
Appendix A

Glossary of Symbols and
Abbrevations

Symbols

Boldface characters denote vectors or matrices. All others are scalars. All vec­
tors are column vectors. Random variables are denoted by capital letters such as
U,V, w,X ,Y, Z and random vectors by U , V , W , X, Y , Z and their values by corre­
sponding lowercase letters.

*
*

[x]
x +

x
AxB
[A]ij
A(z)
[b]i
Ber(p)
bin(M,p)

xIv
(~)
c
cov(X,Y)
C

angle of
complex conjugate
convolut ion operator, either convolution sum or integral
denotes est imator
denotes is distributed according to
denotes the largest integer ::; x
denotes a number slightly larger than x
denotes a number slightly smaller than x
cartesian product of sets A and B
(i ,j)th element of A
z-transform of a[n] sequence
ith element of b
Bernoulli random variable
binomial random variable
chi-squared distribution with N degrees of freedom

number of combinations of N things taken k at a time

complement of set
covariance of X and Y
covariance matrix
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ex
CX,y
cx [nl , n2]
CX(tl, t2)
o(t)
o[n]
s.,
b.1
b.t
b.x
b.t
det(A)
diag(al1, ... ,aNN)

e i

'fJ
E[·]
E[Xn ]

E[(X - E[x])n]
Ex[·]
Ex,Y[']

Ex[·]
Ey1x[YIX]
Ey1x[Yl xi]
Ey1x[Ylx]
E[X]
E

exp('x')

1
F
Fx(x)
FX1(x)
Fx,y(x,y)
FX1 ,...,XN(Xl,'" , X N )

FYlx(ylx)

covariance matrix of X
covariance matrix of X and Y
covariance sequence of discrete-time random process X[n]
covariance function of continuous-time random process X (t)
Dirac delta function or impulse function
discrete-time unit impulse sequence
Kronecker delta
small interval in frequency 1
small interval in t
small interval in x
time interval between samples
determinant of matrix A
diagonal matrix with elements aii on main diagonal
natural unit vector in ith direction
signal-to-noise ratio
expected value
nth moment
nth central moment
expected value with respect to PMF or PDF of X
expected value with respect to joint PMF or
joint PDF of (X, Y)

expected value with respect to
N-dimensional joint PMF or PDF

shortened notation for EX1,X2,...,XN [.]

conditional expected value considered as random variable
expected value of PMF PYlx[Yjlxi]
expected value of PDF PYIX (ylx)
expected value of random vector X
element of set
exponential random variable
discrete-time frequency
continuous-time frequency
cumulative distribution function of X
inverse cumulative distribution function of X
cumulative distribution function of X and Y
cumulative distribution function of Xl, ... , X N

cumulative distribution function of Y conditioned
onX=x

Fourier transform
inverse Fourier transform
general notation for function of real variable
general notation for inverse function of g(.)



r(X)
r(a, A)
rX,y(J)

geom(p)
h[n]
h(t)
H(J)
H(F)
1-l(z)
IA(x)
I
n
J
8(w,z)
8(x,y)
8(Xl ,...,XN )
8(Yl ,·..,YN )
A
mse
p
px[n]
px(t)
J,I,

i..:.. ,kN )

n
N!
(N)r
NA
N(p, (J2)

N(J,I" C)

Ilxll
(/)

opt
1
Pois(A)
PX[Xi]
px[k]
PX,Y[Xi, Yj]
PX1 " ",XN[XI, ... , XN]
px[x]
PX1 ,,,,,XN[kl, ... , kN]
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Gamma function
Gamma random variable
coherence function for discrete-time random processes
X[n] and Y[n]

geometric random variable
impulse response of LSI system
impulse response of LTI system
frequency response of LSI system
frequency response of LTI system
system function of LSI system
indicator function for the set A
identity matrix
intersection of sets

A
Jacobian matrix of transformation of w = g(x, y), z = h(x, y)

Jacobian matrix of transformation from y to x

diagonal matrix with eigenvalues on main diagonal
mean square error
mean
mean sequence of discrete-time random process X[n]
mean function of continuous-time random process X (t)
mean vector

multinomial coefficient

discrete-time index
N factorial
equal to N(N - 1)··· (N - r + 1)
number of elements in set A
normal or Gaussian random variable with mean p and variance (J2

multivariate normal or Gaussian random vector with mean J,I,

and covariance C
Euclidean norm or length of vector x
null or empty set
optimal value
vector of all ones
Poisson random variable
PMF of X

PMF of integer-valued random variable X (or px[i], px[j])
joint PMF of X and Y
joint PMF of Xl,· .. , XN
shortened notation for PX1,,,,,XN[XI, ... ,XN]
joint PMF of integer-valued random variables Xl, ... , XN
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PYIX[Yj!Xi]
PXNlxl, ...,X N - l [xNI

Xl,···, XN-l]
PX,y[i ,j]

PYIXUli]

PX(X)
PX,y(X, y)
PXl, oo .,XN(Xl, ... ,XN)
PX(X)
PYlx(ylx)
prE]
r;
Px(f)

PX(z)
Px(F)

Px,y(F)

<PX(W)
<PX,Y(WX,wy)
<PXl ,oo. ,XN(Wl,'" ,WN)
<I> (x)
Q(x)
Q-l(u)

PX,Y
rx[k]

conditional PMF of Y given X = Xi

conditional PMF of XN given Xl, . . ·, XN-l
joint PMF of integer-valued random variables X and Y
conditional PMF of integer-valued random variable Y

given X = i
PDF of X
joint PDF of X and Y
joint PDF of Xl , ... ,XN
shortened notation for PXl,oo.,XN (Xl , .. . ,XN)
conditional PDF of Y given X = X

probability of the event E
probability of error
power spectral density of discrete-time

random process X[n]
z-transform of autocorrelation sequence rx[k]
power spectral density of continuous-time

random process X(t)
cross-power spectral density of discrete-time

random processes X[n] and Y[n]
cross-power spectral density of continuous-time

random processes X (t) and Y (t)
characteristic function of X
joint characteristic function of X and Y
joint characteristic function of Xl, .. ' ,XN
cumulative distribution function of N(o ,1) random variable
probability that a N(o,1) random variable exceeds X

value of N(o,1) random variable that is exceeded
with probability of u

correlation coefficient of X and Y
autocorrelation sequence of discrete-time

random process X[n]
autocorrelation function of continuous-time

random process X(t)
cross-correlation sequence of discrete-time

random processes X[n] and Y[n]
cross-correlation function of continuous-time

random processes X(t) and Y(t)
denotes real line
denotes N-dimensional Euclidean space
autocorrelation matrix
sample space



Sx
SX,Y

SX1,X2" " ,XN

Si

S

0'2

O'~
O'~[n]

O'~(t)

s[n]
s
s(t)
t
T

U(a ,b)
U

urn]
u(x)
U(z)
V
var(X)
var(YIXi)

X s
X[n]
x[n]
X(t)
X(t )
X( z)
X
x
X
x
YI(X = Xi)

z
Z-l

o
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sample space of random variable X
sample space of random variables X and Y
sample space of random variables Xl, X 2 , ..• , XN
element of discrete sample space
element of continuous sample space
variance
variance of random variable X
variance sequence of discrete-time random process X[n]
variance function of continuous-time random process X(t)
discrete-time signal
vector of signal samples
continuous-time signal
continuous time
transpose of matrix
uniform random variable over the interval (a, b)
union of sets
discrete unit step function
unit step function
z-transform of urn] sequence
modal matrix
variance of X
variance of conditional PMF or of PY\X [Yj IXi]
value of discrete random variable
value of continuous random variable
standardized version of random variable X
value for X;
discrete-time random process
realization of discrete-time random process
continuous-time random process
realization of continuous-time random process
z-t ransform of x[n] sequence
sample mean random variable
value of X
random vector (XI,X2 , • •• ,XN)
value (Xl, X2, . · · , XN) of random vector X
random variable Y conditioned on X = Xi

z-transform
inverse z-transform
vector or matrix of all zeros
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Abbreviations

ACF
ACS
AR
AR(p)
ARMA
CCF
CCS
CDF
CPSD
CTCV
CTDV
D/A
dB
DC
DFT
DTCV
DTDV
FFT
FIR
GHz
Hz
IID
IIR
KHz
LSI
LTI
MA
MHz
MSE
PDF
PMF
PSD
SNR
WGN
WSS

autocorrelation function
autocorrelation sequence
autoregressive
autoregressive process of order p
autoregressive moving average
cross-correlation function
cross-correlation sequence
cumulative distribution function
cross-power spectral density
continuous-time/ continuous-valued
continuous-time/ discrete-valued
digital-to-analog
decibel
constant level (direct current)
discrete Fourier transform
discrete-time/ continuous-valued
discrete-time/ discrete-valued
fast Fourier transform
finite impulse response
giga-hertz
hertz
independent and identically distributed
infinite impulse response
kilo-hertz
linear shift invariant
linear time invariant
moving average
mega-hertz
mean square error
probability density function
probability mass function
power spectral density
signal-to-noise ratio
white Gaussian noise
wide sense stationary



Appendix B

Assorted Math Facts and
Formulas

An extensive summary of math facts and formulas can be found in [Gradshteyn and
Ryzhik 1994].

B.l Proof by Induction

To prove that a statement is true, for example,

N Nl:i = 2(N + 1)
i=1

by mathematical induction we proceed as follows:

1. Prove the statement is true for N = 1.

(B.1)

2. Assume the statement is true N = n and prove that it therefore must be true
for N = n + 1.

Obviously, (B.1) is true for N = 1 since 2:;=1 i = 1 and (N/2)(N+1) = (1/2)(2) = 1.
Now assume it is true for N = n. Then for N = n + 1 we have

n+1 n

l:i l:i+(n+1)
i=1 i=1

n
"2(n+ 1) + (n + 1) (since it is true for N = n)

n+1
-2-(n+2)

(n; 1) [(n + 1) + 1]
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which proves that it is also true for N = n + 1. By induction, since it is true for
N = n = 1 from step 1, it must also be true for N = (n + 1) = 2 from step 2. And
since it is true for N = n = 2, it must also be true for N = n + 1 = 3, etc.

B.2 Trigonometry

Some useful trigonometric identities are:

Fundamental

Sum of angles

(B.2)

sin(a + (3)

cos(a + (3)

Double angle

sin(2a)

cos(2a)

Squared sine and cosine

Euler identities For j = yCT

sin a cos (3 + cos a sin (3

cos a cos (3 - sin a sin (3

2sinacosa

cos2 a - sin2 a = 2 cos2 a - 1

1 1
- - - cos(2a)
2 2
1 1
2+ 2cos(2a)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

exp(ja) = cos a + j sin a (B.9)

B.3 Limits

cos a

sin o

exp(ja) + exp(-ja)
2

exp(ja) - exp(-ja)
=

2j

(B.lO)

(B.ll)

Alternative definition of exponential function

lim (1 + ~)M = exp(x)
M-too M

(B.12)
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Taylor series expansion about the point x = xo

00 g(i) (xo) .
g(x) = L ., (x - XO)2

z.
i= O
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(B.13)

where g(i)(xo) is the ith derivative of g(x) evaluated at x = Xo and g(O) (xo) =
g(xo). As an example, consider g(x) = exp(x) , which when expanded about
x = Xo = 0 yields

00 .

x 2

exp( x) = L 1
z.

i= O

B.4 Sums

Integers

Real geometric series

i=O

N(N -1)

2

N(N - 1)(2N - 1)
6

(B.14)

(8.15)

If Ixl < 1, then
00 k

L
·· Xx 2 _

I-x
i = k

(x is real) (B.16)

(8.17)

Complex geometric series

(z is complex) (8.18)

A special case is when z = exp(jO) . Then

N-l

L exp(jO)
i=O

1 - exp(jNO)
1 - exp(jO)

[.(N -1) oJ sin (¥)
exp J 2 . (8)

sm 2
(B.19)
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If Izi = Ix+ j yl = Jx2+ y2 < 1, then as N ---+ 00 (B.I8) becomes

Double sums

00 k

L · ZZl _

I- z
i= k

(B.20)

(B.2I)

B.5 Calculus

Convergence of sum to integral
If g(x) is a continuous function over [a, b], then

M b

lim Lg(xd.6.x = r g(x)dx
~x~O J a

i=O

(B.22)

where Xi = a + i.6.x and X M = b. Also, this shows how to approximate an
integral by a sum.

