Answers

Chapter 1

1.

> w

® N aw

11.

12.

13.

14.

15.

a g — i b. 5+ i

¢ 3 +%i d —1,—i,1L,i,....

+(1 4 3i).

14+ G —+/8)i; —1— 3+ /8)i.

a. b, d.:Letz; =x1 4+1iy1, 22 = x2 4+ iy», etc.

c. Use properties (a), (b) and the fact that a real number is its own conjugate.
Use Exercise (4¢): P(z) = P(2).
Ifz=x+iy=re? thenz? =x2 —y2 4 2ixy=r
(c) Equality occurs if, and only if, Re z or Imz = 0.
(b) |z1 + z2| = |z1] + |z2] if, and only if, Re(z1z2) = |z1l|z2], i.e., if, and only if,
7122 is a real number, or, equivalently, Arg z1 = Arg 2».

Note that tan~! is always between ' and 7 whereas Arg z takes values
(modulo 27) in the interval O to 27 .
a. 1,cis %, cis 2; , —1,cis 4; , cis
b. cisf; 0 =7, 3f, Sf, 7;.
c. 21/4¢is0; 9 = > 23”, 76”, 53”.

Note that the nth roots of unity are all zeroesof z* — 1 = (z — 1)(z" ! +z" 2 - --
+1).

Using (13) and the fact that 2" — 1 = (z — z1)(z — 22) - - (z — z,) where
71, 22, ..., Zn are the nth roots of unity, we have (assuming z; = 1)

20210 eqc,

St
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I =(— ) (2 — )

Let z = 1, and consider the absolute value of the two sides of the above equation.
Closed disc centered at i with radius 1; not a region.

The imaginary axis; not a region.

The open half-plane: Re z > 5/2; a region.

The upper half of the unit disc, centered at the origin; a region.

The unit circle centered at the origin; not a region.

The circle centered at é i with radius é; not a region.
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g. The set of points satisfying 7> < 2 cos 26, r # 0; not connected and, therefore,
not a region.

. Arg (;;}) = Arg(z — 1) — Arg(z + 1).Consider the diagram below for Re z > 0
and an analogous argument for Re z < 0.

a. For|z| <r <1, > |kz¥| < D kr* < co. Apply Theorem 1.9.

b. ForRez >0, > ‘ kzlﬂ‘ <> klz, Apply Theorem 1.9.

. Assume § is polygonally connected, and S is “disconnected” by open sets A and
B witha € A, b € B. Consider the polygonal line L(¢), 0 <t < 1, connecting
a and b, and let ¢ = L(tp), to = sup{t; : L(t) € A, 0 <t < t1}. Then,c € A,
but, because A is open, so is L(fp + ), unless ¢ = b.

. Note thatno curvein S (of finite length) can connect a point of S, not on the y axis,
with a point on the y axis. Nevertheless, S cannot be “disconnected” because any
open set which contains a point of the form (0, ¢), —1 < ¢t < 1, would also have
to contain points of the form y = sin )1{, x> 0.

Sz 2 O

. Ax? +y>) + Bx + Cy + D = 0 is equivalent to A (IEC) + B¢ (llg) +
Cn(llg) +D=00rAC +BE+Cn+D(1—¢) =0, ¢ # 1. Consider A = 0
and A # 0.

I P(2) = ap" + an12" -+ ap, ap # 0, then P(z) = 2" (ay + 7' +
40, ete.

1 _ 1 _ iy

a. Use formulas (3) for (£, #, () and the fact that _ = iy = ij_yz ~ 2y

to show that (&', #', )= (&, —n, 1 =0).

b. Consider the corresponding points on »_ and apply 27 (a).

. Note thataccording to (27), Al +By+C¢ = Disequivalentto AS'—By/'—C¢' =

D —-C.
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Chapter 2
1. For P(x, y) = (x +iy)", Py =n(x + l'y)n_1 and Py, = in(x + iy)n_l.
3. a. Analytic: P(z) = z° — z.

b

—_— —

12.
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19.

20.

21.
22.

o0 ® o

b. Not analytic.

c. Analytic: P(z) = —iz>.

Py =i P, wouldimply Py, = P, = Obecause both Py and P, would be imaginary.
In 3a), P'(z) = 322 — 1 = 3x2 = 3y?2 — 1 4+ i6xy. In (3¢c), P'(z) = —2iz =
2y —2ixy.

Use the usual properties of limits, etc.

limpso ©H) " =limyso [+ )" 4+ @+ )2+ + 27 = 0!
log S, = lof" — 0asn — 00,50 S, = elo8S — 1,

a. 1. b. 1/2.

a.R. bR cR.

The radius of convergence must be greater than or equal to min(R;, R7). It may
exceed both if, e.g., b, = —a, for all n and Ry, Ry < oo.

Use the facts that > Si“n”e converges for all 6 and > cojl”e converges for
6 : 0 <8 < 2z (both can be proven by Dirichlet’s Test).

a. Write a, = a (“2> e ( an ) and note that, according to the hypothesis,

ai dn—1
for any € > O, there is some k such that j > k = a‘_ljl —
i
Mi(L —€)"F < a, < Mp(L 4 €)" 7, etc.
b. Note that, for a, = nl!, a;:‘ = n41-1 and apply (13a).
a. 00. b. oco. ¢c.e. d. ©

If > |ax| and > |bx| converge and if dy = Zﬁ:o lajl|bk—;l, then, clearly,

ZZ=0 dip < ZZ:() |a| - Z;fio |br| < Z;fio |a| Z/fio |bi| so that > dy con-

verges. Moreover A, B, = C, + R, where |R,| = ZZ,]‘:O akbj < dpy1 +
n<k+j<2n

L’ < €. Thus,

dpio + -+ -+ doy, ete.

Use the fact that D" a,z" and >_ b, 7" converge absolutely within their circles of
convergence and apply Exercise (17).

a. Let N — oo in the identity

A—2)A+z+22 4+ 47V =1V

1

b (XnZ02") (XZo2") = ZaZo(r + D" = |, so that

- 1 1 z
2 e = (1-2?2 (-2 (-2

n=0
If S has an accumulation point at 0, we can find z; € S with |z1] < 1, z2 € S
with |z3] < élzll,etc.
If f(z) =1forz=], 1, 4,---,by(2.13), f=1land f' = 0.

(n) (n)

Letg(z) = f(z+a) = Y. Cuz". Then, G, = & 0 = /7@,

n n!
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Chapter 3
1. fe=lim, ., Fa+hy)—fxy) _ lim, , o fz+h)—f(2)
h real ( hh ( h real ( Z (
Y =lim, o fx’y‘f‘h) VACH)) = lim;, ¢ fz+lh) ()

o o

11.

12.
13.

14.

h real h real

y =2iy =ify = 2ix if, and only if, y = x.
The equality in the hint follows from the differentiability of g at f(z). Divide
both sides by & to complete the argument.

Because § @870 — 1 s@-sGo) _ 8(2)—go) _

=20

1
720 =20 ¢(2)+¢(z0)°
2 Ezo) by the continuity of g at zp.
Note that fy = f, = 0, and apply Theorem 1.10.

so that lim,_, ;,

. Note that [ f2(z)]' = 2f(2) f'(z) = 0.

If f maps aregion into a straight line or into a circular arc, then there are constants
A, Bsothat g(z) = Af(z) + B maps the region into the imaginary axis or into a
circle centered at the origin, respectively. But, then, according to Propositions 3.6
and 3.7, g is constant, and so is f.
fx, y) =x%—y>+2ixy+iC =z +iC, where C is a real constant.
Note that the Cauchy-Riemann equations cannot be satisfied.
The Cauchy-Riemann equation u, = v, implies, in this case, that u’(x) = v’(y).
Because u/(x) is a function of x alone and v’(y) is a function of y alone, both
u’(x) and v’(y) are constants; in fact, u’(x) = v’(y) = aand f(z) = u +iv =
az+b.
a. Becauseu =e*cosyandv =e*siny, uy =vy =e*cosyanduy, = —v, =
—e“siny.
b. With z; = x1 +iy1, z2 =x2 + iy
12 = 12 cos(y1 + y2) + i sin(y1 + y2)] = e*'(cosyy + isinyy) -

e*2(cos yo + i sinyp) = e*le®2.
le?] = \/ez" cos? y + e2¥ sin? y = ¢*
e* = e*e’? — ooif x = 400 (i.e., along rays in the right half-plane). e* — 0 if
x — —o (i.e., along rays in the left half-plane). On the imaginary axis, e* = e"Y
traverses the unit circle infinitely often.
a. 2mki; k any integer.
b. (5 +27k)i.
c. In3+ 2k + Dri.
d. ) In2+ (z/4+27xk)i.



Answers 295

15. a. 2sinzcosz = 2 [211 (€' —e7i7) é (e +e_iz)] = 2li (€?T — 727 =
sin2z.
b. cos?z +sin’z = }1 (e'* + %) — }1 (e —e7)2 =1
c. (sinz) = 5, (ie" +ie™%) = cosz.
17. —sinz.
18. z = (5 +27k) — i In(2 £ v/3), k any integer.
20. sin(x +iy) = le. (e™yHix — ey—ixy — 215 [e7Y(cosx +isinx) — e’ (cosx —
isinx)] = é (e7Vsinx + ¢” sinx) + ‘2 (e? cosx — e~V cosx) = sinx coshy +
i cosx sinh y.
21 Q@) = X520 0 2o i = 0% (S fale) = X C0" =
[z + w).
22. Because ¢¢ = 1+ iz — ZZZ, — ‘;7 +--ande @ =1—jz-712 . + 3 +
= +§? —+e
2.cosz=1-5 +5 == 201" &,
Chapter 4

. Use the facts thata 1-1 C! mapping A(¢) : [c, d] — [a, bl with A’ > Ohasa 1-1

Clinverse A7 : [a, b] — [c, d] with (A1) > Oand, if 1 : [c, d] = [a, b]
and 1> : [e, f] — [c, d], then 11 o Ay : [e, f] — [a, b] with all the desired
properties of A1 and A,.

