Appendices



A

Vectors and Matrices

The following summary of matrix and vector algebra is not meant to be an
introduction to the subject but is just a brief review of terms and rules used in
the text. Most of them can be found in books such as Graybill (1969), Searle
(1982), Anderson (1984, Appendix), Magnus & Neudecker (1988), Magnus
(1988) or Liitkepohl (1996a). Therefore proofs or further references are only
provided in exceptional cases.

A.1 Basic Definitions

A matriz is a rectangular array of numbers. For instance,

3 -5 35 .3 .3
{.3 0}’ (01,0, {22 2 2}

are matrices. More generally,

[ a11 AT -‘

A= (aij) = | S (All)

[aml aan

is a matrix with m rows and n columns. Such a matrix is briefly called (m x
n) matrix, m being the row dimension and n being the column dimension.
The numbers a;; are the elements or components of A. In the following, it is
assumed that the elements of all matrices considered are real numbers unless
otherwise stated. In other words, we will be concerned with real rather than
complex matrices. If the dimensions m and n are clear from the context or if
they are of no importance, the notation A = (a;;) means that a;; is a typical
element of A, that is, A consists of elements a;;, i =1,...,m,j=1,...,n.

A (1 x n) matrix is a row vector and an (m x 1) matrix is a column vector
which is often denoted by a lower case letter in the text. If not otherwise
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noted, all vectors will be column vectors in the following. Instead of (m x 1)
matrix we sometimes say (m x 1) vector or simply m-vector or m-dimensional
vector.

An (m x m) matrix with the number of rows equal to the number of
columus is a square matriz. An (m x m) square matrix

a1 0 e 0
0 a2 0
0 0 Umn

with zeros off the main diagonal is a diagonal matriz. If all the diagonal
elements of a diagonal matrix are one, it is an identity or unit matriz. An
(m x m) identity matrix is denoted by I,,, or simply by I if the dimension is
unimportant or obvious from the context. A square matrix with all elements
below (above) the main diagonal being zero is called upper (lower) triangular
or simply triangular matriz. A matrix consisting of zeros only is a null matriz
or zero matriz. Usually, in this text, such a matrix is simply denoted by 0 and
its dimensions have to be figured out from the context.

The transpose of the (m x n) matrix A given in (A.1.1) is the (n x m)
matrix

A =
A1lp .- Amn

the n rows of A’ being the n columns of A. The matrix A is symmetric if
A’ = A. For instance,

30
331 is the transpose of [ 31
010 [ 10

and

2 —1
-1 0
is a symmetric matrix.

A.2 Basic Matrix Operations

Let A = (a;5) and B = (b;;) be (m x n) matrices. The two matrices are equal,
A = B, if a;; = b for all 4, j. The following matrix operations are basic:
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A + B = (aij =+ b”) (Cde’LtZOTL)
A—DB = (a;; — byj). (subtraction)

For a real constant c,
cA = Ac = (ca;j). (multiplication by a scalar)

Let C' = (¢;;) be an (n x r) matrix, then the product
AC = Zaijcjk (multiplication)
j=1

is an (m x r) matrix. For instance,
3 3 23 0 . 3-2+3-2 3-343-4 3:-0-3-1
21 2 4 -1 - 2-24+1-2 23414 2:0-1-1

_[12 21 -3
— 610 -1

If the column dimension of A is the same as the row dimension of C' so that
A and C can be multiplied, the two matrices are conformable. In the product
AC the matrix C' is premultiplied by A and A is postmultiplied by C.

Rules: Suppose A, B, and C' are matrices with suitable dimensions so that
the following operations are defined and ¢ is a scalar.

(1) A+ B=B+ A.

(2) (A+ B)+C=A+ (B+0C).
(3) A(B+C)=AB+ AC.
(4) ¢(A+ B) =cA+ cB.
(5) AB # BA in general.
(6) (AB)C = A(BCQC).

(7) (AB) = B'A’.

(8) AT=TA=A.

(9) AA’ and A’ A are symmetric matrices.

A.3 The Determinant

The determinant of an (m x m) square matrix A = (a;;) is the sum of all
products

(_1)pali1 24y * * * Ami,,

consisting of precisely one element from each row and each column multiplied
by —1 or 1, depending on the permutation 1, ..., %,, of the subscripts. The —1
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is used if the number of inversions of i1, ..., %,, to obtain the order 1,2,...,m
is odd and 1 is used otherwise. The sum is taken over all m! permutations of
the column subscripts.

For a (1 x 1) matrix the determinant equals the value of the single element
and for m > 1 the determinant may be defined recursively as follows. Suppose

A:[(ln a12}

az21 a22
is a (2 x 2) matrix. Then the determinant is
det(A4) = |A| = ar1a22 — arzaz1. (A3.1)

For instance,

31
det[2 2}—4.

To specify the determinant of a general (m x m) matrix A = (a;;) we define
the minor of the 4j-th element a;; as the determinant of the ((m—1) x (m—1))
matrix that is obtained by deleting the i-th row and j-th column from A. The
cofactor of a;;, denoted by A;;, is the minor multiplied by (—1)"*7. Now

det(A) = ‘A| = (]/ilAil + -+ aimAim = alelj + -+ a‘mjAmj (A32)

for any i or j € {1,...,m}. It does not matter which row or column is chosen
in (A.3.2) because the determinant of a matrix is a unique number.
For example, for the (3 x 3) matrix

2 13
A=10 21 (A.3.3)
1 -1 4
the minor of the upper right-hand corner element is

0 2
det[1 _1]—2.

The cofactor is also —2 because (—1)!*3 = 1. Developing by the first row
gives
21 01 0 2
|A2-det{1 4} —1-det{1 4} +3~det[1 1] =13.

The same result is obtained by developing by any other row or column, e.g.,
using the first column gives

Al =2 -det 21 —0-det L3 +1-det L3 =13.
-1 4 -1 4 2 1
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Rules: In the following rules, A = (a;;) and B = (b;;) are (m x m) matrices
and c is a scalar.

(1) det(I,) =1.

(2) If Ais a diagonal matrix, det(A) = a11 - a2 - - G-

(3) If A is a lower or upper triangular matrix, |A| = a11 - - G-

(4) If A contains a row or column of zeros, |A| = 0.

(5) If B is obtained from A by adding to one row (column) a scalar multiple
of another row (column), then |A| = |B|.

) If A has two identical rows or columns, then |A| = 0.

) det(cA) =™ det(A).

) |AB| = |A[|B.

) If C'is an (m X n) matrix, det(I,,, + CC") = det(I,, + C'C).

A.4 The Inverse, the Adjoint, and Generalized Inverses

A.4.1 Inverse and Adjoint of a Square Matrix

An (m x m) square matrix A is nonsingular or regular or invertible if there
exists a unique (m x m) matrix B such that AB = I,,. The matrix B is
denoted by A~ !. It is the inverse of A,

AA P =ATA=1,,.

For m > 1, the (m x m) matrix of cofactors,

!

A oo A

Aadj _ . :
Ami o Apm

is the adjoint of A. For a (1 x 1) matrix A, we define the adjoint to be 1, that

is, A%Y = 1. To compute the inverse of the (m x m) matrix A, the relation

Al = A4 (A.4.1)

is sometimes useful. For this expression to be meaningful, |A| has to be
nonzero. Indeed, A is nonsingular if and only if det(A) # 0.
As an example consider the matrix given in (A.3.3). Its adjoint is

( 2 1] |01 o 2171
-1 4 14 1 -1
qedi_ | | 13 23| |2 1| _ ?_g:;
~1 4 14 1 -1 5 3 4
13 |23 2 1
L 2 1 01 0 2]




650 A Vectors and Matrices

Consequently,
3 1 9 -7 =5
=5 L5 2
-2 3 4

Multiplying this matrix by A is easily seen to result in the (3 x 3) identity
matrix.

Rules:

(1) For an (m x m) square matrix A, AAY = AU A = |A|I,,.
(2) An (m x m) matrix A is nonsingular if and only if det(A) # 0.

In the following, A = (a;;) and B are nonsingular (m x m) matrices and
¢ # 0 is a scalar constant.

) A7l = Al /| Al
) (A)H=(AT)

) (AB)"' = B71A"L.

) (cA)~t = %A_l.

) I =1,,.

) If A is a diagonal matrix, then A~ ! is also diagonal with diagonal elements
(9) For an (m x n) matrix C, (I,, + CC")~t =1, — C(I, + C'C)~'C".

A.4.2 Generalized Inverses

Let A be an (mxn) matrix. Any matrix B satisfying ABA = A is a generalized
inverse of A. For example, if

10
=[]

the following matrices are generalized inverses of A:

o) fonl [o2)

Obviously, a generalized inverse is not unique in general. An (n x m) matrix B
is called Moore-Penrose (generalized) inverse of A if it satisfies the following
four conditions:

ABA = A,
BAB = B,
(ABY — AB., (A.4.2)

(BA) = BA.
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The Moore-Penrose inverse of A is denoted by AT, it exists for any (m x n)
matrix and is unique.

Rules: (See Magnus & Neudecker (1988, p. 33, Theorem 5).)

1) AT = A= if A is nonsingular.

2) (A*)* = A,

3) (A = (A*Y.

4) A/AAT = ATAA = A

5) ATATVAT = ATAT A = AT,

6) (A'A)F = ATAT (AA)YT = AT A+,
) AT = (AA)TA = A(AA)F

A.5 The Rank

Let x1,...,2, be (m x 1) vectors. They are linearly independent if, for the
constants cq,...,cp,

cx1+ -+ cepxry, =0

implies ¢; = --- = ¢, = 0. Equivalently, defining the (n x 1) vector ¢ =
(c1,...,¢n)" and the (m x n) matrix X = (#1,...,x,), the columns of X are
linearly independent if Xc¢ = 0 implies ¢ = 0. The columns of X are linearly
dependent if cyx1 + - - - + ¢z, = 0 holds with at least one ¢; # 0. In that case,

Ti=ditr 4+ diawi g Fdipami + o Fdpy,

where d; = —c;j/¢;. In other words, z1,...,x, are linearly dependent if at
least one of the vectors is a linear combination of the other vectors.

If n > m, the columns of X are linearly dependent. Consequently, if
1,...,T, are linearly independent, then n < m.

Let ay,...,a, be the columns of the (m x n) matrix A = (ay,...,an).
That is, the a; are (m x 1) vectors. The rank of A, briefly rk(A), is the max-
imum number of linearly independent columns of A. Thus, if n < m and
the aq,...,a, are linearly independent, rk(A) = n. The maximum number of
linearly independent columns of A equals the maximum number of linearly
independent rows. Hence, the rank may be defined equivalently as the max-
imum number of linearly independent rows. If m > n (m < n) then we say
that A has full rank if rk(A) = n (rk(A) = m).

Rules: Let A be an (m X n) matrix.

(1) rk(A) < min(m,n).

(2) rk(A) = rk(A4').

(3) tk(AA") =1k(A’A) = 1k(A).

(4) If B is a nonsingular (n x n) matrix, then rk(AB) = rk(A).
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5) If rk(A) = m, then AT = A’(AA")~L.
6) If rk(A) = n, then AT = (A’A)~1A".
7) If B is an (n x r) matrix, rk(AB) < min{rk(A), rk(B)}.
8) If A is (m x m), then rk(A) = m if and only if |A| # 0.

A.6 Eigenvalues and -vectors — Characteristic Values
and Vectors

The eigenvalues or characteristic values or characteristic roots of an (m x
m) square matrix A are the roots of the polynomial in A given by det(A —
Al,,) or det(Al,, — A). The determinant is sometimes called the characteristic
determinant and the polynomial is called the characteristic polynomial of A.
Because the roots of a polynomial are complex numbers, the eigenvalues are
also complex in general. A number A; is an eigenvalue of A, if the columns
of (A — \;I,,) are linearly dependent. Consequently, there exists an (m x 1)
vector v; # 0 such that

(A= NI)v; =0 or Av; = \v;.

A vector with this property is an eigenvector or characteristic vector of A
associated with the eigenvalue A;. Of course, any nonzero scalar multiple of
v; is also an eigenvector of A associated with \;.

As an example consider the matrix

10
4=t
Its eigenvalues are the roots of

|A—>\12:det{11)‘ 30/\} =(1-NB-N).

Hence, Ay = 1 and Ay = 3 are the eigenvalues of A. Associated eigenvectors
are obtained by solving

(10 vir | | v and 1 0] v _ g V12
|13 vor | | v 1T 3 v | 7| v

Thus

)

[ V11 1 V12 0 |
= 1 and =
| V21 -5 V22 1]
are eigenvectors of A associated with \; and s, respectively.
In the following rules, the modulus of a complex number z = z; + iz9 is

used. Here z; and 29 are the real and imaginary parts of z, respectively, and
i = +/—1. The modulus |z] of z is defined as
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|z| := /2% + 232.

If z9 = 0 so that z is a real number, the modulus is just the absolute value of
z, which justifies the notation.

) The eigenvalues of a diagonal matrix are its diagonal elements.

) The eigenvalues of a triangular matrix are its diagonal elements.

) An (m x m) matrix has at most m eigenvalues.

) Let A1,..., Ay be the eigenvalues of the (m x m) matrix A, then |A| =
A1 -+ Am, that is, the determinant is the product of the eigenvalues.

(6) Let A; and A; be distinct eigenvalues of A with associated eigenvectors v;

and v;. Then v; and v; are linearly independent.

(7) All eigenvalues of the (m x m) matrix A have modulus less than 1 if and

only if det(l,, — Az) # 0 for |z| < 1, that is, the polynomial det(Zl,, — Az)

has no roots in and on the complex unit circle.

A.7 The Trace

The trace of an (m x m) square matrix A = (a,;) is the sum of its diagonal
elements,

trA=tr(A):=an1 + -+ Gmm-
For example,
10
tr[ 13 } = 4.

Rules: A and B are (m x m) matrices and Aq, ..., )\, are the eigenvalues of
A.

)

2) trA=trA.
)
)

A.8 Some Special Matrices and Vectors

A.8.1 Idempotent and Nilpotent Matrices

An (m x m) matrix A is idempotent if AA = A? = A. Examples of idempotent
matrices are A = I,,,, A =0, and
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111
3 3 3
|1 11
A_333
111
3 3 3

An (m x m) matrix A is nilpotent if there exists a positive integer 7 such that
A" = 0. For instance, the (2 x 2) matrices

0 3 1 -1
A_[O 0} and B—{l 1}

are nilpotent because A2 = B? = 0.

Rules: In the following rules, A is an (m x m) matrix.

(1) If A is a diagonal matrix, it is idempotent if and only if all the diagonal
elements are either zero or one.

) If A is symmetric and idempotent, rk(A) = tr(A).

) If A is idempotent and rk(A) = m, then A = I,,,.

) If A is idempotent, then I,,, — A is idempotent.

) If A is symmetric and idempotent, then AT = A.

) If B is an (m x n) matrix, then BB™ and BT B are idempotent.

) If A is idempotent, then all its eigenvalues are zero or one.

) If A is nilpotent, then all its eigenvalues are zero.

A.8.2 Orthogonal Matrices and Vectors and Orthogonal
Complements

Two (m X 1) vectors x and y are orthogonal if 2’y = 0. They are orthonormal
if they are orthogonal and have unit length, where the length of a vector x is
lz]] := Va'z.

An (m x k) matrix B is orthogonal to the (m x n) matrix A if A’B = 0.
If Ais an (m x n) matrix of full column rank, an orthogonal complement
of A, denoted by A, , is an (m x (m — n)) matrix of full column rank such
that A’A; = 0. The orthogonal complement of a nonsingular square matrix
is zero and the orthogonal complement of a zero matrix is an identity matrix
of suitable dimension.

An (m x m) square matriz A is orthogonal if its transpose is its inverse,
A’A = AA’ = I,,,. In other words, A is orthogonal if its rows and columns are
orthonormal vectors.

Examples of orthogonal vectors are

5 0
x=10 and y=| 2
0 0
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The following four matrices are orthogonal matrices:
01 cosp sine
10 —singp cosy |’

010] [1/\/3 1/vV3  1/V3
100J, [1/\/5—1/\/5 0

00 1 1/V6  1/vV6 —2//6
Suppose
10
A=11 1|,
0 2
then
1 2
-1 and —2
1
5 1

are orthogonal complements of A.

Rules:

(1) I, is an orthogonal matrix.
2) If A is an orthogonal matrix, then det(A) =1 or —1.
23

(3) If A and B are orthogonal and conformable matrices, then AB is orthog-
onal.

4) If A\;, A; are distinct eigenvalues of a symmetric matrix A, then the corre-

J

sponding eigenvectors v; and v; are orthogonal.

(5) For an (m x n) matrix A of full column rank and n < m, the matrix
[A: A]] is invertible.

A.8.3 Definite Matrices and Quadratic Forms

Let A be a symmetric (m x m) matrix and « an (m x 1) vector. The func-
tion 2’ Az is called a quadratic form in z. The symmetric matrix A or the
corresponding quadratic form is

(i) positive definite if ' Ax > 0 for all m-vectors x # 0;

(ii) positive semidefinite if ' Az > 0 for all m-vectors x;

(iii) negative definite if ' Ax < 0 for all m-vectors z # 0;

(iv) negative semidefinite if 2’ Az < 0 for all m-vectors z;

(v) indefinite if ' Az > 0 for some z and 2’ Az < 0 for another .

Rules: In the following rules, A is a symmetric (m x m) matrix.
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(1) A = (ay;) is positive definite if and only if all its principle minors are
positive, where

ayr ... Qaig
det

a;1 ... Q4

is the i-th principle minor of A.

(2) A is negative definite (semidefinite) if and only if —A is positive definite
(semidefinite).

(3) If A is positive or negative definite, it is nonsingular.

(4) All eigenvalues of a positive (negative) definite matrix are greater (smaller)
than zero.

(5) A diagonal matrix is positive (negative) definite if and only if all its diag-
onal elements are positive (negative).

(6) If A is positive definite and B an (m X n) matrix, then B’ AB is positive
semidefinite.

(7) If A is positive definite and B an (m x n) matrix with rk(B) = n, then
B’ AB is positive definite.

(8) If A is positive definite, then A1 is positive definite.

(9) If A is idempotent, then it is positive semidefinite.