Approximation of integral over small interval

i
XO+~X/2

g(x)dx ~g(xo).6.x
xo-~x/2

Differentiation of composite function

dg(h(x)) I = dg(u) I dh(x) I
dx x=xo du u=h(xo) dx x=xo

Change of integration variable
If u = h(x), then

(chain rule)

(B.23)

(B.24)

b h-1(b)r g(u)du = r g(h(x))h'(x)dx
l; Jh-1 (a)

(B.25)

where h'(x) is the derivative of h(x) and h-1( .) denotes the inverse function.
This assumes that there is one solution to the equation u = h(x) over the
interval a ~ u ~ b.

Fundamental theorem of calculus

d r
dx J-co g(t)dt = g(x) (B.26)
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Integration of even and odd functions An even function is defined as having
the property 9(- x) = 9(x), while an odd function has the property 9(- x) =
-g(x). As a result,

2~M g(x)dx

o

for g(x) an even function

for g(x) an odd function

Integration by parts
If U and V are both functions of x , then

! UdV = UV - ! V dU (B.28)

Dirac delta "function" or impulse
Denoted by 8(x) it is not really a function but a symbol that has the definition

{
O x # 0

8(x) = oo X = 0

and

l
b

{ 1 0 E [a-,b+]
a 8(x)dx = 0 otherwise

Some properties are for u(x) the unit step function

Double integrals

du(x)
dx = 8(x)

u(x)

l d l b

g(x)h(y)dxdy = (l b

9(X)dX) (l d

h(y)dY)

References

(B.29)

Gradshteyn, 1.S., 1.M. Ryzhik, Tables of Integrals, Series, and Products, Fifth Ed.,
Academic Press, New York, 1994.



Appendix C

Linear and Matrix Algebra

Important results from linear and matrix algebra theory are reviewed in this ap­
pendix. It is assumed that the reader has had some exposure to matrices. For
a more comprehensive treatment the books [Noble and Daniel 1977] and [Graybill
1969] are recommended.

C.l Definitions

Consider an M x N matrix A with elements aij, i = 1,2, ... , M; j = 1,2, ... , N. A
shorthand notation for describing A is

[A]·· -a"X) - X),

Likewise a shorthand notation for describing an N x 1 vector b is

An M x N matrix A may multiply an N x 1 vector b to yield a new M x 1 vector
c whose ith element is

N

Ci = Laijbj
j=l

i = 1,2, ... ,M.

Similarly, an M x N matrix A can multiply an N x L matrix B to yield an M x L
matrix C = AB whose (i,j) element is

N

Cij = L aikbkj
k=l

i = 1,2, ... ,M;j = 1,2, ... ,L.

Vectors and matrices that can be multiplied together are said to be conformable.
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[A T].. -a "X) - )X'

The transpose of A, which is denoted by AT, is defined as the N x M matrix
with elements aji or

A square matrix is one for which M = N. A square matrix is symmetric if
AT = A or aji = aij'

The inverse of a square N x N matrix is the square N x N matrix A -1 for which

A-1A = AA-1 = I

where I is the N x N identity matrix. If the inverse does not exist, then A is
singular. Assuming the existence of the inverse of a matrix, the unique solution to
a set of N simultaneous linear equations given in matrix form by Ax = b, where A
is N x N, x is N x 1, and b is N x 1, is x = A -lb.

The determinant of a square N x N matrix is denoted by det(A). It is computed
as

N

det(A) = L aijCij
j=l

where
Cij = (_l)i+j D ij.

Dij is the determinant of the submatrix of A obtained by deleting the ith row and
jth column and is termed the minor of aij' Cij is the cofactor of aij' Note that any
choice of i for i = 1,2, . .. , N will yield the same value for det(A). A square N x N
matrix is nonsingular if and only if det(A) i= O.

A quadratic form Q, which is a scalar, is defined as

N N

Q = L L aijXiXj.
i=l j=l

In defining the quadratic form it is assumed that aji = aij. This entails no loss in
generality since any quadratic function may be expressed in this manner. Q may
also be expressed as

Q = xTAx

where x = [Xl X2 ... XNV and A is a square N x N matrix with aji = aij or A is a
symmetric matrix.

A square N x N matrix A is positive semidefinite if A is symmetric and

for all x. If the quadratic form is strictly positive for x i= 0, then A is positive
definite. When referring to a matrix as positive definite or positive semidefinite, it
is always assumed that the matrix is symmetric.
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A partitioned M x N matrix A is one that is expressed in terms of its submatrices.
An example is the 2 x 2 partitioning

Each "element" Aij is a submatrix of A. The dimensions of the partitions are given
as

[
K x L K x (N - L) ]

(M - K) xL (M - K) x (N - L) .

C.2 Special Matrices

A diagonal matrix is a square N x N matrix with aij = 0 for i =1= j or all elements
not on the principal diagonal (the diagonal containing the elements aii) are zero.
The elements aij for which i =1= j are termed the off-diagonal elements. A diagonal
matrix appears as

A = [a~l a~ ~] .
o 0 aNN

A diagonal matrix will sometimes be denoted by diag(all, a22, . . . , aNN)' The in­
verse of a diagonal matrix is found by simply inverting each element on the principal
diagonal, assuming that aii =1= 0 for i = 1,2, ... ,N (which is necessary for invertibil­
ity) .

A square N x N matrix is orthogonal if

For a matrix to be orthogonal the columns (and rows) must be orthonormal or if

where a, denotes the ith column, the conditions

T . _ {O for i =1= j
ai aJ - 1 f . .or Z = J

must be satisfied. Other "matrices" that can be constructed from vector operations
on the N x 1 vectors x and yare the inner product, which is defined as the scalar

N

xTy = 2: Xi Yi

i= l
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and the outer product, which is defined as the N x N matrix

[

XIYl

X2Yl

X~Yl XNY2

XIYN ]
X2YN

XN:YN .

C.3 Matrix Manipulation and Formulas

Some useful formulas for the algebraic manipulation of matrices are summarized in
this section. For N x N matrices A and B the following relationships are useful.

(AT )- 1

(AB)-1 =

det(AT
)

det(eA) =

det(AB)

det(A-1)

(A-If
B-1A-I

det(A)

eN det(A) (e a scalar)

det(A) det(B)
1

det(A) .

Also, for any conformable matrices (or vectors) we have

It is frequently necessary to determine the inverse of a matrix analytically. To do so
one can make use of the following formula. The inverse of a square N x N matrix is

A-I = aT
det(A)

where C is the square N x N matrix of cofactors of A. The cofactor matrix is
defined by

[C]ij = (-l)i+jDij

where Dij is the minor of aij obtained by deleting the ith row and jth column of
A .

Partitioned matrices may be manipulated according to the usual rules of matrix
algebra by considering each submatrix as an element . For multiplication of parti­
tioned matrices the submatrices that are multiplied together must be conformable.
As an illustration, for 2 x 2 partitioned matrices

AB = [~~~ ~~~] [:~~ :~~]
= [Al1B l1 + A 12B21 A l1B 12 + A 12B22 ]

A 21Bl1 + A 22B21 A 21B12 + A 22B22 •
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Other useful relationships for partitioned matrices for an M x N matrix A and N x 1
vectors Xi are

(C.l)

which is a M x N matrix and

[

an

[auxl a22X2 ... aNNxN] = [Xl X2 ... XN] ~

which is an N x N matrix.

C.4 Some Properties of Positive Definite
(Semidefinite) Matrices

o

o JJ
(C.2)

Some useful properties of positive definite (semidefinite) matrices are:

1. A square N x N matrix A is positive definite if and only if the principal minors
are all positive. (The ith principal minor is the determinant of the submatrix
formed by deleting all rows and columns with an index greater than i.) If the
principal minors are only nonnegative, then A is positive semidefinite.

2. If A is positive definite (positive semidefinite) , then

a. A is invertible (singular).

b. the diagonal elements are positive (nonnegative).

c. the determinant of A, which is a principal minor, is positive (nonnegative).

C.5 Eigendecomposition of Matrices

An eigenvector of a square N x N matrix A is an N x 1 vector v satisfying

Av = >'v (C.3)

for some scalar >., which may be complex. >. is the eigenvalue of A corresponding
to the eigenvector v. To determine the eigenvalues we must solve for the N >.'s in
det(A - >'1) = 0, which is an Nth order polynomial in >.. Once the eigenvalues are
found, the corr esponding eigenvectors are determined from the equation (A->'I)v =

o. It is assumed that the eigenvector is normalized to have unit length or v T v = 1.
If A is symmetric, then one can always find N linearly independent eigenvectors,

although they will not in general be unique. An example is the identity matrix for
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which any vector is an eigenvector with eigenvalue 1. If A is symmetric, then the
eigenvectors corresponding to distinct eigenvalues ar e orthonormal or v[vj = 0 for
i =1= j and v[vj = 1 for i = i , and the eigenvalues are real. If, furthermore, the
matrix is positive definite (positive semidefinite) , then the eigenvalues are positive
(nonnegative).

The defining relation of (C.3) can also be written as (using (C.1) and (C.2))

[AV1 AV2 ... AVN] = [A1V1 A2V2 ... ANVn ]

or

where

AY=YA

Y [V1 V2 v n ]

A diag(A1' A2 , , An).

(C.4)

If A is symmetric so that the eigenvectors corresponding to distinct eigenvalues
are orthonormal and the remaining eigenvectors are chosen to yield an orthonormal
eigenvector set, then Y is an orthogonal matrix. As such, its inverse is vr, so that
(C.4) becomes

A=YAyT

Also, the inverse is easily determined as

A -1 y T- 1 A -ly-1

YA-1yT .

References

Graybill, F.A ., Introduction to Matrices with Applications in Statistics, Wadsworth,
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Appendix D

Summary of Signals, Linear
Transforms, and Linear Systems

In this appendix we summarize the important concepts and formulas for discrete­
time signal and system analysis. This material is used in Chapters 18-20. Some
examples are given so that the reader unfamiliar with this material should try to
verify the example results. For a more comprehensive treatment the books [Jackson
1991], [Oppenheim, Willsky, and Nawab 1997], [Poularikis and Seeley 1985] are
recommended.

D.1 Discrete-Time Signals

A discrete-time signal is a sequence x[n] for n = ... , -1, 0,1 , . . .. It is defined only
for the integers. Some important signals are:

a. Unit impulse - x[n] = 1 for n = 0 and x[n] = 0 for n i- o. It is also denoted by
8[n] .

b. Unit step - x[n] = 1 for n 2: 0 and x[n] = 0 for n < O. It is also denoted by urn].

c. Real sinusoid - x [n] = A cos(21ffon + ()) for -00 < n < 00, where A is the
amplitude (must be nonnegative), fo is the frequency in cycles per sample and
must be in the interval 0 < fo < 1/2, and () is the phase in radians.

d. Complex sinusoid - x[n] = A exp(j21f fon + ()) for -00 < n < 00, where A is the
amplitude (must be nonnegative), fo is the frequency in cycles per sample and
must be in the interval -1/2 < fo < 1/2, and () is the phase in radians.

e. Exponential - x[n] = anu[n]
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Note that any sequence can be written as a linear combination of unit impulses that
are weighted by x[k] and shifted in time as o[n - k] to form

00
x[n] = L x[kJo[n - k].

k=-oo
(D.1)

For example, anu[n] = o[n] + ao[n - 1J + a2o[n - 2] + ....
Some special signals are defined next.

a. A signal is causal if x[n] = °for n < 0, for example, x[n] = urn].

b. A signal is anticausal if x[n] =°for n > 0, for example, x[n] = u[-nJ .

c. A signal is even if x[-n] = x[n] or it is symmetric about n = 0, for example,
x[n] = cos(27rfon).

d. A signal is odd if x[-n] = -x[n] or it is antisymmetric about n = 0, for example,
x[n] = sin(27rfon).

e. A signal is stable if 2:~=-00 Ix[n]1 < 00 (also called absolutely summable) , for
example, x[n] = (1/2)n u[n].

