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Differential Kinematics and Statics

In the previous chapter, direct and inverse kinematics equations establishing
the relationship between the joint variables and the end-effector pose were
derived. In this chapter, differential kinematics is presented which gives the
relationship between the joint velocities and the corresponding end-effector
linear and angular velocity. This mapping is described by a matrix, termed
geometric Jacobian, which depends on the manipulator configuration. Alter-
natively, if the end-effector pose is expressed with reference to a minimal
representation in the operational space, it is possible to compute the Jaco-
bian matrix via differentiation of the direct kinematics function with respect
to the joint variables. The resulting Jacobian, termed analytical Jacobian, in
general differs from the geometric one. The Jacobian constitutes one of the
most important tools for manipulator characterization; in fact, it is useful for
finding singularities, analyzing redundancy , determining inverse kinematics
algorithms, describing the mapping between forces applied to the end-effector
and resulting torques at the joints (statics) and, as will be seen in the follow-
ing chapters, deriving dynamic equations of motion and designing operational
space control schemes. Finally, the kineto-statics duality concept is illustrated,
which is at the basis of the definition of velocity and force manipulability el-
lipsoids.

3.1 Geometric Jacobian

Consider an n-DOF manipulator. The direct kinematics equation can be writ-
ten in the form

T e(q) =

⎡
⎢⎣ Re(q) pe(q)

0T 1

⎤
⎥⎦ (3.1)

where q = [ q1 . . . qn ]T is the vector of joint variables. Both end-effector
position and orientation vary as q varies.
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The goal of the differential kinematics is to find the relationship between
the joint velocities and the end-effector linear and angular velocities. In other
words, it is desired to express the end-effector linear velocity ṗe and angular
velocity ωe as a function of the joint velocities q̇. As will be seen afterwards,
the sought relations are both linear in the joint velocities, i.e.,

ṗe = JP (q)q̇ (3.2)

ωe = JO(q)q̇. (3.3)

In (3.2) JP is the (3 × n) matrix relating the contribution of the joint veloc-
ities q̇ to the end-effector linear velocity ṗe, while in (3.3) JO is the (3 × n)
matrix relating the contribution of the joint velocities q̇ to the end-effector
angular velocity ωe. In compact form, (3.2), (3.3) can be written as

ve =
[
ṗe
ωe

]
= J(q)q̇ (3.4)

which represents the manipulator differential kinematics equation. The (6×n)
matrix J is the manipulator geometric Jacobian

J =
[
JP
JO

]
, (3.5)

which in general is a function of the joint variables.
In order to compute the geometric Jacobian, it is worth recalling a number

of properties of rotation matrices and some important results of rigid body
kinematics.

3.1.1 Derivative of a Rotation Matrix

The manipulator direct kinematics equation in (3.1) describes the end-effector
pose, as a function of the joint variables, in terms of a position vector and a
rotation matrix. Since the aim is to characterize the end-effector linear and
angular velocities, it is worth considering first the derivative of a rotation
matrix with respect to time.

Consider a time-varying rotation matrix R = R(t). In view of the orthog-
onality of R, one has the relation

R(t)RT (t) = I

which, differentiated with respect to time, gives the identity

Ṙ(t)RT (t) +R(t)Ṙ
T
(t) = O.

Set
S(t) = Ṙ(t)RT (t); (3.6)
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the (3 × 3) matrix S is skew-symmetric since

S(t) + ST (t) = O. (3.7)

Postmultiplying both sides of (3.6) by R(t) gives

Ṙ(t) = S(t)R(t) (3.8)

that allows the time derivative of R(t) to be expressed as a function of R(t)
itself.

Equation (3.8) relates the rotation matrix R to its derivative by means
of the skew-symmetric operator S and has a meaningful physical interpreta-
tion. Consider a constant vector p′ and the vector p(t) = R(t)p′. The time
derivative of p(t) is

ṗ(t) = Ṙ(t)p′,

which, in view of (3.8), can be written as

ṗ(t) = S(t)R(t)p′.

If the vector ω(t) denotes the angular velocity of frame R(t) with respect to
the reference frame at time t, it is known from mechanics that

ṗ(t) = ω(t) ×R(t)p′.

Therefore, the matrix operator S(t) describes the vector product between the
vector ω and the vector R(t)p′. The matrix S(t) is so that its symmetric
elements with respect to the main diagonal represent the components of the
vector ω(t) = [ωx ωy ωz ]T in the form

S =

⎡
⎣

0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

⎤
⎦ , (3.9)

which justifies the expression S(t) = S(ω(t)). Hence, (3.8) can be rewritten
as

Ṙ = S(ω)R. (3.10)

Furthermore, if R denotes a rotation matrix, it can be shown that the
following relation holds:

RS(ω)RT = S(Rω) (3.11)

which will be useful later (see Problem 3.1).
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Example 3.1

Consider the elementary rotation matrix about axis z given in (2.6). If α is a function
of time, by computing the time derivative of Rz(α(t)), (3.6) becomes

S(t) =

[−α̇ sin α −α̇ cos α 0
α̇ cos α −α̇ sin α 0

0 0 0

][
cos α sin α 0
−sin α cos α 0

0 0 1

]

=

[
0 −α̇ 0
α̇ 0 0
0 0 0

]
= S(ω(t)).

According to (3.9), it is
ω = [ 0 0 α̇ ]T

that expresses the angular velocity of the frame about axis z.

With reference to Fig. 2.11, consider the coordinate transformation of a
point P from Frame 1 to Frame 0; in view of (2.38), this is given by

p0 = o0
1 +R0

1p
1. (3.12)

Differentiating (3.12) with respect to time gives

ṗ0 = ȯ0
1 +R0

1ṗ
1 + Ṙ

0

1p
1; (3.13)

utilizing the expression of the derivative of a rotation matrix (3.8) and speci-
fying the dependence on the angular velocity gives

ṗ0 = ȯ0
1 +R0

1ṗ
1 + S(ω0

1)R
0
1p

1.

Further, denoting the vector R0
1p

1 by r0
1, it is

ṗ0 = ȯ0
1 +R0

1ṗ
1 + ω0

1 × r0
1 (3.14)

which is the known form of the velocity composition rule.
Notice that, if p1 is fixed in Frame 1, then it is

ṗ0 = ȯ0
1 + ω0

1 × r0
1 (3.15)

since ṗ1 = 0.

3.1.2 Link Velocities

Consider the generic Link i of a manipulator with an open kinematic chain.
According to the Denavit–Hartenberg convention adopted in the previous
chapter, Link i connects Joints i and i + 1; Frame i is attached to Link i
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Fig. 3.1. Characterization of generic Link i of a manipulator

and has origin along Joint i+1 axis, while Frame i−1 has origin along Joint i
axis (Fig. 3.1).

Let pi−1 and pi be the position vectors of the origins of Frames i−1 and i,
respectively. Also, let ri−1

i−1,i denote the position of the origin of Frame i with
respect to Frame i− 1 expressed in Frame i− 1. According to the coordinate
transformation (3.12), one can write1

pi = pi−1 +Ri−1r
i−1
i−1,i.

Then, by virtue of (3.14), it is

ṗi = ṗi−1 +Ri−1ṙ
i−1
i−1,i + ωi−1 ×Ri−1r

i−1
i−1,i = ṗi−1 + vi−1,i + ωi−1 × ri−1,i

(3.16)
which gives the expression of the linear velocity of Link i as a function of the
translational and rotational velocities of Link i− 1. Note that vi−1,i denotes
the velocity of the origin of Frame i with respect to the origin of Frame i− 1.

Concerning link angular velocity, it is worth starting from the rotation
composition

Ri = Ri−1R
i−1
i ;

from (3.8), its time derivative can be written as

S(ωi)Ri = S(ωi−1)Ri +Ri−1S(ωi−1
i−1,i)R

i−1
i (3.17)

where ωi−1
i−1,i denotes the angular velocity of Frame i with respect to Frame

i− 1 expressed in Frame i− 1. From (2.4), the second term on the right-hand
side of (3.17) can be rewritten as

Ri−1S(ωi−1
i−1,i)R

i−1
i = Ri−1S(ωi−1

i−1,i)R
T
i−1Ri−1R

i−1
i ;

1 Hereafter, the indication of superscript ‘0’ is omitted for quantities referred to
Frame 0. Also, without loss of generality, Frame 0 and Frame n are taken as the
base frame and the end-effector frame, respectively.
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in view of property (3.11), it is

Ri−1S(ωi−1
i−1,i)R

i−1
i = S(Ri−1ω

i−1
i−1,i)Ri.

Then, (3.17) becomes

S(ωi)Ri = S(ωi−1)Ri + S(Ri−1ω
i−1
i−1,i)Ri

leading to the result

ωi = ωi−1 +Ri−1ω
i−1
i−1,i = ωi−1 + ωi−1,i, (3.18)

which gives the expression of the angular velocity of Link i as a function of
the angular velocities of Link i− 1 and of Link i with respect to Link i− 1.

The relations (3.16), (3.18) attain different expressions depending on the
type of Joint i (prismatic or revolute).

Prismatic joint

Since orientation of Frame i with respect to Frame i − 1 does not vary by
moving Joint i, it is

ωi−1,i = 0. (3.19)

Further, the linear velocity is

vi−1,i = ḋizi−1 (3.20)

where zi−1 is the unit vector of Joint i axis. Hence, the expressions of angular
velocity (3.18) and linear velocity (3.16) respectively become

ωi = ωi−1 (3.21)
ṗi = ṗi−1 + ḋizi−1 + ωi × ri−1,i, (3.22)

where the relation ωi = ωi−1 has been exploited to derive (3.22).

Revolute joint

For the angular velocity it is obviously

ωi−1,i = ϑ̇izi−1, (3.23)

while for the linear velocity it is

vi−1,i = ωi−1,i × ri−1,i (3.24)

due to the rotation of Frame i with respect to Frame i − 1 induced by the
motion of Joint i. Hence, the expressions of angular velocity (3.18) and linear
velocity (3.16) respectively become

ωi = ωi−1 + ϑ̇izi−1 (3.25)
ṗi = ṗi−1 + ωi × ri−1,i, (3.26)

where (3.18) has been exploited to derive (3.26).
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Fig. 3.2. Representation of vectors needed for the computation of the velocity
contribution of a revolute joint to the end-effector linear velocity

3.1.3 Jacobian Computation

In order to compute the Jacobian, it is convenient to proceed separately for
the linear velocity and the angular velocity.

For the contribution to the linear velocity , the time derivative of pe(q) can
be written as

ṗe =
n∑
i=1

∂pe
∂qi

q̇i =
n∑
i=1

jPiq̇i. (3.27)

This expression shows how ṗe can be obtained as the sum of the terms q̇ijPi.
Each term represents the contribution of the velocity of single Joint i to the
end-effector linear velocity when all the other joints are still.

Therefore, by distinguishing the case of a prismatic joint (qi = di) from
the case of a revolute joint (qi = ϑi), it is:

• If Joint i is prismatic, from (3.20) it is

q̇ijPi = ḋizi−1

and then
jPi = zi−1.

• If Joint i is revolute, observing that the contribution to the linear velocity
is to be computed with reference to the origin of the end-effector frame
(Fig. 3.2), it is

q̇ijPi = ωi−1,i × ri−1,e = ϑ̇izi−1 × (pe − pi−1)

and then
jPi = zi−1 × (pe − pi−1).
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For the contribution to the angular velocity , in view of (3.18), it is

ωe = ωn =
n∑
i=1

ωi−1,i =
n∑
i=1

jOiq̇i, (3.28)

where (3.19) and (3.23) have been utilized to characterize the terms q̇ijOi,
and thus in detail:

• If Joint i is prismatic, from (3.19) it is

q̇ijOi = 0

and then
jOi = 0.

• If Joint i is revolute, from (3.23) it is

q̇ijOi = ϑ̇izi−1

and then
jOi = zi−1.

In summary, the Jacobian in (3.5) can be partitioned into the (3 × 1)
column vectors jPi and jOi as

J =

⎡
⎣
jP1 jPn

. . .
jO1 jOn

⎤
⎦ , (3.29)

where

[
jPi
jOi

]
=

⎧
⎪⎪⎨
⎪⎪⎩

[
zi−1

0

]
for a prismatic joint

[
zi−1 × (pe − pi−1)

zi−1

]
for a revolute joint.

