APPENDIX

Background
Material

A.1 ELEMENTS OF LINEAR ALGEBRA

VECTORS AND MATRICES

In this book we work exclusively with vectors and matrices whose components are
real numbers. Vectors are usually denoted by lowercase roman characters, and matrices by
uppercase roman characters. The space of real vectors of length n is denoted by R”, while
the space of real m x n matrices is denoted by R"*".
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Given a vector x € R”, we use x; to denote its ith component. We invariably assume
that x is a column vector, that is,

Xn

The transpose of x, denoted by x” is the row vector

T
X :[ X1 X3 - Xp ],

and is often also written with parenthesesasx = (x1, X2, ..., X,). Wewrite x > 0to indicate

componentwise nonnegativity, thatis, x; > 0 foralli =1, 2, ..., n, while x > 0 indicates

thatx; > Oforalli =1,2,...,n.

Given x € R" and y € R", the standard inner productisx”y = >"7_ x;y;.

Given a matrix A € R™*", we specify its components by double subscripts as A,
fori =1,2,...,mand j = 1,2, ..., n. The transpose of A, denoted by AT isthen x m
matrix whose components are A j;. The matrix A is said to be square if m = n. A square
matrix is symmetricif A = AT,

A square matrix A is positive definite if there is a positive scalar « such that

xTAx > axTx, forallx € R". (A.1)
It is positive semidefinite if
xTAx >0, forall x € R".

We can recognize that a symmetric matrix is positive definite by computing its eigenvalues
and verifying that they are all positive, or by performing a Cholesky factorization. Both
techniques are discussed further in later sections.

The diagonal of the matrix A € R™*" consists of the elements A;;, for i =
1,2,...min(m, n). Thematrix A € R™*" is lower triangularif A;; = O wheneveri < j;that
is, all elements above the diagonal are zero. It is upper triangular if A;; = 0 wheneveri > j;
that is, all elements below the diagonal are zero. A is diagonal if A;; = 0 whenever i # j.

The identity matrix, denoted by 7, is the square diagonal matrix whose diagonal
elements are all 1.

A square n x n matrix A is nonsingular if for any vector b € R”, there exists x € R”
such that Ax = b. For nonsingular matrices A, there exists a unique n x n matrix B such
that AB = BA = I. We denote B by A™! and call it the inverse of A. It is not hard to show
that the inverse of A7 is the transpose of A~!.

A square matrix Q is orthogonal if it has the property that QQ7 = QTQ = I.In
other words, the inverse of an orthogonal matrix is its transpose.
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NORMS

For a vector x € R", we define the following norms:

n
def
bl =) Ixil, (A.22)
i=1
n 1/2
def 2 T _\1/2
Ixll, = (Z%) =(x"x)"?, (A.2b)
i=1
def
Ixllo = max |x;]. (A.2¢)
i=1,..., n
The norm || - ||, is often called the Euclidean norm. We sometimes refer to || - ||; as the £,
norm and to || - ||oc as the €5 norm. All these norms measure the length of the vector in

some sense, and they are equivalent in the sense that each one is bounded above and below
by a multiple of the other. To be precise, we have for all x € R” that

Ixlloe < Ixll2 < VRllxlloos  I1xlloo < Xl < 72llX oo (A.3)

and so on. In general, a norm is any mapping || - || from R” to the nonnegative real numbers
that satisfies the following properties:

lx +zll < x|l + llzll, forallx,z e R"; (A.4a)
x| =0= x=0; (A.4b)
lax| = |a||lx||, foralled € Randx € R". (A.4c)

Equality holds in (A.4a) if and only if one of the vectors x and z is a nonnegative scalar
multiple of the other.

Another interesting property that holds for the Euclidean norm || - || = || - ||, is the
Cauchy—Schwarz inequality, which states that

|x"z| < lIxI Nzl (A.5)

with equality if and only if one of these vectors is a nonnegative multiple of the other. We
can prove this result as follows:

0 < lloex + zl|* = & [lx||* + 2ax”z + ||z,

The right-hand-side is a convex function of «, and it satisfies the required nonnegativity
property only if there exist fewer than 2 distinct real roots, that is,

(2x"2)* < 4llx|*lz)1%,
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proving (A.5). Equality occurs when the quadratic o has exactly one real root (that is,

|xTz] = llx|| lzll) and when ax + z = 0 for some «, as claimed.
Any norm || - || has a dual norm || - || p defined by
lx|lp = max x”y. (A.6)
lIyll=1
It is easy to show that the norms || - ||; and || - || are duals of each other, and that the

Euclidean norm is its own dual.

We can derive definitions for certain matrix norms from these vector norm defini-
tions. If we let || - || be generic notation for the three norms listed in (A.2), we define the
corresponding matrix norm as

def | Ax|
|All = sup . (A7)
x20  lx]l

The matrix norms defined in this way are said to be consistent with the vector norms (A.2).
Explicit formulae for these norms are as follows:

All; = Aiil, A.
1Al jllll‘a‘xmn 2—1 |Aij] (A.8a)
| All, = largest eigenvalue of (AT A)'/2, (A.8b)
Al = Ajil. A.
|Alloc = max El| Jl (A.8¢)

J:

The Frobenius norm || A|| g of the matrix A is defined by

1/2

lAlF = DD A% | - (A9)

i=1 j=1
This norm is useful for many purposes, but it is not consistent with any vector norm. Once

again, these various matrix norms are equivalent with each other in a sense similar to (A.3).
For the Euclidean norm || - || = || - ||2, the following property holds:

IAB| < IlAlIBI, (A.10)

for all matrices A and B with consistent dimensions.
The condition number of a nonsingular matrix is defined as

K(A) =l A AT, (A.11)
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where any matrix norm can be used in the definition. Different norms can by the use of a
subscript—x«; (+), k2(+), and koo (+), respectively—with « denoting k, by default.

Norms also have a meaning for scalar, vector, and matrix-valued functions that are
defined on a particular domain. In these cases, we can define Hilbert spaces of functions for
which the inner product and norm are defined in terms of an integral over the domain. We
omit details, since all the development of this book takes place in the space R”, though many
of the algorithms can be extended to more general Hilbert spaces. However, we mention
for purposes of the analysis of Newton-like methods that the following inequality holds for
functions of the type that we consider in this book:

/ub F(1)

where F is a continuous scalar-, vector-, or matrix-valued function on the interval [a, b].

b
< / IF@) dt, (A12)

SUBSPACES

Given the Euclidean space R”, the subset S C R”" is a subspace of R" if the following
property holds: If x and y are any two elements of S, then

ax+pyeS, foralea, B eR.

For instance, S is a subspace of R? if it consists of (i) the whole space R”; (ii) any line passing
through the origin; (iii) the origin alone; or (iv) the empty set.
Given any set of vectors ¢; € R",i =1, 2, ..., m, the set

S:{we]R”|aiTw:0,i:l,2,...,m} (A.13)
is a subspace. However, the set
{weR"|afw>0,i=1,2,...,m} (A.14)

is not in general a subspace. For example, if we haven = 2,m = 1,and a; = (1, 0)7, this set
would consist of all vectors (wy, w,)T with w; > 0, but then given two vectors x = (1, 0T
and y = (2, 3) in this set, it is easy to choose multiples @ and B such that ax + By has a
negative first component, and so lies outside the set.

Sets of the forms (A.13) and (A.14) arise in the discussion of second-order optimality
conditions for constrained optimization.

A set of vectors {s1, 52, . . ., S} iIn R" is called a linearly independent set if there are no
real numbers oy, oy, . .., o, such that

o185, + o8, + - -+ oS, =0,
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unless we make the trivial choice ¢y = @, = -+ = a,, = 0. Another way to define linear
independence is to say that none of the vectors sy, 53, ..., s, can be written as a linear
combination of the other vectors in this set. If in fact we have s; € Sforalli = 1,2, ..., m,
we say that {sy, s, ..., S} is a spanning set for S if any vector s € S can be written as

S =15, + 0282 + -+ XS,

for some particular choice of the coefficients a1, oz, . . ., .

If the vectors sy, 53, . .., 8, are both linearly independent and a spanning set for S,
we call them a basis of S. In this case, m (the number of elements in the basis) is referred to
as the dimension of S, and denoted by dim(S). Note that there are many ways to choose a
basis of S in general, but that all bases contain the same number of vectors.

If A is any real matrix, the null space is the subspace

Null(A) = {w | Aw = 0},
while the range space is
Range(A) = {w|w = Av for some vector v}.
The fundamental theorem of linear algebra states that
Null(A) @ Range(A”) = R”,

where n is the number of columns in A. (Here, “®” denotes the direct sum of two sets:
AeB={x+ylxc A yecB})

When A is square (n x n) and nonsingular, we have NullA = NullA” = {0} and

RangeA = RangeA” = R”". In this case, the columns of A form a basis of R”, as do the
columns of AT,

EIGENVALUES, EIGENVECTORS, AND THE SINGULAR-VALUE
DECOMPOSITION

A scalar value X is an eigenvalue of the n x n matrix A if there is a nonzero vector ¢
such that

Ag = Aq.

The vector g is called an eigenvector of A. The matrix A is nonsingular if none of its
eigenvalues are zero. The eigenvalues of symmetric matrices are all real numbers, while
nonsymmetric matrices may have imaginary eigenvalues. If the matrix is positive definite as
well as symmetric, its eigenvalues are all positive real numbers.
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All matrices A (not necessarily square) can be decomposed as a product of three
matrices with special properties. When A € R"*" with m > n, (that is, A has more rows
than columns), this singular-value decomposition (SVD) has the form

S T
A:U|:0:|V, (A.15)

where U and V are orthogonal matrices of dimension m x m and n x n, respectively, and
Sisan n x n diagonal matrix with diagonal elements o;,i = 1, 2, ..., n, that satisfy

01 =20> >0, 20,

These diagonal values are called the singular values of A. We can define the condition
number (A.11) of the m x n (possibly nonsquare) matrix A to be o1 /0,. (This definition is
identical to x,(A) when A happens to be square and nonsingular.)

When m < n (the number of columns is at least equal to the number of rows), the
SVD has the form

A=U[S o]V,

where again U and V are orthogonal of dimension m x m and n x n, respectively, while S
is m x m diagonal with nonnegative diagonal elements o1 > 0, > - -+ > 0.