D.2 Linear Transforms

D.2.1 Discrete-Time Fourier Transforms

The discrete-time Fourier transform XU) of a discrete-time signal x[n] is defined
as 00

XU) = L x[n]exp(-j27rfn)
n=-oo

- 1/2 '.5: f '.5: 1/2. (D.2)

An example is x[n] = (1/2)n u[n] for which XU) = 1/(1 - (1/2)exp(-j27rJ)).
It converts a discrete-time signal into a complex function of f, where f is called
the frequency and is measured in cycles per sample. The operation of taking the
Fourier transform of a signal is denoted by F {x[n]} and the signal and its Fourier
transform are referred to as a Fourier transform pair. The latter relationship is
usually denoted by x[nJ {:} XU). The discrete-time Fourier transform is periodic in
frequency with period one and for this reason we need only consider the frequency
interval [-1/2,1/2]. Since the Fourier transform is a complex function offrequency,
it can be represented by the two real functions

IXU)I = C~OO x[n]COS(21rjnl) 2 + C~OO X[n]Sin(21r jn)) 2

"'(f) - 2:~=-00 x[n] sin(27rfn)
'+' = arctan -:::::::=.:ooO::=---..:::.=--:--=-:--=-----:~-,...:...

2:n=-oo x[nJ cos(27r fn)



D.2. LINEAR TRANSFORMS 797

Signal name x[n] X(J) (-~:S f:S ~)

Unit impulse o[n] = { ~ n=O
I

n#O

Real sinusoid cos(21rfon) ~0(J + fa) + ~0(J - fa)

Complex sinusoid exp(j21r fan) 0(J - fa)

Exponential anu[n] 1 lal < Il-aexp(-j27rj)

Double-sided exponential a1nl l-a2 lal < I1+a2-2acos(27rJ)

Table D.I: Discrete-time Fourier transform pairs.

which are called the magnitude and phase, respectively. For example, if x[n] =
(1/2)n u[n], then

I

1>(J) =

IX(J)I
")5/4 - cos(21rf)

~ sin(21rf)
- arctan .

I - ~ cos(21rf)

Note that the magnitude is an even function or IX( - f)1 = IX(J)I and the phase
is an odd function or 1>( - f) = -1>(J). Some Fourier transform pairs are given in
Table D.l. Some important properties of the discrete-time Fourier transform are:

a. Linearity - F{ax[n] + by[n]} = aX(J) + bY(J)

b. Time shift - F{x[n - no]} = exp( -j21rfno)X(J)

c. Modulation - F{cos(21rfon)x[n]} = ~X(J + fa) + ~X(J - fa)

d. Time reversal- F{x[-n]} = X*(J)

e. Symmetry - if x[n] is even, then X(J) is even and real, and if x[n] is odd, then
X (J) is odd and purely imaginary.

f. Energy - the energy defined as L:~=-oo x2[n] can be found from the Fourier
transform using Parseval's theorem

00 1

L x
2[n] = i: IX(J)1

2dj.

n=-oo 2
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g. Inner product - as an extension of Parseval's theorem we have

00 1

L x[n]y[n] = i: X*(J)Y(J)dj.
n=-oo 2

Two signals x[n] and y[n] are said to be convolved together to yield a new signal
z[n] if

00

z[n] = L x[k]y[n - k]
k=-oo

- 00 < n < 00.

As an example, if x[n] = urn] and y[n] = urn], then z[n] = (n+1)u[n]. The operation
of convolving two signals together is called convolution and is implemented using a
convolution sum. It is denoted by x[n] *y[n]. The operation is commutative in that
x[n] * y[n] = y[n] * x[n] so that an equivalent form is

00

z[n] = L y[k]x[n - k]
k=-oo

- 00 < n < 00.

As an example, if y[n] = o[n - no], then it is easily shown that x[n] * o[n - no] =
o[n- no] *x[n] = x[n - no]. The most important property of convolution is that two
signals that are convolved together produce a signal whose Fourier transform is the
product of the signals' Fourier transforms or

F{x[n] *y[n]} = X(J)Y(J).

Two signals x[n] and y[n] are said to be correlated together to yield a new signal
z[n] if

00

z[n] = L x[k]y[k+ n]
k=-oo

- 00 < n < 00.

The Fourier transform of z[n] is X*(J)Y(J). The sequence z[n] is also called the
deterministic cross-correlation. If x[n] = y[n], then z[n] is called the deterministic
autocorrelation and its Fourier transform is IX(JW .

The discrete-time signal may be recovered from its Fourier transform by using
the discrete-time inverse Fourier transform

1

x[n] = i: X(J) exp(j21rfn)df
2

- 00 < n < 00. (D.3)

As an example, if X(J) = ~o(J + fa) + ~o(J - fo), then the integral yields x[n] =
cos(21rfon). It also has the interpretation that a discrete-time signal x[n] may be
thought of as a sum of complex sinusoids X(J) exp(j21rfn)b.f for -1/2 :s: f :s: 1/2
with amplitude IX(J)Ib.f and phase LX(J). There is a separate sinusoid for each
frequency i , and the total number of sinusoids is uncountable.
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D.2.2 Numerical Evaluation of Discrete-Time Fourier Transforms

(D.4)- 1/2 ::; f ::; 1/2.

The discrete-time Fourier transform of a signal x[n], which is nonzero only for n =
0, 1, ... ,N - 1, is given by

N-l

X(f) = L x[n] exp( -j271-jn)
n=O

Such a signal is said to be time-limited. Since the Fourier transform is periodic
with period one, we can equivalently evaluate it over the interval °::; f ::; 1. Then,
if we desire the Fourier transform for -1/2 ::; f' < 0, we use the previously eval­
uated X(f) with f = f' + 1. To numerically evaluate the Fourier transform we
therefore can use the frequency interval [0, 1] and compute samples of X (f) for
f = 0, l/N, 2/N, ... ,(N - l)/N. This yields the discrete Fourier transform (DFT)
which is defined as

N-l

X[k] = X(f)lf=k jN = L x [n]exp (-j21r(k/N)n)
n=O

k = 0,1, ... , N - 1.

Since there are only N time samples, we may wish to compute more frequency
samples since X (f) is a continuous function of frequency. To do so we can zero
pad the time samples with zeros to yield a new signal x' [n] of length M > N with
samples {x[O] , x[l], ... , x [N -1],0,0, . .. ,O}. This new signal x' [n ] will consist of N
time samples and M - N zeros so that the DFT will compute more finely spaced
frequency samples as

M-l

X[k] = X(f)lf=kjM = L x' [n]exp (-j21r(k/M)n)
n=O

k = 0, 1, ... ,M-1

N-l

L x [n]exp (-j21r(k/M)n)
n=O

k = 0, 1, ... ,M - 1.

The actual DFT is computed using the fast Fourier transform (FFT) , which is an
algorithm used to reduce the computation.

The inverse Fourier transform of an infinite length causal sequence can be ap­
proximated using an inverse DFT as

1 1

x [n] = i: X(f) exp(j21rfn)df = faX(f) exp(j21rfn)df
2

M -l

~ ~ L X[k] exp (j21r(k/M)n) n = 0,1, ... ,M - 1. (D.5)
k=O

One should choose M large. The actual inverse DFT is computed using the inverse
FFT.
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D.2.3 z-Tra n sfo r m s

The z-transform of a discrete-time signal x[n] is defined as

00

X( z) = L x[n]z-n
n=-oo

(D.6)

where z is a complex variable that takes on values for which IX(z)1 < 00. As an
example, if x[n] = (1/2)n u[n], then

1
X(z) = 1 -1

1- 2"z

1
Izi > 2' (D.7)

The operation of taking the z-transform is indicated by Z{x[n]} . Some important
properties of the z-transform are:

a . Linearity - Z{ax[n] + by[n]} = aX(z) + bY(z)

b. Time shift - Z{x[n - no]} = z-nox(z)

c. Convolution - Z{x[n] *y[n]} = X(z)Y(z) .

Assuming that the z-transform converges on the unit circle, the discrete-time Fourier
transform is given by

XU) = X(z)lz=exp(j21rf) (D.8)

as is seen by comparing (D.6) to (D.2). As an example, if x[n] = (1/2)n u[n], then
from (D.7)

XU) = 1 1 .
1 - 2" exp( -J2nJ)

since X(z) converges for Izl = Iexp(j2nJ) I = 1 > 1/2.

D.3 Discrete-Time Linear Systems

A discrete-time system takes an input signal x[n] and produces an output signal y[n].
The transformation is symbolically represented as y[n] = £{x[n]}. The system is
linear if £{ax[n] + by[n]} = a£{x[n]} + b£{y[n]}. A system is defined to be shift
invariant if £{x[n - no]} = y[n - no]. If the system is linear and shift invariant
(LSI) , then the output is easily found if we know the output to a unit impulse. To
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see this we compute the output of the system as

y[n] £{ x[n]}

= c {J==x[k]o[n - kJ}

00

L x[k]£{8[n - k]}
k=-oo

00

L x[k] £{8[n]}ln--+n_k
k=-oo

00

L x[k]h[n - k]
k=-oo

(using (D.l))

(linearity)

(shift invariance)

801

where h[n] = £{ 8[n]} is called the impulse response of the system. Note that
y[n] = x[n]* h[n] = h[n]*x[n] and so the output of the LSI system is also given by
the convolution sum

00

y[n] = L h[k]x[n - k].
k=-oo

(D.9)

(D.10)

A causal system is defined as one for which h[k] = 0 for k < 0 since then the output
depends only on the present input x[n] and the past inputs x[n - k] for k ~ 1. The
system is said to be stable if

00

L Ih[k]1 < 00.

k=-oo

If this condition is satisfied, then a bounded input signal or Ix[n]l < 00 for -00 <
n < 00 will always produce a bounded output signal or Iy[n]l < 00 for -00 < n < 00.

As an example, the LSI system with impulse response h[k] = (l/2)ku[k] is stable
but not the one with impulse response h[k] = u[k]. The latter system will produce
the unbounded output y[n] = (n + l)u[n] for the bounded input x[n] = urn] since
urn] * urn] = (n + 1)u[n].

Since for an LSI system y[n] = h[n]* x[n], it follows from the properties of z­
transforms that Y( z) = ll(z)X(z), where ll(z) is the z-transform of the impulse
response. As a result, we have that

ll(z) = Y(z) = Output z-transform
X(z) Input z-transform

and ll(z) is called the system function. Note that since it is the z-transform of the
impulse response h[n] we have

00

ll(z) = L h[n]z-n.
k=-oo

(D.ll)
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If the input to an LSI system is a complex sinusoid, x[n] = exp(j2nIon), then
the output is from (D.9)

00

y[n] = 2:= h[k]exp[j27rfo(n - k)]
k=-oo

00

v

H(fo)

2:= h[k]exp(-j27rfok) exp(j27rfon).
k=-oo,

(D.12)

It is seen that the output is also a complex sinusoid with the same frequency but
multiplied by the Fourier transform of the impulse response evaluated at the sinu­
soidal frequency. Hence, H(f) is called the frequency response. Also, from (D.12)
the frequency response is obtained from the system function (see (D.ll)) by let­
ting z = exp(j27rf) . Finally, note that the frequency response is the discrete-time
Fourier transform of the impulse response. As an example, if h[n] = (1/2)nu[n],
then

1
1i(z) = 1 -1

1- 2z

and

H(f) = 1i(exp(j27rf)) = 1 1 . .
1- 2exp(-J27rf)

The magnitude response of the LSI system is defined as IH(f)1 and the phase re­
sponse as L.H(f).

