(X =1,Y =1) = 1/2, we must have: P(X =0,Y =1)
and P(X = 2,Y = 1) are both zero. From this and the fact that P(X =0) =1/6 =
P(X = 2) one finds that P(X =0,Y = —1) = 1/6 = P(X = 2,Y = —1).

9.2b Since, e.g., P(X =2,Y = 1) = 0 is different from P(X =2)P(Y =1) = |- ],
one finds that X and Y are dependent.

9.8 a Since X can attain the values 0 and 1 and Y the values 0 and 2, Z can attain
the values 0, 1, 2, and 3 with probabilities: P(Z =0) = P(X =0,Y =0) = 1/4,
P(Z=1) = P(X=1,Y=0) =1/4, P(Z=2) = P(X=0,Y =2) = 1/4, and
P(Z=3)=P(X=1Y=2)=1/4.

9.8b Since X = Z — Y, X can attain the values —2, —1, 0, 1, 2, and 3 with
probabilities
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P(X:—z) :P(Z: ,17:2) =1/8,

P(X:—1) :P(Z:LY/:Q) =1/8,
P(~ :0) :P(Z:O,?:0)+P(Z:27Y:2):1/4,
P(" :1) :P(Z:l,f’:O)—f—P(Z—?),Y/:Q):1/4,
P()”(:z) :P(Zzz,f/:o) —1/8,
P(X—3) :P(Z:g,~ :O):I/S.

We have the following table:
z -2 -1 0 1 2 3
pe(z)  1/8 1/8 1/4 1/4 1/8 1/8
9.9a One has that Fx(z) = limy—o F(z,y). So for x < 0: Fx(z) = 0, and for

x> 0: Fx(z) = F(z,00) = 1 — ¢~ 2*. Similarly, Fy (y) = 0 for y < 0, and for y > 0:
Fy(y) = F(oco,y) =1—e"".

9.9b For x > 0 and y > 0: f(x,y) = 8328yF(x,y) = 2V —e )y =
2e—(2z+y)

9.9 ¢ There are two ways to determine fx (z):

fx(z) = / f(z,y)dy = / e Ty =272 forz >0
. o

and d
fx(z)= da:FX (z) =2 forz > 0.
Using either way one finds that fy(y) =e™¥ for y > 0.

9.9d Since F(z,y) = Fx(z)Fy(y) for all z,y, we find that X and Y are indepen-
dent.

9.11 To determine P(X < Y') we must integrate f(x,y) over the region G of points
(x,%) in R? for which z is smaller than y:

P(X < V) = //{(m,y)ERz;Ky} f(,y) dz dy
- ’ fz,y)de | dy = 1 ’ 12al7y(1 +y)dx | dy
o\ 0 0o O

12 1 v 12 [t 4 27
= 1 dz | dy = 1 dy=-".
2 v ([Cea)an= 33 [ arnan=2

Here we used that f(x,y) = 0 for (z,y) outside the unit square.

9.15a Setting [(a,b) as the set of points (x,y), for which z < a and y < b, we
have that

area (A NO(a,b))
area of A ’
e Ifa<O0orifb<0 (or both), then area (A N(a,b)) =0, so F(a,b) =0,

F(a,b) =
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If (a,b) € A, then area (A NO(a,b)) = a(b—
If0<b<1, and a > b, then area (A NO(a, b)
If0<a<1,andb>1, then area (ANDO(a,b)) = ,s0 I
b)) =
(

If both @ > 1 and b > 1, then area (AN IZI(a7

9.15b Since f(z,y) = afzyF(x,y), we find for (z,y) € A that f(z,y) = 2. Fur-
thermore, f(z,y) =0 for (z,y) outside the triangle A.

9.15c¢ For = between 0 and 1,

fx<a:>:/_Zf@:,y)dy:/:zdy:za—x>.

For y between 0 and 1,

fy<y>:/_°° f(w,y>dy:/0y2dx:2y.

10.6 a When ¢ = 0, the joint distribution becomes

b -1 0 1 P(Y =b)
-1 2/45 9/45 4/45 1/3
0 7/45 5/45 3/45 1/3
1 6/45 1/45 8/45 1/3
P(X=a) 1/3 1/3 1/3 1

We find E[X] = (=1)- ; +0- 1 +1-; =0, and similarly E[Y] = 0. By leaving out

terms where either X = 0 or Y = 0, we find

E[XY]=(—1)-(—1)~425+(—1)-1-445+1-(—1)- 6 11.1.8 2,

45 45
which implies that Cov(X,Y) =E[XY] - E[X]E[Y] = 0.
10.6 b Note that the variables X and Y in part b are equal to the ones from part a,
shifted by c. If we write U and V for the variables from a, then X = U + ¢ and
Y =V + ¢. According to the rule on the covariance under change of units, we then
immediately find Cov(X,Y) = Cov(U + ¢,V +¢) = Cov(U,V) =0
Alternatively, one could also compute the covariance from Cov(X,Y) = E[XY] —
E[X]E[Y]. We find E[X] = (c—1)- } +¢- 4+ (c+1)- 5 = ¢, and similarly E[Y] = c.
Since

E[XY]:(c—l)-(c—l)~425—&-(c—l)-c-495—&-(c—!—l)-(c—&-l)~445
—|—c~(c—1)-475—&—c~c-455+c-(c+1)-435
et D) (e—1)- O tletD) e - (et (etD): o =

45 " 45 45

we find Cov(X,Y) =E[XY]-E[X]E[Y]=c>—c-c=0.
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10.6 ¢ No, X and Y are not independent. For instance, P(X =¢,Y = c+ 1) = 1/45,
which differs from P(X =¢) P(Y =c+1) =1/9.

10.9 a If the aggregated blood sample tests negative, we do not have to perform
additional tests, so that X; takes on the value 1. If the aggregated blood sample
tests positive, we have to perform 40 additional tests for the blood sample of each
person in the group, so that X; takes on the value 41. We first find that P(X; = 1) =
P(no infections in group of 40) = (1 — 0.001)*® = 0.96, and therefore P(X; = 41) =
1-P(X; =1)=0.04

10.9b First compute E[X;] = 1:0.96441-0.04 = 2.6. The expected total number of
testsis E[X1 + Xo + -+ + Xo5] = E[X1]|+E[Xo]+- - -+ E[Xas5] = 25-2.6 = 65. With
the original procedure of blood testing, the total number of tests is 25-40 = 1000. On
average the alternative procedure would only require 65 tests. Only with very small
probability one would end up with doing more than 1000 tests, so the alternative
procedure is better.

10.10a We find

oo 3 3
_ _ 2 3 2 2 09 4,7 4] 109
E[X]_/_ooxfx(x)dw—/o gos (02 +727)dz = [4” HER
[e] 2 2
1,3 2 173, 3 157
E[Y] = dy = 3y° + 12y%) dy = 4
[Y] /_myfy(y)y /1 o5 (By” +12y7) dy 25[4y+y}1 100°
so that E[X + Y] =E[X] + E[Y] = 15/4.
10.10b We find
2] _ 2 _ 2 0.4 sy, 2 [9 5 T 47 1287
E[X]_/,wxfx(w)dx_/o 225 0 FTE) A= 55 {5“’ +4“’]0_ 250 °

> 1 13 318
E[Y?] :/ Y’ fr (y) dy :/ o5 (' T 12y dy = {5;/5 +3y4] =
- 1

3 2 3 2
E[XY] = / / zyf(z,y)dyde = / / 2 (22°y° + 2%y%) dy da
0o 1 o J1 T
4 3

3, Z 2 2 2 5
:75/036(/1ydy)dx+75/0x</lydy)dx

47 3 4 215 (3, 171
_753/0xdx+754/0xdx_ 50

so that B [(X +Y)?] = E[X?] + E[Y?] + 2E[XY] = 3633/250.
10.10c We find

var(x) = B3] - i) = o - () =

250 50 ) 2500
_omrv2l o 318  (157\* _ 791
Var(v) = B[YT] = (BI])" = (100) ~ 10000’
B 5 > 3633 (15\° 939
Var(X +Y) =E[(X +Y)*] - (E[X +Y])* = 550 <4) = 9000"

Hence, Var(X) 4 Var(Y) = 0.4747, which differs from Var(X +Y) = 0.4695.
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10.14 a By using the alternative expression for the covariance and linearity of ex-
pectations, we find

Cov(X +s,Y +u)
=E[(X+s) (Y +u)]—E[X +s]|E[Y + ]
=E[XY +sY +uX + sul — (E[X]+ s)(E[Y] + u)
= (E[XY]+sEY]+uE[X] + su) — (E[X]E[Y] + sE[Y] + uE[X] + su)
= E[XY] - E[X]E[Y]
=Cov(X,Y).

