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A

Linear Algebra

Since modelling and control of robot manipulators requires an extensive use
of matrices and vectors as well as of matrix and vector operations, the goal
of this appendix is to provide a brush-up of linear algebra.

A.1 Definitions

A matrix of dimensions (m× n), with m and n positive integers, is an array
of elements aij arranged into m rows and n columns:

A = [aij ] i = 1, . . . , m
j = 1, . . . , n

=

⎡
⎢⎢⎣

a11 a12 . . . a1n

a21 a22 . . . a2n
...

...
. . .

...
am1 am2 . . . amn

⎤
⎥⎥⎦ . (A.1)

If m = n, the matrix is said to be square; if m < n, the matrix has more
columns than rows; if m > n the matrix has more rows than columns. Further,
if n = 1, the notation (A.1) is used to represent a (column) vector a of
dimensions (m× 1);1 the elements ai are said to be vector components.

A square matrix A of dimensions (n× n) is said to be upper triangular if
aij = 0 for i > j:

A =

⎡
⎢⎢⎣

a11 a12 . . . a1n

0 a22 . . . a2n
...

...
. . .

...
0 0 . . . ann

⎤
⎥⎥⎦ ;

the matrix is said to be lower triangular if aij = 0 for i < j.

1 According to standard mathematical notation, small boldface is used to denote
vectors while capital boldface is used to denote matrices. Scalars are denoted by
roman characters.
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An (n×n) square matrix A is said to be diagonal if aij = 0 for i �= j, i.e.,

A =

⎡
⎢⎢⎣

a11 0 . . . 0
0 a22 . . . 0
...

...
. . .

...
0 0 . . . ann

⎤
⎥⎥⎦ = diag{a11, a22, . . . , ann}.

If an (n× n) diagonal matrix has all unit elements on the diagonal (aii = 1),
the matrix is said to be identity and is denoted by In.2 A matrix is said to be
null if all its elements are null and is denoted by O. The null column vector
is denoted by 0.

The transpose AT of a matrix A of dimensions (m × n) is the matrix of
dimensions (n×m) which is obtained from the original matrix by interchanging
its rows and columns:

AT =

⎡
⎢⎢⎣

a11 a21 . . . am1

a12 a22 . . . am2
...

...
. . .

...
a1n a2n . . . amn

⎤
⎥⎥⎦ . (A.2)

The transpose of a column vector a is the row vector aT .
An (n× n) square matrix A is said to be symmetric if AT = A, and thus

aij = aji:

A =

⎡
⎢⎢⎣

a11 a12 . . . a1n

a12 a22 . . . a2n
...

...
. . .

...
a1n a2n . . . ann

⎤
⎥⎥⎦ .

An (n × n) square matrix A is said to be skew-symmetric if AT = −A, and
thus aij = −aji for i �= j and aii = 0, leading to

A =

⎡
⎢⎢⎣

0 a12 . . . a1n

−a12 0 . . . a2n
...

...
. . .

...
−a1n −a2n . . . 0

⎤
⎥⎥⎦ .

A partitioned matrix is a matrix whose elements are matrices (blocks) of
proper dimensions:

A =

⎡
⎢⎢⎣

A11 A12 . . . A1n

A21 A22 . . . A2n
...

...
. . .

...
Am1 Am2 . . . Amn

⎤
⎥⎥⎦ .

2 Subscript n is usually omitted if the dimensions are clear from the context.
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A partitioned matrix may be block-triangular or block-diagonal. Special par-
titions of a matrix are that by columns

A = [a1 a2 . . . an ]

and that by rows

A =

⎡
⎢⎢⎢⎢⎣

aT1

aT2
...

aTm

⎤
⎥⎥⎥⎥⎦

.

Given a square matrix A of dimensions (n×n), the algebraic complement
A(ij) of element aij is the matrix of dimensions ((n − 1) × (n − 1)) which is
obtained by eliminating row i and column j of matrix A.

A.2 Matrix Operations

The trace of an (n × n) square matrix A is the sum of the elements on the
diagonal:

Tr(A) =
n∑
i=1

aii. (A.3)

Two matrices A and B of the same dimensions (m×n) are equal if aij =
bij . If A and B are two matrices of the same dimensions, their sum is the
matrix

C = A+B (A.4)

whose elements are given by cij = aij + bij . The following properties hold:

A+O = A

A+B = B +A
(A+B) +C = A+ (B +C).

Notice that two matrices of the same dimensions and partitioned in the same
way can be summed formally by operating on the blocks in the same position
and treating them like elements.

The product of a scalar α by an (m×n) matrix A is the matrix αA whose
elements are given by αaij . If A is an (n× n) diagonal matrix with all equal
elements on the diagonal (aii = a), it follows that A = aIn.

If A is a square matrix, one may write

A = As +Aa (A.5)

where
As =

1
2
(A+AT ) (A.6)
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is a symmetric matrix representing the symmetric part of A, and

Aa =
1
2
(A−AT ) (A.7)

is a skew-symmetric matrix representing the skew-symmetric part of A.
The row-by-column product of a matrix A of dimensions (m × p) by a

matrix B of dimensions (p× n) is the matrix of dimensions (m× n)

C = AB (A.8)

whose elements are given by cij =
∑p
k=1 aikbkj . The following properties hold:

A = AIp = ImA

A(BC) = (AB)C
A(B +C) = AB +AC
(A+B)C = AC +BC
(AB)T = BTAT .

Notice that, in general, AB �= BA, and AB = O does not imply that A = O
or B = O; further, notice that AC = BC does not imply that A = B.

If an (m× p) matrix A and a (p× n) matrix B are partitioned in such a
way that the number of blocks for each row of A is equal to the number of
blocks for each column of B, and the blocks Aik and Bkj have dimensions
compatible with product, the matrix productAB can be formally obtained by
operating by rows and columns on the blocks of proper position and treating
them like elements.

For an (n× n) square matrix A, the determinant of A is the scalar given
by the following expression, which holds ∀i = 1, . . . , n:

det(A) =
n∑
j=1

aij(−1)i+jdet
(
A(ij)

)
. (A.9)

The determinant can be computed according to any row i as in (A.9); the
same result is obtained by computing it according to any column j. If n = 1,
then det(a11) = a11. The following property holds:

det(A) = det(AT ).

Moreover, interchanging two generic columns p and q of a matrix A yields

det
(
[a1 . . .ap . . .aq . . .an ]

)
= −det

(
[a1 . . .aq . . .ap . . .an ]

)
.

As a consequence, if a matrix has two equal columns (rows), then its deter-
minant is null. Also, it is det(αA) = αndet(A).

Given an (m×n) matrix A, the determinant of the square block obtained
by selecting an equal number k of rows and columns is said to be k-order minor
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of matrix A. The minors obtained by taking the first k rows and columns of
A are said to be principal minors.

If A and B are square matrices, then

det(AB) = det(A)det(B). (A.10)

If A is an (n× n) triangular matrix (in particular diagonal), then

det(A) =
n∏
i=1

aii.

More generally, if A is block-triangular with m blocks Aii on the diagonal,
then

det(A) =
m∏
i=1

det(Aii).

A square matrix A is said to be singular when det(A) = 0.
The rank "(A) of a matrix A of dimensions (m × n) is the maximum

integer r so that at least a non-null minor of order r exists. The following
properties hold:

"(A) ≤ min{m,n}
"(A) = "(AT )
"(ATA) = "(A)
"(AB) ≤ min{"(A), "(B)}.

A matrix so that "(A) = min{m,n} is said to be full-rank .
The adjoint of a square matrix A is the matrix

AdjA = [(−1)i+jdet(A(ij))]Ti = 1, . . . , n
j = 1, . . . , n

. (A.11)

An (n × n) square matrix A is said to be invertible if a matrix A−1 exists,
termed inverse of A, so that

A−1A = AA−1 = In.

Since "(In) = n, an (n × n) square matrix A is invertible if and only if
"(A) = n, i.e., det(A) �= 0 (nonsingular matrix). The inverse of A can be
computed as

A−1 =
1

det(A)
AdjA. (A.12)

The following properties hold:

(A−1)−1 = A

(AT )−1 = (A−1)T .
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If the inverse of a square matrix is equal to its transpose

AT = A−1 (A.13)

then the matrix is said to be orthogonal ; in this case it is

AAT = ATA = I. (A.14)

A square matrix A is said idempotent if

AA = A. (A.15)

If A and B are invertible square matrices of the same dimensions, then

(AB)−1 = B−1A−1. (A.16)

Given n square matrices Aii all invertible, the following expression holds:
(
diag{A11, . . . ,Ann}

)−1 = diag{A−1
11 , . . . ,A

−1
nn}.

where diag{A11, . . . ,Ann} denotes the block-diagonal matrix.
If A and C are invertible square matrices of proper dimensions, the fol-

lowing expression holds:

(A+BCD)−1 = A−1 −A−1B(DA−1B +C−1)−1DA−1,

where the matrix DA−1B +C−1 must be invertible.
If a block-partitioned matrix is invertible, then its inverse is given by the

general expression
[
A D
C B

]−1

=
[
A−1 +EΔ−1F −EΔ−1

−Δ−1F Δ−1

]
(A.17)

where Δ = B−CA−1D, E = A−1D and F = CA−1, under the assumption
that the inverses of matrices A and Δ exist. In the case of a block-triangular
matrix, invertibility of the matrix requires invertibility of the blocks on the
diagonal. The following expressions hold:

[
A O
C B

]−1

=
[

A−1 O
−B−1CA−1 B−1

]

[
A D
O B

]−1

=
[
A−1 −A−1DB−1

O B−1

]
.

The derivative of an (m × n) matrix A(t), whose elements aij(t) are dif-
ferentiable functions, is the matrix

Ȧ(t) =
d

dt
A(t) =

[
d

dt
aij(t)

]
i = 1, . . . , m
j = 1, . . . , n

. (A.18)
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If an (n × n) square matrix A(t) is so that "(A(t)) = n ∀t and its elements
aij(t) are differentiable functions, then the derivative of the inverse of A(t)
is given by

d

dt
A−1(t) = −A−1(t)Ȧ(t)A−1(t). (A.19)

Given a scalar function f(x), endowed with partial derivatives with respect
to the elements xi of the (n × 1) vector x, the gradient of function f with
respect to vector x is the (n× 1) column vector

∇xf(x) =
(
∂f(x)
∂x

)T
=

[
∂f(x)
∂x1

∂f(x)
∂x2

. . .
∂f(x)
∂xn

]T
. (A.20)

Further, if x(t) is a differentiable function with respect to t, then

ḟ(x) =
d

dt
f(x(t)) =

∂f

∂x
ẋ = ∇T

xf(x)ẋ. (A.21)

Given a vector function g(x) of dimensions (m × 1), whose elements gi are
differentiable with respect to the vector x of dimensions (n×1), the Jacobian
matrix (or simply Jacobian) of the function is defined as the (m× n) matrix

Jg(x) =
∂g(x)
∂x

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂g1(x)
∂x

∂g2(x)
∂x
...

∂gm(x)
∂x

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (A.22)

If x(t) is a differentiable function with respect to t, then

ġ(x) =
d

dt
g(x(t)) =

∂g

∂x
ẋ = Jg(x)ẋ. (A.23)

A.3 Vector Operations

Given n vectors xi of dimensions (m × 1), they are said to be linearly inde-
pendent if the expression

k1x1 + k2x2 + . . .+ knxn = 0

holds true only when all the constants ki vanish. A necessary and sufficient
condition for the vectors x1,x2 . . . ,xn to be linearly independent is that the
matrix

A = [x1 x2 . . . xn ]
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has rank n; this implies that a necessary condition for linear independence
is that n ≤ m. If instead "(A) = r < n, then only r vectors are linearly
independent and the remaining n − r vectors can be expressed as a linear
combination of the previous ones.