As we have seen, LSI systems can be characterized by the equivalent descriptions:
impulse response, system function, or frequency response. This means that given
one of these descriptions the output can be determined for any input. LSI systems
can also be characterized by linear difference equations with constant coefficients.
Some examples are

Y1[n] x[n] - bx[n - 1]
Y2[n] aY2[n - 1] + x[n]
Y3[n] aY3[n - 1] + x[n] - bx[n -1]

and more generally

p q

y[n] = 2:= a[k]y[n - k] + x[n] - ~ b[k]x[n - k].
k=l k=l

(D.13)

The system function is found by taking the z-transform of both sides of the difference
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equations and using (D.lO) to yield

803

Y3(Z)

X(z) - bz-IX(z) "* 1-l1(Z) = 1- bz- I

1
az- IY2(Z) + X(z) "* 1-l2(Z) = 1 _ az- I

1 -bz- I

az- IY3(Z) + X(z) - bz- IX(z) "* 1-l3(Z) = 1 _ az- I

and the frequency response is obtained using H(f) = 1-l(exp(j2nJ)) . More generally,
for the LSI system whose difference equation description is given by (D.13) we have

1 - "q b[k]z-k
1-l( ) L..Jk=1

Z = 1 - L~=I a[k]z-k'
(D.14)

The impulse response is obtained by taking the inverse z-transform of the system
function to yield for the previous examples

{

I n = 0
-b n = 1
o otherwise

anu[n]

anu[n] - ban-Iu[n - 1]
(assuming system is causal)

(assuming system is causal).

The impulse response could also be obtained by letting x[n] = 8[n] in the difference
equations and setting y[-l] = 0, due to causality, and recursing the difference
equation. For example, if the difference equation is y[n] = (1/2)y[n -1] + x[n], then
by definition the impulse response satisfies the equation h[n] = (1/2)h[n - 1]+ 8[n].
By recursing this we obtain

h[O] ~h[-l] + 8[0] = 1

h[l] = ~h[O] + 8[1] = ~

h[2] ~h[l] = i
etc.

(since h[-l] = 0 due to causality)

(since 8[n] = 0 for n 2: 1)

and so in general we have the impulse response h[n] = (1/2)n u[n]. The system with
impulse response hI [n] is called a finite impulse response (FIR) system while those of
h2[n] and h3[n] are called infinite impulse response (IIR) systems. The terminology
refers to the number of nonzero samples of the impulse response.

For the system function H3(Z) = (1- bz- I)/(1 - az- I) , the value of z for which
the numerator is zero is called a zero and the value of z for which the denominator is
zero is called a pole. In this case the system function has one zero at z = b and one
pole at z = a. For the system to be stable, assuming it is causal, all the poles of the
system function must be within the unit circle of the z-plane. Hence, for stability
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we require lal < 1. The zeros may lie anywhere in the z-plane. For a second-order
system function (let p = 2 and q = 0 in (D.14)) given as

1£ (z) __----=--=----:-l_ ___=_=_~
- 1 - a[l] z-l - a[2]z-2

the poles, assuming they are complex, are located at z = r exp(±jO). Hence, for
stability we require r < 1 and we note that since the poles are the z values for which
the denominator polynomial is zero, we have

1 - a[l]z-l - a[2]z-2 = z-2(z - rexp(jO))(z - r exp( -jO)).

Therefore, the coefficients are related to the complex poles as

all] 2r cos(O)

a[2] _r2

which puts restrictions on the possible values of all] and a[2]. As an example, the
coefficients all] = 0, a[2] = -1/4 produce a stable filter but not all] = 0, a[2] = -2.

An LSI system whose frequency response is

H(f) = {I IfI '.5: B
o IfI> B

is said to be an ideal lowpass filter. It passes complex sinusoids undistorted if their
frequency is IfI '.5: B but nullifies ones with a higher frquency. The band of positive
frequencies from f = 0 to f = B is called the passband and the band of positive
frequencies for which f > B is called the stopband.

D.4 Continuous-Time Signals

A continuous-time signal is a function of time x(t) for -00 < t < 00. Some impor­
tant signals are:

a. Unit impulse - It is denoted by 8(t). An impulse 8(t), also called the Dirac delta
function, is defined as the limit of a very narrow pulse as the pulsewidth goes
to zero and the pulse amplitude goes to infinity, such that the overall area
remains at one. Therefore, if we define a very narrow pulse as

XT(t) = {o~ ItI '.5: T/2
ItI > T/2

then the unit impulse is defined as

8(t) = lim XT(t).
T--+O
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The impulse has the important sifting property that if x{t) is continuous at
t = to , then

i : x {t )8{t - to)dt = x{to).

b. Unit step - x {t ) = 1 for t ~ 0 and x{t) = 0 for t < O. It is also denoted by u{t).

c. Real sinusoid - x {t ) = A cos{27fFot + 0) for -00 < t < 00, where A is the
amplitude (must be nonnegative) , Fo is the frequency in Hz (cycles per second) ,
and 0 is the phase in radians.

d. Complex sinusoid - x{t) = Aexp{j27fFot + 0) for -00 < t < 00, with the
amplitude, frequency, and phase taking on same values as for real sinusoid.

e. Exponential - x{t) = exp{at)u{t)

f. Puls e - x{t) = 1 for ItI :::; T /2 and x{t) = 0 for ItI> T /2.

Some special signals are defined next.

a. A signal is causal if x{t) = 0 for t < 0, for example, x {t ) = u{t) .

b. A signal is anticausal if x {t ) = 0 for t > 0, for example, x{t) = u{ -t).

c. A signal is even if x {-t) = x {t ) or it is symmetric about t = 0, for example,
x {t ) = cos{27fFot).

d. A signal is odd if x {-t) = -x{t) or it is antisymmetric about t = 0, for example,
x {t ) = sin{27fFot).

e. A signal is stabl e if J~oo Ix{t )ldt < 00 (also called absolutely integrable), for ex­
ample, x{t) = exp{-t)u{t).

D.5 Linear Transforms

D.5.! Continuous-Time Fourier Transforms

The continuous-time Fouri er transform X(F) of a continuous-time signal x{t) is
defined as

X{F) = i: x(t)exp(-j27fFt)dt -oo<F<oo. (D.15)

An example is x(t) = exp( -t)u(t) for which X(F) = 1/(1 + j27fF). It converts a
continuous-t ime signal into a complex function of F , where F is called the frequency
and is measured in Hz (cycles per second). The operation of taking the Fourier
transform of a signal is denoted by F{x{t)} and the signal and its Fourier trans­
form are referred to as a Fourier transform pair. The latter relationship is usually
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Signal name x(t) X(F)

Unit impulse 8(t) ={~ t=O
1

t#O

Real sinusoid cos(211"Fot) ~8(F + Fo) + ~8(F - Fo)

Complex sinusoid exp(j211"Fot) 8(F - Fo)

Exponential exp( -at)u(t) 1 a>Oa+j27rF

Pulse ={~ ItI 5:. T /2 T sin(1TF T )

ItI > T/2 1TFT

Table D.2: Continuous-time Fourier transform pairs.

denoted by x(t) {:} X(F). Note that the magnitude of X(F) is an even function
or IX( -F)I = IX(F)I and the phase is an odd function or ¢( -F) = -¢(F). Some
Fourier transform pairs are given in Table D.2.

Some important properties of the continuous-time Fourier transform are:

a. Linearity - F{ax(t) + by(t)} = aX(F) + bY(F)

b. Time shift - F{x(t - to)} = exp(-j211"Fto)X(F)

c. Modulation - F{cos(211"Fot) x(t)} = ~X(F + Fo) + ~X(F - Fo)

d. Time reversal- F{x( -t)} = X*(F)

e. Symmetry - if x(t) is even, then X(F) is even and real, and if x(t) is odd, then
X (F) is odd and purely imaginary.

f. Energy - the energy defined as J~oo x2 (t )dt can be found from the Fourier trans­
form using Parseval's theorem

g. Inner product - as an ext ension of Parseval's theorem we havei: x(t)y(t)dt = i: X *(F)Y(F)dF.

Two signals x(t) and y(t) are said to be convolved together to yield a new signal
z(t) if

z(t) = i: x(r)y(t - r)dr - 00 < t < 00.
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- 00 < t < 00.

As an example, if x(t) = u(t) and y(t) = u(t), then z(t) = tu(t). The operation
of convolving two signals together is called convolution and is implemented using a
convolution integral. It is denoted by x(t) * y(t). The operation is commutative in
that x(t) * y(t) = y(t) * x(t) so that an equivalent form is

z(t) = i: y(r)x(t - r)dr

As an example, if y(t) = o(t - to), then it is easily shown that x(t) * o(t - to) =
o(t - to)* x(t) = x(t - to). The most important property of convolution is that two
signals that are convolved together produce a signal whose Fourier transform is the
product of the signals' Fourier transforms or

F{x(t) *y(t)} = X(F)Y(F).

The continuous-time signal may be recovered from its Fourier transform by using
the continuous-time inverse Fourier transform

x(t) = i: X(F) exp(j21rFt)dF - 00 < t < 00. (D.16)

As an example, if X(F) = ~o(F + Fo)+ ~o(F - Fo), then the integral yields x(t) =
cos(21rFot). It also has the interpretation that a continuous-time signal x(t) may be
thought of as a sum of complex sinusoids X(F) exp(j21rFt)b.F for -00 < F < 00

with amplitude IX(F)Ib.F and phase L.X(F). There is a separate sinusoid for each
frequency F, and the total number of sinusoids is uncountable.

D.6 Continuous-Time Linear Systems

A continuous-time system takes an input signal x(t) and produces an output signal
y(t). The transformation is symbolically represented as y(t) = L:{x(t)}. The system
is linear if L:{ax(t) + by(t)} = aL:{x(t)} + bL:{y(t)}. A system is defined to be time
invariant if L:{x(t-to)} = y(t-to). If the system is linear and time invariant (LTI),
then the output is easily found if we know the output to a unit impulse. It is given
by the convolution integral

y(t) = i: h(r)x(t - r)dr (D.17)

where h(t) = L:{o(t)} is called the impulse response of the system. A causal system
is defined as one for which h(r) = 0 for r < 0 since then the output depends only
on the present input x(t) and the past inputs x(t - r) for r > O. The system is said
to be stable if
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(D.18)

If this condition is satisfied, then a bounded input signal or Ix(t)1 < 00 for -00 <
t < 00 will always produce a bounded output signal or ly(t)1 < 00 for -00 < t <
00. As an example, the LTI system with impulse response h(r) = exp( rrT' )u( r) is
stable but not the one with impulse response h(r) = u(r). The latter system will
produce the unbounded output y(t) = tu(t) for the bounded input x(t) = u(t) since
u(t) * u(t) = tu(t).

If the input to an LTI system is a complex sinusoid, x(t) = exp(j211"Fot) , then
the output is from (D.17)

y(t) = i: h(r) exp[j211"Fo(t - r)]dr

i: h(r) exp (-j211"For)drexp(j211"Fot).
, .,...

H(Fo)

It is seen that the output is also a complex sinusoid with the same frequency but
multiplied by the Fourier transform of the impulse response evaluated at the si­
nusoidal frequency. Hence, H (F) is called the frequency response. Finally, note
that the frequency response is the continuous-time Fourier transform of the impulse
response. As an example, if h(t) = exp( -at)u(t), then for a > 0

H(F) _ 1
a + j211"F

The magnitude response of the LSI system is defined as IH(F)j and the phase re­
sponse as LH(F).

An LTI system whose frequency response is

H(F) = {1 IFI ~ W
o IFI > W

is said to be an ideal lowpass filter. It passes complex sinusoids undistorted if their
frequency is IFI ~ W Hz but nullifies ones with a higher frquency. The band of
positive frequencies from F = 0 to F = W is called the passband and the band of
positive frequencies for which F > W is called the stopband.
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Appendix E

Answers to Selected Problems

Note: For problems based on computer simulations the number of realizations used
in the computer simulation will affect the numerical results. In the results listed
below the number of realizations is denoted by N rea1. Also, each result assumes
that rand('state' ,0) and/or randn('state' ,0) have been used to initialize the
random number generator (see Appendix 2A for further details).