With these rules it is easy to check that

e

are positive definite matrices and

11 10
{1 1} and [O 0}

are positive semidefinite matrices.

A.9 Decomposition and Diagonalization of Matrices

A.9.1 The Jordan Canonical Form

Let A be an (m x m) matrix with eigenvalues A1,. .., A,. Then there exists a
nonsingular matrix P such that

Ay 0

P7'AP = = A or A=PAP, (A.9.1)
0 A,
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where
N 10 0
0 X 1 0
A; =
0 O RN |
0 0 ... ... N\

This decomposition of A is the Jordan canonical form. Because the eigenvalues
of A may be complex numbers, A and P may be complex matrices. If multiple
roots of the characteristic polynomial exist, they may have to appear more
than once in the list A1,..., \,.

The Jordan canonical form has some important implications. For instance,
it implies that

Al = (PAPY) = pAip!

and it can be shown that

(1) (L)
0 X PV
W i o\ e2 )
L 0 0 N |
where

( 1; > 0 —p;)!q!

denotes a binomial coefficient. We have the following rules.

Rules: Suppose A is a real (m x m) matrix with eigenvalues Ay, ..., A, which
have all modulus less than 1, that is, |A;| < 1 for ¢ = 1,...,n. Furthermore,
let A and P be the matrices given in (A.9.1).

J—00

(2) Y720 AT = (I, — A) ! exists.
(3) The sequence A7, j =0,1,2,..., is absolutely summable, that is,

oo
> o
=0

is finite for all k,l = 1,...,m, where ay ; is a typical element of A7. (See
Section C.3 regarding the concept of absolute summability.)
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A.9.2 Decomposition of Symmetric Matrices

If A is a symmetric (m x m) matrix, then there exists an orthogonal matrix
P such that
R

P'AP=A= { J or A= PAP, (A.9.2)
0 Am

where the \;’s are the eigenvalues of A and the columns of P are the corre-
sponding eigenvectors. Here all matrices are real again because the eigenvalues
of a symmetric matrix are real numbers. Denoting the i-th column of P by p;
and using that pjp; = 0 for i # j, we get

A=PAP' =) \pipi. (A.9.3)
=1

Moreover,

A? = PAP'PAP' = PA*P'
and, more generally,

Ak = pARP.

If A is a positive definite symmetric (m x m) matrix, then all eigenvalues are
positive so that the notation

VA 0 ]
A1/2 = i

0 ol

makes sense. Defining Q = PAY2P’, we get QQ = A. In generalization of the
terminology for positive real numbers, () may be called a square root of A and
may be denoted by A'/2.

A.9.3 The Choleski Decomposition of a Positive Definite Matrix

If A is a positive definite (m x m) matrix, then there exists a lower (upper)
triangular matrix P with positive main diagonal such that

P APt =1, or A=PP. (A.9.4)

Similarly, if A is positive semidefinite with rk(A) = n < m, then there exists
a nonsingular matrix P such that
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—1 /—1 In 0
e P} "y

Alternatively, A = QQ’, where

I, 0
Qp[o 0}
For instance,
26 3 0 [5 1 0][5 0 0]
39 0| =10301{|130
0 0 81 |00 9][00 9]
[ /26 0 07 +v26 3/vV26 0
= | 3/V26 15/v/26 0 0 15/v26 0
| 0 0 9] o 0 9

The decomposition A = PP’, where P is lower triangular with positive main
diagonal, is sometimes called Choleski decomposition. Computer programs are
available to determine the matrix P for a given positive definite matrix A. If
a lower triangular matrix P is supplied by the program, an upper triangular
matrix @ can be obtained as follows: Define an (m x m) matrix

el
L0

with ones on the diagonal from the upper right-hand corner to the lower left-
hand corner and zeros elsewhere. Note that G’ = G and G~! = G. Suppose a
decomposition of the (m xm) matrix A is desired. Then decompose B = GAG
as B = PP’, where P is lower triangular. Hence,

A= GBG = GPGGP'G = QQ',

where () = GPG is upper triangular.

A.10 Partitioned Matrices

Let the (m x n) matrix A be partitioned into submatrices Aq1, A2, Aa1, A2z
with dimensions (p x q), (p x (n —q)), ((m —p) X q), and ((m —p) x (n —q)),
respectively, so that

All A12
A= . A.10.1
[ A As } (A.10.1)

For such a partitioned matrix, a number of useful results hold.
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Rules:
/! /
w =4 4]
12 A2
(2) f n=m and ¢ = p and A, Ay;, and Ayy are nonsingular, then
Afl _ D —DA12A521
—Ay A D Ay + Ay As DA A
_ [ A+ A ALGAR AL A ARG
—GAn AT} G ’
where D = (AH — A12A2_21A21)71 and G = (A22 — A21A1_11A12)71.
(3) Under the conditions of (2),

(A1 — A2 Az Ag) = AL + AT Ava(Agy — A A Arg) M A A

(4) Under the conditions of (2), if A15 and Ag; are null matrices,
- A0
1_ 11
4 [ 0 Ay } '
(5) If A is a square matrix (n = m) and Aj; is square and nonsingular, then
Al = [A11] - [Aze — Agy Apy' Asa.

(6) If A is a square matrix and Agg is square and nonsingular, then |[A] =
| Aga| - [A11 — A1245) Agy.

A.11 The Kronecker Product

Let A = (a;;) and B = (b;;) be (m x n) and (p X ¢) matrices, respectively.
The (mp x ng) matrix

’VG,HB alnB-‘
A®B:= : (A.11.1)

am'lB am:nB J

is the Kronecker product or direct product of A and B. For example, the
Kronecker product of

3 4 -1 5 —1
[0 me[5 ] o

is
15 -3 20 -4 -5 1
9 9 12 12 -3 -3

10 -2 0 0 0 O
6 6 0 0 0 O

A®B =
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and

15 20 -5 -3 -4 1
100 0 0 -2 0 O
9 12 -3 9 12 -3
6 0 0 6 0 O

B A=

Rules: In the following rules, suitable dimensions are assumed.

1) A® B# B® A in general.

2) (A B) =A@ B

3) A®(B+C) =A@ B+ AxC.

4) (A® B)(C® D)= AC ® BD.

5) If A and B are invertible, then (A® B)~' = A~'@ B~

6) If A and B are square matrices with eigenvalues A4, Ap, respectively, and
associated eigenvectors v4,vg, then AsAp is an eigenvalue of A ® B with
eigenvector vy ® vg.

(7) If A and B are (m x m) and (n X n) square matrices, respectively, then

[A® B| = |A]"|BJ™.
(8) If A and B are square matrices,

(
(
(
(
(
(

tr(A ® B) = tr(A)tr(B).
(9) (A B)t = AT @ B*.

A.12 The vec and vech Operators and Related Matrices

A.12.1 The Operators

Let A = (ai,...,a,) be an (m x n) matrix with (m x 1) columns a;. The vec
operator transforms A into an (mn x 1) vector by stacking the columns, that
is,

a1
vec(A) =

an

For instance, if A and B are as in (A.11.2), then

|
2 )
vec(A) = 3 and vec(B) = [ 3 -I
~1

0

Rules: Let A, B, C be matrices with appropriate dimensions.
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<

) vec(A + B) = vec(A) + vec(B).

) vec(ABC) = (C' ® A)vec(B).

% Vecg B) = (I ® A)vec(B) = (B’ ® I')vec(A).
)

)

<

vec(ABC) = (I ® AB)vec(C) = (C'B’ @ I)vec(A).
c(B’)vec(A) = tr(BA) = tr(AB) = vec(A’) vec(B).
tr(ABC) = vec(A") (C' & I)vec(B)
= vec(A") (I @ B)vec(C)
(B") (A’ ® I)vec(C)
= vec(B'")' (I ® C)vec(A)
= vec(C") (B’ @ I)vec(A)
vee(C) (I ® A)vec(B).

The vech operator is closely related to vec. It only stacks the elements on
and below the main diagonal of a square matrix. For instance,

= vec

Qi1
Q21
Q11 12 g3
Q31
vech g1 (22 (93 =
Q22

Q31 (32 (33 | gy |
[ oo
In general, if A is an (m x m) matrix, vech(A) is an m(m + 1)/2-dimensional

vector. The vech operator is usually applied to symmetric matrices to collect
the separate elements only.

A.12.2 Elimination, Duplication, and Commutation Matrices

The vec and vech operators are related by the elimination matrz’x, L,,, and
the duplication matriz, D,,. The former is an (3m(m + 1) x m?) matrix such
that, for an (m x m) square matrix A,

vech(A) = L, vec(A). (A.12.1)

Thus, e.g., for m = 3,

100 000 000
010 000 000
L._|001 000 000
5371000 010 000
000 001 000
000 000 001

The duplication matrix D, is (m? x m(m + 1)) and is defined so that, for
any symmetric (m x m) matrix A,

vec(A) = D,,vech(A). (A.12.2)
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For instance, for m = 3,

(100 00 0]

010 000

001 000

010 000

D;3=|000 100

000 010

001 000

000 010
L1000 00 1]

Because the rank of D,, is easily seen to be m(m + 1)/2, the matrix D] D,,
is invertible. Thus, left-multiplication of (A.12.2) by (D, D,,) D/, gives

(D! D,,) 'D! vec(A) = vech(A). (A.12.3)

m m

Note, however, that (D], D,,) 'D/, # L,, in general because (A.12.3) holds
for symmetric matrices A only while (A.12.1) holds for arbitrary square ma-
trices A.

The commutation matriz, K,,,, is another matrix that is occasionally
useful in dealing with the vec operator. K,,,, is an (mn x mn) matrix defined
such that, for any (m x n) matrix A,

vec(A") = K, vec(A)
or, equivalently,
vec(A) = K,mvec(4').

For example,

1 00 000
000 1 00
010 000
Ka=1000 010
001 000
[ 000 001 J
because for
{ 11 (g2 -‘
A= | a1 oo ;
[ 31 (32 J
(€551 a11
Q12 21
vec(A') = @21 ) K, R Ksavec(A).
Q22 Q12
@31 &)

Q32 Q32
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Rules

(7) LDy, = m(m-+1)/2

(9) Kml - Klm = 4im.

(11) tr Ky, = m.

(12) det(K,p,) = (—1)mnim=hn=1)/4,

(13) tr(D!, D,,) = m?, tr(D!,D,,) ! = m(m + 3)/4.

(14) det(D’,D,,) = 2m(m=1/2,

(15) tr(D,,D.,) = m2.

(16) |D! (A ® A)D,,| = 2mm=1/2| A|™+1 where A is an (m x m) matrix.
(17) (D), (A© A)Dy,) " = (D}, Dyn) "' Dy (A~ @ A~ )Dy (D}, Dy) ! if A

is a nonsingular (m x m) matrix.
(18) L, L;, = Iny(m+1)/2-
(19) L,, L/, and L,,K,,,,L/, are idempotent.

Let A and B be lower triangular (m xm) matrices. Then we have the following
rules:

(20) L,,(A® B)L/, is lower triangular.

(21) L, L,,(A'® B)L,, = (A’ ® B)L!,.

(22) L, (A" ® B)L!,]° = L,,((A")* ® B*)L!, for s = 0,1,... and for s =
..,—2,—1,if A=! and B! exist.

Let G be (m xn), F (pxq), and b (p x 1). Then the following results hold:

=(FoG@)Kgp.
K,, = FoG.
Gob)=b®G.

Y
S
Q
®

=23

vee(GR F) = (I, @ Ky, ® I)) (vec(G) & vec(F)).
D,,) 'D! K,.., = (D! D,,) D/, .

A.13 Vector and Matrix Differentiation

In the following, it will be assumed that all derivatives exist and are con-
tinuous. Let f(3) be a scalar function that depends on the (n x 1) vector

B= (B, Bn)

af
o |7 ot 2.2
85 [8]” ' 851 aﬂl aﬂn
0pn
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are (n x 1) and (1 x n) vectors of first order partial derivatives, respectively,
and

9% f 9% f
an _ [ azf :| _ aﬁlaﬁl 8ﬁlaﬁn ‘l
apoF " | 9p:08; o 5 |

is the (n x n) Hessian matriz of second order partial derivatives. If f(A) is a
scalar function of an (m x n) matrix A = (a;;), then

of [ of
0A " {3%}

is an (m x n) matrix of partial derivatives. If the (m x n) matrix A = (a;;)
depends on the scalar 3, then

% L 8(1”'

g~ | op
is an (m x n) matrix. If y(8) = (y1(8), ..., ym(B))" is an (m x 1) vector that
depends on the (n x 1) vector 3, then

oy1 %]
I
T o o
0B T 9B,

is an (m x n) matrix and

o _ (311)'
05~ \ap )

For example, if § = (81, 02)" and f(8) = 87 — 2012, then

9f
af_{aﬁl [2ﬁ1—252}

B of =204
| a5
If
3 (9 2
vo = | a2 e 2% )

The following two propositions are useful for deriving rules for vector and
matrix differentiation.
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Proposition A.1 (Chain Rule for Vector Differentiation)
Let o and 8 be (m x 1) and (n x 1) vectors, respectively, and suppose h(«) is
(p x 1) and g(B) is (m x 1). Then, with « = ¢g(3),

9h(g(9)) _ Oh(e) 99(B)
ap da/ 9P

(p x n).

Proposition A.2 (Product Rules for Vector Differentiation)

(a) Suppose § is (m x 1), a(B) = (a1(B),-.-,an(B)) is (n x 1), () =
(c1(B),...,cp(B)) is (px 1) and A = (a;5) is (n x p) and does not depend on
B. Then

0 'A 0 0
[a(/@gﬂlC(ﬂ)] :C(ﬂ)/A/ g(ﬁ?) +a(ﬂ)'A ;I(B/‘i)

(b) If Bis a (1 x 1) scalar, A(3) is (m x n) and B(8) is (n X p), then

0AB 0A OB
(¢) If Bis an (m x 1) vector, A(() is (n x p) and B(f) is (p x ¢), then

dvec(AB) 0 vec(B) , Ovec(A)

T og (Ig @ A)w +(B ®In)37ﬂ,-

|

Proof:

(a)

> aai4¢;
d(a’ Ac) (w ’ J)

aop’ aop’
Bai 86]‘
a0 a0
= CA86’+QA86"
(b)
AB =

Z aijbjk] and
J
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0 (Zj a”bjk) = iy g, ik
a3 B R
(c) Follows from (b) by stacking the columns of AB and writing the resulting
columns 9 vec(AB)/03; for i = 1,...,m in one matrix. [ |

The following rules are now easy to verify.

Rules:
(1) Let A be an (m x n) matrix and § be an (n x 1) vector. Then

0AB 35//1/7 ,
a—ﬁlfA and a3 =A.

Proof: This result is a special case of Proposition A.2(a). |

(2) Let A be (m x m) and 3 be (m x 1). Then

OB'AB _ / OBAB i a
5 =(A+A")B and o5 =p['(A"+ A).
Proof: See Proposition A.2(a). ]
(3) If Ais (m xm) and @ is (m x 1), then
BQB’A/B B ,
9505 A4+ A
Proof: Follows from (1) and (2). ]

(4) If A is a symmetric (m X m) matrix and 3 an (m x 1) vector then

82ﬁ/Aﬁ -
opop A
Proof: See (3). |

(5) Let 2 be a symmetric (n x n) matrix and ¢(5) an (n x 1) vector that
depends on the (m x 1) vector . Then

dc(B)' 2e(B) ) ,0c(B)
7@@ =2¢(B)'1? o5
and
Dc(B) 2c¢(B) _ [9c(B) ,0c(B) , dvec(9c(B)'/0p)
7@56&’ =2 95 Q(’)ﬁ’ + [e(8) 2 ® I, o5

In particular, if y is an (n x 1) vector and X an (n x m) matrix,



668

A Vectors and Matrices
Ay — XpB)' 2y — XP) /
=2y—-XpB)NX
a7 (y — XB)
and
0*(y — XB)' 2y — XB)
- - =2X'02X.
opops’
Proof: Follows from Proposition A.2(a). [ ]
Suppose (3 is (m x 1), B(8) is (n x p), Ais (k xn), and C'is (p x q) and
the latter two matrices do not depend on (3. Then
dvec(ABC) O vec(B)
— = = (C'®A)———.
B ( ® ) BYes

Proof: Follows from Rule (2), Section A.12, and Proposition A.1. |

Suppose 3 is (m x 1), A(B) is (n X p), D(B) is (¢ x ), and C is (p %X q)
and does not depend on 3. Then

0vec(ACD) dvec(D) o dvec(A)

o7 (I, ® AC) o5 +(D'C'®1,) a5

Proof: Follows from Proposition A.2(c) by setting B = C'D and noting
that Ovec(CD)/0p" = (I, ® C)0vec(D)/0f'. ]
If Bis (m x 1) and A(() is (n x n), then, for any positive integer h,

dvec(Al) = N1 ;| Ovec(A)

oy (LA e
i=0

Proof: Follows inductively from Proposition A.2(c). The result is evident
for h = 1. Assuming it holds for h — 1 gives

h—2

dvec(AAM 1) heo | Ovec(A)
i = LeA) [} (AT e | —o—
op ~ op'
Hay= o ) 2,
|
If A is a nonsingular (m x m) matrix, then
6V€C(A71) _ —1y/ -1
dvec(A) —A) e

Proof: Using Proposition A.2(c),
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_ Ovec(l,) Ovec(A"'A) 1, Ovec(A)
0= dvec(A)Y  dvec(A)Y (Im ® A )8vec(A)’
, dvec(A™1)
+(A ®Im)78VeC(A)/ .

(10) Let A be a symmetric positive definite (m X m) matrix and let P be
a lower triangular (m X m) matrix with positive elements on the main
diagonal such that A = PP’. Moreover, let L,, be an (1m(m + 1) x m?)
elimination matrix such that L,,vec(A) = vech(A) consists of the elements
on and below the main diagonal of A only. Then

O vech(P)

= {Ln(T2 + Kpm)(P® [m)L;n}—17

where K, is an (m? xm?) commutation matrix such that K,,,,vec(P) =
vec(P’).