A system of vectors X is a vector space on the field of real numbers IR if
the operations of sum of two vectors of X and product of a scalar by a vector
of X have values in X and the following properties hold:

x+ y = y + x ∀x,y ∈ X
(x+ y) + z = x+ (y + z) ∀x,y,z ∈ X
∃0 ∈ X : x+ 0 = x ∀x ∈ X
∀x ∈ X , ∃(−x) ∈ X : x+ (−x) = 0

1x = x ∀x ∈ X
α(βx) = (αβ)x ∀α, β ∈ IR ∀x ∈ X
(α+ β)x = αx+ βx ∀α, β ∈ IR ∀x ∈ X
α(x+ y) = αx+ αy ∀α ∈ IR ∀x,y ∈ X .

The dimension of the space dim(X ) is the maximum number of linearly inde-
pendent vectors x in the space. A set {x1,x2, . . . ,xn} of linearly independent
vectors is a basis of vector space X , and each vector y in the space can be
uniquely expressed as a linear combination of vectors from the basis

y = c1x1 + c2x2 + . . .+ cnxn, (A.24)

where the constants c1, c2, . . . , cn are said to be the components of the vector
y in the basis {x1,x2, . . . ,xn}.

A subset Y of a vector space X is a subspace Y ⊆ X if it is a vector space
with the operations of vector sum and product of a scalar by a vector, i.e.,

αx+ βy ∈ Y ∀α, β ∈ IR ∀x,y ∈ Y.

According to a geometric interpretation, a subspace is a hyperplane passing
by the origin (null element) of X .

The scalar product < x,y > of two vectors x and y of dimensions (m ×
1) is the scalar that is obtained by summing the products of the respective
components in a given basis

< x,y >= x1y1 + x2y2 + . . .+ xmym = xTy = yTx. (A.25)

Two vectors are said to be orthogonal when their scalar product is null:

xTy = 0. (A.26)

The norm of a vector can be defined as

‖x‖ =
√
xTx. (A.27)
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It is possible to show that both the triangle inequality

‖x+ y‖ ≤ ‖x‖ + ‖y‖ (A.28)

and the Schwarz inequality

|xTy| ≤ ‖x‖ ‖y‖. (A.29)

hold. A unit vector x̂ is a vector whose norm is unity, i.e., x̂T x̂ = 1. Given a
vector x, its unit vector is obtained by dividing each component by its norm:

x̂ =
1

‖x‖x. (A.30)

A typical example of vector space is the Euclidean space whose dimension is
3; in this case a basis is constituted by the unit vectors of a coordinate frame.

The vector product of two vectors x and y in the Euclidean space is the
vector

x× y =

⎡
⎣
x2y3 − x3y2

x3y1 − x1y3

x1y2 − x2y1

⎤
⎦ . (A.31)

The following properties hold:

x× x = 0

x× y = −y × x
x× (y + z) = x× y + x× z.

The vector product of two vectors x and y can be expressed also as the
product of a matrix operator S(x) by the vector y. In fact, by introducing
the skew-symmetric matrix

S(x) =

⎡
⎣

0 −x3 x2

x3 0 −x1

−x2 x1 0

⎤
⎦ (A.32)

obtained with the components of vector x, the vector product x× y is given
by

x× y = S(x)y = −S(y)x (A.33)

as can be easily verified. Moreover, the following properties hold:

S(x)x = ST (x)x = 0

S(αx+ βy) = αS(x) + βS(y).

Given three vectors x, y, z in the Euclidean space, the following expres-
sions hold for the scalar triple products:

xT (y × z) = yT (z × x) = zT (x× y). (A.34)

If any two vectors of three are equal, then the scalar triple product is null;
e.g.,

xT (x× y) = 0.
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A.4 Linear Transformation

Consider a vector space X of dimension n and a vector space Y of dimension
m with m ≤ n. The linear transformation (or linear map) between the vectors
x ∈ X and y ∈ Y can be defined as

y = Ax (A.35)

in terms of the matrix A of dimensions (m× n). The range space (or simply
range) of the transformation is the subspace

R(A) = {y : y = Ax, x ∈ X} ⊆ Y, (A.36)

which is the subspace generated by the linearly independent columns of matrix
A taken as a basis of Y. It is easy to recognize that

"(A) = dim(R(A)). (A.37)

On the other hand, the null space (or simply null) of the transformation is
the subspace

N (A) = {x : Ax = 0, x ∈ X} ⊆ X . (A.38)

Given a matrix A of dimensions (m× n), the notable result holds:

"(A) + dim(N (A)) = n. (A.39)

Therefore, if "(A) = r ≤ min{m,n}, then dim(R(A)) = r and dim(N (A)) =
n− r. It follows that if m < n, then N (A) �= ∅ independently of the rank of
A; if m = n, then N (A) �= ∅ only in the case of "(A) = r < m.

If x ∈ N (A) and y ∈ R(AT ), then yTx = 0, i.e., the vectors in the null
space of A are orthogonal to each vector in the range space of the transpose
of A. It can be shown that the set of vectors orthogonal to each vector of
the range space of AT coincides with the null space of A, whereas the set of
vectors orthogonal to each vector in the null space of AT coincides with the
range space of A. In symbols:

N (A) ≡ R⊥(AT ) R(A) ≡ N⊥(AT ) (A.40)

where ⊥ denotes the orthogonal complement of a subspace.
If the matrix A in (A.35) is square and idempotent, the matrix represents

the projection of space X into a subspace.
A linear transformation allows the definition of the norm of a matrix A

induced by the norm defined for a vector x as follows. In view of the property

‖Ax‖ ≤ ‖A‖ ‖x‖, (A.41)

the norm of A can be defined as

‖A‖ = sup
x 
=0

‖Ax‖
‖x‖ (A.42)
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which can also be computed as

max
‖x‖=1

‖Ax‖.

A direct consequence of (A.41) is the property

‖AB‖ ≤ ‖A‖ ‖B‖. (A.43)

A different norm of a matrix is the Frobenius norm defined as

‖A‖F =
(
Tr(ATA)

)1/2

(A.44)

A.5 Eigenvalues and Eigenvectors

Consider the linear transformation on a vector u established by an (n × n)
square matrix A. If the vector resulting from the transformation has the same
direction of u (with u �= 0), then

Au = λu. (A.45)

The equation in (A.45) can be rewritten in matrix form as

(λI −A)u = 0. (A.46)

For the homogeneous system of equations in (A.46) to have a solution different
from the trivial one u = 0, it must be

det(λI −A) = 0 (A.47)

which is termed a characteristic equation. Its solutions λ1, . . . , λn are the
eigenvalues of matrix A; they coincide with the eigenvalues of matrix AT . On
the assumption of distinct eigenvalues, the n vectors ui satisfying the equation

(λiI −A)ui = 0 i = 1, . . . , n (A.48)

are said to be the eigenvectors associated with the eigenvalues λi.
The matrixU formed by the column vectors ui is invertible and constitutes

a basis in the space of dimension n. Further, the similarity transformation
established by U

Λ = U−1AU (A.49)

is so that Λ = diag{λ1, . . . , λn}. It follows that det(A) =
∏n
i=1 λi.

If the matrix A is symmetric, its eigenvalues are real and Λ can be written
as

Λ = UTAU ; (A.50)

hence, the eigenvector matrix U is orthogonal.
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A.6 Bilinear Forms and Quadratic Forms

A bilinear form in the variables xi and yj is the scalar

B =
m∑
i=1

n∑
j=1

aijxiyj

which can be written in matrix form

B(x,y) = xTAy = yTATx (A.51)

where x = [x1 x2 . . . xm ]T , y = [ y1 y2 . . . yn ]T , and A is the (m×
n) matrix of the coefficients aij representing the core of the form.

A special case of bilinear form is the quadratic form

Q(x) = xTAx (A.52)

where A is an (n × n) square matrix. Hence, for computation of (A.52), the
matrixA can be replaced with its symmetric partAs given by (A.6). It follows
that if A is a skew-symmetric matrix, then

xTAx = 0 ∀x.

The quadratic form (A.52) is said to be positive definite if

xTAx > 0 ∀x �= 0 xTAx = 0 x = 0. (A.53)

The matrix A core of the form is also said to be positive definite. Analogously,
a quadratic form is said to be negative definite if it can be written as −Q(x) =
−xTAx where Q(x) is positive definite.

A necessary condition for a square matrix to be positive definite is that
its elements on the diagonal are strictly positive. Further, in view of (A.50),
the eigenvalues of a positive definite matrix are all positive. If the eigenvalues
are not known, a necessary and sufficient condition for a symmetric matrix to
be positive definite is that its principal minors are strictly positive (Sylvester
criterion). It follows that a positive definite matrix is full-rank and thus it is
always invertible.

A symmetric positive definite matrix A can always be decomposed as

A = UTΛU (A.54)

where U is an orthogonal matrix of eigenvectors (UTU = I) and Λ is the
diagonal matrix of the eigenvalues of A.

Let λmin(A) and λmax(A) respectively denote the smallest and largest
eigenvalues of a positive definite matrix A (λmin, λmax > 0). Then, the
quadratic form in (A.52) satisfies the following inequality:

λmin(A)‖x‖2 ≤ xTAx ≤ λmax(A)‖x‖2. (A.55)
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An (n× n) square matrix A is said to be positive semi-definite if

xTAx ≥ 0 ∀x. (A.56)

This definition implies that "(A) = r < n, and thus r eigenvalues of A
are positive and n − r are null. Therefore, a positive semi-definite matrix A
has a null space of finite dimension, and specifically the form vanishes when
x ∈ N (A). A typical example of a positive semi-definite matrix is the matrix
A = HTH where H is an (m× n) matrix with m < n. In an analogous way,
a negative semi-definite matrix can be defined.

Given the bilinear form in (A.51), the gradient of the form with respect
to x is given by

∇xB(x,y) =
(
∂B(x,y)

∂x

)T
= Ay, (A.57)

whereas the gradient of B with respect to y is given by

∇yB(x,y) =
(
∂B(x,y)

∂y

)T
= ATx. (A.58)

Given the quadratic form in (A.52) with A symmetric, the gradient of the
form with respect to x is given by

∇xQ(x) =
(
∂Q(x)
∂x

)T
= 2Ax. (A.59)

Further, if x and A are differentiable functions of t, then

Q̇(x) =
d

dt
Q(x(t)) = 2xTAẋ+ xT Ȧx; (A.60)

if A is constant, then the second term obviously vanishes.

A.7 Pseudo-inverse

The inverse of a matrix can be defined only when the matrix is square and
nonsingular. The inverse operation can be extended to the case of non-square
matrices. Consider a matrix A of dimensions (m×n) with "(A) = min{m,n}

If m < n, a right inverse of A can be defined as the matrix Ar of dimen-
sions (n×m) so that

AAr = Im.

If instead m > n, a left inverse of A can be defined as the matrix Al of
dimensions (n×m) so that

AlA = In.
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If A has more columns than rows (m < n) and has rank m, a special right
inverse is the matrix

A†
r = AT (AAT )−1 (A.61)

which is termed right pseudo-inverse, since AA†
r = Im. If W r is an (n × n)

positive definite matrix, a weighted right pseudo-inverse is given by

A†
r = W−1

r A
T (AW−1

r A
T )−1. (A.62)

If A has more rows than columns (m > n) and has rank n, a special left
inverse is the matrix

A†
l = (ATA)−1AT (A.63)

which is termed left pseudo-inverse, since A†
lA = In.3 If W l is an (m ×m)

positive definite matrix, a weighted left pseudo-inverse is given by

A†
l = (ATW lA)−1ATW l. (A.64)

The pseudo-inverse is very useful to invert a linear transformation y = Ax
with A a full-rank matrix. If A is a square nonsingular matrix, then obviously
x = A−1y and then A†

l = A†
r = A−1.

If A has more columns than rows (m < n) and has rank m, then the
solution x for a given y is not unique; it can be shown that the expression

x = A†y + (I −A†A)k, (A.65)

with k an arbitrary (n × 1) vector and A† as in (A.61), is a solution to the
system of linear equations established by (A.35). The term A†y ∈ N⊥(A) ≡
R(AT ) minimizes the norm of the solution ‖x‖. The term (I −A†A)k is the
projection of k in N (A) and is termed homogeneous solution; as k varies,
all the solutions to the homogeneous equation system Ax = 0 associated
with (A.35) are generated.