Jo fydz = fol (t* 4+ itYQt + i20)dt = % i. The result is the same as in
Example 1, because the curves are equivalent.

Jo fR)dz = 0 (sm,_H cost) (cost —isint)dt = 02” —idt = —2mi. Note that
the curve in this case is in the opposite direction of the curve in Example 2.

Let f =u;i+ivy, g=uz+ivy, C:z(t) =x(@)+iy()and a =a + bi, etc.

F(b)—F(a) = fy F'(z)dz where y is any curve with initial point a and terminal
point b.

As in Lemma 4.9, let f l2l= | f@dz = Re'? so that R =

flz|=1 e~ f(z)dz. Note, then, that

= |Ji=1 f(z)dz’ =

27 27
R= / e f(2)dz = FeMie'"Ndr = / g)ie!Dar
lzI=1 0 0
where g(1) = f(e'") is a real-valued function of
27 . 27
=Re / g)ie'Nar = / g(t)sin(0 — 1)dt
0 0

and because |g(1)] < 1, R < f()z” | sin(@ — t)|dt = 02” |sint|dt = 4.
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Note that, on any line segment from zg to zi, i.e., if y (t) = zo + t(z1 — 20),

2 2
O0<r<l1, [ldz=z1—zoand [, zdz =7 = 7 etc.

k+1
. Because z¥ = (2“

integer other than —1), by Proposition 4.12, fC Kdz = 0.

o

¢ K+l . .
) and because 2“ is analytic on C (as long as k is an

2w
b. fc dr — foh Rkeik0; Rei® g0 — i Rk+1 fozﬂ e k+Di0 g — Izlrlle(k+l)i0
0=0
=0.
s 1+
a. [o(z—i)dz="7 —iz =0.
—1+i

b Letz(t)=t+i, =1 <t < 1. [.(z—i)dz= [ tdr =0.

Chapter 5

®

10.

=444z -2)+(z—-2)?

Because all the derivatives of e* are €%, €% = > 72 e“ (Z;!a)k =e%et™d

a. f(z) =—f(=z) = f'(z) = f'(—z). Hence, the derivative of an odd function
is even. Similarly, the derivative of an even function is odd. Furthermore, if f
is odd, i.e., if f(z) = — f(—z), it follows that £(0) = 0. So, if f is odd,

00
fl@) = Z ‘@ z~.
k=1
k odd
b. By analogous reasoning, an even function has only even powers in its power
series expansion about 0.

According to Theorem 5.5, C; = 271”. Je fw)

ket dw while, according to Corollary

211,¢0= 0
Let g(z) = f(z + a), so that g®©0) = f®(a), etc., and apply the result of
Exercise 4.

a. Using Exercise 4 and the M — L formula, |Cy| < Ijg .

b. Apply (6a) with R = 1 and M = 1 to conclude that |Ci| < 1 for all k.
According to Exercise (6a) |C;| < A+R€-Rk
C; = 0 by letting R — oo.

As in the previous exercise, note that C = 0 for k > 2.

By Liouville’s Theorem, f’(z) is a linear function. Moreover, | f/(2)| < |z|] =
F10) = 0s0that f(2) = £ (0)+ /' Oz+ "V 22 = a+bzwith Ibl=| /| < ]
because f”(0) = ,! f;ng)dw < 1.

” 7 2ri Jw|=1 .
f is bounded in the compact domain: 0 < x < 1,0 < y < 1. Moreover,

by the two equations of periodicity, for any z = x + iy, f(z) = f(x,y) =

. Because j > k, we conclude that
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11.

12.

13.

14.

f(x — Intx, y — Inty), where Int w, the integer part of w, is the greatest integer
less than or equal to w. Hence, f is bounded throughout the complex plane and
must be constant.

By the remarks following the Fundamental Theorem of Algebra, a polynomial of

odd degree must have an odd number of zeroes (counting multiplicity). According

to Exercise 5 of Chapter 1, a real polynomial has a zero at the conjugate of any
nonreal zero, so that the complex zeroes come in conjugate pairs. Thus, there must
be at least one real zero.

Let P(z) = anz" +---ap = ay(z —21)(z — 22) - - - (z — 2z,) and note that, if

zk = a + bi and z; = a — bi are complex conjugates, (z — zx)(z — zj) =

22 — 2az + (a*> + b?) is a real quadratic polynomial.

a. Ifv > O for y > 0, then we must have v < 0 for y < 0. (By the Fundamental
Theorem of Algebra, v > 0 for all z is impossible!) Hence vy, > 0 throughout
the real axis. Similarly, if v < 0 for y > 0, v, < 0 throughout the real axis.

b. Follows from the Cauchy-Riemann equations.

c. Because uy(x, 0) is a polynomial in x which is either consistently > 0 or
consistently < O for all x, u(x, 0) = o cannot have more than one solution.
Hence P(z) = a has, at most, one solution for real & and, by the Fundamental
Theorem of Algebra, P is a linear polynomial.

If P(z) = (z — a)*Q(z) with Q(a) #0, P'(z) = (z — ) 'z — ) Q'(z) +

kQ(z)] = (z — a)* ' R(z) with R(«) # 0. Proceed by induction.

15. Let f(z) = f(z0) + f;o f/(w)dw where the path of integration is along the ray
from O to z, beginning at zq, with zo = foz, where o = sup{¢; : | f(tz)] < 1,0 <
t < t1}. Clearly, then | f(z9)| < max{1, | f(0)|} and the integral is bounded by |z|.
Chapter 6
1. For any complex a,
I 1 B 1
: a+@—a)  a[l+%]
1 z—a 7 —a)?
_ [1_( ), o _+._}
a a a
_ i =Dz =)
- k+1 :
k=0 *
Takea =1+41.
3. Because | + 742724+~ = liz 1+2z74+322 4 = > nz"~ (1—11)2 and

, . 2 n—1 _ 14z (142
> n" = (I_ZZ)Z.Slmllarly, Doy nz" (1:,2)3 and > 0% n?7" = El(_z;)
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10.

12.

13.

14.

. b4
Iff(}l) = nil,thenforallpomtszn = rll,f(zn) = ]1+1 or f(zp) = 1 _:Z .Be-
Z n
z

cause {z,,} has an accumulation point at 0, this implies that f(z) = , . throughout
its domain of analyticity which yields a contradiction since f was assumed ana-
lyticat z = —1.

Let zo be a fixed real number. Then, f(z) = sin(z + z2) and g(z) =
sinzcoszy + coszsinzy are two entire functions (of z) which agree for all
real values z = z; and, hence, for all complex values z = zj, as well.
Let z = z; be any such complex number. Then, f(z) = sin(z; + z) and
g(z) = sinzjcosz + coszg sinz agree for all real values z = z and, hence,
for all complex values z = z; as well.

If f(x) =tanx,0 < x <1, f(z) must equal the analytic function E'O“SZZ through-
gutythe;c.iomain of analyticity of f(z). Thus, f(z) =i = [l =i= 7] =
iCe e ) = ¢/¢ = 0, which is impossible.

Because | f(z)| > |z|V for large z, f(z) — 00 as z — oo and, hence, f is a
polynomial (Theorem 6.11). Moreover, | f (z)| > |z|" for large z implies that the
degree of f(z) must be at least N.

g(2) =f(z) f (—z) is bounded in modulus by 6 throughout |z| = 1. Thus |g(0)| <6
and | £(0)] < V6.

|e?] = e* so that max |e?| occurs at a point in the domain with maximal x and
min |e?| occurs at a point in the domain with minimal x (i.e., at points farthest to
the right and to the left, respectively).

Because z2 — z = z(z — 1), the minimum modulus occurs at z = 0 and the
maximum modulus (which occurs on the boundary) is assumed at z = —1, i.e.,
max<i |z? — z| = 2; minp<; |22 — 2| = 0.

Suppose | f(z)| + |g(z)| assumed its maximum at the interior point zo (and not on
the boundary). Let f(zo) = Ae ™' and g(z9) = Be™"#. Then h(z) = f(z)e'* +
g(2)e'f would satisty 11(z0) = | f (z0)| + |2 (z0)| while |2(2)| < |f(2)|+1g(2)] <
|h(zp)| throughout the boundary. Thus, the analytic function 4(z) would assume
its maximum at the interior point z¢ (and not on the boundary) which is impossible.
If P(z) # 0, then, the minimum modulus of P(z) in |z| < R would have to occur
on the boundary. However, because P(z) — oo as z — 00, we could choose R
so that | P(z)| > | P(0)| for all |z| = R, yielding a contradiction.

According to Exercise (6b) of Chapter 5 P(z) = ao + ajz + -+ + a,z"
with |ag| < 1 fork = 0,1,..., n. Consider Q(z) = PZ(,f) in the annulus
1 < |zl £ R. Throughout |z| = 1,|Q(z)| = |P(z)] < 1 and, if |z] = R,

Q@) = lan+“""+- -+ 5] < lan|+€r < 1+€g whereeg — 0as R — oo.