Chapter 1

1. exp eriment: toss a coin; outcomes: {head, tail}; probabilities: 1/2,1/2

5. a. continuous; b. discrete; c. discrete; d. continuous; e. discrete

7. yes, yes

10. P[k = 9] = 0.0537, probably not

13. 1/2

14. 0.9973 for .6. = 0.001

Chapter 2

1. P[Y = 0] = 0.7490, P[Y = 1] = 0.2510 (Nreal = 1000)

3. via simulation: P[-1 ~ X ~ 1] = 0.6863; via numerical integration with .6. =
0.01, P[-1 ~ X ~ 1] = 0.6851 (Nreal = 10,000)

6. values near zero

8. estimated mean = 0.5021; true mean = 1/2 (Nreal = 1000)

11. estimated mean = 1.0042; true mean = 1 (Nreal = 1000)

13. 1.2381 (Nrea1 = 1000)
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14. no; via simulation: mean of ..;u = 0.6589; via simulation: Jmean of U =
0.7125 (Nreal = 1000)

Chapter 3

1. a. AC = {x : x ~ I} , B C = {x : x > 2}
b. AU B = {x: -00 < x < oo} = 5, An B = {x: 1 < x < 2}
c. A - B = {x: x > 2}, B - A = {x : x ~ I}

7. A = {1,2,3}, B = {4,5}, C = {1,2,3}, D = {4,5,6}

12. a. 107 , discrete b. 1, discrete c. 00 (uncountable), continuous d. 00 (uncount­
able) , continuous e. 2, discrete f. 00 (countable), discrete

14. a. 5 = {t : 30 ~ t ~ 100} b. outcomes are all t in interval [30,100] c. set of
outcomes having no elements, i.e., {negative temperatures} d. A = {t : 40 ~

t ~ 60}, B = {t : 40 ~ t ~ 50 or 60 ~ t ~ 70}, C = {100} (simple event) e.
A = {t : 40 ~ t ~ 60}, B = {t : 60 ~ t ~ 70}

18. a. 1/2 b. 1/2 c. 6/36 d. 24/36

19. Peven = 1/2, Peven = 0.5080 (Nrea1 = 1000)

21. a. even, 2/3 b. odd, 1/3 c. even or odd, 1 d. even and odd, 0

23. 1/56

25. 10/36

27. no

33. 90/216

35. 676,000

38. 0.00183

40. total number = 16, two-toppings = 6

44. a. 4 of a kind

b. flush

13·48

( 55
2)

4· C;)
(5n
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49. P[k 2: 95] = 0.4407, P[k 2: 95] = 0.4430 (Nreal = 1000)

Chapter 4

2. 1/4

5. 1/4

7. a. 0.53 b. 0.34

11. 0.5

14. yes

19. 0.03

21. a. no b. no

22.4

26. 0.0439

28. 5/16

33. P[k] = (k - 1)(1 - p)k-2p2, k = 2,3, ... ,

38. 2 red , 2 black, 2 white

40. 3/64

43. 165/512

Chapter 5

4. Sx = {O, 1,4, 9}
~ Xi = 0

~ Xi = 1

~ Xi = 4

~ Xi = 9

6. 0 < P < 1, a = (1 _ p) / p2

8. 0.99 19

13. Average value = 5.0310, true value shown in Chapter 6 to be ).. = 5 (Nreal =
1000)

14. px[5] = 0.0029, px[5] = 0.0031 (from Poisson approximation)
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18. P[X = 3] = 0.0613, P[X = 3] = 0.0607 (Nreal = 10,000)

20. py[k] = exp( _>..»,k/2 /k! for k = 0,2,4, ...

26. px[k] = 1/5 for k = 1,2,3,4,5

28. 0.4375

31. 8.68 x 10-7

Chapter 6

2. 9/2

4. 2/3

8. geometric PMF

13. yes, if X = constant

14. predictor = E[X] = 21/8, msemin = 47/64 = 0.7343

15. estimated msemin = 0.7371 (Nreal = 10,000)

20. >..2 + >..

26. L~=o(_1)n-k(~) En-k[X]E[Xk]

27. </Jy(w) = exp (jwb)</Jx (aw)

28. (1+ 2cos(w) + 2cos(2w))/5

32. true mean = 1/2, true variance = 3/4 ; estimated mean = 0.5000, estimated
variance = 0.7500 (Nrea1= 1000)

Chapter 7

3. S = {(p,n), (p.d), (n,p), (n,d), (d.p), (d,n)}
SX,y = {(I, 5), (1, 10), (5, 1), (5, 10), (10, 1), (10, 5)}

8.

{

1/4 (i,j) = (0,0)
. . _ 1/4 (i,j) = (1, -1)

PX,y[z ,)] - 1/4 (~,~) = (1,1)

1/4 (z,)) = (2,0)

10. 1/5
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13. pX [i] = (1 − p)i−1p for i = 1, 2, . . . and same for pY [j]

16. pX,Y [0, 0] = 1/4, pX,Y [0, 1] = 0, pX,Y [1, 0] = 1/8, pX,Y [1, 1] = 5/8

19. no

23. yes, X ∼ bin(10, 1/2), Y ∼ bin(11, 1/2)

27. pZ [0] = 1/4, pZ [1] = 1/2, pZ [2] = 1/4, variance always increases when uncorre-
lated random variables are added

33. 1/8

37. 0

38. 3/22

40. minimum MSE prediction = EY [Y ] = 5/8 and minimum MSE = var(Y ) =
15/64 for no knowledge
minimum MSE prediction = Ŷ = −(1/15)x + 2/3 and minimum MSE =
var(Y )(1 − ρ2

X,Y ) = 7/30 based on observing outcome of X

41. Ŵ = 5.4109h − 205.0344

43. ρW,Z =
√

η/(η + 1), where η = EX [X2]/EN [N2]

46. see solution for Problem 7.27

48. pX,Y [0, 0] = 0.1190, pX,Y [0, 1] = 0.1310, pX,Y [1, 0] = 0.2410, pX,Y [1, 1] = 0.5090
(Nreal = 1000)

49. ρX,Y =
√

5/15 = 0.1490, ρ̂X,Y = 0.1497 (Nreal = 100, 000)

Chapter 8

2. pY |X [j|0] = 1 for j = 0
pY |X [j|1] = 1/6 for j = 1, 2, 3, 4, 5, 6
P [Y = 1] = 1/12

5. no, no, no

6. pY |X [j|0] = 1/3 for j = 0 and = 2/3 for j = 1
pY |X [j|1] = 2/3 for j = 0 and = 1/3 for j = 1
pX|Y [i|0] = 1/3 for i = 0 and = 2/3 for i = 1
pX|Y [i|1] = 2/3 for i = 0 and = 1/3 for i = 1

8. pY |X [j|i] = 1/5 for j = 0, 1, 2, 3, 4; i = 1, 2
pX|Y [i|j] = 1/2 for i = 1, 2; j = 0, 1, 2, 3, 4
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11. 0.4535

13. a. PYlx[YjIO] = 0,1,°for Yj = -1/V2, 0, 1/V2, respectively
PYlx[Yjll/V2] = 1/2,0 ,1/2 for Yj = -1/V2, 0, 1/V2, respectively

PYlx[YjlV2] = 0, 1,°for Yj = -1/V2, 0, 1/V2, respectively
not independent (conditional PMF depends on Xi)
b. PYlx[YjIO] = 1/2,1/2 for Yj = 0,1 , respectively
PYlx[Yjll] = 1/2,1/2 for Yj = 0,1, respectively
independent

17. pz[k] = px[k] L:~kPy[j]+Py[k] L:~k+lPX[j]

21. EYlx[YIO] = 0, Ey 1x[Y!I] = 1/2, EYlx [Y12] = 1

22. var(YIO) = 0, var(Yll) = 1/4, var(YI2) = 2/3

28. optimal predictor: Y = °for X = -1, Y = 1/2 for x = 0, and Y = °for x = 1
optimal linear predictor: Y = 1/4 for x = -1,0,1

-- --30. Ey1x[YIO] = 0.5204, EYlx [Yll ] = 0.6677 (Nrea1 = 10,000)

Chapter 9

1. 0.0567

4. yes

6. (Xl , X 2 ) independent of X3

10. E[X] = Ex[X], var(X) = var(X)/N

13. Cx = [~ ~], det(Cx) = 0, no

17. a. no, b. no , c. yes, d. no

20. Cx = [~ ~]

[
0.9056 0.4242]

26. A = -0.4242 0.9056 for MATLAB 5.2

[
-0.9056 0.4242]

A = 0.4242 0.9056 for MATLAB 6.5, R13

var(Yl ) = 7.1898, var(Y2 ) = 22.8102

35. B = [ V3fi J5/2]
- V3fi /5f2



A [4.0693 0.9996]
36. ex = 0.9996 3.9300 (Nreal = 1000)

Chapter 10

2. 1/80

4. a. no b. yes c. no

12. 0.0252

14. Gaussian: 0.0013 Laplacian: 0.0072

17. first person probability = 0.393, first two persons probability = 0.090

19. Fx(x) = 1/2 + (llrr) arctan(x)

22 . Fx(x) = cI> (~)

28. 2.28%

30. eastern U.S.

33. yes

36. c ~ 14

40.

py(y) = { ~(Y_~)3/4 exp[-.\(y - 1)1/4] Y 2: 1
y<l

43. py(y) = px(Y) + px(-Y)

46.

{

_1_ O<y<l
py(y) = 02.,fY

otherwise

51.

815

P[-2:::; X:::; 2]
P[-l :::; X:::; 1]

P[-l < X:::; 1]
P[-l < X < 1]
P[-l:::; X < 1]

1- kexp(-2)

1- kexp(-l)

i - kexp(-l)

k- kexp (- l )

~ - kexp (- l )
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54. g(U) = J21n(1/(1 - U))

Chapter 11

1. 7/6

10. ±9.12

11. 0.1353

14. N

19. 0.0078

21. JE[U] = ..fl72,E[VU] = 2/3

22. E[s(to)] = 0, E[s2(tO)] = 1/2

26. CJ2/2

27. CJ2/2

30. Tmin = 5.04, T max = 8.96

38. E[Xn ] = 0 for n odd, E[Xn ] = n! for n even

42. 8(x - J.l)

44. J2var(X)

--- --46. E[X] = 1.2533, E[X] = 1.2538; var(X) = 0.4292, var(X) = 0.4269 (Nrea1 =
1000)

Chapter 12

1. 7/16

3. no, probability is 1/4

5. 1r = 4P[X2 + y2 ~ 1], -n- = 3.1140 (Nrea1 = 10,000)

7. 1/4

10. P = 0.19, P = 0.1872 (Nrea1 = 10,000)

11. 0
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15. px(x) = 2x for 0 < x < 1 and zero otherwise, py(y) = 2(1 - y) for 0 < y < 1
and zero otherwise

18.
o x < 0 or y < 0

kxy 0::; x < 2,0 ::; y < 4

Fx,Y(x,y) = ~y x ~ 2,0::; Y < 4

~x 0 ::; x < 2, Y ~ 4

1 x ~ 2,y ~ 4

23. (1- exp(-2)f

25. no

26. Q(2)

30. P[bullseye] = 1 - exp(-2) = 0.8646, P[bullseye] = 0.8730 (Nreal = 1000)

36. W rv N(J-lw,a~), Z rv N(J-lZ, a~)

38. [:] - N(/L, C), where

43. vr;:;r

45. uncorrelated but not necessarily independent

47.