Proof:  See Liitkepohl (1989a). |
(11) If A = (a45) is an (m x m) matrix, then
otr(A)
0A
Proof: tr(A) =ai1 + - + G- Hence,

dtr(A) [0 ifi#j,
da; |1 ifi=j.

=1,

(12) If A= (ai;) is (m x n) and B = (b;;) is (n x m), then

0tr(AB)
0A
Proof: Follows because tr(AB) = Z?Zl ayjbji + -+ Z;-Lzl Amjbjm. W

=B

(13) Suppose A is an (m x n) matrix and B, C are (m x m) and (n X m),
respectively. Then

otr(BAC)
0A
Proof: Follows from Rule (12) because tr(BAC) = tr(ACB). ]

(14) Let A,B,C,D be (m x n), (n x n), (m x n), and (n x m) matrices,
respectively. Then
dtr(DABA'C)

DA

= B'C’.

=CDAB+ D'C'AB".
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Proof: See Murata (1982, Appendix, Theorem 6a). |

(15) Let A, B, and C be (m x m) matrices and suppose A is nonsingular.
Then

dtr(BA~1C)
0A

Proof: By Rule (6) of Section A.12,

= (A7'cBATYY.

tr(BA 'C) = vec(B') (C' ® I,,,) vec(A™1).

Hence, using (9)

otr(BA™1C)

dvec(A) = —vee(B)(C'®@ In)((A7") @ A7)

!

= —[(A7'"C®A™Y) vec(B')]
= - [vec(Ail’B'C’Afl’)]/
by Rule (2) of Section A.12. [ ]
(16) Let A = (a;;) be an (m x m) matrix. Then

0|4

_ adj\/

where A%¥ is the adjoint of A.

Proof: Developing by the i-th row of A gives
Al = ainAit + - + @Gim Aim,

where A;; is the cofactor of a;;. Hence,

oAl _

aaij

]
because A;; does not contain a;. |
(17) If A is a nonsingular (m x m) matrix with |A| > 0, then

Olm|Al )4
0A = )

Proof: Using Proposition A.1 (chain rule),

Om|A| 9l|A| 94| 1

_ — adjy/ _ n—1
DA Al A \A|(A) (A9~
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Proposition A.3 (Taylor’s Theorem)

Let f(8) be a scalar valued function of the (m x 1) vector 5. Suppose f(53) is
at least twice continuously differentiable on an open set S that contains Gy, 3,
and the entire line segment between 3y and 3. Then there exists a point 3 on
the line segment such that

af(Bo) > f(B)
op 0Bop
where 0f(530)/08' = (0f/08'|5,)- n

The expansion of f given in (A.13.1) is a second order Taylor expansion
at or around fy.

£0) = F(50) + L2 (5 — o)+ 58— oy ST (5 - o), (a13)

A.14 Optimization of Vector Functions

Suppose f(() is a real valued (scalar) differentiable function of the (m x 1)
vector 3. A necessary condition for a local optimum (minimum or maximum)
at ( is that

g—g:O forB:B, that is, 6’2(5):: [ggg]:o.

In other words, f(-) has a stationary point at 5 If this condition is satisfied
and the Hessian matrixz of second order partial derivatives
0% f
opop’
is negative (positive) definite for § = 3, then 3 is a local maximum (mini-

mum).
If a set of constraints is given in the form

©(B) = (¢1(B),-- -, en(B) =0,

that is, ¢(8) is an (n x 1) vector, then a local optimum, subject to these
constraints, is obtained at a stationary point of the Lagrange function

L(B,AN) = f(B) = Ne(B),

where A is an (nx 1) vector of Lagrange multipliers. In other words, a necessary
condition for a constrained local optimum is that

oL oL

— =0 and — =0

op o\
hold simultaneously.

The following results are useful in some optimization problems.
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Proposition A.4 (Mazimum of tr(B'§2B))

Let £2 be a positive semidefinite symmetric (K x K) matrix with eigenvalues
A1 > Ay > -+ > Ak and corresponding orthonormal (K X 1) eigenvectors
V1,02, ..., VK. Moreover, let B be a (K X r) matrix with B’B = I,.. Then the
maximum of tr(B'(2B) with respect to B is obtained for

B=B=[v,...,v]
and
max tr(B'2B) = A\ + -+ + A,

Proof: The proposition follows from Theorem 6, p. 205, of Magnus & Neu-
decker (1988) by induction. For r = 1, our result is just a special case of that
theorem. For r > 1, assuming that the proposition holds for r—1 and denoting
the columns of B by by,...,b,,

v, b, 2, *
tr| o [ 2[by,..., b)) =tr

b, * b.02b,
= b102by + -+ b1 02b._1 + b 02D,
= M+ + N1+ 000,

tr(B'2B)

and max b.02b, = v' v, = A, under the conditions of the proposition, by the
aforementioned theorem from Magnus & Neudecker (1988). |

The next proposition may be regarded as a corollary of Proposition A.4.

Proposition A.5 (Minimum of tr(Y — BCX) X1 (Y — BCX))
Let Y, X, X, B, and C be matrices of dimensions (K x T),(Kp x T), (K x

K),(K x r), and (r x Kp), respectively, with X, positive definite, rk7(B) =
rk(C) = r, rk(X) = Kp, and rk(Y) = K. Then a minimum of

tr[(Y — BCX) XYY — BCX)] (A.14.1)
with respect to B and C' is obtained for

B=B=2Xx?V and C=C=V'3I?vX'(XX')"", (A.14.2)

where V = [0y,...,%,] is the (K x r) matrix of the orthonormal eigenvectors
corresponding to the r largest eigenvalues of
1
fzgl/QYX/<XX/)7]XY/2;]/2

in nonincreasing order. |
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Proof: We first assume X, = I.

tr[(Y — BOX)'(Y — BCX))
— tr[(Y — BOX)(Y — BCX)]
= [vec(Y) — Vec(BCX)]’[vec(lY) — vec(BCX)]
= [vec(Y) — (X' ® B)vec(C)] [vec(Y) — (X' ® B)vec(C)].

(A.14.3)

A derivation similar to that in Section 3.2.1 shows that this sum of squares is
minimized with respect to vec(C') when this vector is chosen to be

~

vee(C) = [(X®@B') (X' ®B)] " (X ® B )vec(Y)
= (XX'® B'B)"! vec(B'YX')
= vec[(B'B)"'B'YX'(XX')7".

Because we may normalize the columns of B, we choose B’'B = I, without
loss of generality. Hence,

C=BYX'(XX'). (A.14.4)
Substituting for C' in (A.14.3) gives
tr[(Y — BB'YX'(XX') 'X)(Y — BB'YX'(XX') 'X)]
=tr(YY’) — tr(BB'Y X' (XX') ' XY') — tr(YX'(XX') "' XY'BB')
+tr(BBYX'(XX') ' XX'(XX')"'XY'BB)
—tr(YY') — tr(BYX'(XX')"' XY'B),

where again B’B = I,. has been used. This expression is minimized with
respect to B, where

1
ftrB’YX’(XX’)’lXY’B

assumes its maximum. By Proposition A.4, the maximum is attained if B
consists of the eigenvectors corresponding to the r largest eigenvalues of

1
TYX’(XX’)*XY’

which proves the proposition for X, = Ik.
It ¥, # Ik,

tr[(Y — BCX) X, ' (Y — BCX)] = tr[(Y# — B¥CX)'(Y# — B¥CX)]

has to be minimized with respect to B# and C. Here Y# = E;UQY and
B# = EJI/QB. From the above derivation the solution is B# = V and

C=B#¥Y#*X'(XX) ' =V's, 2y X' (XX,

where the columns of V are the eigenvectors corresponding to the r largest
eigenvalues of
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1 1
fY#X'(XX')*1XY#’ = ?Egl/QYX’(XX’)*lXY’E;”Q.

Hence, B= 211/235# = 271/2\7. [ |

A result similar to that in Proposition A.4 also holds for the maximum and
minimum of a determinant. The following proposition is a slight modification
of Theorem 15 of Magnus & Neudecker (1988, Chapter 11).

Proposition A.6 (Mazimum and Minimum of |C2C"])

Let {2 be a positive definite symmetric (K x K) matrix with eigenvalues
A1 > Ay > -+ > Ak and corresponding orthonormal (K x 1) eigenvectors
v1,...,0k. Furthermore, let C' be an (r X K) matrix with CC’ = I,.. Then

max |CRC =X+ A,
and the maximum is attained for
C=C= [v1,..., 0]
Moreover,
mgn |[CRC| = A A1 Ak —ri1
and the minimum is attained for
C=0C= [vrcs oy i)
|

An important implication of this proposition is used in Chapter 7 and is stated
next.

Proposition A.7 (Minimum of |[T~*(Y — BCX)(Y — BCX)'|)

Let Y and X be (K x T') matrices of rank K and let B and C' be of rank r and
dimensions (K x r) and (r x K), respectively. Furthermore, let Ay > -+ > Ag
be the eigenvalues of

(XX V2XY'(YY)YX'(XX') "V

and the corresponding orthonormal eigenvectors are vy, ..., vk . Here
(XX') /2

is some matrix satisfying
(XX VXXV XX)YV = Ik,

Then
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%%WF%Y—BCXMY—BCXyqu*YYM1—Ag~(1—N)

)

and the minimum is attained for
C=C=v,...,v0)(XX")"/?
and
B=B=YX'C'(CXX'C")™"
|

A proof of this proposmon can be found in Tso (1981). It should be noted
that the minimizing matrices B and C are not unique. Any nonsmgular (rxr)
matrix F' leads to another set of minimizing matrices F’ C BF 1.

A.15 Problems

The following problems refer to the matrices

1
5 2 6 00
SEHESEIH St

N DN A~

[5 2 | 48 261+ 5
p-[3 3] m-[ 2, Pyt

Problem A.1

Determine A+ D, A—2D, A’, AB, BC, B'A, B'A', A® D, B® D, D ® B,
B'® D', B+ BC, tr A, tr D, det A, |D|, |C|, vec(B), vec(B’), vech(C), K3,
A=Y D71 (A® D)7, 1k(0O), rk(B), det(A ®@ D), tr(A ® D), C~! (use the
rules for the partitioned inverse).

Problem A.2
Determine the eigenvalues of A, D, and A ® D.

Problem A.3

Find an upper triangular matrix @ such that D = QQ’ and find an orthog-
onal matrix P such that D = PAP’, where A is a diagonal matrix with the
eigenvalues of D on the main diagonal. Compute D?.

Problem A.4
Is F = I, — BB’ idempotent? Is BB’ positive definite?
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Problem A.5
Determine the following derivatives.

Odet(H) 0? det(H) Otr(H)

op opop’ op
dvec(H) dvec(H?) OH (85
op o B
where 8 = (01, 52)’.
Problem A.6

Determine the stationary points of |H| with respect to (. Are they local
extrema?

Problem A.7
Give a second order Taylor expansion of det(H) around 5 = (0,0)".



B

Multivariate Normal and Related Distributions

B.1 Multivariate Normal Distributions

A K-dimensional vector of continuous random variables y = (y1,...,yx) has
a multivariate normal distribution with mean vector u = (u1,...,ux) and
covariance matrix X briefly

y~ N 2),

if its distribution has the probability density function (p.d.f.)

1 1
fly) = WIE\’”%XP 5=y =) (B.1.1)
Alternatively, y ~ N (u, X)), if for any K-vector ¢ for which ¢/Y¢ # 0 the
linear combination ¢’y has a univariate normal distribution, that is, 'y ~
N (', Xc) (see Rao (1973, Chapter 8)). This definition of a multivariate
normal distribution is useful because it carries over to the case where X' is
positive semidefinite and singular, while the multivariate density in (B.1.1) is
only meaningful, if X is positive definite and, hence, nonsingular. It must be
emphasized, however, that the two definitions are equivalent, if 3 is positive
definite rather than just positive semidefinite. Another possibility to define
a multivariate normal distribution with singular covariance matrix may be
found in Anderson (1984).

The following results regarding the multivariate normal and related distri-
butions are useful. Many of them are stated in Judge et al. (1985, Appendix
A). Proofs can be found in Rao (1973, Chapter 8) and Hogg & Craig (1978,
Chapter 12).

Proposition B.1 (Marginal and Conditional Distributions of a Multivariate
Normal)
Let y1 and yo be two random vectors such that
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BRI AES-4)!

where the partitioning of the mean vector and covariance matrix corresponds
to that of the vector (y,v5)’. Then,

Y1 ~ N(,Ula 211)

and the conditional distribution of y; given ys = c¢ is also multivariate normal,
(y1ly2 = ) ~ N (1 + 1225 (¢ — p2), D11 — D12X5, Tor).

If Y59 is singular, the inverse can be replaced by a generalized inverse. More-
over, y; and yo are independent if and only if X5 = X, = 0. |

Proposition B.2 (Linear Transformation of a Multivariate Normal Random
Vector)

Suppose y ~ N (u, X) is (K x 1), Ais an (M x K) matrix and ¢ an (M x 1)
vector. Then

r=Ay+c~N(Au+c, AYA).

B.2 Related Distributions

Suppose y ~ N (0, Ix). The distribution of z = y'y is a (central) chi-square

distribution with K degrees of freedom,
2z ~ x*(K).

Proposition B.3 (Distributions of Quadratic Forms)

(1) Suppose y ~ N (0, I) and A is a symmetric idempotent (K x K) matrix
with rk(A) = n. Then y' Ay ~ x?(n).

(2) If y ~ N(0,%), where X is a positive definite (K x K) matrix, then
Y Xy ~ P (K).

(3) Let y ~ N(0,QA), where @ is a symmetric idempotent (K x K) ma-
trix with rk(Q) = n and A is a positive definite (K x K) matrix. Then
YAty ~ 3 (n).

(4) Suppose y ~ N(0,2), where X is a nonsingular (K x K) covariance
matrix. Furthermore, let A be a (K x K) matrix with rk(A) = n. Then

YAy ~x*(n) = AXA=A
and

AVA=A = oAy~ *(n).
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Proposition B.4 (Independence of a Normal Vector and a Quadratic Form)
Suppose y ~ N (u,02I), A is a symmetric, idempotent (K x K) matrix, B
is an (M x K) matrix and BA = 0. Then By is stochastically independent of
the random variable 3’ Ay. |

Proposition B.5 (Independence of Quadratic Forms)
Suppose y ~ N (u,02I) and A and B are symmetric, idempotent (K x K)
matrices with AB = 0, then 3’ Ay and 3y’ By are stochastically independent. B

If z ~ NV(0,1) and u ~ x2(m) are stochastically independent, then

T— 2

Vu/m

has a t-distribution with m degrees of freedom, T ~ t(m). If u ~ x?(m) and
v ~ x?(n) are independent, then

U/n ~ F(man>:

that is, the ratio of two independent y? random variables, each divided by its
degrees of freedom, has an F-distribution with m and n degrees of freedom.
The numbers m and n indicate the numerator and denominator degrees of
freedom, respectively.

Proposition B.6 (Distributions of Ratios of Quadratic Forms)
(1) Suppose x ~ N (0, I,,) and y ~ N(0,I,,) are independent. Then

x'z/m
y'y/n

F(m,n).
(2) Ify ~ N(0,Ix) and A and B are symmetric, idempotent (K x K) matrices
with tk(A) = m, rk(B) = n and AB = 0, then

y' Ay/m

F .
v Byjn (m,n)

(3) 2~ F(m,n) = % ~ F(n,m).
|

If y ~ N(u, I), then 3’y has a noncentral x*-distribution with K degrees
of freedom and noncentrality parameter (or simply noncentrality) T = p'p.
Briefly,

y'y ~ x*(K; 7).
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The noncentrality parameter is sometimes defined differently in the literature.
For instance, A = % 1/ 11 is sometimes called noncentrality parameter. Let w ~
x%(m; 1) and v ~ x?(n) be independent random variables, then

w/m

that is, the ratio has a noncentral F-distribution with m and n degrees of
freedom and noncentrality parameter 7.

Proposition B.7 (Quadratic Form with Noncentral x?-Distribution)
If y ~ N(u,X) with positive definite (K x K) covariance matrix X, then
y’E’lywxg(K;u’Z’lu). [



C

Stochastic Convergence and Asymptotic
Distributions

It is often difficult to derive the exact distributions of estimators and test
statistics. In that case, their asymptotic or limiting properties, when the sam-
ple size gets large, are of interest. The limiting properties are then regarded
as approximations to the properties for the sample size available. In order to
study the limiting properties, some concepts of convergence of sequences of
random variables and vectors are useful. They are discussed in Sections C.1
and C.2. Infinite sums of random variables are treated in Section C.3. Laws of
large numbers and central limit theorems are given in Section C.4. Asymptotic
properties of estimators are considered in Section C.5. Maximum likelihood
estimators and their asymptotic properties are discussed in Section C.6 and
some common testing principles are treated in Section C.7. Finally, asymp-
totic properties of nonstationary processes with unit roots are dealt with in
Section C.8.

This appendix contains a brief summary of results used in the text. Many
of these results can be found in Judge et al. (1985, Section 5.8). A more
complete discussion and proofs are provided in Fuller (1976), Roussas (1973),
Serfling (1980), Davidson (1994, 2000) and other more advanced books on
statistics. Further references will be given in the following.

C.1 Concepts of Stochastic Convergence

Let @1, z9,... or {zr}, T =1,2,..., be a sequence of scalar random variables
which are all defined on a common probability space ({2, F, Pr). The sequence
{x1} converges in probability to the random variable a (which is also defined
on (2, F,Pr)) if for every € > 0,

lim Pr(lzp — 2| >€) =0
T—o00
or, equivalently,

Tlim Pr(jJer —z| <€) = 1.
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This type of stochastic convergence is abbreviated as

plim zp = x or T 2o
The limit z may be a fixed, nonstochastic real number which is then regarded
as a degenerate random variable that takes on one particular value with prob-
ability one.

The sequence {zr} converges almost surely (a.s.) or with probability one
to the random variable x if for every € > 0,

Pr( lim |zp — 2 <e) =1
T—oc

. . . . a.s. .
This type of stochastic convergence is often written as zr — x and is some-
times called strong convergence.

The sequence {xr} converges in quadratic mean or mean square error to

. qg.m. .
x, briefly zpr —" z, if

lim E(zy —2)* =0.

T—o0
This type of convergence requires that the mean and variance of the x7’s and
T exist.

