
In the preceding chapter we described the theory and instru-
mentation for measuring fluorescence intensity decays
using time-domain measurements. In the present chapter
we continue this discussion, but describe frequency-domain
fluorometry. In this method the sample is excited with light
that is intensity modulated at a high frequency comparable
to the reciprocal of the lifetime. When this is done, the
emission is intensity modulated at the same frequency.
However, the emission does not precisely follow the excita-
tion, but rather shows time delays and amplitude changes
that are determined by the intensity decay law of the sam-
ple. The time delay is measured as a phase angle shift
between the excitation and emission, as was shown in Fig-
ure 4.2. The peak-to-peak height of the modulated emission
is decreased relative to the modulated excitation, and pro-
vides another independent measure of the lifetime.

Time-resolved measurements, whether performed in
the time domain or in the frequency domain, provides infor-
mation about intensity decay of the sample. Samples with
multiple fluorophores typically display multi-exponential
decays. Even samples with a single fluorophore can display
complex intensity decays due to conformational hetero-
geneity, resonance energy transfer, and transient effects in
diffusive quenching or fluorophore–solvent interactions, to
name just the most common origins. The goal of the time-
resolved measurement is to determine the form of the inten-
sity decay law, and to interpret the decay in terms of molec-
ular features of the sample.

Intensity decays can be single-exponential, multi-expo-
nential, or non-exponential. Irrespective of the complexity
of the decay, one can always define a mean or apparent
decay time. For a single exponential decay in the time
domain the actual lifetime is given by this the time when the
intensity decays to 1/e of its initial value. For a multi-expo-
nential decay, the 1/e time is typically not equal to any of
the decay times. In the frequency domain an apparent life-
time (τφ) determined from the phase angle (φω) or the appar-

ent lifetime (τm) determined from the modulation (mω, eqs.
4.5 and 4.6). The apparent lifetimes are characteristic of the
sample, but do not provide a complete description of the
complex intensity decay. The values of τφ and τm need not
be equal, and each value represents a different weighted
average of the decay times displayed by the sample. In gen-
eral, the apparent lifetime depends on the method of meas-
urement. The earlier literature on time-resolved fluores-
cence often describes apparent lifetimes. At present, there
are relatively few reports of only the mean decay times.
This is because the mean lifetimes represent complex
weighted averages of the multi-exponential decay. Quanti-
tative interpretation of mean decay times is usually difficult
and the results are often ambiguous.

Prior to 1983, frequency-domain fluorometry allowed
determination of mean lifetime, but was not able to resolve
complex intensity decays. This limitation was the result of
phase-modulation fluorometers, which only operated at
one, two, or three fixed light modulation frequencies. The
resolution of a complex decay requires measurements at a
number of modulation frequencies that span the frequency
response of the sample. While several variable-frequency
instruments were described prior to 1983, these were not
generally useful and were limited by systematic errors. The
first generally useful variable frequency instrument was
described in the mid 1980s.1–2 These instruments allowed
phase and modulation measurements from 1 to 200 MHz.
These designs are the basis of currently available instru-
ments. Frequency-domain fluorometry is now in wide-
spread use,3–9 and instruments are commercially available.
Frequency-domain fluorometers are now routinely used to
study multi-exponential intensity decays, and non-exponen-
tial decays resulting from resonance energy transfer, time-
dependent solvent relaxation, and collisional quenching.

In this chapter we describe the instrumentation for FD
measurements and the theory used to interpret the experi-
mental data. We will describe examples that illustrate the
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applications of the FD method for the resolution of complex
decay kinetics. We describe the present state-of-the-art
instrumentation, which allows FD data to be obtained to 10
GHz, depending upon the photodetector and associated
electronics. We will describe the newer simple FD instru-
mentation based on laser diodes (LD) or light-emitting
diodes (LED) as the excitation source.

The objective of both the time- and frequency-domain
measurements is to recover the parameters describing the
time-dependent decay. Assume that the sample is excited
with a δ-function pulse of light. The resulting time-depend-
ent emission is called the impulse response function, which
is often represented by the multi-exponential model:

(5.1)

In this expression the values of αi are the pre-exponential
factors and the τi values the decay times.

If the emission decays with a single decay time (Figure
5.1), it is rather easy to measure the decay time with good
accuracy. If the single decay time is long relative to the
excitation pulse, then log I(t) decays linearly versus time,
and the decay time is easily obtained from the slope. The
more difficult task is recovery of multiple decay times,
which is illustrated for two widely spaced decay times in
Figure 5.1 (5 and 20 ns). In this case, log I(t) does not decay
linearly with time. Unfortunately, decay times of the emis-
sion from macromolecules are often more closely spaced
than the fivefold difference shown in Figure 5.1, and reso-
lution of the decay times becomes increasingly difficult as

the decay times become more closely spaced. If the decay
times are spaced by 20% (e.g., 5 and 6 ns or 10 and 12 ns),
it is difficult to visually distinguish a single-exponential
decay from a double-exponential decay. In fact, such close-
ly spaced decay times cannot usually be resolved using TD
or FD measurements. It is generally difficult to resolve
sums of exponentials because the parameters describing the
decay are highly correlated. Hence, one requires a high sig-
nal-to-noise ratio, or equivalently a large number of pho-
tons, to recover the multiple decay times with reasonable
confidence.

It is valuable to understand how a multi-exponential
decay is related to the steady-state intensity of the same
sample. The fraction of the intensity observed in the usual
steady-state measurement due to each component in the
multi-exponential decay is

(5.2)

The contribution of any decay component to the steady-
state intensity is proportional to the ατ product for this
component. This can be understood by visualizing the area
under an intensity decay, which is proportional to the ατ
product (Figure 5.1).

Intensity decays are routinely analyzed in terms of the
multi-exponential model. However this does not mean that
the values of αi and τi have any physical meaning. The
multi-exponential model is very powerful and able to
account for almost any decay law. Depending upon the
sample, the values of αi and τi may have direct or indirect
molecular significance. For a mixture of two fluorophores,
each of which displays a single decay time, τi are the decay
times of the two fluorophores, and fi are the fractional con-
tributions of each fluorophore to the total emission. In many
circumstances there is no obvious linkage between the αi

and τi values and the molecular features of the sample. For
instance, non-exponential decays occur due to transient
effects in quenching, or due to distributions of donor–
acceptor distances. These intensity decays can usually be
satisfactorily fit by the multi-exponential model, for such
decays it is difficult to relate the values of αi and τi to the
molecular parameters of the sample.

5.1. THEORY OF FREQUENCY-DOMAIN 
FLUOROMETRY

In frequency-domain fluorometry the excitation source and
measurements are rather different than for time-domain

fi �
αiτi

∑j αjτj

I(t) � ∑
i

 αi e� t/τi
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Figure 5.1. Impulse response function for decay times of 5 and 20 ns,
and for a multi-exponential decay with the same decay times.



measurements. In time-domain measurements the excita-
tion source is a pulsed light source. In frequency-domain
measurements the excitation is an intensity-modulated light
source.3 Because of the time lag between absorption and
emission, the emission is delayed in time relative to the
modulated excitation (Figure 5.2). The delay is measured as
a phase shift φω between the excitation and emission, where
ω is the modulation frequency in radians/s. The finite time
response of the sample also results in demodulation of the
emission by a factor mω. The finite lifetime of the excited

state prevents the emission from precisely following the
excitation. This results in a decrease in the peak-to-peak
amplitude of the modulated emission, which is measured
relative to the modulated excitation (Figure 5.2).

The phase shift and modulation of the emission depend
on the relative values of the lifetime and the light modula-
tion frequency. This is shown in Figure 5.3 for a decay time
of 5 ns and modulation frequencies of 2.5, 25, and 250
MHz. As the light modulation frequency increases, the
phase shift of the emission increases and the modulation of
the emission decreases. The dependence of the phase angle
φ and modulation m on the light modulation frequency is
used to recover the intensity decay of the sample.

The origin of the phase shift and demodulation can be
understood by considering the time-dependent excitation
intensity and the time of intensity decay of the fluorophore.
Figure 5.4 shows a 10-ns intensity decay superimposed on
the modulated excitation. Consider the fluorophores that
are excited when the intensity is at its maximum (t = 0). If
the modulation frequency is 2.5 MHz, a full cycle is 400 ns
long. On this timescale the intensity decay is barely visible.
For this reason the emission closely follows the excitation
with a minimal phase shift and nearly complete modulation.
Now consider modulation at 250 MHz, where a cycle is 4
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Figure 5.2. Definitions of the phase angle and modulation of emis-
sion. The assumed decay time is 5 ns and the light modulation fre-
quency is 80 MHz.

Figure 5.3. Emission of a 5-ns decay time fluorophore in response to
sinusoidally modulated excitation at 2.5, 25, and 250 MHz.

Figure 5.4. Comparison of a 5-ns intensity decay with light modula-
tion frequencies of 2.5, 25, and 250 MHz. The time axis of the inserts
are the same as for the modulated intensity.



ns long. In this case the molecules excited at the peak of the
intensity continue to emit during the entire modulation
cycle. This results in an averaging of the decay across the
peaks and valleys of the excitation. This averaging results in
the phase shift and decrease in modulation of the emission.
At an intermediate modulation frequency of 25 MHz some
averaging occurs, but to a lesser extent than at 250 MHz.

In FD measurements the phase angle and modulation
are measured over a wide range of frequencies. These data
are called the frequency response of the sample. The char-
acteristic features of the frequency response of a sample are
illustrated in Figure 5.5 (top) for a single exponential decay.
As the light modulation frequency is increased the phase
angle increases from 0 to 90E. At first glance the 90E phase
angle limit is counterintuitive. For a time delay of the type
available from an optical delay line, the phase shift can
exceed 90E and reach any arbitrary value. For a single expo-
nential or multi-exponential decay, the maximum phase
angle is 90E. Hence the phase angle displayed by any sam-
ple is some fraction of 90E, independent of the modulation
frequency. Only under special circumstances can the phase
angle exceed 90E (Chapter 17).

The modulation of the emission also depends on the
modulation frequency of the incident light. As the frequen-
cy increases the modulation decreases from 1.0 to 0. The

modulation of the emission is zero when the frequency is
much larger than the emission rate. In presenting frequen-
cy-domain data, the modulation frequency on the x-axis
(Figure 5.5) is usually described in cycles/s (Hz or MHz).
The circular modulation frequency (ω = 2π x Hz) in radi-
ans/s is used for calculations.

The shape of the frequency response is determined by
the number of decay times displayed by the sample. If the
decay is a single exponential (Figure 5.5, top), the frequen-
cy response is simple. One can use the phase angle or mod-
ulation at any frequency to calculate the lifetime. For a sin-
gle-exponential decay, the phase and modulation are relat-
ed to the decay time (τ) by

(5.3)

and

(5.4)

The derivation of eqs. 5.3 and 5.4 is given in Section 5.11.
For the 10-ns decay time, the phase shift at 20 MHz is
51.5E, and the emission is demodulated by a factor of 0.62
relative to the excitation. At a modulation frequency of 100
MHz the phase angle increases to 81E, and the modulation
decreases to 0.16. Most samples of interest display more
than one decay time. In this case the lifetimes calculated
from the value of φω or mω, measured at a particular fre-
quency, are only apparent values and are the result of a
complex weighting of various components in the emission
(Section 5.10). For such samples it is necessary to measure
the phase and modulation values over the widest possible
range of modulation frequencies.

The frequency response has a different shape for a
multi-exponential decay (Figure 5.5, bottom). In this simu-
lation the assumed decay times are 2.5 and 10 ns. The shape
of the frequency response is used to determine the form of
the intensity decay. This is generally accomplished using
nonlinear least-squares procedures.10–13 The fitting proce-
dure is illustrated by the solid and dashed lines in Figure
5.5. For the single-exponential decays shown in the top half
of the figure, it is possible to obtain a good match between
the data (!) and the curves calculated using the single-
exponential model (solid line). For a double-exponential
decay, as shown in the bottom half of the figure, the data
cannot be matched using a single-decay time fit, represent-
ed by the dashed lines. However, the complex frequency
response is accounted for by the double-exponential model,

mω � (1 � ω2τ2 )�1/2

 tan φω � ωτ
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Figure 5.5. Simulated frequency-domain data for single- (top) and
double- (bottom) exponential decays. The phase angle increases and
the modulation decreases with increasing modulation frequency. The
datapoints indicate the simulated data. Top: The solid lines show the
best fits to a single decay time. Bottom: The dashed and solid lines
show the best single- and double-exponential fits, respectively.



represented by the solid lines, with the expected decay
times (2.5 and 10 ns) and fractional intensities (f1 = f2 = 0.5)
being recovered from the least-squares analysis.

The range of modulation frequencies needed to recov-
er the intensity decay depends on the lifetimes. The useful
modulation frequencies are those where the phase angle is
frequency dependent, and there is still measurable modula-
tion (Figure 5.6). Most fluorophores display lifetimes near
10 ns, so that modulation frequencies are typically near
2–200 MHz. If the decay time is near 100 ps, higher mod-
ulation frequencies near 2 GHz are needed. For longer
decay times of 1 to 10 :s the modulation frequencies can
range from 10 kHz to 1 MHz. As the modulation frequency
increases, the modulation of the emission decreases. Hence
it becomes more difficult to measure the phase angles as
they approach 90E.

5.1.1. Least-Squares Analysis of 
Frequency-Domain Intensity Decays

The procedures used to analyze the frequency-domain data
are analogous to those used for TCSPC. The frequency-

domain data are usually analyzed by the method of nonlin-
ear least squares.10–13 The measured data are compared with
values predicted from a model, and the parameters of the
model are varied to yield the minimum deviations from the
data. The phase and modulation values can be predicted for
any decay law. This is accomplished using sine and cosine
transforms of the intensity decay I(t):

(5.5)

(5.6)

where ω is the circular modulation frequency (2π times the

modulation frequency in Hz). The denominator J =

normalizes the expression for the total intensity

of the sample. These expressions are valued for any intensi-

ty decay law, whether the decay is multi-exponential or

non-exponential. Non-exponential decay laws can be trans-

formed numerically. For a sum of exponentials the trans-

forms are12–13

(5.7)

(5.8)

For a multi-exponential decay J = Eiαiτi, which is propor-
tional to the steady-state intensity of the sample. Because of
this normalization factor one can always fix one of the
amplitudes (αi or fi) in the analysis of frequency-domain
data. The calculated frequency-dependent values of the
phase angle (φcω) and the demodulation (mcω) are given by

(5.9)

(5.10)

In the least-squares analysis the parameters (αi and τi) are
varied to yield the best fit between the data and the calcu-

mcω � (N2
ω �  D2

ω) 1/2

 tan φcω �  Nω/Dω

Dω � ∑
i

 
αiτi

 (1 � ω2τ2
i ) / ∑

i
  αiτi

Nω � ∑
i

αiω τ2
i

(1 � ω2τ2
i ) / ∑

i
 αiτi

� ∞
0  I(t)  dt

Dω �
�∞

0  I(t)  cos  ωt dt

�∞
0  I(t)  dt

Nω �
�∞

0  I(t)  sin  ωt dt

�∞
0  I(t)  dt

PRINCIPLES OF FLUORESCENCE SPECTROSCOPY 161

Figure 5.6. Relationship between the decay time and the useful range
of light modulation frequencies.



lated values, as indicated by a minimum value for the good-
ness-of-fit parameters χR

2:

(5.11)

where ν is the number of degrees of freedom. The value of
ν is given by the number of measurements, which is typi-
cally twice the number of frequencies minus the number of
variable parameters. The subscript c is used to indicate cal-
culated values for assumed values of αi and τi, and δφ and
δm are the uncertainties in the phase and modulation values,
respectively. Unlike the errors in the photon-counting
experiments (Chapter 4), these errors cannot be estimated
directly from Poisson statistics.

The correctness of a model is judged based on the val-
ues of χR

2. For an appropriate model and random noise, χR
2

is expected to be near unity. If χR
2 is sufficiently greater

than unity, then it may be correct to reject the model. Rejec-
tion is judged from the probability that random noise could
be the origin of the value of χR

2.10,11 For instance, a typical
frequency-domain measurement from this laboratory con-
tains phase and modulation data at 25 frequencies. A dou-
ble-exponential model contains three floating parameters
(two τi and one αi), resulting in 47 degrees of freedom. A
value of χR

2 equal to 2 is adequate to reject the model with
a certainty of 99.9% or higher (Table 4.2).

In practice, the values of χR
2 change depending upon

the values of the uncertainties (δφ and δm) used in its cal-
culation. The effects of selecting different values of δφ and
δm has been considered in detail.12–13 The fortunate result is
that the recovered parameter values (αi and τi) do not
depend strongly on the chosen values of δφ and δm. The
parameter values can be expected to be sensitive to δφ and
δm if the data are just adequate to determine the parameter
values, that is, at the limits of resolution.