On the other hand, ifA has more rows than columns (m > n), the equation
in (A.35) has no solution; it can be shown that an approximate solution is given
by

x = A†y (A.66)

where A† as in (A.63) minimizes ‖y−Ax‖. If instead y ∈ R(A), then (A.66)
is a real solution.

Notice that the use of the weighted (left or right) pseudo-inverses in the
solution to the linear equation systems leads to analogous results where the
minimized norms are weighted according to the metrics defined by matrices
W r and W l, respectively.

The results of this section can be easily extended to the case of (square
or nonsquare) matrices A not having full-rank. In particular, the expres-
sion (A.66) (with the pseudo-inverse computed by means of the singular value
decomposition of A) gives the minimum-norm vector among all those mini-
mizing ‖y −Ax‖.
3 Subscripts l and r are usually omitted whenever the use of a left or right pseudo-

inverse is clear from the context.
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A.8 Singular Value Decomposition

For a nonsquare matrix it is not possible to define eigenvalues. An extension
of the eigenvalue concept can be obtained by singular values. Given a matrix
A of dimensions (m × n), the matrix ATA has n nonnegative eigenvalues
λ1 ≥ λ2 ≥ . . . ≥ λn ≥ 0 (ordered from the largest to the smallest) which can
be expressed in the form

λi = σ2
i σi ≥ 0.

The scalars σ1 ≥ σ2 ≥ . . . ≥ σn ≥ 0 are said to be the singular values of
matrix A. The singular value decomposition (SVD) of matrix A is given by

A = UΣV T (A.67)

where U is an (m×m) orthogonal matrix

U = [u1 u2 . . . um ] , (A.68)

V is an (n× n) orthogonal matrix

V = [v1 v2 . . . vn ] (A.69)

and Σ is an (m× n) matrix

Σ =
[
D O
O O

]
D = diag{σ1, σ2, . . . , σr} (A.70)

where σ1 ≥ σ2 ≥ . . . ≥ σr > 0. The number of non-null singular values is
equal to the rank r of matrix A.

The columns of U are the eigenvectors of the matrix AAT , whereas the
columns of V are the eigenvectors of the matrixATA. In view of the partitions
of U and V in (A.68), (A.69), it is Avi = σiui, for i = 1, . . . , r and Avi = 0,
for i = r + 1, . . . , n.

Singular value decomposition is useful for analysis of the linear transforma-
tion y = Ax established in (A.35). According to a geometric interpretation,
the matrixA transforms the unit sphere in IRn defined by ‖x‖ = 1 into the set
of vectors y = Ax which define an ellipsoid of dimension r in IRm. The sin-
gular values are the lengths of the various axes of the ellipsoid. The condition
number of the matrix

κ =
σ1

σr
is related to the eccentricity of the ellipsoid and provides a measure of
ill-conditioning (κ 	 1) for numerical solution of the system established
by (A.35).

It is worth noticing that the numerical procedure of singular value de-
composition is commonly adopted to compute the (right or left) pseudo-
inverse A†, even in the case of a matrix A not having full rank. In fact,
from (A.67), (A.70) it is

A† = V Σ†UT (A.71)
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with

Σ† =
[
D† O
O O

]
D† = diag

{
1
σ1
,

1
σ2
, . . . ,

1
σr

}
. (A.72)
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Rigid-body Mechanics

The goal of this appendix is to recall some fundamental concepts of rigid body
mechanics which are preliminary to the study of manipulator kinematics,
statics and dynamics.

B.1 Kinematics

A rigid body is a system characterized by the constraint that the distance
between any two points is always constant.

Consider a rigid body B moving with respect to an orthonormal reference
frame O–xyz of unit vectors x, y, z, called fixed frame. The rigidity assump-
tion allows the introduction of an orthonormal frame O′–x′y′z′ attached to
the body, called moving frame, with respect to which the position of any point
of B is independent of time. Let x′(t), y′(t), z′(t) be the unit vectors of the
moving frame expressed in the fixed frame at time t.

The orientation of the moving frame O′–x′y′z′ at time t with respect to
the fixed frame O–xyz can be expressed by means of the orthogonal (3 × 3)
matrix

R(t) =

⎡
⎣
x′T (t)x y′T (t)x z′T (t)x
x′T (t)y y′T (t)y z′T (t)y
x′T (t)z y′T (t)z z′T (t)z

⎤
⎦ , (B.1)

which is termed rotation matrix defined in the orthonormal special group
SO(3) of the (3 × 3) matrices with orthonormal columns and determinant
equal to 1. The columns of the matrix in (B.1) represent the components
of the unit vectors of the moving frame when expressed in the fixed frame,
whereas the rows represent the components of the unit vectors of the fixed
frame when expressed in the moving frame.

Let p′ be the constant position vector of a generic point P of B in the
moving frame O′–x′y′z′. The motion of P with respect to the fixed frame
O–xyz is described by the equation

p(t) = pO′(t) +R(t)p′, (B.2)
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where pO′(t) is the position vector of origin O′ of the moving frame with
respect to the fixed frame.

Notice that a position vector is a bound vector since its line of application
and point of application are both prescribed, in addition to its direction; the
point of application typically coincides with the origin of a reference frame.
Therefore, to transform a bound vector from a frame to another, both trans-
lation and rotation between the two frames must be taken into account.

If the positions of the points of B in the moving frame are known, it follows
from (B.2) that the motion of each point of B with respect to the fixed frame
is uniquely determined once the position of the origin and the orientation
of the moving frame with respect to the fixed frame are specified in time.
The origin of the moving frame is determined by three scalar functions of
time. Since the orthonormality conditions impose six constraints on the nine
elements of matrix R(t), the orientation of the moving frame depends only
on three independent scalar functions, three being the minimum number of
parameters to represent SO(3).1

Therefore, a rigid body motion is described by arbitrarily specifying six
scalar functions of time, which describe the body pose (position + orientation).
The resulting rigid motions belong to the special Euclidean group SE(3) =
IR3 × SO(3).

The expression in (B.2) continues to hold if the position vector pO′(t) of
the origin of the moving frame is replaced with the position vector of any
other point of B, i.e.,

p(t) = pQ(t) +R(t)(p′ − p′Q) (B.3)

where pQ(t) and p′Q are the position vectors of a point Q of B in the fixed
and moving frames, respectively.

In the following, for simplicity of notation, the dependence on the time
variable t will be dropped.

Differentiating (B.3) with respect to time gives the known velocity com-
position rule

ṗ = ṗQ + ω × (p− pQ), (B.4)

where ω is the angular velocity of rigid body B. Notice that ω is a free vector
since its point of application is not prescribed. To transform a free vector from
a frame to another, only rotation between the two frames must be taken into
account.

By recalling the definition of the skew-symmetric operator S(·) in (A.32),
the expression in (B.4) can be rewritten as

ṗ = ṗQ + S(ω)(p− pQ)
= ṗQ + S(ω)R(p′ − p′Q).

1 The minimum number of parameters represent a special orthonormal
group SO(m) is equal to m(m − 1)/2.
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Comparing this equation with the formal time derivative of (B.3) leads to the
result

Ṙ = S(ω)R. (B.5)

In view of (B.4), the elementary displacement of a point P of the rigid body
B in the time interval (t, t+ dt) is

dp = ṗdt =
(
ṗQ + ω × (p− pQ)

)
dt (B.6)

= dpQ + ωdt× (p− pQ).

Differentiating (B.4) with respect to time yields the following expression
for acceleration:

p̈ = p̈Q + ω̇ × (p− pQ) + ω ×
(
ω × (p− pQ)

)
. (B.7)

B.2 Dynamics

Let ρdV be the mass of an elementary particle of a rigid body B, where ρ
denotes the density of the particle of volume dV . Also let VB be the body
volume and m =

∫
VB

ρdV its total mass assumed to be constant. If p denotes
the position vector of the particle of mass ρdV in the frame O–xyz, the centre
of mass of B is defined as the point C whose position vector is

pC =
1
m

∫

VB
pρdV . (B.8)

In the case when B is the union of n distinct parts of mass m1, . . . ,mn and
centres of mass pC1 . . .pCn, the centre of mass of B can be computed as

pC =
1
m

n∑
i=1

mipCi

with m =
∑n
i=1 mi.

Let r be a line passing by O and d(p) the distance from r of the particle
of B of mass ρdV and position vector p. The moment of inertia of body B
with respect to line r is defined as the positive scalar

Ir =
∫

VB
d2(p)ρdV .

Let r denote the unit vector of line r; then, the moment of inertia of B with
respect to line r can be expressed as

Ir = rT
(∫

VB
ST (p)S(p)ρdV

)
r = rT IOr, (B.9)
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where S(·) is the skew-symmetric operator in (A.31), and the symmetric,
positive definite matrix

IO =

⎡
⎢⎣

∫
VB

(p2
y + p2

z)ρdV −
∫
VB

pxpyρdV −
∫
VB

pxpzρdV

∗
∫
VB

(p2
x + p2

z)ρdV −
∫
VB

pypzρdV

∗ ∗
∫
VB

(p2
x + p2

y)ρdV

⎤
⎥⎦

=

⎡
⎢⎣
IOxx −IOxy −IOxz
∗ IOyy −IOyz
∗ ∗ IOzz

⎤
⎥⎦ (B.10)

is termed inertia tensor of body B relative to pole O.2 The (positive) elements
IOxx, IOyy, IOzz are the inertia moments with respect to three coordinate axes
of the reference frame, whereas the elements IOxy, IOxz, IOyz (of any sign)
are said to be products of inertia.

The expression of the inertia tensor of a rigid body B depends both on the
pole and the reference frame. If orientation of the reference frame with origin
at O is changed according to a rotation matrix R, the inertia tensor I ′O in
the new frame is related to IO by the relationship

IO = RI ′OR
T . (B.11)

The way an inertia tensor is transformed when the pole is changed can be
inferred by the following equation, also known as Steiner theorem or parallel
axis theorem:

IO = IC +mST (pC)S(pC), (B.12)

where IC is the inertia tensor relative to the centre of mass of B, when ex-
pressed in a frame parallel to the frame with origin at O and with origin at
the centre of mass C.

Since the inertia tensor is a symmetric positive definite matrix, there al-
ways exists a reference frame in which the inertia tensor attains a diagonal
form; such a frame is said to be a principal frame (relative to pole O) and
its coordinate axes are said to be principal axes. In the case when pole O
coincides with the centre of mass, the frame is said to be a central frame and
its axes are said to be central axes.

Notice that if the rigid body is moving with respect to the reference frame
with origin at O, then the elements of the inertia tensor IO become a func-
tion of time. With respect to a pole and a reference frame attached to the
body (moving frame), instead, the elements of the inertia tensor represent six
structural constants of the body which are known once the pole and reference
frame have been specified.

2 The symbol ‘∗’ has been used to avoid rewriting the symmetric elements.
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Let ṗ be the velocity of a particle of B of elementary mass ρdV in frame
O–xyz. The linear momentum of body B is defined as the vector

l =
∫

VB
ṗρdV = mṗC . (B.13)

Let Ω be any point in space and pΩ its position vector in frame O–xyz;
then, the angular momentum of body B relative to pole Ω is defined as the
vector

kΩ =
∫

VB
ṗ× (pΩ − p)ρdV .

The pole can be either fixed or moving with respect to the reference frame.
The angular momentum of a rigid body has the following notable expression:

kΩ = ICω +mṗC × (pΩ − pC), (B.14)

where IC is the inertia tensor relative to the centre of mass, when expressed
in a frame parallel to the reference frame with origin at the centre of mass.

The forces acting on a generic system of material particles can be distin-
guished into internal forces and external forces.

The internal forces, exerted by one part of the system on another, have
null linear and angular momentum and thus they do not influence rigid body
motion.

The external forces, exerted on the system by an agency outside the sys-
tem, in the case of a rigid body B are distinguished into active forces and
reaction forces.

The active forces can be either concentrated forces or body forces. The
former are applied to specific points of B, whereas the latter act on all ele-
mentary particles of the body. An example of body force is the gravitational
force which, for any elementary particle of mass ρdV , is equal to g0ρdV where
g0 is the gravity acceleration vector.