Hence, |0(z)| = IPZ(,,Z)I < lforallz:|z] > 1= |P(z)] < |z|".

[NOTE: The related question: What is the maximum value of P, (x) for real x,
given |P,(x)] < 1 for —1 < x < 1, can be answered in terms of Chebychev
polynomials and is considerably more complicated.]
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Chapter 7

10.

11.

12.

13.

14.

. According to the Open Mapping Theorem, the image under f of any open set

D containing zo in its interior is an open set containing f(zo) in its interior.
Hence, both Re f and Im f assume larger and smaller values in D than the values
Re f(z0) and Im [ (z0).
Note that continuous functions map connected sets into connected sets and apply
the Open Mapping Theorem to complete the argument.
a. By the Open Mapping Theorem, if f(z) is a boundary point of T, z cannot be
an interior point of S.
b. Note that 7 = f(S) is D(0; 4) so that f maps the boundary points: {z:|z]| = 1,
Rez >0} and {iy:l <y <2or—2 <y < —1} into the interior of T'.
Because | f| = 1 on C(0; 1), by the Maximum Modulus Theorem |f| < 1
throughout D(0; 1). Because D(0; 1) is compact so is its image under the contin-
uous function f. To show that f maps D(0; 1) onto D(0; 1), consider f(0) and
let T be the points on any chord of C(0; 1) passing through f(0). If T were not
contained in the range of f, there would have to be some pointw € T, |w| < 1
which is a boundary point of the range of f. By the previous exercise, however,
this is impossible.
Let f(z) have zeroesatayq, ..., an.Theng(z) = f(z)/(]_[l na O‘f’ ) would have
modulus 1 throughout the circle: |z| = 1, and g(z) # 0 at any points z:|z| < 1. Thus,
both the maximum and the minimum modulus theorems can be applied to conclude
that |g| = 1 throughout D(0; 1) and, hence, g is constant i.e., f(z) = ]_L e ;IZ

Because f is entire, it follows that a; = 0 for all i and, thus, f(z) = Cz".

. Note that / (ZZ) has modulus 1 throughout the boundary of the annulus and apply

the MaXilelm Modulus Theorem.
Let g(z) lOf(2z). Then |g| < 1 for |z] < 1 and g(1/2) = 0 so that |g(z)| <

- 2

1 . In particular, |g(1/4)| < 2/7 and | f(1/2)| < 20/7.
2

Letg(z) = lf (?(a)f ’S‘ZZ)) Then g is also analytic and bounded by 1 in the unit disc
{0 o Thus, /(@) > f'(@).
Because f(a) = 0, f'(a) = lim,_, ng < lim,_, lia_(;) (because | f(z)| <
|By(2)| forall |z] < 1) = f'(a) < B.(a). [NOTE: B, (¢) = l_}alz.]

Consider g(z) = (z—i R)*(z+i R)? f (z) = (z24+R*)? f(z). As in Proposition 7.3,
it can be shown that |g(z)| < 8R? throughout |z| = R, and, hence, |g(z)| =

and a direct calculation shows that g’(a) =

|z + R*)?f(z)| < 8R? as long as |z| < R. Thus |f(z)| < (zzil;;ﬂ) , and
letting R — o0, we conclude that f = 0.

a. [ f@dr = fr [l ardz = [} [ dzdr = [ 0dr =0,

b. f(Z) = Jp dr = [ (Z— Z;tvz + —"‘)dt =27- 35;) + 5?553) -

a. f(z) fl smztdt fol Jo cos ztdz dt = [ fOl cos zt dt dz sothat f/(z) =
fo cos ztdt.
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15.

16.

17.

19.

20.

21.

b. According to (13b) f'(z) =1 — §2| + ? — 4 ... and

1 1 2.2 4.4
7t 't
tdt = 1 - — 4. )dt
/Ocosz /0( ’ + 4 + )

22 4 2 7

—1- — .. =1= — ..
3(2!)+5(4!) + 3!+5! +

Note that g is a linear function of z with g(0) = zo; g(|z1 — zo|) = z0 + €/ |z1 —
20l = z0 + (21 — 20) = 21.

By the Schwarz Reflection Principle, f can be extended to the entire plane and
would then be a bounded entire function. Hence, f is constant.

By the Schwarz Reflection Principle, if f(z) = f(x+iy) = u(x+iy)+iv(x+iy),
then f(2) = f(x —iy) =u(x —iy)+iv(x —iy) = u(x +iy)—iv(x +iy)and
f(=2) = f(=x—iy) = —u(x—iy)+iv(x —iy) = —u(x+iy)—io(x+iy) =
—f@).

Note that g is differentiable for |z| < 1, and for |z| > 1 because g'(z) = /()
where h(z) = f(1/z) for |z| > 1. Moreover, g is continuous on the upper
semicircle so that g is analytic throughout the upper half-plane.

Arguing as in Exercise (19), such an analytic function could be extended to a
bounded entire function.

If f(x) = |x|, by the Schwarz Reflection Principle, f can be extended to be
analytic in the unit disc. However, f/(0) cannot exist because limp—q f (h);f ©
yields different values as 1 — 0 along the positive real axis and along the negative
real axis.

Chapter 8

1.

y represents the portion of the ray from a through z to oo, starting at z. Thus, if
z is in the complement of S, so is all of y. For, if any z; € y belonged to S, so
would the entire segment connecting « and z1, including z.

As suggested in the hint, let C = {z : [z — a| = r} and consider ; =
max{t:D(z;t) C §}. d; is a continuous function of z € C and = min,c¢ J;
exists. Hence, the annulus B = {z : r — 0 < |z — a| < r + J} is contained in S.
It follows that any zo € D(a; ) must belong to S. For any path y connecting zg
to co must intersect C, and, at that point, d(y, 5) > 0.

S is closed because it contains all its accumulation points. Moreover, any point

(x0, sin ! ) can be connected by the curve y = sin ' to ( kl R 0) which is within
X0 X T

€ of (0, 0) aslong as k > nle. The positive y axis, contained in S, then, connects
the origin to co.

As in Lemma 8.3, we can view a simple closed curve I with k levels as a union
of rectangles and one or more closed curves I'" with k — 1 levels. We can then
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. Note that, for points z on the negative axis, wi + ffl ng‘ =mi+ [

define the inside of I" as the points in the rectangles together with the inside of
the closed curves I'"”. As in the proof of Lemma 8.3, it follows by induction that
points inside I" belong to any simply connected domain containing I".

. Suppose y (t):a <t < bhasy (t;) = y (t1). Then y can be written as a union of

y1 and yo where y1 =y (¢t);t € [a, t1] U [rr, bl and yo =y (¢¥); t € [f1, 1]
—lzl d¢ _

i + In|z|. Hence, Im(logz) = zi for all points on the negative axis. For any
z, we can, then, choose the path of integration from —1 to —|z|, followed by the
circular arc from —|z| to z.

Chapter 9

1. Note that zo cannot be a removable singularity nor can it be an essential singularity.

11.

14.
15.

1
|zl

No. According to Exercise 1, | f(z)| ~ exp( ) = f has a pole at z = 0, but

then | f (z)| ~ lzﬁk near z = 0.

By Riemann’s Principle, the singularity is removable; hence f is (can be con-
sidered) entire! But then | f(z)| < A|z| for large z implies that f is a linear
polynomial, and | f (z)| < A+/|z| for large z implies that f is constant.

. el/% £ 0. To solve ¢(1/?) = w for any w # 0, take (1/z) equal to any of the

infinitely many values of log w. Note that infinitely many of these values for 1/z
correspond to values of z in the unit disc.

f + g will have a pole of order max(m, n) if m # n and a (possible) pole of order
<mifm = n; f-g will have a pole of order m 4+ n; f/g will have a pole of order
m —n if m > n, a zero of order n — m if n > m, and a removable singularity if
m=n.

a. Double pole at z = 0; simple pole at =£i.

b. Simple pole at z = k=, k any integer.

c. Same as (b).

d. Essential singularity at z = 0; simple pole at z = 1.
a. 2131—1 (_1)k+lz2k

b. >0 axzk with

—e ifk >0,
ax = —e+1+11!+21!+~~+(j_11), ifk=—-2jork=-2j+1,
j=1,2--

00 (_1)k+l(z_2)k
c. Zk:—l 4k+2

Use f(z) = 1O~/ 9),

T |
& 27 9i—i) T 2iz+i)
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1 1
b. 2i(z—i)  2i(z+i)
16. If | f(z) —w| > 0, g(z) = f(z) » Wwould be analytic in D with zeroes at all the
points of {z,} which would 1mply that g is identically zero.
1 1

17. a. Because the range of sm is dense in the plane, so is the range of ese =
1 7

b. Note that csc | " has a pole at all the points z = k , k an integer.

18. If fisa polynomlal according to the Fundamental Theorem of Algebra, the
range of f is the full complex plane. Otherwise, note that f(1/z) has an essential
singularity at 0.