52. Q(l)

Chapter 13

2. yes, c = l/x

4. PYlx(yl x) = exp(-y)/(l - exp( - x)) for 0 ::; y ::; x , x ~ 0
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8. Px, Y(x, y) = 1/x for 0 < Y < x, 0 < x < 1; PY(y) = - In y for 0 < Y < 1

10. PYlx(ylx) = l/x for 0 < y < x, 0 < x < 1; PXly(xly) = 1/(1- y) for y < x < 1,
O<y<1

1

14. Use P = J!l P[IXzl-IXII < 0IXI = XI]PXl (XI)dxI and note independence of
2

1

Xl and Xz so that P = J!l P[lXzl :s XI]dxI
2

16. Q(-I), assume Rand E are independent

21. 1/2

24. Use E(x+Y)lx[X + Ylx] = EYlx[Ylx] + x to yield E(x+Y)lx[X + YIX = 50] =
77.45 and E(x+Y)lx[X + YIX = 75] = 84.57

Chapter 14

1. Ey[Y] = 6, var(Y) = 11/2

6. 1/16

9. Y '" N(o, (J"I + (J"~ + (J"~)

12. no since var(X) -+ (J"z /2 as N -+ 00

19. Ey[Y] = 0, var(Y) = 1

21. X3 = 7/5

24. msemin = 8/15 = 0.5333

25. IDSemin = 0.5407 (Nreal = 5000)

Chapter 15

7. no since the variance does not converge to zero

13. Y '" N(2000 , 1000/3)

19. N = 5529

20. 1 - Q(-77.78) ~ 0

22. Gaussian, "converges" for all N ;::: 1

23. no since approximate 95% confidence interval is [0.723,0.777]
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26. drug group has approximate 95% confidence interval of [0.69,0.91] and placebo
group has [0.47,0.73]. Can't say if drug is effective since true value of p could
be 0.7 for either group.

Chapter 16

1. a. temperature at noon b. expense in dollars and cents c. time left in hours and
minutes

4. p50(1 - p) 50 , 0

7. E[X[n]] = (n + 1)/2, var(X[n]) = (3/4)(n + 1)

9. exp( -3)

13. independent but not stationary

16. p,x[n] = 0, cx[nl, n2] = 6[n2 - nIl, exactly the same as for WGN with (5~ = 1

18. P[X[n] > 3] = 0.000011, P[U[n] > 3] = 0.0013

22. E[X(t)] = 0, CX(tI, t2) = cos(21rtI) cOS(21rt2)

24. E[Y[n]] = 0, cov(Y[Ol,Y[l]) = -1, not lID since samples are not independent

26. E[X[n]] = 0, cx[nl,n2] = (5~min(nl,n2)

27. cx[l ,l] = 1/2, cx[l ,2] = 1/4, cx[l, 3] = 0, ex[l, 1] = 0.5057, ex[l, 2] = 0.2595,
ex [1,3] = -0.0016 (Nreal = 10,000)

31. p,x[n] = 0, cx[nl ,n2] = (5~(5~6[n2 - nIl, white noise

34. N = 209

Chapter 17

1. yes, p,x[n] = P, = 2p - 1, rx[k] = 1 for k = 0 and rx[k] = p,2 for k =/:- 0

5. WSS but not stationary since PX[O] =/:- PX[I]

9. a > 0, Ibl ::; 1

12. b,d,e

17. E[X[n]] = 0, var(X[n]) = (5~(1 - a2(n+l ))/ (1 - a2); as n -+ 00 , var(X[n]) -+
(5;/(1- a2

)

19. Principal minors are 1, 15/64, and -17/32 for 1 X 1, 2 X 2 and 3 X 3, respectively.
Fourier transform is 1 - (7/4) cos(21r1) which can be negative.
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20. J.Lx[n] = J.L , rx[k] = (1/2)ru[k] + (1/4)ru[k - 1] + (1/4)ru[k + 1]

28. Px(J) = 2o-b(1- cos(2n}))

30. Px(J) = o-~o-b

34. rx[k] ~ o-b8[k] + J.L2
, Px(J) = o-b + J.L28(J)

38. rx[k] = 9/4,3/2,1/2 for k = 0,1,2, resp ectively, and zero otherwise

40. a:2: Ibl

42. E1X[n]] = 0, E[X[10]] = -Q.0105, E[X[12]] = 0.0177; rx[2] = 0.1545,
E[X[10]X[12]] = 0.1501, E[X[12]X[14]] = 0.1533 (Nreal = 1000)

44. Px(J) = 1, increasing N does not improve estimate - must average over en­
semble of periodograms

47. 2(exp(-10) - exp( -100))

50. J.Lx(t) = 0, var(X(t)) = No/(2T) , no

51. var(fJ,N) = (I/N) L:f';!(N-i)(1 - Ikl/N)NoW sin(7rk/2)/(7rk/2) for N = 20.
It is 0.9841 times that of the variance of the sample mean for Nyquist rate
sampled data.

Chapter 18

1. rx[k] = 3 for k = 0, rx[k] = -1 for k = ±2, and equals zero otherwise; Px(J) =
3 - 2 cos(47rJ)

4. bi = 0, bz = -1

7. rx[k] = 3 for k = 0, rx[k] = -2 for k = ±1, rx[k] = 1/2 for k = ±2, and equals
zero otherwise; Px(J) = 3 - 4 cos(27rJ) + cos(47rJ)

13. H opt = (2 - 2cos(27rJ))/(3 - 2cos(27rJ)); msemin = 0.5552

18. msemin = rx[O](1 - Pi-[no],x[no+l])

22. X[no + 1] = -[b(1 + b2 )/ (1 + b2 + b4 )]X [no] - [b2 / (1 + b2 + b4 )]X [no - 1];
msemin = 1 + b6/(1 + b2 + b4

)

24. msemin = 1 + [b6/(1 + b2 + b4
) ] = 85/84 = 1.0119, mASemin = 1.0117 (Nreal =

10,000)

27. X[no] = [a/(1 + a2)](X[no + 1] + X[no - 1])

29. Px(F) = (NoT2/2)[(sin(7rFT))/(7rFT)j2
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32. rx(O) = No/(4RC), no

Chapter 19

1. E[X[n]Y[n + k]] = (-1)n+k(1~8[k], no

5. rx,y[k] = 0

6. rX,u[k] = 0 for k > 0 and rx,y[k] = (1/2)(-k) for k < 0

10. IPx,y(J)! = )5 + 4 cos(27rJ), LPx,y(J) = arctan 1~;S~~;2;!f

12. rz[k] = rx[k] -rx,y[k] -rY,x[k] +ry[k], Pz(J) = Px(J) -PX,y(J) -Py,x(J) +
Py(J)

15. rX,y(J) = -1, perfectly predictable using Y[no] = -X[no]

18. Hopt(J) = PX,y(J)/Px(J)

23. rX,y(T) = N o/ (2T ) for 0 ~ T ~ T and zero otherwise

26. rx,y[k] = 8[k] - M[k - 1], for b = -1

k rx,y[k] rx,y[k] k rx,y[k] rx,y[k]
-5 0 -0.0077 0 1 0.9034
-4 0 -0.0242 1 1 0.9031
-3 0 0.0259 2 0 -0.0064
-2 0 0.0004 3 0 -0.0007
-1 0 -0.0062 4 0 0.0267

5 0 -0.0238

Chapter 20

2. 1/4

5. Y = [Y[O] Y[l]]T '" N(o, Cy), where

Cy = [~1 -;1]
not independent

10. WSS with t-z = tixuv , Pz(J) = Px(J) *Py(J)

14. 1
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17. T = 66,347

19. 2Q(1/vIT)

22. Y = [Y(O) Y(1/4)jT '" N(O, Cy), where

Cy = [~ ~]

25. Pu(F) = Pv(F) = 8(1 - IFI/1O) for IFI ::; 10 and zero otherwise

30. X[n] = Urn] - Urn - 1], where Urn] is WGN with (Y~ = 1

31. rx[O] = 2, rx[O] = 1.9591; rx[l] = -1, rx[l] = -0.9614; rx[2] = 0, rx[2] =
-0.0195; rx[3] = 0, rx[3] = -0.0154

Chapter 21

3. probability = 0.1462, average = 5

7. A = 2,5. = 1.9629; A = 5,5. = 4.9072 (based on 10,000 arrivals with 5. =
E[N(t)]/t)

10. E[N(t2) - N(td] = var(N(t2) - N(tl)) = A(t2 - tl),

13. 0.6321

17. 10 minutes

20. P[T2::; 1] = 1- 2exp(-1) = 0.2642, P[T2::; 1] = 0.2622 (Nreal = 10,000)

23. Ato(2p - 1)

Chapter 22

2. 1/128

5. P[Y[2] = 1IY[1] = 1, Y[O] = 0] = 1 - p , P[Y[2] = 1IY[1] = 1] = 1/2 for all p

9. r; = 0.3362

11. P[red drawn] = 1/3

12. 1/2

14. yes, 7("T = [i ~ 0 0]

19. 7("T = [0.2165 0.4021 0.3814]

24. P[rain] = 0.6964

26. n = 6

28. 1rl = 1/3, ih = 0.3240 (based on playing 1000 holes)



Index

Abbreviations , 782
ACF (see Autocorrelation function)
ACS (see Autocorrelation sequence)
Affine transformation, 313, 400
AR (see Autoregressive)
ARMA (see Autoregressive moving average)
Arrival angle measurement , 671
Arrival rate of Poisson pro cess, 713
Arri val times of Poi sson process, 721, 734
Aut ocorrelation functi on:

definition, 581
propert ies, 581, 624

Autocorrelation matrix , 561
Autocorrelation method of LP C, 628
Autocorrelat ion sequence:

definition, 552
properties, 553
est imator , 577, 627
LSI system output , 602, 604
MATLAB code for est imat ion, 578
for deterministic signal , 798

Autoregressive:
definition, 558, 633, 681
autocorre lat ion sequence, 560
power spectral density, 572
linear prediction, 618
generat ion of realization, 592, 595
for mod eling of PSD , 588,628
cross-corre lat ion of filter

input/output , 668
Autoregressive moving average , 681
Auxiliary random variab le, 183, 251, 403
Average d periodogram:

definition, 579
MATLAB code for , 580

Averages:
ensemble, 563
temporal, 563

Average power , 553, 575, 582

Average value (see Expected value)

Bandpass random process:
definition, 691
representat ion, 692
"white" Gaussian noise , 694

Bayes' theorem, 86
Bayes' theorem for condit ional PDF, 223
Bernoulli law of large numbers, 490
Bernoulli tri al:

independent , 90
dependent , 94
Markov chain, 739

Bernoulli probability law (mass function), 111
Bernoulli random pro cess, 517
Bernoulli sequence, 90
Binomial coefficient (see Combinati ons)
Binomial counting random pro cess, 526
Binomial prob ability law (mass function):

definition , 4, 63, 91, 112
maximum value, 129
approximation by Poisson, 113, 152, 712
approximation by Gaussian, 501

Binomial theorem, 11,68, 71
Bins , 21
Birthday problem, 57
Bivariate Gaussian PDF :

definition, 401, 408
standardized version , 385

Bivariate PMF (see Joint PMF)
Body mass index, 202
Boole's inequality, 52
Box-Mueller t ransform, 431
Brownian motion (see Wien er

random process)

Cartesian product of set s, 89
Cauchy PDF, 299,402
Cauchy-Schwarz inequality, 197, 213, 645
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Causal signal, 796
Causal syst em, 605, 801, 807
CCF (see Cross-correlation function)
CCS (see Cross-correlation sequence)
CDF (see Cumulative distribution function)
Central limit theorem:

description, 495, 497, 501
proof,513
using to compute binomial

probabilities, 501
using to compute chi-squared

probabilities, 497
used as justification for modeling, 674

Central moments , 146, 190
Certain set , 44
Chain rule (probability) , 85, 266
Chain rule for Markov chains, 745
Channel delay measurement , 658
Chapman-Kolmogorov equations, 748
Characteristic function:

scalar definition, 147, 359
joint definition, 198, 265, 414, 467
properties, 151
finding PMF from, 185
finding PDF from, 361
finding moments from, 149, 199, 266, 468
convergence of sequence, 152, 361
table of, 145, 355
for multivariate Gaussian , 481