When A is symmetric, its n real eigenvalues Ay, Ay, ..., A, and their associated
eigenvectors ¢, ¢a, - - . , g, can be used to write a spectral decomposition of A as follows:

A= i rigiq; -
i=1
This decomposition can be restated in matrix form by defining
A =diag(h, A2, M), Q=lqilq] ... gl
and writing
A= QAQ". (A.16)

In fact, when A is positive definite as well as symmetric, this decomposition is identical to
the singular-value decomposition (A.15), where we define U = V = Q and S = A. Note
that the singular values o; and the eigenvalues A; coincide in this case.
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In the case of the Euclidean norm (A.8b), we have for symmetric positive definite
matrices A that the singular values and eigenvalues of A coincide, and that

|A]l = 01(A) = largest eigenvalue of A,

|A™Y = 0,(A)~! = inverse of smallest eigenvalue of A.
Hence, we have for all x € R” that
on(A)llx? = Ix?/1A7 < x" Ax < [AlllIx]I* = o1 (A) | x|1*.
For an orthogonal matrix Q, we have for the Euclidean norm that
Ioxll = lxl,
and that all the singular values of this matrix are equal to 1.

DETERMINANT AND TRACE

The trace of an n x n matrix A is defined by

trace(A) = ZA,’,’. (A.17)
i=1
If the eigenvalues of A are denoted by Ay, A,, ..., A,, it can be shown that
trace(A) = Z)"" (A.18)
i=1

that is, the trace of the matrix is the sum of its eigenvalues.
The determinant of an n x n matrix A, denoted by det A, is the product of its
eigenvalues; that is,

det A = ]_[,\,». (A.19)
i=1

The determinant has several appealing (and revealing) properties. For instance,
det A = 0 if and only if A is singular;
det AB = (det A)(det B);
det A7! = 1/det A.
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Recall that any orthogonal matrix A has the property that 0 Q7 = Q7 Q = I, so that
Q~!' = Q7. It follows from the property of the determinant that det Q = det Q7 = +1.
The properties above are used in the analysis of Chapter 6.

MATRIX FACTORIZATIONS: CHOLESKY, LU, QR

Matrix factorizations are important both in the design of algorithms and in their
analysis. One such factorization is the singular-value decomposition defined above in (A.15).
Here we define the other important factorizations.

All the factorization algorithms described below make use of permutation matrices.
Suppose that we wish to exchange the first and fourth rows of a matrix A. We can perform
this operation by premultiplying A by a permutation matrix P, which is constructed by
interchanging the first and fourth rows of an identity matrix that contains the same number
of rows as A. Suppose, for example, that A is a 5 x 5 matrix. The appropriate choice of P
would be

o O o = O
o O = O O
o O O o =
— o O O O

A similar technique is used to to find a permutation matrix P that exchanges columns of a
matrix.
The LU factorization of a matrix A € R"*" is defined as

PA=LU, (A.20)

where

P is an n x n permutation matrix (that is, it is obtained by rearranging the rows of
the n x n identity matrix),

L is unit lower triangular (that is, lower triangular with diagonal elements equal to 1,
and

U is upper triangular.

This factorization can be used to solve a linear system of the form Ax = b efficiently by the
following three-step process:

form b = Pb by permuting the elements of b;

solve Lz = b by performing triangular forward-substitution, to obtain the vector z;
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solve Ux = z by performing triangular back-substitution, to obtain the solution
vector x.

The factorization (A.20) can be found by using Gaussian elimination with row partial
pivoting, an algorithm that requires approximately 2n° /3 floating-point operations when A
is dense. Standard software that implements this algorithm (notably, LAPACK [7]) is readily
available. The method can be stated as follows.

Algorithm A.1 (Gaussian Elimination with Row Partial Pivoting).
Given A € R™";
Set P < I, L < 0

fori =1,2,...,n
find theindex j € {i,i +1,...,n} such that |A;;| = maxg—; 11, |Akl;
ifA,'j =0
stop; (* matrix A is singular *)
ifi £ j

swap rows i and j of matrices A and L;
(* elimination step *)
Lij < 1;
fork=i+1,i+2,...,n
Lii < Awi/Aii
forl=i+1,i+2,...,n
Ay < Ay — LiiAiss
end (for)
end (if)
end (for)
U < upper triangular part of A.

Variants of the basic algorithm allow for rearrangement of the columns as well as
the rows during the factorization, but these do not add to the practical stability properties
of the algorithm. Column pivoting may, however, improve the performance of Gaussian
elimination when the matrix A is sparse. by ensuring that the factors L and U are also
reasonably sparse.

Gaussian elimination can be applied also to the case in which A is not square. When
Aism x n,withm > n, the standard row pivoting algorithm produces a factorization of the
form (A.20), where L € R™*" is unit lower triangular and U € R"*" is upper triangular.
When m < n, we can find an LU factorization of AT rather than A, that is, we obtain

T _ L
PAT = U, (A21)
L,

where L, is m x m (square) unit lower triangular, U is m x m upper triangular, and L, is a
general (n —m) x m matrix. If A has full row rank, we can use this factorization to calculate
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its null space explicitly as the space spanned by the columns of the matrix

LT
M= PT [ ! ; : ] uT. (A.22)

It is easy to check that M has dimensions n x (n — m) and that AM = 0.

When A € R" is symmetric positive definite, it is possible to compute a similar
but more specialized factorization at about half the cost—about n®/3 operations. This
factorization, known as the Cholesky factorization, produces a matrix L such that

A=LL"T. (A.23)
(If we require L to have positive diagonal elements, it is uniquely defined by this formula.)

The algorithm can be specified as follows.

Algorithm A.2 (Cholesky Factorization).
Given A € R™" symmetric positive definite;
fori =1,2,...,n;

Lii < VAii;
forj=i+1,i+2,...,n
Lji < Aji/Lii;

fork=i+1,i+2,...,j
Ajx < Ajr— Lj;Ly;
end (for)
end (for)
end (for)

Note that this algorithm references only the lower triangular elements of A; in fact,
it is only necessary to store these elements in any case, since by symmetry they are simply
duplicated in the upper triangular positions.

Unlike the case of Gaussian elimination, the Cholesky algorithm can produce a valid
factorization of a symmetric positive definite matrix without swapping any rows or columns.
However, symmetric permutation (that is, reordering the rows and columns in the same
way) can be used to improve the sparsity of the factor L. In this case, the algorithm produces
a permutation of the form

PTAP=LL"

for some permutation matrix P.

The Cholesky factorization can be used to compute solutions of the system Ax = b
by performing triangular forward- and back-substitutions with L and L7, respectively, as
in the case of L and U factors produced by Gaussian elimination.
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The Cholesky factorization can also be used to verify positive definiteness of a sym-
metric matrix A. If Algorithm A.2 runs to completion with all L;; values well defined and
positive, then A is positive definite.

Another useful factorization of rectangular matrices A € R™*" has the form

AP = QR, (A.24)

where
P is an n x n permutation matrix,
A ism x m orthogonal, and
R is m x n upper triangular.

In the case of a square matrix m = n, this factorization can be used to compute solutions of
linear systems of the form Ax = b via the following procedure:

seth = 07b;
solve Rz = b for z by performing back-substitution;
set x = P77 by rearranging the elements of x.

For a dense matrix A, the cost of computing the QR factorization is about 4m?n /3 operations.
In the case of a square matrix, the operation count is about twice as high as for an LU
factorization via Gaussian elimination. Moreover, it is more difficult to maintain sparsity in
a QR factorization than in an LU factorization.

Algorithms to perform QR factorization are almost as simple as algorithms for Gaus-
sian elimination and for Cholesky factorization. The most widely used algorithms work
by applying a sequence of special orthogonal matrices to A, known either as Householder
transformations or Givens rotations, depending on the algorithm. We omit the details, and
refer instead to Golub and Van Loan [136, Chapter 5] for a complete description.

In the case of a rectangular matrix A with m < n, we can use the QR factorization of
AT to find a matrix whose columns span the null space of A. To be specific, we write

ATP=QR=[ 01 0, |R,

where Q; consists of the first m columns of Q, and Q, contains the last n — m columns. It is
easy to show that columns of the matrix Q, span the null space of A. This procedure yields
a more satisfactory basis matrix for the null space than the Gaussian elimination procedure
(A.22), because the columns of Q, are orthogonal to each other and have unit length. It
may be more expensive to compute, however, particularly in the case in which A is sparse.
When A has full column rank, we can make an identification between the R factor in
(A.24) and the Cholesky factorization. By multiplying the formula (A.24) by its transpose,
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we obtain
PTATAP = RTQTQR = RTR,

and by comparison with (A.23), we see that R” is simply the Cholesky factor of the symmetric
positive definite matrix PT AT A P. Recalling that L is uniquely defined when we restrict its
diagonal elements to be positive, this observation implies that R is also uniquely defined
for a given choice of permutation matrix P, provided that we enforce positiveness of the
diagonals of R. Note, too, that since we can rearrange (A.24) to read APR™! = Q, we can
conclude that Q is also uniquely defined under these conditions.

Note that by definition of the Euclidean norm and the property (A.10), and the fact
that the Euclidean norms of the matrices P and Q in (A.24) are both 1, we have that

1Al = IIQRPTI < IQIIRIIPTI = IR,

while

IRl =IQ"AP| < IQ"I Al I PIl = I A].
We conclude from these two inequalities that | A|| = || R||. When A is square, we have by a
similar argument that |A~!|| = ||R™!||. Hence the Euclidean-norm condition number of

A can be estimated by substituting R for A in the expression (A.11). This observation is
significant because various techniques are available for estimating the condition number of
triangular matrices R; see Golub and Van Loan [136, pp. 128-130] for a discussion.

SYMMETRIC INDEFINITE FACTORIZATION

When matrix A is symmetric but indefinite, Algorithm A.2 will break down by trying
to take the square root of a negative number. We can however produce a factorization,
similar to the Cholesky factorization, of the form

PAPT = LBL", (A.25)

where L is unit lower triangular, B is a block diagonal matrix with blocks of dimension 1 or
2, and P is a permutation matrix. The first step of this symmetric indefinite factorization
proceeds as follows. We identify a submatrix E of A that is suitable to be used as a pivot
block. The precise criteria that can be used to choose E are described below, but we note here
that E is either a single diagonal element of A (a 1 x 1 pivot block), or else the 2 x 2 block
consisting of two diagonal elements of A (say, a;; and a;;) along with the corresponding
off-diagonal elements (that is, ¢;; and aj;). In either case, E must be nonsingular. We then
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find a permutation matrix P; that makes E a leading principal submatrix of A, that is,

E cT
PIAP1:|: cou } (A.26)

and then perform a block factorization on this rearranged matrix, using E as the pivot
block, to obtain

’ I 0 E 0 1 E'CT
P AP = . . .
CE™' 1 0 H-CE’'C 0 1

The next step of the factorization consists in applying exactly the same process to H —
CE~'CT, known as the remaining matrix or the Schur complement, which has dimension
either (n — 1) X (n — 1) or (n — 2) x (n — 2). We now apply the same procedure recursively,
terminating with the factorization (A.25). Here P is defined as a product of the permutation
matrices from each step of the factorization, and B contains the pivot blocks E on its
diagonal.