Chapter 10

1 1 1 1.
La 4, »= 20241 = (1—Z2+Z4—' --)aroundz = O.HenceRes<Z4+Zz, 0) =

0; 0 isa double pole
Hence, 4+ , has a simple pole at i, with Res = }, and

24+22 - 2(Z+l)(2 i)’
a simple pole at z = —i, with Res = _‘ (see Chapter 9, Exercise (15a)).
b. cotz = (i has a simple pole at every integral multiple of = with
Res(cotz; k) = 1 for all k.
c.cscz = SHIIZ has a simple pole at every integral multiple of 7= with
Res(cscz; k) = Cog(lﬂk) = (=),
]
exp
d. z i has a simple pole at z = 1 with Res = e. Around z = 0,
e/ AR B 1 2.,
-1 22 2174 3120 e '
Hence, Res ez/~1 ;0) = —e + 1 (see Chapter 9, Exercise (11b); 0 is an
essential singularity!).
e. 12+;Z+2 = (Z+1)l(z+2). Hence 12+;z+2 has simple poles at —1 and —2 with

1. L5
2243242 2243242 2)_ L

f. Essential singularity at z = 0 with Res = 1.
g. Essential singularity at z = 0 with Res = 9/2.

Res( —1):1;Res(

h. If b> — 4ac # 0, there are simple poles at _bi\ézz_‘mc with residues of

1 2 1 1 .
Afb” —4ac =0, , = ,» so that there is a double
:|:\/bz_4aC az*+bz+c a(z+2ba)

pole atz = 55 with residue zero.
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2. a. 2xi (see (1b)).
b.

3

277.'i Zk 2kri/3

2ri where z; = 2713k =1,2,3,
Z(zk—4) 3zk 3 ZZk—4

k=1
—27i
63
c. 2mi (see Exercise (11)).
d. 97i (see Exercise (1g)).
3. Let C be any regular closed curve surrounding z = 0 and not surrounding any of

the other singularities: z = 2z ki, k = £1, £2, .... Then Res ((1—e1*2)" ; 0) =

1 dz .
i Je (1—e—cyn - Letting

—e %dz = —dw
J dw dw
Z = =

e % 1—w

1/ dz _ 1/ dw
2mi Jo (1 —e= )" 2xi Jor w1 — w)

where C* is the image under w = 1 — ¢~ ¢ of C. [To see that C* surrounds 0
and not 1 in the w-plane, we can consider C to be the boundary of the rectangle
-1 <x<1; _2” <y< ’; in which case C* can be seen to be the left half
of the annulus centered at 1 with inner radius 1/e¢ and outer radius e.] Thus,

1 . _ 1 . . 1
Res ((l_e—z)n, 0) = Res ((wn(l_w), 0) = 1 because (W (1—w) = u)” (1+w+
U)2+"')haSR€S=1atw=0f0ra]]n_
1 1
(et =f w—(z+h) ~ w—z
6. /(z+2 @ - fy p(w) | vmE

and

:| dw. Because z ¢ y, we can take limj,_;¢
inside the integral and limy,_0 f(”h)_f(z) =/, (g(”;))zdw In particular, be-

cause f(z) = fC ! (w)dw Where C is a regular curve surrounding z, it

27rl
follows that f'(z) = 27” fc ( uf) (w) ,dw and continuing inductively we can prove
Theorem 10.11.
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11.
12.

14.

15.

16.

AL ? | fR)
)

Consider the image of the circle |z|] = R under the mapping w = f(z). Because
f(2) is real if, and only if, z is real, f maps the entire upper semicircle |z| = R;
y > 0 into either the upper half-plane or the lower half-plane, and, likewise,
Jf maps the entire lower semicircle |z] = R, y < 0 into either the upper or
the lower half-plane. Because AArg w is at most 7 in either the upper or lower
half-plane, it follows that AArg f(z), as z traverses |z| = R, is, at most, 2z and
Z(f)inlzl < R,= )\ AArg f(z) < 1.

a. 0 because |3¢%| > g > |z]lon|z] =1

b. 1 because |z| > ‘éel

c. On|z| =2, |z% > |52 —1].On |z| = 1, |5z| > |z* + 1|. Hence, there are
3 zeroes in the annulus.

d. Note that, on |z| = 1, |5z*| =5 > |z° 4 3z — 1| with equality possible only
at z = =+i. Because z0 — 5z% + 322 — 1 # 0 at z = =i, it follows that there
are 4 zeroes in |z| < 1.

Res (Zn}f(;()z) ; zk) = p - z}' where p is the order of the zero at z;.

Note that 1 + z + 222, + - i:: — ¢® which has no zeroes anywhere. Because the
convergence is uniform in |z| < R, the result follows.

Use the fact that |a,z"| > |an—12""" + -+ + ag| on the circle |z] = R for
sufficiently large R.

To show that J (1) is defined and continuous, note that | f| > |g| throughout y
implies that f 4+ Ag is nonzero throughout y forall1:0 < 1 < 1.

Let f(z) = V22— 1 = exp (é ff/2 fgiﬁ) Without loss of generality, we can
assume that the path of integration is in the upper half-plane, if Im z > 0,
and in the lower half-plane, if Im z < 0. To show that lim,_,, f(z) exists for
—00 < x < —1, we must establish that the same limit exists as we approach x
through the upper half-plane or the lower half-plane. The difference between the
limits equals fc (2251 d¢ where C is aregular closed curve surrounding ¢ = =£1.

By the argument principle,

/ (225 ld( = 2;:1'2 Res (5225 1;:&1) =dri
c - _

Hence, lim,_, , v/z2 — 1 exists because ¢/2 = ¢(®+471)/2 By Theorem 7.7, then
f is analytic in the plane minus [ — 1, 1].
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17. Define /() = ¥z = )z = 2)(z = 3) as exp (} loglz = Dz = 2)(z - 3)])
where
=D =2)E@=-3)T
4 (@=DE=-2)(z-3)

for z in the plane minus the interval (—oo, 3]. Show then that f(z) defines a
function which is continuous at all points x on the real axis with x < 1.

log[z =Dz —=2)(z=3)] = dz +log6

Chapter 11

2 . 2 . e
Loa [, (i dr = 2xi Res( . +l_)§(z_i)2;l) — 27if'(i) (where f(z) =

Z ) — T
(z+i)? 2
2 1 . 72
b fo” epabige dX = 42 ZRes( ) 20 31) Note that
2 _ oGP _ 3 2 ) _
Res(<z2+4>2(z2+9)’3’) = (Girraps = sof AR o453 20) =
2 —13. 2
f1@0), with f(2) = (52,5 and equals 59qi. Thus, o (2442(:249) =
. 1 .
T (‘200’) = 200°
c. Use the fact that z* + z2> + 1 = 0 when z% = 1 + “/31 or when z2 = ¢’ im
or ¢! 3 7. Thus, z* + z> + 1 has zeroes in the upper half-plane at z; = /*/3
andatzgzeig”.
R ( 1 ) 1 1
es 5 21 = = 5
+2+1 423 + 22| _pins =34 /3i
R ( 1 ) 1 1
€S 522 = =
422 +1 423 + 2z, 3+ 4/3i
so that
o0 dx 1. 1 1 V3
4 5 = 2mi o+ )= .
o xrHx2+1 2 343 343 6
o) i 1 00 elt—1 1 . 3 _
d. X(sl]ijccz) dx = 5Im [°0 x(l+x2) dx = ,Im (27rz Res( E1+22)’ ))) =
1 (e=1)i) _ m(e—1)
Im (77.' Ce l) — T ;e .
o) 1 00 ety . iz .
e J5Ten dx = 1 [ ridx = JRe [% 4 = 1 2mi Res (1)

= /2e.
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T fig =37 | Res (Ei;, zk) where 71 = 2¢/7/3, 7o = 267 = —2;
3= 2¢137  Note then that Res ( ]giz, zk) Z";Zgz" and 22=1 Res (lg’izg, zk>
\/371.
2! —
g ( ele— 1)27:1)/ dx — ZEIRCS(I N ; _1) —27ie@ D7 Gince
b4
i o ya=l —2rie™i —2ri
et = —1; T = 1, dx = .= . . =
0 14+ x 1 — eZam e—0mi _ pomi
T
sin(ra)
h.

/2” dx 4 / z 4
= z
0 (2 —+ COS)C)2 1 J|z1=1 (ZZ +47 + 1)2

Z
_87rRes((Z 2 4n g 1)2, 2+«/3)
— 87 f'(=24++/3), with f(z) = ¢
(z+2++/3)?
\/
= 18 \/37r

2 ginx i (Z2 - 1)2
dx = 5 an dz
0o 543cosx 2 Jizj=1 22322 + 10z + 3)

(22— 1)? 1
—-z 3R ,0).
2 es( 2322410z +3) 3 )

The result follows by noting that the Res at — 1 /3 is 8/9 and the Res at 0, which

equals f/(0) with f(z) = 322+1(12)+3,IS equal to — 190.

. 2 dx _2 dz _ 1 . :
J- fO atcosx i fIZ|=l 242az+1 47 Res (zz+2az+1’zo) where zo is the zero

—a++a2—-1 ifa>1
of 22 + 2az + 1 with |zg| < 1. Thus zg =
—a—+a2—-1 ifa<-—1

/2” dx v 2 _[271/\/612—1 ifa > 1
0

a+cosx 2z04+2a zo+a _271/\/512—1 ifa < —1

2. LetCg, 'gbeasin11.1(D). fCR Ziz_zl_%z dz = Obecause the integrand is entire.
214 1

Thus, ZfR sin’ S dx —2i er A » dz =0, andletting R — o0, we
find [ s';zxdx =x.