The reaction forces are those exerted because of surface contact between
two or more bodies. Such forces can be distributed on the contact surfaces or
they can be assumed to be concentrated.

For a rigid body B subject to gravitational force, as well as to active and
or reaction forces f1 . . .fn concentrated at points p1 . . .pn, the resultant of
the external forces f and the resultant moment μΩ with respect to a pole Ω
are respectively

f =
∫

VB
g0ρdV +

n∑
i=1

f i = mg0 +
n∑
i=1

f i (B.15)

μΩ =
∫

VB
g0 × (pΩ − p)ρdV +

n∑
i=1

f i × (pΩ − pi)

= mg0 × (pΩ − pC) +
n∑
i=1

f i × (pΩ − pi). (B.16)
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In the case when f and μΩ are known and it is desired to compute the
resultant moment with respect to a point Ω′ other than Ω, the following
relation holds:

μΩ′ = μΩ + f × (pΩ′ − pΩ). (B.17)

Consider now a generic system of material particles subject to external
forces of resultant f and resultant moment μΩ . The motion of the system
in a frame O–xyz is established by the following fundamental principles of
dynamics (Newton laws of motion):

f = l̇ (B.18)
μΩ = k̇Ω (B.19)

where Ω is a pole fixed or coincident with the centre of mass C of the system.
These equations hold for any mechanical system and can be used even in the
case of variable mass. For a system with constant mass, computing the time
derivative of the momentum in (B.18) gives Newton equations of motion in
the form

f = mp̈C , (B.20)

where the quantity on the right-hand side represents the resultant of inertia
forces.

If, besides the assumption of constant mass, the assumption of rigid system
holds too, the expression in (B.14) of the angular momentum with (B.19) yield
Euler equations of motion in the form

μΩ = IΩω̇ + ω × (IΩω), (B.21)

where the quantity on the right-hand side represents the resultant moment of
inertia forces.

For a system constituted by a set of rigid bodies, the external forces obvi-
ously do not include the reaction forces exerted between the bodies belonging
to the same system.

B.3 Work and Energy

Given a force f i applied at a point of position pi with respect to frame O–xyz,
the elementary work of the force f i on the displacement dpi = ṗidt is defined
as the scalar

dWi = fTi dpi.

For a rigid body B subject to a system of forces of resultant f and resultant
moment μQ with respect to any point Q of B, the elementary work on the
rigid displacement (B.6) is given by

dW = (fT ṗQ + μTQω)dt = fT dpQ + μTQωdt. (B.22)
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The kinetic energy of a body B is defined as the scalar quantity

T =
1
2

∫

VB
ṗT ṗρdV

which, for a rigid body, takes on the notable expression

T =
1
2
mṗTC ṗC +

1
2
ωT ICω (B.23)

where IC is the inertia tensor relative to the centre of mass expressed in a
frame parallel to the reference frame with origin at the centre of mass.

A system of position forces, i.e., the forces depending only on the positions
of the points of application, is said to be conservative if the work done by each
force is independent of the trajectory described by the point of application of
the force but it depends only on the initial and final positions of the point of
application. In this case, the elementary work of the system of forces is equal
to minus the total differential of a scalar function termed potential energy ,
i.e.,

dW = −dU . (B.24)

An example of a conservative system of forces on a rigid body is the gravita-
tional force, with which is associated the potential energy

U = −
∫

VB
gT0 pρdV = −mgT0 pC . (B.25)

B.4 Constrained Systems

Consider a system Br of r rigid bodies and assume that all the elements of Br
can reach any position in space. In order to find uniquely the position of all the
points of the system, it is necessary to assign a vector x = [x1 . . . xp ]T

of 6r = p parameters, termed configuration. These parameters are termed
Lagrange or generalized coordinates of the unconstrained system Br, and p
determines the number of degrees of freedom (DOFs).

Any limitation on the mobility of the system Br is termed constraint . A
constraint acting on Br is said to be holonomic if it is expressed by a system
of equations

h(x, t) = 0, (B.26)

where h is a vector of dimensions (s × 1), with s < m. On the other hand,
a constraint in the form h(x, ẋ, t) = 0 which is nonintegrable is said to
be nonholonomic. For simplicity, only equality (or bilateral) constraints are
considered. If the equations in (B.26) do not explicitly depend on time, the
constraint is said to be scleronomic.

On the assumption that h has continuous and continuously differentiable
components, and its Jacobian ∂h/∂x has full rank, the equations in (B.26)
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allow the elimination of s out of m coordinates of the system Br. With the
remaining n = m − s coordinates it is possible to determine uniquely the
configurations of Br satisfying the constraints (B.26). Such coordinates are
the Lagrange or generalized coordinates and n is the number of degrees of
freedom of the unconstrained system Br.3

The motion of a system Br with n DOFs and holonomic equality con-
straints can be described by equations of the form

x = x(q(t), t), (B.27)

where q(t) = [ q1(t) . . . qn(t) ]T is a vector of Lagrange coordinates.
The elementary displacement of system (B.27) relative to the interval (t, t+

dt) is defined as

dx =
∂x(q, t)
∂q

q̇dt+
∂x(q, t)

∂t
dt. (B.28)

The virtual displacement of system (B.27) at time t, relative to an increment
δλ, is defined as the quantity

δx =
∂x(q, t)
∂q

δq. (B.29)

The difference between the elementary displacement and the virtual displace-
ment is that the former is relative to an actual motion of the system in an
interval (t, t+ dt) which is consistent with the constraints, while the latter is
relative to an imaginary motion of the system when the constraints are made
invariant and equal to those at time t.

For a system with time-invariant constraints, the equations of motion
(B.27) become

x = x(q(t)), (B.30)

and then, by setting δλ = dλ = λ̇dt, the virtual displacements (B.29) coincide
with the elementary displacements (B.28).

To the concept of virtual displacement can be associated that of virtual
work of a system of forces, by considering a virtual displacement instead of
an elementary displacement.

If external forces are distinguished into active forces and reaction forces, a
direct consequence of the principles of dynamics (B.18), (B.19) applied to the
system of rigid bodies Br is that, for each virtual displacement, the following
relation holds:

δWm + δWa + δWh = 0, (B.31)

where δWm, δWa, δWh are the total virtual works done by the inertia, active,
reaction forces, respectively.

3 In general, the Lagrange coordinates of a constrained system have a local validity;
in certain cases, such as the joint variables of a manipulator, they can have a global
validity.
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In the case of frictionless equality constraints, reaction forces are exerted
orthogonally to the contact surfaces and the virtual work is always null. Hence,
(B.31) reduces to

δWm + δWa = 0. (B.32)

For a steady system, inertia forces are identically null. Then the condition
for the equilibrium of system Br is that the virtual work of the active forces
is identically null on any virtual displacement, which gives the fundamental
equation of statics of a constrained system

δWa = 0 (B.33)

known as principle of virtual work . Expressing (B.33) in terms of the incre-
ment δλ of generalized coordinates leads to

δWa = ζT δq = 0 (B.34)

where ζ denotes the (n× 1) vector of active generalized forces.
In the dynamic case, it is worth distinguishing active forces into conserva-

tive (that can be derived from a potential) and nonconservative. The virtual
work of conservative forces is given by

δWc = −∂U
∂q

δq, (B.35)

where U(λ) is the total potential energy of the system. The work of noncon-
servative forces can be expressed in the form

δWnc = ξT δq, (B.36)

where ξ denotes the vector of nonconservative generalized forces. It follows
that the vector of active generalized forces is

ζ = ξ −
(
∂U
∂q

)T
. (B.37)

Moreover, the work of inertia forces can be computed from the total kinetic
energy of system T as

δWm =
(
∂T
∂q

− d

dt

∂T
∂q̇

)
δq. (B.38)

Substituting (B.35), (B.36), (B.38) into (B.32) and observing that (B.32) holds
true for any increment δλ leads to Lagrange equations

d

dt

(
∂L
∂q̇

)T
−

(
∂L
∂q

)T
= ξ, (B.39)

where
L = T − U (B.40)
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is the Lagrangian function of the system. The equations in (B.39) completely
describe the dynamic behaviour of an n-DOF system with holonomic equality
constraints.

The sum of kinetic and potential energy of a system with time-invariant
constraints is termed Hamiltonian function

H = T + U . (B.41)

Conservation of energy dictates that the time derivative of the Hamiltonian
must balance the power generated by the nonconservative forces acting on the
system, i.e.,

dH
dt

= ξT q̇. (B.42)

In view of (B.37), (B.41), the equation in (B.42) becomes

dT
dt

= ζT q̇. (B.43)

Bibliography

The fundamental concepts of rigid-body mechanics and constrained systems
can be found in classical texts such as [87, 154, 224]. An authoritative reference
on rigid-body system dynamics is [187].



C

Feedback Control

As a premise to the study of manipulator decentralized control and centralized
control, the fundamental principles of feedback control of linear systems are
recalled, and an approach to the determination of control laws for nonlinear
systems based on the use of Lyapunov functions is presented.

C.1 Control of Single-input/Single-output Linear
Systems

According to classical automatic control theory of linear time-invariant single-
input/single-output systems, in order to servo the output y(t) of a system to
a reference r(t), it is worth adopting a negative feedback control structure.
This structure indeed allows the use of approximate mathematical models to
describe the input/output relationship of the system to control, since negative
feedback has a potential for reducing the effects of system parameter variations
and nonmeasurable disturbance inputs d(t) on the output.

This structure can be represented in the domain of complex variable s as in
the block scheme of Fig. C.1, where G(s), H(s) and C(s) are the transfer func-
tions of the system to control, the transducer and the controller, respectively.
From this scheme it is easy to derive

Y (s) = W (s)R(s) +WD(s)D(s), (C.1)

where

W (s) =
C(s)G(s)

1 + C(s)G(s)H(s)
(C.2)

is the closed-loop input/output transfer function and

WD(s) =
G(s)

1 + C(s)G(s)H(s)
(C.3)

is the disturbance/output transfer function.
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Fig. C.1. Feedback control structure

The goal of the controller design is to find a control structure C(s) ensuring
that the output variable Y (s) tracks a reference input R(s). Further, the
controller should guarantee that the effects of the disturbance input D(s) on
the output variable are suitably reduced. The goal is then twofold, namely,
reference tracking and disturbance rejection.

The basic problem for controller design consists of the determination of an
action C(s) which can make the system asymptotically stable. In the absence
of positive or null real part pole/zero and zero/pole cancellation in the open-
loop function F (s) = C(s)G(s)H(s), a necessary and sufficient condition for
asymptotic stability is that the poles of W (s) and WD(s) have all negative
real parts; such poles coincide with the zeros of the rational transfer function
1+F (s). Testing for this condition can be performed by resorting to stability
criteria, thus avoiding computation of the function zeros.

Routh criterion allows the determination of the sign of the real parts of
the zeros of the function 1+F (s) by constructing a table with the coefficients
of the polynomial at the numerator of 1 + F (s) (characteristic polynomial).

Routh criterion is easy to apply for testing stability of a feedback system,
but it does not provide a direct relationship between the open-loop function
and stability of the closed-loop system. It is then worth resorting to Nyquist
criterion which is based on the representation, in the complex plane, of the
open-loop transfer function F (s) evaluated in the domain of real angular fre-
quency (s = jω,−∞ < ω < +∞).

Drawing of Nyquist plot and computation of the number of circles made by
the vector representing the complex number 1 + F (jω) when ω continuously
varies from −∞ to +∞ allows a test on whether or not the closed-loop system
is asymptotically stable. It is also possible to determine the number of positive,
null and negative real part roots of the characteristic polynomial, similarly to
application of Routh criterion. Nonetheless, Nyquist criterion is based on the
plot of the open-loop transfer function, and thus it allows the determination of
a direct relationship between this function and closed-loop system stability. It
is then possible from an examination of the Nyquist plot to draw suggestions
on the controller structure C(s) which ensures closed-loop system asymptotic
stability.
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If the closed-loop system is asymptotically stable, the steady-state response
to a sinusoidal input r(t), with d(t) = 0, is sinusoidal, too. In this case, the
function W (s), evaluated for s = jω, is termed frequency response function;
the frequency response function of a feedback system can be assimilated to
that of a low-pass filter with the possible occurrence of a resonance peak inside
its bandwidth.