For consistency and ease of day-to-day data interpreta-
tion we use constant values of δφ = 0.2E and δm = 0.005.
While the precise values may vary between experiments,
the χR

2 values calculated in this way indicate to us the
degree of error in a particular data set. For instance, if a par-
ticular data set has poor signal-to-noise, or systematic
errors, the value of χR

2 is elevated even for the best fit. The
use of fixed values of δφ and δm does not introduce any
ambiguity in the analysis, as it is the relative values of χR

2

that are used in accepting or rejecting a model. We typical-
ly compare χR

2 for the one-, two-, and three-exponential
fits. If χR

2 decreases twofold or more as the model is incre-

mented, then the data probably justify inclusion of the addi-
tional decay time. According to Table 4.3, a ratio of χR

2 val-
ues of 2 is adequate to reject the simpler model with a 99%
certainty. It should be remembered that the values of δφ and
δm might depend upon frequency, either as a gradual
increase in random error with frequency, or as higher-than-
average uncertainties at discrete frequencies due to interfer-
ence or other instrumental effects. In most cases the recov-
ered parameter values are independent of the chosen values
of δφ and δm. However, caution is needed as one approach-
es the resolution limits of the measurements. In these cases
the values of the recovered parameters might depend upon
the values chosen for δφ and δm.

The values of δφ and δm can be adjusted as appropri-
ate for a particular instrument. For instance, the phase data
may become noisier with increasing modulation frequency
because the phase angle is being measured from a smaller
signal. One can use values of δφ and δm which increase
with frequency to account for this effect. In adjusting the
values of δφ and δm, we try to give equal weight to the
phase and modulation data. This is accomplished by adjust-
ing the relative values of δφ and δm so that the sum of the
squared deviations (eq. 5.11) is approximately equal for the
phase and modulation data.

Another way to estimate the values of δφ and δm is
from the data itself. The phase and modulation values at
each frequency are typically an average of 10 to 100 indi-
vidual measurements. In principle, the values of δφ and δm
are given by the standard deviation of the mean of the phase
and modulation, respectively. In practice we find that the
standard deviation of the mean underestimates the values of
δφ and δm. This probably occurs because the individual
phase and modulation measurements are not independent of
each other. For simplicity and consistency, the use of con-
stant values of δφ and δm is recommended.

In analyzing frequency-domain data it is advisable to
avoid use of the apparent (τφ) or modulation (τm) lifetimes.
These values are the lifetimes calculated from the measured
phase and modulation values at a given frequency. These
values can be misleading, and are best avoided. The charac-
teristics of τφ and τm are discussed in Section 5.10.

5.1.2. Global Analysis of Frequency-Domain Data

Resolution of closely spaced parameters can be improved
by global analysis. This applies to the frequency-domain
data as well as the time-domain data. The use of global
analysis is easiest to visualize for a mixture of fluorophores

χ2
R �

1

ν ∑
ω

[  φω � φcω

δφ
] 2

 �
1

ν ∑
ω

[  
mω � mcω

δm
] 2
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each displaying a different emission spectrum. In this case
the intensity decay at each wavelength (λ) is given by

(5.12)

where the values of αi(λ) represent the relative contribution
of the ith fluorophore at wavelength λ. The frequency
response is typically measured at several wavelengths
resulting in wavelength-dependent values of the phase
angle φω(λ) and the modulation mω(λ). In this case the val-
ues of Nω

λ and Dω
λ depend on the observation wavelength,

and are given by

(5.13)

(5.14)

The wavelength-dependent data sets can be used in a glob-
al minimization of χR

2:

(5.15)

where the sum now extends over the frequencies (ω) and
wavelengths (λ). Typically the values of τi are assumed to
be independent of wavelength and are thus the global
parameters. The values of αi(λ) are usually different for
each data set, that is, are non-global parameters. The data
are normalized at each wavelength, allowing one of the
amplitudes at each wavelength to be fixed in the analysis.

It is important to estimate the range of parameter val-
ues that are consistent with the data. As for TCSPC, the
asymptotic standard errors (ASEs) recovered from least-
square analysis do not provide a true estimate of the uncer-
tainty, but provide a significant underestimation of the
range of parameter values which is consistent with the data.
This effect is due to correlation between the parameters,
which is not considered in calculation of the asymptotic
standard errors. Algorithms are available to estimate the
upper and lower bounds of a parameter based on the extent

of correlation.14–16 If the analysis is at the limits of resolu-
tion we prefer to examine the χR

2 surfaces. This is accom-
plished just as for the time-domain data. Each parameter
value is varied around its best fit value, and the value of χR

2

is minimized by adjustment of the remaining parameters.
The upper and lower limits for a parameter are taken as
those which result in an elevation of the FP value expected
for one standard deviation (P = 0.32) and the number of
degrees of freedom (Section 5.7.1).

5.2. FREQUENCY-DOMAIN INSTRUMENTATION

5.2.1. History of Phase-Modulation 
Fluorometers

The use of phase-modulation methods for measurements of
fluorescence lifetimes has a long history.17 The first lifetime
measurements were performed by Gaviola in 1926 using a
phase fluorometer.18 The first suggestion that phase angle
measurements could be used for measuring fluorescence
lifetimes appears to have been made even earlier in 1921.19

The use of phase delays to measure short time intervals
appears to have been suggested even earlier, in 1899.20

Hence, the use of phase shifts for timing of rapid processes
has been recognized for 100 years. Since the pioneering
measurements by Gaviola18 a large number of phase-modu-
lation instruments have been described. These include an
instrument by Duschinky in 1933,21 and an instrument of
somewhat more advanced design described by Szymonows-
ki22, on which many of Jablonski's early measurements
were performed. Phase fluorometers have been described
by many research groups.23–53 The first generally useful
design appeared in 1969.41 This instrument used a Debye-
Sears ultrasonic modulator42–43 to obtain intensity-modulat-
ed light from an arc lamp light source. The use of the
Debye-Sears modulator has been replaced by electrooptic
modulators in current FD instruments. However, an impor-
tant feature of this instrument41 is the use of cross-correla-
tion detection (Section 5.11.2). The use of this radio fre-
quency mixing method simplified measurement of the
phase angles and modulation values at high frequencies,
and allowed measurement of the phase angle and modula-
tion with relatively slow timing electronics.

The primary technical factor limiting the development
of frequency-domain fluorometers was the inability to
obtain intensity-modulated light over a range of modulation
frequencies. Debye-Sears modulators are limited to operat-
ing at the frequency of the crystal, or multiples thereof.

�  
1

ν ∑
λ,ω

[ mω(λ) � mcω(λ)

δm
] 2

χ2
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Consequently, the early phase-modulation fluorometers
operated at only one to three fixed modulation frequencies.
The limited data these instruments provided were adequate
for measuring mean decay times, or for detecting the pres-
ence of a complex decay. However, the data at a limited
number of modulation frequencies were not generally use-
ful for resolution of the parameters describing multi- or
non-exponential decays.

As has occurred for TCSPC, pulsed-laser diodes
(LDs), and light-emitting diodes (LEDs) are becoming the
preferred excitation source. The output of the LDs and
LEDs can be modulated directly by the electrical input.
This eliminates the need for the electrooptic modulator,
which adds cost and complexity to the FD instruments.

5.2.2. An MHz Frequency-Domain Fluorometer

Frequency-domain fluorometers are now in widespread use.
Most designs are similar to that shown in Figure 5.7. The
main differences are the laser light source, the light modu-
lator, and the associated radio-frequency electronics. With-
out the use of LDs or LEDs it is difficult to obtain light
modulation over a wide range of frequencies. Amplitude
modulation of laser sources over a continuous range of fre-
quencies to 200 MHz is possible with electrooptic modula-
tors. Light can also be modulated with acoustooptic modu-
lators. However, acoustooptic modulators provide modula-
tion at discrete resonances over a limited range of frequen-

cies.54–56 Most electrooptic modulators have long narrow
optical apertures, and electrooptic modulators are not easi-
ly used with arc lamp sources. Initially, only laser sources
seemed practical for use with electrooptic modulators. Sur-
prisingly, it is now possible to use electrooptic devices to
modulate arc lamps to 200 MHz, which is done in commer-
cial FD instruments. The operational principles of the mod-
ulators and the electronic parts needed to construct such an
FD instrument are discussed below, along with the rationale
for selecting the various components.

The light source for an FD instrument can be almost
any continuous-wave (cw) light source or a high-repetition-
rate pulse laser. The choice of source is based on the need-
ed wavelengths and power levels. The He–Cd laser is a con-
venient cw source, providing cw output at 325 and 442 nm.
Unfortunately, these wavelengths are not suitable for exci-
tation of protein fluorescence. A very versatile source is the
Ar ion laser, which can now provide deep UV lines (-275
nm) for intrinsic fluorescent probes. However, only a limit-
ed number of UV wavelengths are available. Studies of pro-
tein fluorescence usually require 290 to 300 nm to avoid
excitation of tyrosine and to obtain high fundamental
anisotropies. These wavelengths are not available from an
argon ion laser. The argon ion laser at 514 nm is an ideal
source for pumping dye lasers. The 514 nm line can be
mode-locked to synchronously pump a picosecond dye
laser system (Section 4.4). An Nd:YAG laser can also be the
primary source, particularly for pumping dye lasers.

Appropriate electronics are needed to measure the
phase angle and modulation at high frequencies. The meas-
urements appear difficult because the resolution of multi-
exponential decays requires accuracy near 0.2E in phase
and 0.5% (0.005) in modulation, and that this accuracy
needs to be maintained from 1 to 200 MHz. In fact, the
measurements are surprisingly easy and free of interference
because of cross-correlation detection. In cross-correlation
detection the gain of the detector is modulated at a frequen-
cy offset (F + δF) from that of the modulated excitation (F).
The difference frequency (δF) is typically in the range of 10
to 100 Hz. This results in a low-frequency signal at δF that
contains the phase and modulation information in the orig-
inal high-frequency signal (Section 5.11.2). At all modula-
tion frequencies, the phase and modulation are measured at
the same low cross-correlation frequency (δF). The use of
cross-correlation detection results in the rejection of har-
monics and other sources of noise. The newer FD instru-
ments use signal processing boards that extract the values
from the digitized low-frequency signal.
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Figure 5.7. Schematic representation of the variable-frequency phase-
modulation fluorometer. P, polarizer; SB, Soliel-Babinet compen-
sator; F, frequency; δF, cross-correlation frequency; PMT, photomul-
tiplier tube.



The cross-correlation method is surprisingly robust.
The harmonic content (frequency components) of almost
any excitation profile can be used if it contains frequency
components that are synchronized with the detector. Both
pulsed lasers and synchrotron radiation have been used as
modulated light sources. Pulse lasers provide harmonic
content to many gigahertz, so the bandwidth of the frequen-
cy-domain instruments is then limited by the detector and
not the light modulator (Section 5.6).

5.2.3. Light Modulators

Adjustment of the frequency-domain instruments is aided
by understanding the operating principles of light modula-
tors. Light can be modulated with high efficiency using
acoustooptic modulators, which diffract light based on a
periodic density gradient caused by sound waves. Acous-
tooptic (AO) modulators are typically resonant devices that
operate at only certain frequencies. While broadband or
variable frequency AO modulators are known, the active
area is usually small, limiting their use to focused laser
sources.

A general procedure to modulate light is provided by
the use of electrooptic (EO) modulators (Figure 5.8). EO
modulators are constructed of materials that rotate polar-
ized light when the material is exposed to an electrical
field.54–56 The modulator is placed between crossed polariz-
ers. In the absence of any voltage there is no effect on the
incident light, and no light is transmitted. If a voltage is
applied to the modulator, the electric vector of the light is
rotated and some light passes through the second polarizer.
A voltage is applied to the modulator at the desired modu-
lation frequency.

When an EO modulator is used as just described, with-
out a bias, it provides modulated light at twice the frequen-
cy of the electric field applied to the modulator. This occurs
because the optical system becomes transmissive whether
the voltage is positive or negative (Figure 5.9). However,
the amount of light transmitted is rather small. Hence, EO
modulators are usually operated with an optical or electri-
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Figure 5.8. Optical arrangement for an electrooptic modulator. P, polarizer; SB, Soliel-Babinet compensator; RF, radio frequency signal. The SB com-
pensator is replaced by an electrical DC voltage in some commercial FD instruments.

Figure 5.9. Modulated intensity from an electrooptic modulator. The
upper drawing shows the modulated intensity without an electrical or
optical bias, the lower drawing includes a λ/4 bias.



cal bias, which results in some light transmission when the
voltage applied to the modulation is zero. This can be
accomplished by the use of an optical bias (Soliel-Babinet
compensator) or an electrical bias (DC voltage). This bias
converts the linearly polarized light to circular or elliptical-
ly polarized light even if no AC voltage is applied to the
modulator. This results in partial transmission of the laser
beam in the absence of the RF voltage. Application of an
RF voltage now results in amplitude modulation of the laser
beam at the applied RF frequency (Figure 5.9). The modu-
lated light is polarized according to the orientation of the
second polarizer.

The usefulness of the EO modulator results from the
ability to rapidly change the electric field across the EO
crystal. In practice, adequate RF voltage can be applied up
to about 200 MHz, which is also the upper frequency limit
of most dynode PMTs. The EO modulators are not resonant
devices, and perform equally well at any frequency below
the upper frequency limit. However, there are several fea-
tures of EO modulators that are not ideal for use in a fre-
quency domain fluorometer. Perhaps the most serious limi-
tation is the high half-wave voltage. The half-wave voltage
is the voltage needed to rotate the electrical vector by 90E
and allow all the light to pass through the second polarizer.
Half-wave voltages for commonly used EO modulators are
1 to 7 kV, whereas the maximum practical RF peak-to-peak
voltages are near 100 volts. For this reason one can only
obtain a relatively small amount of modulation.

In frequency-domain fluorometers the extent of modu-
lation is usually increased by adjusting the optical or elec-
trical bias close to the zero transmission point. This
decreases both the AC and DC intensities, but the DC inten-
sity can be decreased to a greater extent, resulting in a larg-
er AC/DC ratio. Because of the large half-wave voltage,
crossed polarizers, and a modulator biased near zero trans-
mission, the overall efficiency of light transmission rarely
exceeds 10%.

Another disadvantage of the EO modulators is that they
generally require collimated light. They are easier to use
with lasers than with arc lamp sources. It is possible to
obtain useful amounts of modulation with an arc lamp, but
the transmission is typically less than 5%. Unfortunately,
there does not seem to be any general solution to this prob-
lem. As shown in Section 5.6, the limitations of using a
light modulator can be avoided by using intrinsically mod-
ulated light sources. These include pulsed lasers, laser
diodes, and LEDs. LEDs and LDs are now available for FD
measurements with output from 370 to 830 nm56 that can be

used to excite many extrinsic fluorophores. A pulsed sub-
nanosecond LED at 280 nm has recently been described for
TCSPC,57 so that modulated LEDs for excitation of intrin-
sic protein fluorescence should be available in the near
future.

Modulators are known that have lower half-wave volt-
ages and higher frequency limits above 1 GHz.54 These
include the longitudinal field and traveling wave modula-
tors. These devices typically have long narrow light paths
and are only suitable for use with lasers. Also, they are sen-
sitive to temperature and RF power. This instability limits
their use in frequency-domain instruments.

5.2.4. Cross-Correlation Detection

The use of cross-correlation detection is an essential feature
of the frequency-domain measurements. The basic idea is to
modulate the gain of the PMT at a frequency offset (δF)
from the light modulation frequency. The result is a low-fre-
quency signal from the PMT at frequency δF that contains
the phase and modulation information. The phase shift and
modulation of the low-frequency signal is the same as one
would have observed at high frequency. The phase and
modulation of the low-frequency signal is easily measured
using either analog or digital methods. Some FD instru-
ments use zero crossing detectors and a ratio voltmeter
(DVM) to measure these values, as was done in the early
instruments.41 In newer FD instruments the low-frequency
signal is digitized and analyzed by a fast Fourier trans-
form.58–60 It seems that digital data acquisition of the low-
frequency signal decreases the noise in the phase and mod-
ulation data by about twofold compared to the analog cir-
cuits. The equations describing cross-correlation detection
are provided in Section 5.11.2.