Answers 307

3. Let C,, be the indicated contour; I';, the circular segment. Then, an 1 iz,, dz =

27i Res (1_:1,,; ei”/”) = _i”iei”/". Note that an lii,, — 0 as the radius of

I', = oo. Hence, letting R — oo, we find

. 1 S s [ 1
lim dz = dx — e“™'/" dx,
R— Cy 14z 0 14+ x" 0 1+ xn
and

o0
: 1 o
1- 627”/”)/0 | +xndx = —2xie™/".

Thus,

/°° 1 . 2rie™i/n . 27i T/n
o 1+x" = emi/n 1~ emi/n _g=mi/n "~ gin(z/n)’

7. a. Note thaton T'g, |e'Z | = =2 where z = x +iy. Because x > jz’ leie’] <
e~ R Dividing I' into the lower part L = {z € ' : y < h} and an upper
part U = {z € Tr:y > h}, er ei?d; = I ei?dz + I eiPdz < 2h +
e Rh (’j) R by the usual M-L formula. Choosing & = \/IR, e.g., we see that
er ¢i?’dz — 0as R — oo.
b. f Cr e’ dz = 0 where C r is the boundary of the indicated sector. Parametriz-
ing and letting R — oo, we see by (a) that [;° e dx — eim/4 I e dx =
0 = [, cosx?dx +i [y sinx?dx = ™/* [° ¢™*"dx. Using the fact
that fooo e dx = /7 /2 and equating real and imaginary parts shows that
Joo cosx?dx = [y sinx’dx = “/f”.

8. [Note that flz|=R ggdz =2mi Yy Res (g; zk) where {z;} represent the zeroes
of Q in |z] < R (assuming that Q # 0 on |z] = R.)] If we choose R large
enough to encompass all the zeroes of Q, flzlzR ggdz = 2xi »_Res (g)
On the other hand, letting R — oo and applying the usual M — L estimates,

Pz
f|Z|=R diz — 0. Hence, >_Res (g) =0.

00 1 3 cot . . .,
9. a. 22}1:1 n24+1 = _Zk:l Res <7T l+g§1)’ Zk) where 1 = 07 2 = 1,23 =
. ; 2
—i=— (1470 ) = 1 (1),
o0 1 1 + 7 [ 27 +1
n=1,241 7 2 2 \e2m—1)"

b. zoo 1 _ —;Res (ncoztzfnz) : O) — 4

n=1 4 — 90

o (=D" _ . _ _ 2
c. 1+2 Zn:l 24l sz::ti Res ((sin;r;)[(zz+1)’ Zk) - _isi:&ni) T eT —7:3*” :
zoo (-D" _ ze” 1

n=1 p241 = 2r_1 ~ 2°
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Iy 1 (142)3" 1 __ 8
13. Because (n) = i f|z|=R o+l dz forany R > 0, Zn 0( ) n = "o X
dz _ 8 dz (1+Z) —
Ja=12 iy = oni Jlel=1/2 43 se (since ‘ s | < 3 for k2l =

1/2) Because z° + 3z% — 5z + 1 (z — 1)(z* + 4z — 1), the only zero of
234322 =5z + linside |z] = ) isatz = =2+ +/5, and 332, (%{’)81,, =

_ 1 . _ 5435
SRes(Z3+3ZZ_SZ+1, 2+¢5) = S35,
n
14. Because (¥ )x" = ,!. So=r ((1+§)2x) dzz and because ‘(H—;)% < l4x|<1
throughout |z] = 1, 302, (%)x" = 1. flz|=1 (1+Z_)§X_Zdz. Note that (1 +

2)’x —z = xz°> + (2x — 1)z + x has zeroes at (I — 2x + /1 —4x)/2x
and (1 — 2x — +/1 —4x)/2x is inside the unit circle. Thus, > o2 (7 )x" =

_ _ 1 Cl=2x=V1-4x) 1
Res( (1+z2)%x—z° 2x ) T Jl—4x”
15. Note that max a’b = max (4b b = 16\/3.
2+b2 4 0<b<2
16. a. To maximize R2 as in the diagram below, note that (2R)? + 2% = 2(a® + b?),
so that a®> + b*> = 2(R?> + 1) and ‘}f = b(ézb) because R> = 2.
Hence, max (Z_l);(z“)‘ = émax(6b — b%) occurs when b = +/2 and

max

2
| =2v2.

b. As in the diagram above

E=1*@E+1)

ab bQ2R*> 42 —b?)
2 ax max s

max RZ RZ

lz|I=R
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V6 (R2+1
9 R2

occurs when R = +/2 and equals 2+/2 as we

which occurs when b?> = ;(ZR2 + 2), and is equal to * )3/2,

. 44/6 (R241)%/2
But ming«g <oo })/ ( R2)

saw in Exercise (16a).

Chapter 12

3. Note that er e“Inzdz = 0 where I'g is the closed curve indicated below,

(1-R%R)
—

Ly

Ce

ie, T'p =yrULIUIUC¢U LU Ly. Because [e?Inz| < el_Rz(lnR + ) for

Rez=1-R?, [, ., €Inzdz — Oas R — oo.Similarly, [, ¢*Inzdz — Oas

;—) 0.Hence [ ¢*Inzdz = [(° e~ (Inx +xi)dx — [ e (Inx —zi)dx =
Ti.

173 1 T
2 k(" _ 1/3
=D (k) T 2w /C [f(@)] sin(z z) dz

| [—a+ioo 723
< /1 dz
T J =, —ico |sin(7rz)|2/3\3/|z(l -2 (1=7)]

< A = 4
\3/Jn+1 (n+1)1/6

5. a. OnRez = —i,

1 1

Jamo (=) ) () (4
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1
\/HZ:I (1 + 4
1
[ ]

1
T 13

Hence 4o (= DA/ () < 24
b.Let Re z = -1+ 0 = —& Then [I-2)- (1=} =
t
M+ 0 = [T (0 +§)] = @+ D' Also, becanse

L -056)

14+0+ioco A . . )
<27 1+0—ico N/sm(“)(l “o(1=3) < N2 and, taking 0 = logn”

s < P

| sin(x+iy)| > |sinx], |sin(7rz)| > |sin(z d)| > 26. Thus,

Chapter 13

1. Note that the solutions of z¥ = « are uniformly distributed around the circle of
radius |a|'/%. Hence z¥ is 1-1 in any set of the form Sop={z:a < Argz <
Bif—a < 7).

2. x = xp is mapped into a circle centered at 0 with radius e
y = yo is mapped into the ray re™0; r > 0.

3.1 fyo fro fi where fi(2) = % (2 +2); f2(2) = €% f3(2) = I
ii. f(z)= 4_ZZ (see Theorem 13.23).

iii. f(z)= 7logz

V. fyo fro fiwith fi2) =z, ) == 1) and f3(0) =

8. a. Note that lines are mapped into lines.

b. By considering g(z) = af(fz + y) + J, we can assume without loss of
generality that f maps a rectangle R of the form: 0 < x <a, 0 <y < b
onto a rectangle S of the form: 0 < x < ¢, 0 < y < d. If we assume, in
addition that f maps the boundary curves of R onto the boundary curves of S,
it will follow from the Schwarz Reflection Principle that Re f(z) and Im f(z)
both grow (at most) linearly. Thus | f(z)| < A|z| + B and, by the Extended
Liouville Theorem, f is linear. See Example 2 in Section 7.2 and exercise 23
of Chapter 7. The fact that the boundary lines are, in fact, mapped onto the
boundary lines, is proven in 14.9.
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9.

10.

11.

If fix) = &0, fz) = @0 then fro fi(e) = 17 with A = azay +
brc1, B = axby + bady, C = ajcy + c1da, D = bicy + dida and AD — BC =
(ard1—bic1)(aadr —bacr). Also, as in the text, if f(z) = 2‘513, )= _CHa
The other group properties are easily established.

a. |z] =1

b. The line x = —é.
c. C(—%; é). Note that Zi2 = fro fiwith f1(z) =z -2, falz) = i and use

Lemma 13.10.

By Theorem 13.15, f(z) =¢? zand e’ = f/(0) > 0.

12. Let f(2) = fio f3 ' (2)- Then £(0) = 0, and £'(0) = f;(/5'O)- , L, =
JaUo
';‘ EZO) > 0 so that, by Exercise 11, f(z) =z and f» = f.
Jo (20

13. Use Theorems 13.15-13.17 and the fact that any disc or half-plane can be mapped
onto the unit disc or upper half-plane, respectively, by a linear mapping.

14. The lower half-plane.

15. \/“5%0:a,b, ¢, d real ad — be > 0.

16. Use the hint given with the exercise and the fact that 4| o Ay is of the form
iff_ts; a, b, c, dreal as in the proof of Exercise 9.

17. (a)i, —i. (b) 0.

18. T(z) = g:?;g::g; maps z1, z2, 23 — 00, 0, 1, respectively, and because it
is bilinear, it maps the circle (or line) containing z;, z2, z3 onto the real line.
Moreover, T is 1-1 so that (z1, z2, 23, z4) = T(z4) is real-valued if, and only
if, z4 lies on the circle (or line) contalnlng 21,22, 23

19. @w=-!.Ow=z+i.(c)w=71

20. Note that 7" maps |z| < 1 onto |z] < 1 and g(z) = a (1izﬂ__(z:z_—ﬂ1)> maps
|z — 411| < }1 onto |z| < a. Equating coefficients leads to & = 2 — /3.