The symmetric indefinite factorization requires approximately n°/3 floating-point
operations—the same as the cost of the Cholesky factorization of a positive definite matrix—
but to this count we must add the cost of identifying suitable pivot blocks E and of
performing the permutations, which can be considerable. There are various strategies for
determining the pivot blocks, which have an important effect on both the cost of the
factorization and its numerical properties. Ideally, our strategy for choosing E at each step
of the factorization procedure should be inexpensive, should lead to at most modest growth
in the elements of the remaining matrix at each step of the factorization, and should avoid
excessive fill-in (that is, L should not be too much more dense than A).

A well-known strategy, due to Bunch and Parlett [43], searches the whole remaining
matrix and identifies the largest-magnitude diagonal and largest-magnitude off-diagonal
elements, denoting their respective magnitudes by &g;, and &.¢. If the diagonal element
whose magnitude is &4, is selected to be a 1 x 1 pivot block, the element growth in the
remaining matrix is bounded by the ratio £4i,/&osr. If this growth rate is acceptable, we
choose this diagonal element to be the pivot block. Otherwise, we select the off-diagonal
element whose magnitude is &u (a;j, say), and choose E to be the 2 x 2 submatrix that
includes this element, that is,

This pivoting strategy of Bunch and Parlett is numerically stable and guarantees to yield a
matrix L whose maximum element is bounded by 2.781. Its drawback is that the evaluation
of &4i, and & at each iteration requires many comparisons between floating-point numbers
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to be performed: O (n?) in total during the overall factorization. Since each comparison costs
roughly the same as an arithmetic operation, this overhead is not insignificant.

The more economical pivoting strategy of Bunch and Kaufman [42] searches at most
two columns of the working matrix at each stage and requires just O (n?) comparisons in
total. Its rationale and details are somewhat tricky, and we refer the interested reader to the
original paper [42] or to Golub and Van Loan [136, Section 4.4] for details. Unfortunately,
this algorithm can give rise to arbitrarily large elements in the lower triangular factor L,
making it unsuitable for use with a modified Cholesky strategy.

The bounded Bunch-Kaufman strategy is essentially a compromise between the
Bunch—Parlett and Bunch—Kaufman strategies. It monitors the sizes of elements in L, ac-
cepting the (inexpensive) Bunch—Kaufman choice of pivot block when it yields only modest
element growth, but searching further for an acceptable pivot when this growth is excessive.
Its total cost is usually similar to that of Bunch—Kaufman, but in the worst case it can
approach the cost of Bunch—Parlett.

So far, we have ignored the effect of the choice of pivot block E on the sparsity of the
final L factor. This consideration is important when the matrix to be factored is large and
sparse, since it greatly affects both the CPU time and the amount of storage required by the
algorithm. Algorithms that modify the strategies above to take account of sparsity have been
proposed by Duff et al. [97], Duff and Reid [95], and Fourer and Mehrotra [113].

SHERMAN-MORRISON-WOODBURY FORMULA

If the square nonsingular matrix A undergoes a rank-one update to become
A=A-+ab",
where a, b € R”, then if A is nonsingular, we have

I g ATlabAT (A.27)
a 1+bTA g’ ’

It is easy to verify this formula: Simply multiply the definitions of A and A~! together and
check that they produce the identity.

This formula can be extended to higher-rank updates. Let U and V be matrices in
R"*? for some p between 1 and n. If we define

A=A+UVT,
then A is nonsingular if and only if (I + V7 A~'U) is nonsingular, and in this case we have

~

Al=A""—A'va+viatu)ytvTia-l. (A.28)



A.1. ELEMENTS OF LINEAR ALGEBRA

We can use this formula to solve linear systems of the form Ax = d. Since
x=AYd=A""d— AU +VTAT'U)"'vTA 14,

we see that x can be found by solving p + 1 linear systems with the matrix A (to obtain A~'d
and A7'U), inverting the p x p matrix I + VI AU, and performing some elementary
matrix algebra. Inversion of the p x p matrix I + VT A7!U is inexpensive when p < n.

INTERLACING EIGENVALUE THEOREM

The following result is proved for example in Golub and Van Loan [136,
Theorem 8.1.8].

Theorem A.1 (Interlacing Eigenvalue Theorem).
Let A € R™*" be a symmetric matrix with eigenvalues A1, A, . . ., A, satisfying

A=Ay > o 2= A,,

and let z € R" be a vector with ||z|| = 1, and @ € R be a scalar. Then if we denote the
eigenvalues of A + azz! by&,, &, ..., &, (in decreasing order), we have fora > 0 that

EizM=25H2028> 28, >4,

with

n

dE-r=a (A.29)

i=1
Ifa < 0, we have that
MZ2E =025 > > =4 2§y,

where the relationship (A.29) is again satisfied.

Informally stated, the eigenvalues of the modified matrix “interlace” the eigenvalues of the
original matrix, with nonnegative adjustments if the coefficient « is positive, and nonpositive
adjustments if o is negative. The total magnitude of the adjustments equals «, whose
magnitude is identical to the Euclidean norm |lazz” ||, of the modification.

ERROR ANALYSIS AND FLOATING-POINT ARITHMETIC

In most of this book our algorithms and analysis deal with real numbers. Modern
digital computers, however, cannot store or compute with general real numbers. Instead,
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they work with a subset known as floating-point numbers. Any quantities that are stored
on the computer, whether they are read directly from a file or program or arise as the
intermediate result of a computation, must be approximated by a floating-point number.
In general, then, the numbers that are produced by practical computation differ from those
that would be produced if the arithmetic were exact. Of course, we try to perform our
computations in such a way that these differences are as tiny as possible.

Discussion of errors requires us to distinguish between absolute error and relative
error. If x is some exact quantity (scalar, vector, matrix) and X is its approximate value, the
absolute error is the norm of the difference, namely, |x — X||. (In general, any of the norms
(A.2a), (A.2b), and (A.2¢) can be used in this definition.) The relative error is the ratio of
the absolute error to the size of the exact quantity, that is,

llx —XI|

el

When this ratio is significantly less than one, we can replace the denominator by the size of
the approximate quantity—that is, || X | —without affecting its value very much.

Most computations associated with optimization algorithms are performed in double-
precision arithmetic. Double-precision numbers are stored in words of length 64 bits. Most
of these bits (say ¢) are devoted to storing the fractional part, while the remainder encode
the exponent e and other information, such as the sign of the number, or an indication of
whether it is zero or “undefined.” Typically, the fractional part has the form

did, ... dy,

whereeachd;,i = 1,2, ..., t,iseither zero or one. (In some systems d; is implicitly assumed
to be 1 and is not stored.) The value of the floating-point number is then

t
Zd,z"' x 2.

i=1

The value 277! is known as unit roundoffand is denoted by u. Any real number whose
absolute value lies in the range [2£, 2] (where L and U are lower and upper bounds on
the value of the exponent ¢) can be approximated to within a relative accuracy of u by a
floating-point number, that is,

fiix) =x(1+¢€), where |¢] < u, (A.30)

where fl(-) denotes floating-point approximation. The value of u for double-precision IEEE
arithmetic is about 1.1 x 107!°. In other words, if the real number x and its floating-point
approximation are both written as base-10 numbers (the usual fashion), they agree to at
least 15 digits.
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For further information on floating-point computations, see Overton [233], Golub
and Van Loan [136, Section 2.4], and Higham [169].

When an arithmetic operation is performed with one or two floating-point numbers,
the result must also be stored as a floating-point number. This process introduces a small
roundoff error, whose size can be quantified in terms of the size of the arguments. If x and y
are two floating-point numbers, we have that

[f1(x * y) — x * y| < ulx * y], (A.31)

where * denotes any of the operations +, —, X, =.

Although the error in a single floating-point operation appears benign, more signifi-
cant errors may occur when the arguments x and y are floating-point approximations of two
real numbers, or when a sequence of computations are performed in succession. Suppose,
for instance, that x and y are large real numbers whose values are very similar. When we
store them in a computer, we approximate them with floating-point numbers fl(x) and fl(y)
that satisfy

fiix) =x+e, f(y)=y+e, wherele| <ulxl|,|e,| <ulyl.

If we take the difference of the two stored numbers, we obtain a final result fI(fl(x) — fl(y))
that satisfies

fi(fl(x) — fl(y)) = (fl(x) — fl(y))(1 + €x,),  where |e;y] < u.

By combining these expressions, we find that the difference between this result and the true
value x — y may be as large as

€ + €y + €y,

which is bounded by u(|x| + |y| + |x — y|). Hence, since x and y are large and close
together, the relative error is approximately 2u|x|/|x — y|, which may be quite large, since
X[ > |x — yl.

This phenomenon is known as cancellation. It can also be explained (less formally)
by noting that if both x and y are accurate to k digits, and if they agree in the first k
digits, then their difference will contain only about k — k significant digits—the first k digits
cancel each other out. This observation is the reason for the well-known adage of numerical
computing—that one should avoid taking the difference of two similar numbers if at all
possible.
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CONDITIONING AND STABILITY

Conditioning and stability are two terms that are used frequently in connection with
numerical computations. Unfortunately, their meaning sometimes varies from author to
author, but the general definitions below are widely accepted, and we adhere to them in this
book.

Conditioning is a property of the numerical problem at hand (whether it is a linear
algebra problem, an optimization problem, a differential equations problem, or whatever).
A problem is said to be well conditioned if its solution is not affected greatly by small
perturbations to the data that define the problem. Otherwise, it is said to be ill conditioned.