10.14 b By using the alternative expression for the covariance and the rule on
expectations under change of units, we find

Cov(rX,tY) = E[(rX)(tY)] — E[rX]E[tY]
=E[rtXY] - (rE[X])(tE[Y])
=rtE[XY] - rE[X]|E[Y]
=rt(E[XY]-E[X]E[Y])
= rtCov(X,Y).

10.14 ¢ First applying part a and then part b yields
Cov(rX + s,tY +u) = Cov(rX,tY) = rtCov(X,Y).

10.18 First note that X1 + X + -+ + X is the sum of all numbers, which is
a nonrandom constant. Therefore, Var(X; + X2 4+ -+ Xn) = 0. In Section 9.3
we argued that, although we draw without replacement, each X; has the same
distribution. By the same reasoning, we find that each pair (X;, X;), with i # j,
has the same joint distribution, so that Cov(X;, X;) = Cov(X1, X2) for all pairs
with i # j. Direct application of Exercise 10.17 with o? = (N — 1)(N + 1) and
~v = Cov (X1, X2) gives

(N-1)(N+1)
12
Solving this identity gives Cov (X1, X2) = —(N +1)/12.

11.2 a By using the rule on addition of two independent discrete random variables,
we have

0= Var(X; + Xa+---+Xy) =N - + N(N = 1)Cov (X1, Xa) .

P(X +Y = k) = pz(k) = 3 px(k — Opy (0).
=0

Because px(a) =0 for a < —1, all terms with ¢ > k + 1 vanish, so that

k 1kt . 1¢ . o2 k k ok L
P(X+Y:k)=2(k_é)!e et = k!Z o=
=0

£=0

also using Z?:o (’z) = 2% in the last equality.



456 D Full solutions to selected exercises

11.2 b Similar to part a, by using the rule on addition of two independent discrete
random variables and leaving out terms for which px(a) = 0, we have

k k—t L k—t z
oy A A Ky (>\+M —(A+u) A
P(X-i—Y—k)—Z(k_g)!e ne = Z )\"‘M

£=0

Next, write

Ak*ll‘/ I 4 A k—¢ L 4 L k—¢ . ot
(>\+M)k_()\+ﬂ) </\+u) _</\+u) <1_/\+M) =ril-p)

with p = /(A + p). This means that

P(X+Y =k) = (A + “ e Z < > _ )t = (A Z!M) o),

using that >5_; (5)p’(1 —p)F~* = 1.

11.4a From the fact that X has an N(2,5) distribution, it follows that E[X] =
2 and Var(X) = 5. Similarly, E[Y] = 5 and Var(Y) = 9. Hence by linearity of
expectations,

E[Z]=E[3X —2Y +1]=3E[X]-2E[Y]+1=3-2—-2-5+1=-3.
By the rules for the variance and covariance,
Var(Z) = 9Var(X) +4Var(Y) — 12Cov(X,Y) =9-5+4-9—12-0 = 81,

using that Cov(X,Y’) = 0, due to independence of X and Y.

11.4b The random variables 3X and —2Y + 1 are independent and, according to
the rule for the normal distribution under a change of units (page 106), it follows
that they both have a normal distribution. Next, the sum rule for independent
normal random variables then yields that Z = (3X) 4+ (—2Y + 1) also has a normal
distribution. Its parameters are the expectation and variance of Z. From a it follows
that Z has an N(—3,81) distribution.

11.4c From b we know that Z has an N(—3,81) distribution, so that (Z + 3)/9
has a standard normal distribution. Therefore

P(Z§6)=P<Z;3§6;3) —o(1),

where @ is the standard normal distribution function. From Table B.1 we find that
®(1) =1—0.1587 = 0.8413.

11.9a According to the product rule on page 160,

i z 1 =1 31

/1 Iy (a:)fx(w)a:dm_/l (z)2x4xdm
3 1 03[ 1 L7 31 1
_22/1 x3dx_22{ 2” ]1_222(1 22)

fz(2)
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11.9b According to the product rule,

/:fY (;)fx(x)idxz/lz ( )ﬁﬂ+l m3+lidx

z
x

fz(2)

_ oB Zxﬁfaflda:: af [xﬁiar: af ! (l—z’gfa)

T B+ ) 281 | B — « a— 3 2B8+1

o ap 1 1

T B —a \ 2! T gt )
12.1 e This is certainly open to discussion. Bankruptcies: no (they come in clusters,
don’t they?). Eggs: no (I suppose after one egg it takes the chicken some time to
produce another). Examples 3 and 4 are the best candidates. Example 5 could be

modeled by the Poisson process if the crossing is not a dangerous one; otherwise
authorities might take measures and destroy the homogeneity.

12.6 The expected numbers of flaws in 1 meter is 100/40 = 2.5, and hence
the number of flaws X has a Pois(2.5) distribution. The answer is P(X =2) =
2 (2.5)%e7%% = 0.256.

12.7 a It is reasonable to estimate A with (nr.of cars)/(total time in sec.) = 0.192.
12.7b 19/120 = 0.1583, and if A = 0.192 then P(N(10) = 0) = e~ %9210 = 0.147.

12.7 ¢ P(N(10) = 10) with A from a seems a reasonable approximation of this prob-
ability. It equals e” % - (0.192 - 10)'°/10! = 2.71 - 10~°.

12.11 Following the hint, we obtain:

P(N([0,s] = k,N([0,2s]) =n) = P(N([0,s]) =k, N((s,2s]) =n —k)
= P(N([0,s]) = k) - P(N((s,2s]) =n—k)
= (hs)Fe ™ (k) - (As)" e /(m — k)
= (As)"e 2 /(k!(n — k)!).

So

P(N([0, s]) = k, N([0, 25]) = n)
P(N([0,2s]) = n)

n!/(kl(n —k)!) - (As)"/(2Xs)"

nl/(kl(n — k)!) - (1/2)™.

This holds for k =0,...,n, so we find the Bin(n, }) distribution.

13.2a From the formulas for the U(a,b) distribution, substituting a = —1/2 and
b=1/2, we derive that E[X;] = 0 and Var(X;) = 1/12.

13.2 b We write S = X1 —|—X2 —+ .- +X1007 fOI‘ Wthh we ﬁnd E[S] = E[Xl] + -+
E[X100] = 0 and, by independence, Var(S) = Var(X1)+ - -+ Var(Xi00) = 100}, =
100/12. We find from Chebyshev’s inequality:

P(N([0,s]) = k| N([0,2s]) = n) =

Var(S) 1

B — 10) < = .
P(S| > 10) = P(Is — 0] > 10) < "7 =
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13.4a Because X; has a Ber(p) distribution, E[X;] = p and Var(X;) = p(1 - p),
and so E[X,] = p and Var(X,) = Var(X;)/n = p(1 — p)/n. By Chebyshev’s
inequality:
- p(1—p)/n _ 25p(1—p)
P(| X, —p| >0.2) < = .
(I pl202) < (0.2)2 n

The right-hand side should be at most 0.1 (note that we switched to the comple-
ment). If p = 1/2 we therefore require 25/(4n) < 0.1, or n > 25/(4 - 0.1) = 62.5,
i.e,, n > 63. Now, suppose p # 1/2, using n = 63 and p(1 — p) < 1/4 we conclude
that 25p(1 —p)/n < 25-(1/4)/63 = 0.0992 < 0.1, so (because of the inequality) the
computed value satisfies for other values of p as well.