Finally, denoting the distribution functions of xp and = by Fr and F,
respectively, the sequence {xr} is said to converge in distribution or weakly
or in law to x, if for all real numbers ¢ for which F' is continuous,

lim Fr(c) = F(c).

T—o0

This type of convergence is abbreviated as xr % . Tt must be emphasized
that we do not require the convergence of the sequence of p.d.f.s of the x7’s
to the p.d.f. of z. In fact, we do not even require that the distributions of
the zp’s have p.d.f.s. Even if they do have p.d.f.s, convergence in distribution
does not imply their convergence to the p.d.f. of z.

All these concepts of stochastic convergence can be extended to se-
quences of random vectors (multivariate random variables). Suppose {zr =
(17, ..., xxr)'}, T =1,2,...,1is asequence of K-dimensional random vectors
and x = (x1,...,2x)" is a K-dimensional random vector. Then the following
definitions are used:

plim zr =z or ngm if plimxpr =x, fork=1,..., K.
o S if xSy fork=1,... K.
e 2 if lim E[(zr — 2)(zp — 2)] = 0.

or 52 if lim Fr(c) = F(c) for all continuity points of F.
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Here Fr and F are the joint distribution functions of x7 and z, respectively.
Almost sure convergence and convergence in probability can be defined for
matrices in the same way in terms of convergence of the individual elements.
Convergence in quadratic mean and in distribution is easily extended to se-
quences of random matrices by vectorizing them. In the following proposition,

the relationships between the different modes of convergence are given.

Proposition C.1 (Convergence Properties of Sequences of Random Vari-

ables)

Suppose {xr} is a sequence of K-dimensional random variables. Then the

following relations hold:

a.s. p d
(1) o2p S 2= 2xr > = a7 — 2.
qg.m. p d
(2) xp Sz = a7 > 2 = 1T — 2.
(3) If = is a fixed, nonstochastic vector, then

q.m.

zp = r & (limE(zr) =2 and lim E{(x7—FEx7) (xr—FEzr)} = 0].

(4) If = is a fixed, nonstochastic random vector, then
P d
Trr — < T — X.

(5) (Slutsky’s Theorem) If g : R — R™ is a continuous function, then

wrSx = glzr) = g(x) [plim g(zr) = g(plim z7)],

d d
rr—x = g(zr) = 9(v),
and

a.s.

e = gler) S gla).

Proposition C.2 (Properties of Convergence in Probability and in Distribu-

tion)

Suppose {zr} and {yr} are sequences of (K x 1) random vectors, {Ar} is a
sequence of (K x K) random matrices, z is a (K x 1) random vector, c is a

fixed (K x 1) vector, and A is a fixed (K x K) matrix.

(1) If plim z7, plim yr, and plim Ar exist, then
(a) plim (zr + yr) = plim z7p + plim yr;
(b) plim (dz7) = ¢ (plim z7);
(c) plim a/ryr = (plim xr)’ (plim yr);
(d) plim Arxr = plim (Ar)plim (z7).
(2) If zp < 2 and plim (zp — yr) = 0, then yp < .

(3) If zp 2 2 and plim yr = ¢, then



684 C Stochastic Convergence

(a) or £yr St

(b) yhrxr KNS
(4) If zp 4 ¢ and plim Ay = A, then Arxr 4 Az,
(5) If p 4 ¢ and plim A7 = 0, then plim Arzr = 0.

Proposition C.3 (Limits of Sequences of t and F Random Variables)

(1) HT) L7 ne N(0,1)

(that is, a sequence of random variables with ¢-distributions with T' degrees
of freedom converges to a standard normal distribution as the degrees of
freedom go to infinity).

(2) JF(J,T) Sr oo X2(J).

C.2 Order in Probability

Let {ar} be a sequence of real numbers and {br} a sequence of positive real
numbers. Then ar is said to be of smaller order than br (ar = o(br)) if
limr_, o ar /by = 0 and ar is said to be at most of order by (ar = O(br)) if
there exists a number ¢ such that for all T, |ar|/br < c.

Proposition C.4 (Order of Convergence Results)
For sequences of real numbers {ar}, {br} and sequences of positive real num-
bers {cr}, {dr}, the following results hold:

(1) ar = O(CT),bT = O(dT) = arbr = O(CTdT), ar + by = o(max[cT,dT])
and |ar|® = o(c) for s > 0.
(2) ar = O(CT),bT = O(dT) = arbr = O(CTdT), ar+bp = O(max[cT,dT])
and |ar|® = O(c5) for s > 0.
(3) ar = O(CT), br = O(dT) = arbr = O(CTdT).
|

Let {Ar = (ai;r)} be a sequence of random (m x n) matrices and {br}
a sequence of positive real numbers. Then Ar is said to be of smaller order
in probability than by (Ar = op(br)) if plim p_,  Ar/br = 0 and Ap is
said to be at most of order in probability by or bounded in probability by br
(Ar = O,(br)) if, for every € > 0, there exists a number ¢, such that for all
T, Pr{la;jr| > cbr} <efori=1,...,m, j=1,...,n. The following results
hold for sequences of random matrices.

Proposition C.5 (Order in Probability Results)
For sequences of random matrices of suitable fixed dimensions {Ar}, {Br}
and sequences of positive real numbers {cr}, {dr} the following results hold:
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(1) Ap = Op(CT),BT = Op(dT) = ArBp = Op(CTdT) and Ar + By =
op(max(cr, dr)).

(2) Ar = Op(CT),BT = Op(dT) = ArBr = OP(CTdT) and Ar + By =
O, (max[er, dr)).

(3) AT = OP(CT), Br = Op(dT) = ATBT = Op(chT).

For the next result see, e.g., Fuller (1976, p. 192).

Proposition C.6 (Taylor’s Theorem for Functions of Random Vectors)

Let yr = (yi7,---,yxr) = a + Oy(rr) be a K-dimensional random vector
sequence, where 7 = o(1), and let g : R — R be a function with continuous
partial derivatives of order two at a = (a1,...,ax ). Then

dg(a

olm) = 9(@) + 2 (4 — ) + 0,0
If g has continuous partial derivatives of order three,
9g(a)
oy’

otr) = gta) + 28 (yr —a) 4 L (e — a2

C.3 Infinite Sums of Random Variables

The MA representation of a VAR process is often an infinite sum of random
vectors. As in the study of infinite sums of real numbers, we must specify
what we mean by such an infinite sum. The concept of absolute convergence
is basic in the following. A doubly infinite sequence of real numbers {a;},
1 =0,£1,£2,..., is absolutely summable if

n
Jm D e
i=—n
exists and is finite. The limit is usually denoted by
oC
> lail
i=—00

The following theorem provides a justification for working with infinite sums
of random variables. A proof may be found in Fuller (1976, pp. 29-31).
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Proposition C.7 (Ezistence of Infinite Sums of Random Variables)
Suppose {a;} is an absolutely summable sequence of real numbers and {z},
t=0,4+1,£2,..., is a sequence of random variables satisfying

B(z2)<e¢, t=0,+1,+2,...,

for some finite constant c. Then there exists a sequence of random variables
{y+}, t =0,£1,£2,..., such that

n
q.m.
E Ai2t—i —— Yt
. n—0oC

1=—n
and, thus,
n
plim E AiZt—5 = Yt-
n—oc .
i=—n

The random variables y; are uniquely determined except on a set of probability
zero. If, in addition, the z; are independent random variables, then

n

a.s.
E QizZt—q — Yt-

i=—n
|

This theorem makes precise what we mean by a (univariate) infinite MA

o0
Yt = E Dy,
i=0

where u; is univariate zero mean white noise with variance o2 < co. Defining
a; = 0 for i < 0 and a; = &; for i > 0 and assuming that {a;} is absolutely
summable, the proposition guarantees that the process y; is uniquely defined
as a limit in mean square, except on a set of probability zero. The latter
qualification may be ignored for practical purposes because we may always
change a random variable on a set of probability zero without changing its
probability characteristics. The requirement for the MA coefficients to be
absolutely summable is satisfied if y; is a stable AR process. For instance,
if y; = ay; 1 + uy is an AR(1) process, &; = o' which is an absolutely
summable sequence for |a| < 1. With respect to the moments of an infinite
sum of random variables the following result holds:

Proposition C.8 (Moments of Infinite Sums of Random Variables)
Suppose z; satisfies the conditions of Proposition C.7, {a;} and {b;} are ab-
solutely summable sequences of real numbers,
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oo o
Yy = § a;z;, and 1z = E bizi ;.

i=—0C i=—00

Then

n

E(y) = lim > aiB(z-)

and
E(yw) = lim. 2”: i aibjB(z—iz-5)
i=—n j=—n
and, in particular,
yt —nlingo Z Z a;a;E(zi_izi_j).
i=—n j=—n

|

Proof: Fuller (1976, pp. 32-33). [ |

All these concepts and results may be extended to vector processes. A
sequence of (K x K) matrices {A4; = (amn,i)}, ¢ = 0,+1,£2, ..., is absolutely
summable if each sequence {amni}, m,n = 1,...,K; i = 0,£1,+2,..., is
absolutely summable. Equivalently, {A;} may be defined to be absolutely
summable if the sequence {||4;]|} is summable, where

1/2
1Al = [tr(AAD]Y? = <ZZ mnz)

is the Euclidean norm of A;. To see the equivalence of the two definitions,
note that

|amn,i =
m n

Hence,

(C.3.1)

1=—00

exists and is finite if

>4l (C.3.2)

i=—00
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is finite. In turn, if (C.3.1) is finite for all m,n, then, for all h,

zh: Al < zh: ZZ\amnﬂ

i=—h i=——h m n
so that (C.3.2) is finite. Thus, the two definitions are indeed equivalent.

Proposition C.9 (Ezistence of Infinite Sums of Random Vectors)
Suppose {A;} is an absolutely summable sequence of real (K x K) matrices
and {z;} is a sequence of K-dimensional random variables satisfying

E(zjz) <c¢, t=0,4+1,42 ...,

for some finite constant c¢. Then there exists a sequence of K-dimensional
random variables {y;} such that

n
q.m.
E Aizg—i — Y.
) n—oo

1=—"n
The sequence is uniquely determined except on a set of probability zero. M

Proof: Analogous to Fuller (1976, pp. 29-31); replace the absolute value by
- I u

This proposition ensures that the infinite MA representations of the VAR
processes considered in this text are well-defined because it can be shown
that the MA coefficient matrices of a stable VAR process form an absolutely
summable sequence. With respect to moments of infinite sums, we have the
following result.

Proposition C.10 (Moments of Infinite Sums of Random Vectors)
Suppose z; satisfies the conditions of Proposition C.9, {A;} and {B;} are
absolutely summable sequences of (K x K) matrices,

oo oo
Yy = Z Ajzg; and x4 = Z Biz_;.

1=—00 1=—00

Then

E(y:) = nlLfI;o Z AiE(z-)

and

n

E(ytm;):nli_)n;o Z Z AiE(z-i7,_;) B},
i=—nj=-n

where the limit of the sequence of matrices is the matrix of limits of the
sequences of individual elements. [ ]
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Proof: Along similar lines as the proof of Fuller (1976, Theorem 2.2.2, pp. 32-
33). [ |

While we have restricted the discussion to absolutely summable sequences
of coefficients, it may be worth mentioning that infinite sums of random vari-
ables and vectors can be defined in more general terms.

C.4 Laws of Large Numbers and Central Limit Theorems

The derivation of asymptotic properties of estimators and test statistics is
largely based on laws of large numbers (LLNs) and central limit theorems
(CLTs) some examples of which are listed in the following. So-called weak
LLNs specify conditions under which a sample mean converges in probability
to the population mean and strong LLNs state the corresponding results for
almost sure convergence.

In stating some of the results, martingale difference processes are useful
tools. Suppose {z:} (t = 1,2,...) is a sequence of zero mean random vari-
ables and let 2, be an information set available at time ¢ which includes at
least {x1,...,2:} and possibly other random variables. The sequence {x;} is
said to be a martingale difference sequence with respect to the sequence (2
if E(xy|2,—1) =0 for all t = 2,3,.... It is simply referred to as martingale
difference sequence if E(x;) =0 for t =1,2,..., and E(z¢|zt—1,...,21) =0
for t = 2,3,.... More generally, a sequence {x;} of K-dimensional vector ran-
dom variables satisfying E(z;) = 0 for all t and E(x¢|xs_1,...,21) = 0 for
t=2,3,...,1s a vector martingale difference sequence.

It is sometimes useful to allow the x;’s to depend on the sample size. This
way a different sequence for each sample size T is obtained. Denoting by z7;
the ¢-th element of the T-th sequence, not just a sequence but an array of
random variables {z7,} (t = 1,2,...,7;T = 1,2,...) is obtained. Such an
array is called a martingale difference array if E(xzp,) = 0 for all ¢ and T and
E(zpirri—1,...,o71) = 0 for all £ and T' > 1. This definition also applies
for vector arrays.

The following inequality is a useful device for deriving asymptotic results.
It is therefore presented here (see, e.g., Fuller (1976, Theorem 5.1.1)).

Proposition C.11 (Chebyshev’s Inequality)
Givenr € N, 7 > 0, let « be a random variable such that E(|z|") exists. Then,
for any c € R and € > 0,

B(|z —c)

Pr{lx —¢| > €} <
6’)”

The next proposition collects some weak LLNs (see, e.g., Davidson (1994,
Part IV)).
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Proposition C.12 (Weak Laws of Large Numbers)

(1) (Khinchine’s Theorem) (Rao (1973, p. 112))
Let {z:} be a sequence of i.i.d. random variables with E(z;) = p < oc.
Then

1 T
TT ::f;xtgu.

(2) Let {z:} be a sequence of independent random variables with E(x;) =
p < oo and Elr 1T < e < oo (t=1,2,...) for some € > 0 and a finite
constant ¢. Then Tp 2 L.

(3) (Chebyshev’s Theorem) (Rao (1973, p. 112))

Let {x:} be a sequence of uncorrelated random variables with E(z;) =
p < oo and limy_.o E(Tr — p)? = 0. Then ZTp N -

(4) (Corollary to Chebyshev’s Theorem)

Let {z;} be a sequence of independent random variables with E(z;) =
u < oc and Var(xy) < ¢ < oo (t = 1,2,...) for some finite constant c.
Then Zr 5 p.

(5) (LLN for Martingale Differences)

Let {z;} be a strictly stationary martingale difference sequence with
Elzy <oc (t=1,2,...). Then ZTr 20.

(6) (LLN for Martingale Difference Arrays)

Let {z7:} be a martingale difference array with E|lzy:/'T¢ < ¢ <
for all ¢ and T for some ¢ > 0 and a finite constant ¢. Then T :=
T ary B0

(7) (Stationary Processes) (Hamilton (1994, Proposition 7.5))

Let {x:} be a stationary stochastic process with F(x;) = p < oo and

El(zy — p)(we—j — )] =75 (t =1,2,...) such that 7% [v;| < cc. Then

Zp “ 1 and, hence, Tp 2 p, and limp_ o TE(Zp — p)? = Z?ifoo V;-
|

Notice that the i.i.d. assumption in Khinchine’s theorem may be replaced
by the requirement that moments exist of order larger than one. In fact,
Chebyshev’s theorem even requires the existence of second order moments.
It is actually sufficient that the variances of the x; are bounded. It may be
worth noting that heterogenous variances are allowed for the weak LLN to
hold, if the variances are bounded. The last result in the proposition shows
that uncorrelated elements of the sequence under consideration are not re-
quired. Actually, a martingale difference sequence does not necessarily have
independent elements so that for most of the above results independence of
the sequence elements is not assumed.

Notice, that the proposition generalizes straightforwardly to sequences of
random vectors because convergence in probability for a sequence of random
vectors is defined in terms of convergence of the sequences of the individual
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elements. The following CLTs are stated for vector sequences and, of course,
hold for univariate sequences as special cases.

Proposition C.13 (Central Limit Theorems)

(1) (Lindeberg-Levy CLT)
Let {z:} be a sequence of K-dimensional i.i.d. random vectors with mean
w1 and covariance matrix Y,. Then

\/T(TT - ,U,) i) N(Ov Em)

(2) (CLT for Martingale Difference Arrays) (see Hamilton (1994, Proposition
7.9))
Let {zr: = (x114,...,2x7t)’} be a K-dimensional martingale dif-
ference array with covariance matrices E(gcT,tm’Tyt) = X7 such that
7! Z;T:l Yy — X, where X is positive definite. Moreover, suppose that

T-1 ZZ:] -TT,t-T/T,t 2, 5 and E(zir zjrixpraxiry) < oo for all ¢t and T
and all 1 <4,5,k,l < K. Then

VT3 %5 N(0, 2).

(3) (CLT for Stationary Processes)
Let x4 = p+ Zjio ®;u; ; be a K-dimensional stationary stochastic pro-
cess with E(x,) = p < 00, 3377 |95 < oo and uy ~ (0, %) i.i.d. white
noise. Then

VT(@r—p) SN [0, Y 1) |,

j=—o00

where I, (j) = El(a, — p)(xi—; — p)')-
|

The results in Proposition C.13 are just examples of useful CLTs. A variety
of similar results exists for different sets of conditions. More discussion of
CLTs and proofs can be found in Davidson (1994, Part V). For the CLT for
stationary processes see Anderson (1971, Chapters 7 and 8).

To derive the asymptotic distribution of a vector sequence it is actually
sufficient to consider univariate series. This is a consequence of the following
result.

Proposition C.14 (Cramér-Wold Device) (Rao (1973, p. 123))
Let 7 be a K-dimensional sequence of random vectors and x a K-dimensional

d d
random vector. If ¢z = ¢z for all ¢ € R, then zp = z. [ ]
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Therefore, to show asymptotic normality of a sequence, ﬁ(BT -0 4,
N(0, %), it suffices to show for all K-vectors ¢ with ¢/ Xe # 0,

VT (Br — )

d
soiz N

Hence, CLTs for univariate series can in fact be used to show multivariate
results.