(3.30)

The expressions in (3.30) allow Jacobian computation in a simple, systematic
way on the basis of direct kinematics relations. In fact, the vectors zi−1, pe
and pi−1 are all functions of the joint variables. In particular:

• zi−1 is given by the third column of the rotation matrix R0
i−1, i.e.,

zi−1 = R0
1(q1) . . .R

i−2
i−1(qi−1)z0 (3.31)

where z0 = [ 0 0 1 ]T allows the selection of the third column.
• pe is given by the first three elements of the fourth column of the trans-

formation matrix T 0
e, i.e., by expressing p̃e in the (4 × 1) homogeneous

form
p̃e = A0

1(q1) . . .A
n−1
n (qn)p̃0 (3.32)

where p̃0 = [ 0 0 0 1 ]T allows the selection of the fourth column.
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• pi−1 is given by the first three elements of the fourth column of the trans-
formation matrix T 0

i−1, i.e., it can be extracted from

p̃i−1 = A0
1(q1) . . .A

i−2
i−1(qi−1)p̃0. (3.33)

The above equations can be conveniently used to compute the translational
and rotational velocities of any point along the manipulator structure, as long
as the direct kinematics functions relative to that point are known.

Finally, notice that the Jacobian matrix depends on the frame in which
the end-effector velocity is expressed. The above equations allow computation
of the geometric Jacobian with respect to the base frame. If it is desired to
represent the Jacobian in a different Frame u, it is sufficient to know the
relative rotation matrix Ru. The relationship between velocities in the two
frames is [

ṗue
ωue

]
=

[
Ru O
O Ru

] [
ṗe
ωe

]
,

which, substituted in (3.4), gives
[
ṗue
ωue

]
=

[
Ru O
O Ru

]
Jq̇

and then

Ju =
[
Ru O
O Ru

]
J , (3.34)

where Ju denotes the geometric Jacobian in Frame u.

3.2 Jacobian of Typical Manipulator Structures

In the following, the Jacobian is computed for some of the typical manipulator
structures presented in the previous chapter.

3.2.1 Three-link Planar Arm

In this case, from (3.30) the Jacobian is

J(q) =
[
z0 × (p3 − p0) z1 × (p3 − p1) z2 × (p3 − p2)

z0 z1 z2

]
.

Computation of the position vectors of the various links gives

p0 =

⎡
⎣

0
0
0

⎤
⎦ p1 =

⎡
⎣
a1c1
a1s1

0

⎤
⎦ p2 =

⎡
⎣
a1c1 + a2c12
a1s1 + a2s12

0

⎤
⎦
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p3 =

⎡
⎣
a1c1 + a2c12 + a3c123
a1s1 + a2s12 + a3s123

0

⎤
⎦

while computation of the unit vectors of revolute joint axes gives

z0 = z1 = z2 =

⎡
⎣

0
0
1

⎤
⎦

since they are all parallel to axis z0. From (3.29) it is

J =

⎡
⎢⎢⎢⎢⎢⎣

−a1s1 − a2s12 − a3s123 −a2s12 − a3s123 −a3s123
a1c1 + a2c12 + a3c123 a2c12 + a3c123 a3c123

0 0 0
0 0 0
0 0 0
1 1 1

⎤
⎥⎥⎥⎥⎥⎦

. (3.35)

In the Jacobian (3.35), only the three non-null rows are relevant (the rank of
the matrix is at most 3); these refer to the two components of linear velocity
along axes x0, y0 and the component of angular velocity about axis z0. This
result can be derived by observing that three DOFs allow specification of at
most three end-effector variables; vz, ωx, ωy are always null for this kinematic
structure. If orientation is of no concern, the (2×3) Jacobian for the positional
part can be derived by considering just the first two rows, i.e.,

JP =
[
−a1s1 − a2s12 − a3s123 −a2s12 − a3s123 −a3s123
a1c1 + a2c12 + a3c123 a2c12 + a3c123 a3c123

]
. (3.36)

3.2.2 Anthropomorphic Arm

In this case, from (3.30) the Jacobian is

J =
[
z0 × (p3 − p0) z1 × (p3 − p1) z2 × (p3 − p2)

z0 z1 z2

]
.

Computation of the position vectors of the various links gives

p0 = p1 =

⎡
⎣

0
0
0

⎤
⎦ p2 =

⎡
⎣
a2c1c2
a2s1c2
a2s2

⎤
⎦

p3 =

⎡
⎣
c1(a2c2 + a3c23)
s1(a2c2 + a3c23)
a2s2 + a3s23

⎤
⎦



3.2 Jacobian of Typical Manipulator Structures 115

while computation of the unit vectors of revolute joint axes gives

z0 =

⎡
⎣

0
0
1

⎤
⎦ z1 = z2 =

⎡
⎣

s1
−c1
0

⎤
⎦ .

From (3.29) it is

J =

⎡
⎢⎢⎢⎢⎢⎣

−s1(a2c2 + a3c23) −c1(a2s2 + a3s23) −a3c1s23
c1(a2c2 + a3c23) −s1(a2s2 + a3s23) −a3s1s23

0 a2c2 + a3c23 a3c23
0 s1 s1
0 −c1 −c1
1 0 0

⎤
⎥⎥⎥⎥⎥⎦

. (3.37)

Only three of the six rows of the Jacobian (3.37) are linearly independent.
Having 3 DOFs only, it is worth considering the upper (3 × 3) block of the
Jacobian

JP =

⎡
⎣
−s1(a2c2 + a3c23) −c1(a2s2 + a3s23) −a3c1s23
c1(a2c2 + a3c23) −s1(a2s2 + a3s23) −a3s1s23

0 a2c2 + a3c23 a3c23

⎤
⎦ (3.38)

that describes the relationship between the joint velocities and the end-effector
linear velocity. This structure does not allow an arbitrary angular velocity ω
to be obtained; in fact, the two components ωx and ωy are not independent
(s1ωy = −c1ωx).

3.2.3 Stanford Manipulator

In this case, from (3.30) it is

J =
[
z0 × (p6 − p0) z1 × (p6 − p1) z2

z0 z1 0

z3 × (p6 − p3) z4 × (p6 − p4) z5 × (p6 − p5)
z3 z4 z5

]
.

Computation of the position vectors of the various links gives

p0 = p1 =

⎡
⎣

0
0
0

⎤
⎦ p3 = p4 = p5 =

⎡
⎣
c1s2d3 − s1d2

s1s2d3 + c1d2

c2d3

⎤
⎦

p6 =

⎡
⎣
c1s2d3 − s1d2 +

(
c1(c2c4s5 + s2c5) − s1s4s5

)
d6

s1s2d3 + c1d2 +
(
s1(c2c4s5 + s2c5) + c1s4s5

)
d6

c2d3 + (−s2c4s5 + c2c5)d6

⎤
⎦ ,
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while computation of the unit vectors of joint axes gives

z0 =

⎡
⎣

0
0
1

⎤
⎦ z1 =

⎡
⎣
−s1
c1
0

⎤
⎦ z2 = z3 =

⎡
⎣
c1s2
s1s2
c2

⎤
⎦

z4 =

⎡
⎣
−c1c2s4 − s1c4
−s1c2s4 + c1c4

s2s4

⎤
⎦ z5 =

⎡
⎣
c1(c2c4s5 + s2c5) − s1s4s5
s1(c2c4s5 + s2c5) + c1s4s5

−s2c4s5 + c2c5

⎤
⎦ .

The sought Jacobian can be obtained by developing the computations as
in (3.29), leading to expressing end-effector linear and angular velocity as
a function of joint velocities.

3.3 Kinematic Singularities

The Jacobian in the differential kinematics equation of a manipulator defines
a linear mapping

ve = J(q)q̇ (3.39)

between the vector q̇ of joint velocities and the vector ve = [ ṗTe ωTe ]T of end-
effector velocity. The Jacobian is, in general, a function of the configuration
q; those configurations at which J is rank-deficient are termed kinematic
singularities. To find the singularities of a manipulator is of great interest for
the following reasons:

a) Singularities represent configurations at which mobility of the structure
is reduced, i.e., it is not possible to impose an arbitrary motion to the
end-effector.

b) When the structure is at a singularity, infinite solutions to the inverse
kinematics problem may exist.

c) In the neighbourhood of a singularity, small velocities in the operational
space may cause large velocities in the joint space.

Singularities can be classified into:

• Boundary singularities that occur when the manipulator is either out-
stretched or retracted. It may be understood that these singularities do
not represent a true drawback, since they can be avoided on condition that
the manipulator is not driven to the boundaries of its reachable workspace.

• Internal singularities that occur inside the reachable workspace and are
generally caused by the alignment of two or more axes of motion, or else by
the attainment of particular end-effector configurations. Unlike the above,
these singularities constitute a serious problem, as they can be encountered
anywhere in the reachable workspace for a planned path in the operational
space.



3.3 Kinematic Singularities 117

Fig. 3.3. Two-link planar arm at a boundary singularity

Example 3.2

To illustrate the behaviour of a manipulator at a singularity, consider a two-link
planar arm. In this case, it is worth considering only the components ṗx and ṗy of
the linear velocity in the plane. Thus, the Jacobian is the (2 × 2) matrix

J =

[
−a1s1 − a2s12 −a2s12

a1c1 + a2c12 a2c12

]
. (3.40)

To analyze matrix rank, consider its determinant given by

det(J) = a1a2s2. (3.41)

For a1, a2 �= 0, it is easy to find that the determinant in (3.41) vanishes whenever

ϑ2 = 0 ϑ2 = π,

ϑ1 being irrelevant for the determination of singular configurations. These occur
when the arm tip is located either on the outer (ϑ2 = 0) or on the inner (ϑ2 = π)
boundary of the reachable workspace. Figure 3.3 illustrates the arm posture for
ϑ2 = 0.

By analyzing the differential motion of the structure in such configuration, it
can be observed that the two column vectors [−(a1 + a2)s1 (a1 + a2)c1 ]T and
[−a2s1 a2c1 ]T of the Jacobian become parallel, and thus the Jacobian rank be-
comes one; this means that the tip velocity components are not independent (see
point a) above).

3.3.1 Singularity Decoupling

Computation of internal singularities via the Jacobian determinant may be
tedious and of no easy solution for complex structures. For manipulators hav-
ing a spherical wrist, by analogy with what has already been seen for inverse
kinematics, it is possible to split the problem of singularity computation into
two separate problems:
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Fig. 3.4. Spherical wrist at a singularity

• computation of arm singularities resulting from the motion of the first 3
or more links,

• computation of wrist singularities resulting from the motion of the wrist
joints.

For the sake of simplicity, consider the case n = 6; the Jacobian can be
partitioned into (3 × 3) blocks as follows:

J =
[
J11 J12

J21 J22

]
(3.42)

where, since the outer 3 joints are all revolute, the expressions of the two right
blocks are respectively

J12 =
[
z3 × (pe − p3) z4 × (pe − p4) z5 × (pe − p5)

]

J22 =
[
z3 z4 z5

]
. (3.43)

As singularities are typical of the mechanical structure and do not depend on
the frames chosen to describe kinematics, it is convenient to choose the origin
of the end-effector frame at the intersection of the wrist axes (see Fig. 2.32).
The choice p = pW leads to

J12 =
[
0 0 0

]
,

since all vectors pW − pi are parallel to the unit vectors zi, for i = 3, 4, 5, no
matter how Frames 3, 4, 5 are chosen according to DH convention. In view of
this choice, the overall Jacobian becomes a block lower-triangular matrix. In
this case, computation of the determinant is greatly simplified, as this is given
by the product of the determinants of the two blocks on the diagonal, i.e.,

det(J) = det(J11)det(J22). (3.44)

In turn, a true singularity decoupling has been achieved; the condition

det(J11) = 0
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Fig. 3.5. Anthropomorphic arm at an elbow singularity

leads to determining the arm singularities, while the condition

det(J22) = 0

leads to determining the wrist singularities.
Notice, however, that this form of Jacobian does not provide the relation-

ship between the joint velocities and the end-effector velocity, but it leads to
simplifying singularity computation. Below the two types of singularities are
analyzed in detail.