Cross-correlation detection provides a significant
advantage in addition to allowing low-frequency measure-
ments. The process of cross-correlation suppresses harmon-
ic or other frequencies, so that the modulation of the light
or PMT gain need not be a pure sine wave. In fact, the exci-
tation waveform can be almost any repetitive waveform,
even a laser pulse train. After cross-correlation, the phase
and modulation values are the values that would have been
observed if the modulation were perfectly sinusoidal. This
feature of harmonic suppression makes the frequency-
domain instruments easy to use. One need not be concerned
about the shape of the modulated signals, as this will be cor-
rected by cross-correlation.
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5.2.5. Frequency Synthesizers

The use of cross-correlation distributions requires two fre-
quencies that are synchronized but different by a small fre-
quency δF. The cross-correlation frequency δF can be any
value, and is generally selected to be between 10 and 100
Hz. The synthesizer must provide frequencies to 200 MHz
or higher, with 1 or 0.1 Hz resolution, which is not difficult
with modern electronics. The requirements for frequency
resolution in the synthesizer can be relaxed if one uses
higher cross-correlation frequencies,61 and schemes are
being developed that use only one high-stability frequency
source.62 It seems clear that the cost of frequency-domain
instrumentation will continue to decrease.

5.2.6. Radio Frequency Amplifiers

The electrooptic modulator requires the highest reasonable
voltage, preferably 1500 volts peak-to-peak over a wide fre-
quency range. Unfortunately, this is not practical. In order
to obtain variable frequency operation the circuit is usually
terminated with a 50-ohm (S) power resistor. A 25-watt
amplifier provides only about 100 volts into 50 S, which is
why overall light transmission is low. One can usually
remove the 50-S terminating resistor, which results in a
twofold increase in voltage. The RF amplifier should be
protected from reflected power. It is important to avoid
standing waves in the amplifier to modulator cable, which
should be less than 30 cm long.

In contrast to the high power required by the light mod-
ulator, relatively little power is needed to modulate the gain
of the PMT. This amplifier is typically near 1 watt, and can
be less. In fact, we often directly use the output of the fre-
quency synthesizer without amplification for gain modula-
tion of the PMT.

5.2.7. Photomultiplier Tubes

The detector of choice for FD measurements is a PMT. The
upper frequency limit of a PMT is determined by its tran-
sient time spread, so that the same detectors that are useful
in TCSPC are useful in FD fluorometry. There is a slight
difference in that the most important feature for TCSPC is
the rise time of the pulse. For FD measurements the PMTs
with the highest frequency limits are those with the narrow-
est pulses for each photoelectron. While fast rise times usu-
ally imply narrow photoelectron pulse widths, some detec-
tors can have fast rise times with long tails.

The approximate upper frequency limits of commonly
used PMTs are listed in Table 4.1. These values are estimat-
ed based on our experience and product literature. The
upper frequency limit of the side window R928 is near 200
MHz. Much higher-frequency measurements are possible
with MCP PMTs (Section 5.7), but special circuits are
needed for cross-correlation outside of the PMT.

It is informative to examine the PMT electronics used
in a frequency-domain fluorometer (Figure 5.10), in this
case for an R928 PMT. The circuit starts with a high nega-
tive voltage of the photocathode. There is a Zener diode
(Z1) between the photocathode and first dynode. This diode
maintains a constant high 250-volt potential. With the use
of a constant high potential, the wavelength- and position-
dependent time response of the PMT is minimized. The
next dynodes are all linked by simple resistors. This allows
the gain of the PMT to be varied by changes in applied volt-
age. Capacitors are included to maintain the voltage differ-
ence during periods of transiently high illumination.

Cross-correlation is accomplished by injection of a
small RF signal at dynode 9 (D9). The voltage between D8

and D9 is held constant by the Zener diode (Z2). The aver-
age voltage between D9 and ground is adjusted by bias
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Figure 5.10. Dynode chain for an R928 photomultiplier tube used in
a frequency-domain fluorometer. Revised from [1] and reprinted with
permission from the Biophysical Society.



resistors Rb1 and Rb2. A few volts of RF signal are adequate
to obtain nearly 100% gain modulation of the PMT.

5.2.8. Frequency-Domain Measurements

When performing frequency-domain measurements it is
valuable to understand what is being measured. One per-
forms a comparison of the sample emission and scattered
light, similar to the comparison in TCSPC. The FD instru-
ments typically contain two detectors, one for the sample
and one that serves as a timing reference (Figure 5.7). The
reference PMT typically observes reflected light, scattered
light, or the emission from a short-lifetime standard. The
sample PMT is exposed alternately to the emission from
either the sample or to scattered light. The sample and scat-
tering solutions are usually in a rotating sample holder (tur-
ret) that precisely positions each solution in the same loca-
tion. Since everything else in the measurement remains the
same, any change in relative phase or modulation is due to
the intensity decay of the sample.

Because the scatterer and sample are not observed at
the same time, the phase difference and relative modulation
cannot be measured at the same time. Instead, all measure-
ments are performed relative to the reference PMT (Figure
5.11). First, the phase shift between the scatterer and refer-
ence PMT is measured. These signals are shifted by an arbi-
trary phase angle (φ1) due to the inevitable time delays in
the cables and electronic circuits. The second measurement
is the phase of the sample relative to the reference PMT.
This phase angle (φ2) contains both the arbitrary phase shift
φ1 and the value of interest, φω. The actual phase shift is
then calculated from φω = φ2 − φ1.

The modulation is measured in a similar way, except
that one typically does not measure the modulation of the
reference PMT is not measured. The modulation is deter-
mined from the AC and DC components of the sample
(B/A) and scatterer (b/a), as shown in Figure 5.2. For meas-
urement of the modulation it does not matter if one meas-
ures the peak-to-peak or RMS voltage of the modulated sig-
nal, as the method of measurement cancels in the ratio. The
modulation at the reference PMT can be used as a correc-
tion for modulation drifts in the instrument. In this case all
measured modulation values are divided by the value at the
reference PMT during each particular measurement. This
procedure is useful if the extent of modulation is changing
during the measurement due to instabilities in the modula-
tor or light source.

As described in Chapter 4 for time-domain measure-
ments, it is important to consider the effects of rotational
diffusion on the measured intensity decays. Rotational dif-
fusion can also affect the frequency-domain measurements
(Chapter 11). The use of an excitation and/or emission
monochromator results in either partially polarized excita-
tion or selective observation of one of the polarized compo-
nents of the emission. If the decay rate is comparable to the
rate of rotational diffusion, which is a situation frequently
encountered for fluorophores bound to biological macro-
molecules, then the decay of the individual polarized com-
ponents of the emission is multi-exponential. This effect is
unimportant if the rate of rotational diffusion is either much
slower or faster than the decay rate. These effects can be
canceled by use of vertically polarized excitation and an
emission polarizer oriented at 54.7E to the vertical.

5.3. COLOR EFFECTS AND BACKGROUND 
FLUORESCENCE

5.3.1. Color Effects in Frequency-Domain 
Measurements

Photomultiplier tubes can display a wavelength-dependent
time response (Section 4.6.4), which can affect the frequen-
cy-domain measurements.63–68 In frequency-domain meas-
urements the effects are somewhat more difficult to under-
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Figure 5.11. Measurement of phase shift and modulation for a modu-
lation frequency of 50 MHz, a lifetime of 5 ns, and a cross-correlation
frequency of 25 Hz. The phase angle is 57.5° and the modulation 0.54.



stand. There can be systematic errors in the phase or mod-
ulation values, and the direction of the errors is not always
intuitively obvious. Fortunately, the color effects are minor
with presently used side-window dynode PMTs, and the
effect appears to be negligible with microchannel plate
PMTs. Although no reports have appeared, it is likely that
color effects are minimal with the TO-8 compact PMTs
(Section 4.6.3.). Systematic errors due to the wavelength-
dependent time response are easily corrected using lifetime
standards.

In order to correct for a wavelength-dependent
response one uses a lifetime standard in place of the scatter-
er in the sample turret (Figure 5.7). The standard should
display a single-exponential decay of known lifetime τR.
The lifetime of the standard should be as short as possible,
typically near 1 ns, to avoid demodulation that results in
decreased precision of the phase-angle measurements.
Another advantage of short-lifetime standards is the mini-
mal effect of dissolved oxygen on the lifetimes. Short life-
times can be obtained with collisional quenching, but this is
not recommended because such samples display non-expo-
nential decays. Lifetime standards are summarized in
Appendix II. The chosen standard should absorb and emit
at wavelengths comparable to the sample, so that the sam-
ple and reference can be observed with the same emission
filter and/or monochromator setting. Under these condi-
tions the PMT observes essentially the same wavelength for
both sample and reference measurements, so the color
effects are eliminated.

The decay time of the reference results in a phase delay
(φR) and demodulation (mR) of the reference emission com-
pared to that which would have been observed using a scat-
terer with a lifetime of zero. Of course, φR and mR depend
on the modulation frequency. The measured values (φT

obs

and mT
obs) need to be corrected for this effect. The correct-

ed values are given by

(5.16)

(5.17)

where φT
obs and mT

obs are the observed values measured rel-
ative to the lifetime standard. These equations can be under-
stood by noting that the observed phase angle is smaller
than the actual phase angle due to the phase angle of the ref-
erence (φT

obs = φT – φR). Similarly, the observed modulation
is the ratio of the modulation of the sample relative to the

reference (mT
obs = mT/mR). We find this simple approach

adequate for all samples we have encountered. Somewhat
different methods have also been proposed.67–68

5.3.2. Background Correction in Frequency-
Domain Measurements

Correction for background fluorescence from the sample is
somewhat complex when using the FD method.69–70 In
time-domain measurements, correction for autofluores-
cence can be accomplished by a relatively straightforward
subtraction of the data file measured for the blank from that
measured for the sample, with error propagation of Poisson
noise if the background level is high. In the frequency
domain it is not possible to perform a simple subtraction of
the background signal. The background may be due to scat-
tered light with a zero decay time, due to impurities with
finite lifetimes, or a combination of scattered light and aut-
ofluorescence. The phase (φTB) and modulation (mTB) of the
background can be measured at each light modulation fre-
quency. However, the measured values φTB and mTB cannot
be subtracted from the sample data unless the intensities are
known and the correction is properly weighted.

Background correction of the FD data is possible, but
the procedure is somewhat complex and degrades the reso-
lution of the measurements. It is preferable to perform the
FD measurements under conditions where background cor-
rection is not necessary. If needed, the correction is per-
formed by measuring the frequency response of the back-
ground, and its fractional contribution (fB) to the steady-
state intensity of the sample. If the background level is low,
then the values of φTB and mTB have large uncertainties due
to the weak signals. However, this is not usually a problem
because if the background is low its weighted contribution
to the sample data is small, so that minimal additional
uncertainty is added to the data. If the background is larger,
its significance is greater, but it can also be measured with
higher precision.

A data file corrected for background is created by the
following procedure.66 Let

(5.18)

(5.19)

represent the sine and cosine transforms. In these equations
φTB and mTB represent the measured values for the phase

DωB � mωB  cos φωB

NωB � mωB  sin φωB

mω � mobs
ω   �  mR �  mobs

ω / √1 � ω2 τ2
R

φω �  φobs
ω �  φR
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and modulation of the background. A least-squares fit of the
phase and modulation data for the background is performed
and for the parameter values to calculate φTB and mTB. This
latter procedure is useful if the background file is not meas-
ured at the same modulation frequencies as the sample. In
the presence of background the observed values of NT

obs

and DT
obs are given by

(5.20)

(5.21)

In these equations fB is the fraction of the total signal due to
the background, and φT and mT are the correct phase and
modulation values in the absence of background. The cor-
rected values of NT and DT are given by

(5.22)

(5.23)

In using these expressions the values of φTB and mTB are
known from the measured frequency response of the back-
ground. The value of fB is found from the relative steady-
state intensity of the blank measured under the same instru-
mental conditions and gain as the sample. Except for
adjusting the gain and/or intensity, the values of φTB and
mTB should be measured under the same conditions as the
sample. The corrected values of NT and DT can be used in
eqs. 5.9 and 5.10 to calculate the corrected phase and mod-
ulation values. An important part of this procedure is prop-
agation of errors into the corrected data file. Error propaga-
tion is straightforward but complex to describe in detail.69

5.4. REPRESENTATIVE FREQUENCY-DOMAIN
INTENSITY DECAYS

5.4.1. Exponential Decays

It is informative to examine some typical frequency-domain
measurements.71 Frequency-domain intensity decays for
anthracene (AN) and 9-cyanoanthracene (9-CA) are shown
in Figure 5.12. The samples were in equilibrium with
atmospheric oxygen. The emission was observed through a

long pass filter to reject scattered light. Magic-angle polar-
izer conditions were used, but this is unnecessary for such
samples where the emission is completely depolarized. The
excitation at 295 nm was obtained from the frequency-dou-
bled output of a rhodamine 6G dye laser, cavity dumped at
3.8 MHz. This pulse train provides intrinsically modulated
excitation over a wide range of frequencies (Section 5.6).

Experimental FD data are shown in Figure 5.12 (upper
panel). The increasing values are the frequency-dependent
phase angles (φT) and the decreasing values are the modu-
lation values (mT). The solid lines are calculated curves for
the best single-decay-time fits. In the single-exponential
model the decay time is the only variable parameter. The
shape of a single-decay-time frequency response is always
the same, except that the response is shifted to higher fre-
quencies for shorter decay times.

The lower panels show the deviations between the data
(!, ") and the fitted curve (solid line). In this case the devi-
ations are presented in units of degrees and percentage
modulation. For calculation of χR

2 the standard errors were
taken as δφ = 0.2 and δm = 0.005. The fact that the values
of χR

2 are close to unity reflects an appropriate choice for
the values of δφ and δm. In analysis of the FD data the
absolute values of χR

2 are variable due to the unknown
Dω �

Dobs
ω  � fBDωB

1 � fB

Nω �
Nobs

ω  � fBNωB

1 � fB

Dobs
ω � (1 � fB )  mω cos φω � fB mωB sin φωB

Nobs
ω � (1 � fB )mω sin φω � fBmωB sin φωB
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Figure 5.12. Single-exponential decays of anthracene (AN) and 9-
cyanoanthracene (9-CA). Samples were equilibrated with atmos-
pheric oxygen. δφ = 0.2 and δm = 0.005. From [71].



amounts of noise. The ratio of the χR
2 is used for testing

various models. For anthracene and 9-cyanoanthracene, the
values of χR

2 did not decrease for the two-decay-time
model, so the single-exponential model was accepted.

5.4.2. Multi-Exponential Decays of Staphylococcal
Nuclease and Melittin

Most single-tryptophan proteins display multi-exponential
intensity decays. This is illustrated for two proteins in Fig-
ure 5.13.70 The intensity decay of trp-140 in staph nuclease
is at least a double exponential. The intensity decay of trp-
19 in melittin is at least a triple-exponential decay. Under
these experimental conditions (1 M NaCl) melittin is a
tetramer, with the monomers each in the "-helical state. The
frequency responses and recovered lifetimes in Figure 5.13
are typical of many single- and multi-tryptophan proteins.

5.4.3. Green Fluorescent Protein: One- and 
Two-Photon Excitation

Green fluorescent protein (GFP) is of wide interest because
it can be used to follow gene expression. GFP spontaneous-
ly forms a highly fluorescent fluorophore after the amino-
acid backbone is synthesized. GFP is widely used in optical
microscopy and cellular imaging. In these applications GFP

is frequently excited by two-photon absorption (Chapter
18). In this process a fluorophore simultaneously absorbs
two or more long-wavelength photons to reach the first sin-
glet excited state. Two-photon excitation occurs when there
is reasonable probability of two photons being in the same
place at the same time, and thus the power density must be
rather high. Multi-photon excitation requires locally intense
excitation, and there is often concern about the stability of
the fluorophores. The stability of GFP under these condi-
tions was investigated by measuring the intensity decays
with one- and two-photon excitation.

Since GFP is a modest-sized protein (.28 kDa) the
emission is expected to be polarized. For this reason the
intensity decays were measured with magic-angle polarizer
conditions. Excitation was obtained using fs pulses from a
Ti:sapphire laser.72 A pulse picker was used to reduce the
repetition rate to near 4 MHz. For one-photon excitation the
laser pulses were frequency doubled to 400 nm. For two-
photon excitation the 800-nm output from the Ti:sapphire
laser was used directly to excite the sample. These measure-
ments used the harmonic content of the pulse train (Section
5.6). It is essential to select emission filters that reject scat-
tered light at both 400 and 800 nm. The emission was
observed through a 510-nm interference filter and a Corn-
ing 4-96 colored glass filter.

Intensity decays of proteins and labeled macromole-
cules are typically dependent on the conformation, and any
perturbation of the structure is expected to alter the decay
times. The intensity decays of GFP were found to be essen-
tially identical for one- and two-photon excitation (Figure
5.14). This indicated that GFP was not perturbed by the
intense illumination at 800 nm. The values of χR

2 are some-
what high, but did not decrease when using the two-decay-
time model. The single-decay-time model was thus accept-
ed for GFP, in agreement with one-photon excitation results
from other laboratories.73

5.4.4. SPQ: Collisional Quenching of a 
Chloride Sensor

Collisional quenching decreases the lifetime of the
quenched fluorophore (Chapter 8). This suggests that the
lifetimes can be used to determine the concentration of
quenchers. The probe SPQ (6-methoxy-N-[3-sulfopropyl]-
quinoline) is sensitive to quenching by chloride,74–76 proba-
bly by photoinduced electron transfer (Chapter 9).