As regards the transducer, this should be chosen so that its bandwidth
is much greater than the feedback system bandwidth, in order to ensure
a nearly instantaneous response for any value of ω inside the bandwidth
of W (jω). Therefore, setting H(jω) ≈ H0 and assuming that the loop gain
|C(jω)G(jω)H0| 	 1 in the same bandwidth, the expression in (C.1) for
s = jω can be approximated as

Y (jω) ≈ R(jω)
H0

+
D(jω)

C(jω)H0
.

Assuming R(jω) = H0Yd(jω) leads to

Y (jω) ≈ Yd(jω) +
D(jω)

C(jω)H0
; (C.4)

i.e., the output tracks the desired output Yd(jω) and the frequency compo-
nents of the disturbance in the bandwidth of W (jω) produce an effect on the
output which can be reduced by increasing |C(jω)H0|. Furthermore, if the
disturbance input is a constant, the steady-state output is not influenced by
the disturbance as long as C(s) has at least a pole at the origin.

Therefore, a feedback control system is capable of establishing a propor-
tional relationship between the desired output and the actual output, as evi-
denced by (C.4). This equation, however, requires that the frequency content
of the input (desired output) be inside the frequency range for which the loop
gain is much greater than unity.

The previous considerations show the advantage of including a proportional
action and an integral action in the controller C(s), leading to the transfer
function

C(s) = KI
1 + sTI

s
(C.5)

of a proportional-integral controller (PI); TI is the time constant of the integral
action and the quantity KITI is called proportional sensitivity.

The adoption of a PI controller is effective for low-frequency response of
the system, but it may involve a reduction of stability margins and/or a reduc-
tion of closed-loop system bandwidth. To avoid these drawbacks, a derivative
action can be added to the proportional and integral actions, leading to the
transfer function

C(s) = KI
1 + sTI + s2TDTI

s
(C.6)

of a proportional-integral-derivative controller (PID); TD denotes the time
constant of the derivative action. Notice that physical realizability of (C.6)
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demands the introduction of a high-frequency pole which little influences the
input/output relationship in the system bandwidth. The transfer function
in (C.6) is characterized by the presence of two zeros which provide a stabi-
lizing action and an enlargement of the closed-loop system bandwidth. Band-
width enlargement implies shorter response time of the system, in terms of
both variations of the reference signal and recovery action of the feedback
system to output variations induced by the disturbance input.

The parameters of the adopted control structure should be chosen so as
to satisfy requirements on the system behaviour at steady state and during
the transient . Classical tools to determine such parameters are the root locus
in the domain of the complex variable s or the Nichols chart in the domain
of the real angular frequency ω. The two tools are conceptually equivalent.
Their potential is different in that root locus allows a control law to be found
which assigns the exact parameters of the closed-loop system time response,
whereas Nichols chart allows a controller to be specified which confers good
transient and steady-state behaviour to the system response.

A feedback system with strict requirements on the steady-state and tran-
sient behaviour, typically, has a response that can be assimilated to that of a
second-order system. In fact, even for closed-loop functions of greater order,
it is possible to identify a pair of complex conjugate poles whose real part
absolute value is smaller than the real part absolute values of the other poles.
Such a pair of poles is dominant in that its contribution to the transient re-
sponse prevails over that of the other poles. It is then possible to approximate
the input/output relationship with the transfer function

W (s) =
kW

1 +
2ζs
ωn

+
s2

ω2
n

(C.7)

which has to be realized by a proper choice of the controller. Regarding
the values to assign to the parameters characterizing the transfer function
in (C.7), the following remarks are in order. The constant kW represents the
input/output steady-state gain, which is equal to 1/H0 if C(s)G(s)H0 has at
least a pole at the origin. The natural frequency ωn is the modulus of the
complex conjugate poles, whose real part is given by −ζωn where ζ is the
damping ratio of the pair of poles.

The influence of parameters ζ and ωn on the closed-loop frequency re-
sponse can be evaluated in terms of the resonance peak magnitude

Mr =
1

2ζ
√

1 − ζ2
,

occurring at the resonant frequency

ωr = ωn
√

1 − 2ζ2,
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Fig. C.2. Feedback control structure with feedforward compensation

and of the 3 dB bandwidth

ω3 = ωn

√
1 − 2ζ2 +

√
2 − 4ζ2 + 4ζ4.

A step input is typically used to characterize the transient response in the
time domain. The influence of parameters ζ and ωn on the step response can
be evaluated in terms of the percentage of overshoot

s% = 100 exp(−πζ/
√

1 − ζ2),

of the rise time
tr ≈

1.8
ωn

and of the settling time within 1%

ts =
4.6
ζωn

.

The adoption of a feedforward compensation action represents a feasible
solution both for tracking a time-varying reference input and for enhancing
rejection of the effects of a disturbance on the output. Consider the general
scheme in Fig. C.2. Let R(s) denote a given input reference and Dc(s) de-
note a computed estimate of the disturbance D(s); the introduction of the
feedforward action yields the input/output relationship

Y (s) =
(

C(s)G(s)
1 + C(s)G(s)H(s)

+
F (s)G(s)

1 + C(s)G(s)H(s)

)
R(s) (C.8)

+
G(s)

1 + C(s)G(s)H(s)
(
D(s) −Dc(s)

)
.

By assuming that the desired output is related to the reference input by a
constant factor Kd and regarding the transducer as an instantaneous system
(H(s) ≈ H0 = 1/Kd) for the current operating conditions, the choice

F (s) =
Kd

G(s)
(C.9)
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Fig. C.3. Feedback control structure with inverse model technique

yields the input/output relationship

Y (s) = Yd(s) +
G(s)

1 + C(s)G(s)H0

(
D(s) −Dc(s)

)
. (C.10)

If |C(jω)G(jω)H0| 	 1, the effect of the disturbance on the output is further
reduced by means of an accurate estimate of the disturbance.

Feedforward compensation technique may lead to a solution, termed in-
verse model control , illustrated in the scheme of Fig. C.3. It should be re-
marked, however, that such a solution is based on dynamics cancellation,
and thus it can be employed only for a minimum-phase system, i.e., a system
whose poles and zeros have all strictly negative real parts. Further, one should
consider physical realizability issues as well as effects of parameter variations
which prevent perfect cancellation.

C.2 Control of Nonlinear Mechanical Systems

If the system to control does not satisfy the linearity property, the control
design problem becomes more complex. The fact that a system is qualified
as nonlinear , whenever linearity does not hold, leads to understanding how
it is not possible to resort to general techniques for control design, but it is
necessary to face the problem for each class of nonlinear systems which can
be defined through imposition of special properties.

On the above premise, the control design problem of nonlinear systems
described by the dynamic model

H(x)ẍ+ h(x, ẋ) = u (C.11)

is considered, where [xT ẋT ]T denotes the (2n × 1) state vector of the
system, u is the (n × 1) input vector, H(x) is an (n × n) positive definite
(and thus invertible) matrix depending on x, and h(x, ẋ) is an (n× 1) vector
depending on state. Several mechanical systems can be reduced to this class,
including manipulators with rigid links and joints.

The control law can be found through a nonlinear compensating action
obtained by choosing the following nonlinear state feedback law (inverse dy-
namics control):

u = Ĥ(x)v + ĥ(x, ẋ) (C.12)
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where Ĥ(x) and ĥ(x) respectively denote the estimates of the terms H(x)
and h(x), computed on the basis of measures on the system state, and v is a
new control input to be defined later. In general, it is

Ĥ(x) = H(x) +ΔH(x) (C.13)

ĥ(x, ẋ) = h(x, ẋ) +Δh(x, ẋ) (C.14)

because of the unavoidable modelling approximations or as a consequence of
an intentional simplification in the compensating action. Substituting (C.12)
into (C.11) and accounting for (C.13), (C.14) yields

ẍ = v + z(x, ẋ,v) (C.15)

where
z(x, ẋ,v) = H−1(x)

(
ΔH(x)v +Δh(x, ẋ)

)
.

If tracking of a trajectory (xd(t), ẋd(t), ẍd(t)) is desired, the tracking error
can be defined as

e =
[
xd − x
ẋd − ẋ

]
(C.16)

and it is necessary to derive the error dynamics equation to study convergence
of the actual state to the desired one. To this end, the choice

v = ẍd +w(e), (C.17)

substituted into (C.15), leads to the error equation

ė = Fe−Gw(e) −Gz(e,xd, ẋd, ẍd), (C.18)

where the (2n× 2n) and (2n× n) matrices, respectively,

F =
[
O I
O O

]
G =

[
O
I

]

follow from the error definition in (C.16). Control law design consists of finding
the error function w(e) which makes (C.18) globally asymptotically stable,1

i.e.,
lim
t→∞

e(t) = 0.

In the case of perfect nonlinear compensation (z(·) = 0), the simplest choice
of the control action is the linear one

w(e) = −KP (xd − x) −KD(ẋd − ẋ) (C.19)
= [−KP −KD ] e,

1 Global asymptotic stability is invoked to remark that the equilibrium state is
asymptotically stable for any perturbation.
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where asymptotic stability of the error equation is ensured by choosing positive
definite matrices KP and KD. The error transient behaviour is determined
by the eigenvalues of the matrix

A =
[
O I

−KP −KD

]
(C.20)

characterizing the error dynamics

ė = Ae. (C.21)

If compensation is imperfect , then z(·) cannot be neglected and the error
equation in (C.18) takes on the general form

ė = f(e). (C.22)

It may be worth choosing the control law w(e) as the sum of a nonlinear term
and a linear term of the kind in (C.19); in this case, the error equation can
be written as

ė = Ae+ k(e), (C.23)

where A is given by (C.20) and k(e) is available to make the system globally
asymptotically stable. The equations in (C.22), (C.23) express nonlinear dif-
ferential equations of the error. To test for stability and obtain advise on the
choice of suitable control actions, one may resort to Lyapunov direct method
illustrated below.

C.3 Lyapunov Direct Method

The philosophy of the Lyapunov direct method is the same as that of most
methods used in control engineering to study stability, namely, testing for
stability without solving the differential equations describing the dynamic
system.

This method can be presented in short on the basis of the following rea-
soning. If it is possible to associate an energy-based description with a (linear
or nonlinear) autonomous dynamic system and, for each system state with the
exception of the equilibrium state, the time rate of such energy is negative,
then energy decreases along any system trajectory until it attains its mini-
mum at the equilibrium state; this argument justifies an intuitive concept of
stability.

With reference to (C.22), by setting f(0) = 0, the equilibrium state is
e = 0. A scalar function V (e) of the system state, continuous together with
its first derivative, is defined a Lyapunov function if the following properties
hold:

V (e) > 0 ∀e �= 0
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V (e) = 0 e = 0

V̇ (e) < 0 ∀e �= 0

V (e) → ∞ ‖e‖ → ∞.

The existence of such a function ensures global asymptotic stability of the equi-
librium e = 0. In practice, the equilibrium e = 0 is globally asymptotically
stable if a positive definite, radially unbounded function V (e) is found so that
its time derivative along the system trajectories is negative definite.

If positive definiteness of V (e) is realized by the adoption of a quadratic
form, i.e.,

V (e) = eTQe (C.24)

with Q a symmetric positive definite matrix, then in view of (C.22) it follows

V̇ (e) = 2eTQf(e). (C.25)

If f(e) is so as to render the function V̇ (e) negative definite, the function
V (e) is a Lyapunov function, since the choice (C.24) allows system global
asymptotic stability to be proved. If V̇ (e) in (C.25) is not negative definite
for the given V (e), nothing can be inferred on the stability of the system,
since the Lyapunov method gives only a sufficient condition. In such cases
one should resort to different choices of V (e) in order to find, if possible, a
negative definite V̇ (e).

In the case when the property of negative definiteness does not hold, but
V̇ (e) is only negative semi-definite

V̇ (e) ≤ 0,

global asymptotic stability of the equilibrium state is ensured if the only sys-
tem trajectory for which V̇ (e) is identically null (V̇ (e) ≡ 0) is the equilibrium
trajectory e ≡ 0 (a consequence of La Salle theorem).