13.4b For arbitrary a > 0 we conclude from Chebyshev’s inequality:

- p(l—p)/n  p(l—0p) 1
P(| X, —p|>a) < = < ,
(I pl=a) < a? na? ~ 4na?
p) < 1/4 again. The question now becomes: when a = 0.1, for

where we used p (1 —
2) €0.1? We find: n > 1/(4-0.1-(0.1)?) = 250, so n = 250 is large

what n is 1/(4na
enough.

13.4 ¢ From part a we know that an error of size 0.2 or occur with a probability
of at most 25/4n, regardless of the values of p. So, we need 25/(4n) < 0.05, i.e.,
n > 25/(4-0.05) = 125.

13.4d We compute P(X, <0.5) for the case that p = 0.6. Then E [X,] = 0.6
and Var (Xn) = 0.6-0.4/n. Chebyshev’s inequality cannot be used directly, we need
an intermediate step: the probability that X, < 0.5 is contained in the event “the
prediction is off by at least 0.1, in either direction.” So

06-04/n 24

P(X, <0.5) <P(|X, —0.6] >0.1) < '(0.1')2 =

For n > 240 this probability is 0.1 or smaller.

13.9a The statement looks like the law of large numbers, and indeed, if we look
more closely, we see that T}, is the average of an ii.d. sequence: define Y; = X2,
then T, = Y,. The law of large numbers now states: if Y, is the average of n
independent random variables with expectation p and variance o2, then for any
e>0: limp oo P (|Y —pl > E) = 0. So, if a = p and the variance o2 is finite, then
it is true.

13.9b We compute expectation and variance of Y;: E[Y;] = E [Xf] = 1 ! x2 dr =
1/3. And: E[Y?] = E[X}] = [*, la*da = 1/5, so Var(Y;) = 1/5 — (1/3) = 4/45.
The variance is finite, so indeed, the law of large numbers applies, and the statement
is true if a = E[X7] =1/3.

14.3 First note that P(|X,, — p[ < 0.2) =1-P(X,, —p > 0.2)—P(X, —p < —0.2).
Because p = p and o2 = p(1 — p), we find, using the central limit theorem:

- _ " Xn—p " 0.2
P =p=02) P<\/ \/p(l—p)z\/ \/p(l—P)>

0.2 0.2
P<Z >\/n\/p >~P<Z2\/n\/p(1_p)>,
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where Z has an N(0,1) distribution. Similarly,

P(X, —p<—02)~ P(Z > \/n\/p?f_ p)) |

so we are looking for the smallest positive integer n such that

> 0.9,

0.2 )
Ve(l—p) ) —

i.e., the smallest positive integer n such that

1—2P<Z2\/n

P(Z>vn 0-2 < 0.05.
V(1 =p)
From Table B.1 it follows that
2
vn 0
V(L= p)
Since p(1 — p) < 1/4 for all p between 0 and 1, we see that n should be at least 17.

14.5 In Section 4.3 we have seen that X has the same probability distribution
as X1+ X2 + -+ + X,, where X1, Xo,..., X, are independent Ber(p) distributed
random variables. Recall that E[X;] = p, and Var(X;) = p(1 —p). But then we have
for any real number a that

X —np Xi+Xo+---+ X, —np
P a|l =P a| =P(Zn<a);
<\/np(l—p)< ) < V/np(1—p) : ) (o =)

see also (14.1). It follows from the central limit theorem that

X —np o) ~ aa

X—np
np(l—p

> 1.645.

i.e., the random variable ) has a distribution that is approximately standard

normal.

14.9 a The probability that for a chain of at least 50 meters more than 1002 links
are needed is the same as the probability that a chain of 1002 chains is shorter than
50 meters. Assuming that the random variables X1, Xs, ..., X1002 are independent,
and using the central limit theorem, we have that

5000

-5
P(X1+ X2+ -+ 4+ X1002 < 5000) ~ P<Z < /1002 - “i% o1 ) = 0.0571,

where Z has an N(0,1) distribution. So about 6% of the customers will receive a
free chain.

14.9b We now have that
P(X1 4+ X2 + -+ 4+ X002 < 5000) =~ P(Z < 0.0032),

which is slightly larger than 1/2. So about half of the customers will receive a free
chain. Clearly something has to be done: a seemingly minor change of expected value
has major consequences!
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15.6 Because (2 — 0) - 0.245 + (4 — 2) - 0.130 + (7 — 4) - 0.050 + (11 — 7) - 0.020 +
(15 —11) - 0.005 = 1, there are no data points outside the listed bins. Hence

number of x; <7

Fa(r) = P
number of z; in bins (0, 2], (2, 4] and (4, 7]
n
n-(2-0)-0245+n-(4—2)-0.130+n-(7—4)-0.050

n
= 0.490 + 0.260 + 0.150 = 0.9.

15.11 The height of the histogram on a bin (a, ] is

number of x; in (a,b] _ (number of z; < b) — (number of z; < a)
n(b—a) B n(b—a)
Fn(b) — Fu(a)
N b—a '

15.12 a By inserting the expression for fy 5 (t), we get

/j:ot.fn,h(t)dt:/ioo hz ( )dt
= n;/_m ZK(t_h“’) dt.

For each i fixed we find with change of integration variables u = (¢t — x;)/h,

oot t—l‘i o o
/_oth< b )dt / (zi + hu)K (u) du
/ K (u du+h/ u) du = z;,

using that K integrates to one and that [*_ uK (u) du = 0, because K is symmetric.

Hence .
/::t fan(t Z/ ( )dt—i;xi.

15.12b By means of similar reasoning

/_ZtQ.fmh(t)dtz/_m nhz ( )dt
:iZ[MZK(t;xi)dt.

For each 1i:
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1 [(t—m;
K dt
o)
= / (zi + hu)*K (u) du = / (27 + 2zhu + h*u®)K (u) du
= xf/ K (u) du + Qxih/ uK (u) du + h2/ WK (u) du
=z + 1’ / WK (u) du,

again using that K integrates to one and that K is symmetric.

16.3 a Because n = 24, the sample median is the average of the 12th and 13th
elements. Since these are both equal to 70, the sample median is also 70. The lower
quartile is the pth empirical quantile for p = 1/4. We get k = |p(n + 1)] = 6, so
that

qn(0.25) = x5y + 0.25 - (2(7) — x(6)) = 66 + 0.25 - (67 — 66) = 66.25.
Similarly, the upper quartile is the pth empirical quantile for p = 3/4:
qn(0.75) = w15y + 0.75 - (x(19) — T(18)) = 75+ 0.75 - (75 — 75) = 75.

16.3b In part a we found the sample median and the two quartiles. From this we
compute the IQR: ¢,(0.75) — ¢, (0.25) = 75 — 66.25 = 8.75. This means that

G (0.25) — 1.5 - IQR = 66.25 — 1.5 - 8.75 = 53.125,

Gn(0.75) + 1.5 - IQR = 75+ 1.5 - 8.75 = 88.125.
Hence, the last element below 88.125 is 88, and the first element above 53.125 is 57.

Therefore, the upper whisker runs until 88 and the lower whisker until 57, with two
elements 53 and 31 below. This leads to the following boxplot:

81
75

70
66.25

31 o

16.3 ¢ The values 53 and 31 are outliers. Value 31 is far away from the bulk of the
data and appears to be an extreme outlier.

16.6 a Yes, we find 2 =(14+5+4+9)/3=15/3=5,5=(2+4+6+8)/4 =20/4 =5,
so that (Z + §)/2 = 5. The average for the combined dataset is also equal to 5:
(15 + 20)/7 = 5.

16.6 b The mean of x1,x2,...,Tn,Y1,Y2, ..., Ym equals

Ti+ -+ T +y1+ -+ Ym _ NITn + MYm no_ m.o

n+m n-—+m :n+mxn+n+mym
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In general, this is not equal to (Z,+7m)/2. For instance, replace 1 in the first dataset
by 4. Then 2, = 6 and ¥ = 5, so that (Z, 4+ §m)/2 = 55. However, the average of
the combined dataset is 38/7 = 52.

16.6 ¢ Yes, m = n implies n/(n +m) = m/(n +m) = 1/2. From the expressions
found in part b we see that the sample mean of the combined dataset equals (Z +
Um)/2.