A simple example is given by the following 2 x 2 system of linear equations:

)

By computing the inverse of the coefficient matrix, we find that the solution is simply

X1 —1 2 3 1

o | |1 -1 2| |1 |
If we replace the first right-hand-side element by 3.00001, the solution becomes (x;, x;)7 =
(0.99999, 1.00001)”, which is only slightly different from its exact value (1, 1)7. We would
note similar insensitivity if we were to perturb the other elements of the right-hand-side or

elements of the coefficient matrix. We conclude that this problem is well conditioned. On
the other hand, the problem

1.00001 1 X1 2.00001
1 1 o | 2
is ill conditioned. Its exact solution is x = (1, 1), but if we change the first element of the
right-hand-side from 2.00001 to 2, the solution would change drastically to x = (0, 2)7.
For general square linear systems Ax = b where A € R"*", the condition number of

the matrix (defined in (A.11)) can be used to quantify the conditioning. Spec1ﬁcally, if we
perturb A to A and b to b and take X to be the solution of the perturbed system A% = b, it

can be shown that
Il =3I A—A b—b
(A) [ [ n Il [
[l 1l Al Il

(see, for instance, Golub and Van Loan [136, Section 2.7]). Hence, a large condition number
k (A) indicates that the problem Ax = b is ill conditioned, while a modest value indicates
well conditioning.
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Note that the concept of conditioning has nothing to do with the particular algorithm
that is used to solve the problem, only with the numerical problem itself.

Stability, on the other hand, is a property of the algorithm. An algorithm is stable if
it is guaranteed to produce accurate answers to all well-conditioned problems in its class,
even when floating-point arithmetic is used.

As an example, consider again the linear equations Ax = b. We can show that
Algorithm A.1, in combination with triangular substitution, yields a computed solution X
whose relative error is approximately

lx — Xx|| ~ K(A)growth(A)u’
flxl Al

(A.32)

where growth(A) is the size of the largest element that arises in A during execution of
Algorithm A.1. In the worst case, we can show that growth(A)/||A|| may be around 2”71,
which indicates that Algorithm A.1 is an unstable algorithm, since even for modest n (say,
n = 200), the right-hand-side of (A.32) may be large even when « (A) is modest. In practice,
however, large growth factors are rarely observed, so we conclude that Algorithm A.1 is
stable for all practical purposes.

Gaussian elimination without pivoting, on the other hand, is definitely unstable. If
we omit the possible exchange of rows in Algorithm A.1, the algorithm will fail to produce
a factorization even of some well-conditioned matrices, such as

For systems Ax = b in which A is symmetric positive definite, the Cholesky fac-
torization in combination with triangular substitution constitutes a stable algorithm for
producing a solution x.

A.2 ELEMENTS OF ANALYSIS, GEOMETRY, TOPOLOGY

SEQUENCES

Suppose that {x;} is a sequence of points belonging to R". We say that a sequence {x; }
converges to some point x, written limy_,» Xy = x, if for any € > 0, there is an index K
such that

lxx —x|| <€, forallk > K.

For example, the sequence {x;} defined by x; = (1 — 27, 1/k?)7 converges to (1, 0)7.
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Given aindex set S C {1, 2, 3, ...}, we can define a subsequence of {t;} corresponding
to S, and denote it by {#; }xes-

We say that X € R" is an accumulation point or limit point for {x; } if there is an infinite
set of indices ki, k7, k3, . .. such that the subsequence {x;, };=; 3. converges to X; that is,

Alternatively, we say that for any € > 0 and all positive integers K, we have
lxx —x|| <€, forsomek > K.

An example is given by the sequence

I
1 1/2 1 1/4 1 1/8

which has exactly two limit points: £ = (0, 0)” and £ = (1, 1)7. A sequence can even have
an infinite number of limit points. An example is the sequence x; = sin k, for which every
pointin the interval [—1, 1] is a limit point. A sequence converges if and only if it has exactly
one limit point.

A sequence is said to be a Cauchy sequence if for any € > 0, there exists an integer K
such that ||x; — x;|| < € for all indices k > K and ! > K. A sequence converges if and only
if it is a Cauchy sequence.

We now consider scalar sequences {t;}, that is, #; € R for all k. This sequence is said
to be bounded above if there exists a scalar u such that #, < u for all k, and bounded below
if there is a scalar v with 7 > v for all k. The sequence {#;} is said to be nondecreasing
bounded above, then it converges, that is, limy_, o &y = t for some scalar 7. Similarly, if {#}
is nonincreasing and bounded below, it converges.

We define the supremum of the scalar sequence {#;} as the smallest real number u such
that#y <uforallk =1, 2, 3, ..., and denote it by sup{#}. The infimum, denoted by inf{#;},
is the largest real number v such that v < # for all k = 1, 2, 3, .. .. We can now define the

if try1 > 1t for all k, and nonincreasing if t;.1, < t for all k. If {#;} is nondecreasing and

sequence of suprema as {u; }, where
def .
u; = sup{ty | k > i}.
Clearly, {u;} is a nonincreasing sequence. If bounded below, it converges to a finite number

it, which we call the “lim sup” of {#;}, denoted by lim sup #. Similarly, we can denote the
sequence of infima by {v;}, where

def . .
v = inf{f [k > i},
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which is nondecreasing. If {v;} is bounded above, it converges to a point v which we call the
“lim inf” of {#;}, denoted by lim inf #;. As an example, the sequence 1, %, 1, i, 1, é, ... has
aliminf of 0 and a lim sup of 1.

RATES OF CONVERGENCE

One of the key measures of performance of an algorithm is its rate of convergence.
Here, we define the terminology associated with different types of convergence.

Let {x;} be a sequence in R” that converges to x*. We say that the convergence is
Q-linear if there is a constant r € (0, 1) such that

[l — x|l

<r, forall k sufficiently large. (A.34)
e — x*||

This means that the distance to the solution x* decreases at each iteration by at least a
constant factor bounded away from 1. For example, the sequence 1 + (0.5)F converges
Q-linearly to 1, with rate r = 0.5. The prefix “Q” stands for “quotient,” because this type of
convergence is defined in terms of the quotient of successive errors.

The convergence is said to be Q-superlinear if

x4 — "I
k=00 lxp — x*||

For example, the sequence 1 + k% converges superlinearly to 1. (Prove this statement!)
Q-quadratic convergence, an even more rapid convergence rate, is obtained if

llx 1 — X7l

<M, forall k sufficiently large,
llxk — x|

where M is a positive constant, not necessarily less than 1. An example is the sequence
1+ (0.5)%.

The speed of convergence depends on » and (more weakly) on M, whose values depend
not only on the algorithm but also on the properties of the particular problem. Regardless of
these values, however, a quadratically convergent sequence will always eventually converge
faster than a linearly convergent sequence.

Obviously, any sequence that converges Q-quadratically also converges Q-super-
linearly, and any sequence that converges Q-superlinearly also converges Q-linearly. We
can also define higher rates of convergence (cubic, quartic, and so on), but these are less
interesting in practical terms. In general, we say that the Q-order of convergence is p (with
p > 1) if there is a positive constant M such that

llxeg1 — x|l

I |7 <M, forall k sufficiently large.
Xp — X
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Quasi-Newton methods for unconstrained optimization typically converge Q-
superlinearly, whereas Newton’s method converges Q-quadratically under appropriate
assumptions. In contrast, steepest descent algorithms converge only at a Q-linear rate,
and when the problem is ill-conditioned the convergence constant r in (A.34) is close to 1.

In the book, we omit the letter Q and simply talk about superlinear convergence,
quadratic convergence, and so on.

A slightly weaker form of convergence, characterized by the prefix “R” (for “root”), is
concerned with the overall rate of decrease in the error, rather than the decrease over each
individual step of the algorithm. We say that convergence is R-linear if there is a sequence of
nonnegative scalars {v;} such that

lxx — x*|| < vy for all k, and {v;} converges Q-linearly to zero.

The sequence {||x; — x*||} is said to be dominated by {v;}. For instance, the sequence

1+ (0.5)F, k even,
X = (A.35)

1, k odd,

(the first few iterates are 2, 1, 1.25, 1, 1.03125, 1, .. .) converges R-linearly to 1, because we
have (1 + (0.5)%) — 1| = (0.)%, and the sequence {(0.5)} converges Q-linearly to zero.
Likewise, we say that {x;} converges R-superlinearly to x* if {|lxx — x*||} is dominated by a
sequence of scalars converging Q-superlinearly to zero, and {x;} converges R-quadratically
to x* if {||xx — x*||} is dominated by a sequence converging Q-quadratically to zero.

Note that in the R-linear sequence (A.35), the error actually increases at every second
iteration! Such behavior occurs even in sequences whose R-rate of convergence is arbitrarily
high, but it cannot occur for Q-linear sequences, which insist on a decrease at every step k,
for k sufficiently large.

For an extensive discussion of convergence rates see Ortega and Rheinboldt [230].

TOPOLOGY OF THE EUCLIDEAN SPACE R"

The set F is bounded if there is some real number M > 0 such that
x| <M, forallx € F.

A subset F C R" is open if for every x € F, we can find a positive number € > 0 such that
the ball of radius € around x is contained in F; that is,

{yeR"||ly—x| <€} C F.

The set F is closed if for all possible sequences of points {x;} in F, all limit points of {x;}
are elements of . For instance, the set 7 = (0, 1) U (2, 10) is an open subset of R, while
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F =[0,1]U[2, 5] isa closed subset of R. The set 7 = (0, 1] is a subset of R that is neither
open nor closed.

The interior of a set F, denoted by int F, is the largest open set contained in F. The
closure of F, denoted by cl F, is the smallest closed set containing F. In other words, we
have

x € cdF iflimg o x; = x for some sequence {x;} of points in F.
IfF=(—1,11U[2, 4), then
dF =[-1,11U[2,4], intF=(-1,1)U(2,4).

Note that if F is open, then int 7 = F, while if F is closed, then cl F = F.

We note the following facts about open and closed sets. The union of finitely many
closed sets is closed, while any intersection of closed sets is closed. The intersection of finitely
many open sets is open, while any union of open sets is open.

The set F is compact if every sequence {x*} of points in F has at least one limit point,
and all such limit points are in F. (This definition is equivalent to the more formal one
involving covers of F.) The following is a central result in topology:

F € R" is closed and bounded = F is compact.