Absorption and emission spectra of SPQ were shown
in Chapter 3. Frequency responses of SPQ are shown in
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Figure 5.13. Frequency responses of staph nuclease and melittin
tetramer. The data are the solid dots. The best single- (dashed) and
double- or triple-exponential fits (solid) are shown.



Figure 5.15. The frequency responses shift to higher fre-
quencies with increasing amounts of chloride, indicating a
decrease in lifetime. One can use the data to calculate the
decay times at each chloride concentration. These lifetimes
are 25.5, 11.3, 5.3, and 2.7 ns, for 0, 10, 30, and 70 mM
chloride, respectively (Problem 5.1).

5.4.5. Intensity Decay of NADH

Reduced nicotinamide adenine dinucleotide (NADH) is
known to display a subnanosecond decay time near 0.4 ns.

Its intensity decay is complex, with decay times near 0.3
and 0.8 ns.77 Frequency-domain data for NADH are shown
in Figure 5.16. The presence of more than one lifetime is
immediately evident from the failure of the single exponen-
tial fit (– – –) and the systematic deviations ("). Use of the
two decay time model resulted in a 50-fold decrease of χR

2.
The frequency-domain data for NADH illustrate a limita-
tion of the commercially available instruments. An upper
frequency of 200 MHz is too low to determine the entire
frequency response of NADH or other subnanosecond
intensity decays. For this reason FD instruments were
developed to allow measurements at higher modulation fre-
quencies.

5.4.6. Effect of Scattered Light

A critical component of any frequency-domain or time-
domain experiment should be collection of emission spec-
tra. One possible artifact is illustrated in Figure 5.17, which
shows the emission spectrum of 9,10-diphenylanthracene
(DPA) in a solution that also scattered light.69 9,10-
Diphenylanthracene was dissolved in ethanol that contained
a small amount of Ludox scatterer. When the emission is
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Figure 5.14. Frequency-domain intensity decay data for GFPuv in
0.05 M phosphate buffer, pH = 7, for one-photon excitation at 400 nm,
and for two-photon excitation at 800 nm. From [72].

Figure 5.15. Frequency-domain intensity decays of SPQ in the pres-
ence of 0, 10, 40, and 70 mM chloride.

Figure 5.16. Frequency response of NADH dissolved in 0.02 M Tris
(pH 8) 25°C. The excitation wavelength was 325 nm from an HeCd
laser, which was modulated with an electrooptic modulator. The emis-
sion filter was a Corning 0-52. For the two-component analysis f1 =
0.57 and f2 = 0.43. Revised and reprinted from [2], Copyright © 1985,
with permission from Elsevier Science.



observed without an emission filter (solid) there is a large
peak due to scattered light at the excitation wavelength of
325 nm. The presence of this scattered component would
not be recognized without measurement of the emission
spectrum, and would result in an incorrect intensity decay.

Scattered light is typically rejected from the detector
by using emission filters. In this case we used a Corning 3-
75 filter, which transmits above 360 nm (dashed). As a con-
trol measurement one should always record the emission
spectrum of the blank sample through the emission filter to
ensure scattered light is rejected. Alternatively, one can
measure the intensity of the blank through the filter to
determine that the blank contribution is negligible. In such
control measurements it is important that the blank scatters
light to the same extent as the sample. Frequently, buffer
blanks do not scatter as strongly as the sample containing
the macromolecules because of the inner filter effect pres-
ent in the sample.

It is useful to understand how scattered light can cor-
rupt the frequency-domain data. Frequency responses for
the DPA solution are shown in Figure 5.18. For these meas-
urements the excitation source was a helium-cadmium
(HeCd) laser at 325 nm. The cw output of this laser was
modulated with an electrooptic modulator, as shown in Fig-
ure 5.8. The effect of scattered light is visually evident in
the frequency-domain data. When measured without an
emission filter, the phase angles (") are considerably small-
er than expected for the single exponential decay of DPA
(!). The phase angle error becomes larger at higher fre-
quencies. It should be noted that the fractional intensity of
the background is only 15% (fB = 0.15), so that significant

errors in phase angle are expected for even small amounts
of scattered light.

It is possible to correct for background from the sam-
ple. The solid dots represent the data corrected according to
eqs. 5.18–5.23. The corrected data can be fit to a single
decay time with τ = 6.01 ns. An alternative approach is to
fit the data with scattered light to include a second compo-
nent with a lifetime near zero. This also results in a good fit
to the data, with a decay time near zero associated with fB =
0.15. However, this procedure is only appropriate if the
background is only due to scattered light. In general auto-
fluorescence will display nonzero lifetimes and nonzero
phase angles.

5.5. SIMPLE FREQUENCY-DOMAIN 
INSTRUMENTS

A large fraction of the cost of a frequency-domain instru-
ment is the light source and/or modulation optics. In
TCSPC these expensive light sources are being replaced by
LDs and LEDs. This substitution is also occurring with fre-
quency-domain instruments. For most experiments the
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Figure 5.17. Emission spectra of 9,10-diphenylanthracene (DPA) in
ethanol for excitation at 325 nm from a helium–cadmium laser. The
solvent contained a small amount of Ludox colloidal silica as the scat-
terer. The dashed line is the transmission of the Corning 3-75 filter.
Revised from [69].

Figure 5.18. Frequency-domain intensity decay of 9,10-diphenylan-
thracene in ethanol with a scatterer. The sample was in equilibrium
with dissolved oxygen. Data were measured without an emission fil-
ter (") and then corrected (!) for the scattered light using eqs.
5.18–5.23. Bottom panels: deviations from the best single exponential
fits for the data with ("), and corrected for (!) scattered light. Revised
from [69].



complex laser source can be replaced with laser diodes,78–79

and light-emitting diodes.80–86 Frequency-domain measure-
ments have also been accomplished with electrolumines-
cent devices,87 and even a modulated deuterium lamp.88

Given the rapid advances with pulsed LDs and LEDs these
devices are likely to be the dominant excitation source for
FD measurements in the near future.

5.5.1. Laser Diode Excitation

The output of laser diodes can be modulated up to several
GHz. Hence, laser diodes can be used for FD excitation
without the use of a modulator. Data are shown in Figure
5.19 for two laser dyes—IR-144 and DOTCI—which were
excited with 791- or 670-nm laser diodes, respectively (Fig-
ure 5.19). Frequency-doubled laser diodes have also been
used to obtain shorter excitation wavelengths near 400
nm.89 However, the need for frequency-doubled LDs has
diminished given the availability of LDs and LEDs with
fundamental outputs ranging from 280 to 820 nm.

5.5.2. LED Excitation

It is now known that LEDs can be modulated to several
hundred MHz.85–86 Hence, LEDs are becoming an alterna-
tive to modulated arc lamps. The modulated output of a
390-nm LED output was used to measure the 3.2-ns decay
time of green fluorescent protein (not shown) and the 11.8-
ns lifetime of 9-cyanoanthracene85 (Figure 5.20).

The use of a simple light source such as an LED is like-
ly to find use in analytical chemistry and clinical chem-
istry.84–85 This is illustrated in Figure 5.21 for the potassi-

um-sensitive probe CD 222. This probe has a lifetime of
0.15 ns in the absence of potassium and 0.67 ns in the pres-
ence of bound potassium. The frequency response could be
measured up to 300 MHz using a modulated UV LED at
373 nm. The possibility of measuring nanosecond decay
times using modulated LEDs, and the availability of a wide
range of wavelengths, suggests these light sources will be
used for low-cost FD instruments in the near future.

Another application of LEDs will be for excitation of
the longer-lived metal–ligand complexes (Chapter 20). The
LEDs are ideal because the 450-nm output is centered on
the 450-nm charge-transfer absorption of the ruthenium
complexes. The shorter wavelengths are suitable for excita-
tion of the higher-quantum-yield rhenium complexes (Fig-
ure 5.22). In this case the entire frequency response of
[Re(dpphen)(CO)3) (4-COOHPy)]+ was measured in the
absence (10.24 :s) or presence of oxygen (598 ns).84
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Figure 5.19. Frequency response for IR-144 in ethanol (open sym-
bols) and DOTCI in ethanol (filled symbols). Best one-component fits
to each data are indicated by the lines. IR-144 and DOTCI were excit-
ed with laser diodes at 790 and 670 nm, respectively. Revised and
reprinted with permission from [79], Copyright © 1992, American
Chemical Society.

Figure 5.20. Intensity decay of 9-cyanoanthracene in ethanol using
the 390-nm output of a UV LED as the excitation source. Revised
from [85].

Figure 5.21. Frequency response of the potassium probe CD 222
measured with a 373-nm LED ("). From [84].



Given the simplicity of such light sources, one can
imagine the frequency-domain fluorometer built on a card
in a personal computer. pH can be measured using lifetimes
either in standard cuvette measurements,90 or through opti-
cal fibers.91 LEDs have been used in phase fluorometric
sensors for oxygen92–93 and carbon dioxide.94 Phase-modu-

lation lifetimes have been used in HPLC to assist in the
identification and quantitation of polynuclear aromatic
hydrocarbons.95–97 Phase-modulation lifetime measure-
ments have already been used to quantify a wide variety of
clinically important analytes.98 Several companies are
already designing simple phase-modulation instruments for
use in analytical applications. Frequency-domain fluorom-
etry can now be accomplished with components no more
complex than consumer electronics.

5.6. GIGAHERTZ FREQUENCY-DOMAIN 
FLUOROMETRY

In frequency-domain measurements it is desirable to meas-
ure over the widest possible range of frequencies, so as to
examine the entire frequency response of the sample. Most
FD instruments are limited to an upper frequency near 200
MHz. This limitation arises from two components. First, it
is difficult to obtain light modulation above 200 MHz. This
limitation is due in part to the large half-wave voltages of
most electrooptic modulators. Second, many PMTs have an
upper frequency limit near 200 MHz.
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Figure 5.22. Frequency-domain intensity decays of [Re(dpphen)-
(CO)3(4-COOHPy)]+ in methanol; dpphen is 4,7-diphenyl-1,10-
phenanthroline, Py is pyridine. Excitation was 373 nm from the UV
LED. From [84].

Figure 5.23. Harmonic content frequency-domain fluorometer. PD, high speed photodiode; PS, power splitter; MCP PMT, microchannel plate pho-
tomultiplier tube; BS, beam splitter; F, pulse repetition rate of the cavity dumped dye laser; δF, cross-correlation frequency; n, number of the harmon-
ic; S, sample; R, reference or scatterer. The lower panel shows a laser pulse train and its Fourier transform. Revised from [106].



Alternative technologies are available to obtain FD
measurements at frequencies above 200 MHz. The need for
a light modulator can be eliminated by using the harmonic
frequency content of a laser pulse train. Suppose the light
source consists of a mode-locked argon ion laser and a cav-
ity-dumped ps dye laser. This source provides 5-ps pulses
with a repetition rate near 4 MHz. In the frequency domain
this source is intrinsically modulated to many gigahertz, as
shown by the schematic Fourier transform in Figure 5.23
(lower panel). The idea of using the harmonic content of a
pulse train was originally proposed for pulsed lasers99 and
later for synchrotron radiation.100–102 Pulse sources provide
intrinsically modulated excitation at each integer multiple
of the repetition rate, up to about the reciprocal of the pulse
width.103–104 For a ps dye laser the 4-MHz pulse train can be
used for frequency domain measurements at 4, 8, 12, 16
MHz, etc. These harmonics extend to GHz frequencies,
which are higher than the upper frequency limit of most
detectors.

There are significant advantages in using the pulses
from a ps laser. The cavity-dumped output of dye lasers
is rather easy to frequency double because of the high
peak power. Frequency doubling provides wavelengths
for excitation of proteins and other extrinsic probes ab-
sorbing in the UV. Importantly, when using a ps dye laser
source it is no longer necessary to use an electrooptic mod-
ulator and nearly crossed polarizers, which results in a sig-
nificant attenuation of the incident light. There appears
to be no detectable increase in noise up to 10 GHz, suggest-
ing that there is no multiplication of phase noise at the high-
er harmonics.

The second obstacle to higher frequency measurements
was the detector. The PMT in the 200-MHz instrument
(Figure 5.7) is replaced with a microchannel plate (MCP)
PMT.105–108 These devices are 10- to 20-fold faster than a
standard PMT, and hence a multi-gigahertz bandwidth was
expected. As presently designed, the MCP PMTs do not
allow internal cross-correlation, which is essential for an
adequate signal-to-noise ratio. This problem was circum-
vented by designing an external mixing circuit,105–106 which
allows cross-correlation and preserves both the phase and
the modulation data. The basic idea is analogous to Figure
5.10, except that mixing with the low-frequency signal is
accomplished after the signal exits the MCP PMT. External
cross-correlation was found to perform well without any
noticeable increase in noise.

What range of frequencies can be expected with a
pulsed-laser light source and an MCP PMT detector? For

Lorentzian-shaped pulses the harmonic content decreases
to half the low-frequency intensity at a frequency ω2 = 2 ln
2/Δt, where Δt is the pulse width.104 For 5-ps pulses the har-
monics extend to 280 GHz, higher than the upper frequen-
cy limit of any available detector. Hence for the foreseeable
future the measurements will be limited by the detector.

The upper frequency of a detector is limited by the
pulse width due to a single photoelectron, or equivalently
the transit time spread. Hence, one expects the highest mod-
ulation frequencies to be measurable with MCP PMTs that
have the smallest transit time spread (Table 4.1). The rela-
tive power at various frequencies can be measured with a
spectrum analyzer. This was done for several PMTs using a
ps pulse train with its high harmonic content as the light
source. These results show that the side-window R928 is
most useful below 200 MHz (Figure 5.24), and cannot be
used for measurements much above about 400 MHz. The
R-1564U is a 6-micron MCP PMT, and shows a useful
response to 2 GHz. This PMT was used in the first 2-GHz
instrument.105

To obtain frequencies above 2 GHz it was necessary to
use a specially designed MCP PMT, the R-2566. The data
in Figure 5.25 are for the 6-micron version of the R-2566,
which provides measurable power to 10 GHz, and allowed
construction of a 10-GHz FD instrument.106 This MCP
PMT possesses a grid between the microchannel plates and
the anode, which serves to decrease the width of the photo-
electron pulses. In the frequency domain the upper limit of
the detector is determined by the reciprocal of the pulse
width. In TCSPC the time resolution is determined by the
rise time of the PMT, and the overall pulse width is less
important.
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Figure 5.24. Measured frequency-response of several PMTs, and a
fast photodiode (PD). Data from [107] and [108], and technical liter-
ature from Hamamatsu Inc.



Figure 5.24 shows that the photodiode provides a high-
er bandwidth than does any of the MCP PMTs. In fact, pho-
todiode detectors were used in several phase fluorometers
for measurements at high frequencies.109–112 Unfortunately,
the small active area of photodiodes results in low sensitiv-
ity, so that photodiodes are rarely used for fluorescence
spectroscopy.

The schematic for the 10-GHz instrument shown in
Figure 5.23 incorporates a ps laser as an intrinsically mod-
ulated light source, and an MCP PMT as the detector. A
photodiode (PD) is adequate as the reference detector
because the laser beam can be focused on its small active
area. The use of cross-correlation allows measurement over
the entire frequency range from 1 MHz to 10 GHz without
any noticeable increase in noise. Cross-correlation allows
measurements at any modulation frequency at the same low
cross-correlation frequency, and avoids the need to measure
phase angles and modulation at high frequencies. A valu-
able feature of cross-correlation is that the entire signal

appears at the measured frequency. Contrary to intuition,
one is not selecting one harmonic component out of many,
which would result in low signal levels. The use of cross-
correlation provides absolute phase and modulation values
as if the excitation and detector were both modulated as
sine waves. A final favorable feature of this instrument is
that the modulation can be higher than 1.0, which is the
limit for sine wave modulation. At low frequencies where
the detector is fully responsive, the modulation can be as
high as 2.0. To understand this unusual result one needs to
examine the Fourier components for a pulse train.