C.5 Standard Asymptotic Properties of Estimators and
Test Statistics

Suppose we have a sequence of (m x n) estimators {Br} for an (m x n)
parameter matrix B, where T' denotes the sample sizes (time series lengths)
on which the estimators are based. For simplicity we will delete the subscript
T in the following and we will mean the sequence of estimators when we use
the term “estimator”. R

The estimator B is consistent if plim B = B. In the related literature, this
type of consistency is sometimes called weak consistency. However, in this
text, we simply use the term consistency instead. The estimator is strongly
consistent if B “% B, and the estimator is mean square consistent if B B.
By Proposition C.1, both strong consistency and mean square consistency
imply consistency.

Let 8 be an estimator (a sequence of estimators) of a (K x 1) vector .
The estimator is said to have an asymptotic normal distribution if /T (E —
B) converges in distribution to a random vector with multivariate normal
distribution A(0, X)), that is,

VT(B - B8) % N0, X). (C.5.1)

In that case, for large T\, N'(3, X'/T) is usually used as an approximation to
the distribution of 3. Equivalently, by the Cramér-Wold device (Proposition
C.14), (C.5.1) may be defined by requiring that

\/TC/(B* B) a
ez MO

for any (K x 1) vector ¢ for which ¢/ X¢ # 0. The following proposition provides
some useful rules for determining the asymptotic distributions of estimators
and test statistics.

Proposition C.15 (Asymptotic Properties of Estimators)

Suppose [ is an estimator of the (K x 1) vector § with \/T(Bfﬁ) < N(0, X).
Then the following rules hold:
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(1) If plim A = A, then VTAB — B) % N(0, A¥A’) (see Schmidt (1976,
p. 251)).

(2) If R#0is an (M x K) matrix, then \/T(RB— RpB) 4, N(0,RXR).

(3) (Delta method)

If g(B) = (g1(B), - .., gm(B)) is a vector-valued continuously differentiable
function with dg/96" # 0 at 3, then

VTlg(B) - 9(8)] > N (07 6225) 2895?) |

If 9g/08' = 0 at B8, VT[g(3) — g(8)] & 0. (See Serfling (1980, pp. 122-
124)).

(4) If ¥ is nonsingular, T(3 — ) 21(8 — B) % x*(K).
(5) If X is nonsingular and plim = 37, then T(B—ﬁ)’f'_l(ﬁ—ﬁ) 4 Y2(K).
(6) If X = QA, where @ is symmetric, idempotent of rank n and A is positive
definite, then T(3 — 8) A= (3 — B) % x*(n).
|

C.6 Maximum Likelihood Estimation

Suppose y1,¥a, ... is a sequence of K-dimensional random vectors, the first
T of which have a joint probability density function fr(y1,...,yr;do), where
¢ is an unknown (M x 1) vector of parameters that does not depend on T'. It
is assumed to be from a subset D of the M-dimensional Euclidean space RM.
Suppose further that f7(-;0) has a known functional form and one wishes to
estimate dg.

For a fixed realization y1,...,yr, the function

l((s) = l(5|y17 ayT) = fT(yla"'ayT;(S)',

viewed as a function of ¢, is the likelihood function. Its natural logarithm
Ini(§]-) is the log-likelihood function. A vector d, maximizing the likelihood
function or log-likelihood function, is called a mazimum likelihood (ML) esti-
mate, that is, if

1(0) = 2251(5),

then & is an ML estimate. Here sup denotes the supremum, that is, the least
upper bound, which may exist even if the maximum does not. In general, §
depends on yi,...,yr, that is, 6 = §(y1,...,yr). Replacing the fixed values
Y1,...,yr by their corresponding random vectors, S is an ML estimator of g
if the functional dependence on yq, ..., yr is such that J is a random vector.
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If 1(9) is a differentiable function of ¢, the vector of first order partial
derivatives of Ini(¢), that is,

s(6) = dInl(5)/96,

regarded as a random vector (a function of the random vectors y1, ..., yr), is
the score vector. It vanishes at § = 4 if the maximum of Ini(0) is attained at
an interior point of the parameter space ID. The information matriz for &y is
minus the expectation of the matrix of second order partial derivatives of Inl,
evaluated at the true parameter vector dy,

50‘|

Za(d0) = lim_Z(d0)/T,

9% nl

(%) = —=F | 5555

The matrix

if it exists, is the asymptotic information matriz for §y. If it is nonsingular,
its inverse is a lower bound for the covariance matrix of the asymptotic dis-
tribution of any consistent estimator with asymptotic normal distribution. In
other words, if § is a consistent estimator of dg with

~ d
VT (8 — 80) 5 N(0, Z5),
then Z,(6) ! < X5, that is, 25 — T,(80) ! is positive semidefinite. Under
quite general regularity conditions, an ML estimator § for q is consistent and

VT (5 — 60) % N(0,Z,(60) ).

Thus, in large samples, 5 is approximately distributed as N (8o, Zo(d) 1 /T).

C.7 Likelihood Ratio, Lagrange Multiplier, and Wald
Tests

Three principles for constructing tests of statistical hypotheses are employed
frequently in the text. We consider testing of

Hy: p(60) =0 against Hj : ¢(dg) # 0, (C.7.1)

where dg is the true (M x 1) parameter vector, as in the previous section,
and ¢ : RM — R is a continuously differentiable function so that ((d) is of
dimension (N x 1). We assume that [0¢/0d'|s,] has rank N. This condition
implies that N < M and the N restrictions for the parameter vector are
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distinguishable in a neighborhood of §y. Often the hypotheses can be written
alternatively as

Hy : 60 = g(v) against Hy :dp # g9(7), (C.7.2)

where g is an (M — N)-dimensional vector and g : RM =~ — RM g a con-
tinuously differentiable function in a neighborhood of vy (see Gallant (1987,
pp. 57-58)).

The likelihood ratio (LR) test of (C.7.1) or (C.7.2) is based on the statistic

Arr = 2[Ini(d) — Ini(s,)],

where ¢ denotes the unconstrained ML estimator and g,. is the restricted
ML estimator of dg, subject to the restrictions specified under Hy, that is,
0, is obtained by maximizing Inl over the parameter space restricted by the
conditions stated in Hy. Under suitable regularity conditions, we have

Mg 5 X3(N). (C.7.3)

The Lagrange multiplier (LM) statistic for testing (C.7.1) or (C.7.2) is of
the form

Aoa = 5(6:)'Z(8,) Ls(6,), (C.7.4)

where s(d) denotes the score vector and Z(0) the information matrix, as before.
In the LM statistic, both functions are evaluated at the restricted estimator of
8. Under Hy, A\rps has an asymptotic x2(N)-distribution, if weak regularity
conditions are satisfied. The name derives from the fact that it can be written

as
~ 890/
1
Joar [

where \ is the vector of Lagrange multipliers for which the Lagrange func-
tion has a stationary point corresponding to the constrained estimator (see
Appendix A.14).

The equivalence of (C.7.4) and (C.7.5) can be seen by recalling that the
constrained minimum of — In is attained at a stationary point of the Lagrange
function

~, | Op
_ !
Arar = [86’

) ] A, (C.7.5)
oy

L(6,\) = —Inl(8) + Np(6).
In other words, gr satisfies

oc
a0

dyp

0= o'

86/ ~

dr

- [alnl

] Gy

J

l —_—
J A [aaf

(Y
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The LM statistic is often computed via an auxiliary regression. To see how
this can be done, consider a normal regression model of the form

y=XB+ Z~v +u,

where y and u are (T'x 1) vectors, X and Z are (T'x M) and (T x N) regressor
matrices, respectively, B and v are (M x 1) and (N x 1) parameter vectors
and u ~ N (0,02 I7). Suppose we wish to test the pair of hypotheses

Hy:~v=0 wversus H;:vy#0.
In this case, the score vector is
g\ _ 11X
S(8)=2| 7 |w-xe-2
the inverse information matrix is

[ x'x x'z1"
Yl zx 7'z ’

and the restricted estimator is

2=

Notice that the first order conditions for computing this estimator imply
X'(y—XB)=X1u=0.

Here u:=y — X B is the residual vector of the restricted estimation. Hence,
the score vector evaluated at the restricted estimator is

J(BY_ 1| Xw-XB)|_17[0
0/) o2| Z(y—-XB)| o2| 70
and the LM statistic becomes

A X'x x'z17'T o
Y 2
[O'UZ][Z’X Z’Z} [Z’ﬁ}/"u

= 0277 -7ZX(X'X)'X'Z2) 1 7'4/02,

)\LM

where the rules for the partitioned inverse have been used (see Appendix
A.10).

The same statistic is obtained by using the usual y2-statistic for testing
~ = 0 in the auxiliary regression model

u=XB+ Zv +e,
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where e is an error vector. The LS estimator from this model is

[2]- 2% 22] [

¥yl | ZXx Z'Zz Z'a
Using X’u = 0 and the rules for the partitioned inverse gives
¥ = (ZZ-7ZX(X'X)"'X'z)"'Z'q
~ N, 02(Z2'Z - Z'X(X'X) ' X'Z) ).
Hence, the y2-statistic

NZ'7Z -7 X(X'X) ' X' Z)y /)02

is easily seen to be identical to the previously obtained expression for Az ;.
Of course, algebraically the same result is obtained if o2 is replaced by an
estimator. Using the usual modifications, the statistic has an F-distribution
in this case. More precisely,

N(Z2'Z -7 X(X'X)'X'Z)5
N&?2

~ F(N,T — M — N).

Although we have used a normal regression model with nonstochastic re-
gressors in this illustration, a similar reasoning often applies for more general
situations and it implies an auxiliary regression model from which the LM
statistic can be obtained. The reason is that much of the derivation rests on
the algebraic properties of the quantities involved. Therefore, similar argu-
ments can be used, for example, if the regressors are stochastic or a GLS
estimation is used. In Chapters 4 and 5, the LM statistics for residual auto-
correlation in VAR models are, for instance, derived in this way.

The Wald statistic is based on an unconstrained estimator which is asymp-
totically normal,

VT(6 — 80) 5 N(0, ).
By Proposition C.15(3), it follows that

Oy’
15))

X5

VTlp(3) ~ (6] 4 A (o, [g:;

J)

Thus, by Proposition C.15(5), if Hy : ¢(dy) = 0 is true and the covariance
matrix is invertible,
~ a(p’
ZL
5] ’ { 09

Aw =T | | —
where fg is a consistent estimator of Xz. The statistic Ay is the Wald statistic.
For further discussion of the three test statistics and proofs of their asymptotic
distributions see also Hayashi (2000, Chapter 7).

do

ng p(0) 5 x2(N), (C.7.6)




698 C Stochastic Convergence

In summary, we have three test statistics with equivalent asymptotic distri-
butions under the null hypothesis. The LR statistic involves both the restricted
and the unrestricted ML estimators, the LM statistic is based on the restricted
estimator only, and the Wald statistic requires just the unrestricted estimator.
The choice among the three statistics is often based on computational con-
venience. Wald tests have the disadvantage that they are not invariant under
transformations of the restrictions. In other words, if the restrictions can be
written in two equivalent ways (e.g., §; = 0 and 67 = 0) the corresponding
Wald tests may have different small sample properties. Their small sample
power may be low (see Gregory & Veall (1985), Breusch & Schmidt (1988)).

C.8 Unit Root Asymptotics

C.8.1 Univariate Processes

In deriving asymptotic results for processes with unit roots, it is helpful to
consider also continuous stochastic processes. An important example is a stan-
dard Brownian motion or a standard Wiener process W (-) which is a function
defined on the unit interval [0,1] and it assigns a random variable W (t) to
each t € [0, 1] such that the following conditions hold:

(1) W(0) = 0 with probability one.

(2) W(t) is continuous in ¢ with probability one.

(3) For any partitioning of the unit interval, 0 < ¢; <ty < -+ < tg < 1, the
vector

W(ts) — W(t) 0 ty — 1 0
: ~N S : ,
W(ts) — W(ts_1) 0 0 ... tp—tr

that is, the differences have a multivariate normal distribution with inde-
pendent components, means of zero, and variances t; — t; 1.

Wiener processes play an important role in the asymptotic theory for unit root
processes. Nonstandard versions of the type Z(t) = c W(t) are often encoun-
tered. Their increments are still independent but Z(t) — Z(s) ~ N (0,02(t—s))
for s < t. Notice also that Z(t) ~ N(0,0?t).

In developing unit root asymptotics, we are often interested in quantities
of the form

1 1]
Xr(r) = T Zwt,
t=1

where w; is a stationary stochastic process, r € [0, 1] denotes a fraction and
[T'r] signifies the largest integer less than or equal to Tr. If the w; = u; are
i.i.d. (0,02), we know from a central limit theorem (see Proposition C.13) that
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(] _ 1 [irj]u iN(O ro?)
VT T = o

for every r € [0, 1], because /[T7]/v/T — +/r. Moreover,

ﬁXT(T) =

VT X1 (r2) — Xr(r1)]/ow > N (0,75 — 1),

for 71 < r5. For nonoverlapping partitions of the unit interval, the partial sums
will be made up of independent terms and they are therefore independent.
Hence, it is plausible to write

VTX7())ow S W(). (C.8.1)

This notation and result generalizes the previously defined concept of con-
vergence in distribution because now convergence is stated for a sequence
of continuous time stochastic processes. The result is often referred to as a
Junctional central limit theorem (FCLT) or invariance principle or Donsker’s
theorem.

Giving a precise definition of the related concept of convergence in dis-
tribution is simplified by considering convergence of probability measures. A
sequence of probability measures Prp is said to converge to the probability
measure Pr or Prp converges weakly to Pr, if Prp(A) — Pr(A) for all mea-
surable sets A, with the exception of sets for which the boundary points have
nonzero probability mass. Instead of considering the distribution functions,
we may define convergence in distribution via weak convergence of the corre-
sponding sequence of probability measures. Thus, constructing a probability
space on a suitable space of functions defined on the unit interval, the conver-
gence in (C.8.1) can be defined rigorously. Although this type of convergence

is more properly called weak convergence, we will still use the symbol < for
signifying it. For more precise discussions see, for example, Davidson (1994,
2000) or Johansen (1995).

We may also generalize the concept of convergence in probability to the
case of sequences of random functions. For a sequence Gr(-) and a random

function G(-) we write G 2 G if

sup |Gr(t) — G(t)| 2 0.
t€[0,1]

Another useful tool in dealing with unit root process is the continuous
mapping theorem which states that, given a sequence of stochastic functions
{Gr(-)}, astochastic function G(-) and a continuous functional ¢(-) (a function
defined on a space of functions), we have

Gr&a = g(Gr)Lgq)

Using the FCLT, this theorem implies, for instance, that



700 C Stochastic Convergence

/01 VT Xy (r)dr - o, /“1 W (r)dr

because the integral is a continuous functional.

These tools are useful in proving the following proposition from Hamilton
(1994, Proposition 17.1) which summarizes a number of helpful results from
the literature, many of which were derived, e.g., by Phillips (1987).

Proposition C.16 (Properties of Random Walks and Related Quantities)
Suppose x; = 241 + uz is a random walk with i.i.d. white noise, u; ~ (0, 03)7
and zg = 0. Then the following results hold:

(1) T2 w5 0, W(1) = N(0,02).
(2) T7' Y e S JoR[W(L)? 1] = Jo[x*(1) - 1]
3) 7325 tu, & 0, W(1) — o, [} W(r)dr = N(0,02/3).
(4) T- S/QZf 1 %t— 1—>qu0 r)dr = (Ovau/3)'
(5) T2 Zt:l Y = o fo ) dr.
(6) T5/2 ZtT:] tri1 5 oy fol rW(r)dr.
3T d 1
(7) T3 Yoo tz? | = o2 fo rW(r)2dr.
(8) T~ i w1/ (n+1) forn=0,1,....
|
From these results, the following asymptotic distributions of Dickey-Fuller
(DF) statistics for unit roots can be derived. For details see, e.g., Hamil-

ton (1994, Section 17.4). It is assumed that estimation is based on a sample
Y1,-..,yr and a presample value yq is also available.

Proposition C.17 (Asymptotic Distributions of Dickey-Fuller Test Statis-
tics)

(1) Suppose p = ZtT:] Yi—1Yt/ Zthl y?_, is the LS estimator of the coefficient
p of the AR(1) process y; = pys 1 +us, t = 1,2,..., where uy ~ (0,02) is
i.i.d. white noise. Here 1 is a fixed starting value or a stochastic variable
with a given fixed distribution (which does not depend on the sample
size). Then, if p =1,

5oy 4 W
fol W (r)2dr

and the ¢-statistic

S PR 1\ ()

Pt 5 1/2°
7 f W]

2

where 52 = T ZtT:l(yt — pyr1)%/ Zthl y?_, is the usual LS estimator
of the variance of p.




(2)
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Suppose y; = p+x¢, t = 1,2,..., with y = pwy_1 +us, where u; ~ (0,02)
is i.i.d. white noise and u is a fixed mean term. Moreover, let o = 0 and
Yo be a fixed starting value or a stochastic variable with a given fixed
distribution. Furthermore, p is the LS estimator of p from a regression
Yt =V + pys—1 + ug. Then, if p=1,

T(ﬁ* 1) i %[W(l)Z - 1] - W(l) fo W(rgdr

fol W (r)2dr — {_[01 W(T)dr}

and the ¢-statistic

;1 = —
P G

5 {fol W (r)2dr — [fol W(r)dr} 2}1/2’

where 3% is the usual LS estimator of the variance of p.

Suppose y; = v +y; 1 +ug, t =1,2,..., where uy ~ (0,02) is i.i.d. white
noise and v # 0 is a constant term. Moreover, let yy be a fixed starting
value or a stochastic variable with a given fixed distribution. Furthermore,
p is the LS estimator of p from a regression y; = v + py;—1 + us. Then, if
p= ]-7

T3/2(5— 1) % N(0,1202 /12)
and the ¢-statistic

-1
=21 NO,1),

0p

where c?% is the usual LS estimator of the variance of p.

Suppose y; = po + it + ¢, t = 1,2,..., with x; = pxy_1 + ug, where
u; ~ (0,02) is i.i.d. white noise and o and u; are fixed intercept and
trend slope terms. Moreover, let g = 0 and yg be a fixed starting value
or a stochastic variable with a given fixed distribution. Furthermore, p is
the LS estimator of p from a regression y; = vy + v1t + pys—1 + us. Then,
if p=1,

T(p—1) % a/b

and
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a:/W )AW (r)

+12U rW(r) r—f/ W(r r} MIW(r)dr—;wu)
/w
and

b = /OIW(T)er 12 </01TW(r)dr>
+12/01 W(r)dr/ol rW(r)dr — 4 (/01 W(r)dr)

Furthermore, 8% is the usual LS estimator of the variance of p.