16.8 The ordered combined dataset is 1, 2, 4, 5, 6, 8, 9, so that the sample median
equals 5. The absolute deviations from 5 are: 4, 3, 1, 0, 1, 3, 4, and if we put them in
order: 0, 1, 1, 3, 3, 4, 4. The MAD is the sample median of the absolute deviations,
which is 3.

16.15 First write

n n

Tllz:(wi—fn)2 = iZ(w? — 2Tnai + T;,) = i;x2_2fni;$+i;i’i

i=1 i=1

Next, by inserting

n n
1 _ 1 2 1 2 -2
E T, = ZTn, and E T, = -n-Tp==2Tn,
n 4 n 4 n
=1 i=1

we find

! i(xi — ) = ! ix? —272 472 = ! ix? — 2.

nia nia nia

17.3 a The model distribution corresponds to the number of women in a queue. A
queue has 10 positions. The occurrence of a woman in any position is independent
of the occurrence of a woman in other positions. At each position a woman occurs
with probability p. Counting the occurrence of a woman as a “success,” the number
of women in a queue corresponds to the number of successes in 10 independent
experiments with probability p of success and is therefore modeled by a Bin (10, p)
distribution.

17.3b We have 100 queues and the number of women x; in the ith queue is a
realization of a Bin(10,p) random variable. Hence, according to Table 17.2, the
average number of women T19o resembles the expectation 10p of the Bin(10,p)
distribution. We find Z100 = 435/100 = 4.35, so an estimate for p is 4.35/10 = 0.435.

17.7 a If we model the series of disasters by a Poisson process, then as a property of
the Poisson process, the interdisaster times should follow an exponential distribution
(see Section 12.3). This is indeed confirmed by the histogram and empirical distri-
bution of the observed interdisaster times; they resemble the probability density and
distribution function of an exponential distribution.

17.7b The average length of a time interval is 40 549/190 = 213.4 days. Following
Table 17.2 this should resemble the expectation of the Ezp()\) distribution, which
is 1/X. Hence, as an estimate for A\ we could take 190/40 549 = 0.00469.

17.9a A (perfect) cylindrical cone with diameter d (at the base) and height h has
volume 7d*>h/12, or about 0.26d”h. The effective wood of a tree is the trunk without
the branches. Since the trunk is similar to a cylindrical cone, one can expect a linear
relation between the effective wood and d?h.
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17.9b We find
5, = YT 9369 gn00
n 31
i 26.486/31
gjz = (g y/m _ BABGL g

(X zi)/n — 87.456/31
inyi _ 95.498

S22 T 314644 - 00035

least squares =

18.3 a Note that generating from the empirical distribution function is the same as
choosing one of the elements of the original dataset with equal probability. Hence,
an element in the bootstrap dataset equals 0.35 with probability 0.1. The number
of ways to have exactly three out of ten elements equal to 0.35 is (130), and each has
probability (0.1)®(0.9)7. Therefore, the probability that the bootstrap dataset has

exactly three elements equal to 0.35 is equal to (y)(0.1)*(0.9)" = 0.0574.

18.3 b Having at most two elements less than or equal to 0.38 means that 0, 1,
or 2 elements are less than or equal to 0.38. Five elements of the original dataset
are smaller than or equal to 0.38, so that an element in the bootstrap dataset is
less than or equal to 0.38 with probability 0.5. Hence, the probability that the
bootstrap dataset has at most two elements less than or equal to 0.38 is equal to
(0.5)" + (1) (0.5)" + (1) (0.5)"° = 0.0547.

18.3 ¢ Five elements of the dataset are smaller than or equal to 0.38 and two
are greater than 0.42. Therefore, obtaining a bootstrap dataset with two elements
less than or equal to 0.38, and the other elements greater than 0.42 has probabil-
ity (0.5)* (0.2)°. The number of such bootstrap datasets is (7). So the answer is
(%)) (0.5)% (0.2)® = 0.000029.

18.7 For the parametric bootstrap, we must estimate the parameter 6 by 0 =
(n + 1)mn/n, and generate bootstrap samples from the U(0,6) distribution. This
distribution has expectation py = 6/2 = (n+1)my, /(2n). Hence, for each bootstrap
sample z7, 23, ..., 2, compute T,, — 5 = T, — (n + 1)m,/(2n).

Note that this is different from the empirical bootstrap simulation, where one would
estimate p by Z, and compute T, — Tn.

18.8 a Since we know nothing about the distribution of the interfailure times, we
estimate I’ by the empirical distribution function F,, of the software data and we
estimate the expectation p of F by the expectation pu* = Z, = 656.8815 of F,.
The bootstrapped centered sample mean is the random variable X —656.8815. The
corresponding empirical bootstrap simulation is described as follows:

1. Generate a bootstrap dataset z7, x5, ...,z from F,, i.e., draw with replacement
135 numbers from the software data.
2. Compute the centered sample mean for the bootstrap dataset:

z, — 656.8815

where Z,, is the sample mean of z7,z5,..., ).

Repeat steps 1 and 2 one thousand times.

18.8 b Because the interfailure times are now assumed to have an Ezp (\) distribu-
tion, we must estimate A by A = 1/Z,, = 0.0015 and estimate F' by the distribution
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function of the Ezp(0.0015) distribution. Estimate the expectation p = 1/X of the
Ezp(X\) distribution by p* = 1/A = Z, = 656.8815. Also now, the bootstrapped
centered sample mean is the random variable X — 656.8815. The corresponding
parametric bootstrap simulation is described as follows:

1. Generate a bootstrap dataset x7,x5,..., 2, from the Ezp(0.0015) distribution.
2. Compute the centered sample mean for the bootstrap dataset:

z,, — 656.8815,

where Z,, is the sample mean of z7,z5,..., 2.

Repeat steps 1 and 2 one thousand times. We see that in this simulation the boot-

strapped centered sample mean is the same in both cases: X, — T, but the corre-
sponding simulation procedures differ in step 1.

18.8 ¢ Estimate A by A = In2/m, = 0.0024 and estimate F by the distribution
function of the Ezp(0.0024) distribution. Estimate the expectation g = 1/X of the
Ezp()\) distribution by p* = 1/ = 418.3816. The corresponding parametric boot-
strap simulation is described as follows:

1. Generate a bootstrap dataset =7, z5, ..., z; from the Fzp(0.0024) distribution.
2. Compute the centered sample mean for the bootstrap dataset:

z,, — 418.3816,

where Z,, is the sample mean of z7,z5,..., ;.

Repeat steps 1 and 2 one thousand times. We see that in this parametric bootstrap
simulation the bootstrapped cent_ered sample mean is diﬁ‘ergnt from the one in the
empirical bootstrap simulation: X, — (In2)/m,, instead of X; — Zy,.

19.1 a From the formulas for the expectation and variance of uniform random
variables we know that E[X;] = 0 and Var(X;) = (20)?/12 = 6?/3. Hence
E [X?] = Var(X;) + (E[X;])® = 6°/3. Therefore, by linearity of expectations

3 (6? 0? 3 6? 2
E[T) = = .n.. =6
7] n<3+ +3) n'" 3

Since E[T] = 6%, the random variable T is an unbiased estimator for 2.
19.1b The function g(z) = —y/x is a strictly convex function, because g"(z) =
(z73/%)/4 > 0. Therefore, by Jensen’s inequality, —\/E [T] < —E [\/T] Since, from
part a we know that E[T] = 02, this means that E [\/T] < . In other words, VT
is a biased estimator for 0, with negative bias.

19.8 From the model assumptions it follows that E[Y;] = Bz; for each i. Using
linearity of expectations, this implies that

= (P ) ()
E[B]_E[Yl]+"'+E[Yn]_51’1+~~~+an_5
S TR TE

snEW]+ -+ z.E[Yn] Bx?+ -+ Ba?

E[B;] = =
[Bs] 224 ta? 224+

= 8.
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20.2a Compute the mean squared errors of S and T: MSE(S) = Var(S) +
[bias(S)]? = 40 + 0 = 40; MSE(T) = Var(T) + [bias(T)]* = 4 +9 = 13. We prefer T,
because it has a smaller MSE.

20.2b Compute the mean squared errors of S and 7: MSE(S) = 40, as in a;
MSE(T) = Var(T) + [bias(T)]? = 4 + a*. So, if a < 6: prefer T. If a > 6: prefer S.
The preferences are based on the MSE criterion.