Chapter 14

. Since g is locally irrotational and source-free, F' is well defined and analytic. As

z moves along a curve C from z; to 23
[5)
F(z2) — F(z1) = / (u —iv)(dx +idy)
3l
15}
= / udx +vdy +i(udy — vdx)
3l

where C: z(t); zx = z(tx). If Re F (z) is constant throughout C, f,’lz udx+vdy=0,
which implies that g = u + iv is orthogonal to the (tangent) direction vector

dx dy
dt’ dt )°
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2. Note that curves satisfying Im F(z) = constant are orthogonal to curves satis-
fying Re F(z) = constant since the two families of curves are the preimages
under F of the orthogonal curves: x = constant and y = constant. Alternatively,
argue as in Exercise 1, that fC udy — vdx = 0 implies that the vector (u, v) is

orthogonal to the direction ((2 , — ‘fi’,‘ )
3. a. The hyperbolas xy = c.
b. Rays from the origin.

4. Note that, if F(z) =z + Ao+ %' + % + -+, with Ay = ai + ibs; ax, by, real,
then Im F(e'?) = sin + by — 332, a sin(k@) + S22, by cos(k6). Hence, by
the uniqueness of the Fourier series, a; = 1;ar = 0 for k > 1 and by = 0 for
k>1lie,F(@)=z+A0+ !

5.a For f(z) =2z+4 !, f(e") =3cos6 +isinf = u + iv with “92 +02=1.

b. Take f(z) = f> o fi where fj is the inverse of 2z + ; ie., fiz) = Z+\/412_8
and f2(z) =z + i

6. Let g(z) = € [lf—(;)(;o’;%z))] Because g'(z0) = le_’i;éz(;?z choose
0 = —Argf’(zo0).
9. f R #C,let f{ : R— U and f» : R > U be such that fi(z1) = f2(z2) = 0.
Then, f = f2_1 o f1 is the desired mapping. If R = C, let f(z) =z — z1 + 22.
10. If fi: C — R were conformal, then f = f> o fi, where fo: R —> U
would be a conformal mapping of C onto U which is impossible by Liouville’s
Theorem.
11. a. Note, as in the proof of the Riemann Mapping Theorem, part B, that
lg’(z0)| < }5 where ¢ is such that D(zo; 0) C R.
b. Let ¢1(z) be the Riemann mapping function ¢;: R — U with ¢1(z9) = O,
91 (zo) =M > Oandlet g3 : R — U with ¢2(z0) = 0, 9}(z0) = M* > M.
Let f(z) = g2 0 gol_l(z). Then f is analytic in the unit disc; | f| < 1 there,
f(©0) = 0 and f'(0) = 00 _ %* > 1. Hence, by Schwarz’ lemma,

91 (z0)
M* =M and f(z) =z, i.e., p2 = ¢1.

Chapter 15

2. €17

3. ¢° maps the lines y = +7 onto the imaginary axis; hence, e¢ & 1 on the
boundary of D. If f(z) < Ace® in D, then g(z) = f(logz) < Ace¥l in the
right half-plane.
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Chapter 16

1. u+v=Re[(1 —i)f]:uv = Re (“'{2).

2. If g = fr,then gxx + gyy = (fax + fyy)x = 0. Similarly, f; is harmonic.

3. Ifg = u?, gex + 8yy = 2u(uxx +uyy)+ 2(u + u%) =2’ + uf,) which cannot
be identically zero unless u is constant.

4. A direct calculation shows that, if u = log(x? + y2), ur, + uyy = 0. If u
were the real part of an analytic f(z),z # 0, f would have to agree up to an
additive constant with the analytic function log z in the simply connected domain
0 < Arg z < 2z. But then, f(z), like logz, would not be continuous on the
positive real axis.

5. Notethat,ifv(r, 8) = u(r cosé, r sin @), then, r20,+ro,+vgg = r2(uxx—|—uyy).
Hence, Laplace’s equation becomes

0
rzvrr+rvr+])66=00rra (rvy) +vgg = 0.
r

ie., aar (rvs) + ivgg = 0. If v depends on r alone, vgg9 = 0, and the above
differential equation implies
v=alnr+b.

Note also that, if v, = 0 and o is harmonic, then vggy = 0, or
0() =af + b. ©) 1) @£

6. 2zif(x) = [¢, g Clde = fe, e = [, (;_;)é._-z)dg: Let I'g be the semi-
circular arc |z] = R,Im z > 0. Then, as R — oo, er (g_z_—zz))é(_gz)) d¢ — 0 by the
M-L formula, so that

dt,

2rif(z) = Zi/_ . _y){)(;:_ -

and, dividing by 2z i and equating real parts,

1 o

7. Note that Re(z3) = x3 — 3xy? = 4x3 — 3x on the unit circle. Hence
1 3 2
u(x,y) = 4(x — 3xy“ 4+ 3x).

8. u(z)=3 — Arg (Z}) where the Arg takes values between % and 7 .

z—1 3
u(z):k:>Arg(Z+1)=9=7r(2—k).
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11.

12.

Thus, for é < k < 1, z lies on the upper arc of a circle for which [ — 1, 1] is
a chord and for which the lower arc has 26 degrees. For 0 < k < é, z lies on
congruent arcs in the lower half-plane. The chord [ — 1, 1] is the level curve for
k=1

1- i Argz=1-— ; 0 (See the note following the solution to exercise 5.)

sin z maps the strip onto the upper half-plane with the boundary of the strip being
mapped onto the real line segments (—oo, —1), [ — 1, 1], (1, c0).

In the upper half-plane: w > 0, Arg(w? — 1) has the values 2z, 7, 0 on
the intervals (—oo, —1), (=1, 1) and (1, o0), respectively, and Arg(w? — 1) =
Im[ log(w? — 1)] is the imaginary part of a function analytic in the upper half-
plane. Thus, the desired solution is

1 1
u(x,y)= Arg@sinz—1) = Arg(—cos’z)
T T
Note, for example, that on the y axis, (0, y) = ; Arg(—cosh? y) = 1.
By Theorem 16.3, if ¢ — P(z) does not have infinitely many zeroes,
¢ = P(2) = Q)"

where Q, R are polynomials. Considering the growth at infinity, it follows that
R(z) =z, Q(z) = 1,and P(z) = 0. Similarly, for sinz — P(z).
If a function f of order j does not have infinitely many zeroes,

@) = 0@2)e’.

But if f # 0, Q is a constant and f can be written in the form f(z) = ef®).
Finally, because f is of order j, P is a polynomial of degree ;.

Chapter 17

N 1) _ 1[N k=Dk+1) _ N+1 1
[l (1= o) =1Lz " 2 = ',y - Hence Py — ; as N — oo.

[ )= () () () 0) - [re 8 e

1 if N is odd

v = 1 ! if N i
i is even
+ N

and Py > las N — oo.

2 3
log(1 +zk) — 2k = —4 + § — 4+ < 2} if [z%] < ). Hence, if > |z|?
converges, so does Y [log(1 + zx) — zx] and, because >_ zx converges, it follows
that > log(1 + zx) converges. By Proposition 17.2, then, IT(1 + z;) converges.
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5.

10.

11.
12.

13.

Because >z = > (713k converges, the convergence of > log(1+ zx) is equiva-
2 3

lent to the convergence of D [ log(1 +zx) — zx]. But the latteris >, (- sz + Z3k —

+-- ) and, fork > 4, log(1 + zx) — zx < gkl so that D" log(1 + z) diverges.

A+2)0+22) 0+ ) =l4z42+ 42215 32 k= =L
uniformly for |z| <r < 1.

. Hliil (1_ Zz

Using the power series expansion for sin z, it can be seen that sin 7:/}/Z is entire

and equal to zero if z = kz, k =1, 2, ---. Note, also, that, according to
Proposition 17.8, the solutions in (7) and (8) are identical.

(2k+1)2
Proposition 17.8, it can be shown (considering the magnitude of f on a square of
side 2N centered at the origin) that | f (z)| < A exp(|z|*>/?) and that f is, in fact,
constant, so that f(z) = f(0) = 1. The product form also be derived from the
identity:

fz) = H,fil (1— 422 )/cosnz is entire and zero-free. As in

sin2zz
cosmz =

0 1 1
a. [Tiz [1 - k(l—z):l exXp (k(l—z))'
b. Le {zx} be a sequence of distinct points with limg_ -0 zk = zo. Then, an
entire function can be defined with zeroes at the points 1y = Setting

2sinzz

20
g)=7f (Zo Z) g will be analytic for z # z¢ and equal to zero at the points
of the original sequence {zx}.

1 b o(C,
F/(Z) = 2xi fC fa ((/2(5;))2 dt dC fa 2ri fC ((Z(Z ) dC dr = fa 0z (¢(Z t))dt

. . x—€  h(u)y
Because & is continuous, |#| < M on [a, f]. Forany e > 0, fa (U—2)2ty? du
and f e @ h)(f)’;i , du are each bounded in absolute value by ™” (ﬂz_a) whereas

x=€ (u=x)*+y?

y = 0, fﬂ (u hi”)‘giyz du can be made arbitrarily close to 7/ (x).
f@) = 01 o = log(;_z) which is analytic in C — [1, oo). By the argument
principle, A Arg(l — z) = 2xi as z circles the point z = 1; hence, f has a jump

discontinuity of 2;” as z crosses from the upper half-plane to the lower half-

[t MY du = h(x) - 2 tan™! ()) where x — € < x < x + €. Hence, as

plane at z = x > 1. Note also that, if we consider g(z) = fo e, . (Example 2

L dt

following 17.9), setting u = e, it can be shown that g(z) = 0 lezt-
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Chapter 18

10.