Givenapointx € R",wecall V' € R" a neighborhood of x if it is an open set containing
x. An especially useful neighborhood is the open ball of radius € around x, which is denoted
by B(x, €); that is,

B(x,e) ={yllly — x|l <€}
Given a set F C R", we say that V' is a neighborhood of F if there is € > 0 such that

Uxe]-']B(x, E) C N

CONVEX SETS IN R”

A convex combination of a finite set of vectors {xy, x,, ..., x;,} in R” is any vector x
of the form

m m
X = Zaixi, where Zai =1, ando; > 0foralli =1,2,...,m.
i=1 i=1

The convex hull of {x1, x;, . .., x,} is the set of all convex combinations of these vectors.
A coneis a set F with the property that for all x € F we have

xeF = ax e F, foralla > 0. (A.36)
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For instance, the set 7 C R? defined by
{(x1.x2)" [x1 > 0, x, > 0}

is a cone in R2. Note that cones are not necessarily convex. For example, the set
{(x1,x2)T | x; > 0 or x, > 0}, which encompasses three quarters of the two-dimensional

plane, is a cone.
The cone generated by {x1, x2, ..., x,,} is the set of all vectors x of the form

m
X = Zaixi, whereo; > Oforalli =1,2,...,m.

i=1

Note that all cones of this form are convex.

Finally, we define the affine hull and relative interior of a set. An affine setin R" is a
the set of all vectors {x} & S, where x € R" and S is a subspace of R". Given 7 C R”,
the affine hull of F (denoted by aff F) is the smallest affine set containing F. For instance,
when F is the “ice-cream cone” defined in three dimensions as

Q= {x € R’ |x; > 2,/x? +x§} (A.37)

(see Figure A.1), we have aff ¥ = R’. If F is the set of two isolated points F =
{(1,0,0)7, (0,2,0)7}, we have

aff 7 = {(1, 0, 07 +a(—1,2,0)7 | for all @ € R}.

Figure A.1 “Ice-cream cone” set.
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The relative interior ri F of the set F is its interior relative to aff F. If x € F, then
x € ri F if there is an € > 0 such that

(x+eB)nafft F C F.

Referring again to the ice-cream cone (A.37), we have that

X3 > 2,/x12+x22}.

For the set of two isolated points F = {(1, 0, 0)7, (0,2, 0)7}, we have ri F = @. For the set
F defined by

HF = {x eR?

FExeR|x €[0,1], x, € [0, 1], x5 =0},
we have that

aff F=RxRx {0}, rF={xeR|x €(0,1), x; €(0,1), x3 =0}

CONTINUITY AND LIMITS

Let f be a function that maps some domain D C R” to the space R™. For some point
Xxo € cID, we write

lim f(x) = fo (A.38)

X—Xo

(spoken “the limit of f(x) as x approaches x is fy”) if for all € > 0, there is a value § > 0
such that

lx —xoll <8 and x €D = [If(x) = foll <e.

We say that f is continuousat xq if xo € D and the expression (A.38) holds with fo = f(xo).
We say that f is continuous on its domain D if f is continuous for all xy € D.
An example is provided by the function

—x ifxe[-1,1],x #0,
fx)= (A.39)
5 for all other x € [—10, 10].

This function is defined on the domain [—10, 10] and is continuous at all points of the
domain except the points x = 0, x = 1,and x = —1. At x = 0, the expression (A.38) holds
with fy = 0, but the function is not continuous at this point because fy # f(0) = 5. At
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x = —1, the limit (A.38) is not defined, because the function values in the neighborhood of
this point are close to both 5 and —1, depending on whether x is slightly smaller or slightly
larger than —1. Hence, the function is certainly not continuous at this point. The same
comments apply to the point x = 1.

In the special case of n = 1 (that is, the argument of f is a real scalar), we can also
define the one-sided limit. Given xy € clD, We write

1i¢m Fx)=fo (A.40)

(spoken “the limit of f(x) as x approaches x, from above is f;”) if for all € > 0, there is a
value § > 0 such that

Xo<x<x0+9d6 and x €D = | f(x)— foll <e.

Similarly, we write
lim /() = fo (A41)
x1xo

(spoken “the limit of f(x) as x approaches xy from below is f;”) if for all € > 0, there is a
value § > 0 such that

xo—8<x<xygand x €D = | f(x)— foll <e.
For the function defined in (A.39), we have that
lxlfff(x) =5, lxl?llf(X) =1

Considering again the general case of f : D — R” where D C R” for general m and
n. The function f is said to be Lipschitz continuous on some set ' C D if there is a constant
L > 0 such that

I f(x1) — fxo)ll < Lllxi — xoll, forall xo, x; € N. (A.42)

(L is called the Lipschitz constant.) The function f is locally Lipschitz continuous at a point
X € intD if there is some neighborhood A of X with N C D such that the property (A.42)
holds for some L > 0.

If g and & are two functions mapping D C R”" to R™, Lipschitz continuous on a
set NV C D, their sum g + h is also Lipschitz continuous, with Lipschitz constant equal to
the sum of the Lipschitz constants for g and 4 individually. If g and 4 are two functions
mapping D C R” to R, the product gh is Lipschitz continuous on a set N' C D if both g
and h are Lipschitz continuous on A and both are bounded on N (that is, there is M > 0
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such that |g(x)| < M and |h(x)| < M for all x € N'). We prove this claim via a sequence
of elementary inequalities, for arbitrary xo, x; € N:

|g(x0)h(x0) — g(x1)h(x1)]

< 1g(xo)h(xo) — g(x1)h(xo)| + [g(x1)h(x0) — g(x1)h(x1)]

= |h(xo)| [g(x0) — g(x1)| + [g(x1)| [ (x0) — A (x1)]

< 2ML|xy — x|, (A.43)

where L is an upper bound on the Lipschitz constant for both g and 4.

DERIVATIVES

Let ¢ : R — R be a real-valued function of a real variable (sometimes known as a
univariate function). The first derivative ¢’(«) is defined by

9P _ () & fim 2O F ) 2@
da €

—0 €

(A.44)

The second derivative is obtained by substituting ¢ by ¢’ in this same formula; that is,

2 4 o
LD _ §(a) 4 fim 2T OO (A.45)
o e—>0 €

Suppose now that « in turn depends on another quantity 8 (we denote this dependence by
writing @ = «(f)). We can use the chain rule to calculate the derivative of ¢ with respect to

B:

dgp(a(p)) d¢pda ., |
T dadp @' (c)a'(B). (A.46)

Consider now the function f : R" — R, which is a real-valued function of n

independent variables. We typically gather the variables into a vector x = (x1, X3, ..., x,)7.
We say that f is differentiable at x if there exists a vector g € R”" such that

flx+y)— fx)—gly

lim =0, (A.47)
y=0 Iyl
where || - || is any vector norm of y. (This type of differentiability is known as Frechet

differentiability.) If g satisfying (A.47) exists, we call it the gradient of f at x, and denote it
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by V f(x), written componentwise as

o
3x1

Vfx) = : . (A.48)
af

0x,

Here, 0f/0x; represents the partial derivative of f with respect to x;. By setting y = €e¢; in
(A.47), where ¢; is the vector in R” consisting all all zeros, except for a 1 in position i, we

obtain
af
ax;
def 1. SOy, o Xis1, X €, X1y ey Xn) — (X1 ooy Xim 1, Xiy Xid 1y - vy Xn)
e—0 €
fx+ee) — fx)

€

A gradient with respect to only a subset of the unknowns can be expressed by means
of a subscript on the symbol V. Thus for the function of two vector variables f(z, 1), we use
V. f(z, t) to denote the gradient with respect to z (holding # constant).

The matrix of second partial derivatives of f is known as the Hessian, and is defined

as
3% f 0% f af ]
dx? 9x10x, X102,
82f 32f 82f
sz(x) — 8x28x1 3)(22 8x28xn
0% f 0% f % f
| Ox,0x1  Ox,0x; oxz |

We say that f is differentiable on a domain D if V f(x) exists for all x € D, and continuously
differentiableif V f (x) is a continuous functions of x. Similarly, f is twice differentiable on D
if V2 f (x) exists for all x € D and twice continuously differentiable if V f (x) is continuous
on D. Note that when f is twice continuously differentiable, the Hessian is a symmetric
matrix, since

*f 2 f

= , foralli,j=1,2,...,n.
8)6,'8)6/ ijax,-

When f is a vector valued function that is f : R* — R” (See Chapters 10 and 11),
we define V f (x) to be the n x m matrix whose ith column is V f; (x), that is, the gradient of
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fi with respect to x. Often, for notational convenience, we prefer to work with the transpose
of his matrix, which has dimensions m x n. This matrix is called the Jacobian and is often
denoted by J(x). Specifically, the (i, j) element of J(x) is df;(x)/dx;.

When the vector x in turn depends on another vector ¢ (that is, x = x(¢)), we can
extend the chain rule (A.46) for the univariate function. Defining

h(r) = f(x(1)), (A.49)

we have

Vh(t) = Z —Vx, (1) = Vx(£)V f(x(1)). (A.50)

(J ExamPLE A.1

Let f : R* — R be defined by f(x;, x;) = x? + x;x,, where x; = sint; + #7 and
X, = (t; + 1;)%. Defining h(¢) as in (A.49), the chain rule (A.50) yields

Vh(t)

cost 2(h + 1)
= (2x1 +x2) + X
|: 2t :| |: 2(t + 1) i|

Costy :| + (sinll +t22) |:

21,

@
Ix

Vx;(t)

2(t + 1)
2 +0) |

= (2(sinty + 1) + (1 + 1)) [
If, on the other hand, we substitute directly for x into the definition of f, we obtain

h(t) = f(x(1)) = (sint; + t22)2 + (sint; +25) (11 + 1)

The reader should verify that the gradient of this expression is identical to the one obtained
above by applying the chain rule. a

Special cases of the chain rule can be derived when x(¢) in (A.50) is a linear function
of t, say x(t) = Ct. We then have Vx(t) = C7, so that

Vh(t) = CTVf(Ct).
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In the case in which f is a scalar function, we can differentiate twice using the chain rule to
obtain

V2h(t) = CTV2f(Cr)C.

(The proof of this statement is left as an exercise.)

DIRECTIONAL DERIVATIVES

The directional derivative of a function f : R” — R in the direction p is given by

f(x+€P)—f(X).