3.3.2 Wrist Singularities

On the basis of the above singularity decoupling, wrist singularities can be
determined by inspecting the block J22 in (3.43). It can be recognized that the
wrist is at a singular configuration whenever the unit vectors z3, z4, z5 are
linearly dependent. The wrist kinematic structure reveals that a singularity
occurs when z3 and z5 are aligned, i.e., whenever

ϑ5 = 0 ϑ5 = π.

Taking into consideration only the first configuration (Fig. 3.4), the loss of
mobility is caused by the fact that rotations of equal magnitude about opposite
directions on ϑ4 and ϑ6 do not produce any end-effector rotation. Further, the
wrist is not allowed to rotate about the axis orthogonal to z4 and z3, (see
point a) above). This singularity is naturally described in the joint space and
can be encountered anywhere inside the manipulator reachable workspace; as
a consequence, special care is to be taken in programming an end-effector
motion.

3.3.3 Arm Singularities

Arm singularities are characteristic of a specific manipulator structure; to
illustrate their determination, consider the anthropomorphic arm (Fig. 2.23),
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Fig. 3.6. Anthropomorphic arm at a shoulder singularity

whose Jacobian for the linear velocity part is given by (3.38). Its determinant
is

det(JP ) = −a2a3s3(a2c2 + a3c23).

Like in the case of the planar arm of Example 3.2, the determinant does not
depend on the first joint variable.

For a2, a3 �= 0, the determinant vanishes if s3 = 0 and/or (a2c2 + a3c23) =
0. The first situation occurs whenever

ϑ3 = 0 ϑ3 = π

meaning that the elbow is outstretched (Fig. 3.5) or retracted, and is termed
elbow singularity . Notice that this type of singularity is conceptually equiva-
lent to the singularity found for the two-link planar arm.

By recalling the direct kinematics equation in (2.66), it can be observed
that the second situation occurs when the wrist point lies on axis z0 (Fig. 3.6);
it is thus characterized by

px = py = 0

and is termed shoulder singularity .
Notice that the whole axis z0 describes a continuum of singular configu-

rations; a rotation of ϑ1 does not cause any translation of the wrist position
(the first column of JP is always null at a shoulder singularity), and then the
inverse kinematics equation admits infinite solutions; moreover, motions start-
ing from the singular configuration that take the wrist along the z1 direction
are not allowed (see point b) above).

If a spherical wrist is connected to an anthropomorphic arm (Fig. 2.26),
the arm direct kinematics is different. In this case the Jacobian to consider
represents the block J11 of the Jacobian in (3.42) with p = pW . Analyzing its
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determinant leads to finding the same singular configurations, which are rela-
tive to different values of the third joint variables, though — compare (2.66)
and (2.70).

Finally, it is important to remark that, unlike the wrist singularities, the
arm singularities are well identified in the operational space, and thus they
can be suitably avoided in the end-effector trajectory planning stage.

3.4 Analysis of Redundancy

The concept of kinematic redundancy has been introduced in Sect. 2.10.2;
redundancy is related to the number n of DOFs of the structure, the number m
of operational space variables, and the number r of operational space variables
necessary to specify a given task.

In order to perform a systematic analysis of redundancy, it is worth con-
sidering differential kinematics in lieu of direct kinematics (2.82). To this end,
(3.39) is to be interpreted as the differential kinematics mapping relating the
n components of the joint velocity vector to the r ≤ m components of the ve-
locity vector ve of concern for the specific task. To clarify this point, consider
the case of a 3-link planar arm; that is not intrinsically redundant (n = m = 3)
and its Jacobian (3.35) has 3 null rows accordingly. If the task does not spec-
ify ωz (r = 2), the arm becomes functionally redundant and the Jacobian to
consider for redundancy analysis is the one in (3.36).

A different case is that of the anthropomorphic arm for which only posi-
tion variables are of concern (n = m = 3). The relevant Jacobian is the one
in (3.38). The arm is neither intrinsically redundant nor can become function-
ally redundant if it is assigned a planar task; in that case, indeed, the task
would set constraints on the 3 components of end-effector linear velocity.

Therefore, the differential kinematics equation to consider can be formally
written as in (3.39), i.e.,

ve = J(q)q̇, (3.45)

where now ve is meant to be the (r × 1) vector of end-effector velocity of
concern for the specific task and J is the corresponding (r × n) Jacobian
matrix that can be extracted from the geometric Jacobian; q̇ is the (n × 1)
vector of joint velocities. If r < n, the manipulator is kinematically redundant
and there exist (n− r) redundant DOFs.

The Jacobian describes the linear mapping from the joint velocity space to
the end-effector velocity space. In general, it is a function of the configuration.
In the context of differential kinematics, however, the Jacobian has to be
regarded as a constant matrix, since the instantaneous velocity mapping is
of interest for a given posture. The mapping is schematically illustrated in
Fig. 3.7 with a typical notation from set theory.
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Fig. 3.7. Mapping between the joint velocity space and the end-effector velocity
space

The differential kinematics equation in (3.45) can be characterized in terms
of the range and null spaces of the mapping;2 specifically, one has that:

• The range space of J is the subspace R(J) in IRr of the end-effector veloc-
ities that can be generated by the joint velocities, in the given manipulator
posture.

• The null space of J is the subspace N (J) in IRn of joint velocities that do
not produce any end-effector velocity, in the given manipulator posture.

If the Jacobian has full rank , one has

dim
(
R(J)

)
= r dim

(
N (J)

)
= n− r

and the range of J spans the entire space IRr. Instead, if the Jacobian degen-
erates at a singularity , the dimension of the range space decreases while the
dimension of the null space increases, since the following relation holds:

dim
(
R(J)

)
+ dim

(
N (J)

)
= n

independently of the rank of the matrix J .
The existence of a subspace N (J) �= ∅ for a redundant manipulator allows

determination of systematic techniques for handling redundant DOFs. To this
end, if q̇∗ denotes a solution to (3.45) and P is an (n× n) matrix so that

R(P ) ≡ N (J),

the joint velocity vector
q̇ = q̇∗ + P q̇0, (3.46)

with arbitrary q̇0, is also a solution to (3.45). In fact, premultiplying both
sides of (3.46) by J yields

Jq̇ = Jq̇∗ + JP q̇0 = Jq̇∗ = ve

2 See Sect. A.4 for the linear mappings.
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since JP q̇0 = 0 for any q̇0. This result is of fundamental importance for
redundancy resolution; a solution of the kind (3.46) points out the possibility
of choosing the vector of arbitrary joint velocities q̇0 so as to exploit advanta-
geously the redundant DOFs. In fact, the effect of q̇0 is to generate internal
motions of the structure that do not change the end-effector position and ori-
entation but may allow, for instance, manipulator reconfiguration into more
dexterous postures for execution of a given task.

3.5 Inverse Differential Kinematics

In Sect. 2.12 it was shown how the inverse kinematics problem admits closed-
form solutions only for manipulators having a simple kinematic structure.
Problems arise whenever the end-effector attains a particular position and/or
orientation in the operational space, or the structure is complex and it is not
possible to relate the end-effector pose to different sets of joint variables, or
else the manipulator is redundant. These limitations are caused by the highly
nonlinear relationship between joint space variables and operational space
variables.

On the other hand, the differential kinematics equation represents a linear
mapping between the joint velocity space and the operational velocity space,
although it varies with the current configuration. This fact suggests the pos-
sibility to utilize the differential kinematics equation to tackle the inverse
kinematics problem.

Suppose that a motion trajectory is assigned to the end-effector in terms
of ve and the initial conditions on position and orientation. The aim is to
determine a feasible joint trajectory (q(t), q̇(t)) that reproduces the given
trajectory.

By considering (3.45) with n = r, the joint velocities can be obtained via
simple inversion of the Jacobian matrix

q̇ = J−1(q)ve. (3.47)

If the initial manipulator posture q(0) is known, joint positions can be com-
puted by integrating velocities over time, i.e.,

q(t) =
∫ t

0

q̇(ς)dς + q(0).

The integration can be performed in discrete time by resorting to numerical
techniques. The simplest technique is based on the Euler integration method;
given an integration interval Δt, if the joint positions and velocities at time
tk are known, the joint positions at time tk+1 = tk +Δt can be computed as

q(tk+1) = q(tk) + q̇(tk)Δt. (3.48)
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This technique for inverting kinematics is independent of the solvability
of the kinematic structure. Nonetheless, it is necessary that the Jacobian be
square and of full rank ; this demands further insight into the cases of redun-
dant manipulators and kinematic singularity occurrence.

3.5.1 Redundant Manipulators

When the manipulator is redundant (r < n), the Jacobian matrix has more
columns than rows and infinite solutions exist to (3.45). A viable solution
method is to formulate the problem as a constrained linear optimization prob-
lem.

In detail, once the end-effector velocity ve and Jacobian J are given (for
a given configuration q), it is desired to find the solutions q̇ that satisfy the
linear equation in (3.45) and minimize the quadratic cost functional of joint
velocities3

g(q̇) =
1
2
q̇TWq̇

where W is a suitable (n× n) symmetric positive definite weighting matrix.
This problem can be solved with the method of Lagrange multipliers. Con-

sider the modified cost functional

g(q̇,λ) =
1
2
q̇TWq̇ + λT (ve − Jq̇),

where λ is an (r × 1) vector of unknown multipliers that allows the incorpo-
ration of the constraint (3.45) in the functional to minimize. The requested
solution has to satisfy the necessary conditions:

(
∂g

∂q̇

)T
= 0

(
∂g

∂λ

)T
= 0.

From the first one, it is Wq̇ − JTλ = 0 and thus

q̇ = W−1JTλ (3.49)

where the inverse of W exists. Notice that the solution (3.49) is a minimum,
since ∂2g/∂q̇2 = W is positive definite. From the second condition above, the
constraint

ve = Jq̇

is recovered. Combining the two conditions gives

ve = JW−1JTλ;

under the assumption that J has full rank, JW−1JT is an (r × r) square
matrix of rank r and thus can be inverted. Solving for λ yields

λ = (JW−1JT )−1ve

3 Quadratic forms and the relative operations are recalled in Sect. A.6.
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which, substituted into (3.49), gives the sought optimal solution

q̇ = W−1JT (JW−1JT )−1ve. (3.50)

Premultiplying both sides of (3.50) by J , it is easy to verify that this solution
satisfies the differential kinematics equation in (3.45).

A particular case occurs when the weighting matrix W is the identity
matrix I and the solution simplifies into

q̇ = J†ve; (3.51)

the matrix
J† = JT (JJT )−1 (3.52)

is the right pseudo-inverse of J .4 The obtained solution locally minimizes the
norm of joint velocities.

It was pointed out above that if q̇∗ is a solution to (3.45), q̇∗+P q̇0 is also a
solution, where q̇0 is a vector of arbitrary joint velocities and P is a projector
in the null space of J . Therefore, in view of the presence of redundant DOFs,
the solution (3.51) can be modified by the introduction of another term of
the kind P q̇0. In particular, q̇0 can be specified so as to satisfy an additional
constraint to the problem.

In that case, it is necessary to consider a new cost functional in the form

g′(q̇) =
1
2
(q̇ − q̇0)

T (q̇ − q̇0);

this choice is aimed at minimizing the norm of vector q̇ − q̇0; in other words,
solutions are sought which satisfy the constraint (3.45) and are as close as pos-
sible to q̇0. In this way, the objective specified through q̇0 becomes unavoid-
ably a secondary objective to satisfy with respect to the primary objective
specified by the constraint (3.45).

Proceeding in a way similar to the above yields

g′(q̇,λ) =
1
2
(q̇ − q̇0)

T (q̇ − q̇0) + λT (ve − Jq̇);

from the first necessary condition it is

q̇ = JTλ+ q̇0 (3.53)

which, substituted into (3.45), gives

λ = (JJT )−1(ve − Jq̇0).