Finally, consider the stability problem of the nonlinear system in the
form (C.23); under the assumption that k(0) = 0, it is easy to verify that
e = 0 is an equilibrium state for the system. The choice of a Lyapunov func-
tion candidate as in (C.24) leads to the following expression for its derivative:

V̇ (e) = eT (ATQ+QA)e+ 2eTQk(e). (C.26)

By setting
ATQ+QA = −P , (C.27)

the expression in (C.26) becomes

V̇ (e) = −eTPe+ 2eTQk(e). (C.28)

The matrix equation in (C.27) is said to be a Lyapunov equation; for any
choice of a symmetric positive definite matrix P , the solution matrix Q exists
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and is symmetric positive definite if and only if the eigenvalues of A have
all negative real parts. Since matrix A in (C.20) verifies such condition, it
is always possible to assign a positive definite matrix P and find a positive
definite matrix solution Q to (C.27). It follows that the first term on the
right-hand side of (C.28) is negative definite and the stability problem is
reduced to searching a control law so that k(e) renders the total V̇ (e) negative
(semi-)definite.

It should be underlined that La Salle theorem does not hold for time-
varying systems (also termed non-autonomous) in the form

ė = f(e, t).

In this case, a conceptually analogous result which might be useful is the
following, typically referred to as Barbalat lemma — of which it is indeed a
consequence. Given a scalar function V (e, t) so that

1. V (e, t) is lower bounded
2. V̇ (e, t) ≤ 0
3. V̇ (e, t) is uniformly continuous

then it is lim t→∞ V̇ (e, t) = 0. Conditions 1 and 2 imply that V (e, t) has a
bounded limit for t → ∞. Since it is not easy to verify the property of uniform
continuity from the definition, Condition 3 is usually replaced by

3’. V̈ (e, t) is bounded

which is sufficient to guarantee validity of Condition 3. Barbalat lemma can
obviously be used for time-invariant (autonomous) dynamic systems as an
alternative to La Salle theorem, with respect to which some conditions are
relaxed; in particular, V (e) needs not necessarily be positive definite.
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Differential Geometry

The analysis of mechanical systems subject to nonholonomic constraints, such
as wheeled mobile robots, requires some basic concepts of differential geometry
and nonlinear controllability theory, that are briefly recalled in this appendix.

D.1 Vector Fields and Lie Brackets

For simplicity, the case of vectors x ∈ IRn is considered. The tangent space
at x (intuitively, the space of velocities of trajectories passing through x) is
hence denoted by Tx(IRn). The presented notions are however valid in the
more general case in which a differentiable manifold (i.e., a space that is
locally diffeomorphic to IRn) is considered in place of a Euclidean space.

A vector field g : IRn �→ Tx(IRn) is a mapping that assigns to each point
x ∈ IRn a tangent vector g(x) ∈ Tx(IRn). In the following it is always assumed
that vector fields are smooth, i.e., such that the associated mappings are of
class C∞.

If the vector field g(x) is used to define a differential equation as in

ẋ = g(x), (D.1)

the flow φ
g
t (x) of g is the mapping that associates to each point x the value

at time t of the solution of (D.1) evolving from x at time 0, or

d

dt
φ
g
t (x) = g(φgt (x)). (D.2)

The family of mappings {φgt } is a one-parameter (i.e., t) group under the
composition operator

φgt1 ◦φgt2 = φgt1+t2
.

For example, for time-invariant linear systems it is g(x) = Ax and the flow
is the linear operator φgt = eAt.
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Fig. D.1. The net displacement of system (D.4) under the input sequence (D.5) is
directed as the Lie bracket of the two vector fields g1 and g2

Given two vector fields g1 and g2, the composition of their flows is non-
commutative in general:

φ
g1
t ◦ φ

g2
s �= φ

g2
s ◦ φ

g1
t .

The vector field [g1, g2] defined as

[g1, g2](x) =
∂g2

∂x
g1(x) − ∂g1

∂x
g2(x) (D.3)

is called Lie bracket of g1 and g2. The two vector field g1 and g2 commute if
[g1, g2] = 0.

The Lie bracket operation has an interesting interpretation. Consider the
driftless dynamic system

ẋ = g1(x)u1 + g2(x)u2 (D.4)

associated with the vector fields g1 and g2. If the inputs u1 and u2 are never
active simultaneously, the solution of the differential equation (D.4) can be
obtained by composing the flows of g1 and g2. In particular, consider the
following input sequence:

u(t) =

⎧
⎪⎨
⎪⎩

u1(t) = +1, u2(t) = 0 t ∈ [0, ε)
u1(t) = 0, u2(t) = +1 t ∈ [ε, 2ε)
u1(t) = −1, u2(t) = 0 t ∈ [2ε, 3ε)
u1(t) = 0, u2(t) = −1 t ∈ [3ε, 4ε),

(D.5)

where ε is an infinitesimal time interval. The solution of (D.4) at time t = 4ε
can be obtained by following first the flow of g1, then of g2, then of −g1, and
finally of −g2 (see Fig. D.1). By computing x(ε) through a series expansion
at x0 = x(0) along g1, then x(2ε) as a series expansion at x(ε) along g2, and
so on, one obtains

x(4ε) = φ
−g2
ε ◦ φ−g1

ε ◦ φg2
ε ◦ φg1

ε (x0)

= x0 + ε2
(
∂g2

∂x
g1(x0) −

∂g1

∂x
g2(x0)

)
+O(ε3).
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If g1 and g2 commute, the net displacement resulting from the input se-
quence (D.5) is zero.

The above expression shows that, at each point x, infinitesimal motion
of the driftless system (D.4) is possible not only in the directions belonging
to the linear span of g1(x) and g2(x), but also in the direction of their Lie
bracket [g1, g2](x). It can be proven that more complicated input sequences
can be used to generate motion in the direction of higher-order Lie brackets,
such as [g1, [g1, g2]].

Similar constructive procedures can be given for systems with a drift1

vector field, such as the following:

ẋ = f(x) + g1(x)u1 + g2(x)u2. (D.6)

Using appropriate input sequences, it is possible to generate motion in the
direction of Lie brackets involving the vector field f as well as gj , j = 1, 2.

Example D.1

For a single-input linear system

ẋ = Ax + b u,

the drift and input vector fields are f (x) = Ax and g(x) = b, respectively. The
following Lie brackets:

−[f , g] = Ab

[f , [f , g]] = A2b

− [f , [f , [f , g]]] = A3b

...

represent well-known directions in which it is possible to move the system.

The Lie derivative of the scalar function α : IRn �→ IR along vector field g
is defined as

Lg α(x) =
∂α

∂x
g(x). (D.7)

The following properties of Lie brackets are useful in computation:

[f , g] = −[g,f ] (skew-symmetry)
[f , [g,h]] + [h, [f , g]] + [g, [h,f ]] = 0 (Jacobi identity)
[αf , βg] = αβ[f , g] + α(Lfβ)g − β(Lgα)f (chain rule)

1 This term emphasizes how the presence of f will in general force the system to
move (ẋ �= 0) even in the absence of inputs.
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with α, β: IRn �→ IR. The vector space V(IRn) of smooth vector fields on IRn,
equipped with the Lie bracket operation, is a Lie algebra.

The distribution Δ associated with the m vector fields {g1, . . . , gm} is the
mapping that assigns to each point x ∈ IRn the subspace of Tx(IRn) defined
as

Δ(x) = span{g1(x), . . . , gm(x)}. (D.8)

Often, a shorthand notation is used:

Δ = span{g1, . . . , gm}.

The distribution Δ is nonsingular if dimΔ(x) = r, with r constant for all
x. In this case, r is called the dimension of the distribution. Moreover, Δ is
called involutive if it is closed under the Lie bracket operation:

[gi, gj ] ∈ Δ ∀ gi, gj ∈ Δ.

The involutive closure Δ̄ of a distribution Δ is its closure under the Lie bracket
operation. Hence, Δ is involutive if and only if Δ̄ = Δ. Note that the distri-
bution Δ = span{g} associated with a single vector field is always involutive,
because [g, g](x) = 0.

Example D.2

The distribution

Δ = span{g1, g2} = span

{[
cos x3

sin x3

0

]
,

(
0
0
1

)}

is nonsingular and has dimension 2. It is not involutive, because the Lie bracket

[g1, g2](x) =

[
sin x3

−cos x3

0

]

is always linearly independent of g1(x) and g2(x). Its involutive closure is therefore

Δ̄ = span{g1, g2, [g1, g2]}.
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D.2 Nonlinear Controllability

Consider a nonlinear dynamic system of the form

ẋ = f(x) +
m∑
j=1

gj(x)uj , (D.9)

that is called affine in the inputs uj . The state x takes values in IRn, while
each component uj of the control input u ∈ IRm takes values in the class U
of piecewise-constant functions.

Denote by x(t, 0,x0,u) the solution of (D.9) at time t ≥ 0, corresponding
to an input u: [0, t] → U and an initial condition x(0) = x0. Such a solution
exists and is unique provided that the drift vector field f and the input vector
fields gj are of class C∞. System (D.9) is said to be controllable if, for any
choice of x1, x2 in IRn, there exists a time instant T and an input u: [0, T ] → U
such that x(T, 0,x1,u) = x2.

The accessibility algebra A of system (D.9) is the smallest subalgebra of
V(IRn) that contains f , g1, . . . , gm. By definition, all the Lie brackets that can
be generated using these vector fields belong to A. The accessibility distribu-
tion ΔA of system (D.9) is defined as

ΔA = span{v|v ∈ A}. (D.10)

In other words, ΔA is the involutive closure of Δ = span{f , g1, . . . , gm}.
The computation of ΔA may be organized as an iterative procedure

ΔA = span {v|v ∈ Δi,∀i ≥ 1} ,

with

Δ1 = Δ = span{f , g1, . . . , gm}
Δi = Δi−1 + span{[g,v]| g ∈ Δ1,v ∈ Δi−1}, i ≥ 2.

This procedure stops after κ steps, where κ is the smallest integer such that
Δκ+1 = Δκ = ΔA. This number is called the nonholonomy degree of the
system and is related to the ‘level’ of Lie brackets that must be included in
ΔA. Since dimΔA ≤ n, it is κ ≤ n−m necessarily.

If system (D.9) is driftless

ẋ =
m∑
i=1

gi(x)ui, (D.11)

the accessibility distribution ΔA associated with vector fields g1, . . . , gm char-
acterizes its controllability. In particular, system (D.11) is controllable if and
only if the following accessibility rank condition holds:

dimΔA(x) = n. (D.12)
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Note that for driftless systems the iterative procedure for building ΔA starts
with Δ1 = Δ = span{g1, . . . , gm}, and therefore κ ≤ n−m+ 1.

For systems in the general form (D.9), condition (D.12) is only necessary
for controllability. There are, however, two notable exceptions:

• If system (D.11) is controllable, the system with drift obtained by per-
forming a dynamic extension of (D.11)

ẋ =
m∑
i=1

gi(x)vi (D.13)

v̇i = ui, i = 1, . . . ,m, (D.14)

i.e., by adding an integrator on each input channel, is also controllable.
• For a linear system

ẋ = Ax+
m∑
j=1

bjuj = Ax+Bu

(D.12) becomes

" ([B AB A2B . . . An−1B ]) = n, (D.15)

i.e., the well-known necessary and sufficient condition for controllability
due to Kalman.
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Graph Search Algorithms

This appendix summarizes some basic concepts on algorithm complexity and
graph search techniques that are useful in the study of motion planning.

E.1 Complexity

A major criterion for assessing the efficiency of an algorithm A is its running
time, i.e., the time needed for executing the algorithm in a computational
model capturing the most relevant characteristics of an actual elaboration
system. In practice, one is interested in estimating the running time as a
function of a single parameter n characterizing the size of the input within a
specific class of instances of the problem. In motion planning, this parameter
may be the dimension of the configuration space, or the number of vertices of
the free configuration space (if it is a polygonal subset).

In worst-case analysis, t(n) denotes the maximum running time of A in
correspondence of input instances of size n. Other kinds of analyses (e.g.,
average-case) are possible but they are less critical or general, requiring a
statistical knowledge of the input distribution that may not be available.