D(f(x): p) < lim
€e— €

(A.51)

The directional derivative may be well defined even when f is not continuously differen-
tiable; in fact, it is most useful in such situations. Consider for instance the £; norm function
f(x) = |lx]|l;. We have from the definition (A.51) that

Ix +epli—lxlh lim Doy X Fepil = 200 |xil

D(x]l: p) = lim

€ e—>0 €
If x; > 0, we have |x; + ep;| = |x;] + ep; for all € sufficiently small. If x; < 0, we have
|x; + epi| = |xi| — €p;, while if x; = 0, we have |x; + €p;| = €| p;|. Therefore, we have
D(lxl:p)= Y —pi+ >, pit+ Y Ipil.
i|x; <0 ilx;>0 i|x;=0

so the directional derivative of this function exists for any x and p. The first derivative
V f(x) does not exist, however, whenever any of the components of x are zero.
When f is in fact continuously differentiable in a neighborhood of x, we have

D(f(x); p) =V f(x)p.

To verify this formula, we define the function

¢(a) = f(x +ap) = f(y(a)), (A.52)
where y(a) = x + ap. Note that

i fx+ep)— fx) . ¢(e) —¢(0)
im = lim ———

e—0 € e—0 €

= ¢/(0).
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By applying the chain rule (A.50) to f(y(«)), we obtain

"9
¢'(a) = Z %Vy;(a) (A.53)
i=1 !

"9
- Z wl’t =Vf(y@)' p=Vfx+ap)p.

i=1 t

We obtain (A.51) by setting @ = 0 and comparing the last two expressions.

MEAN VALUE THEOREM

We now recall the mean value theorem for univariate functions. Given a continuously
differentiable function ¢ : R — R and two real numbers oy and «; that satisfy a1 > g, we
have that

d(a1) = Pplag) + @' (&) (a1 — ) (A.54)

for some & € (o, @1). An extension of this result to a multivariate function f : R* — R is
that for any vector p we have

fx+p)=fx)+Vfx+ap)p, (A.55)

for some o € (0, 1). (This result can be proved by defining ¢ () = f(x +ap), g = 0, and
o1 = 1 and applying the chain rule, as above.)

(J EXAMPLE A.2

Consider f : R> — R defined by f(x) = x} + 3x1x3, and let x = (0, 0)" and
p = (1,2)T. It is easy to verify that f(x) = 0 and f(x + p) = 13. Since
3(x; + apy)? + 3(x, + ap,)? 150
VF(x+ap) = (x1 P1) (x2 P2) _ i
6(x; + apr)(x; +aps) 12«

we have that V f(x + ap)” p = 39a2. Hence the relation (A.55) holds when we set @ =
1/+/13, which lies in the open interval (0, 1), as claimed. a
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An alternative expression to (A.55) can be stated for twice differentiable functions:
We have

Fx4p) = fE)+ V0 p+ %pTVZf(x +ap)p, (A.56)

for some a € (0, 1). In fact, this expression is one form of Taylor’s theorem, Theorem 2.1 in
Chapter 2, to which we refer throughout the book.

The extension of (A.55) to a vector-valued function r : R* — R” form > 1is
not immediate. There is in general no scalar « such that the natural extension of (A.55) is
satisfied. However, the following result is often a useful analog. As in (10.3), we denote the
Jacobian of r(x), by J(x), where J(x) is the m x n matrix whose (j, i) entryis dr; /dx;, for
j=12,...,mandi = 1,2,...,n, and asssume that J(x) is defined and continuous on
the domain of interest. Given x and p, we then have

1
r(x+p)—rx) = / J(x +ap)pda. (A.57)
0

When p is sufficiently small in norm, we can approximate the right-hand side of this
expression adequately by J(x) p, that is,

r(x+p)—rx)~Jkx)p.

If J is Lipschitz continuous in the vicinity of x and x + p with Lipschitz constant L, we can
use (A.12) to estimate the error in this approximation as follows:

1
1G4+ p) = r(x) = J(x)pll = ”/ U (x +ap) — J(x)] pda
0

1
< f I (x +ap) = T I pll da
0

1
< f Lalpl?de = LIpIP.
0

IMPLICIT FUNCTION THEOREM

The implicit function theorem lies behind a number of important results in local
convergence theory of optimization algorithms and in the characterization of optimality
(see Chapter 12). Our statement of this resultis based on Lang [ 187, p. 131] and Bertsekas [19,
Proposition A.25].
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Theorem A.2 (Implicit Function Theorem).
Leth : R" x R" — R" be a function such that

(i) A(z*,0) = 0 for somez* € R,
(i) the function h(-, -) is continuously differentiable in some neighborhood of (z*, 0), and
(iii) V,h(z,t) is nonsingular at the point (z,t) = (z*, 0).

Then there exist open sets N; C R" and N; C R™ containing z* and 0, respectively, and a
continuous function z : Ny — N such that z* = z(0) and h(z(t),t) = 0 for allt € N,.
Further, z(t) is uniquely defined. Finally, if h is p times continuously differentiable with respect
to both its arguments for some p > 0, then z(t) is also p times continuously differentiable with
respect to t, and we have

Vz(t) = =Vih(z(1), [V h(z(2), )]

forallt € N,.

This theorem is frequently applied to parametrized systems of linear equations, in
which z is obtained as the solution of

M(t)z = g(1),
where M (-) € R has M (0) nonsingular, and g(-) € R". To apply the theorem, we define
h(z, 1) = M(t)z — g(¢).

If M(-) and g(-) are continuously differentiable in some neighborhood of 0, the theorem
implies that z(t) = M (¢)"'g(¢) is a continuous function of # in some neighborhood of 0.

ORDER NOTATION

In much of our analysis we are concerned with how the members of a sequence behave
eventually, that is, when we get far enough along in the sequence. For instance, we might
ask whether the elements of the sequence are bounded, or whether they are similar in size
to the elements of a corresponding sequence, or whether they are decreasing and, if so,
how rapidly. Order notation is useful shorthand to use when questions like these are being
examined. It saves us defining many constants that clutter up the argument and the analysis.

We will use three varieties of order notation: O(-), o(-), and Q(-). Given two
nonnegative infinite sequences of scalars {n;} and {v;}, we write

e = O0(v)
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if there is a positive constant C such that

el < Clvxl
for all k sufficiently large. We write

M = o(ve)

if the sequence of ratios {1, /v;} approaches zero, that is,

lim — =0

k—00 Vg
Finally, we write

e = ()

if there are two constants Cy and C; with 0 < Cy < C; < 00 such that
Colve| < Il = Crlwel,

that is, the corresponding elements of both sequences stay in the same ballpark for all k.
This definition is equivalent to saying that n, = O(vg) and vy = O ().

The same notation is often used in the context of quantities that depend continuously
on each other as well. For instance, if (-) is a function that maps R to R, we write

n(v) =0®)

if there is a constant C such that |n(v)| < C|v| for all v € R. (Typically, we are interested
only in values of v that are either very large or very close to zero; this should be clear from
the context. Similarly, we use

n(v) =o(v) (A.58)
to indicate that the ratio n(v)/v approaches zero either as v — 0 or v — 0. (Again, the
precise meaning should be clear from the context.)

As a slight variant on the definitions above, we write
n = 0(1)

to indicate that there is a constant C such that |n;| < C for all k, while

nk = o(1)
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indicates that limy_, o, 7 = 0. We sometimes use vector and matrix quantities as arguments,
and in these cases the definitions above are intended to apply to the norms of these quantities.
For instance, if f : R" — R”, we write f(x) = O(]|x|) if there is a constant C > 0 such
that || f(x)|| < C||x|| for all x in the domain of f. Typically, as above, we are interested only
in some subdomain of f, usually a small neighborhood of 0. As before, the precise meaning
should be clear from the context.

ROOT-FINDING FOR SCALAR EQUATIONS

In Chapter 11 we discussed methods for finding solutions of nonlinear systems of
equations F(x) = 0, where F : R" — R". Here we discuss briefly the case of scalar
equations (n = 1), for which the algorithm is easy to illustrate. Scalar root-finding is needed
in the trust-region algorithms of Chapter 4, for instance. Of course, the general theorems of
Chapter 11 can be applied to derive rigorous convergence results for this special case.

The basic step of Newton’s method (Algorithm Newton of Chapter 11) in the scalar
case is simply

Pk =—F)/F'(x), X1 < X+ pe (A.59)

(cf. (11.6)). Graphically, such a step involves taking the tangent to the graph of F' at the
point x; and taking the next iterate to be the intersection of this tangent with the x axis
(see Figure A.2). Clearly, if the function F is nearly linear, the tangent will be quite a good
approximation to F itself, so the Newton iterate will be quite close to the true root of F'.

tangent

F(x)

Figure A.2 One step of Newton’s method for a scalar equation.
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secant

Figure A.3 One step of the secant method for a scalar equation.

The secant method for scalar equations can be viewed as the specialization of Broyden’s
method to the case of n = 1. The issues are simpler in this case, however, since the secant
equation (11.27) completely determines the value of the 1 x 1 approximate Hessian By.
That is, we do not need to apply extra conditions to ensure that By is fully determined. By
combining (11.24) with (11.27), we find that the secant method for the case of n = 1 is
defined by

By = (F(x) — F(xp—1))/(xx — xk-1), (A.60a)
Pk = —F(xi)/ By, Xi41 = Xk + P (A.60b)

By illustrating this algorithm, we see the origin of the term “secant.” By approximates the
slope of the function at x; by taking the secant through the points (x;_;, F(x;—1) and
(xx, F(xy)), and xx4; is obtained by finding the intersection of this secant with the x axis.
The method is illustrated in Figure A.3.



APPENDIX

A Regularization
Procedure

The following algorithm chooses parameters §, y that guarantee that the regularized primal-
dual matrix (19.25) is nonsingular and satisfies the inertia condition (19.24). The algorithm
assumes that, at the beginning of the interior-point iteration, §,;; has been initialized to
zero.