20.3 Var(Ti) = 1/(n)?), Var(Tz) = 1/)?; hence we prefer T4, because of its smaller
variance.

20.8 a This follows directly from linearity of expectations:
E[T]=E [r)_(n+(1 — r)l?m] =rE P—(n] +(1-r)E D_/m] =ru+(1—r)u=p.

20.8b Using that X, and Y, are independent, we find MSE(T)=Var(T) =
r*Var(X,) 4+ (1 —r)*Var(Ym) =r* - o*/n+ (1 —r)* - 0*/m.

To find the minimum of this parabola we differentiate with respect to r and
equate the result to 0: 2r/n — 2(1 — r)/m = 0. This gives the minimum value:
2rm —2n(l1—r)=0or r =n/(n+m).

21.1 Setting X; = j if red appears in the ith experiment for the first time on the
jth throw, we have that X1, X2, and X3 are independent Geo(p) distributed random
variables, where p is the probability that red appears when throwing the selected
die. The likelihood function is

L(p) =P(X1=3,X2=5Xs=4)=(1-p)°p-1—p)'p- 1 -p)°p
_p3(1 _p)97

so for Dy one has that L(p) = L(j) (2)3 (1- 2)9, whereas for D2 one has that

L(p) = L(}) = (é)3 (1- é) =5%. L(2). It is very likely that we picked Ds.

21.4a The likelihood L(u) is given by

Lp) =P(Xi=z1,...,Xn=2n) =P(X1 =21) - - P(Xp, = zn)

T x —np
H Lok I e H = € MI1+9~‘2+'“+In
1! Tp! x1!- !

21.4b We find that the loglikelihood ¢(u) is given by

<Z a:z> In(p) —In (21! xn!) — nu.

Hence

de o Zl‘z _

du 0 ’
and we find—after checking that we indeed have a maximum!—that Z,, is the max-
imum likelihood estimate for p.

21.4c In b we have seen that Z, is the maximum likelihood estimate for p. Due to
the invariance principle from Section 21.4 we thus find that e *" is the maximum
likelihood estimate for e™*.
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21.8 a The likelihood L(6) is given by

s =c-(jes0) " (30) - (0-0) " (ja-m)

— 43?39 . (2 + 0)1997 . 032 . (1 _ 0)1810’

where C' is the number of ways we can assign 1997 starchy-greens, 32 sugary-whites,
906 starchy-whites, and 904 sugary-greens to 3839 plants. Hence the loglikelihood
£(0) is given by

£(0) = In(C) — 38391n(4) + 1997 In(2 + 6) + 321n(6) + 18101In(1 — 6).

21.8 b A short calculation shows that
de(0)
dé

so the maximum likelihood estimate of 6 is (after checking that L(6) indeed attains
a maximum for this value of 0):

=0 N 381002 — 16550 — 64 = 0,

—1655 + /3714385
690 = 0.0357.

21.8 ¢ In this general case the likelihood L(6) is given by

Lw)zc.(hz+m)m.(hﬁw.<h1—m>m.<h1_m>M.

C n n n n
= @O0 (1-0) st
where C' is the number of ways we can assign n; starchy-greens, ns sugary-whites,
ng starchy-whites, and n4 sugary-greens to n plants. Hence the loglikelihood ¢(0) is
given by

£(0) = In(C) — nln(4) + n11n(2 + 0) + n2 In(0) + (n3 + na) In(1 — 6).

A short calculation shows that
de(0)
do

so the maximum likelihood estimate of 6 is (after checking that L(6) indeed attains
a maximum for this value of 6):

=0 & n0> — (n1 —na — 2n3 — 2n4)0 — 2ny = 0,

ni —ns — 2n3 — 2n4 + \/(nl —ng — 2n3 — 2n4)? + 8nne
2n ’

21.11 a Since the dataset is a realization of a random sample from a Geo(1/N)
distribution, the likelihood is L(N) = P(Xi =1, X2 = z2,..., Xn = xn), where
each X; has a Geo(1/N) distribution. So

1\ 1 1\"27"'1 1\ "1
L(N)_<1_N) N<1_N) N"'(I_N) N

(-3
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But then the loglikelihood is equal to

{(N)=—-nlnN + (—n+ixi> In (1— Jb)

=1

Differentiating to N yields

d —n " 1
an (W) = +(_”+;“>N(N—1)’

d

Now % (¢(N)) = 0 if and only if N = Z,. Because ¢(N) attains its maximum at

Zn, we find that the maximum likelihood estimate of N is N = Tn.
21.11b Since P(Y = k) = 1/N for k =1,2,..., N, the likelihood is given by
vy = (1Y forn s
=\nN Z Yn)s
and L(N) = 0 for N < y(,). So L(N) attains its maximum at y,); the maximum
likelihood estimate of N is N = Y(n)-

22.1a Since Y @iy, = 124, Sa; =9, Sy = 4.8, S a7 = 35, and n = 3, we find
(c.f. (22.1) and (22.2)), that

B_aniyi—(in)(Zyi)_3-12.4—9~4.8__1
o> -w)?2 3:-35—-92 4]
and & = §n — BTn = 2.35.

22.1b Since r; = y; —d—ﬁmi, fori=1,...,n, wefind ry =2—-2.35+0.25 = —0.1,
ro = 1.8 -235+0.75 =02, r3 =1—-235+4+125 = —0.1, and r1 + r2 + 13 =
—0.14+02—-0.1=0.

22.1c See Figure D.1.

-1 0 1 2 3 4 5 6

Fig. D.1. Solution of Exercise 22.1 c.
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22.5 With the assumption that o = 0, the method of least squares tells us now to

minimize
n

SB) =3 (yi — Ba)?.

=1

Now
di(ﬁﬂ) =2 Z(yi — Bxi)z; = =2 <Z TilJi — 52“73) ’
i=1 =1 =1
so
as@) 0 o A= > Ty
g DY

Because S(8) has a minimum for this last value of 3, we see that the least squares

estimator 3 of 3 is given by
PR €
PR

22.12 a Since the denominator of B is a number, not a random variable, one has

that
1 _ BT - (Re) (S V)
Bl =S S

Furthermore, the numerator of this last fraction can be written as

WS @BV - (Yw) BV

22.12 b Substituting E[Y;] = a + Bz, in the last expression, we find that

1 S+ o)) - (S [Sla+ o)
53] - X - (D)’ |

22.12 ¢ The numerator of the previous expression for E [[3] can be simplified to

naY i+ nfY xi —naY zi — B ) (X xi)
ny a? — (X i) ’

B:

which is equal to

which is equal to
B a? — (Sae))
nya? — (T w)’
22.12d From c it now follows that E [B] = 8, i.e., B is an unbiased estimator for S3.

23.5a The standard confidence interval for the mean of a normal sample with
unknown variance applies, with n = 23, £ = 0.82 and s = 1.78, so:

s s
T — 122,0.025 * , T+ t22,0.025 - ) .
< V23 V23

The critical values come from the ¢(22) distribution: ¢22,0.025 = 2.074. The actual
interval becomes:

1.78 1.78

0.82 — 2.074 - , 0.82 4+ 2.074 -
( V23 V23

) = (0.050, 1.590).
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23.5b Generate one thousand samples of size 23, by drawing with replacement
from the 23 numbers

1.06, 1.04, 262, ..., 201

For each sample x7,3,...,25; compute: t* = %35 — 0.82/(s33/1/23), where s33 =
212 Z(l‘: - J_753)2'

23.5 ¢ We need to estimate the critical value ¢; such that P(T* < ¢) ~ 0.025. We
take ¢; = —2.101, the 25th of the ordered values, an estimate for the 25/1000 = 0.025
quantile. Similarly, ¢/ is estimated by the 976th, which is 2.088.