. Assuming log z is the principle branch, i.e., Im log z = 0 on the positive axis, it

follows that Im g; (z) will be between —7 and —7 in the third quadrant, whereas

Im g>(z) will be between 7 and 32” i
Note that f(—z) = > anz"; a, > 0, and apply Theorem 18.3.

1 _ 1 oo —nt,—2/3
. a. Because [y = (3 Jg e M1,

n

1 o i —
anlﬁ = 1"(1/3)/0 Z(ze N2 dr

1 © z Jt
o r(1/3)/O 123 (et — 2)

which is analytic outside of the interval [1, co)

b. Since n21+1 = [y e " sint dt,
7" .
an—}-l =2/O (ze™") sint dt
= /OOO > (e sint dt = /OOO jsinzt dt

which is analytic outside of the interval [1, co)
Make the change-of-variables u = nt.

Setting u = ¢ yields
/ooe_tzdtz lr 1 2\/77.'
0 2 \2 2

—t/n _ 1 _t 2o —t/n _ (1 _ t 2.
Because e =1l—,+,,—+ ,0 <e (1 n)< nz,lftgn,

—1 .2
so that e™! — (1 — fl)n <e- eZn’ and

"o r\" "o e [" . 2
/ I (1 — ) dt—/ el dr € / F et dt
0 n 0 2n Jo

< ‘T(Rez+2)
2n

which approaches 0 as n — oo.

f@=1-L -+ = (1 - 22) ¢(z) so that f is certainly analytic, like

{(z), for z # 1. Moreover, lim;_,1 f(z) = lim;_ 22_2(:2__21) = In 2 so that f is
analytic at z = 1 as well.

Because ¢(z) &> oo asz — 1,11 (1 - 117) diverges to 0. Because plz con-

verges, this implies that > [1) diverges (see Chapter 17, Exercise 4).
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Chapter 19

1. Consider f(z) = tan z — z inside the square centered at the origin and with sides
oflength 27 N, whose boundary is denoted C . Then, the number of poles of f(z)
inside Cy = the number of zeros of cos z inside Cy = 2N. The number of real
zeros of f inside Cy is 2N + 1 since f has a triple zero at the origin and tan x = x
has exactly one solution in each of the intervals [(2k — 1)7, 2k + 1) ];k =
+1,+£2,...,£(N - 1).

Let ¢ = the number of complex, nonreal zeros of tan z — z inside Cy. Then

1 tan?
/ anz dz=7Z—-P=1+c¢
2ri Jc, tanz —z

by the calculations above.

By the usual M — L estimates and the fact that | tanz| < 1 + € throughout Cy
(where ¢ > 0 as N — 00), it follows that

Z—-—P=1+4c<?2.

Hence ¢ = 0.

2. With f2(z) = note that fCN f(z)dz = —2mi whereas

2
(14z2)(tanz—z)°

o0 2,
/ fr@de = 2mi | S M L Res(f; 1)+ Res(fo; —i) +Res(fa; 0)
Cn

k=1 xk
xp #0

Note, then, that Res( f>; i) = Res(f2; —i) = — (e +1) whereas Res( f2; 0) =3

because tanzzz . has a simple pole at z = 0 and lim;0 tan; _. = 3. Hence,
) 202
Z/Sio sn;zxk — ez— and Var (sm2x) — 22/?21 sn;zxk +2= 62 —5.
nA0 K nA0 Tk
3. Let f(z) = 2(e Z) Then fC f(@@dz > 0as N - oo if Cy is a square

centered at the origin with sides of length 2z N. At the same time, | Cw f(@)dz —>
i (Z le + Res(f; O)) where the sum is taken over the zeros of e*—z. Because
k

Res(f; 0) = +1 it follows that >’ ;2 - 1.
k
4. As in Section 19.3, a solution {ax}, {br}, would imply

2 0(22

ajz
ltaiz+ o 4= =14az+ = +--
21 2!
bZz 2Z2
I+biz+ 22! +"'=€ﬂZ=1+,BZ+'B2! + -
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sothata = ajand aqx = a¥, k =2,3, ...,and B = by, by =bk;k =2,3,....
Thus, there would be infinitely many solutions of the form {ax}, { by} with
ai, by > 0;a; +by =2and ax = af; by = bk fork =2,3, ...

5. Suppose d; is relatively prime to all d;, j # 1, and assume that the desired
partition is possible. Then, as in Section 19.5,

a
Z e Z 7%

-z 1-z4 +1—zd2+”. 1 — zd

for |z] < 1. Then, if we let z — e27i/d1 | the first term on the right side of the
equality would approach infinity whereas all the others would approach a finite
limit. Thus, the partition is impossible. (In fact, according to this argument, the
partition would be impossible as long as one of the differences is not a divisor of
any of the others.)

00 1| _ 5o 1 Iy 1 _ 1 p* 2 1
9. anz npht | T anz nphx < 2 Zn:Z p= 2P2X (px—l) < sz fOI' X > -
1 o0 1 2 0 2
In fact, for x > 2 +9, Zn=2 np"? = ZP prime p1+20 < Zn=1 nl+20 < o0.
p prime
1 . . . ..
Thus, > .52 , pnz 18 uniformly convergent on compacta and is analytic in the

p prime

half-plane Re z > é
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Appendices

I A Note on Simply Connected Regions

The definition of simple connectedness (8.1) led to a relatively easy proof of the
General Closed Curve Theorem (8.6). At the same time, while Definition 8.1 was
somewhat complicated, we were able to establish the very intuitive result that a
simply connected region contains, along with any closed polygonal path, all of the
points which are “inside” the path. (See Lemma 8.3 and Exercise 6 of Chapter 8).
This property of a simply connected region can be generalized. That is, a simply
connected region contains, along with any closed curve, all the points inside the
curve. The difficulty in proving the general result lies in defining the “inside” of a
general closed curve. If we limit ourselves to smooth closed curves, however, we can
use complex integrals to define the “inside” of the curve and we can prove the above
property of simply connected regions.

Definition

If T is a smooth closed curve, we say that a point zg & I is inside T if fr Ziio # 0.
The totality of such points is called the inside of T'. Note that a similar definition
(10.4), under more limited circumstances, is given in Chapter 10.

Lemma

If D is a simply connected region, T is a closed curve contained in D and zg € D,
then there exists a differentiable curve y(t) which connects zo to 0o and which does
not intersect T'.

Proof

According to Definition 8.1, there exists a continuous curve y, connecting zg to 0o
withd(y, D) < e.If we take e = 1d(T', D), y will not intersect I'. Moreover, since
y — oo, forsome N, t > N = |y(t)| > max{|z| : z € T'}. We can, then, redefine
y(t) = 1{, y (N)fort > N sothaty will be differentiable (y ' will actually be constant)
for t > N. Finally, because y(¢), 0 <t < N, can be uniformly approximated by a
differentiable curve, there exists a curve y with all of the desired properties. U

J. Bak, D. J. Newman, Complex Analysis, DOI 10.1007/978-1-4419-7288-0 321
© Springer Science+Business Media, LLC 2010
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Theorem

If D is a simply connected region and I is a smooth closed curve contained in D,
then the inside of T is contained in D.

Proof

If not, there would be z¢ € D for which fr zizi . # 0. Let y be a differentiable curve,
connecting zgp to co and not intersecting I (as in the above lemma), and define

dz
I(t)_/rz—y(t)’ t>0.

I (¢) can be differentiated with respect to ¢ and

') =) / - (t)]2

The above integral is clearly O (for all ¢) since the integrand has, as a primitive,
the function Z__l 1+ Thus we can conclude that /(¢) is constant. On the other hand,
1(0) # 0 (since XO) =zp) and /(t) — 0as ¢ — oo since the integrand approaches
0 uniformly, which yields the desired contradiction. g

II Circulation and Flux as Contour Integrals

Let C be a closed curve given by z(#) = x(¢) + iy(t). Then a vector tangent to C is
given by

. dx .dy
1) =
0= T
and a normal vector to C is given by
dy .dx
-0 .
dt dt

(If C is parametrized so that the tangent points in the counter-clockwise direction,
the above normal vector points “outward.”) Suppose g = u + iv represents a flow
function throughout C. Then the circulation around C is found by integrating the
tangential component of g against the arclength, and the flux across C is given by
the corresponding integral of the normal component of g. Let o, 7 represent the
circulation and flux, respectlvel;/ and recall that the component of a vector a in the
direction of /)’ is given by (a o /| ﬂl) Then

/ LY g / dx +vd
o = u ) = udax D
C dt dt C Y
dy dx
T = u - —v dt = | udy—vdx.
C dt dt C

and
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Note, finally, thatif f = g =u —iv,

/f(Z)dz=/(u—iv)(dx+idy)=cr+iz'.
C C

III Steady-State Temperatures; The Heat Equation

Let the function u denote the temperature at the points of a region D and assume that
u is independent of time. Then u = u(x, y) is a real-valued function of the position
(x, y), and we wish to show that it is harmonic. To this end, we note two basic facts:

1. Heat flows in the direction of cooler temperatures, and the amount of heat crossing
a curve per unit of time is proportional to the length of the curve and the difference
in temperature across the two sides. Thus the amount of heat crossing a horizontal
line of length Ax is equal to Kuy, Ax, while the amount of heat crossing a vertical
line of length Ay is given by Ku,Ay.