5.6.1. Gigahertz FD Measurements

Several examples of gigahertz FD measurements will illus-
trate the value of a wide range of frequencies. Short decay
times are needed to utilize the high-frequency capabili-
ties.113 Otherwise, the emission is demodulated prior to
reaching the upper frequency limit. A short decay time was
obtained using 4-dimethylamino-4'-bromostilbene (DBS)
in cyclohexane at 75EC (Figure 5.25). Because of the short
61-ps lifetime the phase and modulation data could be
measured to 10 GHz. The intensity decay was found to be a
single exponential.3 The vertical dashed lines illustrate how
only a fraction of the frequency response could be explored
if the upper limit was 200 MHz, or even 2 GHz. It would be
difficult to detect additional components in the intensity
decay if the data stopped at 200 MHz, which would display
a maximum phase angle of 4.4E. An important aspect of
these measurements is that no measurable color effect has
been observed in the 10 GHz measurements.106

5.6.2. Biochemical Examples of 
Gigahertz FD Data

GHz measurements may seem exotic, but such data are
often needed for studies of routine biochemical samples.
One example is NADH. At 200 MHz the data only sampled
part of the frequency response (Figure 5.16). When meas-
ured to higher frequencies one can more dramatically see
the difference between the one and two decay time fits (Fig-
ure 5.26). The decrease in χR

2 for the two decay time model
is 400-fold. While we have not performed a support plane
analysis on these data, the αi and τi values will be more
closely determined using the data extending above 200
MHz.

Another biochemical example is provided by the pep-
tide hormone vasopressin, which acts as an antidiuretic and
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Figure 5.25. Frequency response of 4-dimethylamino-4'-bromostil-
bene (DBS) up to 10 GHz. The vertical dashed lines are at 200 MHz,
2 GHz, and 10 GHz. From [3].



a vasoconstrictor. Vasopressin is a cyclic polypeptide that
contains 9 amino acids including a single tyrosine residue
at position 2. Oxytocin has a similar structure, but has a dis-
tinct physiological activity of stimulating smooth muscle
contraction. Hence there have been many efforts to use the
tyrosine emission to learn about the solution conformation
of these peptide hormones. The frequency-domain data for
vasopressin reveal a complex intensity decay (Figure
5.27).114 The decay is not even closely approximated by the
single exponential model (dashed). Fitting the data requires
three decay times of 0.17, 0.75, and 1.60 ns. These multiple
decay times could probably not be recovered if the data
were limited to 200 MHz.

MCP PMTs are moderately expensive, and their use in
FD measurements requires special circuits for cross-corre-
lation. However, the advantages of high-frequency FD data
may become available without the use of MCP PMTs.
Examination of Figures 5.26 and 5.27 indicates that consid-
erable data can be obtained if the data were available to just
1 GHz. This frequency limit can probably be reached with
the new compact PMTs, which show short transit time
spreads (Table 4.1). A dynode PMT (H5023) has already
been used up to 1 GHz.115 It seems likely that a compact
PMT such as the R74000 will be useful up to 900 MHz.
Laser diodes with 30-ps pulse widths will provide useful
harmonics up to 40 GHz.

In the near future gigahertz FD instruments will be
available based on pulsed-laser diodes and compact PMTs.

5.7. ANALYSIS OF FREQUENCY-DOMAIN DATA

Frequency-domain data is often analyzed in terms of the
multi-exponential model. As described in Chapter 4, the
amplitudes (αi) and decay times (τi) are usually strongly
correlated, so that there can be considerable uncertainty in
the values of the recovered parameters. In this section we
describe examples that show correlation between the
parameter values.

5.7.1. Resolution of  Two Widely Spaced Lifetimes

The analysis of frequency-domain data can be illustrated
using a mixture of p-terphenyl and indole. This same mix-
ture was used in Chapter 4 for TCSPC data (Figures 4.46–
4.49). The same 292-nm excitation and 330-nm emission
wavelengths were used for the frequency-domain measure-
ments as for the time-domain measurements. The decay
times of the individual fluorophores are 0.93 and 3.58 ns for
p-terphenyl and indole, respectively. For this mixture the
decay times are spaced 3.8-fold, making this a moderately
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Figure 5.26. Frequency-domain measurements of the intensity decay
of NADH up to 2-GHz. From [3].

Figure 5.27. Phase and modulation data for the vasopressin tyrosine
fluorescence intensity decay. The dashed line is the best single-expo-
nential fit, and the solid line is the best three-exponential fit. From
[114].



easy resolution. Frequency-domain intensity decay data are
shown in Figure 5.28. The presence of more than a single
decay time is evident from the shape of the frequency
response, which appears to be stretched out along the fre-
quency axis. The fact that the decay is more complex than
a single exponential is immediately evident from the
attempt to fit the data to a single decay time. The best sin-
gle decay time fit (dashed) is very poor and the deviations

are large and systematic (!, lower panels). Also, the value
of χR

2 = 384.6 is easily rejected as being too large.
Use of a two-decay-time model results in a good fit of

the calculated frequency response (Figure 5.28, solid) to the
measured phase and modulation values (!). Also, the value
of χR

2 decreases to 1.34. Use of the three-decay-time model
results in a modest reduction of χR

2 to 1.24, so that the two-
decay-time model is accepted. For this mixture the recov-
ered decay times of 0.91 and 3.51 ns closely match the life-
times measured for the individual fluorophores. The recov-
ered amplitudes and fractional intensities suggest that about
64% of the emission at 330 nm is from the indole with a
decay time of 3.51 ns (Table 5.1).

An important part of data analysis is estimating this
confidence intervals for each parameter. Most computer
programs report the asymptotic standard errors (ASEs),
which are the uncertainties calculated under the assumption
that the parameters are not correlated. The range of possible
parameters are usually 2- to 10-fold larger than that estimat-
ed from the ASEs. For this reason, examination of the χR

2

surfaces is preferred. The upper and lower limits of each
parameter are determined from the χR

2 ratio as the parame-
ter value is held fixed around the optimal value. The least-
squares analysis is then run again to obtain the lowest value
of χR

2 consistent with the fixed parameter value. This
allows calculation of the χR

2 ratios:

(5.24)

where χR
2(par) is the value of χR

2 with a parameter value
held fixed at a value different from that yielding the mini-
mum value of χR

2(min). The upper and lower bounds of
each parameter are selected as those where the χR

2 ratio
intercepts with the FP value for one standard deviation (P =
0.32) and the number of parameters (p) and degrees of free-

Fχ �
χ2

R (par)

χ2
R (min )

� 1 �  

p

m �  p
 F(p,ν,P )
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Figure 5.28. Frequency-domain intensity decay data of a two-compo-
nent mixture of p-terphenyl (p-T) and indole (In) in ethanol, 20°C.
Magic-angle polarization conditions were used. The sample was in
equilibrium with air. The repetition rate was 1.9 MHz from a frequen-
cy-doubled rhodamine 6G dye laser. Emission at 330 nm was isolated
with a monochromator. The dashed line (top panel) and closed circles
(lower panels) show the best fit with one decay time. The solid curves
(top) and open circles (bottom) show the best fit with two decay times.
From [116].

Table 5.1. Multi-Exponential Analysis of a Two-Component Mixture of p-Terphenyl and Indole

Pre-ex-
ponential                           Fractional

Lifetime (ns)                            factors                              intensity                              χR
2

Sample                           τ1 τ2 α1 α2 f1 f2 1a 2a

p-Terphenyl 0.93 – 1.0 – 1.0 - 1.38 1.42
Indole – 3.58 – 1.0 – 1.0 1.10 1.13
Mixture 0.91 3.51 0.686 0.314 0.36 0.64 384.6 1.34b

aRefers to a two- or one-component fit. δφ = 0.2 and δm = 0.005. From [116].
bThe value of χR

2 for the three-decay-time fit for the mixture was 1.24.



dom (ν = m – p). It is useful to consider some representa-
tive values for the ratio of χR

2 values. For the two-compo-
nent mixture of p-terphenyl and indole there are 29 frequen-
cies and 58 datapoints. The two-decay-time model has three
variable parameters. The F statistic for p = 3 and m = 60 can
be found from Table 4.4 and is 1.19. Hence, the FP value
used for the confidence interval of each parameter is 1.06.
As described in Section 4.10.3, there is some disagreement
in the statistics literature as to the exact equation for finding
the confidence intervals. We will use eq. 5.24, but its cor-
rectness has not yet been proven.

The χR
2 surfaces for the two-component mixture are

shown in Figure 5.29. The confidence intervals (CI) are
determined from the intercept of the χR

2 surfaces with the
χR

2 ratio appropriate for the number of parameters and
degrees of freedom. The arrows in Figure 5.29 show the
asymptotic standard errors. The ASEs are about twofold
smaller than the confidence intervals. The decay times in
this mixture are widely spaced. For more closely spaced
decay times it becomes even more important to consider
parameter correlation in the calculation of confidence inter-
vals, and the ASEs can grossly underestimate the true con-
fidence intervals.

5.7.2. Resolution of  Two Closely Spaced Lifetimes

The resolution of multi-exponential decays becomes more
difficult as the decay times become more closely spaced. It
was previously noted that two decay times spaced by a fac-
tor of 1.4 represents the practical resolution limit for double
exponential decay.12 It is instructive to examine data for
such a mixture because the analysis illustrates the difficul-
ties encountered at the limits of resolution.

To illustrate a sample with two closely spaced decay
times we have chosen the mixture of anthranilic acid (AA,
τ = 8.5 ns) and 2-aminopurine (2-AP, τ = 11.3 ns). This may
seem to be an easy resolution, but it is difficult to resolve
decay times which are less than two-fold different. Emis-
sion spectra are shown in Figure 5.30. Frequency-domain
data for the individual fluorophores and for the mixture are
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Figure 5.29. χR
2 surfaces for the two-component mixture of p-ter-

phenyl and indole. The horizontal arrows show the asymptotic stan-
dard errors (ASE), and the dashed lines are at the appropriate Fχ val-
ues. From [116].

Figure 5.30. Emission spectra of a two-component mixture of
anthranilic acid (AA) and 2-aminopurine (2-AP). Also shown are the
amplitudes recovered from the global analysis (Figure 5.33). From
[116].



shown in Figure 5.31. Each of the single fluorophores dis-
plays a frequency response characteristic of a single decay
time. The values of χR

2 for the single-decay-time fits were
acceptably low, and were not improved by using a two-
decay-time model. The 40% difference in decay time

results in only a modest shift on the frequency axis. Figure
5.31 (middle panel) also shows the frequency-domain data
for the two component mixture of AA and 2-AP. Frequen-
cy-domain data were measured through a 400-nm interfer-
ence filter. At this wavelength both fluorophores contribute
almost equally to the measured intensities. For these two
closely spaced lifetimes, it is difficult to see a difference
between the calculated curves for the one and two decay
time fits. The deviation plots (lower panels) show larger and
systematic deviations for the one component fit. Also, χR

2

decreases from 3.3 for the one-decay-time fit to 1.45 for the
one- and two-decay-time fits. For these measurements we
have approximately 40 degrees of freedom. The F value of
2.3 is seen to be significant at the 1% level (Table 4.3), and
there is less than a 0.1% probability that random noise is the
origin of the elevated χR

2 value for the one-decay-time fit
(Table 4.2).

In general we accept the more complex model if χR
2

decreases by at least 50%, preferably twofold. Occasional-
ly, the value of χR

2 is larger than expected, but χR
2 does not

decrease for the next more complex model. In these cases
the elevated χR

2 is usually due to systematic errors in the
measurements. It is fortunate that in many cases systematic
errors cannot be accounted for by another decay time com-
ponent in the model.

The twofold reduction in χR
2 for the two-decay-time

mixture seems reasonable, but the recovered parameter val-
ues have considerable uncertainty. At 400 nm the two-com-
ponent analysis returns a fractional intensity of 80% for the
longer lifetime, and decay times of 6.82 and 10.29 ns (Table
5.2). These values are considerably different from the
expected fractional intensity near 40% for the longer decay
time component. Also, the recovered decay times of 6.82
and 10.29 ns are different from the expected decay times of
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Figure 5.31. Frequency-domain intensity decays for 2-aminopurine
(2-AP) and anthranilic acid (AA). Top: single fluorophore data at 400
nm. Middle: the two component mixture measured at 400 nm.
Bottom: deviations for fits to the two component mixture. The value
of χR

2 for the one- and two-component fits are 3.31 and 1.45, respec-
tively. From [116].

Table 5.2. Resolution of a Two-Component Mixture of Anthranilic Acid 
and 2-Aminopurine, Observed at a Single Wavelength

Pre-expo-
Lifetimes                                nential                            Fractional

Observa-                                  (ns)                                    factors                             intensity                                 χR
2

tion wave-
length (nm)                        τ1 τ2 α1 α2 f1 f2 2a 1a

360 6.18 11.00 0.037 0.963 0.021 0.979 0.95 1.07
380 8.99 12.26 0.725 0.275 0.659 0.341 1.24 2.06
400 6.82 10.29 0.268 0.732 0.195 0.805 1.54 3.44
420 8.44 12.15 0.832 0.168 0.775 0.225 1.36 2.22
440 7.69 9.73 0.479 0.521 0.421 0.579 1.69 2.01

aRefers to a two- or one-component fit. δφ = 0.2 and δm = 0.005. From [116].



8.5 and 11.3 ns. Analysis of the intensity decays at other
wavelengths reveals considerable variability in the recov-
ered lifetimes and fractional intensities. This can be seen in
Figure 5.32 from the range of lifetimes consistent with the
data from the χR

2 surfaces. At different emission wave-
lengths the lifetime of the shorter decay time ranges from
6.18 to 8.99 ns, and the lifetime of the longer component
ranges from 9.73 to 12.26 ns (Table 5.2). The amplitudes
and fractional intensities recovered from the measurements
at different wavelengths do not accurately represent the
emission spectra of the two fluorophores. This is seen at
400 nm, where the amplitude of AA is expected to be dom-
inant, but a low value was recovered (0.195, Table 5.2).
Such variability is typical in the analysis of closely spaced
decay times, whether the measurements are performed in
the frequency domain or in the time domain.

The uncertainties in the recovered lifetimes is best
determined from the χR

2 surfaces (Figure 5.32). These sur-
faces for the mixture of AA and 2-AP are wide due to the

closely spaced lifetimes and correlation between the life-
times and amplitudes. The lack of resolution is especially
apparent for observation at 360 nm. In this case the emis-
sion is due primarily to just one of the fluorophores (AA).
The lifetime of one component can be fixed near 12 ns
without an elevation in χR

2, even when the dominant life-
time is near 8 ns. This probably occurs because the ampli-
tude of the 12-ns component can be decreased as the new
χR

2 values are calculated. At observation wavelengths
where both AA and 2-AP emit there are modest minima in
the χR

2 surfaces (Figure 5.32). However, the confidence
intervals are large, and in some cases the desired χR

2

increase is not reached for any reasonable value of the
decay times. The confidence intervals, which are the range
of parameter values consistent with the data, are not sym-
metrical about the best-fit values.

5.7.3. Global Analysis of a Two-Component 
Mixture

The resolution of complex intensity decays can be dramati-
cally enhanced by global analysis, which is the simultane-
ous analysis of multiple data sets measured under slightly
different conditions. For the two-component mixture of AA
and 2-AP, data were measured for five emission wave-
lengths (Figure 5.33, 360 to 440 nm). The decay time of
each fluorophore is expected to be independent of emission
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Figure 5.32. Lifetime χR
2 surfaces for the mixture of anthranilic acid (AA)

and 2-aminopurine (2-AP) for single observation wavelengths. The solid
bars (|——|) show the asymptotic standard errors. From [116].

Figure 5.33. Global analysis of the two-component mixtures of AA and 2-
AP. From left to right, the data are for 360, 380, 400, 420, and 440 nm. The
values of χR

2 for the global one- and two-component fits are 37.4 and 1.33,
respectively. From [116].



wavelength. Hence the global analysis is performed as
described in eqs. 5.13 to 5.15, where the αi(λ) values are
assumed to be different at each wavelength, but the τi val-
ues were assumed to be independent of wavelength.

Results of the global analysis are shown in Figure 5.33
and Table 5.3. The value of χR

2 = 37.4 for the one-compo-
nent fit is easily rejected. Use of the two-component model
results in a decrease of χR

2 to 1.33. For the global analysis,
the frequency responses at each emission wavelength are in
good agreement with the calculated curves when using two
wavelength-independent decay times. Use of three decay
times does not improve χR

2, so the two-decay-times model
is accepted.

Global analysis results in less uncertainty in the recov-
ered parameters. The lifetime χR

2 surfaces from the global

analysis are much steeper when calculated using the data at
six emission wavelengths (Figure 5.34, ——). The elevated
values of χR

2 are more significant because of the larger
degrees of freedom. For this global analysis there are
approximately 200 datapoints, and seven variable parame-
ters. Hence the F statistic is 1.16 (Table 4.4), and the F>

value is 1.04 (eq. 5.24). Global analysis also results in
improved estimates of the amplitudes. The fractional inten-
sities (fi) and decay times (τi) recovered from the global
analysis closely match those expected from the spectral
properties of the individual fluorophores (Figure 5.30).