The bootstrap confidence interval uses the ¢* values instead of the t-distribution
values £t,_1 /2, but beware: ¢i is from the left tail and appears on the right-hand
side of the interval and c], on the left-hand side:

(i &g o o )
n — Gy y m T ¢ .
vn Vn

Substituting ¢; = —2.101 and ¢}, = 2.088, the confidence interval becomes:

1.78 1.78
(0.82 —2.088 - ,0.82+2.101 -
V23 V23
23.6 a Because events described by inequalities do not change when we multi-
ply the inqualities by a positive constant or add or subtract a constant, the

following equalities hold: P(in <0< Un) = PBL,+7<3u+7<3Un+7) =
P(3Ly, < 3u < 3Un) = P(Ln < u < Uyn), and this equals 0.95, as is given.
23.6 b The confidence interval for 6 is obtained as the realization of (L, U, ), that

is: (In,@n) = (3ln + 7,3un + 7). This is obtained by transforming the confidence
interval for p (using the transformation that is applied to u to get ).

23.6 ¢ We start with P(L, < p < U,) = 0.95 and try to get 1 — p in the mid-
dle: P(Ln < p<Un) = P(=Lp > —p>-Un) = Pl—-Ly>1—p>1-U,) =
P(1-U,<1—pu<1-—Ly), where we see that the minus sign causes an inter-
change: L.=1—-U, and U, = 1 — L,,. The confidence interval: 1-51-(-2) =
(—4,3).

23.6d If we knew that L, and U, were always positive, then we could conclude:
P(L, <p<U,)= P(Li <u?< U,QL) and we could just square the numbers in the
confidence interval for p to get the one for 8. Without the positivity assumption, the
sharpest conclusion you can draw from L, < pu < U, is that u? is smaller than the
maximum of L}, and U;. So, 0.95 = P(L, < < U,) < P(0 < p* < max{L},,U;})
and the confidence interval [0, max{I2,u2}) = [0,25) has a confidence of at least
95%. This kind of problem may occur when the transformation is not one-to-one
(both —1 and 1 are mapped to 1 by squaring).

) = (0.045, 1.600).

23.11a For the 98% confidence interval the same formula is used as for the 95%
interval, replacing the critical values by larger ones. This is the case, no matter
whether the critical values are from the normal or ¢-distribution, or from a bootstrap
experiment. Therefore, the 98% interval contains the 95%, and so must also contain
the number 0.
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23.11 b From a new bootstrap experiment we would obtain new and, most prob-
ably, different values ¢}, and ¢]. It therefore could be, if the number 0 is close to
the edge of the first bootstrap confidence interval, that it is just outside the new
interval.

23.11 ¢ The new dataset will resemble the old one in many ways, but things like the
sample mean would most likely differ from the old one, and so there is no guarantee
that the number 0 will again be in the confidence interval.

24.6 a The environmentalists are interested in a lower confidence bound, because
they would like to make a statement like “We are 97.5% confidence that the con-
centration exceeds 1.68 ppm [and that is much too high.]” We have normal data,
with o unknown so we use sig = v/1.12 = 1.058 as an estimate and use the criti-
cal value corresponding to 2.5% from the ¢(15) distribution: ¢15,0.025 = 2.131. The
lower confidence bound is 2.24 —2.131-1.058/v/16 = 2.24 —0.56 = 1.68, the interval:
(1.68, 00).

24.6 b For similar reasons, the plant management constructs an upper confidence
bound (“We are 97.5% confident pollution does not exceed 2.80 [and this is ac-
ceptable.]”). The computation is the same except for a minus sign: 2.24 + 2.131 -
1.058/v/16 = 2.24 4 0.56 = 2.80, so the interval is [0, 2.80). Note that the computed
upper and lower bounds are in fact the endpoints of the 95% two-sided confidence
interval.

24.9a From Section 8.4 we know: P(M <a) = [Fx(a)]"?, so P(M/§ <t) =
P(M < 6t) = [Fx(6t)]'?. Since X; has a U(0,0) distribution, Fx(#t) = t, for
0 <t < 1. Substituting this shows the result.

24.9b For ¢; we need to solve (¢;)'? = a/2, or ¢; = (a/2)"/'? = (0.05)/'2 = 0.7791.
For ¢, we need to solve (c,)'? = 1—a/2, or ¢, = (1—a/2)*/*? = (0.95)1/12 = 0.9958.
24.9 ¢ From b we know that P(¢; < M/6 < ¢,) = P(0.7790 < M /6 < 0.9958) =
0.90. Rewriting this equation, we get: P(0.77900 < M < 0.99580) = 0.90 and
P(M/0.9958 < 6 < M/0.7790) = 0.90. This means that (m/0.9958, m/0.7790) =
(3.013, 3.851) is a 90% confidence interval for 6.

24.9d From b we derive the general formula:

M

P((a/Q)l/" <y < (1—a/2)1/") =1-a

The left hand inequality can be rewritten as < M/(a/2)"/™ and the right hand
one as M/(1 — a/2)"/™ < 6. So, the statement above can be rewritten as:

M M
P((l —ay2m <P S (a/2>1/n) R

so that the general formula for the confidence interval becomes:

<(1—07Z;2)1/”’ (a/g;”">'

25.4 a Denote the observed numbers of cycles for the smokers by X1, Xo,..., Xy,
and similarly Y1,Y2,...,Y,, for the nonsmokers. A test statistic should compare
estimators for p1 and p2. Since the geometric distributions have expectations 1/p:



D Full solutions to selected exercises 471

and 1/p2, we could compare the estimator 1/X,, for p1 with the estimator 1/Y,,, for
pa, or simply compare X,,, with Y,,,. For instance, take test statistic T = X,,, — Yn,.
Values of T close to zero are in favor of Hop, and values far away from zero are in
favor of Hy. Another possibility is T = Xy, /Ya,.

25.4b In this case, the maximum likelihood estimators p1 and p2 give better indi-
cations about p; and p2. They can be compared in the same way as the estimators
in a.

25.4 ¢ The probability of getting pregnant during a cycle is p; for the smoking
women and p2 for the nonsmokers. The alternative hypothesis should express the
belief that smoking women are less likely to get pregnant than nonsmoking women.
Therefore take Hi : p1 < pa2.

25.10 a The alternative hypothesis should express the belief that the gross calorific
exceeds 23.75 MJ/kg. Therefore take Hy : p > 23.75.

25.10 b The p-value is the probability P(Xn > 23.788) under the null hypothesis.
We can compute this probability by using that under the null hypothesis X,, has an
N(23.75,(0.1)%/23) distribution:

X, —23.75 _ 23.788 — 23.75
>
0.1/v/23 0.1/v/23
where Z has an N(0, 1) distribution. From Table B.1 we find P(Z > 1.82) = 0.0344.

25.11 A type I error occurs when p = 0 and [¢| > 2. When p = 0, then T" has an
N(0,1) distribution. Hence, by symmetry of the N(0,1) distribution and Table B.1,
we find that the probability of committing a type I error is

P(X, >23.788) = P( ) =P(Z >1.82),

P(IT|>2)=P(T < =2)+P(T >2)=2-P(T >2) = 2-0.0228 = 0.0456.

26.5a The p-value is P(X > 15) under the null hypothesis Ho : p = 1/2. Using
Table 26.3 we find P(X > 15) = 1 — P(X < 14) = 1 — 0.8950 = 0.1050.

26.5b Only values close to 23 are in favor of Hy : p > 1/2, so the critical region is
of the form K = {c,c+ 1,...,23}. The critical value c is the smallest value, such
that P(X > ¢) < 0.05 under Hy : p = 1/2, or equivalently, 1 — P(X < c¢—1) < 0.05,
which means P(X < ¢ —1) > 0.95. From Table 26.3 we conclude that ¢ —1 = 15, so
that K = {16,17,...,23}.

26.5¢ A type I error occurs if p = 1/2 and X > 16. The probability that this
happens is P(X > 16 |p=1/2) =1 -P(X <15|p=1/2) =1 — 0.9534 = 0.0466,
where we have used Table 26.3 once more.