Algorithm B.1 (Inertia Correction and Regularization).
Given the current barrier parameter u, constants n > 0 and 8 < 1, and the
perturbation 8,4 used in the previous interior-point iteration.
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Factor (19.25) with§d =y = 0.

if (19.25) is nonsingular and its inertia is (n 4+ m, [ 4+ m, 0)
compute the primal-dual step; stop;

if (19.25) has zero eigenvalues
sety < 107 8pub;

if 8,0 =0
set§ < 1074

else
set§ < 8o1a/2;
repeat
Factor the modified matrix (19.25);
if the inertiais (n +m, [ + m, 0)
Set 8,10 < 6
Compute the primal-dual step (19.12) using the coefficient
matrix (19.25); stop;
else
Set § < 106;
end (repeat)

This algorithm has been adapted from a more elaborate procedure described by
Waichter and Biegler [301]. All constants used in the algorithm are arbitrary; we have pro-
vided typical choices. The algorithm aims to avoid unnecessarily large modifications §1 of
V2 L while trying to minimize the number of matrix factorizations. Excessive modifications
degrade the performance of the algorithm because they erase the second derivative informa-
tion contained in VZ £, and cause the step to take on steepest-descent like characteristics.
The first trial value (8§ = 8,,4/2) is based on the previous modification §,;; because the
minimum perturbation § required to achieve the desired inertia will often not vary much
from one interior-point iteration to the next.

The heuristics implemented in Algorithm B.1 provide an alternative to those employed
in Algorithm 7.3, which were presented in the context of unconstrained optimization. We
emphasize, however, that all of these are indeed heuristics and may not always provide
adequate safeguards.
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derivation of, 315-329
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fundamental principle of, 325-326
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Fixed-regressor model, 248
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convergence of, 125
numerical performance, 131
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Function
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differentiable, 626
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Functions
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Fundamental theorem of algebra, 603
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connection to linear least squares, 255
line search in, 254
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stability of, 617
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Implicit filtering, 240242
Implicit function theorem, 324,
630-631
Inexact Newton method, see Newton’s
method, inexact
Infeasibility measure, 437
Inner product, 599
Integer programming, 5, 416
branch-and-bound algorithm, 6
Integral equations, 302
Interior-point methods, see Primal-dual
interior-point methods
nonlinear, see Nonlinear interior-point
method
Interlacing eigenvalue theorem, 613
Interpolation conditions, 223
Invariant subspace, see Partially separable
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Lagrange multipliers, 310, 330, 333, 337,
339, 341-343, 353, 358, 360, 419,
422
estimates of, 503, 514, 515, 518, 521,
522,584
Lagrangian function, 90, 310, 313, 320,
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for linear program, 358, 360
Hessian of, 330, 332, 333, 335, 337, 358
LANCELOT, 520, 525, 592
Lanczos method, 77, 166, 175-176
LAPACK, 607
Least-squares multipliers, 581
Least-squares problems, linear, 250-254
normal equations, 250-251, 255, 259,
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sensitivity of solutions, 252
solution via QR factorization, 251-252
solution via SVD, 252-253
Least-squares problems, nonlinear, 12, 210
applications of, 246248
Dennis—-Gay—Welsch algorithm,
263-265
Fletcher—Xu algorithm, 263
large-residual problems, 262-265
large-scale problems, 257
scaling of, 260-261
software for, 263, 268
statistical justification of, 249-250
structure, 247, 254
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Levenberg—Marquardt method, 258-262,
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Levenberg—Marquardt (cont.)
local convergence of, 262
performance on large-residual
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620
Limited-memory method, 25, 176-185,
190
compact representation, 181-184
for interior-point method, 575, 597
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memoryless BFGS method, 180
performance of, 179
relation to CG, 180
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Line search, see also Step length selection
Armijo, 33, 48, 240
backtracking, 37
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Goldstein, 36
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Newton’s method with, 22-23
quasi-Newton methods with, 23-25
search directions, 20-25
strong Wolfe conditions, see Wolfe
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Line search method, 19-20, 30—48, 66, 67,
71, 230-231, 247
for nonlinear equations, 271, 285,
287-290
global convergence of, 287-288
poor performance of, 288-289
Linear programming, 4, 6, 7, 9, 293
artificial variables, 362, 378-380
basic feasible points, 362-366
basis B, 362-368, 378
basis matrix, 363
dual problem, 359-362
feasible polytope, 356
vertices of, 365-366
fundamental theorem of, 363—364
infeasible, 356, 357

nonbasic matrix, 367
primal solution set, 356
slack and surplus variables, 356, 357,
362, 379, 380
splitting variables, 357
standard form, 356357
unbounded, 356, 357, 369
warm start, 410, 416
Linearly constrained Lagrangian methods,
522-523, 527
MINOS, 523, 527
Linearly dependent, 337
Linearly independent, 339, 503, 504, 517,
519, 602
Lipschitz continuity, see also Function,
Lipschitz continuous, 80, 93, 256,
257,261, 269, 276278, 287, 294
Local minimizer, 12, 14, 273
isolated, 13, 28
strict, 13, 14, 16, 28, 517
weak, 12
Local solution, see also Local minimizer, 6,
305-306, 316, 325, 329, 332, 340,
342,352,513
isolated, 306
strict, 306, 333, 335, 336
strong, 306
Log-barrier function, 417, 597
definition, 583-584
difficulty of minimizing, 584-585
example, 586
ill conditioned Hessian of, 586
Log-barrier method, 498, 584
LOQO, 490, 592
LSQR method, 254, 268, 459, 492, 571
LU factorization, 606—608

Maratos effect, 440-446, 543, 550
example of, 440, 543
remedies, 442

Matlab, 416

Matrix
condition number, 251, 601-602, 604,

610, 616

determinant, 154, 605-606
diagonal, 252, 412, 429, 599
full-rank, 298, 300, 504, 609
identity, 599



indefinite, 76
inertia, 55, 454
lower triangular, 599, 606, 607
modification, 574
nonsingular, 325, 337, 601, 612
null space, 298, 324, 337, 430, 432, 603,
608, 609
orthogonal, 251, 252, 337, 432, 599, 604,
609
permutation, 251, 429, 606
positive definite, 15, 16, 23, 28, 68, 76,
337,599, 603, 609
positive semidefinite, 8, 15, 70, 415, 599
projection, 462
range space, 430, 603
rank-deficient, 253
rank-one, 24
rank-two, 24
singular, 337
sparse, 411, 413, 607
Cholesky factorization, 413
symmetric, 24, 68, 412, 599, 603
symmetric indefinite, 413
symmetric positive definite, 608
trace, 154, 605
transpose, 599
upper triangular, 251, 337, 599, 606,
607, 609
Maximum likelihood estimate, 249
Mean value theorem, 629-630
Merit function, see also Penalty function,
435-437, 446
0,293, 435-436, 513, 540-543, 550
choice of parameter, 543
exact, 435—-436
definition of, 435
nonsmoothness of, 513
Fletcher’s augmented Lagrangian, 436,
540
for feasible methods, 435
for nonlinear equations, 273, 285-287,
289, 290, 293, 296, 301-303, 505
for SQP, 540-543
Merit functions, 424, 575
Method of multipliers, see Augmented
Lagrangian method

INDEX

MINOS, see also Linearly constrained
Lagrangian methods, 523, 525, 592

Model-based methods for derivative-free
optimization, 223-229

minimum Frobenius change, 228

Modeling, 2, 9, 11, 247-249

Monomial basis, 227

MOSEK, 490

Multiobjective optimization, 437

Negative curvature direction, 49, 50, 63,
76, 169-172, 175, 489, 491
Neighborhood, 13, 14, 28, 256, 621
Network optimization, 358
Newton’s method, 25, 247, 254, 257, 263
for log-barrier function, 585
for nonlinear equations, 271, 274-277,
281, 283, 285, 287-290, 294, 296,
299, 302
cycling, 285
inexact, 277-279, 288
for quadratic penalty function, 501, 506
global convergence, 40
Hessian-free, 165, 170
in one variable, 84-87, 91, 633
inexact, 165-168, 171, 213
forcing sequence, 166-169, 171, 277
large scale
LANCELOT, 175
line search method, 49
TRON, 175
modified, 48—49
adding a multiple of I, 51
eigenvalue modification, 49-51
Newton—CG, 202
line search, 168—-170
preconditioned, 174-175
trust-region, 170-175
Newton—Lanczos, 175-176, 190
rate of convergence, 44, 76, 92, 166—168,
275-277, 281-282, 620
scale invariance, 27
Noise in function evaluation, 221-222
Nondifferentiable optimization, 511
Nonlinear equations, 197, 210, 213, 633
degenerate solution, 274, 275, 283, 302
examples of, 271-272, 288-289,
300-301
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Nonlinear (cont.)
merit function, see Merit function, for
nonlinear equations
multiple solutions, 273-274
nondegenerate solution, 274
quasi-Newton methods, see Broyden’s
method
relationship to least squares, 271-272,
275, 292-293, 302
relationship to optimization, 271
relationship to primal-dual
interior-point methods, 395
solution, 271
statement of problem, 270-271
Nonlinear interior-point method, 423,
563-593
barrier formulation, 565
feasible version, 576
global convergence, 589
homotopy formulation, 565
superlinear convergence, 591
trust-region approach, 578
Nonlinear least-squares, see Least-squares
problems, nonlinear
Nonlinear programming, see Constrained
optimization, nonlinear
Nonmonotone strategy, 18, 444—446
relaxed steps, 444
Nonnegative orthant, 97
Nonsmooth functions, 6, 17-18, 306, 307,
352
Nonsmooth penalty function, see Penalty
function, nonsmooth
Norm
dual, 601
Euclidean, 25, 51, 251, 280, 302, 600,
601, 605, 610
Frobenius, 50, 138, 140, 601
matrix, 601-602
vector, 600—601
Normal cone, 340-341
Normal distribution, 249
Normal subproblem, 580
Null space, see Matrix, null space
Numerical analysis, 355

Objective function, 2, 10, 304
One-dimensional minimization, 19, 56

OOPS, 490
OO0QP, 490
Optimality conditions, see also First-order
optimality conditions, Second-
order optimality conditions, 2, 9,
305
for unconstrained local minimizer,
14-17
Order notation, 631-633
Orthogonal distance regression, 265-267
contrast with least squares, 265-266
structure, 266—267
Orthogonal transformations, 251, 259-260
Givens, 259, 609
Householder, 259, 609

Partially separable function, 25, 186-189,
211
automatic detection, 211
definition, 211
Partially separable optimization, 165
BFGS, 189
compactifying matrix, 188
element variables, 187
quasi-Newton method, 188
SR1, 189
Penalty function, see also Merit function,
498
£,,507-513
exact, 422—423, 507-513
nonsmooth, 497, 507-513
quadratic, see also Quadratic penalty
method, 422, 498-507, 525-527,
586
difficulty of minimizing, 501-502
Hessian of, 505-506
relationship to augmented
Lagrangian, 514
unbounded, 500
Penalty parameter, 435, 436, 498, 500, 501,
507, 514, 521, 525
update, 511, 512
PENNON, 526
Pivoting, 251, 617
Polak—Ribiére method, 122
convergence of, 130
Polak—Ribiére method
numerical performance, 131