5.7.4. Analysis of a Three Component Mixture:
Limits of Resolution

A three-component mixture with less than a threefold range
in lifetime represents the practical limit of resolution for
both time and frequency domain measurements. Analysis of
the data from such a sample illustrates important consider-
ations in data analysis at the limits of resolution. Frequen-
cy-domain intensity decay data for the mixture of indole
(IN, 4.41 ns), anthranilic acid (AA, 8.53 ns) and 2-aminop-
urine (2-AP, 11.27 ns) are shown in Figure 5.35. The data
cannot be fit to a single decay time, resulting in χR

2 = 54.2,
so this model is easily rejected. The situation is less clear
for the two- and three-decay-time fits, for which the values
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Table 5.3. Global Analysis of a Two-Component
Mixture of Anthranilic Acid and 2-Aminopurine

Measured at Five Emission Wavelengthsa,b

2-AP                                 AAc

Observation                      τ1 = 8.19 ns                       τ2 = 11.18 ns
wavelength (nm)                  α1 f1 α2 f2

360 0.117 0.089 0.883 0.911
380 0.431 0.357 0.569 0.643
400 0.604 0.528 0.396 0.472
420 0.708 0.640 0.292 0.360
440 0.810 0.758 0.190 0.242

aAnalysis of the data in Figure 5.33. f = 0.2 and δm = 0.005. From
[116].

bFor the one-component fit χR
2 = 37.4, for the two-component fit χR

2 =
1.33.
cLifetimes assigned to these fluorophores based on measurements of
the individual fluorophores (Figure 5.31).

Figure 5.34. Lifetime χR
2 surfaces for the mixture of anthranilic acid

(AA) and 2-aminopurine (2-AP). The 67% line refers to the Fχ values
for global analysis. From [116].

Figure 5.35. Frequency-domain intensity decay for a three-compo-
nent mixture of indole (IN), 2-aminopurine (2-AP), and anthranilic
acid (AA) in water, 20°C, pH 7, observed at 380 nm. The χR

2 values
for one-, two-, and three-decay-time fits are 54.2, 1.71, and 1.81,
respectively. From [116].



of χR
2 are 1.71 and 1.81, respectively. At first glance it

seems that χR
2 has increased for the three-exponential fit.

However, the increase in χR
2 for the three-decay-time model

is a result of the larger number of variable parameters and
the smaller number of degrees of freedom. The value of χ2,
which is the sum of the squared deviations, for these three
fits is 2006, 59.7, and 59.6, for the one-, two-, and three-
decay-time fits. Hence, the fit is not worse for the three-
decay-time fit, but is essentially equivalent to the two-
decay-time model.

Samples such as this three-component mixture are dif-
ficult to analyze. In this case we know there are three decay
times, and the three decay times are correctly determined
by the analysis. However, obtaining the correct values
required that the starting parameter values are close to the
correct values. Otherwise, the program stopped at incorrect
values, apparently trapped in local χR

2 minima. Additional-
ly, the χR

2 surface is almost independent of lifetime, as
shown in Figure 5.36 for the data measured at 380 nm
(dashed). Without prior knowledge of the presence of three
decay times, it would be difficult to know whether to accept
the two or three decay time fit.

At this point in the analysis there is little reason for
proceeding further. If the information is not present in the
data, no amount of analysis will create new information.
One can either add new experimental data, or add informa-
tion by restricting parameters based on separate knowledge
about the sample. If one or more of the lifetimes are known,
these can be held constant during the least-square fit. Simi-
larly, one of the amplitudes could be fixed. However, the
best approach is to add new data and perform a global
analysis.

The emission from the three-component mixture was
measured at five wavelengths: 360, 380, 400, 420 and 440
nm (Figure 5.37). At each wavelength each fluorophore dis-
plays the same decay time, but a different fractional ampli-
tude based on its emission spectrum (Figure 5.38). Because
of the different amplitudes at each wavelength, the frequen-
cy responses are wavelength dependent (Figure 5.37). The
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Figure 5.36. Lifetime χR
2 surfaces for the three component mixtures

of In, AA, and 2-AP; dashed, 380 nm; solid, global fit at 360, 380,
400, 420, and 440 nm. From [116].

Figure 5.37. Frequency-domain intensity decays of the three-compo-
nent mixture observed at 360, 380, 400, 420, and 440 nm. The lines
are for the best fit to three global decay times and non-global ampli-
tudes. The values of χR

2 for the one-, two-, and three-decay-time fit
are 109.8, 2.3, and 1.1, respectively. From [116].

Figure 5.38. Emission spectra of the three-component mixture of
indole, anthranilic acid, and 2-aminopurine. Also shown are the frac-
tional intensities recovered from global analysis of the frequency-
domain data. From [116].



relative position of these curves can be understood by rec-
ognizing that indole (4.41 ns) displays the shortest lifetime
and emits towards shorter wavelengths. The mean lifetime
is expected to be largest near 380 nm, which is the emission
maximum of 2-AP (11.27 ns). The mean lifetime decreases
at longer wavelengths as the emission becomes dominated
by AA (8.53 ns).

Figure 5.38 and Table 5.4 show the results of global
analysis of the wavelength-dependent data. The one- and
two-component fits are easily rejected on the basis of the
χR

2 values of 109.8 and 2.3, respectively, which are both
significantly larger than χR

2 = 1.2 for the three-decay-time
fit. The uncertainties in the parameter values can be found
by examining χR

2 surfaces (Figure 5.36). For the single-
wavelength data at 380 nm the value of χR

2 was insensitive
to fixing any of the three decay times. When this occurs,
recovery of the correct decay times should be regarded as a
fortunate coincidence rather than evidence for the resolu-
tion obtainable from the data. For the global data the χR

2

surfaces display distinct minima at the correct lifetimes,
providing good estimates of the values and range consistent
with the data. Also, the recovered amplitudes now closely
match those expected from the known emission spectra of
the fluorophores (Figure 5.38). By performing additional
measurements at different wavelengths, and global analysis,
a sample that had been unresolvable became a readily
resolvable mixture. The magnitude of the χR

2 ratio is larger
for the more widely spaced decay times. The ratio increas-
es to 1.02 between the 4.46- and 8.84-ns lifetimes, and to
only 1.01 between the 8.84 and 10.99-ns lifetimes. This
effect illustrates why it is more difficult to resolve more
closely spaced lifetimes. Finally, it is interesting to consid-
er the FP value appropriate for this analysis. There are

approximately 200 datapoints and 13 parameters. The χR
2

ratio is 1.15, so FP = 1.08. Hence, the confidence intervals
overlap for the three lifetimes.

5.7.5. Resolution of a Three-Component Mixture
with a Tenfold Range of Decay Times

The ability to resolve a three-component mixture increases
rapidly if the decay times are more widely spaced. A mix-
ture with a tenfold range of lifetimes is provided by POPOP
(1.32 ns), 9-methylanthracene (4.44 ns), and 9-cyanoan-
thracene (12.12 ns). The relative value of χR

2 decreased 20-
fold for the three-decay-time fit relative to the two-decay-
time fit (Figure 5.39). For this mixture the calculated phase
and modulation values for the two-decay-time model (")
differ systematically from the data, whereas the deviations
from the three-decay-time model (!) are randomly distrib-
uted (Figure 5.39). In this analysis the value of χR

2 = 0.26
for the three-decay-time fit seems too small. This is not an
error, but indicates the assumed values of δφ = 0.3 and δm
= 0.003 are too large, and that the actual uncertainties are
smaller. From these results we see that three decay times
with a tenfold range are easily recovered, but three lifetimes
with a threefold range are difficult to resolve.

5.7.6. Maximum Entropy Analysis of FD Data

The maximum entropy method (MEM) has also been used
to analyze frequency-domain data. However, there are rela-
tively few papers on this topic,117–121 so it is difficult to
judge the usefulness of the MEM for FD data. The pub-
lished results give the impression that the MEM is less
robust with FD data than with TD data, but a detailed com-
parison has not been published.
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Table 5.4. Global Analysis of the Frequency-Domain Data for a Three-Component 
Mixture of Indole, Anthranilic Acid, and 2-Aminopurinea

Observation                                         τ1 = 4.46 ns                           τ2 = 8.84 ns                           τ3 = 10.99 ns
wavelength

(nm)                                               α1 f1 α2 f2 α3 f3

360 0.700 0.488 0.008 0.011 0.292 0.501
380 0.434 0.254 0.244 0.282 0.322 0.464
400 0.235 0.123 0.429 0.444 0.336 0.433
420 0.306 0.169 0.430 0.471 0.264 0.360
440 0.219 0.121 0.687 0.752 0.094 0.127

aδφ = 0.2 and δm = 0.005. From [116]. χR
2 = 1.19, 2.30, and 109.8 for the three-, two-, and one-component fits,

respectively.



5.8. BIOCHEMICAL EXAMPLES OF FREQUENCY-
DOMAIN INTENSITY DECAYS

5.8.1. DNA Labeled with DAPI

The probe DAPI (4',6-diamidino-2-phenylindole) is widely
used to study DNA.122–126 DAPI binds to the minor groove
of DNA and shows preferential binding to AT-rich regions
of DNA. DAPI is only weakly fluorescent in water (Figure
5.40), and displays an increase in quantum yield upon bind-
ing to DNA.126 The increase in quantum yield is minimal
for binding to poly d(GC). A more significant enhancement
in DAPI fluorescence is found upon binding to DNA con-
taining both GC and AT pairs (circular and linear DNA in
Figure 5.40). The largest enhancement of DAPI fluores-
cence is found for binding of DAPI to poly d(A)-poly d(T)
or to poly d(AT). The dependence of DAPI fluorescence on
the base composition of DNA suggests that DAPI will dis-
play complex decay kinetics when bound to DNA because
the DAPI will be near both AT and GC base pairs.

Frequency-domain intensity decays of DAPI are shown
in Figure 5.41. Excitation was at 325 nm from an HeCd
laser. For the intensity decay measurements the entire emis-
sion was observed using an RG370 longpass filter. Mea-
surements were performed using POPOP in ethanol as a
reference, with a lifetime of 1.35 ns. The frequency
responses are visually heterogeneous for DAPI bound to
poly d(GC) and to linear DNA, indicating that DAPI is
bound in more than one environment with different decay
times. The average lifetime is longest when DAPI is bound
to poly d(A)-poly d(T), as seen from the frequency response
shifted to the lowest frequencies.
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Figure 5.39. Phase and modulation data for a three-component
mixture of POPOP, 9-methylanthracene (MeANT), and 9-
cyanoanthracene (CyANT) in ethanol at 20°C, in equilibrium
with air. The values shown are recovered from the three-compo-
nent fit, and the values in parentheses are from separate measure-
ment of the pure compounds. The fractional intensities of the
three components were equal (f1 = f2 = f3 = 1/3). The excitation
wavelength was 325 nm and the emission filter a Corning 0-52.
The measurements were performed relative to a POPOP refer-
ence solution with a reference lifetime of 1.32 ns. δφ = 0.3° and
δm = 0.003. Revised from [13] and reprinted with permission
from the Biophysical Society.

Figure 5.40. Top: Structure of a DAPI–DNA complex. Bottom:
Emission spectra (x20) of DAPI in water at pH 7.1, and complexed
with poly d(GC) (x20), closed circular DNA (x10), linear DNA and to
polyd (AT). Excitation at 340 nm. Lower panel revised from [126].



The intensity decays could be fit to the two decay time
model (Table 5.5). In the absence of DNA, the intensity is
dominated by a 0.19-ns component. The decay is nearly
unchanged by the presence of poly d(GC), except for an
increase in the decay time of the short component to 0.6 ns.
Substantial changes in the intensity decay are found upon
binding to the other DNAs, where the decays are dominat-
ed by a 3.8–3.9-ns component. Linear and closed circular
(CC) DNA has both AT and GC base pairs. In these cases
the intensity decay is heterogeneous due to the presence of
DAPI bound to both types of base pairs. Binding of DAPI
to a homogeneous DNA, either poly d(AT) or poly d(A)-
poly d(T), results in a homogeneous decay. These results
show how the time-resolved decays can be used to learn
about the presence of more than one type of binding site for
a fluorophore.

As discussed in Section 5.10, the lifetimes calculated
from the phase and modulation at a single frequency are
only apparent values. The heterogeneous decay of DAPI in
water illustrates this effect.126 For an observation wave-

length of 470 nm, and a modulation frequency of 100 MHz,
the apparent phase and modulation lifetimes are τNapp = 0.47
ns and τm

app = 1.24 ns. The fact that τN < τm indicates that
the decay is heterogeneous.

5.8.2. Mag-Quin-2: A Lifetime-Based Sensor 
for Magnesium

Ion-sensitive fluorophores are widely used in cell biology
to measure intracellular calcium concentrations. While
most calcium and magnesium measurements are based on
intensity or wavelength-ratiometric measurements, one can
also use intensity decay measurements. Lifetime measure-
ments offer the advantage of being independent of the total
fluorescence intensity, and can thus be used in fluorescence
microscopy where quantitative intensity measurements are
difficult. Probes that display changes in lifetime can be used
for fluorescence-lifetime imaging microscopy (Chapter 22).

The use of a magnesium probe as lifetime-based sen-
sors requires an understanding of how the decay times
change in response to Mg2+. One example is shown in Fig-
ure 5.42 for Mag-Quin-2.127 The mean decay time of Mag-
Quin-2 increases from 0.84 ns in the absence of Mg2+ to
8.16 ns in the presence of Mg2+. This increase in lifetime
results in a dramatic shift of the frequency response to
lower frequencies. At intermediate Mg2+ concentrations,
where Mag-Quin-2 is partially saturated with Mg2+, one can
visually see that the frequency response is heterogeneous
and one can see the contributions of the short and long
decay times of Mag-Quin-2.

Data of the type shown in Figure 5.42 are ideal for a
global analysis. The two decay times are expected to be
constant at all Mg2+ concentrations, and the amplitudes are
expected to depend on magnesium. An alternative approach
to improving the resolution is to fix the decay times. In this
case the lifetimes in the absence and presence of saturating
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Figure 5.41. Frequency-domain intensity decays of various DNAs
labeled with DAPI. DAPI in water at pH 7.1, and complexed with
polyd(GC), linear DNA, circular DNA, and AT polymers. The solid
lines correspond to the best fits using a double-exponential model.
Revised from [126].

Table 5.5. Intensity Decays of DAPI Bound to Various DNAsa

DNAb τ1 (ns)                  τ2 (ns)                                   f1 f2

None, in water at pH 7.1c 0.19 2.80 0.73 0.27
Poly d(GC)b 0.6 2.9 0.71 0.29
CC-DNAd 0.4 3.8 0.05 0.95
Linear DNA 0.5 3.8 0.20 0.80
Poly d(AT) – 3.9 – 1.00
Poly d(A)-poly d(T) – 3.9 – 1.00

aFrom [126]. The DNA phosphate:DAPI ratio was 60.
bThe measurements with DNA were at pH 7.2 in 0.1 M tris with 0.1 M NaCl.
cDAPI in water at pH 7.1.
dClosed circular DNA-CoEl plasmid DNA.



Mg2+ can be used as known values. Analysis of the frequen-
cy-domain data at one Mg2+ concentration can then be used
to recover the amplitudes with less uncertainty than if the
lifetimes were variable parameters.

5.8.3. Recovery of Lifetime Distributions 
from Frequency-Domain Data

Frequency-domain data can be used to recover lifetime dis-
tributions. For a distribution of lifetimes the intensity decay
is given by

(5.25)

where the lifetime distribution α(τ) can be a unimodal or
multimodal distribution:

(5.26)

For a lifetime distribution the transforms are given by

(5.27)

(5.28)

where

(5.29)

It is not easy to write analytical expressions for the sine and
cosine transforms. Hence, the sine and cosine transforms
are calculated numerically. This is not a problem with mod-
ern computers, which can rapidly do the required numerical
integrations. It is important to recognize that it is difficult to
recover all the parameters of a multimodal lifetime distribu-
tion, and that in general a lifetime distribution cannot be
distinguished from a multi-exponential distribution.128–129

5.8.4. Cross-Fitting of Models: Lifetime 
Distributions of Melittin

When analyzing data in terms of lifetime distribution it is
difficult to know is the results are unique. In such cases we
suggest cross-fitting of models to determine whether the
recovered distributions are statistically different. This pro-
cedure is illustrated by the intensity decay of melittin. Fre-
quency-domain data for the single tryptophan protein melit-
tin are shown in Figure 5.43. In a mixture of 20% water and
80% methanol, melittin exists as α-helical monomers. The
data could be fit to a bimodal Lorentzian,130 which is shown
in the lower panel of Figure 5.44. The lifetime distributions
found for melittin are consistent with the notion of protein
structure being an origin of the complex intensity decays of
proteins. When dissolved in 6 M guanidine hydrochloride
(GuHCl), which eliminates all structure, the intensity decay
becomes equivalent to a double exponential decay (Figure
5.44, top). In water, melittin is known to have a small
amount of residual structure. Under these conditions one
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Figure 5.42. Frequency response of the magnesium indicator Mag-
Quin-2 with increasing amounts of magnesium. Revised from [127].



notices that the lifetime distributions become broader (Fig-
ure 5.44, middle and lower panels).