Chebyshev inequali ty, 362
Chi-squared PDF, 302, 429, 480, 498, 509
Cholesky decomposition, 417, 475
Clut ter , 674
Coherence function , 649
Combinations, 60
Combinatorics, 54
Communications:

phase shift keying, 24
channel modeling, 104
model of link, 81
error probability, 308

Compl ement set , 39
Compound Poisson random process:

definition, 723
characterist ic function , 724
mean function, 726
variance function , 735

Computer data generat ion:

INDEX

discret e random variables, 122
discrete random vectors, 200
conditioning approach, 235, 447
given covariance matrix, 283
AR random process, 592, 595, 633
Cauchy, 368
exponential, 366
Gaussian , 18, 27, 33, 431
bivariate Gaussian , 416, 448
multivariate Gaussian , 475
Gaussian from sum of uniforms , 481
Uniform , 26, 33
Laplacian, 326
WSS with given PSD , 696
cont inuous-t ime Wiener

random process, 704
Poisson random process, 727
Markov chain, 764

Conditional expe ctation:
definition, 229, 446
properties, 233, 447

Conditional mean
(see Condi tional expectation)

Condi tional probabili ty, 75
Conditional PDF:

definition, 437
properties, 440
of bivariate Gaussian , 439

Conditional PMF:
definition , 218, 266
properti es, 222
and independence, 224
and Markov property, 745

Confidence interval , 504
Continuity theorem for characteristic

functions, 152, 361
Contours of constant PDF, 382, 386
Convergence in probability, 491
Convergence of random variables, 507
Convolution:

integral, 396, 493, 624, 685, 806
sum , 200, 599, 798
to compute PMF, 184
to compute PDF, 493
MATLAB program to compute, 511

Correlation:
definition, 196
and causality, 197
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Correlation coefficient:
definition, 196
for prediction, 196
estimation of, 210
for standard bivariate Gaussian, 407
for random processes, 555, 649

Correlation of signals, 798
Correlation time, 695
Countable set , 43
Countably infinite set, 43
Counting methods, 37, 54
Covariance:

definition, 188
properties, 208
of independent random variables, 191
est imat ion of, 211, 545
for bivariate Gaussian PDF, 406

Covariance function , 533
Covariance matrix:

definition, 258, 281
properties, 258, 561
for uncorrelated random

variables, 259, 465
diagonalization, 260
eigenanalysis, 261, 431
est imat ion of, 270
for Gaussian PDF, 408, 459

Covariance sequence, 533
CPSD (see Cross-power spectral density)
Cross-correlation function:

definition, 657
properties, 657

Cross-correlation sequence:
definition, 643
properties, 645
estimation of, 662
MATLAB program for

estimation, 662
for deterministic signals, 798

Cross-power spectral density:
discrete-time definition, 647, 648
continuous-time definition, 657
properties, 650
at input/output of filter , 654

Cross-spectral matrix, 669
CTCV (see Continuous-time/continuous­

valued under random process)
CTDV (see Continous-time/ discrete-
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valued under random process)
Cumulative distribution function :

discrete random variable, 118, 250
continuous random variable, 303, 389, 463
condit ional, 441, 449
mixed random variable, 319

D/ A (see Digital-to-analog)
Data generation (see Computer

data generation)
Data compression via Markov chain , 767
Data compression via source encoding, 155
dB (see Decibel)
DC (see Direct current)
Decibel , 629
Decorrelation of

random variables, 208, 260, 410
Demodulation, 705
DeMoivre-Laplace theorem, 501
De Morgan 's laws, 42
Dependent sub experiments, 94
DFT (see Discrete Fourier transform)
Differencer, 552, 681
Digital-to-analog convertor, 629
Dirac delta function, 319, 336, 787, 804
Direct current (DC level) signal, 477, 566
Discrete Fourier transform:

definition, 799
use in spectral analysis , 580
to approximate inverse

Fourier transform, 616, 799
Disjoint sets , 41, 44, 67
Dow-Jones industrial average, 517
DTCV(see Discrete-time/continuous-

valued under random process)
DTDV(see Discrete-time/discrete­

valued under random process)
Dyad (see Outer product)

Eigenanalysis (eigendecomposition):
definition, 261, 793
used to find powers of matrix, 750

Eigenvalue/eigenvector, 793
Empty set , 38
Ensemble average for Markov chain, 563
Entropy, 157

(see also Real-world example­
data compression)

Envelope of random process, 693, 705
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Ergodic:
definition , 564
mean , 564
autocorrelat ion, 577
Markov chain, 752, 761

Erlang PDF, 302, 721
Estimation:

autocorre lat ion sequence, 577
autoregressive par ameters, 623
CDF ,123
correlat ion coefficient, 210
covariance matrix, 270
cross-correlat ion sequence, 662
interval , 20
least squares, 538, 546
mean , 21, 154,364
moments, 154, 202
PDF, 14, 19
PMF, 122, 202
power spectral density, 568, 579
probabili ty of heads, 7, 19
probability of error , 27
variance , 154, 364

Even function , 334, 368, 787,805
Even sequence, 554, 796
Events :

definition, 44
imp ossible, 44
joint , 76, 458
simple, 44
zero probability, 48, 53, 384

Expected value:
scalar , 136, 345
vector , 255, 459
matrix, 260, 281
center of mass analogy, 158, 346
est imation of, 154, 364
nonexist ence of, 139, 159, 348
properties, 159, 160
of sum, 187,405,465
of product , 187,405
for function of, 140, 187, 351, 405
table of, 145, 355
of conditional PMF, 229
of condit ional PDF, 446
and condit ional expectation, 230
using conditioning, 234, 447
bounds on , 368
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from CDF , 370
Experiments:

description, 1
subexperiments, 89
independence of subexperiments , 89
dependence of subexperiments, 94

Exponential function:
as limit , 784
as infinite series, 785

Exp onential PDF, 296, 302
Extrap olation (see Prediction)

Factorial:
definition, 4, 57
computing, 72
and Gamma function, 301

Fast Fourier transform , 33, 579, 615
FFT (see Fast Fouri er transform)
Filtering:

all-pole, 627
bandpass, 694
digital filter design , 696
interference rejection , 624
of jointly WSS random pro cesses, 653
lowpass, 25, 659, 804, 808
passband , 656, 804, 808
stopband, 804, 808
Wiener , 613

Fini te dimensional distribution , 523
Finite impul se response filter , 600, 803
Finite set , 43
FIR (see Fini te impulse response filter)
Fish population measurement , 698
Forecasting (see Prediction)
Fourier transform:

discrete-time Fourier transform:
definition , 796, 798
table of, 797

continuous-t ime Fourier transform:
definition , 805
table of, 806
as narrowband filter , 670

Frequency response, 600, 802, 808
Functions:

even, 334, 368, 787
hermi tian, 650
monotone, 337
odd, 368, 787
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Fundamental theorem of calculus, 310, 786

Gamma function, 300
Gamma PDF, 300
Gaussian PDF, 5, 20, 296, 459
Gaussian mixture PDF, 332, 371
Gaussian random variable, 296
Gaussian random process:

definition, 677
linear filtering of, 682
(see also Bandpass random process)

Geometric probability law
(mass function) , 91, 113, 720

Geometric series, 47, 785

Histogram, 14
Homogeneous transition probabilities, 745
Huffman code , 156
Hypergeometric probability law

(mass function) , 63

IID (see Independent and
identically distributed)

IIR (see Infinite impulse response filter)
Image coding, 272
Image signal pro cessing, 419
Importance sampling, 364
Impossible event , 44
Impulse (discrete-time), 795
Impulses (for continuous-time

see Dirac delta function)
Impulse response, 599, 801, 807
Increment of random process:

definition, 526
independent, 526
stationary, 526
for Poisson random process, 714
for Wiener random process, 679, 687

Independent events, 78, 83
Ind ependent increments, 526
Independent and identically

distributed, 466, 678
Independent random variables:

definition, 24, 179
factorization of CDF, 392
factorization of PDF, 392, 462
factorization of PMF, 179, 224
factorization of characteristic
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function, 282, 468
transforming Gaussian random

variables, 410
functions of, 199

Independent sub experiments, 90
Indicator random variable, 353
Induction, proof by, 783
Infinite impulse response filter , 803
Infinite set , 43
Inn er product, 791, 798
In-phase component, 693
Integration by parts, 368, 787
Integration using approximating sum, 12, 786
Interarrival times of Poisson process, 718
Interference suppression, 624
Interpolation, 611
Intersection of sets, 39
Inverse probability integral

transformation, 324
Inverse Q function , 308
Irreducible Markov chain, 756

Joint CDF:
discrete-time random variables, 177
continuous-time random variables, 389
computing probability from, 391

Joint moments, 189, 192, 266, 412
Joint probability, 76
Jointly distributed random variables, 170,379
Jointly WSS, 642
Joint PDF:

definition, 381, 458
bivariate Gaussian, 385
from joint CDF, 391

Joint PMF:
definition, 171
estimation of, 202

Joint sample space , 170

Karhunen-Loeve transform, 273

Laplacian PDF, 298
Law of averages (see Law of large numbers)
Law of large numbers, 491
Least squares, 538, 546
Leibnitz rule, 335, 787
Linear predictive coding, 628
Linear prediction equat ions, 618
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(see also Prediction )
Linear shift invari ant system:

definition, 599, 800
effect on WSS random process, 602, 654
describ ed by difference equation, 605, 802

Linear systems (see Appendix D)
Linear t ime invariant system:

definition , 623, 807
effect on WSS random process, 624

Linear transformation:
of Gaussian random variable, 314
joint PDF, 399
of Gaussian random vector , 399, 408, 464

Line fitting, 538
Lowpass filter (see Filtering)
Lowpass random process, 693
LPC (see Linear predicti ve coding)
LSI (see Linear shift invari ant system)
LTI (see Linear time invar iant system)

MA (see Moving average)
Magnitude response of linear

system, 802, 808
Mappings:

one-to-one, 108
many-to-one, 108

Marginal CDF, 392
Marginal characteristic function, 265
Marginal PDF, 387, 441, 461
Marginal P MF , 174,224,249
Marginal probability, 76
Markov chain , 96, 742
Markov property, 267, 735
Markov random process, 715, 739
Markov sequence , 95
Markov state probability, 742
MATLAB overview, 31
MATLAB programs:

simulat ion of heads for four coin tosses, 7
simulation of three random outcomes, 18
genera t ion of Gaussian noise, 18
est imated PDF, 21
est imated probability, 22
est imated mean, 22
est imated mean of squared Gaussian

random variable, 23
est imated probability of error in digital

communication system, 27

INDEX

tutorial MATLAB program, 35
simulat ion of birthday problem, 59
generation of discrete random variable, 122
general program for discrete

random variable generation , 165
generation of multiple discrete

random variabl es, 201
simulat ion of die experiment

(dependent Bernoulli trials) , 232
generation of discrete random vector

using condit ioning, 236
decorrelation of random vector, 271
simulation of repeated coin tossing

experiment , 290
est imat ion of PDF using histogram, 328
calculation of Q function , 341
calculat ion of inverse Q function, 341
calculat ion of tail probability, 366
generati on of Gaussian random vector and

estimation of mean
and covari ance, 418

generation of Gaussian random vector
using condit ioning, 448

generation of Gaussian random vector
using Cholesky decomp osition, 476

demonstration of cent ral limit theorem, 511
simulat ion of nonstationary random

processes, 524
generat ion of MA random process, 529
scatter diagram for randomly

phased sinusoid, 537
line fitting of summer rainfall, 541
generation of AR random process, 559
estimation of ACS of AR

random process, 578
averaged periodogram

spectral est imator, 580
Wiener smoother, 615
AR and periodogram

spectra l est imators, 629
cross-corre lation est imator, 662
reverb eration spectral estimation, 706
reverb eration simulation, 709
Poisson random pro cess simulation, 727
three-state Markov chain simulation, 764
Sierpinski triangle, 766

Matrix:
autocorrelation, 561
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cofactor, 790
conformable, 789
determinant, 790, 792
diagonal, 791
doubly stochastic, 764, 773
eigenanalysis, 793
inversion:

definition, 790
formula, 792, 794

irreducible, 756
minor , 790
modal,261
orthogonal, 261, 282, 791
partitioned, 791, 792
positive definite (semidefinite), 259, 280,