2. The total increase in heat (the amount of heat entering minus the amount of heat
leaving) in any square S C D must be zero. Otherwise, the temperature at points
of S would change, contrary to our assumption that « is independent of time.

Using these two facts, we can obtain the following proof that u is harmonic,
assuming u € C2.

Suppose that S is any square in D with horizontal and vertical sides of length i
and assume without loss of generality that the lower left vertex is (0,0). Note that for
any function f(x, y) with continuous partial derivatives at the origin,

f(x>y)_f(0>0): f(x>y)_f(x30)+f(x30)_f(O:vO)
= yfy(X, é:) +)Cfx(7’], 0)

so that
(3) fx,y) = f(0,0) = y(fy(0,0) + €1) + x(fx(0,0) + €2)

where €] and €2 — 0 as (x, y) — (0, 0). To obtain a formula for the change in
the amount of heat in S per unit time, we first calculate the loss of heat through
the top side minus the increase through the bottom side. According to (1), over any
subinterval Ax, this is given by

[Kuy(x,h) — Kuy(x,0)]Ax.
But according to (3),
”y ()C, h) = u}’ (0’ O) + xuyx (O’ 0) + huyy (0’ O) + €1X + 62h
uy(x, 0) =uy(0, 0) 4+ xu,,(0,0) + e3x

so that
uy(x, h) —uy(x,0) = huyy(0,0) + esh
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where €4 — 0 as i — 0. The net decrease in heat from the (two) subintervals thus
equals K [huyy (0, 0) + e4h] Ax, and the net loss through the top and bottom sides is
given by

K[h%uyy (0, 0) + esh?].
Similarly, the net loss through the vertical sides is given by

K[h*u:(0,0) + esh’].
and since the overall decrease must be zero,

uxx(0,0) + uyy(0,0) + €4 + €5 = 0.

Since, finally, 2 could have been chosen as small as possible, we conclude

Uxx (Oa 0) + uyy (Oa 0) = O

and since the origin is in no way special, it follows that « is harmonic throughout D.
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Absolute value, 5
Absolutely convergent

product, 245

sum, 13
Analytic

arc, 102, 206

branch of log z, 113

continuation, 257, 263

function, 38

part, 124

polynomial, 21, 23
Angle between curves, 169
Annulus, 120, 232
Arc length, 50
Argand, J., 4
Argument, 6

Principle, 136
Associative law, 2
Automorphism, 182
Axis

imaginary, 4

real, 4

Barrier, 197
Bilinear transformation, 177
Binomial coefficients, 154
Boundary, 13

natural, 259
Bounded set, 13

C-analytic, 86
C-harmonic, 229
Canonical regions, 200
Carathéodory

proof of open mapping theorem, 93
proof of Rouche’s theorem, 142
Carathéodory-Osgood Theorem, 205

Cardan, J., 1, 11

Casorati-Weierstrass Theorem, 119

Cauchy
product, 28, 33
Residue Theorem, 133
sequence, 12

Cauchy Integral Formula
for analytic functions, 79
for entire functions, 61, 74
general, 138

Cauchy-Riemann Equations, 24, 35, 36

Chebychev, 286, 287

Circle of convergence, 27, 257

Circulation, 322
Closed curve, 52
Closed Curve Theorem
for analytic functions, 78
for entire functions, 56
general, 112
Closed set, 13
Closure, 13
Commutative law, 2
Compact, 14
Complement, 13
Complex
integral, 45
number, 1
plane, 4
Conformal
equivalence, 169, 172, 175
mapping, 169, 175
Conjugate, 5
Connected set, 14
Continuous function, 14
Convergence
absolute, 13, 243
circle of, 27, 257
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of Newton’s method, 71
quadratic, 72
radius of, 26
uniform, 15, 99
Convergent
integral, 143, 144, 147
product, 241
sequence, 12
Convex, 67
Critical point, 87
Cross-ratio, 185
Cubic equation, 9
Curve
closed, 52
Jordan, 132
level, 238
piecewise differentiable, 45
regular closed, 133
simple closed, 52
smooth, 45
Curves
smoothly equivalent, 46
Cyclotomic equation, 19

Define Integral

complex, 45

real, 143
Deleted neighborhood, 117
Dense set, 119
Derivative

complex, 24, 35

partial, 23
Descartes, R., 1
Differentiable function, 24
Differential equation, 222
Dirichlet Problem, 229
Dirichlet series, 251
Disconnected, 14
Distributive law, 2

Entire function, 38

Equicontinuous set of functions, 202

Essential singularity, 118
Euler

constant, 268

theorem, 282
Euler, L., 1
Exponential function, 40
Extended plane, 18

Field of complex numbers, 1
Fixed point, 70, 184
Fluid flow

locally irrotational and source-free, 195

totally irrotational and source-free, 197

Flux, 195, 322
Fourier Uniqueness Theorem, 275
Fraction, partial, 125
Function
analytic, 38
complex continuous, 14
differentiable, 24
entire, 38
even, 74
exponential, 40
Gamma, 265
harmonic, 225
inverse, 38, 174
locally 1-1, 170
logarithm, 113
meromorphic, 135
of z,21
rational, 125
trigonometric, 41
Zeta, 257, 268
Functions, equicontinuous, 202

Fundamental Theorem of Algebra, 66, 91
Fundamental Theorem of Calculus, 51

Gamma Function, 265
Gauss, C., 1
Gauss-Lucas theorem, 67

Generating functions, 273, 277, 278

Hadamard, viii
Hamilton, W., 1
Harmonic function, 225
Heat Equation, 232, 323
Hurwitz’s Theorem, 139

Imaginary

axis, 4

part, 5
Infinite product, 241
Infinity, point at, 17
Integral, 147

complex definite, 45

line, 46

real definite, 143
Integral Theorem

for analytic functions, 78, 111

for entire functions, 54
Inverse function, 38
Isolated singularity, 117
Isomorphism, 2

Jordan Curve Theorem, 132
Jordan region, 205

Index
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Kelvin’s Theorem, 199
Kernel function

Partial derivative, 23
Partial fraction decomposition, 125

Poisson, 228 Partition problem, 278
Phragmén-Lindelof Theorem, 218
Landau Picard’s Theorem, 120
proof of the maximum modulus theorem, 91 Piecewise differentiable curve, 45
theorem, 263 Plane
Laplace complex, 4
Equation, 232 extended, 18
transform, 262 Point

Laurent expansion, 120 at infinity, 16

analytic part, 124 fixed, 70, 184
principal part, 124 regular, 258
saddle, 89

Laurent series, 120
Level curve, 238
Levels of polygonal path, 109
Lim sup, 26
Liouville’s Theorem, 65, 96
Extended, 66
for Re f, 234 Pole, 118
Locally 1-1, 170 Polygonal line, 14

Logarithm function, 113 Polygonal path, 16
levels of, 109

Polygonally connected, 14

Poisson Integral Formula
for a disc, 229
for a half-plane, 229
Poisson Kernel, 228
Polar coordinates, 8

M-L Formula, 49

Polynomial
I\I\E-Test, 15 analytic, 21
apping real, 18, 74

bilinear, 177
conformal, 169
Theorem, 200
Maximum Modulus Theorem
for analytic functions, 86
for harmonic functions, 227
generalized, 215
Mean-Value Theorem
for analytic functions, 85
for harmonic functions, 226
Meromorphic function, 135
Minimum Modulus Theorem, 87
Modulus, 5
Moments, 261
Morera’s Theorem, 98

Power series, 25, 28, 80
Prime number theorem, 285
Principal parts, 124

Quadratic equation, 3

Radius of convergence, 26
Rational function, 125
Real
axis, 4
part, 5,225, 226
polynomial, 18, 74
Rectangle Theorem
for analytic functions, 77
for entire functions, 52, 59

Reflection Principle, 101
Neighborhood, 13 Region, 14

deleted, 117 convex, 116
Newton basins, 73
Newton’s method, 68

simply connected, 107
Regular closed curve, 133
Regular point, 258
Open Mapping Theorem, 93 Removable singularity, 117
Order Residue, 129

in the complex plane, 4

of a pole, 118

of a zero, 67

Order of an entire function, 236, 239

Residue Theorem, 133
Riemann
Mapping Theorem, 200

Principle of Removable Singularities, 118
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sphere, 17
Rotation, 175
Rouché’s Theorem, 137, 142

Saddle point, 89
Schwarz

Lemma, 94

Reflection Principle, 101
Schwarz-Christoffel transformation, 187
Sequence

Cauchy, 12

Convergent, 12
Series, 12

Dirichlet, 251

power, 26, 28, 80
Simply connected, 107, 321
Singularity, 258

essential, 118

isolated, 117

removable, 117
Sphere

Riemann, 16
Square root, 3
Stereographic projection, 16
Streamlines, 213

Tangent to a curve, 169, 322
Taylor Expansion
for an analytic function, 80
for an entire function, 63
Triangle inequality, 5, 19

Uniform convergence
on compacta, 99
Uniqueness Theorem
for analytic functions, 83
for power series, 31

Value

absolute, 5
Variation, 273
Vector sum, 4
Velocity vector, 196

Wallis, J. , 4
Weierstrass Product Theorem, 244
Winding number, 130

Zero of multiplicity &, 67, 75
Zeroes of a real polynomial, 18
Zeroes of entire functions, 236, 244
Zeta function, 257, 268
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