Finally, substituting λ back in (3.53) gives

q̇ = J†ve + (In − J†J)q̇0. (3.54)
4 See Sect. A.7 for the definition of the pseudo-inverse of a matrix.
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As can be easily recognized, the obtained solution is composed of two terms.
The first is relative to minimum norm joint velocities. The second, termed
homogeneous solution, attempts to satisfy the additional constraint to specify
via q̇0;5 the matrix (I −J†J) is one of those matrices P introduced in (3.46)
which allows the projection of the vector q̇0 in the null space of J , so as
not to violate the constraint (3.45). A direct consequence is that, in the case
ve = 0, is is possible to generate internal motions described by (I − J†J)q̇0

that reconfigure the manipulator structure without changing the end-effector
position and orientation.

Finally, it is worth discussing the way to specify the vector q̇0 for a con-
venient utilization of redundant DOFs. A typical choice is

q̇0 = k0

(
∂w(q)
∂q

)T
(3.55)

where k0 > 0 and w(q) is a (secondary) objective function of the joint vari-
ables. Since the solution moves along the direction of the gradient of the ob-
jective function, it attempts to maximize it locally compatible to the primary
objective (kinematic constraint). Typical objective functions are:

• The manipulability measure, defined as

w(q) =
√

det
(
J(q)JT (q)

)
(3.56)

which vanishes at a singular configuration; thus, by maximizing this mea-
sure, redundancy is exploited to move away from singularities.6

• The distance from mechanical joint limits, defined as

w(q) = − 1
2n

n∑
i=1

(
qi − q̄i

qiM − qim

)2

(3.57)

where qiM (qim) denotes the maximum (minimum) joint limit and q̄i the
middle value of the joint range; thus, by maximizing this distance, redun-
dancy is exploited to keep the joint variables as close as possible to the
centre of their ranges.

• The distance from an obstacle, defined as

w(q) = min
p,o

‖p(q) − o‖ (3.58)

where o is the position vector of a suitable point on the obstacle (its
centre, for instance, if the obstacle is modelled as a sphere) and p is the

5 It should be recalled that the additional constraint has secondary priority with
respect to the primary kinematic constraint.

6 The manipulability measure is given by the product of the singular values of the
Jacobian (see Problem 3.8).
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position vector of a generic point along the structure; thus, by maximizing
this distance, redundancy is exploited to avoid collision of the manipulator
with an obstacle (see also Problem 3.9).7

3.5.2 Kinematic Singularities

Both solutions (3.47) and (3.51) can be computed only when the Jacobian
has full rank. Hence, they become meaningless when the manipulator is at a
singular configuration; in such a case, the system ve = Jq̇ contains linearly
dependent equations.

It is possible to find a solution q̇ by extracting all the linearly independent
equations only if ve ∈ R(J). The occurrence of this situation means that the
assigned path is physically executable by the manipulator, even though it is
at a singular configuration. If instead ve /∈ R(J), the system of equations has
no solution; this means that the operational space path cannot be executed
by the manipulator at the given posture.

It is important to underline that the inversion of the Jacobian can represent
a serious inconvenience not only at a singularity but also in the neighbourhood
of a singularity. For instance, for the Jacobian inverse it is well known that its
computation requires the computation of the determinant; in the neighbour-
hood of a singularity, the determinant takes on a relatively small value which
can cause large joint velocities (see point c) in Sect. 3.3). Consider again the
above example of the shoulder singularity for the anthropomorphic arm. If a
path is assigned to the end-effector which passes nearby the base rotation axis
(geometric locus of singular configurations), the base joint is forced to make
a rotation of about π in a relatively short time to allow the end-effector to
keep tracking the imposed trajectory.

A more rigorous analysis of the solution features in the neighbourhood of
singular configurations can be developed by resorting to the singular value
decomposition (SVD) of matrix J .8

An alternative solution overcoming the problem of inverting differential
kinematics in the neighbourhood of a singularity is provided by the so-called
damped least-squares (DLS) inverse

J� = JT (JJT + k2I)−1 (3.59)

where k is a damping factor that renders the inversion better conditioned
from a numerical viewpoint. It can be shown that such a solution can be

7 If an obstacle occurs along the end-effector path, it is opportune to invert the
order of priority between the kinematic constraint and the additional constraint;
in this way the obstacle may be avoided, but one gives up tracking the desired
path.

8 See Sect. A.8.
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obtained by reformulating the problem in terms of the minimization of the
cost functional

g′′(q̇) =
1
2
(ve − Jq̇)T (ve − Jq̇) +

1
2
k2q̇T q̇,

where the introduction of the first term allows a finite inversion error to be
tolerated, with the advantage of norm-bounded velocities. The factor k es-
tablishes the relative weight between the two objectives, and there exist tech-
niques for selecting optimal values for the damping factor (see Problem 3.10).

3.6 Analytical Jacobian

The above sections have shown the way to compute the end-effector velocity
in terms of the velocity of the end-effector frame. The Jacobian is computed
according to a geometric technique in which the contributions of each joint
velocity to the components of end-effector linear and angular velocity are
determined.

If the end-effector pose is specified in terms of a minimal number of pa-
rameters in the operational space as in (2.80), it is natural to ask whether
it is possible to compute the Jacobian via differentiation of the direct kine-
matics function with respect to the joint variables. To this end, an analytical
technique is presented below to compute the Jacobian, and the existing rela-
tionship between the two Jacobians is found.

The translational velocity of the end-effector frame can be expressed as
the time derivative of vector pe, representing the origin of the end-effector
frame with respect to the base frame, i.e.,

ṗe =
∂pe
∂q
q̇ = JP (q)q̇. (3.60)

For what concerns the rotational velocity of the end-effector frame, the
minimal representation of orientation in terms of three variables φe can be
considered. Its time derivative φ̇e in general differs from the angular velocity
vector defined above. In any case, once the function φe(q) is known, it is
formally correct to consider the Jacobian obtained as

φ̇e =
∂φe
∂q

q̇ = Jφ(q)q̇. (3.61)

Computing the Jacobian Jφ(q) as ∂φe/∂q is not straightforward, since the
function φe(q) is not usually available in direct form, but requires computation
of the elements of the relative rotation matrix.

Upon these premises, the differential kinematics equation can be obtained
as the time derivative of the direct kinematics equation in (2.82), i.e.,

ẋe =
[
ṗe
φ̇e

]
=

[
JP (q)
Jφ(q)

]
q̇ = JA(q)q̇ (3.62)



3.6 Analytical Jacobian 129

Fig. 3.8. Rotational velocities of Euler angles ZYZ in current frame

Fig. 3.9. Composition of elementary rotational velocities for computing angular
velocity

where the analytical Jacobian

JA(q) =
∂k(q)
∂q

(3.63)

is different from the geometric Jacobian J , since the end-effector angular
velocity ωe with respect to the base frame is not given by φ̇e.

It is possible to find the relationship between the angular velocity ωe and
the rotational velocity φ̇e for a given set of orientation angles. For instance,
consider the Euler angles ZYZ defined in Sect. 2.4.1; in Fig. 3.8, the vectors
corresponding to the rotational velocities ϕ̇, ϑ̇, ψ̇ have been represented with
reference to the current frame. Figure 3.9 illustrates how to compute the
contributions of each rotational velocity to the components of angular velocity
about the axes of the reference frame:

• as a result of ϕ̇: [ωx ωy ωz ]T = ϕ̇ [ 0 0 1 ]T

• as a result of ϑ̇: [ωx ωy ωz ]T = ϑ̇ [−sϕ cϕ 0 ]T
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• as a result of ψ̇: [ωx ωy ωz ]T = ψ̇ [ cϕsϑ sϕsϑ cϑ ]T ,

and then the equation relating the angular velocity ωe to the time derivative
of the Euler angles φ̇e is9

ωe = T (φe)φ̇e, (3.64)

where, in this case,

T =

⎡
⎣

0 −sϕ cϕsϑ
0 cϕ sϕsϑ
1 0 cϑ

⎤
⎦ .

The determinant of matrix T is −sϑ, which implies that the relationship
cannot be inverted for ϑ = 0, π. This means that, even though all rotational
velocities of the end-effector frame can be expressed by means of a suitable
angular velocity vector ωe, there exist angular velocities which cannot be
expressed by means of φ̇e when the orientation of the end-effector frame causes
sϑ = 0.10 In fact, in this situation, the angular velocities that can be described
by φ̇e should have linearly dependent components in the directions orthogonal
to axis z (ω2

x + ω2
y = ϑ̇2). An orientation for which the determinant of the

transformation matrix vanishes is termed representation singularity of φe.
From a physical viewpoint, the meaning of ωe is more intuitive than that

of φ̇e. The three components of ωe represent the components of angular veloc-
ity with respect to the base frame. Instead, the three elements of φ̇e represent
nonorthogonal components of angular velocity defined with respect to the
axes of a frame that varies as the end-effector orientation varies. On the other
hand, while the integral of φ̇e over time gives φe, the integral of ωe does not
admit a clear physical interpretation, as can be seen in the following example.

Example 3.3

Consider an object whose orientation with respect to a reference frame is known at
time t = 0. Assign the following time profiles to ω:
• ω = [ π/2 0 0 ]T 0 ≤ t ≤ 1 ω = [ 0 π/2 0 ]T 1 < t ≤ 2,
• ω = [ 0 π/2 0 ]T 0 ≤ t ≤ 1 ω = [ π/2 0 0 ]T 1 < t ≤ 2.

The integral of ω gives the same result in the two cases

∫ 2

0

ωdt = [ π/2 π/2 0 ]T

but the final object orientation corresponding to the second timing law is clearly
different from the one obtained with the first timing law (Fig. 3.10).

9 This relation can also be obtained from the rotation matrix associated with the
three angles (see Problem 3.11).

10 In Sect. 2.4.1, it was shown that for this orientation the inverse solution of the
Euler angles degenerates.
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Fig. 3.10. Nonuniqueness of orientation computed as the integral of angular velocity

Once the transformation T between ωe and φ̇e is given, the analytical
Jacobian can be related to the geometric Jacobian as

ve =
[
I O
O T (φe)

]
ẋe = TA(φe)ẋe (3.65)

which, in view of (3.4), (3.62), yields

J = TA(φ)JA. (3.66)

This relationship shows that J and JA, in general, differ. Regarding the use
of either one or the other in all those problems where the influence of the
Jacobian matters, it is anticipated that the geometric Jacobian will be adopted
whenever it is necessary to refer to quantities of clear physical meaning, while
the analytical Jacobian will be adopted whenever it is necessary to refer to
differential quantities of variables defined in the operational space.

For certain manipulator geometries, it is possible to establish a substantial
equivalence between J and JA. In fact, when the DOFs cause rotations of
the end-effector all about the same fixed axis in space, the two Jacobians
are essentially the same. This is the case of the above three-link planar arm.
Its geometric Jacobian (3.35) reveals that only rotations about axis z0 are
permitted. The (3×3) analytical Jacobian that can be derived by considering
the end-effector position components in the plane of the structure and defining
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the end-effector orientation as φ = ϑ1 + ϑ2 + ϑ3 coincides with the matrix
that is obtained by eliminating the three null rows of the geometric Jacobian.

3.7 Inverse Kinematics Algorithms

In Sect. 3.5 it was shown how to invert kinematics by using the differential
kinematics equation. In the numerical implementation of (3.48), computation
of joint velocities is obtained by using the inverse of the Jacobian evaluated
with the joint variables at the previous instant of time

q(tk+1) = q(tk) + J−1(q(tk))ve(tk)Δt.

It follows that the computed joint velocities q̇ do not coincide with those
satisfying (3.47) in the continuous time. Therefore, reconstruction of joint
variables q is entrusted to a numerical integration which involves drift phe-
nomena of the solution; as a consequence, the end-effector pose corresponding
to the computed joint variables differs from the desired one.

This inconvenience can be overcome by resorting to a solution scheme that
accounts for the operational space error between the desired and the actual
end-effector position and orientation. Let

e = xd − xe (3.67)

be the expression of such error.
Consider the time derivative of (3.67), i.e.,

ė = ẋd − ẋe (3.68)

which, according to differential kinematics (3.62), can be written as

ė = ẋd − JA(q)q̇. (3.69)

Notice in (3.69) that the use of operational space quantities has naturally
lead to using the analytical Jacobian in lieu of the geometric Jacobian. For
this equation to lead to an inverse kinematics algorithm, it is worth relating
the computed joint velocity vector q̇ to the error e so that (3.69) gives a
differential equation describing error evolution over time. Nonetheless, it is
necessary to choose a relationship between q̇ and e that ensures convergence
of the error to zero.