26.5d In this case, a type II error occurs if p = 0.6 and X < 15. To approximate
P(X <15|p=0.6), we use the same reasoning as in Section 14.2, but now with
n = 23 and p = 0.6. Write X as the sum of independent Bernoulli random variables:
X = Ri + -+ Ry, and apply the central limit theorem with 4 = p = 0.6 and
o® =p(1—p) = 0.24. Then

P(X <15) =P(R1+ -+ R, < 15)
Ri+ -+ Ry,—nup 15 —np
=P <
( ovn - U\/n)

15— 13.8
= P( Zos > ~ ®(0.51) = 0.6950.
( %= \/0.24\/23) (051)
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26.8 a Test statistic T = X,, takes values in (0, 00). Recall that the Ezp(\) distri-
bution has expectation 1/, and that according to the law of large numbers X,, will
be close to 1/\. Hence, values of X,, close to 1 are in favor of Ho : A = 1, and only
values of X, close to zero are in favor H; : A > 1. Large values of X,, also provide
evidence against Hp : A = 1, but even stronger evidence against H; : A > 1. We
conclude that T = X,, has critical region K = (0, ¢]. This is an example in which
the alternative hypothesis and the test statistic deviate from the null hypothesis in
opposite directions.

Test statistic 7" = e~ " takes values in (0, 1). Values of X,, close to zero correspond
to values of T’ close to 1, and large values of X,, correspond to values of 7" close
to 0. Hence, only values of T" close to 1 are in favor H; : A > 1. We conclude that T’
has critical region K’ = [cy, 1). Here the alternative hypothesis and the test statistic
deviate from the null hypothesis in the same direction.

26.8 b Again, values of X,, close to 1 are in favor of Ho : A = 1. Values of X,, close
to zero suggest X\ > 1, whereas large values of X,, suggest A < 1. Hence, both small
and large values of X, are in favor of Hy : A # 1. We conclude that T' = X,, has
critical region K = (0, ¢;] U [cu, 00).

Small and large values of X,, correspond to values of 7" close to 1 and 0. Hence,
values of T” both close to 0 and close 1 are in favor of Hy : A # 1. We conclude that
T’ has critical region K’ = (0, ;] U [cy,, 1). Both test statistics deviate from the null

hypothesis in the same directions as the alternative hypothesis.

26.9a Test statistic T = (X,)? takes values in [0, 00). Since p is the expectation
of the N(p, 1) distribution, according to the law of large numbers, X,, is close to .
Hence, values of X,, close to zero are in favor of Ho : u = 0. Large negative values
of X,, suggest 1 < 0, and large positive values of X,, suggest 1 > 0. Therefore, both
large negative and large positive values of X,, are in favor of Hy : pu # 0. These
values correspond to large positive values of T', so T has critical region K = [cy, 00).
This is an example in which the test statistic deviates from the null hypothesis in
one direction, whereas the alternative hypothesis deviates in two directions.

Test statistic 7" takes values in (—oo,0) U (0, c0). Large negative values and large
positive values of X, correspond to values of 17" close to zero. Therefore, T’ has
critical region K’ = [c},0) U (0, ¢,]. This is an example in which the test statistic
deviates from the null hypothesis for small values, whereas the alternative hypothesis
deviates for large values.

26.9b Only large positive values of X, are in favor of x4 > 0, which correspond to
large values of T'. Hence, T has critical region K = [cy, 00). This is an example where
the test statistic has the same type of critical region with a one-sided or two-sided
alternative. Of course, the critical value ¢, in part b is different from the one in
part a.

Large positive values of X, correspond to small positive values of T’. Hence, T" has
critical region K’ = (0, ¢},]. This is another example where the test statistic deviates
from the null hypothesis for small values, whereas the alternative hypothesis deviates
for large values.

27.5a The interest is whether the inbreeding coefficient exceeds 0. Let p represent
this coefficient for the species of wasps. The value 0 is the a priori specified value
of the parameter, so test null hypothesis Hy : ¢ = 0. The alternative hypothesis
should express the belief that the inbreeding coefficient exceeds 0. Hence, we take
alternative hypothesis Hi : i > 0. The value of the test statistic is
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_ 0.044 _

0.884//197
27.5b Because n = 197 is large, we approximate the distribution of 7" under the
null hypothesis by an N(0, 1) distribution. The value ¢ = 0.70 lies to the right of

zero, so the p-value is the right tail probability P(7" > 0.70). By means of the normal
approximation we find from Table B.1 that the right tail probability

0.70.

P(T > 0.70) ~ 1 — ®(0.70) = 0.2420.

This means that the value of the test statistic is not very far in the (right) tail of
the distribution and is therefore not to be considered exceptionally large. We do not
reject the null hypothesis.

27.7Ta The data are modeled by a simple linear regression model: Y; = a + Bz,
where Y; is the gas consumption and x; is the average outside temperature in the ith
week. Higher gas consumption as a consequence of smaller temperatures corresponds
to B < 0. It is natural to consider the value 0 as the a priori specified value of the
parameter (it corresponds to no change of gas consumption). Therefore, we take null
hypothesis Hp : § = 0. The alternative hypothesis should express the belief that the
gas consumption increases as a consequence of smaller temperatures. Hence, we take
alternative hypothesis H1 : § < 0. The value of the test statistic is

3 —0.3932
ty = = = —20.06.
T s 0.0196
The test statistic T has a t-distribution with n — 2 = 24 degrees of freedom. The
value —20.06 is smaller than the left critical value t24,0.05 = —1.711, so we reject.
27.7b For the data after insulation, the value of the test statistic is
—0.2779
= = —11.
* 7 0.0252 03,

and Ty has a ¢(28) distribution. The value —11.03 is smaller than the left critical
value t28,0.05 = —1.701, so we reject.

28.5a When aS% + bS% is unbiased for o2, we should have E LaSi +bSy] = o
Using that S% and S% are both unbiased for o2, i.e., E [Sg(] =oc"and E [S?/] =02,
we get

E[aS% +bSy] = aE [SX] + BE[SY] = (a +b)o”.
Hence, E [aS% + bS5 | = o® for all ¢ > 0 if and only if a + b = 1.
28.5b By independence of S% and S% write

Var(aS% + (1 — a)Sy) = a”Var(S%) + (1 — a)*Var(S5)
a? (1—a)? 4
20°.
<n -1 + m—1 ) 7
To find the value of a that minimizes this, differentiate with respect to a and put

the derivative equal to zero. This leads to

2a 2(1-a)
n—1 m—1

=0.

Solving for a yields a = (n — 1)/(n + m — 2). Note that the second derivative of
Var(aS% + (1 — a)S5) is positive so that this is indeed a minimum.
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binomial distribution 48
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function
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discrete random variable 42
discrete uniform distribution 54
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distribution

t-distribution 348

Bernoulli 45

binomial 48

Cauchy 114,161

discrete uniform 54

Erlang 157

exponential 62

gamma 157

geometric 49

hypergeometric 54
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Pareto 63

Poisson 170
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distribution function 44
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properties of 45
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drilling example 221,415
boxplot 238
data 222
scatterplot 223
two-sample test 418
durability of tires 356
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arbitrary estimators 305
relative 304

unbiased estimators 303
efficient 303

empirical bootstrap 272

simulation

for centered sample mean 274,275
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difference 421
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difference 418

for studentized mean 351, 403

empirical distribution function
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exponential data 260
normal data 260
Old Faithful data 219
software data 219

law of large numbers for 249
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empirical percentile 234
empirical quantile 234, 235

law of large numbers for 252
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estimate 286
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Janka hardness 223
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Rutherford and Geiger 354
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software reliability 218
solo race 151
speed of light 9, 246
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Wick temperatures 231

expectation
linearity of 137
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of a discrete random variable

expected value see expectation
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expectation of 93,100
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false positive 30

Feller, W. 199

1500 m speedskating 357

Fisher, R.A. 316

five-number summary 236
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freeway example 383

gamma distribution 157,172
summary of 429

Gaussian distribution see normal

distribution

Geiger counter 167

geometric distribution 49
expectation of 93,153
memoryless property of 50
summary of 429

geometric series 20

golden rectangle 402

gross calorific value 347

heart attack 3
heteroscedasticity 334
histogram 190, 211
bin of 210
computed for
exponential data 260
normal data 260
Old Faithful data 210, 211
software data 218
constructed for
deviations 7" and M 78
juror 1 scores 78
height of 211
law of large numbers for 250
reference point of 211
relation with F,, 220
homogeneity 168
homoscedasticity 334
hypergeometric distribution 54

independence
of events 33
three or more 34
of random variables 124
continuous 125

discrete 1

25

propagation of 126
pairwise 35

physical 34

statistical 34
stochastic 34

versus uncorrelated
independent identically distributed

sequence

182
indicator random variable

interarrival times

intercept 257

Interquartile range
intersection of events

interval estimate

invariance principle

IQR 236
in boxplot

236
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342

140

321

of Old Faithful data 236
of Wick temperaures
iris recognition example
isotropy of Poisson process