The exact functional expression of t(n) depends on the implementation of
the algorithm, and is of little practical interest because the running time in
the adopted computational model is only an approximation of the actual one.
More significant is the asymptotic behaviour of t(n), i.e., the rate of growth
of t(n) with n. Denote by O(f(n)) the set of real functions g(n) such that

c1f(n) ≤ g(n) ≤ c2f(n) ∀n ≥ n0,

with c1, c2 and n0 positive constants. If the worst-case running time of A is
O(f(n)), i.e., if t(n) ∈ O(f(n)), the time complexity of A is said to be O(f(n)).

A very important class is represented by algorithms whose worst-case run-
ning time is asymptotically polynomial in the size of the input. In particular,
if t(n) ∈ O(np), for some p ≥ 0, the algorithm is said to have polynomial time
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complexity. If the asymptotic behaviour of the worst-case running time is not
polynomial, the time complexity of the algorithm is exponential . Note that
here ‘exponential’ actually means ‘not bounded by any polynomial function’.

The asymptotic behaviour of an algorithm with exponential time complex-
ity is such that in the worst case it can only be applied to problems of ‘small’
size. However, there exist algorithms of exponential complexity that are very
efficient on average, i.e., for the most frequent classes of input. A well known
example is the simplex algorithm for solving linear programming problems.
Similarly, there are algorithms with polynomial time complexity which are
inefficient in practice because c1, c2 or p are ‘large’.

The above concepts can be extended to inputs whose size is characterized
by more than one parameter, or to performance criteria different from running
time. For example, the memory space required by an algorithm is another
important measure. The space complexity of an algorithm is said to be O(f(n))
if the memory space required for its execution is a function in O(f(n)).

E.2 Breadth-first and Depth-first Search

Let G = (N,A) be a graph consisting of a set N of nodes and a set A of arcs,
with cardinality n and a respectively. It is assumed that G is represented
by an adjacency list : to each node Ni is associated a list of nodes that are
connected to Ni by an arc. Consider the problem of searching G to find a path
from a start node Ns to a goal node Ng. The simplest graph search strategies
are breadth-first search (BFS) and depth-first search (DFS). These are briefly
described in the following with reference to an iterative implementation.

Breadth-first search makes use of a queue — i.e., a FIFO (First In First
Out) data structure — of nodes called OPEN. Initially, OPEN contains only
the start nodeNs, which is marked visited . All the other nodes inG are marked
unvisited . At each iteration the first node in OPEN is extracted, and all its
unvisited adjacent nodes are marked visited and inserted in OPEN. The search
terminates when either Ng is inserted in OPEN or OPEN is empty (failure).
During the search, the algorithm maintains the BFS tree, which contains only
those arcs that have led to discovering unvisited nodes. This tree contains one
and only one path connecting the start node to each visited node, and hence
also a solution path from Ns to Ng, if it exists.

In depth-first search, OPEN is a stack , i.e., a LIFO (Last In First Out)
data structure. Like in the breadth-first case, it contains initially only the
start node Ns marked visited . When a node Nj is inserted in OPEN, the node
Ni which has determined its insertion is memorized. At each iteration, the
first node in OPEN is extracted. If it is unvisited , it is marked visited and
the arc connecting Ni to Nj is inserted in the DFS tree. All unvisited nodes
that are adjacent to Nj are inserted in OPEN. The search terminates when
either Ng is inserted in OPEN or OPEN is empty (failure). Like in the BFS,
the DFS tree contains the solution path from Ns to Ng, if it exists.
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Both breadth-first and depth-first search have time complexity O(a). Note
that BFS and DFS are actually traversal strategies, because they do not use
any information about the goal node; the graph is simply traversed until Ng
is marked visited . Both the algorithms are complete, i.e., they find a solution
path if it exists and report failure otherwise.

E.3 A� Algorithm

In many applications, the arcs of G are labelled with positive numbers called
weights. As a consequence, one may define the cost of a path on G as the
sum of the weights of its arcs. Consider the problem of connecting Ns to
Ng on G through a path of minimum cost, simply called minimum path. In
motion planning problems, for example, the nodes generally represent points
in configuration space, and it is then natural to define the weight of an arc
as the length of the path that it represents. The minimum path is obviously
interesting because it is the shortest among those joining Ns to Ng on G.

A widely used strategy for determining the minimum path on a graph is
the A� algorithm. A� visits the nodes of G iteratively starting from Ns, storing
only the current minimum paths from Ns to the visited nodes in a tree T .
The algorithm employs a cost function f(Ni) for each node Ni visited during
the search. This function, which is an estimate of the cost of the minimum
path that connects Ns to Ng passing through Ni, is computed as

f(Ni) = g(Ni) + h(Ni),

where g(Ni) is the cost of the path from Ns to Ni as stored in the current
tree T , and h(Ni) is a heuristic estimate of the cost h�(Ni) of the minimum
path between Ni and Ng. While the value of g(Ni) is uniquely determined by
the search, any choice of h(·) such that

∀Ni ∈ N : 0 ≤ h(Ni) ≤ h�(Ni) (E.1)

is admissible. Condition (E.1) means that h(·) must not ‘overestimate’ the
cost of the minimum path from Ni to Ng.

In the following, a pseudocode description of A� is given. For its under-
standing, some preliminary remarks are needed:

• all the nodes are initially unvisited , except Ns which is visited ;
• at the beginning, T contains only Ns;
• OPEN is a list of nodes that initially contains only Ns;
• Nbest is the node in OPEN with the minimum value of f (in particular, it

is the first node if OPEN is sorted by increasing values of f);
• ADJ(Ni) is the adjacency list of Ni;
• c(Ni, Nj) is the weight of the arc connecting Ni to Nj .
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A� algorithm
1 repeat
2 find and extract Nbest from OPEN
3 if Nbest = Ng then exit
4 for each node Ni in ADJ(Nbest) do
5 if Ni is unvisited then
6 add Ni to T with a pointer toward Nbest

7 insert Ni in OPEN; mark Ni visited
8 else if g(Nbest) + c(Nbest, Ni) < g(Ni) then
9 redirect the pointer of Ni in T toward Nbest

10 if Ni is not in OPEN then
10 insert Ni in OPEN
10 else update f(Ni)
10 end if
11 end if
12 until OPEN is empty

Under condition (E.1), the A� algorithm is complete. In particular, if the
algorithm terminates with an empty OPEN, there exists no path in G from
Ns to Ng (failure); otherwise, the tree T contains the minimum path from Ns
to Ng, which can be reconstructed by backtracking from Ng to Ns.

The A� algorithm with the particular (admissible) choice h(Ni) = 0, for
each node Ni, is equivalent to the Dijkstra algorithm. If the nodes in G rep-
resent points in a Euclidean space, an admissible heuristic is the Euclidean
distance between N and Ng. In fact, the length of the minimum path between
Ni and Ng is bounded below by the Euclidean distance.

The extraction of a node from OPEN and the visit of its adjacent nodes
is called node expansion. Given two admissible heuristic functions h1 and h2

such that h2(Ni) ≥ h1(Ni), for each node Ni in G, it is possible to prove
that each node in G expanded by A� using h2 is also expanded using h1. This
means that A� equipped with the heuristic h2 is at least as efficient as A�

equipped with the heuristic h1; h2 is said to be more informed than h1.
The A� algorithm can be implemented with time complexity O(a log n).
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138. T. Lozano-Pérez, “Spatial planning: A configuration space approach,” IEEE
Transactions on Computing, vol. 32, pp. 108–120, 1983.
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acceleration
feedback, 317

gravity, 255, 583
joint, 141, 256
link, 285

accessibility
loss, 471, 476
rank condition, 477, 603

accuracy, 87
actuator, 3, 191
algorithm

A�, 607
best-first, 552
complete, 535

complexity, 605
inverse kinematics, 132, 143
pose estimation, 427

probabilistically complete, 543
randomized best-first, 553
resolution complete, 540

search, 606
steepest descent, 551
sweep line, 536

sweep plane, 539
wavefront expansion, 554

angle

and axis, 52, 139, 187
Euler, 48

architecture

control, 233, 237
functional, 233
hardware, 242

arm

anthropomorphic, 73, 96, 114
anthropomorphic with spherical

wrist, 77
parallelogram, 70
singularity, 119
spherical, 72, 95
three-link planar, 69, 91, 113

automation
flexible, 17
industrial, 24
programmable, 16
rigid, 16

axis
and angle, 52
central, 582
joint, 62
principal, 582

Barbalat
lemma, 507, 512, 513, 598

bicycle
chained-form transformation, 485
flat outputs, 491
front-wheel drive, 481
rear-wheel drive, 481

calibration
camera, 229, 440
kinematic, 88
matrix, 217

camera
calibration, 440
eye-in-hand, 409
eye-to-hand, 409
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fixed configuration, 409
hybrid configuration, 409
mobile configuration, 409
pan-tilt, 410

cell decomposition
approximate, 539
exact, 536

chained form, 482
flat outputs, 492
transformation, 483

Christoffel
symbols, 258

collision checking, 532
compensation

decentralized feedforward, 319
feedforward, 593
feedforward computed torque, 324
gravity, 328, 345, 368, 446, 449

compliance
active, 367
control, 364, 367
matrix, 366
passive, 366

configuration, 470, 525, 585
configuration space

2R manipulator, 526
as a manifold, 527
distance, 527
free, 528
free path, 528
obstacles, 527

connectivity graph, 536, 537
constraint

artificial, 391
bilateral, 386, 585
epipolar, 434
frame, 391
holonomic, 385, 470, 585
Jacobian, 385
kinematic, 471
natural, 391
nonholonomic, 469, 585
Pfaffian, 471
pure rolling, 472
scleronomic, 585
unilateral, 386

control
adaptive, 338
admittance, 377

architecture, 233, 237

centralized, 327

comparison among schemes, 349, 453

compliance, 364, 367

decentralized, 309

force, 378

force with inner position loop, 379

force with inner velocity loop, 380

hybrid force/motion, 396

hybrid force/position, 403

hybrid force/velocity, 398, 402

impedance, 372

independent joint, 311

interaction, 363

inverse dynamics, 330, 347, 372, 487,
594

inverse model, 594

Jacobian inverse, 344

Jacobian transpose, 345

joint space, 305

kinematic, 134

linear systems, 589

motion, 303

operational space, 343, 364

parallel force/position, 381

PD with gravity compensation, 328,
345, 368

PI, 311, 322, 380, 591

PID, 322, 591

PIDD2, 322

points, 555

position, 206, 312, 314, 317

resolved-velocity, 448

robust, 333

system, 3

unit vector, 337

velocity, 134, 314, 317, 502

vision-based, 408

voltage, 199

controllability

and nonholonomy, 477

condition, 477

system, 603

coordinate

generalized, 247, 296, 585

homogeneous, 56, 418

Lagrange, 585

transformation, 56
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degree
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of freedom, 4, 585

Denavit–Hartenberg
convention, 61
parameters, 63, 69, 71, 72, 74, 75, 78,

79
differential flatness, 491
displacement

elementary, 366, 368, 581, 586
virtual, 385, 586

distribution
accessibility, 603
dimension, 602
involutive, 602
involutive closure, 602

disturbance
compensation, 325
rejection, 207, 376, 590

drive
electric, 198
hydraulic, 202
with gear, 204

dynamic extension, 487
dynamic model

constrained mechanical system, 486
joint space, 257
linearity in the parameters, 259
notable properties, 257
operational space, 296
parallelogram arm, 277
parameter identification, 280
reduced order, 402
skew-symmetry of matrix Ḃ − 2C ,

257
two-link Cartesian arm, 264
two-link planar arm, 265

dynamics
direct, 298
fundamental principles, 584
inverse, 298, 330, 347

encoder
absolute, 210
incremental, 212, 517

end-effector
force, 147
frame, 59
orientation, 187

pose, 58, 184
position, 184

energy
conservation, 588
conservation principle, 259
kinetic, 249
potential, 255, 585

environment
compliant, 389, 397
interaction, 363
programming, 238
rigid, 385, 401
structured, 15
unstructured, 25

epipolar
geometry, 433
line, 435

error
estimation, 430
force, 378
joint space, 328
operational space, 132, 345, 367, 445
orientation, 137
position, 137
tracking, 324

estimation
pose, 427

Euler
angles, 48, 137, 187

feedback
nonlinear, 594
position, 312
position and velocity, 314
position, velocity and acceleration,