2

2

Obviously, most of the asymptotic distributions obtained for p are non-
standard if p = 1. In fact, even the convergence rate of the estimator is non-
standard. It converges at a much faster rate to its true value of 1 than usual
estimators based on stationary processes. More precisely, p — p = O, (T ) if
p =11in Cases 1, 2, and 4 in the proposition, whereas in the stationary case
of an AR(1) process y; = pyr—1 + u, say, we have for the LS estimator of p,
p—p= Op(T_l/Q). The latter rate also holds if y; is stationary and has a
nonzero mean term. In Case 3 of Proposition C.17, the convergence rate of p
is even larger because in that case the estimator is dominated by the linear
trend which is generated by the drift term.

It is important to note that the limiting distributions in Cases 1, 2, and
4 are free of unknown nuisance parameters. Therefore, it is easy to compute
percentage points of the limiting distributions by simulation methods. To do
that, it is strictly speaking not even necessary to know the exact form of
the asymptotic distributions of the estimators. It is sufficient to know that
well-defined asymptotic distributions are obtained which do not depend on
unknown nuisance parameters. Of course, there are also situations when a
more detailed knowledge of the asymptotic distributions and closed form ex-
pressions are helpful.

The results of Proposition C.16 can be generalized in different ways. First
of all, the process x; may have a more complicated dependence structure.
In particular, the error process may be a stationary process. Consider, for
instance, a process x; = T;_1 + w;, where w; = Z;’io Ojui—j = 6(L)u, is a
stationary process with 3272 j|0;] < oc and u; ~ (0, 02) is white noise, then
x; can be rewritten as

o0
xp=x0+wy + - +wp =m0+ (1) (ur + -+ u) + Z();ut_j —wg,
§=0
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where 0(1) = 3272, 0;, 05 = =372 10,5 =0,1,..., and wg = 3272 05u;
contains initial values. Thus, x; is the sum of a random walk, a stationary
process and initial values. Note that the condition } 7= j|6;| < oo ensures
that Z —o107| < o0, so that Z —o 07uy—j is indeed well-defined according to
Proposmon C 7. Although the condltlon for the 0; is stronger than absolute
summability, it is satisfied for many processes of practical interest. For ex-
ample, the MA representation of a stable AR or ARMA process satisfies the
condition. The decomposition of x; in a random walk, a stationary compo-
nent, and initial values is known as the Beveridge-Nelson decomposition. It is
a convenient tool in generalizing the results in Propositions C.16 and C.17.

In fact, if y; is a finite order AR process, ys = a1ye—1 + -+ + apys—p + U,
where u; is again white noise, y; can be rewritten as

Yt = pYt—1 + NAy—1 + - F Y1 AYr—pr1 + Uz
or, subtracting 3;_1 on both sides,
Ayy=(p— Dyr1 + Ay + -+ + V-1 AY—py1 + .

Estimating p or p—1 from these equations by LS, it turns out that the resulting
estimators have the same asymptotic properties as in Proposition C.17 (see,
e.g., Hamilton (1994)).

Another possible generalization of these results may be obtained by con-
sidering multivariate processes. We will tackle both generalizations at once in
the following.

C.8.2 Multivariate Processes

For the present purposes, multivariate Brownian motions or Wiener processes
are of central importance. The univariate definition can be generalized as
follows. A K-dimensional standard Brownian motion or standard Wiener pro-
cess W(-) is a function defined on the unit interval [0,1] which assigns a
K-dimensional random vector W (t) to each ¢ € [0, 1] such that:

(1) W(0) = 0 with probability one.
(2) A realization W (¢) is a continuous function in ¢ on the unit interval with

probability one.
(3) For any partitioning of the unit interval, 0 < ¢; <ty < --- <t < 1, the

vector
o g () e
| W)~ Wit ) | . Lol | 0 o wnon)

that is, the differences have multivariate normal distributions with inde-
pendent components, means of zero, and variances of the form t; — ¢; 1,
depending on their difference in time.
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Again, for any nonsingular (K x K) matrix P, a nonstandard version of a
Wiener process Z(t) := PW (t) is obtained for which the increments are still
independent but Z(t) — Z(s) ~ N(0, (t — s)PP’) for s < t. Moreover, Z(t) ~
N(0,tPP").

For a sequence Gp(-) of multivariate random functions, we define conver-
gence in probability to a random function G, Gy 2 G, to hold if

sup ||Gr(t) — G(t)] 2 0.
te(0,1] T—oo
Also, the continuous mapping theorem remains valid in the multivariate case.
As in the univariate case, it is of interest to consider quantities of the form

(Tr]

Xp(r) = % Zwt,

t=1

where w; is a stationary stochastic process, r € [0, 1] denotes a fraction and
[T'r] signifies the largest integer less than or equal to T'r. If wy = uy ~ (0, X,)
is i.i.d. white noise, it follows from a multivariate version of a suitable CLT
(see Proposition C.13) that

VT[Xr(ra) = Xp(r1)] 5 N(0, (ra — 11) )
for 71 < ry. Hence, using the same ideas as in the univariate case,
VTS X () S W),

which is a multivariate version of the previously stated FCLT also referred to
as invariance principle or Donsker’s theorem.
If 2y = 241 + wy, where

o0 oo
we=E(L)uy =Y Sy, with > |5 < oo,
j=0 j=0

and u; ~ (0, 2, = (045)) is white noise, then a multivariate Beveridge-Nelson
decomposition is available,

t o}
;Ut:x0+w1+---+wt:x0+E(1)Zus+ZE;Utﬂ'*wS7

where B(1) = Y208, B = -3 5 |8, j = 0,1,..., and w5 =
Z].OC:O Elu_; contains initial values. Now z; is a sum of a multivariate ran-
dom walk, a stationary process, and initial values (see also Proposition 6.1).
Using these concepts, the following generalized version of Proposition C.16
can be established. It also goes back to Phillips and others (see Phillips &
Durlauf (1986), Park & Phillips (1988, 1989), Phillips & Solo (1992), Sims
et al. (1990), Johansen (1995)) and may be found, e.g., in Hamilton (1994,

Proposition 18.1).
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Proposition C.18 (Properties of Multivariate Unit Root Processes)
Suppose z; = x4 1 +wy, t =1,2,..., is a K-dimensional generalized random
walk with initial vector ¢y = 0 and stationary error term

oo

m

Ejut,]‘, teZ,
Jj=0

Wy =
where

o

> dlIE ] < oo,

j=0

and u; ~ (0, 2, = (0y5)), t € Z, isi.i.d. white noise with finite fourth moments.
Let P be a lower triangular matrix such that X, = PP’,

[ee]
— —/
Iy (h) == E(ww, ) E Ejn 2, h=0,1,2,...,
Jj=0
for an arbitrary positive integer n, Wy := (w;_4,...,w;_,,) is a Kn-dimen-

sional vector with Xy, := E(W,W/), and the (K x K) matrix 4 := E(1)P.
Then the following results hold:

(1) T2 F w, % AW(1).
(2) T-1/? Zthl Wi iN(O,Uu‘Ew) fori=1,..., K.
(3) 7! ZT:l wyw),_, 2 Ty(h) for h=0,1,2,....
(4) TV oy (@) + win) )
a4 [ AW(MW(1)' A" — T, (0) for h =0,
{AW(l) W(1)yA — ()—|—Z7_7h+111(j) forh=1,2,....

) TS w5 AL ) WaW ) b o+ 552 1),
) TV e 1Ut—>/1{fo W(r)d (T)’}P’.
) T3/ Zt TS Afo (r)dr.
8) T—3/2 Zthl twy_p, — A{ (1) — fol W(r)dr} for h=0,1,2,....
) T2 a5 A { s W(T)W(r)’dr} A
) T2t 42 fol rW (r)dr.
) T35tz A {fol TW(T)W(T)’dr} A
|

These results are the basis for much of the asymptotic theory related to
multivariate VAR processes with unit roots. Extensions exist for more general
processes w; and ;.
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Evaluating Properties of Estimators and Test
Statistics by Simulation and Resampling
Techniques

If asymptotic theory is difficult or only small samples are available, properties
of estimators and test statistics are sometimes investigated by heavy use of the
computer. The idea is to simulate the distribution (or some of its properties)
of the random variables of interest by artificially sampling from some known
distribution. Generally, if the random variable or vector of interest, say ¢ =
q(z), is a function of a random vector z with a known distribution F,, then
samples z1, ..., 2z, are drawn from F, and the empirical distribution of ¢ given
by ¢» = q(zn), n =1,..., N, is determined. The characteristics of the actual
distribution of ¢ are then inferred from the empirical distribution.

Often the statistics of interest in this book are functions of multiple time
series generated by VAR(p) processes. Therefore, we will briefly describe in the
next section how to simulate such time series. Afterwards, some more details
are given on simulation and resampling techniques for evaluating estimators
and test statistics.

D.1 Simulating a Multiple Time Series with VAR
Generation Process

To simulate a multiple time series of dimension K and length T', we first gener-
ate a series of (often independent) disturbance vectors u_g, ..., ug, U1, ..., ur.
If a series of Gaussian disturbances is desired, i.e., u; ~ N(0,X,), we may
choose K independent univariate standard normal variates vq,...,vx and
multiply by a (K x K) matrix P for which PP’ = X, that is,

]

Lo |
This process is repeated T+ s 4+ 1 times until we have the desired series of
disturbances. Programs for generating (pseudo) standard normal variates are
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available on most computers. Also facilities for generating random numbers
from other distributions are usually available and may be used in a similar
manner to obtain disturbances from other distributions of interest.

For a given set of parameters v, A1, ..., A,, where v is (K x 1) and the
A; are (K x K), and a given set of starting values y_p41, ..., %0, the u; may
be used to simulate a time series yi, ..., yr with VAR(p) generation process

recursively as
ye=v+ Ay + -+ ApYr—p + Ut

starting with ¢ = 1,¢ = 2, etc. until ¢ = T'. There are different ways to obtain
the initial values. Assuming that the desired process is stable, they may be
set to zero or to the process mean pu = (I — Ay — -+ — A,) 'v. Because the
choice of initial values has some impact on the generated time series, a number
of presample values y;,t = —s, ..., 0, is often generated and then discarded in
the subsequent analysis.

A possible way to ensure the same correlation structure for the initial
values and the rest of the time series is to determine the covariance matrix of
p consecutive y; vectors, say Yy . Using the results of Chapter 2, Section 2.1,
that matrix may be obtained from

vee(Xy) = (I(gp2 — A ® A) 'vec(Zy),

where
Ay Ay oo Ay A $0 0
I 0 ... 0 0
7 0 0 0
A=| 0 Ik 0 0 and Yy = o
: o 0 0 ..0
0o 0 ... Ig 0
(Kpx Kp) (KpxKp)

Then a (Kp x Kp) matrix @ is chosen such that QQ' = Xy and p initial
starting vectors are obtained as

I N
P e P |

where the v; are independent variates with mean zero and unit variance.

D.2 Evaluating Distributions of Functions of Multiple
Time Series by Simulation

Suppose we are interested in the function gr = q(y1, . .., yr) of some VAR(p)
process y;, where gr is of dimension (M x 1). The quantity ¢gr may be some



D.3 Resampling Methods 709

estimator or test statistic. To investigate the distribution Fr of ¢, we gen-
erate a large number, say IV, of independent multiple time series of length T’
and compute the corresponding values of gr, say qr(n), n = 1,...,N. The
properties of Fp are then estimated from the empirical distribution of the
gr(n). For instance, the mean vector of ¢r is estimated as

| X
Nz::qu(n).

Analogously, we may estimate the variances, standard deviations, quantiles
or other characteristics of Fr.

D.3 Resampling Methods

If the distribution of the disturbances of a VAR model under consideration
is unknown, so-called bootstrap or resampling methods may be applied to
investigate the distributions of functions of stochastic processes or multiple
time series. Suppose a time series y1, . . ., yr and the presample values required
for estimation are available. Fitting a VAR(p) model to this time series, we
get coefficient estimates U, 121\1, e A\p, and a series of residuals U1, ..., ur. An
estimator of a quantity of interest, say ¢ = ¢(A41,..., 4,), is then obtained as

~

The properties of g follow from those of 21, cee A\p. To assess the sampling un-
certainty of g, confidence intervals are often established, based on the asymp-
totic distribution of . Alternatively, if ¢ is a test statistic, its p-value may be
of interest which can be approximated on the basis of the asymptotic distribu-
tion. Unfortunately, this distribution is often a rather poor approximation of
the actual distribution for a given finite sample. In some of these cases, boot-
strap methods provide a better small sample approximation. The theoretical
justification for the bootstrap also rests on asymptotic theory, however. In
particular, it can usually be justified if the quantity of interest has a normal
limiting distribution (Horowitz (2001)).

A residual based bootstrap is often used in this context. Assuming that a
sample y1,...,yr plus presample values as required are available, it proceeds
as follows:

(1) The parameters of the model under consideration are estimated. Let 1,

t=1,...,T, be the estimation residuals.
(2) Centered residuals @ — 1, ..., U —u. are computed. Here u, = T~ 1y
denotes the usual average. Bootstrap residuals uj,...,u} are then ob-

tained by randomly drawing with replacement from the centered residu-
als.
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(3) Bootstrap time series are computed recursively as
y;fk:/V\+A1y£k71+"'+’4py:7p+u:’ t=1,...,T,

where the same initial values may be used for each generated series,
(V" py1s-5%0) = Y=pt1,- -5 %0)-

(4) Based on the bootstrap time series, the parameters A4, ..., A, are reesti-
mated.

(5) Using the parameter estimates obtained in the previous stage, a bootstrap
version of the statistic of interest, say ¢*, is calculated.

(6) These steps are repeated N times, where N is a large number.

There is now a range of other bootstrap methods which may have advan-
tages in certain situations. For example, rather than using a residual-based
bootstrap, a block bootstrap may be applied which is based on the original
observations rather than the model residuals (see, e.g., Li & Maddala (1996)
for details). It may be preferable if there is uncertainty regarding specific as-
pects of the model like, for instance, the VAR order. These methods are not
discussed here because residual based bootstraps are still the most popular
methods in the present context.

In the following, the symbol ¢ denotes the quantity of interest for which
a confidence interval is desired. Its estimator implied by the estimators of
the model coefficients and the corresponding bootstrap estimator are denoted
by ¢ and g*, respectively. The following bootstrap confidence intervals are
examples that have been considered in the literature in the context of impulse
response analysis (see, e.g., Benkwitz, Liitkepohl & Wolters (2001)):

e Standard percentile interval
Denoting by 52/2 and 52‘177/2) the v/2- and (1 — v/2)-quantiles, respec-
tively, of the N bootstrap versions of ¢*, the interval

Cls = [33/2’5?177/% :

may be set up. It is the percentile confidence interval discussed, e.g., by
Efron & Tibshirani (1993).

e Hall’s percentile interval
Hall (1992) uses the result that asymptotically the distribution of v/T'(§—q)
corresponds to that of v/T(g* — §), to derive the interval

Cli = |7 = tyy2) G tya] -

Here tf;/Z and tzﬁlf’y/2) are the v/2- and (1 — «/2)-quantiles, respectively,
of (¢* — q) and the interval is obtained by pretending that these are the
quantiles of (g — q).

o Hall’s studentized interval -
A studentized statistic (§ — q)/(Var(g))*/? often results in more precise
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confidence intervals at least in theory. Using bootstrap quantiles :72 and

tr ) from the distribution of (g* — ?)/(Var(g*))/2, an interval

(1=r/2

Clsn = |- 7\ Var(@). 7 1572/ Var@)

can be constructed by using these quantities in conjunction with (g —

q)/(\//a\r(ij))l/z. Here the variance Var(q) may be estimated from the boot-
strap estimates of ¢,

S 1 L. =2
OIS Y
1

where N is the number of bootstrap replications and g** denotes the
value of the statistic of interest obtained in the i-th bootstrap replication.
Moreover, the variances Var(g*) may be estimated by a bootstrap within
each bootstrap replication. In other words,

N*

Var(5") = ﬁ Z (a**,z' _ 71\**>2 ,

i=

where ¢**" is obtained by a double bootstrap, that is, pseudo-data are

generated according to a process obtained on the basis of the bootstrap
systems parameters and N* is the number of bootstrap replications within
each bootstrap replication.

A number of refinements and modifications of these intervals exist (see
Hall (1992)).

The bootstrap confidence intervals have the property that they attain the
nominal confidence content at least asymptotically under general conditions.
Roughly speaking, if v/T(q§ — q) converges as T — oo, VT(§* — q) converges
to the same limit distribution under suitable conditions (e.g., Hall (1992)).
Therefore CIy has the correct size asymptotically, that is, Pr(q € Cly) —
1 —~ as T — oo, under general conditions, and, hence, Hall’s percentile
method is asymptotically precise. The same holds for the CIgy interval. On
the other hand, to obtain such a result for the standard percentile interval
C1Ig, the limiting distribution of v/T'(§ — ¢) has to be symmetric about zero.
For example, this result holds if it is zero mean normal. Roughly speaking,
C1ls works with an implicit asymptotic unbiasedness assumption for ¢. If the
distribution of g is not centered at ¢, C'Ig will generally not have the desired
confidence content even asymptotically (see also Efron & Tibshirani (1993)
and Benkwitz et al. (2000) for a more detailed discussion of this point).