Having formulated inverse kinematics in algorithmic terms implies that
the joint variables q corresponding to a given end-effector pose xd are ac-
curately computed only when the error xd − k(q) is reduced within a given
threshold; such settling time depends on the dynamic characteristics of the
error differential equation. The choice of q̇ as a function of e permits finding
inverse kinematics algorithms with different features.
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Fig. 3.11. Inverse kinematics algorithm with Jacobian inverse

3.7.1 Jacobian (Pseudo-)inverse

On the assumption that matrix JA is square and nonsingular, the choice

q̇ = J−1
A (q)(ẋd +Ke) (3.70)

leads to the equivalent linear system

ė+Ke = 0. (3.71)

If K is a positive definite (usually diagonal) matrix, the system (3.71) is
asymptotically stable. The error tends to zero along the trajectory with a
convergence rate that depends on the eigenvalues of matrix K;11 the larger
the eigenvalues, the faster the convergence. Since the scheme is practically
implemented as a discrete-time system, it is reasonable to predict that an
upper bound exists on the eigenvalues; depending on the sampling time, there
will be a limit for the maximum eigenvalue of K under which asymptotic
stability of the error system is guaranteed.

The block scheme corresponding to the inverse kinematics algorithm
in (3.70) is illustrated in Fig. 3.11, where k(·) indicates the direct kinematics
function in (2.82). This scheme can be revisited in terms of the usual feedback
control schemes. Specifically, it can observed that the nonlinear block k(·) is
needed to compute x and thus the tracking error e, while the block J−1

A (q)
has been introduced to compensate for JA(q) and making the system linear.
The block scheme shows the presence of a string of integrators on the forward
loop and then, for a constant reference (ẋd = 0), guarantees a null steady-
state error. Further, the feedforward action provided by ẋd for a time-varying
reference ensures that the error is kept to zero (in the case e(0) = 0) along
the whole trajectory, independently of the type of desired reference xd(t).

Finally, notice that (3.70), for ẋd = 0, corresponds to the Newton method
for solving a system of nonlinear equations. Given a constant end-effector
pose xd, the algorithm can be keenly applied to compute one of the admissible

11 See Sect. A.5.
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Fig. 3.12. Block scheme of the inverse kinematics algorithm with Jacobian trans-
pose

solutions to the inverse kinematics problem, whenever that does not admit
closed-form solutions, as discussed in Sect. 2.12. Such a method is also useful
in practice at the start-up of the manipulator for a given task, to compute the
corresponding joint configuration.

In the case of a redundant manipulator , solution (3.70) can be generalized
into

q̇ = J†
A(ẋd +Ke) + (In − J†

AJA)q̇0, (3.72)

which represents the algorithmic version of solution (3.54).
The structure of the inverse kinematics algorithm can be conceptually

adopted for a simple robot control technique, known under the name of kine-
matic control . As will be seen in Chap. 7, a manipulator is actually an electro-
mechanical system actuated by motor torques, while in Chaps. 8–10 dynamic
control techniques will be presented which will properly account for the non-
linear and coupling effects of the dynamic model.

At first approximation, however, it is possible to consider a kinematic
command as system input, typically a velocity. This is possible in view of
the presence of a low-level control loop, which ‘ideally’ imposes any specified
reference velocity. On the other hand, such a loop already exists in a ‘closed’
control unit, where the user can also intervene with kinematic commands.
In other words, the scheme in Fig. 3.11 can implement a kinematic control,
provided that the integrator is regarded as a simplified model of the robot,
thanks to the presence of single joint local servos, which ensure a more or
less accurate reproduction of the velocity commands. Nevertheless, it is worth
underlining that such a kinematic control technique yields satisfactory perfor-
mance only when one does not require too fast motions or rapid accelerations.
The performance of the independent joint control will be analyzed in Sect. 8.3.

3.7.2 Jacobian Transpose

A computationally simpler algorithm can be derived by finding a relationship
between q̇ and e that ensures error convergence to zero, without requiring
linearization of (3.69). As a consequence, the error dynamics is governed by a
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nonlinear differential equation. The Lyapunov direct method can be utilized
to determine a dependence q̇(e) that ensures asymptotic stability of the error
system. Choose as Lyapunov function candidate the positive definite quadratic
form12

V (e) =
1
2
eTKe, (3.73)

where K is a symmetric positive definite matrix. This function is so that

V (e) > 0 ∀e �= 0, V (0) = 0.

Differentiating (3.73) with respect to time and accounting for (3.68) gives

V̇ = eTKẋd − eTKẋe. (3.74)

In view of (3.62), it is

V̇ = eTKẋd − eTKJA(q)q̇. (3.75)

At this point, the choice of joint velocities as

q̇ = JTA(q)Ke (3.76)

leads to
V̇ = eTKẋd − eTKJA(q)JTA(q)Ke. (3.77)

Consider the case of a constant reference (ẋd = 0). The function in (3.77) is
negative definite, under the assumption of full rank for JA(q). The condition
V̇ < 0 with V > 0 implies that the system trajectories uniformly converge
to e = 0, i.e., the system is asymptotically stable. When N (JTA) �= ∅, the
function in (3.77) is only negative semi-definite, since V̇ = 0 for e �= 0 with
Ke ∈ N (JTA). In this case, the algorithm can get stuck at q̇ = 0 with e �= 0.
However, the example that follows will show that this situation occurs only if
the assigned end-effector position is not actually reachable from the current
configuration.

The resulting block scheme is illustrated in Fig. 3.12, which shows the no-
table feature of the algorithm to require computation only of direct kinematics
functions k(q), JTA(q).

It can be recognized that (3.76) corresponds to the gradient method for
the solution of a system on nonlinear equations. As in the case of the Jaco-
bian inverse solution, for a given constant end-effector pose xd, the Jacobian
transpose algorithm can be keenly employed to solve the inverse kinemat-
ics problem, or more simply to initialize the values of the manipulator joint
variables.

The case when xd is a time-varying function (ẋd �= 0) deserves a separate
analysis. In order to obtain V̇ < 0 also in this case, it would be sufficient to
choose a q̇ that depends on the (pseudo-)inverse of the Jacobian as in (3.70),
12 See Sect. C.3 for the presentation of the Lyapunov direct method.
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Fig. 3.13. Characterization of the anthropomorphic arm at a shoulder singularity
for the admissible solutions of the Jacobian transpose algorithm

recovering the asymptotic stability result derived above.13 For the inversion
scheme based on the transpose, the first term on the right-hand side of (3.77)
is not cancelled any more and nothing can be said about its sign. This im-
plies that asymptotic stability along the trajectory cannot be achieved. The
tracking error e(t) is, anyhow, norm-bounded; the larger the norm of K, the
smaller the norm of e.14 In practice, since the inversion scheme is to be im-
plemented in discrete-time, there is an upper bound on the norm of K with
reference to the adopted sampling time.

Example 3.4

Consider the anthropomorphic arm; a shoulder singularity occurs whenever a2c2 +
a3c23 = 0 (Fig. 3.6). In this configuration, the transpose of the Jacobian in (3.38) is

JT
P =

[
0 0 0

−c1(a2s2 + a3s23) −s1(a2s2 + a3s23) 0
−a3c1s23 −a3s1s23 a3c23

]
.

By computing the null space of JT
P , if νx, νy and νz denote the components of vector

ν along the axes of the base frame, one has the result

νy

νx
= − 1

tan ϑ1
νz = 0,

13 Notice that, anyhow, in case of kinematic singularities, it is necessary to resort
to an inverse kinematics scheme that does not require inversion of the Jacobian.

14 Notice that the negative definite term is a quadratic function of the error, while
the other term is a linear function of the error. Therefore, for an error of very
small norm, the linear term prevails over the quadratic term, and the norm of K
should be increased to reduce the norm of e as much as possible.
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implying that the direction of N (JT
P ) coincides with the direction orthogonal to the

plane of the structure (Fig. 3.13). The Jacobian transpose algorithm gets stuck if,
with K diagonal and having all equal elements, the desired position is along the line
normal to the plane of the structure at the intersection with the wrist point. On the
other hand, the end-effector cannot physically move from the singular configuration
along such a line. Instead, if the prescribed path has a non-null component in the
plane of the structure at the singularity, algorithm convergence is ensured, since in
that case Ke /∈ N (JT

P ).

In summary, the algorithm based on the computation of the Jacobian
transpose provides a computationally efficient inverse kinematics method that
can be utilized also for paths crossing kinematic singularities.

3.7.3 Orientation Error

The inverse kinematics algorithms presented in the above sections utilize the
analytical Jacobian since they operate on error variables (position and orien-
tation) that are defined in the operational space.

For what concerns the position error, it is obvious that its expression is
given by

eP = pd − pe(q) (3.78)

where pd and pe denote respectively the desired and computed end-effector
positions. Further, its time derivative is

ėP = ṗd − ṗe. (3.79)

On the other hand, for what concerns the orientation error , its expression
depends on the particular representation of end-effector orientation, namely,
Euler angles, angle and axis, and unit quaternion.

Euler angles

The orientation error is chosen according to an expression formally analogous
to (3.78), i.e.,

eO = φd − φe(q) (3.80)

where φd and φe denote respectively the desired and computed set of Euler
angles. Further, its time derivative is

ėO = φ̇d − φ̇e. (3.81)

Therefore, assuming that neither kinematic nor representation singularities
occur, the Jacobian inverse solution for a nonredundant manipulator is derived
from (3.70), i.e.,
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q̇ = J−1
A (q)

[
ṗd +KPeP
φ̇d +KOeO

]
(3.82)

where KP and KO are positive definite matrices.
As already pointed out in Sect. 2.10 for computation of the direct kinemat-

ics function in the form (2.82), the determination of the orientation variables
from the joint variables is not easy except for simple cases (see Example 2.5).
To this end, it is worth recalling that computation of the angles φe, in a
minimal representation of orientation, requires computation of the rotation
matrix Re = [ne se ae ]; in fact, only the dependence of Re on q is known
in closed form, but not that of φe on q. Further, the use of inverse func-
tions (Atan2) in (2.19), (2.22) involves a non-negligible complexity in the
computation of the analytical Jacobian, and the occurrence of representation
singularities constitutes another drawback for the orientation error based on
Euler angles.

Different kinds of remarks are to be made about the way to assign a time
profile for the reference variables φd chosen to represent end-effector orienta-
tion. The most intuitive way to specify end-effector orientation is to refer to
the orientation of the end-effector frame (nd, sd, ad) with respect to the base
frame. Given the limitations pointed out in Sect. 2.10 about guaranteeing or-
thonormality of the unit vectors along time, it is necessary first to compute
the Euler angles corresponding to the initial and final orientation of the end-
effector frame via (2.19), (2.22); only then a time evolution can be generated.
Such solutions will be presented in Chap. 4.

A radical simplification of the problem at issue can be obtained for manip-
ulators having a spherical wrist. Section 2.12.2 pointed out the possibility to
solve the inverse kinematics problem for the position part separately from that
for the orientation part. This result also has an impact at algorithmic level. In
fact, the implementation of an inverse kinematics algorithm for determining
the joint variables influencing the wrist position allows the computation of
the time evolution of the wrist frame RW (t). Hence, once the desired time
evolution of the end-effector frame Rd(t) is given, it is sufficient to compute
the Euler angles ZYZ from the matrix RT

WRd by applying (2.19). As shown
in Sect. 2.12.5, these angles are directly the joint variables of the spherical
wrist. See also Problem 3.14.

The above considerations show that the inverse kinematics algorithms
based on the analytical Jacobian are effective for kinematic structures having
a spherical wrist which are of significant interest. For manipulator structures
which cannot be reduced to that class, it may be appropriate to reformulate
the inverse kinematics problem on the basis of a different definition of the
orientation error.
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Angle and axis

If Rd = [nd sd ad ] denotes the desired rotation matrix of the end-effector
frame and Re = [ne se ae ] the rotation matrix that can be computed
from the joint variables, the orientation error between the two frames can be
expressed as

eO = r sinϑ (3.83)

where ϑ and r identify the angle and axis of the equivalent rotation that can
be deduced from the matrix

R(ϑ, r) = RdR
T
e (q), (3.84)

describing the rotation needed to align R with Rd. Notice that (3.83) gives a
unique relationship for −π/2 < ϑ < π/2. The angle ϑ represents the magni-
tude of an orientation error, and thus the above limitation is not restrictive
since the tracking error is typically small for an inverse kinematics algorithm.