While lifetime distributions can be recovered from the
FD data, it is important to ask whether the various distribu-
tions are distinct within the resolution limits of the data, or
cannot be distinguished from the data. We answer this ques-
tion by fitting the data with some of the fixed parameter val-
ues. In this case we asked whether the data for melittin in
80% methanol (broad distribution) could be fit with narrow
Lorentzian half widths (Γ1 = Γ2 = 0.01 ns). The mean life-
times and amplitudes of the Lorentzian were still variable
parameters. The forced fit results in an approximate three-
fold elevation of χR

2, indicating that the intensity decay of
melittin in 80% methanol is not consistent with two life-
times and narrow distributions. A less rigorous test would
be to cross-fit the data with all the parameters fixed, which
results in easier rejection of the alternate decay law. The
cross-fitting procedure is recommended whenever one is
trying to distinguish between two similar models.

5.8.5. Frequency-Domain Fluorescence
Microscopy with an LED Light Source

Frequency-domain measurements are finding use in fluo-
rescence microscopy, for both single point measure-
ments131–135 and for imaging (Chapter 22). Figure 5.45
shows fluorescence images of mouse 3T3 fibroblasts
stained with three different fluorophores, with widely vary-
ing lifetimes.134 The images show that an LED can be used
as the excitation source for steady-state fluorescence
microscopy. Coum-Eu is a europium chelate with a submil-
lisecond decay time. Ru(bpy)2phe–C12 is a lipophilic ruthe-
nium metal–ligand complex and Syto 14 is a nuclear stain.
The mean lifetimes of these probes when bound to the
fibroblasts were 1.01 ms, 0.95 :s, and 2.57 ns, respectively.
These results show that a wide range of decay times can be
readily measured using the FD method. In contrast to
TCSPC, the FD measurements are not restricted to a small
number of photons per time interval, allowing short and
long decay times to be measured using the same apparatus.

5.9. PHASE-ANGLE AND MODULATION 
SPECTRA Advanced Topic

In all the preceding sections we emphasized FD measure-
ments at a single emission wavelength. When using phase-
modulation methods it is also possible to record the phase
and modulation data as the emission wavelength is
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Figure 5.43. Phase and modulation data for synthetic melittin in 20%
H2O + 80% MeOH. The solid line and filled circles show the best fit
to a bimodal Lorentzian. The dashed line and open circles show the
best fit when the widths of the distribution Γ1 and Γ2 were held con-
stant at the narrow value of 0.01 ns. From [130].

Figure 5.44. Lifetime distributions for synthetic melittin in H2O with
6 M GuHCl (top), H2O (middle), and a mixture of 20% H2O + 80%
MeOH (bottom). From [130].



scanned.135–136 Such data can be referred to as phase-angle
or modulation spectra. Given the stability of modern FD
instruments, this procedure is quite reliable. For very short
decay times one may need to correct for the wavelength-
dependent transit time through the monochromator and/or
PMT. For ns-timescale measurements such corrections are
not necessary.

The use of phase-modulation spectra can be illustrated
by a mixture of fluorophores, acriflavine (ACF, 4.0 ns), and
3-aminofluoranthene (AFA, 11.7 ns) (Figure 5.46). Phase-
angle and modulation spectra were recorded using the 325-
nm output of an HeCd laser modulated by the Lasermetrics
1024 modulator, and detected through a monochromator
with an R928 PMT. Phase and modulation spectra were col-
lected at various modulation frequencies (Figure 5.47). The
phase angles increase with wavelength (top) and the modu-
lation decreases (bottom). These effects are due to the

increase in mean lifetime as the relative contribution of the
11.7-ns decay time of AFA increases at longer wavelengths.

The phase-modulation spectra can be used to recover
the emission spectra and lifetime of each component in the
mixture. This is accomplished by a global analysis of the
phase-modulation spectra measured at various frequencies.
Except for a change in the nature of the data files, the analy-
sis is performed according to eqs. 5.12 to 5.15. The emis-
sion spectra associated with each fluorophore can be calcu-
lated from the recovered values of αi(λ) and the steady-state
spectrum of the mixture I(λ). The fractional intensity of
each fluorophore at wavelength λ is given by

(5.30)fi(λ) �
αi(λ)  τi

 ∑
j

 αj(λ)  τj
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Figure 5.45. Fluorescence images of mouse 3T3 fibroblasts labeled with a europium chelate, a ruthenium metal–ligand complex and syto 14. The
lower panels show the frequency responses obtained using a modulated 460 nm LED as the excitation source, in solvents and in cells. Revised from
[134].



and the emission spectrum of each component is given by

(5.31)

The fractional contribution of each fluorophore to the total
intensity of the sample is given by

(5.32)

where N is the number of emission wavelengths. The emis-
sion spectra recovered from the analysis were in good
agreement with those known from the sample preparation
(Figure 5.46). For samples such as ACF and AFA there is
little advantage in using phase and modulation spectra, as
compared with frequency-swept measurements at a single
wavelength followed by changing the wavelength. Howev-
er, phase and modulation spectra can be more convenient if
the fluorophores show highly structured emission spectra.
In these cases it may be easier to scan wavelength than to
measure at discrete wavelengths adequate to determine the
individual emission spectra.

5.10. APPARENT PHASE AND MODULATION 
LIFETIMES

Prior to the availability of variable-frequency instruments
most phase-modulation fluorometers operated at one or a
few fixed modulation frequencies. During this time it
became standard practice to report the apparent phase and
modulation lifetimes, which are the values calculated from
the data at a single modulation frequency. These values are
given by

(5.33)

(5.34)

where we have dropped the indicator of wavelength for
simplicity.

There are several characteristics of the phase and mod-
ulation lifetimes that are valuable to know.41,137 The appar-
ent values are equal only if the intensity decay is a single
exponential, for which case

(5.35)

For multi-exponential or non-exponential decays the appar-
ent phase lifetimes are shorter than the apparent modulation
lifetimes (τNapp < τm

app). Also, τNapp and τm
app generally

decrease at higher modulation frequencies. Hence, their
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Figure 5.46. Emission spectra and recovered spectra for a mixture of
ACF and AFA in propylene glycol at 20°C. Emission spectra are
shown for the mixture (closed inverted triangles), of the individual
components (open squares, open circles), and recovered from the
phase-modulation spectra (closed squares, closed circles). [ACF] = 5
x 10–7 M, [AFA] = 2 x 10–5 M. Revised and reprinted with permission
from [135], Copyright © 1990, American Chemical Society.

Figure 5.47. Representative phase-angle (top) and modulation spectra
(bottom) for a mixture of ACF and AFA. The complete data set con-
sisted of spectra at 20 modulation frequencies. Revised and reprinted
with permission from [135], Copyright © 1990, American Chemical
Society.



apparent lifetimes depend on the method of measurement,
and are not true molecular parameters.

The relationship of τNapp and τm
app are most easily seen

by consideration of a double exponential decay. Using eqs.
5.7 and 5.8 one obtains

(5.36)

(5.37)

Using eqs. 5.9 and 5.33, the apparent phase lifetime is given
by

(5.38)

Recall that the average lifetime is given by

(5.39)

Comparison of eqs. 5.38 and 5.39 shows that in τNapp each
decay time is weighted by a factor αiτi/(1 + ω2τi

2) rather
than a factor αiτi = fi. For this reason the components with
shorter decay times are weighted more strongly in τNapp than
in τ�. Increasing the modulation frequency increases the rel-
ative contribution of the short-lived component and hence
decreases the value of τNapp. Using similar reasoning but
more complex equations,41 one can demonstrate that the
apparent modulation lifetime is longer than the average life-
time.

An example of the use of apparent phase and modula-
tion lifetimes is given in Figure 5.48, for the mixture of
ACF and AFA. This figure shows the phase-angle and mod-
ulation spectra in terms of τNapp and τm

app. The fact that τNapp

< τm
app for a heterogeneous decay is evident by compari-

son of the upper and lower panels. Also, one immediately
notices that the apparent lifetime by phase or modulation
depends on modulation frequency, and that higher frequen-
cies result in shorter apparent lifetimes. Hence, the apparent
lifetimes depend on the method of measurement (phase
or modulation) and on the frequency, and it is difficult
to interpret these values in terms of molecular features of
the sample.

It is always possible to interpret the phase and modula-
tion values in terms of the apparent lifetimes. However, the
use of apparent phase and modulation lifetimes is no longer
recommended. These are only apparent values that are the
result of a complex weighting of the individual decay times
and amplitudes, which depend on the experimental condi-
tions. Also, one does not actually measure apparent life-
times. These values are interpretations of the measurable
quantities, which are the phase and modulation values.

Supplemental Material

5.11. DERIVATION OF THE EQUATIONS FOR
PHASE-MODULATION FLUORESCENCE

5.11.1. Relationship of the Lifetime to the 
Phase Angle and Modulation

The equations relating the phase and modulation values to
the apparent lifetimes (eqs. 5.3 and 5.4) are widely known,

τ �
∑iαiτ2

i

 ∑jαjτj
� ∑i fiτi �

α1τ2
1 �  α2τ2

2

α1τ1 �  α2τ2

τapp
φ �

∑iαiτ2
i / (1 �  ω2τ2

i )
∑iαiτi/ (1 � ω2 τ2

i )

Dω(α1τ1 � α2τ2 ) �  
α1τ1

1 � ω2τ2
1

�  
α2τ2

1 � ω2τ2
2

Nω(α1τ1 � α2τ2 ) �  
α1ωτ2

1

1 � ω2 τ2
1

�
α2ωτ2

2

 1 � ω2τ2
2
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Figure 5.48. Apparent phase (top) and modulation (bottom) lifetimes
for a mixture of ACF and AFA. Revised and reprinted with permission
from [135], Copyright © 1990, American Chemical Society.



but the derivation is rarely given. These expressions have
been derived by several routes.41,138–139 The simplest
approach uses the kinetic equations and algebraic manipu-
lation.41,138 The excitation is assumed to be sinusoidally
modulated light

(5.40)

so that b/a = mL is the modulation of the incident light. The
fluorescence emission is forced to respond with the same
frequency, but the phase shift and modulation will be differ-
ent. One can assume the excited-state population is given as
follows:

(5.41)

and determine the relationship between fluorescence life-
time and the phase shift (φ) and the demodulation (m). The
intensity I(t) at any time is proportional to the number of
molecules in the excited state N(t).

Suppose the intensity decay following δ-function exci-
tation is a single exponential:

(5.42)

For a single-exponential decay the differential equation
describing the time-dependent excited-state population is

(5.43)

Substitution of 5.41 into eq. 5.43 yields

(5.44)

This equation must be valid for all times. The relationship
between the values of a, b, A, and B and the fluorescence
lifetime τ can be obtained by expansion of the sine and
cosine functions, followed by equating of the constant
terms and terms in sin ωt and cos ωt. This yields

(5.45)

(5.46)

(5.47)

From eq. 5.46 one obtains the familiar relationship

(5.48)

Squaring eqs. 5.46 and 5.47, followed by addition, yields

(5.49)

Recalling that A = aτ [eq. 5.45], one obtains

(5.50)

which is the usual relationship between the lifetime and the
demodulation factor.

An alternative derivation is by the convolution inte-
gral.134 The time-dependent intensity I(t) is given by the
convolution of excitation function (eq. 5.40) with the
impulse response function (eq. 5.42):

(5.51)

Substitution of eqs. 5.40 and 5.42 yields

(5.52)

These integrals can be calculated by recalling the identities

(5.53)

(5.54)

(5.55)�
∞

0

 exp (�kx )  cos mx  dx �
a

k2 � m2

�
∞

0

 exp (�kx )   sin  mx dx �
m

k2 � m2

 cos  (x � y ) �  cos  x cos y �  sin x  sin y

I(t) � I0�
∞

0

exp(�t’/ τ )  �a � b cos(ωt � ωt’) �dt’

I(t) � �
∞

0

 L(t’)I(t � t’)dt’

m �
B /A

b /a
� �1 � ω2τ2

m ��1/2

�ω2 � (1 / τ ) 2� � (b /B ) 2

 sin φ
 cos φ

�  tan φ �  ωτφ

ω sin φ � (1 / τ )  cos φ � b /B

ω cos φ � (1 / τ )  sin φ � 0

a � (1 / τ )A � 0

�
1

τ
 �A � B sin (ωt � φ ) � � a � b sin ωt

ωB cos (ωt � φ )  �

dI(t)
dt

� �
1

τ
 I(t) � L(t)

I(t) � I0 exp (�t / τ )

N(t) � A � B sin (ωt � φ )

L(t) � a � b sin ωt
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Using these identities yields

(5.56)

(5.57)

(5.58)

Equation 5.58 was obtained using

(5.59)

(5.60)

Hence, the time dependent intensity is given by

(5.61)

This expression shows that the emission is demodulated by
a factor (1 + ω2τ2)–1/2 relative to the excitation and that the
emission is delayed by an angle φ relative to the excitation.

5.11.2. Cross-Correlation Detection

The use of cross-correlation detection transforms the high-
frequency emission to a low-frequency signal while pre-
serving the meaning of the phase and modulation values.
This can be seen by considering the nature of the signals.
The high-frequency time-dependent intensity is given by

(5.62)

This signal is multiplied by the sinusoidal gain modulation
of the detector:138

(5.63)

where G0 is the average value of the function, and mc, ωc,
and φc are the modulation, frequency, and phase of the
cross-correlation signal. Multiplication of eqs. 5.62 to 5.63
yields

(5.64)

Using trigonometric identities the last term becomes

(5.65)

where Δω = ωc – ω and Δφ = φc – φ. The frequencies ωc and
ω typically differ by only a small amount. Hence eq. 5.64
contains a constant term plus terms with frequencies, ω, ωc,
ω + ωc, and Δω. The Δω term contains the phase and mod-
ulation information. In the electronic filtering process the
constant term and terms in ω, ωc, and ω + ωc all contribute
to average intensity, and the term Δω determines the phase
and amplitude of the low-frequency modulated emission.
The presence of the phase and modulation information in
the low-frequency signal can also be seen by integration of
eqs. 5.62 and 5.63 over one measurement cycle.41

5.12. PHASE-SENSITIVE EMISSION SPECTRA
The frequency-domain method also allows several other
types of measurement that can be useful in special circum-
stances. One method is measurement of phase-sensitive
intensities and/or emission spectra.140–143 In phase-sensitive
detection of fluorescence (PSDF) the measurements are
somewhat different than in frequency-domain fluorometers.
In PSDF the emission from the sample is analyzed with a
phase-sensitive detector, typically a lock-in amplifier. This
measurement procedure selectively attenuates the signal
from individual fluorophores on the basis of their fluores-
cence lifetimes, or more precisely, their phase angles rela-
tive to the phase of the detector. PSDF allows the emission
from any one species to be suppressed, or, more precisely,
the emission with any desired angle to be suppressed. Phase
suppression is accomplished when the phase of the detector
is 90E shifted from the phase angle of the emission. Then,
the resulting phase-sensitive emission spectrum represents
only the emission from the remaining fluorophores. For a
two-component mixture, suppression of the emission from

mmc

2
� cos(Δωt � Δφ ) �   cos(ωct � ωt � Δφ ) �

� mmc cos(ωt � φ )  cos(ωct � φc ) �

S(t) � N0G0�1 � m cos(ωt � φ ) � mc cos(ωct � φc )

G(t ) � G0�1 � mc cos  (ωct � φc) �

I(t) � I0�1 � m cos (ωt � φ ) �

I(t) � I0τ { a �
b

√1 �  ω2τ2
 cos (ωt � φ ) }

 tan φ �
 sin φ
 cos φ

 cos φ � (1 � ω2 τ2)�1/2

�
τ

√1 � ω2τ2
  cos (ωt � φ )

�
τ

√1 � ω2τ2
  {  cos ωt
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�

ωt sin ωt
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}

�
∞

0

 exp (�t’/ τ )   cos ω(t � t’)  dt’ �
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one component allows the emission spectrum of the second
component to be directly recorded. This procedure is exper-
imentally simple and can be used to record the emission
spectra of fluorophores with closely spaced lifetimes. PSDF
is frequently used in fluorescence lifetime imaging micros-
copy (Chapter 22).