790, 793
rotation, 264, 282, 430
square, 790
stochastic, 756
symmetric, 790
Toeplitz, 623
transpose, 790, 792

Mean of random variable (see
Expected value)

Mean function, 533, 581
Mean recurrence time, 761
Mean sequence, 533
Mean square error:

definition, 142, 193, 208, 471
estimator, 194

(see also Prediction)
Median, 333, 450
Memoryless property of Poisson process, 720
Mixed random variables, 317, 354
Mode, 369
Modulation property of Fourier

transform, 797, 806
Moments:

definition, 146, 355, 467
exponential PDF, 357, 359
geometrical PMF, 149
multivariate Gaussian, 468, 684
table of, 145, 355
central vs. noncentral , 146, 358
from characteristic function, 149, 199
existence of, 161

Monotonically increasing function , 337
Monte Carlo method, 13, 365
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Monty Hall problem, 81
Moving average :

definition, 528, 681
general form, 544
miscellaneous, 534, 557, 564, 606, 621,

651, 678, 697
MSE (see Mean square error)
Multinomial coefficient, 93, 103
Multinomial probability law

(mass function), 93, 249
Multinomial theorem, 249, 278
Multipath fading (see Rayleigh

fading sinusoid)
Mutually exclusive events, 44, 84

Narrowband representation (see Bandpass
random process)

n-step transition probability matrix, 748
Nonstationarity, 526, 689, 711, 746
Normal (see Gaussian)
Notational conventions, 777
Null set (see Empty set)
Nyquist rate sampling, 584

Odd function, 368, 787, 805
Odd sequence, 796
Odds ratio, 87, 97
Opinion polling, 503
Optical character recognition, 419
Outcome, 38, 44, 518 (see also Realization)
Outer product, 792
Orthogonality, 791
Orthogonality principle:

definition, 474
for linear prediction, 474
geometric interpretation, 474, 482

Parseval's theorem, 797, 806
Partitioning of set, 41
Pascal triangle, 12
Pattern recognition, 421
PDF (see Probability density function)
Periodic random process, 591
Periodogram, 568

(see also Averaged periodogram)
Permutations, 57
Phase of random process, 569
Phase response of linear system, 802, 808



830

Phase shift keying, 24
P MF (see Probability mass function)
Poisson count ing random process, 126, 711
Poisson probability law (mass function), 113
Poisson random pro cess, 711
Poles of linear system, 803
Positive semidefinite sequence, 562
Posterior P MF , 239
Posterior probability, 87
Power (average):

of random variable, 553
from PSD , 575

Power spect ral density :
cont inuous-t ime definition , 582
discrete-time definition, 569, 571
properties, 573
AR random process, 572
used for physical modeling, 587, 628
est imation of, 568, 579
MATLAB code for est imation, 580
at out put of LSI system, 602
at out put of nonlinear system, 685
one-sided version, 576
physical interpret at ion , 608
of t hermal noise, 583

P rediction:
definition , 142, 471
linear , 192, 413, 471
mean square error, 142, 208, 276
nonlinear , 195, 245, 447, 454
for bivari ate Gaussian , 413, 447
of sinusoid, 544, 634
of WSS random process, 618, 622
L-step for WSS random process, 611
for AR random process, 618, 634
for MA random process, 621
(see also Line fitting)

Prior PMF, 238
Prior probabili ty, 80, 87
Probability:

definition , 44
axioms, 45
of poin t , 53, 294
of un ion , 49
monotonicity, 50
of interval , 121, 309
zero probability events, 384

Probabili ty calculations via

INDEX

condit ioning, 444
Probabili ty density function:

definit ion, 6, 20, 289, 381, 458
properties, 293, 458
Cauchy:

definition, 299
from ratio of Gaussians, 402

chi-squared, 302
Erl ang ,302
exponent ial, 293, 296, 302
gamma, 300
Gaussian :

scalar, 296
bivariate, 401
multivariate, 459

Gaussian mixture, 332, 371
Lapl acian, 298
normal (see Gaus sian)
Rayleigh:

definition , 302
from square root of Gaussians, 403, 690

table of, 355
uniform:

definition, 290, 295
from angle of Gaussians, 403, 690

condit ional, 437
est imation of, 14, 19
from CDF, 310
mass analogy, 292
of mixed random variables, 317, 354
approximating by PMF, 288

Probabili ty of error, 26, 80, 308, 446
Probability function, 44
Probability integral t ransformation, 324
Probability mass function:

definition, 109, 171
Bernoulli, 111
Binomi al , 112
Geometric, 113
Poisson , 113
table of, 145
mass analogy, 130
est imation of, 122, 202
using Dirac delta function , 324

Probabili ty of point , 53
Problem designations, 8
Projection theorem, 474
PSD (see Power spectral density)
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Pseudorandom noise, 629
PSK (see Phase shift keying)

Q function:
definition, 306
approx imation of, 308
evaluation of, 341

Quadrati c form, 280, 790
Quadrature component, 693

Random numb er generator, 7
Random process:

definition , 518
Bernoulli , 519
binomial counting, 526
Gaussian, 677
Markov chain, 744
Poisson , 711
sum, 525, 702
infinite, 520
semi-infinite , 520
stationary, 524, 551
nonst at ionary, 526
discrete-t ime/ discrete-valued, 520
discrete-time/ conti nuous-valued , 520
continuous-time/ discrete-valued, 520
continuous-time/ cont inuous-valued , 520

Random variable:
discrete, 17, 107, 169
cont inuous , 287, 377
mixed, 317

Random vectors:
definit ion, 23, 170, 248, 458
Gaussian , 459

Random walk, 267, 522
Rayleigh fading sinusoid, 403, 689
Rayleigh PDF, 302,403
Realization, 18, 518
Real-world examples:

digital communications, 24
quality cont rol, 64
cluster recognition , 97
servicing customers, 124
data compression , 155
assessing health risks, 202
model ing human learning, 237
image coding, 272
setting clipping levels, 328
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crit ical software tes t ing, 364
optical character recognition, 419
ret irement planning, 449
signal detection , 476
opinion polling, 503
statistical data analysis, 538
random vibration test ing, 586
speech synt hesis, 626
brain physiology research, 663
estimating fish populations, 698
automobile traffic signal planning, 728
st range Markov chain dynamics, 765

Relative frequency, 1, 7, 19, 759
(see also Law of large numbers)

Replica corre lator, 477
Reproducting property, 184, 279, 414
Reverberation, 674

Sampl e mean:
definit ion, 21, 154, 279, 466
in detection, 478
law of large numbers, 490
(see also Ergodic)

Sample space :
general, 44, 518
discrete, 47, 54
cont inuous, 52
reduced, 75
numerical vs. nonnumerical , 106
multiple random variables, 248, 458

Sampling with (without replacement) , 56
Scat ter diagram , 24, 537
Sets, 38
Sierp inski t riangle, 766
Signals (see Appendix D)
Signal detection, 476
Signal-t o-noise ratio, 369
Simple set, 39
Sinusoidal signal:

cont inuous-t ime definition, 805
discrete-time definition, 795
as random process:

ran dom phase, 370, 530, 536, 591, 596
random amplitude, 544
random amplitude/ phase, 403
(see also Rayleigh fading)

PDF of random phase, 530
recursive generation of, 544
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prediction of, 544
miscellaneous, 557

Size of set, 43
Smoothing, Wiener:

definition, 611
MATLAB code for, 615

SNR (see Signal-to-noise ratio)
Source encoding, 155
Spectral estimation, 568, 579
Spectral factorization, 696
Spectral representation theorem, 569
Speech synthesis, 626
Stable linear system, 801, 807
Stable sequence, 796
Standard bivariate Gaussian, 385, 394
Standard deviation, 356, 371
Standardized random variable, 195
Standard normal random variable, 296, 305
Standardized sum, 495
State, 742
State occupation time, 759
State probabilities, 742
State probability diagram, 95, 742
State transition matrix, 742
Stationarity:

definition, 524
relation to lID, 524
for WSS random process, 680

Stationary increments, 526
Stationary probabilities for Markov chain,

definition, 749, 757
computing, 750, 762, 771

Steady-state probabilities (see Stationary
probabilities for Markov chain)

Step function, 805
Step sequence, 795
Stirling's formula, 71
Sub experiments, 89
Symbols, 777
System function, 600, 604, 681, 801
Sum of Poisson random processes, 733
Sum of random number of

random variables , 234, 723
Sum of random processes, 653
Sum of random variables:

finding PMF, 254
finding PDF, 397, 470
binomial from Bernoulli, 254

INDEX

finding variance, 257
of uniform random variables, 395
of Gaussian random variables, 414
of Poisson random variables, 279

Tail probability, 305
(see also Importance sampling)

Taylor expansion, 130, 785
Temporal average, 563
Temporal average for Markov chain, 760
Total probability:

for probability of event, 79
for PMFs, 229
for PDFs, 445

Transforms (see Appendix D)
Transform coding, 273
Transformations:

of discrete random variable, 115
of continuous random

variable, 22, 313, 316
of multiple random

variables, 181, 251, 400, 464
sum of random variables, 184, 397
general funcion of, 464
using CDF approach, 317
PDF of product, 429
PDF of quotient, 402, 429, 445
using conditioning approach, 225
nonlinear-Gaussian

random processes, 684
Trellis, 96
Tuples, 55

Uncorrelated random variables:
definition, 196
and independence, 462

Uncorrelated WSS random processes, 647
Uncountable set, 43, 285
Union, 39
Union bound (see Boole's inequality)
Uniform PDF, 290, 295
Uniform PMF, 145
Unit step function, 320
Unit step sequence, 183
Universal set, 38

Variance:
definition, 143, 355
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properties, 145
table of, 145
est imat ion of, 154, 364
sequence, 533
function , 533
of sum, 188,257,465
conditional, 230

Venn diagram, 40
Vibration analysis, 586

Waiting times (see Arrival times
of Poisson process)

WGN (see White Gaussian noise)
White Gaussian noise:

discrete-time definition, 528
continuous-time definition, 686
obtaining discrete-time from

continuous-time, 583
bandpass version, 584, 694
miscellaneous, 534, 677

Whitening (preemphasis) , 661
White noise , 556, 569, 571
Wide sense stationary:

definition, 550
jointly distributed, 642
generating realization of, 681

Wiener filtering:
definition, 609
filtering, 609
smoothing, 611
prediction, 611
interpolation, 611

Wiener-Hopf equations, 623
Wiener-Khinchine theorem, 571
Wiener random process:

discrete-time, 679
continuous-time, 687, 703
computer generation of realization, 704

Wolfer sunspot data, 548
WSS (see Wide sense stationary)

Yule-Walker equations, 623

z-t ransform, 800

833


	Appendix A: Glossary of Symbols and Abbrevations

	Symbols
	Abbreviations

	Appendix B: Assorted Math Facts and Formulas

	B.l Proof by Induction
	B.2 Trigonometry
	B.3 Limits
	B.4 Sums
	B.5 Calculus
	References

	Appendix C: Linear and Matrix Algebra

	C.l Definitions
	C.2 Special Matrices
	C.3 Matrix Manipulation and Formulas
	C.4 Some Properties of Positive Definite (Semidefinite) Matrices

	C.5 Eigendecomposition of Matrices
	References

	Appendix D: Summary of Signals, Linear Transforms, and Linear Systems

	D.1 Discrete-Time Signals
	D.2 Linear Transforms
	D.2.1 Discrete-Time Fourier Transforms
	D.2.2 Numerical Evaluation of Discrete-Time Fourier Transforms
	D.2.3 z-Tra n s fo rm s

	D.3 Discrete-Time Linear Systems
	D.4 Continuous-Time Signals
	D.5 Linear Transforms
	D.5.1 Continuous-Time Fourier Transforms


	D.6 Continuous-Time Linear Systems
	References

	Appendix E: Answers to Selected Problems

	Index