By comparing the off-diagonal terms of the expression of R(ϑ, r) in (2.25)
with the corresponding terms resulting on the right-hand side of (3.84), it can
be found that a functional expression of the orientation error in (3.83) is (see
Problem 3.16)

eO =
1
2
(ne(q) × nd + se(q) × sd + ae(q) × ad); (3.85)

the limitation on ϑ is transformed in the condition nTe nd ≥ 0, sTe sd ≥ 0,
aTe ad ≥ 0.

Differentiating (3.85) with respect to time and accounting for the expres-
sion of the columns of the derivative of a rotation matrix in (3.8) gives (see
Problem 3.19)

ėO = LTωd −Lωe (3.86)

where
L = −1

2
(
S(nd)S(ne) + S(sd)S(se) + S(ad)S(ae)

)
. (3.87)

At this point, by exploiting the relations (3.2), (3.3) of the geometric Jacobian
expressing ṗe and ωe as a function of q̇, (3.79), (3.86) become

ė =
[
ėP
ėO

]
=

[
ṗd − JP (q)q̇

LTωd −LJO(q)q̇

]
=

[
ṗd

LTωd

]
−

[
I O
O L

]
Jq̇. (3.88)

The expression in (3.88) suggests the possibility of devising inverse kinematics
algorithms analogous to the ones derived above, but using the geometric Ja-
cobian in place of the analytical Jacobian. For instance, the Jacobian inverse
solution for a nonredundant nonsingular manipulator is

q̇ = J−1(q)

[
ṗd +KPeP

L−1
(
LTωd +KOeO

)
]

. (3.89)
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It is worth remarking that the inverse kinematics solution based on (3.89)
is expected to perform better than the solution based on (3.82) since it uses
the geometric Jacobian in lieu of the analytical Jacobian, thus avoiding the
occurrence of representation singularities.

Unit quaternion

In order to devise an inverse kinematics algorithm based on the unit quater-
nion, a suitable orientation error should be defined. Let Qd = {ηd, εd} and
Qe = {ηe, εe} represent the quaternions associated with Rd and Re, re-
spectively. The orientation error can be described by the rotation matrix
RdR

T
e and, in view of (2.37), can be expressed in terms of the quaternion

ΔQ = {Δη,Δε} where
ΔQ = Qd ∗ Q−1

e . (3.90)

It can be recognized that ΔQ = {1,0} if and only if Re and Rd are aligned.
Hence, it is sufficient to define the orientation error as

eO = Δε = ηe(q)εd − ηdεe(q) − S(εd)εe(q), (3.91)

where the skew-symmetric operator S(·) has been used. Notice, however, that
the explicit computation of ηe and εe from the joint variables is not possible
but it requires the intermediate computation of the rotation matrix Re that
is available from the manipulator direct kinematics; then, the quaternion can
be extracted using (2.34).

At this point, a Jacobian inverse solution can be computed as

q̇ = J−1(q)
[
ṗd +KPeP
ωd +KOeO

]
(3.92)

where noticeably the geometric Jacobian has been used. Substituting (3.92)
into (3.4) gives (3.79) and

ωd − ωe +KOeO = 0. (3.93)

It should be observed that now the orientation error equation is nonlinear
in eO since it contains the end-effector angular velocity error instead of the
time derivative of the orientation error. To this end, it is worth considering
the relationship between the time derivative of the quaternion Qe and the
angular velocity ωe. This can be found to be (see Problem 3.19)

η̇e = −1
2
εTe ωe (3.94)

ε̇e =
1
2

(ηeI3 − S(εe))ωe (3.95)

which is the so-called quaternion propagation. A similar relationship holds
between the time derivative of Qd and ωd.
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To study stability of system (3.93), consider the positive definite Lyapunov
function candidate

V = (ηd − ηe)2 + (εd − εe)T (εd − εe). (3.96)

In view of (3.94), (3.95), differentiating (3.96) with respect to time and ac-
counting for (3.93) yields (see Problem 3.20)

V̇ = −eTOKOeO (3.97)

which is negative definite, implying that eO converges to zero.
In summary, the inverse kinematics solution based on (3.92) uses the geo-

metric Jacobian as the solution based on (3.89) but is computationally lighter.

3.7.4 Second-order Algorithms

The above inverse kinematics algorithms can be defined as first-order algo-
rithms, in that they allow the inversion of a motion trajectory, specified at
the end-effector in terms of of position and orientation, into the equivalent
joint positions and velocities.

Nevertheless, as will be seen in Chap. 8, for control purposes it may be
necessary to invert a motion trajectory specified in terms of position, velocity
and acceleration. On the other hand, the manipulator is inherently a second-
order mechanical system, as will be revealed by the dynamic model to be
derived in Chap. 7.

The time differentiation of the differential kinematics equation (3.62) leads
to

ẍe = JA(q)q̈ + J̇A(q, q̇)q̇ (3.98)

which gives the relationship between the joint space accelerations and the
operational space accelerations.

Under the assumption of a square and non-singular matrix JA, the second-
order differential kinematics (3.98) can be inverted in terms of the joint ac-
celerations

q̈ = J−1
A (q)

(
ẍe − J̇A(q, q̇)q̇

)
. (3.99)

The numerical integration of (3.99) to reconstruct the joint velocities and
positions would unavoidably lead to a drift of the solution; therefore, similarly
to the inverse kinematics algorithm with the Jacobian inverse, it is worth
considering the error defined in (3.68) along with its derivative

ë = ẍd − ẍe (3.100)

which, in view of (3.98), yields

ë = ẍd − JA(q)q̈ − J̇A(q, q̇)q̇. (3.101)
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Fig. 3.14. Block scheme of the second-order inverse kinematics algorithm with
Jacobian inverse

At this point, it is advisable to choose the joint acceleration vector as

q̈ = J−1
A (q)

(
ẍd +KDė+KPe− J̇A(q, q̇)q̇

)
(3.102)

where KD and KP are positive definite (typically diagonal) matrices. Sub-
stituting (3.102) into (3.101) leads to the equivalent linear error system

ë+KDė+KPe = 0 (3.103)

which is asymptotically stable: the error tends to zero along the trajectory with
a convergence speed depending on the choice of the matrices KP e KD. The
second-order inverse kinematics algorithm is illustrated in the block scheme
of Fig. 3.14.

In the case of a redundant manipulator , the generalization of (3.102) leads
to an algorithmic solution based on the Jacobian pseudo-inverse of the kind

q̈ = J†
A

(
ẍd +KDė+KPe− J̇A(q, q̇)q̇

)
+ (In − J†

AJA)q̈0 (3.104)

where the vector q̈0 represents arbitrary joint accelerations which can be cho-
sen so as to (locally) optimize an objective function like those considered in
Sect. 3.5.1.

As for the first-order inverse kinematics algorithms, it is possible to con-
sider other expressions for the orientation error which, unlike the Euler angles,
refer to an angle and axis description, else to the unit quaternion.
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3.7.5 Comparison Among Inverse Kinematics Algorithms

In order to make a comparison of performance among the inverse kinematics
algorithms presented above, consider the 3-link planar arm in Fig. 2.20 whose
link lengths are a1 = a2 = a3 = 0.5 m. The direct kinematics for this arm is
given by (2.83), while its Jacobian can be found from (3.35) by considering
the 3 non-null rows of interest for the operational space.

Let the arm be at the initial posture q = [π −π/2 −π/2 ]T rad, corre-
sponding to the end-effector pose: p = [ 0 0.5 ]T m, φ = 0 rad. A circular path
of radius 0.25 m and centre at (0.25, 0.5) m is assigned to the end-effector. Let
the motion trajectory be

pd(t) =
[

0.25(1 − cosπt)
0.25(2 + sinπt)

]
0 ≤ t ≤ 4;

i.e., the end-effector has to make two complete circles in a time of 2 s per
circle. As regards end-effector orientation, initially it is required to follow the
trajectory

φd(t) = sin
π

24
t 0 ≤ t ≤ 4;

i.e., the end-effector has to attain a different orientation (φd = 0.5 rad) at the
end of the two circles.

The inverse kinematics algorithms were implemented on a computer by
adopting the Euler numerical integration scheme (3.48) with an integration
time Δt = 1 ms.

At first, the inverse kinematics along the given trajectory has been per-
formed by using (3.47). The results obtained in Fig. 3.15 show that the norm
of the position error along the whole trajectory is bounded; at steady state,
after t = 4, the error sets to a constant value in view of the typical drift of
open-loop schemes. A similar drift can be observed for the orientation error.

Next, the inverse kinematics algorithm based on (3.70) using the Jacobian
inverse has been used, with the matrix gain K = diag{500, 500, 100}. The
resulting joint positions and velocities as well as the tracking errors are shown
in Fig. 3.16. The norm of the position error is radically decreased and con-
verges to zero at steady state, thanks to the closed-loop feature of the scheme;
the orientation error, too, is decreased and tends to zero at steady state.

On the other hand, if the end-effector orientation is not constrained, the
operational space becomes two-dimensional and is characterized by the first
two rows of the direct kinematics in (2.83) as well as by the Jacobian in (3.36);
a redundant DOF is then available. Hence, the inverse kinematics algorithm
based on (3.72) using the Jacobian pseudo-inverse has been used with K =
diag{500, 500}. If redundancy is not exploited (q̇0 = 0), the results in Fig. 3.17
reveal that position tracking remains satisfactory and, of course, the end-
effector orientation freely varies along the given trajectory.

With reference to the previous situation, the use of the Jacobian transpose
algorithm based on (3.76) with K = diag{500, 500} gives rise to a tracking
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Fig. 3.15. Time history of the norm of end-effector position error and orientation
error with the open-loop inverse Jacobian algorithm
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Fig. 3.16. Time history of the joint positions and velocities, and of the norm of end-
effector position error and orientation error with the closed-loop inverse Jacobian
algorithm

error (Fig. 3.18) which is anyhow bounded and rapidly tends to zero at steady
state.

In order to show the capability of handling the degree of redundancy, the
algorithm based on (3.72) with q̇0 �= 0 has been used; two types of constraints
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Fig. 3.17. Time history of the norm of end-effector position error and orientation
with the Jacobian pseudo-inverse algorithm
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Fig. 3.18. Time history of the norm of end-effector position error and orientation
with the Jacobian transpose algorithm

have been considered concerning an objective function to locally maximize
according to the choice (3.55). The first function is

w(ϑ2, ϑ3) =
1
2
(s22 + s23)

that provides a manipulability measure. Notice that such a function is compu-
tationally simpler than the function in (3.56), but it still describes a distance
from kinematic singularities in an effective way. The gain in (3.55)) has been
set to k0 = 50. In Fig. 3.19, the joint trajectories are reported for the two
cases with and without (k0 = 0) constraint. The addition of the constraint
leads to having coincident trajectories for Joints 2 and 3. The manipulability
measure in the constrained case (continuous line) attains larger values along
the trajectory compared to the unconstrained case (dashed line). It is worth
underlining that the tracking position error is practically the same in the two
cases (Fig. 3.17), since the additional joint velocity contribution is projected
in the null space of the Jacobian so as not to alter the performance of the
end-effector position task.

Finally, it is worth noticing that in the constrained case the resulting joint
trajectories are cyclic, i.e., they take on the same values after a period of
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Fig. 3.19. Time history of the joint positions, the norm of end-effector position
error, and the manipulability measure with the Jacobian pseudo-inverse algorithm
and manipulability constraint; upper left : with the unconstrained solution, upper
right : with the constrained solution

the circular path. This does not happen for the unconstrained case, since the
internal motion of the structure causes the arm to be in a different posture
after one circle.