5.12.1. Theory of Phase-Sensitive Detection of
Fluorescence

A phase fluorometer, when coupled with phase-sensitive
detection of fluorescence, can be used in a simple manner
to resolve heterogeneous fluorescence. Consider a sample
containing a single fluorescent species with a lifetime τ.
When excited with sinusoidally modulated light the emis-
sion is given by

(5.66)

where mL is the modulation of the exciting light. In this
equation, m and φ are related to the lifetime by eqs. 5.3 and
5.4. Since phase-sensitive spectra are typically measured at
a single modulation frequency the subscript ω has been
dropped for simplicity. If the sample contains more than
one fluorophore then the modulated emission at each wave-
length (λ) is given by

(5.67)

In this expression Ii(λ) are the individual emission spectra,
fi are the fractional intensities to the total steady-state inten-
sity, Efi = 1.0, mi is the modulation of the ith component,
and φi is its phase angle. Depending upon the needs of the
experiment, the steady-state spectra of each species Ii(λ)
can be replaced by the steady-state spectra of the sample
I(λ) and the wavelength-dependent fractional intensities:

(5.68)

In eqs. 5.67 and 5.68 we have assumed that the sample con-
tains discrete lifetimes characterized by mi and φi, rather
than a non-exponential decay or a lifetime distribution.

Phase-sensitive detection is accomplished by multiply-
ing the emission F(λ,t) by a square wave, and integrating
the result over time to yield a steady-state intensity.1–9 The

square wave is usually regarded as having a value of 0 or 1
depending on the angle within a single period of 2π (Figure
5.49):

(5.69)

Typically the phase angle of the detector (φD) is varied to
integrate the emission over various portions of the 0 to 2π
cycle.

The phase-sensitive detector yields a direct current sig-
nal proportional to the modulated amplitude and to the
cosine of the phase difference between the detector phase
φD and the phase of the sample. If an emission spectrum of
a sample containing a single fluorophore (lifetime) is
scanned using phase-sensitive detection, one observes a
steady-state spectrum whose amplitude depends on the
detector phase angle φD and the phase angle of the fluo-
rophore φ1:

(5.70)F(λ, φD) � kF(λ)m cos  (φD � φ1)

{ � 0 from 0 to φD

� 1 from φD to φD � π
� 0 from φD to φD � 2π

F(λ,t) � I(λ)  ∑
i

   fi(λ)mi sin (ωt � φi)

F(λ,t) � ∑
i

 Ii(λ)fimi  sin (ωt � φi)

F(t) � 1 � mLm sin (ωt � φ )
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Figure 5.49. Phase-sensitive detection of fluorescence. The detector
phase (φD) can be in phase with the emission φD = φ (top), out of phase
with the emission (φD = φ + 90°, middle), or at some intermediate
value (bottom).



where F(λ) is the steady-state emission spectrum, λ is the
wavelength, and k is a constant that contains the usual sam-
ple and instrumental factors and the constant factor mL.
From eq. 5.70 one can predict the appearance of the phase-
sensitive spectrum of a single component solution at vari-
ous detector phase angles. One expects the intensity of the
spectra to vary as cos(φD – φ), and the spectral distribution
to remain unchanged.

The principle and usefulness of phase-sensitive detec-
tion is best understood by considering a mixture of two flu-
orophores, A and B, whose lifetimes (τA and τB) are each
independent of emission wavelength (Figure 5.50). To
resolve the spectra of A and B by PSDF the phase angles (φA

and φB) or lifetimes must be different. We will assume τA <
τB. The time-dependent emission is given by

(5.71)

where FA(λ) and FB(λ) are the intensities of components A
and B at wavelength λ in the steady-state spectrum. An
important characteristic of the modulated emission is that it
is a superimposition of sine waves of the same frequency
but differing phases, each resulting from one of the fluo-
rophores (Figure 5.50). The modulated emission can be
conveniently examined with a phase-sensitive detector or
lock-in amplifier. The resulting unmodulated signal is given
by

(5.72)

For a mixture of two fluorophores one expects the phase-
sensitive spectra to contain contributions from both fluo-
rophores, with a fractional contribution dependent on the
relative intensities (Fi(λ)), the modulations (mi), and, most
important, the values of φD – φi. The relative contribution of
each fluorophore to the phase-sensitive intensity depends
on the value of cos(φD – φi). By selection of φD – φi = 90E,
the detector can be out of phase with one component in the
sample. Then the phase-sensitive spectrum represents the
emission spectrum of the other component.

5.12.2. Examples of PSDF and Phase Suppression

Since the initial reports on PSDF, this method has been
applied to a variety of samples. These applications are illus-
trated by two examples: suppression of scattered light and
resolution of an excited-state reaction. Scattered light has a
zero lifetime, and is thus always out of phase to some extent
with the emission. Several laboratories have suggested the
use of phase-sensitive detection to suppress scattered light
or sample autofluorescence.145–150 This application is illus-
trated in Figure 5.51 for a dilute solution of quinine sulfate
excited at 355 nm. There is a large peak due to Rayleigh
scatter below 370 nm, and a Raman scatter peak at 410 nm.
The scattered light could be suppressed by phase-sensitive
detection, allowing the emission spectrum of quinine sul-
fate to be directly recorded.

PSDF can be used to study excited-state reactions, as
well as ground state multi-exponential decays.151–153 This
application is illustrated in Figure 5.52 for exciplex forma-
tion between anthracene and diethylaniline. In this case the
long-wavelength emission forms subsequent to excitation
of anthracene, and displays the features of an excited-state
reaction. In PSDF it does not matter if the pre-exponential

� FB(λ)mB cos  (φD � φB)

F(λ,φD ) � FA(λ)mA cos  (φD � φA )

� FB(λ)mB sin  (ωt � φB)

F(λ,t) � FA(λ)mA sin (ωt � φA )
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Figure 5.50. Intuitive description of phase-sensitive detection of fluo-
rescence. Reprinted from [140], Copyright © 1981, with permission
from Elsevier Science.



factors are positive or negative, or if the phase angle
exceeds 90E. Adjustment of the detector phase angle to be
out of phase with either anthracene or its exciplex allows
the emission spectrum of the other species to be recorded
(lower panel).

Phase-sensitive spectra of relaxing systems can be
informative. PSDF has been used to resolve mixtures of
four or more fluorophores154–159 and to suppress back-
ground fluorescence.160 Phase-sensitive detection has also
been used to resolve the emission of fluorophores free in
solution and bound to macromolecules,161–162 and to study
binding between antigens and antibodies.163-165

5.12.3. High-Frequency or Low-Frequency 
Phase-Sensitive Detection

To this point we have not described the technical details
associated with recording phase-sensitive emission spectra.
Do the phase-sensitive spectra need to be recorded using the
high-frequency signal prior to cross-correlation,166 or can
phase-sensitive detection be performed using the low-fre-
quency cross-correlation signals? Fortunately, it is not nec-
essary to perform phase-sensitive detection at high frequen-
cy. It was found that the modulated emission from individ-
ual fluorophores could still be resolved using the low-fre-
quency cross-correlation signals. Such low-frequency
detection is easy to perform, and one need not be concerned
with the possible perturbation of tuned high-frequency cir-
cuits. The reference signal for the phase-sensitive detector
is provided by the reference phototube, which observes the
emission from a reference fluorophore or scatterer (Figure

5.7). Following selection of the detector phase angle, the
phase-sensitive spectra are collected in the usual manner by
scanning the emission monochromator.

5.13. PHASE-MODULATION RESOLUTION 
OF EMISSION SPECTRA

In recent years the use of phase-sensitive detection has
diminished, except for its use in lifetime imaging. The
phase-sensitive spectra contain less information than the
phase angle and modulation spectra. In the time it takes to
record the phase-sensitive spectra, one can now record the
phase angle and/or modulation across the emission spectra.
From these phase-modulation spectra one can compute the
phase-resolved spectra.167–169 Calculation of individual
spectra from the phase and modulation spectra has a long
history, dating to the early reports by Veselova and co-
workers.170–171 The equations to accomplish these resolu-
tions have been presented in several different forms, which
are useful under different circumstances.
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Figure 5.51. Steady-state emission spectrum of quinine sulfate (solid)
and the phase-sensitive spectrum with nulling of the scattered light
(dashed). Revised from [145].

Figure 5.52. Emission spectra of anthracene and its exciplex with
diethylaniline. Normalized steady-state spectra are shown in the upper
panel. Phase-sensitive fluorescence spectra of anthracene in the pres-
ence of diethylaniline are shown in the lower panel. The excitation
wavelength was 357 nm, and the excitation and emission bandpasses
were 8 nm. The solution was not purged with inert gas. Reprinted
from [140], Copyright © 1981, with permission from Elsevier
Science.



5.13.1. Resolution Based on Phase or 
Modulation Lifetimes

One approach to calculating this phase resolved spectra is
based on use of the apparent phase (τN(λ)) or modulation
(τm(λ)) lifetimes at each wavelength.167 Suppose that the
sample contains two species, with fractional steady-state
intensities of f1(λ) and f2(λ), and that the two decay times τ1

and τ2 are known and are independent of wavelength. Then
the ratio of fractional intensities can be calculated from167

(5.73)

A similar calculation can be performed using the apparent
modulation lifetime:

(5.74)

An advantage of this direct calculation procedure is that one
can change the assumed values of τ1 and τ2 to see how these
values affect the calculated spectra. Such further calcula-
tions are not possible using the phase-sensitive spectra.

5.13.2. Resolution Based on Phase Angles 
and Modulations

The equations for spectral resolution based on phase and
modulation data can be presented in several ways. For sim-
plicity, we will present these equations for a system with
two emitting species. For any decay law the values of N(λ)
and D(λ) are given by168–169

(5.75)

(5.76)

It is important to understand the meaning of the terms in
eqs. 5.74 and 5.75. The values of m(λ) and φ(λ) are the
experimentally determined data. The values of mi and φi are
constant terms that will somehow be known or separately
measured. If the intensity decay is due to a mixture of fluo-
rophores, each of which displays a single exponential
decay, then m1 = cos φ1 and m2 = cos φ2 and

(5.77)

(5.78)

However, if the decay is non-exponential, then mi ± cos φi.
Applications of Cramer's rule to eqs. 5.75 and 5.76,

followed by the law for the sine of a difference between two
angles, yield

(5.79)

(5.80)

These expressions were first used by Veselova et al.170 to
calculate the emission spectra of relaxed and unrelaxed flu-
orophores during spectral relaxation. Alternative forms of
eqs. 5.79 and 5.80 can be found by noting that f1(λ) + f2(λ)
= 1.0:

(5.81)

(5.82)

Employing either form of these equations requires knowl-
edge of φ1, φ2, m1, and m2, or for a mixture of fluorophores
τ1 and τ2.

5.13.3. Resolution of Emission Spectra from 
Phase and Modulation Spectra

Resolution of spectra from the phase and modulation data is
illustrated in Figure 5.53. The dashed line shows the emis-

f2(λ) �
m(λ)  cos  φ(λ) � m1 cos φ1

m2 cos φ2 �  m1 cos φ1

f1(λ) �
m(λ)  cos  φ(λ) � m2 cos φ2

m1 cos φ1 �  m2 cos φ2

f2(λ) �
m(λ)  sin  (φ1 � φ(λ) )

m2 sin (φ1 � φ2)

f1(λ) �
m(λ)  sin (φ(λ)  � φ2)

m1 sin (φ1 � φ2)

D(λ) � fi(λ)  cos 
2φ1 � f2 (λ)   cos 

2φ2

N(λ) � fi(λ)  sinφ1 cosφ1 � f2(λ)  sinφ2 cosφ2

�  f1(λ)m1 cos φ1 � f2(λ)  m2 cos φ2

D(λ) � m(λ)  cos φ(λ)

�  f1(λ)m1 sin φ1 � f2(λ)  m2 sin φ2

N(λ) � m(λ)  sin φ(λ)

ωτ1 � �(1 � ω2τ2
1 ) (1 � ω2τ2
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sion spectrum of anthracene in the presence of diethylani-
line (DEA). The structured emission is due to anthracene,
and the broad long wavelength emission is due to the exci-
plex formed with DEA. The presence of DEA results in a
decrease in the phase angle (!) of anthracene seen near 400
nm and an increased phase angle at long wavelengths where
the exciplex emits. The modulation decreases at wave-
lengths where the exciplex emission contributes to the
intensity.

At long and short wavelengths the phase and modula-
tion values are constant, allowing assignment of φ1, φ2, m1

and m2. The constant phase angles and modulations indicate
the excited-state reaction in a two-state process, rather than
a continuous process. In this case of an excited-state reac-
tion it may not be possible to use eqs. 5.73 and 5.74 because
the phase angles can exceed 90E and the value of the mod-
ulation is not due to a single modulation lifetime. One can
use eqs. 5.81 and 5.82 to calculate the fractional intensity at
each wavelength. When the fi(λ) values are multiplexed by
the steady-state spectrum one can calculate the emission
spectra of anthracene and its exciplex (Figure 5.54).

This procedure can also be used when the phase and
modulation values do not display constant values on the
blue and red sides of the emission. In this case one obtains
apparent spectra, whose molecular significance can only be
understood with additional information about the sample.170
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PROBLEMS

P5.1.  Calculation of the Decay Time of SPQ from Phase and
Modulation Data: Use the data in Figure 5.15 to calcu-
late the decay times of SPQ at each chloride concentra-
tion. For convenience, selected phase and modulation
values are listed in Table 5.6. Data can also be read from
Figure 5.15.

P5.2.  Determination of Chloride Concentrations with
SPQ: Chloride quenches the fluorescence of SPQ,
and this intensity can be used to measure chloride
concentrations. Suppose one is measuring SPQ fluo-
rescence in a fluorescence microscope, and that the
SPQ concentration is not known. Under these condi-
tions it is difficult to use the intensity values to meas-
ure the chloride concentrations. Suggest how the
phase or modulation data of SPQ (Figure 5.15) could
be used to measure chloride concentrations. Assume
that the uncertainties in the phase and modulation
values are ±0.2E and ±0.5%, respectively. What is
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the expected accuracy in the measured chloride con-
centrations?

P5.3.  Effect of Heterogeneity on Apparent Phase and Mod-
ulation Lifetimes: Suppose you have samples that
display a double-exponential-decay low, with life-
times of 0.5 and 5.0 ns. In one sample the pre-expo-
nential factors are equal (α1 = α2 = 0.5), and in the
other sample the fractional intensities are equal (f1 =
f2 = 0.5). Calculate the apparent phase and modula-
tion lifetimes for these two decay laws at modulation
frequencies of 50 and 100 MHz. Explain the relative
values of the apparent lifetimes.

P5.4.  Determination of the Excitation Wavelength: The
steady-state emission spectrum of quinine sulfate
shows a Raman scatter peak at 410 nm (Figure 5.51).
What is the excitation wavelength?

P5.5.  Attenuation of Phase-Sensitive Spectra: Assume that
the lifetime of quinine sulfate is 20 ns, and the light
modulation frequency is 10 MHz (Figure 5.51). What
detector phase angle was used to suppress the scat-
tered light? What detector phase angle would yield
the highest signal for quinine sulfate? What are the
relative values of the quinine sulfate intensity for the
maximum intensity and when the scattered light is
suppressed?

P5.6.  Resolution of a Free and Protein-Bound Fluo-
rophore: Assume the fluorescent probe 5-dimethy-
lamino-1-naphthalene sulfonic acid (DNS) binds to
bovine serum albumin. Assume further that the yield

of DNS increases twofold upon binding, and that the
lifetime of the free and bound forms are 5 and 10 ns,
respectively. Use the following data to calculate the
percentage of DNS free in solution and the percent-
age bound to BSA in the solution containing equimo-
lar concentrations of DNS and BSA. The modulation
frequency is 10 MHz. Also, explain the intensity
changes between the first two solutions.

Phase-sensitive intensity at
Sample                   ND = 17.4 + 90E ND = 3.21 - 90E

DNS (10–5 M) 0 1.0

DNS (10–5 M) plus 
excess BSA 1.776 0

DNS (10-5 M) 
plus 10-5 M BSA 0.886 0.50

P5.7.  Phase-Sensitive Spectra and Spectral Relaxation:
Phase-sensitive emission spectra were obtained for N-
acetyl-L-tryptophanamide in propylene glycol at vari-
ous temperatures (Figure 5.55). These spectra were
recorded following adjustment of the detector to sup-
press the emission on the blue or the red side of the
emission. Explain the phase-sensitive spectra in Figure
5.55 in terms of the rates of spectral relaxation.
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Table 5.6. Selected Phase and Modulation Values
for the Chloride Probe SPQa

Chloride                 Frequency             Phase angle
concentration              (MHz)                 (degrees)               Modulation

0 10 57.4 0.538
100 86.3 0.060

10 mM 10 35.1 0.821
100 82.2 0.141

30 mM 10 18.0 0.954
100 73.1 0.286

70 mM 10 9.4 0.988
100 59.1 0.505

aThe listed values were interpolated using the measured frequency
responses (Figure 5.15).

Figure 5.55. Resolution of the initially excited and relaxed states of
N-acetyl-L-tryptophanamide by phase-sensitive detection of fluores-
cence. Excitation was at 280 nm. Emission was observed through a
monochromator with a bandpass of 8 nm. Reprinted from [169],
Copyright © 1982, with permission from Elsevier Science.
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