317
flat outputs, 491
force

active, 583, 586
centrifugal, 256
conservative, 585, 587
contact, 364
control, 378
controlled subspace, 387
Coriolis, 257
elementary work, 584
end-effector, 147
error, 378
external, 583, 584
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generalized, 248, 587
gravity, 255, 583
internal, 583
nonconservative, 587
reaction, 385, 583, 586
resultant, 583
transformation, 151

form
bilinear, 574
negative definite, 574
positive definite, 574
quadratic, 574, 597

frame
attached, 40
base, 59
central, 582
compliant, 377
constraint, 391
current, 46
fixed, 46, 579
moving, 579
principal, 582
rotation, 40

friction
Coulomb, 257
electric, 200
viscous, 257

Frobenius
norm, 421
theorem, 476

function
gradient, 569
Hamiltonian, 588
Lagrangian, 588
Lyapunov, 596

gear
reduction ratio, 205, 306

generator
torque-controlled, 200, 309
velocity-controlled, 200, 309

graph search, 606
A�, 607
breadth-first, 606
depth-first, 606

gravity
acceleration, 255, 583
compensation, 328, 345, 368, 446, 449
force, 255, 583

Hamilton
principle of conservation of energy,

259
homography

planar, 420, 438

identification
dynamic parameters, 280
kinematic parameters, 88

image
binary, 412
centroid, 416
feature parameters, 410
interpretation, 416
Jacobian, 424
moment, 416
processing, 410
segmentation, 411

impedance
active, 373
control, 372
mechanical, 373
passive, 374

inertia
first moment, 262
matrix, 254
moment, 262, 581
product, 582
tensor, 251, 582

integrability
multiple kinematic constraints, 475,

477
single kinematic constraint, 473

interaction
control, 363
environment, 363
matrix, 424

inverse kinematics
algorithm, 132
anthropomorphic arm, 96
comparison among algorithms, 143
manipulator with spherical wrist, 94
second-order algorithm, 141
spherical arm, 95
spherical wrist, 99
three-link planar arm, 91

Jacobian
analytical, 128
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anthropomorphic arm, 114
computation, 111
constraint, 385
damped least-squares, 127
geometric, 105
image, 424
inverse, 133, 344
pseudo-inverse, 133
Stanford manipulator, 115
three-link planar arm, 113
transpose, 134, 345

joint
acceleration, 141, 256
actuating system, 191
axis, 62
prismatic, 4
revolute, 4
space, 84
torque, 147, 248
variable, 58, 248

kinematic chain
closed, 4, 65, 151
open, 4, 60

kinematics
anthropomorphic arm, 73
anthropomorphic arm with spherical

wrist, 77
differential, 105
direct, 58
DLR manipulator, 79
humanoid manipulator, 81
inverse, 90
inverse differential, 123
parallelogram arm, 70
spherical arm, 72, 95
spherical wrist, 75
Stanford manipulator, 76
three-link planar arm, 69

kineto-statics duality, 148

La Salle
theorem, 507, 597

Lagrange
coordinates, 585
equations, 587
formulation, 247, 292
function, 588
multipliers, 124, 485

level
action, 235
gray, 410
hierarchical, 234
primitive, 236
servo, 236
task, 235

Lie
bracket, 600
derivative, 601

link
acceleration, 285
centre of mass, 249
inertia, 251
velocity, 108

local
minima, 550, 551
planner, 542

Lyapunov
direct method, 596
equation, 597
function, 135, 328, 335, 340, 341, 345,

368, 431, 446, 449, 452, 506, 513,
596

manipulability
dynamic, 299
ellipsoid, 152
measure, 126, 153

manipulability ellipsoid
dynamic, 299
force, 156
velocity, 153

manipulator
anthropomorphic, 8
Cartesian, 4
cylindrical, 5
DLR, 79
end-effector, 4
humanoid, 81
joint, 58
joints, 4
link, 58
links, 4
mechanical structure, 4
mobile, 14
parallel, 9
posture, 58
redundant, 4, 87, 124, 134, 142, 296
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SCARA, 7
spherical, 6
Stanford, 76, 115
with spherical wrist, 94
wrist, 4

matrix
adjoint, 567
algebraic complement, 565
block-partitioned, 564
calibration, 217, 229
compliance, 366
condition number, 577
damped least-squares, 127
damped least-squares inverse, 282
derivative, 568
determinant, 566
diagonal, 564
eigenvalues, 573
eigenvectors, 573
essential, 434
homogeneous transformation, 56
idempotent, 568
identity, 564
inertia, 254
interaction, 424
inverse, 567
Jacobian, 569
left pseudo-inverse, 90, 281, 386, 428,

431, 452, 576
minor, 566
negative definite, 574
negative semi-definite, 575
norm, 572
null, 564
operations, 565
orthogonal, 568, 579
positive definite, 255, 574, 582
positive semi-definite, 575
product, 566
product of scalar by, 565
projection, 389, 572
right pseudo-inverse, 125, 299, 576
rotation, 40, 579
selection, 389
singular value decomposition, 577
skew-symmetric, 257, 564
square, 563
stiffness, 366
sum, 565

symmetric, 251, 255, 564
trace, 565
transpose, 564
triangular, 563

mobile robot
car-like, 13, 482
control, 502
differential drive, 12, 479
dynamic model, 486
kinematic model, 476
legged, 11
mechanical structure, 10
omnidirectional, 13
path planning, 492
planning, 489
second-order kinematic model, 488
synchro drive, 12, 479
trajectory planning, 498
tricycle-like, 12, 482
wheeled, 10, 469

moment
image, 416
inertia, 262, 581
inertia first, 262
resultant, 583

motion
constrained, 363, 384
control, 303
equations, 255
internal, 296
planning, 523
point-to-point, 163
primitives, 545
through a sequence of points, 168

motion planning
canonical problem, 523
multiple-query, 535
off-line, 524
on-line, 524
probabilistic, 541
query, 535
reactive, 551
sampling-based, 541
single-query, 543
via artificial potentials, 546
via cell decomposition, 536
via retraction, 532

motor
electric, 193
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hydraulic, 193
pneumatic, 193

navigation function, 553
Newton–Euler

equations, 584
formulation, 282, 292
recursive algorithm, 286

nonholonomy, 469

octree, 541
odometric localization, 514
operational

space, 84, 445
operator

Laplacian, 415
Roberts, 414
Sobel, 414

orientation
absolute, 436
end-effector, 187
error, 137
minimal representation, 49
rigid body, 40
trajectory, 187

parameters
Denavit–Hartenberg, 63
dynamic, 259
extrinsic, 229, 440
intrinsic, 229, 440
uncertainty, 332, 444

path
circular, 183
geometrically admissible, 490
minimum, 607
primitive, 181
rectilinear, 182

plane
epipolar, 435
osculating, 181

points
feature, 417
path, 169
via, 186, 539
virtual, 173

polynomial
cubic, 164, 169
interpolating, 169

sequence, 170, 172, 175
Pontryagin

minimum principle, 499
pose

estimation, 418
regulation, 345
rigid body, 39

position
control, 206, 312
end-effector, 184
feedback, 312, 314, 317
rigid body, 39
trajectory, 184
transducer, 210

posture
manipulator, 58
regulation, 328, 503, 512

potential
artificial, 546
attractive, 546
repulsive, 547
total, 549

power
amplifier, 197
supply, 198

principle
conservation of energy, 259
virtual work, 147, 385, 587

PRM (Probabilistic Roadmap), 541
programming

environment, 238
language, 238
object-oriented, 242
robot-oriented, 241
teaching-by-showing, 240

quadtree, 540

range
sensor, 219

reciprocity, 387
redundancy

kinematic, 121
analysis, 121
kinematic, 87
resolution, 123, 298

Reeds–Shepp
curves, 501

regulation
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Cartesian, 511
discontinuous and/or time-varying,

514
pose, 345
posture, 328, 503, 512

Remote Centre of Compliance (RCC),
366

resolver, 213
retraction, 534
rigid body

angular momentum, 583
angular velocity, 580
inertia moment, 581
inertia product, 582
inertia tensor, 582
kinematics, 579
linear momentum, 583
mass, 581
orientation, 40
pose, 39, 580
position, 39
potential energy, 585

roadmap, 532
robot

applications, 18
field, 26
industrial, 17
manipulator, 4
mobile, 10
origin, 1
service, 27

robotics
advanced, 25
definition, 2
fundamental laws, 2
industrial, 15

rotation
elementary, 41
instantaneous centre, 480
matrix, 40, 579
vector, 44

rotation matrix
composition, 45
derivative, 106

RRT (Rapidly-exploring Random Tree),
543

segmentation
binary, 412

image, 411
sensor

exteroceptive, 3, 215, 517
laser, 222
proprioceptive, 3, 209, 516
range, 219
shaft torque, 216
sonar, 219
vision, 225
wrist force, 216

servomotor
brushless DC, 194
electric, 193
hydraulic, 195
permanent-magnet DC, 194

simulation
force control, 382
hybrid visual servoing, 464
impedance control, 376
inverse dynamics, 269
inverse kinematics algorithms, 143
motion control schemes, 349
pose estimation, 432
regulation for mobile robots, 514
trajectory tracking for mobile robots,

508
visual control schemes, 453
visual servoing, 453

singularity
arm, 119
classification, 116
decoupling, 117
kinematic, 116, 127
representation, 130
wrist, 119

space
configuration, 470
joint, 83, 84, 162
null, 122, 149
operational, 83, 84, 296, 343
projection, 572
range, 122, 149, 572
vector, 570
work, 85

special group
Euclidean, 57, 580
orthonormal, 41, 49, 579

stability, 133, 135, 141, 328, 368, 446,
447, 452, 590, 595, 596
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statics, 147, 587
Steiner

theorem, 260, 582
stiffness

matrix, 366

tachometer, 214
torque

actuating, 257
computed, 324
controlled generator, 200
driving, 199, 203
friction, 257
joint, 147, 248
limit, 294
reaction, 199
sensor, 216

tracking
error, 504
reference, 590
trajectory, 503, 595
via input/output linearization, 507
via linear control, 505
via nonlinear control, 506

trajectory
dynamic scaling, 294
joint space, 162
operational space, 179
orientation, 187
planning, 161, 179
position, 184
tracking, 503

transducer
position, 210
velocity, 214

transformation
coordinate, 56
force, 151
homogeneous, 56
linear, 572
matrix, 56
perspective, 227
similarity, 573
velocity, 149

transmission, 192
triangulation, 435

unicycle
chained-form transformation, 484

dynamic model, 488
flat outputs, 491
kinematic model, 478
minimum-time trajectories, 500
optimal trajectories, 499
second-order kinematic model, 489

unit quaternion, 54, 140
unit vector

approach, 59
binormal, 181
control, 337
normal, 59, 181
sliding, 59
tangent, 181

vector
basis, 570
bound, 580
column, 563
components, 570
feature, 418
field, 599
homogeneous representation, 56
linear independence, 569
norm, 570
null, 564
operations, 569
product, 571
product of scalar by, 570
representation, 42
rotation, 44
scalar product, 570
scalar triple product, 571
space, 570
subspace, 570
sum, 570
unit, 571

velocity
controlled generator, 200
controlled subspace, 387
feedback, 314, 317
link, 108
transducer, 214
transformation, 149
trapezoidal profile, 165
triangular profile, 167

vision
sensor, 225
stereo, 409, 433
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visual servoing
hybrid, 460
image-based, 449
PD with gravity compensation, 446,

449
position-based, 445
resolved-velocity, 447, 451

Voronoi
generalized diagram, 533

wheel
caster, 11

fixed, 11

Mecanum, 13

steerable, 11

work

elementary, 584

virtual, 147, 385, 586

workspace, 4, 14

wrist

force sensor, 216

singularity, 119

spherical, 75, 99
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