Polynomial bases, 226
monomials, 227
Portfolio optimization, see Applications,
portfolio optimization
Preconditioners, 118-120
banded, 120
constraint, 463
for constrained problems, 462
for primal-dual system, 571
for reduced system, 460
incomplete Cholesky, 120
SSOR, 120
Preprocessing, see Presolving
Presolving, 385388
Primal interior-point method, 570
Primal-dual interior-point methods, 389,
597
centering parameter, 396, 398, 401, 413
complexity of, 393, 406, 415
contrasts with simplex method, 356,
393
convex quadratic programs, 415
corrector step, 414
duality measure, 395, 398
infeasibility detection, 411
linear algebra issues, 411-413
Mehrotra’s predictor-corrector
algorithm, 393, 407411
path-following algorithms, 399-414
long-step, 399-406
predictor-corrector (Mizuno—
Todd-Ye) algorithm,
413
short-step, 413
potential function, 414
Tanabe—Todd-Ye, 414
potential-reduction algorithms, 414
predictor step, 413
quadratic programming, 480-485
relationship to Newton’s method, 394,
395
starting point, 410—411
Primal-dual system, 567
Probability density function, 249
Projected conjugate gradient method,
see Conjugate gradient method,
projected

INDEX

Projected Hessian, 558
two-sided, 559
Proximal point method, 523

QMR method, 459, 492, 571
QPA, 490
QPOPT, 490
QR factorization, 251, 259, 290, 292, 298,
337,432,433, 609-610
cost of, 609
relationship to Cholesky factorization,
610
Quadratic penalty method, see also Penalty
function, quadratic, 497, 501-502,
514
convergence of, 502—-507
Quadratic programming, 422, 448-492
active-set methods, 467—480
big M method, 473
blocking constraint, 469
convex, 449
cycling, 477
duality, 349, 490
indefinite, 449, 467, 491-492
inertia controlling methods, 491, 492
initial working set, 476
interior-point method, 480-485
nonconvex, see Quadratic programming,
indefinite
null-space method, 457-459
optimal active set, 467
optimality conditions, 464
phase [, 473
Schur-complement method, 455-456
software, 490
strictly convex, 349, 449, 472,
477-478
termination, 477-478
updating factorizations, 478
working set, 468—478
Quasi-Newton approximate Hessian, 23,
24,73,242, 634
Quasi-Newton method, 25, 165, 247, 263,
501, 585
BFGS, see BEGS method, 263
bounded deterioration, 161
Broyden class, 149-152
curvature condition, 137
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Quasi-Newton (cont.)

DEFP, see DFP method, 190, 264

for interior-point method, 575

for nonlinear equations, see Broyden’s
method

for partially separable functions, 25

global convergence, 40

large-scale, 165-189

limited memory, see Limited memory
method

rate of convergence, 46, 620

secant equation, 24, 137, 139, 263-264,
280, 634

sparse, see Sparse quasi-Newton method

Range space, see Matrix, range space
Regularization, 574
Residuals, 11, 245, 262-265, 269
preconditioned, 462
vector of, 18, 197, 246
Restoration phase, 439
Robust optimization, 7
Root, see Nonlinear equations, solution
Rootfinding algorithm, see also Newton’s
method, in one variable, 259, 260,
633
for trust-region subproblem, 84—87
Rosenbrock function
extended, 191
Roundoff error, see Floating-point
arithmetic, roundoff error
Row echelon form, 430

S¢;QP method, 293, 549
Saddle point, 28, 92
Scale invariance, 27, 138, 141
of Newton’s method, see Newton’s
method, scale invariance
Scaling, 26-27, 95-97, 342-343, 585
example of poor scaling, 26-27
matrix, 96
Schur complement, 456, 611
Secant method, see also Quasi-Newton
method, 280, 633, 634
Second-order correction, 442—444, 550
Second-order optimality conditions,
330-337, 342, 602
for unconstrained optimization, 15-16

necessary, 92, 331
sufficient, 333-336, 517, 557
Semidefinite programming, 415
Sensitivity, 252, 616
Sensitivity analysis, 2, 194, 341-343, 350,
361
Separable function, 186
Separating hyperplane, 327
Sequential linear-quadratic programming
(SLQP), 293, 423, 534
Sequential quadratic programming, 423,
512, 523, 529-560
Byrd—Omojokun method, 547
derivation, 530-533
full quasi-Newton Hessian, 536
identification of optimal active set, 533
IQP vs. EQP, 533
KKT system, 275
least-squares multipliers, 539
line search algorithm, 545
local algorithm, 532
Newton—KKT system, 531
null-space, 538
QP multipliers, 538
rate of convergence, 557-560
reduced-Hessian approximation,
538-540
relaxation constraints, 547
S¢,QP method, see S¢; QP method
step computation, 545
trust-region method, 546-549
warm start, 545
Set
affine, 622
affine hull of, 622
bounded, 620
closed, 620
closure of, 621
compact, 621
interior of, 621
open, 620
relative interior of, 622, 623
Sherman—-Morrison—Woodbury formula,
139, 140, 144, 162, 283, 377,
612-613
Simplex method
as active-set method, 388



basis B, 365
complexity of, 388-389
cycling, 381-382
lexicographic strategy, 382
perturbation strategy, 381-382
degenerate steps, 372, 381
description of single iteration, 366—372
discovery of, 355
dual simplex, 366, 382-385
entering index, 368, 370, 372, 375-378
finite termination of, 368—370
initialization, 378-380
leaving index, 368, 370
linear algebra issues, 372-375
Phase I/Phase II, 378-380
pivoting, 368
pricing, 368, 370, 375-376
multiple, 376
partial, 376
reduced costs, 368
revised, 366
steepest-edge rule, 376-378
Simulated annealing, 221
Singular values, 255, 604
Singular-value decomposition (SVD), 252,
269, 303, 603-604
Slack variables, see also Linear
programming, slack/surplus
variables, 424, 519
SNOPT, 536, 592
Software
BQPD, 490
CPLEX, 490
for quadratic programming, 490
IPOPT, 183, 592
KNITRO, 183, 490, 525, 592
L-BFGS-B, 183
LANCELQOT, 520, 525, 592
LOQO, 490, 592
MINOS, 523, 525, 592
MOSEK, 490
OOPS, 490
OO0QP, 490
PENNON, 526
QPA, 490
QPOPT, 490
SNOPT, 592

INDEX

TRON, 175
VE09, 490
XPRESS-MP, 490
Sparse quasi-Newton method, 185-186,
190
SR1 method, 24, 144, 161
algorithm, 146
for constrained problems, 538, 540
limited-memory version, 177, 181, 183
properties, 147
safeguarding, 145
skipping, 145, 160
Stability, 616-617
Starting point, 18
Stationary point, 15, 28, 289, 436, 505
Steepest descent direction, 20, 21, 71, 74
Steepest descent method, 21, 25-27, 31,
73, 95, 585
rate of convergence, 42, 44, 620
Step length, 19, 30
unit, 23, 29
Step length selection, see also Line search,
56-62
bracketing phase, 57
cubic interpolation, 59
for Wolfe conditions, 60
initial step length, 59
interpolation in, 57
selection phase, 57
Stochastic optimization, 7
Stochastic simulation, 221
Strict complementarity, see
Complementarity condition, strict
Subgradient, 17
Subspace, 602
basis, 430, 603
orthonormal, 432
dimension, 603
spanning set, 603
Sufficient reduction, 71, 73, 79
Sum of absolute values, 249
Sum of squares, see Least-squares
problems, nonlinear
Symbolic differentiation, 194
Symmetric indefinite factorization, 455,
570, 610-612
Bunch-Kaufman, 612
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Symmetric (cont.)
Bunch—Parlett, 611
modified, 54-56, 63
sparse, 612
Symmetric rank-one update, see SR1
method

Tangent, 315-325
Tangent cone, 319, 340-341
Taylor series, 15, 22, 28, 29, 67, 274, 309,
330, 332, 334, 502
Taylor’s theorem, 15, 21-23, 80, 123, 138,
167, 193-195, 197, 198, 202, 274,
280, 294, 323, 325, 332, 334, 341,
630
statement of, 14
Tensor methods, 274
derivation, 283-284
Termination criterion, 92
Triangular substitution, 433, 606, 609, 617
Truncated Newton method, see Newton’s
method, Newton-CG, line-search
Trust region
boundary, 69, 75, 95, 171-173
box-shaped, 19, 293
choice of size for, 67, 81
elliptical, 19, 67, 95, 96, 100
radius, 20, 26, 68, 69, 73, 258, 294
spherical, 95, 258
Trust-region method, 19-20, 69, 77, 79,
80, 82, 87, 91, 247, 258, 633
contrast with line search method, 20,
66—67
dogleg method, 71, 73-77, 79, 84, 91,
95,99, 173, 291-293, 548
double-dogleg method, 99
for derivative-free optimization, 225
for nonlinear equations, 271, 273, 285,
290-296
global convergence of, 292-293
local convergence of, 293-296
global convergence, 71, 73, 76-92, 172

local convergence, 92-95
Newton variant, 26, 68, 92
software, 98
Steihaug’s approach, 77, 170-173,
489
strategy for adjusting radius, 69
subproblem, 19, 25-26, 68, 69, 72, 73,
76,77,91,95-97, 258
approximate solution of, 68, 71
exact solution of, 71, 77, 79, 83-92
hard case, 87-88
nearly exact solution of, 95, 292-293
two-dimensional subspace
minimization, 71, 7677, 79, 84,
95,98, 100

Unconstrained optimization, 6, 352, 427,
432,499, 501
of barrier function, 584
Unit ball, 91
Unit roundoff, see Floating-point
arithmetic, unit roundoff

Variable metric method, see Quasi-Newton
method

Variable storage method, see Limited
memory method

VE09, 490

Watchdog technique, 444—446
Weakly active constraints, 342
Wolfe conditions, 33-36, 48, 78, 131, 137,
138, 140-143, 146, 160, 179, 255,
287, 290
scale invariance of, 36
strong, 34, 35, 122, 125, 126, 128, 131,
138, 142, 162, 179

XPRESS-MP, 490

Zoutendijk condition, 38—-41, 128, 156,
287