The second objective function considered is the distance from mechanical
joint limits in (3.57). Specifically, it is assumed what follows: the first joint
does not have limits (q1m = −2π, q1M = 2π), the second joint has limits q2m =
−π/2, q2M = π/2, and the third joint has limits q3m = −3π/2, q3M = −π/2.
It is not difficult to verify that, in the unconstrained case, the trajectories of
Joints 2 and 3 in Fig. 3.19 violate the respective limits. The gain in (3.55)
has been set to k0 = 250. The results in Fig. 3.20 show the effectiveness of
the technique with utilization of redundancy, since both Joints 2 and 3 tend
to invert their motion — with respect to the unconstrained trajectories in
Fig. 3.19 — and keep far from the minimum limit for Joint 2 and the maximum
limit for Joint 3, respectively. Such an effort does not appreciably affect the
position tracking error, whose norm is bounded anyhow within acceptable
values.
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Fig. 3.20. Time history of the joint positions and the norm of end-effector position
error with the Jacobian pseudo-inverse algorithm and joint limit constraint (joint
limits are denoted by dashed lines)

3.8 Statics

The goal of statics is to determine the relationship between the generalized
forces applied to the end-effector and the generalized forces applied to the
joints — forces for prismatic joints, torques for revolute joints — with the
manipulator at an equilibrium configuration.

Let τ denote the (n × 1) vector of joint torques and γ the (r × 1) vector
of end-effector forces15 where r is the dimension of the operational space of
interest.

The application of the principle of virtual work allows the determination
of the required relationship. The mechanical manipulators considered are sys-
tems with time-invariant, holonomic constraints, and thus their configurations
depend only on the joint variables q and not explicitly on time. This implies
that virtual displacements coincide with elementary displacements.

Consider the elementary works performed by the two force systems. As for
the joint torques, the elementary work associated with them is

dWτ = τT dq. (3.105)

15 Hereafter, generalized forces at the joints are often called torques, while general-
ized forces at the end-effector are often called forces.
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As for the end-effector forces γ, if the force contributions fe are separated by
the moment contributions μe, the elementary work associated with them is

dWγ = fTe dpe + μTe ωedt, (3.106)

where dpe is the linear displacement and ωedt is the angular displacement16

By accounting for the differential kinematics relationship in (3.4), (3.5),
the relation (3.106) can be rewritten as

dWγ = fTe JP (q)dq + μTe JO(q)dq (3.107)
= γTe J(q)dq

where γe = [fTe μTe ]T . Since virtual and elementary displacements coincide,
the virtual works associated with the two force systems are

δWτ = τT δq (3.108)
δWγ = γTe J(q)δq, (3.109)

where δ is the usual symbol to indicate virtual quantities.
According to the principle of virtual work, the manipulator is at static

equilibrium if and only if

δWτ = δWγ ∀δq, (3.110)

i.e., the difference between the virtual work of the joint torques and the virtual
work of the end-effector forces must be null for all joint displacements.

From (3.109), notice that the virtual work of the end-effector forces is
null for any displacement in the null space of J . This implies that the joint
torques associated with such displacements must be null at static equilibrium.
Substituting (3.108), (3.109) into (3.110) leads to the notable result

τ = JT (q)γe (3.111)

stating that the relationship between the end-effector forces and the joint
torques is established by the transpose of the manipulator geometric Jacobian.

3.8.1 Kineto-Statics Duality

The statics relationship in (3.111), combined with the differential kinematics
equation in (3.45), points out a property of kineto-statics duality . In fact, by
adopting a representation similar to that of Fig. 3.7 for differential kinematics,
one has that (Fig. 3.21):

• The range space of JT is the subspace R(JT ) in IRn of the joint torques
that can balance the end-effector forces, in the given manipulator posture.

16 The angular displacement has been indicated by ωedt in view of the problems of
integrability of ωe discussed in Sect. 3.6.
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Fig. 3.21. Mapping between the end-effector force space and the joint torque space

• The null space of JT is the subspace N (JT ) in IRr of the end-effector forces
that do not require any balancing joint torques, in the given manipulator
posture.

It is worth remarking that the end-effector forces γe ∈ N (JT ) are entirely
absorbed by the structure in that the mechanical constraint reaction forces
can balance them exactly. Hence, a manipulator at a singular configuration
remains in the given posture whatever end-effector force γe is applied so that
γe ∈ N (JT ).

The relations between the two subspaces are established by

N (J) ≡ R⊥(JT ) R(J) ≡ N⊥(JT )

and then, once the manipulator Jacobian is known, it is possible to charac-
terize completely differential kinematics and statics in terms of the range and
null spaces of the Jacobian and its transpose.

On the basis of the above duality, the inverse kinematics scheme with the
Jacobian transpose in Fig. 3.12 admits an interesting physical interpretation.
Consider a manipulator with ideal dynamics τ = q̇ (null masses and unit
viscous friction coefficients); the algorithm update law q̇ = JTKe plays the
role of a generalized spring of stiffness constant K generating a force Ke that
pulls the end-effector towards the desired posture in the operational space.
If this manipulator is allowed to move, e.g., in the case Ke /∈ N (JT ), the
end-effector attains the desired posture and the corresponding joint variables
are determined.

3.8.2 Velocity and Force Transformation

The kineto-statics duality concept presented above can be useful to character-
ize the transformation of velocities and forces between two coordinate frames.

Consider a reference coordinate frame O0–x0y0z0 and a rigid body moving
with respect to such a frame. Then let O1–x1y1z1 and O2–x2y2z2 be two
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Fig. 3.22. Representation of linear and angular velocities in different coordinate
frames on the same rigid body

coordinate frames attached to the body (Fig. 3.22). The relationships between
translational and rotational velocities of the two frames with respect to the
reference frame are given by

ω2 = ω1

ṗ2 = ṗ1 + ω1 × r12.

By exploiting the skew-symmetric operator S(·) in (3.9), the above relations
can be compactly written as[

ṗ2

ω2

]
=

[
I −S(r12)
O I

] [
ṗ1

ω1

]
. (3.112)

All vectors in (3.112) are meant to be referred to the reference frame O0–
x0y0z0. On the other hand, if vectors are referred to their own frames, it
is

r12 = R1r
1
12

and also

ṗ1 = R1ṗ
1
1 ṗ2 = R2ṗ

2
2 = R1R

1
2ṗ

2
2

ω1 = R1ω
1
1 ω2 = R2ω

2
2 = R1R

1
2ω

2
2.

Accounting for (3.112) and (3.11) gives

R1R
1
2ṗ

2
2 = R1ṗ

1
1 −R1S(r1

12)R
T
1R1ω

1
1

R1R
1
2ω

2
2 = R1ω

1
1.

Eliminating the dependence on R1, which is premultiplied to each term on
both sides of the previous relations, yields17

[
ṗ2

2

ω2
2

]
=

[
R2

1 −R2
1S(r1

12)
O R2

1

] [
ṗ1

1

ω1
1

]
(3.113)

17 Recall that RTR = I , as in (2.4).



3.8 Statics 151

giving the sought general relationship of velocity transformation between two
frames.

It may be observed that the transformation matrix in (3.113) plays the
role of a true Jacobian, since it characterizes a velocity transformation, and
thus (3.113) may be shortly written as

v2
2 = J2

1v
1
1. (3.114)

At this point, by virtue of the kineto-statics duality, the force transformation
between two frames can be directly derived in the form

γ1
1 = J2

1
Tγ2

2 (3.115)

which can be detailed into18

[
f1

1

μ1
1

]
=

[
R1

2 O

S(r1
12)R

1
2 R1

2

] [
f2

2

μ2
2

]
. (3.116)

Finally, notice that the above analysis is instantaneous in that, if a coordinate
frame varies with respect to the other, it is necessary to recompute the Jaco-
bian of the transformation through the computation of the related rotation
matrix of one frame with respect to the other.

3.8.3 Closed Chain

As discussed in Sect. 2.8.3, whenever the manipulator contains a closed chain,
there is a functional relationship between the joint variables. In particular,
the closed chain structure is transformed into a tree-structured open chain by
virtually cutting the loop at a joint. It is worth choosing such a cut joint as
one of the unactuated joints. Then, the constraints (2.59) or (2.60) should be
solved for a reduced number of joint variables, corresponding to the DOFs of
the chain. Therefore, it is reasonable to assume that at least such independent
joints are actuated, while the others may or may not be actuated. Let qo =
[ qTa qTu ]T denote the vector of joint variables of the tree-structured open
chain, where qa and qu are the vectors of actuated and unactuated joint
variables, respectively. Assume that from the above constraints it is possible
to determine a functional expression

qu = qu(qa). (3.117)

Time differentiation of (3.117) gives the relationship between joint velocities
in the form

q̇o = Υ q̇a (3.118)

where

Υ =

⎡
⎣
I
∂qu
∂qa

⎤
⎦ (3.119)

18 The skew-symmetry property S + ST = O is utilized.
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is the transformation matrix between the two vectors of joint velocities, which
in turn plays the role of a Jacobian.

At this point, according to an intuitive kineto-statics duality concept, it is
possible to describe the transformation between the corresponding vectors of
joint torques in the form

τ a = Υ T τ o (3.120)

where τ o = [ τTa τTu ]T , with obvious meaning of the quantities.

Example 3.5

Consider the parallelogram arm of Sect. 2.9.2. On the assumption to actuate the
two Joints 1′ and 1′′ at the base, it is qa = [ ϑ1′ ϑ1′′ ]T and qu = [ ϑ2′ ϑ3′ ]T .
Then, using (2.64), the transformation matrix in (3.119) is

Υ =

⎡
⎢⎣

1 0
0 1
−1 1
1 −1

⎤
⎥⎦ .

Hence, in view of (3.120), the torque vector of the actuated joints is

τ a =

[
τ1′ − τ2′ + τ3′

τ1′′ + τ2′ − τ3′

]
(3.121)

while obviously τ u = [ 0 0 ]T in agreement with the fact that both Joints 2′ and 3′

are unactuated.

3.9 Manipulability Ellipsoids

The differential kinematics equation in (3.45) and the statics equation in
(3.111), together with the duality property, allow the definition of indices for
the evaluation of manipulator performance. Such indices can be helpful both
for mechanical manipulator design and for determining suitable manipulator
postures to execute a given task in the current configuration.

First, it is desired to represent the attitude of a manipulator to arbitrarily
change end-effector position and orientation. This capability is described in
an effective manner by the velocity manipulability ellipsoid .

Consider the set of joint velocities of constant (unit) norm

q̇T q̇ = 1; (3.122)

this equation describes the points on the surface of a sphere in the joint ve-
locity space. It is desired to describe the operational space velocities that can
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be generated by the given set of joint velocities, with the manipulator in a
given posture. To this end, one can utilize the differential kinematics equation
in (3.45) solved for the joint velocities; in the general case of a redundant ma-
nipulator (r < n) at a nonsingular configuration, the minimum-norm solution
q̇ = J†(q)ve can be considered which, substituted into (3.122), yields

vTe
(
J†T (q)J†(q)

)
ve = 1.

Accounting for the expression of the pseudo-inverse of J in (3.52) gives

vTe
(
J(q)JT(q)

)−1
ve = 1, (3.123)

which is the equation of the points on the surface of an ellipsoid in the end-
effector velocity space.

The choice of the minimum-norm solution rules out the presence of internal
motions for the redundant structure. If the general solution (3.54) is used for
q̇, the points satisfying (3.122) are mapped into points inside the ellipsoid
whose surface is described by (3.123).

For a nonredundant manipulator, the differential kinematics solution (3.47)
is used to derive (3.123); in this case the points on the surface of the sphere in
the joint velocity space are mapped into points on the surface of the ellipsoid
in the end-effector velocity space.

Along the direction of the major axis of the ellipsoid, the end-effector can
move at large velocity, while along the direction of the minor axis small end-
effector velocities are obtained. Further, the closer the ellipsoid is to a sphere
— unit eccentricity — the better the end-effector can move isotropically along
all directions of the operational space. Hence, it can be understood why this
ellipsoid is an index characterizing manipulation ability of the structure in
terms of velocities.