If ¢ is a statistic for which a p-value is desired, the following method may
be used. Recall that the p-value of a test is the probability of obtaining a value
of the test statistic greater than the observed one, if the null hypothesis holds.
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Hence, the p-value may be estimated by the proportion of bootstrap values ¢*
exceeding the value of the test statistic g. Again, under general assumptions,
this estimator is consistent.
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Index of Notation

Most of the notation is clearly defined in the text where it is used. The follow-
ing list is meant to provide some general guidelines. Occasionally, in the text
a symbol has a meaning which differs from the one specified in this list when
confusion is unlikely. For instance, A usually stands for a VAR coefficient
matrix whereas in the Appendix it is often a general matrix.
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General Symbols

= equals

= equals by definition

= implies

& is equivalent to

~ is distributed as

€ element of

C subset of

U union

N intersection

> summation sign

11 product sign

— converges to, approaches

2 converges in probability to

3 converges almost surely to

o converges in quadratic mean to
LA converges in distribution to
ii.d. independently, identically distributed
lim limit

plim probability limit

max maximum

min minimum

sup supremum, least upper bound
In natural logarithm

exp exponential function

|z| absolute value or modulus of z
K dimension of a stochastic process or time series
T sample size, time series length
R real numbers

R™ m-dimensional Euclidean space
C complex numbers

Y/ integers

N positive integers

I(-) indicator function

L lag operator

A differencing operator

E expectation

Var variance

Cov covariance, covariance matrix
MSE mean squared error (matrix)

Pr probability



10)
Inl
lo(")
In ZO
AL
ALR
Aw
Qn
Qn
d.f.
AIC
FPE
HQ
SC
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likelihood function
log-likelihood function
approximate likelihood function
approximate log-likelihood function
Lagrange multiplier statistic
likelihood ratio statistic

Wald statistic

portmanteau statistic

modified portmanteau statistic
degrees of freedom

Akaike information criterion
final prediction error (criterion)
Hannan-Quinn (criterion)
Schwarz criterion

Distributions and Stochastic Processes

N, X)

x*(m)
F(m,n)

t(m)

AR

AR(p)

ARCH

ARMA

ARMA(p, q)
ARMAE
ARMAE(pla v apK)

EC-ARMA pp
GARCH

MA
MA(q)
MGARCH

PAR

VAR

VAR(p)
VARMA
VARMA(p, q)

VECM

(multivariate) normal distribution with mean
(vector) p and variance (covariance matrix) X
x2-distribution with m degrees of freedom
F-distribution with m numerator and n denominator
degrees of freedom

t-distribution with m degrees of freedom
autoregressive (process)

autoregressive process of order p

autoregressive conditional heteroskedasticity
autoregressive moving average (process)
autoregressive moving average process of order (p, q)
echelon form VARMA model

echelon form VARMA model with

Kronecker indices (p1,...,pk)

error correction echelon form VARMA model
generalized autoregressive conditional
heteroskedasticity

moving average (process)

moving average process of order ¢

multivariate generalized autoregressive conditional
heteroskedasticity

periodic (vector) autoregression

vector autoregressive (process)

vector autoregressive process of order p

vector autoregressive moving average (process)
vector autoregressive moving average process

of order (p,q)

vector error correction model
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Vector and Matriz Operations

M’ transpose of M

Moadi adjoint of M

M1 inverse of M

M+ Moore-Penrose generalized inverse of M
M orthogonal complement of M
M'/? square root of M

MF k-th power of M

MN matrix product of M and N
+ plus

— minus

® Kronecker product

det(M), det M determinant of M

| M| determinant of M

BAl Euclidean norm of M

rk(M), tk M rank of M

tr(M), tr M trace of M

vec column stacking operator

vech column stacking operator for symmetric matrices (stacks
the elements on and below the main diagonal only)

0
a—; vector or matrix of first order partial derivatives of ¢ with
respect to 3
D¢ . . . ;
8507 Hessian matrix of ¢, matrix of second order partial

derivatives of ¢ with respect to 8

General Matrices

D,, (m? x im(m + 1)) duplication matrix
I, (m x m) unit or identity matrix

Z(-) information matrix

Za (") asymptotic information matrix

J =[x :0:---:0]

K, (mn x mn) commutation matrix

L., (3m(m + 1) x m?) elimination matrix
0

zero or null matrix or vector
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Vectors and Matrices Related to Stochastic Processes and Multiple Time Series

u;  K-dimensional white noise process
ug:  k-th element of wuy

Uk
Ulk) =
UgT
U = [uy,...,ur
u = vec(U)
]
0
Ut
0
Ut = . or 0
: Ut
0 0
0

Yt K-dimensional stochastic process
Ykt Kk-th element of y;

Y1
Ywy =
Yk
T
] := > y;/T, sample mean (vector)
t=1
yi(h) h-step forecast of y;1 at origin ¢
Y o=l 1]
y = vec(Y)
Yt Yt
T
Y, . . or Yt—p+1 or Yt—p+1
t . Ut Tt
| Yt—p+1 |
_ _ L Ut—q+1 | L Tt—s4+1 |
1
Yt
Zy = .
L Yt—p+1 |
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Matrices and Vectors Related to VAR and VARMA Representations and
VECMs (Parts I, II, 111, IV)

A; VAR coefficient matrix

A=A, A
a = vec(A) i
A oo Ay A
A = i O 0 or {Au Au]
' : Ay Ay
| 0 Iy 0 |
A Ay Ay
Tk 0 0
Ay = . . : (Kp x Kp)
| 0 Iy 0 |
My ... My, M,
0 0 0
A = . (Kp x Kq)
| 0 0 0 J
Ay =0 (Kqgx Kp)
0 0
Ay = Kgx K
22 |:IK(q1) O:| ( q q)
M; MA coefficient matrix
m = vec[My,..., M,
[ Mi; My,
M = K x K
| My Mo, ] (K(p+q) x K(p+4q))
[ =M, ... =M, —M,
I 0 0
My, = . : o (Kq x Kq)
T 0
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A A A
0o ... 0 0

My, := : : : (Kgq x Kp)
0o ... 0 0

M21 =0 (Kp X Kq)

0 0

Moy =
2 [IK(pl) 0

} (Kp x Kp)

@,  coefficient matrix of canonical MA representation
II; coefficient matrix of pure VAR representation

o  loading matrix of VECM

B cointegration matrix

m =ap

I'; short-run coefficient matrix of VECM

Impulse Responses and Related Quantities

@,  matrix of forecast error impulse responses

m
U, = > &;, matrix of accumulated forecast error impulse responses
i=0
o
Uy = > ®;, matrix of total or long-run forecast error impulse responses
i=0
©; matrix of orthogonalized impulse responses
m
E, = Y. 6;, matrix of accumulated orthogonalized impulse responses
i=0
oC
S =Y. O;, matrix of total or long-run orthogonalized impulse responses
i=0

wjk,n, proportion of h-step forecast error variance of variable j, accounted
for by innovations in variable k

matrix of long-run effects

matrix of transitory effects

1
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Moment Matrices

r :=plim ZZ'/T

I'y(h) := Cov(ys, yi—p) for a stationary process y,

R, (h) correlation matrix corresponding to I',(h)

Y. = E(usuy) = Cov(us), white noise covariance matrix

Yy, = El(yt — n)(yr — p)’] = Cov(y:), covariance matrix of a stationary
process y;

P lower triangular Choleski decomposition of X,
Y5  covariance matrix of the asymptotic distribution of vVT'(& — «)
£2(h) correction term for MSE matrix of h-step forecast
Yy (h) MSE or forecast error covariance matrix of h-step forecast of y;
h) approximate MSE matrix of h-step forecast of estimated process y;
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— of a dynamic simultaneous
equations model, 392
specification of —, 494-498
Final form of a dynamic simultaneous
equations system, 391
Final prediction error criterion, see
FPE criterion
Finite order MA process, 420-423
Forecast
— interval, 39—41
— of VAR process, 93-102, 536540
— of VARMA process, 432-434,
487-490
— region, 39-41
conditional —, 402
estimated —, 93-102, 487-490,
536-540
loss function for —, 32-33
minimum MSE —, 35-39
point —, 33-39
unconditional —, 402
Forecast error, 93-95
Forecast error impulse responses, 51-56
Forecast error variance component, 108
Forecast error variance decomposition,
63-66, 540-545
— of VAR process, 63-66
— of cointegrated system, 264
asymptotic distribution of —,
108-118, 205-206, 541-543
structural —, 381-382
Forecast interval, 98
Forecast MSE matrix, 434
approximate —, 96-98, 489-490, 536
Forecast region, 98
Forecasting
— of ARCH process, 561-562
— of GARCH model, 561-562
— of VAR process, 31-41
— of VARMA process, 432—434
— of cointegrated system, 258261,
315-316
— of dynamic SEM, 401-406
— of estimated VAR process, 93-102,
204-205

— of estimated VARMA process,
487-490
— of infinite order VAR process,
536-540
— of integrated system, 258-261,
315-316
— of restricted VAR process, 204—205
FPE criterion, 146
Fully modified VAR estimation, 318
Functional central limit theorem, 699
multivariate —, 704

GARCH model, 557-584

asymmetric —, 568

CCC —, 568

constant conditional correlation —,
568

dynamic conditional correlation —,
568

exponential —, 568

factor —, 567

generalized orthogonal —, 568

interpretation of —, 579-582

multivariate —, 562-584

univariate —, 559-562
GARCH process, 557-584

forecasting of —, 561-562
Gaussian likelihood function

— of MA process, 458-463

— of VAR process, 87-89

— of VARMA process, 463—-467

— of cointegrated process, 294

— of state space model, 631-633
Gaussian process

VAR, 16

VARMA, 423

white noise, 75
Generalized autoregressive conditional

heteroskedasticity, 559
Generalized impulse responses, 580-582
Generalized inverse of a matrix, 650
Generalized orthogonal GARCH model,
568

Generating process of a time series, 4
Generation process of a time series, 4
Global identification, 633—634
Globally identified model, 633—634
GLS estimation, 195-200

— of cointegrated system, 291-294



asymptotic properties of —, 197
Gradient
— algorithm, 469
— of log-likelihood function, 635
— of vector function, 469
Granger representation theorem, 251
Granger-causality
— in VAR models, 41-51, 102-104
— in VARMA models, 441-444
— in cointegrated system, 261-262
— in cointegrated systems, 316-321
characterization of —, 316
lag augmentation test for —, 318
lag augmented Wald test for —, 318
test for —, 102-104, 316-321
Wald test for —, 102-104, 316-321

Hall’s percentile confidence interval, 710

Hall’s studentized confidence interval,
710

Hannan-Kavalieris procedure, 503-505

Hannan-Quinn criterion, see HQ
criterion

Hessian matrix, 665

HQ criterion, 150, 208

Idempotent matrix, 653
Identification
— of VARMA model, 447-458
— of VARX model, 400
— of dynamic simultaneous equations
system, 400
— of state space model, 633-634
global —, 634
local —, 634
Identification problem, 447-458
Identified model
globally —, 634
locally —, 634
state space, 633-634
VARMA, 447-458
Identity matrix, 646
Impact multiplier, 61
Impulse response analysis, 377-382
— of VAR model, 51-63
— of VARMA model, 444, 490
— of cointegrated system, 262-264,
321-322
Impulse responses, 51-63, 377-382
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— of VARMA model, 444, 490
— of cointegrated system, 262—264,
321-322
accumulated —, 55
asymptotic distribution of —,
108-118, 205206, 541-543
estimation of —, 108, 205-206
forecast error —, 51-56
generalized —, 580582
orthogonalized —, 56—62, 359
structural —, 359, 377-382
total —, 56
Indefinite
— matrix, 656
— quadratic form, 656
Index model, 222
Infinite order MA representation
— of a VARMA process, 423
— of a time varying coefficient
process, 587
Infinite order VAR representation
— of a VARMA process, 425
— of an MA process, 420
Information matrix
— of VAR process, 90
— of VARMA process, 472-474
— of state space model, 635
— of time varying coefficient VAR
model, 591
Initial
— input, 613
— state, 613
Innovations
structural —, 359
Input
— matrix of a state space model, 613
— variables, 388
observable —, 388, 613
unobservable —, 388
Inputs of a state space model, 613
Instantaneous causality
— in VAR models, 41-51
tests for —, 104-108
Instrument
— variable, 388, 613
observable —, 388, 613
Integrated
— of order d, 242
— process, 237244
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— time series, 237244

— variable, 237-244
Integration

order of —, 242
Interim multipliers, 56, 392
Interpretation

— of ARCH model, 579-582

— of GARCH model, 579-582

— of VARMA model, 441-444

classical versus Bayesian —, 228-229
Interval forecast, 3941, 98
Intervention

— in intercept model, 604-606

testing for —, 605-606
Intervention model, 586

estimation of —, 604-608

specification of —, 604-608
Invariance principle, 699

multivariate —, 704
Inverse of a matrix, 649
Invertible

— MA operator, 422
— MA process, 420-422
— VARMA process, 425
— matrix, 649
IS-LM model, 366
Iterative optimization algorithm
EM algorithm, 635
Newton algorithm, 471
scoring algorithm, 472, 634-636

Jarque-Bera test, 175
Jordan canonical form, 657

Kalman filter, 625-631

— correction step, 627

— forecasting step, 627

— gain, 627

— initialization, 627

— prediction step, 627

— recursions, 626—630

— smoothing step, 630
Kalman gain, 627
Kalman smoothing matrix, 630
Khinchine’s theorem, 690
Kronecker indices, 453

— of VARMA process, 453

— of cointegrated VARMA process,

518

— of echelon form, 453

— of reverse echelon form, 518

determination of —, 498-507

estimation of —, 498-507

specification of —, 498-507
Kronecker product, 660

Kurtosis
asymptotic distribution of —, 175,
178
measure of multivariate —, 174-180

Lagrange function, 671, 695
Lagrange multiplier statistic, 508-510,
600-601
asymptotic distribution of —, 510,
601
Lagrange multiplier test, 508-510,
600-601, 694-698
Lagrange multipliers, 671
Law of large numbers, 689-692
— for martingale difference arrays,

690
— for martingale difference sequence,
690
— for stationary processes, 690
strong —, 689
weak —, 689

Least squares estimation
— of VAR process, 69-82, 531-536
— of cointegrated VAR process,
286291
— with mean-adjusted data, 82—85
asymptotic properties of —, 72-77,
197-200, 532-533
multivariate —, 69-82, 531-536
restricted —, 197-200
small sample properties of —, 80-82
Least squares estimator of white noise
covariance matrix, 7577, 535-536
asymptotic properties of —, 75,
535-536
Left-coprime operator, 452
Leptokurtosis, 560
Leverage effect, 568
Likelihood function, 693
— of MA process, 458-463
— of VAR process, 87-89
— of VARMA process, 463-467
— of cointegrated process, 294



— of state space model, 631-633
— of time varying coefficient VAR
model, 589
conditional —, 464
Likelihood ratio statistic
asymptotic distribution of —, 140
definition of —, 138
Likelihood ratio test, 694-698
— for cointegration rank, 327-343,
551-552
— of linear restrictions, 138-143
— of periodicity, 598
— of varying coefficients, 595-598
— of zero restrictions, 138-143
Lindeberg-Levy central limit theorem,
691
Linear constraints
— for VAR coefficients, 194-195
Linear system, 387
Linear transformation
— of MA process, 435-436
— of VARMA process, 436—440
— of multivariate normal distribution,
678
Linearly dependent vectors, 652
Linearly independent vectors, 652
Litterman prior
— for nonstationary process, 310-315
— for stationary process, 225—227
LLN, 689
LM test, 695
— for autocorrelation, 171-174
Loading matrix, 248
Locally identified model, 634
Log-likelihood function, 693
Lomnicki-Jarque-Bera test, 175
Long-run
— effect, 392
— multiplier, 392
Loss function, 32-33
quadratic —, 409
LR test, 695
LS estimation, see least squares
estimation

MA operator, 422

MA process
autocovariances of —, 422
finite order —, 420423
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invertible —, 420-422
likelihood function of —, 458-463
MA representation
— of a VARMA process, 423
canonical —, 426
forecast error —, 426
prediction error —, 426
MA representation of VAR process,
18-24
Martingale difference array, 689
law of large numbers for —, 690
Martingale difference sequence, 689
law of large numbers for —, 690
vector —, 689
Matrix, 645
— addition, 646
— differentiation, 664-671
— multiplication, 646
— multiplication by a scalar, 646
— operations, 646—647
— rules, 645675
— subtraction, 646
operator
left-coprime —, 452
unimodular —, 452
adjoint of —, 649
characteristic determinant of —, 652
characteristic polynomial of —, 652
characteristic root of —, 652
characteristic value of —, 652
characteristic vector of —, 652
Choleski decomposition of —, 659
cofactor of an element of —, 648
column dimension of —, 645
commutation —, 663
conformable —, 647
decomposition of —, 656-659
determinant of —, 647
diagonal —, 646
diagonalization of —, 657-658
duplication —, 662
eigenvalue of —, 652
eigenvector of —, 652
element of —, 645
elimination —, 662
full rank —, 652
generalized inverse of —, 650
Hessian —, 665
idempotent —, 653
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identity —, 646

indefinite —, 656

information —, 694

inverse of —, 649

invertible —, 649

Jordan canonical form of —, 657
lower triangular —, 646

minor of an element of —, 648
Moore-Penrose inverse of —, 650
negative definite —, 656
negative semidefinite —, 656
nilpotent —, 653

nonsingular —, 649

null —, 646

orthogonal —, 654

orthogonal complement of —, 654
partitioned —, 659

positive definite —, 655

positive semidefinite —, 655
rank of —, 652

regular —, 649

row dimension of —, 645

square —, 645

square root of —, 658
symmetric —, 646

trace of —, 653

transpose of —, 646

triangular —, 646

typical element of —, 645

unit —, 646
upper triangular —, 646
zero —, 646

Maximum eigenvalue test for cointegra-
tion rank, 329
Maximum likelihood estimation, see
ML estimation
McMillan degree
— of VARMA process, 453
— of echelon form, 453
Mean squared error matrix, see MSE
matrix
Mean vector of a VAR process, 82
Mean-adjusted
— VAR process, 82
— process, 82
Measurement
— equation of state space model, 611,
613
— errors, 613