Janka hardness example

data 224

188

see IQR
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240

1

175

223

estimated regression line
regression model 256
223,257, 258
Jensen’s inequality 107

scatterplot

joint

continuous distribution

bivariate

119

discrete distribution

115

of sum and maximum
distribution function

bivariate

118

multivariate

122

relation with marginal
probability density

bivariate

119

multivariate
relation with marginal
probability mass function

bivariate

drawing without replacement

116

multivariate

123

122

of sum and maximum

jury example

75

258
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118
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116
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kernel 213
choice of 217
Epanechnikov 213
normal 213
triweight 213
kernel density estimate 215
bandwidth of 213,215
computed for
exponential data 260
normal data 260
Old Faithful data 213,216, 217
software data 218
construction of 215
example
software data 255
with boundary kernel 219
of software data 218, 255
killer football example 3
Kolmogorov-Smirnov distance 277

large sample confidence interval 353
law of large numbers 185
for F, 249
for empirical quantile 252
for relative frequency 253
for sample standard deviation 253
for sample variance 253
for the histogram 250
for the MAD 253
for the sample mean 249
strong 187
law of total probability 31
leap years 17
least squares estimates 330
left critical value 388
leverage point 337
likelihood function
continuous case 317
discrete case 317
linearity of expectations 137
loading a bridge 13
logistic model 7
loglikelihood function 319
lower confidence bound 367

MAD 234
law of large numbers for 253
of a distribution 267
of Wick temperatures 234

Index 483

mad cow disease 30
marginal
distribution 117
distribution function 118
probability density 122
probability mass function 117
maximum likelihood estimator 317
maximum of random variables 109
mean see expectation
mean integrated squared error 212,
216
mean squared error 305
measuring angles 308
median 66
of a distribution 267
of dataset see sample median
median of absolute deviations see
MAD
memoryless property 50, 62
method of least squares 329
Michelson, A.A. 181
minimum variance unbiased estimator
305
minimum of random variables 109
mode
of dataset 211
of density 183

model
distribution 247
parameters 247,285

validation 76

Monty Hall quiz example 4, 39
sample space 23

mortality rate example 405
data 406

MSE 305

“u+afew o” rule 185

multiplication rule 27

mutually exclusive events 15

network server example 285, 306
nonparametric estimate 255
nonpooled variance 420
normal distribution 64
under change of units 106
bivariate 159
expectation of 94
standard 65
summary of 429
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variance of 97
null hypothesis 374

O-rings 5
observed significance level 387
Old Faithful example 207
boxplot 237
data 207
empirical bootstrap 275
empirical distribution function 219,
254
empirical quantiles 235
estimates for f and F 254
five-number summary 236
histogram 210, 211
IQR 236
kernel density estimate
217,254
order statistics 209
quartiles 236
sample mean 208
scatterplot 229
statistical model 254
t-test 404
order statistics 235
of Old Faithful data 209
of Wick temperatures 235
outlier 232
in boxplot 236

213, 216,

p-value 376
as observed significance level 379,
387
one-tailed 390
relation with critical value 387
two-tailed 390
pairwise independent 35
parameter of interest 286
parametric bootstrap 276
for centered sample mean 276
for KS distance 277
simulation
for centered sample mean 277
for KS distance 278
Pareto distribution 63, 86, 92
expectation of 100
summary of 429
variance of 100
percentile 66

of dataset see empirical percentile
permutation 14
physical independence 34
point estimate 341
Poisson distribution 170

expectation of 171

summary of 429

variance of 171
Poisson process

k-dimensional 174

higher-dimensional 174

isotropy of 175

locations of points 173

one-dimensional 172

points of 172

simulation of 175
pooled variance 417
probability 16

conditional 25,26

of a union 18

of complement 18
probability density function 57

of product XY 160

of quotient X/Y 161

of sum X +Y 156
probability distribution 43,59
probability function 16

on an infinite sample space 20

additivity of 16
probability mass function 43

joint

bivariate 116
multivariate 122

marginal 117

of sum X +Y 152
products of sample spaces 18

quantile

of a distribution 66

of dataset see empirical quantile
quartile

lower 236

of Old Faithful data 236

upper 236

random sample 246
random variable
continuous 57
discrete 42



realization
of random sample 247
of random variable 72
regression line 257, 329
estimated
for Janka hardness data
intercept of 257,331
slope of 257,331
regression model
general 256
linear 257, 329
relative efficiency 304
relative frequency
law of large numbers for 253
residence times 26
residual 332
response variable 257
right continuity of F© 45
right critical value 388
right tail probabilities 377
of the N(0,1) distribution 65, 345,
433
Ross, SSM. 199
run, in simulation 77

258, 330

sample mean 231

law of large numbers for 249

of Old Faithful data 208

of Wick temperatures 231
sample median 232

of Wick temperatures 232
sample space 13

bridge loading 13

coin tossing 13

twice 18

countably infinite 19

envelopes 14

months 13

products of 18

uncountable 17
sample standard deviation 233

law of large numbers for 253

of Wick temperatures 233
sample statistic 249

and distribution feature 254
sample variance 233

law of large numbers for 253
sampling distribution 289
scatterplot 221

Index 485

of black cherry trees 267
of drill times 223
of Janka hardness data
258
of Old Faithful data 229
of Wick temperatures 232
second moment 98
serial number analysis 7,299
shifted exponential distribution 364
Shoshoni Indians example 402
data 403
significance level 384
observed 387
of a test 384

223, 257,

simple linear regression 257, 329
simulation
of the Poisson process 175
run 77

slope of regression line 257
software reliability example 218
boxplot 237
data 218
empirical distribution function 219,
256
estimated exponential 256
histogram 255
kernel density estimate
256
order statistics 227
sample mean 255
solo race example 151
space shuttle Challenger 5
speed of light example 9, 181
data 246
sample mean 256
speeding 104
standard deviation 97
standardizing averages 197
stationarity 168
weak 168
statistical independence 34
statistical model
random sample model 247
simple linear regression model 257,
329
stochastic independence 34
stochastic simulation 71
strictly convex function 107
strong law of large numbers 187

218, 255,
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studentized mean 349, 401
studentized mean difference
nonpooled 421
pooled 417
sum of squares 329
sum of two random variables
binomial 153
continuous 154
discrete 151
exponential 156
geometric 152
normal 158
summary of distributions 429

t-distribution 348
t-test 399
one sample
large sample 404
nonnormal data 402
normal data 401
test statistic 400
regression
intercept 408
slope 407
two samples
large samples 422
nonnormal with equal variances
418
normal with equal variances 417
with unequal variances 419
tail probability
left 377
right 345, 377
tank example 7,299,373
telephone
calls 168
exchange 168
test statistic 375
testing hypotheses
alternative hypothesis 373
critical region 386
critical values 386
null hypothesis 373
p-value 376, 386, 390
relation with confidence intervals
392
significance level 384
test statistic 375
type I error 377,378

type Il error 378, 390
tires 8
total probability, law of 31
traffic flow 177
true distribution 247
true parameter 247
type I error 378
probability of committing 384
type II error 378
probability of committing 391

UEFA playoffs draw 23
unbiased estimator 290
uniform distribution
expectation of 92,100
summary of 429
variance of 100
uniform distribution 60
union of events 14
univariate dataset 207,210
upper confidence bound 367

validation of model 76
variance 96
alternative expression 97
nonpooled 420
of average 182
of the sum
of n random variables 149
of two random variables 140
pooled 417

Weibull distribution 86, 112
as model for ball-bearings 265
whisker 236
Wick temperatures example 231
boxplot 240
corrected data 233
data 231
five-number summary 240
MAD 234
order statistics 235
sample mean 231
sample median 232
sample standard deviation 233
scatterplot 232
Wilson method 361
work in system 83
worngly spelled words 176