As can be recognized from (3.123), the shape and orientation of the ellip-
soid are determined by the core of its quadratic form and then by the matrix
JJT which is in general a function of the manipulator configuration. The
directions of the principal axes of the ellipsoid are determined by the eigen-
vectors ui, for i = 1, . . . , r, of the matrix JJT , while the dimensions of the

axes are given by the singular values of J , σi =
√
λi(JJT ), for i = 1, . . . , r,

where λi(JJT ) denotes the generic eigenvalue of JJT .
A global representative measure of manipulation ability can be obtained

by considering the volume of the ellipsoid. This volume is proportional to the
quantity

w(q) =
√

det
(
J(q)JT (q)

)

which is the manipulability measure already introduced in (3.56). In the case
of a nonredundant manipulator (r = n), w reduces to

w(q) =
∣∣det

(
J(q)

)∣∣ . (3.124)
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Fig. 3.23. Velocity manipulability ellipses for a two-link planar arm in different
postures

It is easy to recognize that it is always w > 0, except for a manipulator at a
singular configuration when w = 0. For this reason, this measure is usually
adopted as a distance of the manipulator from singular configurations.

Example 3.6

Consider the two-link planar arm. From the expression in (3.41), the manipulability
measure is in this case

w = |det(J)| = a1a2|s2|.
Therefore, as a function of the arm postures, the manipulability is maximum for
ϑ2 = ±π/2. On the other hand, for a given constant reach a1 + a2, the structure
offering the maximum manipulability, independently of ϑ1 and ϑ2, is the one with
a1 = a2.

These results have a biomimetic interpretation in the human arm, if that is
regarded as a two-link arm (arm + forearm). The condition a1 = a2 is satisfied with
good approximation. Further, the elbow angle ϑ2 is usually in the neighbourhood of
π/2 in the execution of several tasks, such as that of writing. Hence, the human being
tends to dispose the arm in the most dexterous configuration from a manipulability
viewpoint.

Figure 3.23 illustrates the velocity manipulability ellipses for a certain number of
postures with the tip along the horizontal axis and a1 = a2 = 1. It can be seen that
when the arm is outstretched the ellipsoid is very thin along the vertical direction.
Hence, one recovers the result anticipated in the study of singularities that the arm
in this posture can generate tip velocities preferably along the vertical direction. In
Fig. 3.24, moreover, the behaviour of the minimum and maximum singular values of
the matrix J is illustrated as a function of tip position along axis x; it can be verified
that the minimum singular value is null when the manipulator is at a singularity
(retracted or outstretched).

Therefore, with reference to the postures, manipulability has a maximum for
ϑ2 = ±π/2. On the other hand, for a given total extension a1 + a2, the structure
which, independently of ϑ1 and ϑ2, offers the largest manipulability is that with
a1 = a2.
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Fig. 3.24. Minimum and maximum singular values of J for a two-link planar arm
as a function of the arm posture
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Fig. 3.25. Force manipulability ellipses for a two-link planar arm in different pos-
tures

The manipulability measure w has the advantage of being easy to compute,
through the determinant of matrix JJT . However, its numerical value does
not constitute an absolute measure of the actual closeness of the manipulator
to a singularity. It is enough to consider the above example and take two
arms of identical structure, one with links of 1 m and the other with links of
1 cm. Two different values of manipulability are obtained which differ by four
orders of magnitude. Hence, in that case it is convenient to consider only |s2|
— eventually |ϑ2| — as the manipulability measure. In more general cases
when it is not easy to find a simple, meaningful index, one can consider the
ratio between the minimum and maximum singular values of the Jacobian
σr/σ1 which is equivalent to the inverse of the condition number of matrix J .
This ratio gives not only a measure of the distance from a singularity (σr = 0),
but also a direct measure of eccentricity of the ellipsoid. The disadvantage in
utilizing this index is its computational complexity; it is practically impossible
to compute it in symbolic form, i.e., as a function of the joint configuration,
except for matrices of reduced dimension.

On the basis of the existing duality between differential kinematics and
statics, it is possible to describe the manipulability of a structure not only
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with reference to velocities, but also with reference to forces. To be specific,
one can consider the sphere in the space of joint torques

τT τ = 1 (3.125)

which, accounting for (3.111), is mapped into the ellipsoid in the space of
end-effector forces

γTe
(
J(q)JT(q)

)
γe = 1 (3.126)

which is defined as the force manipulability ellipsoid . This ellipsoid character-
izes the end-effector forces that can be generated with the given set of joint
torques, with the manipulator in a given posture.

As can be easily recognized from (3.126), the core of the quadratic form is
constituted by the inverse of the matrix core of the velocity ellipsoid in (3.123).
This feature leads to the notable result that the principal axes of the force
manipulability ellipsoid coincide with the principal axes of the velocity manip-
ulability ellipsoid, while the dimensions of the respective axes are in inverse
proportion. Therefore, according to the concept of force/velocity duality, a
direction along which good velocity manipulability is obtained is a direction
along which poor force manipulability is obtained, and vice versa.

In Fig. 3.25, the manipulability ellipses for the same postures as those
of the example in Fig. 3.23 are illustrated. A comparison of the shape and
orientation of the ellipses confirms the force/velocity duality effect on the
manipulability along different directions.

It is worth pointing out that these manipulability ellipsoids can be repre-
sented geometrically in all cases of an operational space of dimension at most
3. Therefore, if it is desired to analyze manipulability in a space of greater
dimension, it is worth separating the components of linear velocity (force)
from those of angular velocity (moment), also avoiding problems due to non-
homogeneous dimensions of the relevant quantities (e.g., m/s vs rad/s). For
instance, for a manipulator with a spherical wrist, the manipulability analysis
is naturally prone to a decoupling between arm and wrist.

An effective interpretation of the above results can be achieved by regard-
ing the manipulator as a mechanical transformer of velocities and forces from
the joint space to the operational space. Conservation of energy dictates that
an amplification in the velocity transformation is necessarily accompanied by
a reduction in the force transformation, and vice versa. The transformation
ratio along a given direction is determined by the intersection of the vector
along that direction with the surface of the ellipsoid. Once a unit vector u
along a direction has been assigned, it is possible to compute the transforma-
tion ratio for the force manipulability ellipsoid as

α(q) =
(
uTJ(q)JT (q)u

)−1/2

(3.127)
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Fig. 3.26. Velocity and force manipulability ellipses for a 3-link planar arm in a
typical configuration for a task of controlling force and velocity

and for the velocity manipulability ellipsoid as

β(q) =
(
uT

(
J(q)JT (q)

)−1
u

)−1/2

. (3.128)

The manipulability ellipsoids can be conveniently utilized not only for an-
alyzing manipulability of the structure along different directions of the opera-
tional space, but also for determining compatibility of the structure to execute
a task assigned along a direction. To this end, it is useful to distinguish be-
tween actuation tasks and control tasks of velocity and force. In terms of the
relative ellipsoid, the task of actuating a velocity (force) requires preferably
a large transformation ratio along the task direction, since for a given set of
joint velocities (forces) at the joints it is possible to generate a large velocity
(force) at the end-effector. On the other hand, for a control task it is impor-
tant to have a small transformation ratio so as to gain good sensitivity to
errors that may occur along the given direction.

Revisiting once again the duality between velocity manipulability ellipsoid
and force manipulability ellipsoid, it can be found that an optimal direction to
actuate a velocity is also an optimal direction to control a force. Analogously,
a good direction to actuate a force is also a good direction to control a velocity.

To have a tangible example of the above concept, consider the typical task
of writing on a horizontal surface for the human arm; this time, the arm is re-
garded as a 3-link planar arm: arm + forearm + hand. Restricting the analysis
to a two-dimensional task space (the direction vertical to the surface and the
direction of the line of writing), one has to achieve fine control of the vertical
force (the pressure of the pen on the paper) and of the horizontal velocity (to
write in good calligraphy). As a consequence, the force manipulability ellipse
tends to be oriented horizontally for correct task execution. Correspondingly,
the velocity manipulability ellipse tends to be oriented vertically in perfect
agreement with the task requirement. In this case, from Fig. 3.26 the typical
configuration of the human arm when writing can be recognized.
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Fig. 3.27. Velocity and force manipulability ellipses for a 3-link planar arm in a
typical configuration for a task of actuating force and velocity

An opposite example to the previous one is that of the human arm when
throwing a weight in the horizontal direction. In fact, now it is necessary to
actuate a large vertical force (to sustain the weight) and a large horizontal
velocity (to throw the load for a considerable distance). Unlike the above, the
force (velocity) manipulability ellipse tends to be oriented vertically (horizon-
tally) to successfully execute the task. The relative configuration in Fig. 3.27
is representative of the typical attitude of the human arm when, for instance,
releasing the ball in a bowling game.

In the above two examples, it is worth pointing out that the presence of a
two-dimensional operational space is certainly advantageous to try reconfig-
uring the structure in the best configuration compatible with the given task.
In fact, the transformation ratios defined in (3.127) and (3.128) are scalar
functions of the manipulator configurations that can be optimized locally ac-
cording to the technique for exploiting redundant DOFs previously illustrated.
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Problems

3.1. Prove (3.11).

3.2. Compute the Jacobian of the cylindrical arm in Fig. 2.35.

3.3. Compute the Jacobian of the SCARA manipulator in Fig. 2.36.

3.4. Find the singularities of the 3-link planar arm in Fig. 2.20.

3.5. Find the singularities of the spherical arm in Fig. 2.22.

3.6. Find the singularities of the cylindrical arm in Fig. 2.35.

3.7. Find the singularities of the SCARA manipulator in Fig. 2.36.

3.8. Show that the manipulability measure defined in (3.56) is given by the
product of the singular values of the Jacobian matrix.

3.9. For the 3-link planar arm in Fig. 2.20, find an expression of the distance
of the arm from a circular obstacle of given radius and coordinates.

3.10. Find the solution to the differential kinematics equation with the
damped least-square inverse in (3.59).

3.11. Prove (3.64) in an alternative way, i.e., by computing S(ωe) as in (3.6)
starting from R(φ) in (2.18).

3.12. With reference to (3.64), find the transformation matrix T (φe) in the
case of RPY angles.

3.13. With reference to (3.64), find the triplet of Euler angles for which
T (0) = I.

3.14. Show how the inverse kinematics scheme of Fig. 3.11 can be simplified
in the case of a manipulator having a spherical wrist.
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3.15. Find an expression of the upper bound on the norm of e for the solu-
tion (3.76) in the case ẋd �= 0.

3.16. Prove (3.85).

3.17. Prove (3.86), (3.87).

3.18. Prove that the equation relating the angular velocity to the time deriva-
tive of the quaternion is given by

ω = 2S(ε)ε̇+ 2ηε̇− 2η̇ε.

[Hint : Start by showing that (2.33) can be rewritten as R(η, ε) = (2η2−1)I+
2εεT + 2ηS(ε)].

3.19. Prove (3.94), (3.95).

3.20. Prove that the time derivative of the Lyapunov function in (3.96) is
given by (3.97).

3.21. Consider the 3-link planar arm in Fig. 2.20, whose link lengths are
respectively 0.5 m, 0.3 m, 0.3 m. Perform a computer implementation of the
inverse kinematics algorithm using the Jacobian pseudo-inverse along the op-
erational space path given by a straight line connecting the points of coordi-
nates (0.8, 0.2) m and (0.8,−0.2) m. Add a constraint aimed at avoiding link
collision with a circular object located at ø = [ 0.3 0 ]T m of radius 0.1 m. The
initial arm configuration is chosen so that pe(0) = pd(0). The final time is
2 s. Use sinusoidal motion timing laws. Adopt the Euler numerical integration
scheme (3.48) with an integration time Δt = 1 ms.

3.22. Consider the SCARA manipulator in Fig. 2.36, whose links both have a
length of 0.5 m and are located at a height of 1 m from the supporting plane.
Perform a computer implementation of the inverse kinematics algorithms with
both Jacobian inverse and Jacobian transpose along the operational space
path whose position is given by a straight line connecting the points of co-
ordinates (0.7, 0, 0) m and (0, 0.8, 0.5) m, and whose orientation is given by
a rotation from 0 rad to π/2 rad. The initial arm configuration is chosen so
that xe(0) = xd(0). The final time is 2 s. Use sinusoidal motion timing laws.
Adopt the Euler numerical integration scheme (3.48) with an integration time
Δt = 1 ms.

3.23. Prove that the directions of the principal axes of the force and velocity
manipulability ellipsoids coincide while their dimensions are in inverse pro-
portion.
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