— matrix, 613
MGARCH, 562-584
MIMIC models, 621
Minimization
— algorithms, 469-472
iterative —, 469-472
numerical —, 469-472
Minimum MSE forecast, 35-39
Minor of an element of a square matrix,
648
ML estimates
computation of —, 89-90, 467477,
631-637
ML estimation, 693
— of AB-model, 372-375
— of Blanchard-Quah model, 376
— of SVAR, 372-376
— of SVECM, 376-377
— of VAR process, 87-93
— of VAR process with time varying
coefficients, 589-591
— of VARMA process, 458487
— of cointegrated system, 294-300
— of periodic VAR process, 594-598
— of restricted VAR process, 200
— of state space model, 631-637
quasi —, 140
Model checking
— of VAR models, 157-189
— of VARMA models, 508-510
— of cointegrated systems, 344-351
— of dynamic SEMs, 400—401
— of restricted VAR models, 212-217
— of state space models, 639
— of subset VAR models, 212-217
Model selection
— of VAR models, 135-157
— of VARMA models, 493-508
— of cointegrated processes, 325—-344
— of subset VAR models, 206-212
Model specification
— of VAR models, 135-157
— of VARMA models, 493-508
— of cointegrated processes, 325-344
— of dynamic SEMs, 400-401
— of periodic VAR models, 594-604
— of subset VAR models, 206-212
Model specification criteria
AIC, 147, 208



FPE, 146
HQ, 150, 208
SC, 150, 208
Modified portmanteau statistic, 174,
214
approximate distribution of —, 174,
214
Modified portmanteau test, 174, 214,
510
Modulus of a complex number, 652
Moore-Penrose (generalized) inverse,
650
Moving average process, see MA process
Moving average representation of VAR
process, 18-24
MSE matrix, 434
approximate —, 96-98, 489-490, 536
MSE of forecast, 96-98, 434, 489-490,
536
Multi-step causality
— in VAR models, 41-51
tests for —, 105-108
Multiplicative operator, 221-222
Multiplier
— analysis, 392, 406-408
dynamic —, 392

impact —, 61
interim —, 392
long-run —, 392
total —, 392

Multivariate ARCH model, 563-564
interpretation of —, 579-582
Multivariate Beveridge-Nelson decom-
position, 252
Multivariate GARCH model, 562-584
BEKK, 565-567
estimation of —, 569-571
interpretation of —, 579-582
Multivariate least squares estimation,
69-86
— of VAR process, 69-82
— of infinite order VAR process,

531-536
Multivariate normal distribution,

677678
linear transformation of —, 678

Multivariate stochastic process
discrete —, 3
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Negative definite
— matrix, 656
— quadratic form, 656
Negative semidefinite matrix, 656
Newton algorithm, 471
Newton-Raphson algorithm, 471
Nilpotent matrix, 653
Noncentral F-distribution, 680
Noncentral chi-square distribution, 679
Noncentrality parameter, 679
Nonlinear
— parameter restrictions, 221-222
— state space model, 623-625
Nonnormality
tests for —, 174-180
Nonsingular matrix, 649
Nonstationary
— VAR process, 242, 256, 585—586
— process, 237, 585586, 614,
621-623
— time series, 237
Normal distribution
— multivariate, 677-678
Normal equations
— for VAR coefficient estimates, 71
— for VAR process with time varying
coefficients, 589
— for VARMA estimation, 467-469
Normal prior, 222-225
— p.d.f., 222
Normal prior for Gaussian VAR process,
222-225, 309

Observable

— input, 388

— output, 388

— variables, 388
Observation

— equation of state space model, 611,

613

— error, 611, 613

— noise, 613
Open-loop strategy, 411
Operator

left-coprime —, 452

MA —, 422

unimodular —, 452
Optimal control, 408-411

closed-loop —, 411
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open-loop —, 411
problem of —, 410
Optimization
— algorithms, 469-472
— of vector functions, 671-675
Order determination
— for VAR process, 135-157
— for cointegrated process, 325-327
criteria for —, 146-157
tests for —, 136-145
Order estimation
— for cointegrated processes, 325-327
— of VAR process, 146-157
consistent —, 148-150
criteria for —, 146-157
Order in probability, 684-685
Order of
— MA process, 420
— VAR process, 136
— VARMA process, 423
Orthogonal
— matrix, 654
— vectors, 654
Orthogonal complement of a matrix,

654
Orthogonalized impulse responses,
56-62
accumulated —, 108

Orthonormal vectors, 654
Outlier, 609
Output
— of a state space system, 613
observable —, 388

Partial model, 387
Partitioned matrix, 659
rules for —, 659-660
Period of a stochastic process, 591
Periodic VAR process
— definition of, 591-594
— estimation of, 594-598
— specification of, 594-604
Permanent shock, 369
Point forecast, 33—39
Policy
— simulation, 406
— variable, 613
Portmanteau statistic, 169-171, 214,
510

approximate distribution of —, 169,
214, 510
modified —, 171, 214, 510
Portmanteau test, 169-171, 214, 510
modified —, 171, 214, 510
Positive definite
— matrix, 655
— quadratic form, 655
Positive semidefinite matrix, 655
Poskitt’s procedure, 505-507
Posterior
— density, 222
— mean, 222
— p.d.f.; 222
Postmultiplication, 647
Predetermined variable, 388
Prediction tests for structural change
— based on one forecast, 184-186
— based on several forecasts, 186—188
— for cointegrated systems, 349-351
— of VAR processes, 184-189
— of VARMA processes, 510
Preliminary estimation of VARMA
process, 474-477
Preliminary estimator of VARMA
process, 475477
Premultiplication, 647
Probability space, 2
Process
cointegrated —, 244-256
invertible MA —, 420-422
invertible VARMA —, 425
periodic —, 586
stable VARMA —, 423
VAR —, 5
VARMA —, 423-426
Product rule for vector differentiation,
665
Pure MA representation of a VARMA
process, 423
Pure VAR representation of a VARMA
process, 425

Quadratic form, 655
distribution of —, 678
indefinite —, 656
independence of —, 679
negative definite —, 656
negative semidefinite —, 656



positive definite —, 655
positive semidefinite —, 655
Quasi ML estimator, 140

Random coefficient VARX model,
621-623
Random variable, 2
Random vector, 3
Random walk, 237
Random walk with drift, 238
Rank of a matrix, 652
Rank of cointegration
LR test for —, 327-343, 551-552
testing for —, 327-343, 551-552
Rational
— distributed lag model, 391-392
— expectations, 392
— transfer function, 392
— transfer function model, 392
Real matrices, 645
Recursions
Kalman filter —, 626-630
Recursive computation
— of derivatives, 467-468
— of residuals, 478
Reduced form of a dynamic SEM, 390
Regular matrix, 649
Resampling, 709-712
Resampling technique, 709-712
Residual autocorrelation
— of VAR process, 161-169, 212-213
— of VARMA process, 510
asymptotic properties of —, 166,
212-213
estimation of —, 161-169, 212-213
Residual autocovariance
— of VAR process, 161-169, 212-213
— of VARMA process, 510
asymptotic properties of —, 165,
212-213
estimation of —, 161-169, 212—213
Residual based bootstrap, 709
Residuals of VAR process
checking the whiteness of —, 157-174,
214
Residuals of VARMA process
checking the whiteness of —, 510
estimation of —, 475
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Restricted estimation of VAR models,
195-204
asymptotic properties of —, 197-201
EGLS, 197-200
GLS, 195-197
LS, 197
ML, 200
Restrictions for VAR coefficients
— for individual equations, 200-201
linear —, 194-195
nonlinear —, 221-222
tests of —, 104-108, 138-143
Wald test of —, 104-108
zero —, 206-212
Restrictions for VARMA coefficients
Granger-causality —, 441-444
identifying —, 452-454
linear —, 464
LM test of —, 508-510
tests of —, 508-510
Restrictions on white noise covariance,
202-204
Reverse echelon form, 518-519
estimation of —, 521-522
Row vector, 645

Sample
— autocorrelations, 159
— autocovariances, 157
— mean, 83-85
SC, 150, 208
Schwarz criterion, see SC
Score vector, 694
Scoring algorithm, 374, 472, 634-636
Seasonal
— dummies, 585
— model, 585
— operator, 221
— process, 585
— time series, 585
Second order Taylor expansion, 671
SEM, 387
Sequential elimination of regressors
specification of subset VAR model,
211
Shock
permanent —, 369
transitory —, 369
Simulation techniques
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evaluating properties of estimators by

—, 707-709
evaluating properties of test statistics
by —, 707-709
Simultaneous equations model, see
SEM
Skewness
asymptotic distribution of —, 175,
178
measure of multivariate —, 174-180

Slutsky’s theorem, 683
Small sample properties
— of LS estimator, 80-82
— of VAR order selection criteria,
151-157
— of estimated forecasts, 100-102
— of estimators, 707709
— of test statistics, 707709
investigation of —, 80, 707-709
Smoothing, 630
Smoothing matrix
Kalman —, 630
Smoothing step, 630
Specification of
— EC-ARMARgE form, 523-526
— VAR models, 135-157
— VARMA models, 493-508
— cointegrated systems, 325-344
— dynamic SEMs, 400-401
— echelon form, 498-507
— error correction echelon form,
523-526
— final equations form, 494—-498
— subset VAR models, 206-212
Specification of cointegrating rank
— of EC-ARMA gg form, 525-526
— of VAR process, 327-343
— of error correction echelon form,
525-526
Square root of a matrix, 658
Stability condition, 15, 16
Stability of a VARMA process, 423
Stable
— VAR process, 13-18
— VARMA process, 423
Standard percentile confidence interval,
710
Standard VARMA representation, 448
Standard white noise, 73

State space model
estimation of —, 631-637
global identification of —, 634
identification of —, 633—634
local identification of —, 634
log-likelihood function of —, 631-633
ML estimation of —, 631-637
nonlinear —, 623-625
State space representation
— of VAR process, 614-616
— of VARMA process, 616
— of VARX process, 616
— of VARX process with system-
atically varying coefficients,
621
— of factor analytic model, 619-621
— of random coefficient VARX
model, 621-623
State vector, 611, 613

Stationarity
asymptotic —, 241
strict —, 24
Stationarity condition for VAR, process,
25

Stationary point of a function, 671
Stationary stochastic process, 24—26
strictly —, 24
Stationary VAR process, 24-26
Step direction, 469
Stochastic convergence, 681-684
— almost surely, 682
— in distribution, 682
— in law, 682
— in mean square error, 682
— in probability, 681
— in quadratic mean, 682
— with probability one, 682
strong —, 682
weak —, 682
Stochastic process
cointegrated —, 244256
discrete —, 3
MA, 420423
multivariate —, 3
nonstationary —, 237, 585-586, 614,
621-623
periodic —, 591-594
VAR, 13-18
VARMA, 423-426



VARX, 387, 616, 621-623
Stochastic trend, 238
Stochastic volatility model, 583
Strictly exogenous variable, 389
Strictly stationary stochastic process,
24
Strong law of large numbers, 689
Strongly exogenous variable, 388
Structural analysis
— of VARMA models, 441-444
— of cointegrated system, 261-264
— of cointegrated systems, 316-322
— of dynamic SEMs, 406-408
— of subset VAR models, 205206,
221
Structural change, 182
Chow test for —, 182-184, 348-349
prediction test for —, 349-351
testing for —, 182-189, 348-351, 510,
598-601, 608
Structural form
— of a VAR process, 358
— of a dynamic SEM, 390
Structural impulse responses, 359,

377-382
Structural innovation, 359
permanent —, 369

transitory —, 369
Structural models
VAR, 357-386
VECM, 357-386
Structural time series model, 618-619
Structural VAR, 358-368
— with Blanchard-Quah restrictions,
367368
— with long-run restrictions, 367-368
AB-model, 364-367
A-model, 358-362
B-model, 362-364
Structural vector autoregression, see
structural VAR
Structural vector error correction
model, 368-372
Submatrix, 659
Subset model
bottom-up procedure for —, 344

full search procedure for —, 344
sequential elimination of regressors,
344
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top-down procedure for —, 344
Subset VAR model, 206-221
checking of —, 212-217
specification of —, 206212
bottom-up strategy, 211
sequential elimination of regressors,
211
top-down strategy, 208-210
structural analysis of —, 221
Super-exogenous variable, 388
Superconsistent estimator, 288, 301
SVAR, 357-368
— with Blanchard-Quah restrictions,
367368
— with long-run restrictions, 367-368
AB-model, 364-367
A-model, 358-362
B-model, 362-364
Blanchard-Quah —, 367-368
concentrated likelihood function, 373
estimation of —, 372-376
ML estimation of —, 372-376
SVECM, 368-372
estimation of —, 376-377
ML estimation of —, 376-377
Symmetric matrix, 646
System equation, 611
System matrix, 613
System with exogenous variables,
388-412
Systematic sampling, 616618
Systematically varying coefficients
— of VAR models, 585-589
— of VARX models, 621

Taylor expansion, 671
second order —, 671
Taylor’s theorem, 670, 685
Temporal aggregation, 434-435,
440-441, 616618
Testing for
— Granger-causality, 102-104,
316-321
— causal relations, 102-108, 316-321
— instantaneous causality, 104-108
— multi-step causality, 105-108
— nonnormality, 174-180
— periodicity, 598-604
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— rank of cointegration, 327-343,
551-552
— structural change, 181-189,
348-351, 510, 598-601, 608
— whiteness of residuals, 169-174,
214, 510
nonnormality
— of VAR process, 177-180
— of white noise process, 174-177
residual autocorrelation
— of VAR process, 169-174
— of VARMA process, 510
— of subset VAR model, 214
— of white noise process, 157-161
structural change
— based on one forecast period,
182-186

— based on several forecast periods,

186188
Tests of parameter restrictions
linear restrictions, 102, 138-143
nonlinear restrictions, 508-510
Threshold models, 625
Time invariant
— autocovariances, 597
— coefficients, 596
Time series
nonstationary—, 237
seasonal —, 585
Time varying
— coeflicients, 585-591
randomly —, 621-623
systematically —, 585—-591
Top-down strategy for subset VAR
specification, 208-210
Total forecast error impulse responses,
56
Total impact matrix, 367
Total impulse responses, 56
Total multiplier, 392
Trace of a matrix, 653
Trace test for cointegration rank, 329
Transfer function, 392
Transfer function model, 387, 392
rational —, 392
Transformation
— of MA process, 435-436
— of VARMA process, 436—440
linear —, 435-440

Transition equation

— errors, 613
— noise, 613
— of a state space model, 611

Transition matrix, 613
Transitory shock, 369
Transpose of a matrix, 646
Trend

deterministic —, 238
stochastic —, 238

Triangular matrix

lower —, 646
upper —, 646

Triangular representation of cointe-

grated system, 251

Two-stage estimation

— of cointegrated system, 301-302
asymptotic properties of —, 301

Unconditional forecast, 402
Unimodular operator, 452
Univariate ARCH model, 559-562
Univariate GARCH model, 559-562
Unmodelled variable, 387-390

VAR estimation

fully modified —, 318

VAR order estimator

consistent —, 148
small sample properties of —,
151-157

strongly consistent —, 148

VAR order selection

AIC criterion for —, 147

comparison of criteria for —, 150-157
consistent —, 148-150

criteria for —, 146-157

FPE criterion for —, 146

HQ criterion for —, 150

SC criterion for —, 150

sequence of tests for —, 136-145
testing scheme for —, 143-144

VAR process, 5

— with linear parameter restrictions,
194-221

— with nonlinear parameter
restrictions, 221-222

— with parameter constraints,
193-231



— with time varying coefficients,
586—-591

autocorrelations of —, 30-31

autocovariances of —, 21, 26-30

checking the adequacy of —, 157-189

estimation of —, 69-93, 531-536

forecast error variance decomposition
of —, 63-66

forecasting of —, 31-41, 93-102,
536-540

impulse response analysis of —,
108-129, 540-545

infinite order —, 531-552

LS estimation of —, 69-86, 531-536

MA representation of —, 18-24

mean-adjusted —, 82

nonstationary —, 256, 586-594

order determination of —, 135-157

order estimation of —, 146-157

specification of —, 135-157

stable —, 13-18

state space representation of —,
614-616

stationarity condition for —, 25

structural —, 358-368

subset —, 206—221

unstable —, 256

Yule-Walker estimation of —, 85-86

VAR representation of a VARMA

process

infinite order —, 425

pure —, 425

VARMA process

— for integrated variables, 515-521

— in standard form, 448

— representation in standard form,
448

aggregation of —, 440441

ARMARE form of — 518519

autocorrelations of —, 430

autocovariances of —, 429-432

checking the adequacy of —, 508-510

definition of —, 423-426

EC-ARMARgE form of —, 519-521

echelon form of —, 452-453

error correction echelon form of —,
519-521

estimation of —, 447487, 521-522

final equations form of —, 452

Subject Index 763

forecasting of —, 432-434, 487-490
Granger-causality in —, 441-444
identifiability of —, 447458
identification of —, 447458
impulse response analysis of —, 444,
490
interpretation of —, 441-444
invertible —, 425
linear transformation of —, 435-440
MA representation of —, 423
ML estimation of —, 458-487
nonuniqueness of —, 447452
preliminary estimation of —, 474-477
reverse echelon form of —, 518-519
specification of —, 493-508
stable —, 423
standard form —, 448
state space representation of —, 616
transformation of —, 434-441
VAR representation of —, 425
VAR(1) representation of —, 426-429
VARX model, 387, 616, 621
random coefficient —, 621-623
Vec operator, 661
Vech operator, 662
VECM, 244-256
Vector autoregressive moving average
process, see VARMA process
Vector autoregressive process, see VAR
process
Vector differentiation, 664—671
Vector error correction model, 244-256

Wald statistic, 102, 321, 598
asymptotic distribution of —, 102,
321, 598
Wald test, 694-698
— for Granger-causality, 102, 316-321
— for instantaneous causality,
104-108
— for multi-step causality, 105-108
— of linear constraints, 102, 316-321
— of zero constraints, 104-108,
598-600
Weak law of large numbers, 689
Weakly exogenous variable, 388
White noise
Gaussian —, 75
standard —, 73



764 Subject Index

testing for —, 157-161, 169-174, 214,
510
White noise assumption
checking of —, 157-161
testing of —, 169-174, 214, 510
White noise covariance matrix estimator
asymptotic properties of —, 75-76,
200, 296, 479-481
Whiteness of residuals
checking the —, 157-174, 214, 510
testing for —, 169-174, 214, 510

Wiener process, 698

multivariate —, 703

standard —, 698
Wold causal ordering, 61, 359
Wold’s decomposition theorem, 25

Yule-Walker estimation of VAR process,
85-86

Zero mean VARMA process, 429
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