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A Linear algebra and numerical techniques

In this appendix, we introduce some elements of linear algebra and numerical techniques that
are used elsewhere in the book. We start with some basic decompositions in matrix algebra,
including the singular value decomposition (SVD), eigenvalue decompositions, and other
matrix decompositions (factorizations). Next, we look at the problem of linear least squares,
which can be solved using either the QR decomposition or normal equations. This is followed
by non-linear least squares, which arise when the measurement equations are not linear in the
unknowns or when robust error functions are used. Such problems require iteration to find
a solution. Next, we look at direct solution (factorization) techniques for sparse problems,
where the ordering of the variables can have a large influence on the computation and memory
requirements. Finally, we discuss iterative techniques for solving large linear (or linearized)
least squares problems. Good general references for much of this material include the work
by Bjorck (1996), Golub and Van Loan (1996), Trefethen and Bau (1997), Meyer (2000),
Nocedal and Wright (2006), and Bjorck and Dahlquist (2010).

A note on vector and matrix indexing. To be consistent with the rest of the book and
with the general usage in the computer science and computer vision communities, I adopt
a 0-based indexing scheme for vector and matrix element indexing. Please note that most
mathematical textbooks and papers use 1-based indexing, so you need to be aware of the
differences when you read this book.

Software implementations. Highly optimized and tested libraries corresponding to the
algorithms described in this appendix are readily available and are listed in Appendix C.2.

A.1 Matrix decompositions

In order to better understand the structure of matrices and more stably perform operations
such as inversion and system solving, a number of decompositions (or factorizations) can be
used. In this section, we review singular value decomposition (SVD), eigenvalue decomposi-
tion, QR factorization, and Cholesky factorization.

A.1.1 Singular value decomposition

One of the most useful decompositions in matrix algebra is the singular value decomposition
(SVD), which states that any real-valued M x N matrix A can be written as

Apxn = UnspZpxpVpyn (A.D
[ol) Ug
== Up 'Ufp—l ,
Op—1 ’0;1;71

where P = min(M, N). The matrices U and V are orthonormal, i.e., U TU = I and
Vviv =1 , and so are their column vectors,

U U; =V;-V; = 51] (AZ)
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Figure A.1 The action of a matrix A can be visualized by thinking of the domain as being spanned by a set of
orthonormal vectors v, each of which is transformed to a new orthogonal vector w; with a length o;. When A
is interpreted as a covariance matrix and its eigenvalue decomposition is performed, each of the u; axes denote a
principal direction (component) and each o; denotes one standard deviation along that direction.

The singular values are all non-negative and can be ordered in decreasing order
00>01 2 2>0p_12>0. (A.3)

A geometric intuition for the SVD of a matrix A can be obtained by re-writing A =
UXZV" in(A2) as
AV =UXY or Av;=oju;. (A4)

This formula says that the matrix A takes any basis vector v; and maps it to a direction u;
with length o, as shown in Figure A.1

If only the first r singular values are positive, the matrix A is of rank r and the index p
in the SVD decomposition (A.2) can be replaced by r. (In other words, we can drop the last
p — r columns of U and V')

An important property of the singular value decomposition of a matrix (also true for
the eigenvalue decomposition of a real symmetric non-negative definite matrix) is that if we
truncate the expansion

t
A= ZO’jUj’U?, (AS)
j=0

we obtain the best possible least squares approximation to the original matrix A. This is
used both in eigenface-based face recognition systems (Section 14.2.1) and in the separable
approximation of convolution kernels (3.21).

A.1.2 Eigenvalue decomposition

If the matrix C' is symmetric (m = n),' it can be written as an eigenvalue decomposition,

Ao ug
C = UAUT=| wy!| - | upn
/\7,_1 U£—1
n—1
= > A (A.6)
=0

! In this appendix, we denote symmetric matrices using C and general rectangular matrices using A.
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(The eigenvector matrix U is sometimes written as ® and the eigenvectors u as ¢.) In this
case, the eigenvalues
A=A 2> 2> A (A7)

can be both positive and negative.”
A special case of the symmetric matrix C' occurs when it is constructed as the sum of a
number of outer products

C=)> aa] =AA", (A.8)

which often occurs when solving least squares problems (Appendix A.2), where the matrix A
consists of all the a; column vectors stacked side-by-side. In this case, we are guaranteed that
all of the eigenvalues \; are non-negative. The associated matrix C' is positive semi-definite

z'Cx >0, V. (A.9)

If the matrix C is of full rank, the eigenvalues are all positive and the matrix is called sym-
metric positive definite (SPD).
Symmetric positive semi-definite matrices also arise in the statistical analysis of data,
since they represent the covariance of a set of {x;} points around their mean Z,
1 - —\T
C= ﬁ;(wi —&)(x; —x)7. (A.10)
In this case, performing the eigenvalue decomposition is known as principal component anal-
ysis (PCA), since it models the principal directions (and magnitudes) of variation of the point
distribution around their mean, as shown in Section 5.1.1 (5.13-5.15), Section 14.2.1 (14.9),
and Appendix B.1.1 (B.10). Figure A.1 shows how the principal components of the covari-
ance matrix C' denote the principal axes u; of the uncertainty ellipsoid corresponding to this
point distribution and how the o; = \/E denote the standard deviations along each axis.
The eigenvalues and eigenvectors of C' and the singular values and singular vectors of A
are closely related. Given
A=UxVvT, (A.11)

we get
C=AAT —UuxvTvUT = UAU". (A.12)

From this, we see that \; = o and that the left singular vectors of A are the eigenvectors of
C.

This relationship gives us an efficient method for computing the eigenvalue decomposi-
tion of large matrices that are rank deficient, such as the scatter matrices observed in comput-
ing eigenfaces (Section 14.2.1). Observe that the covariance matrix C'in (14.9) is exactly the
same as C' in (A.8). Note also that the individual difference-from-mean images a; = x; — &
are long vectors of length P (the number of pixels in the image), while the total number of ex-
emplars NV (the number of faces in the training database) is much smaller. Instead of forming
C = AA”T, whichis P x P, we form the matrix

C=ATA, (A.13)

2 Eigenvalue decompositions can be computed for non-symmetric matrices but the eigenvalues and eigenvectors
can have complex entries in that case.
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which is N x N. (This involves taking the dot product between every pair of difference
images a; and a;.) The eigenvalues of C are the squared singular values of A, namely 32,
and are hence also the eigenvalues of C. The eigenvectors of C are the right singular vectors
V of A, from which the desired eigenfaces U, which are the left singular vectors of A, can
be computed as

U=AVXZ ! (A.14)

This final step is essentially computing the eigenfaces as linear combinations of the difference
images (Turk and Pentland 1991a). If you have access to a high-quality linear algebra pack-
age such as LAPACK, routines for efficiently computing a small number of the left singular
vectors and singular values of rectangular matrices such as A are usually provided (Ap-
pendix C.2). However, if storing all of the images in memory is prohibitive, the construction
of C in (A.13) can be used instead.

How can eigenvalue and singular value decompositions actually be computed? Notice
that an eigenvector is defined by the equation

)\iui = C’U,i or (/\ZI — C)’U,Z =0. (AIS)

(This can be derived from (A.6) by post-multiplying both sides by w;.) Since the latter equa-
tion is homogeneous, i.e., it has a zero right-hand-side, it can only have a non-zero (non-
trivial) solution for u; if the system is rank deficient, i.e.,

(M~ C)| = 0. (A.16)

Evaluating this determinant yields a characteristic polynomial equation in A, which can be
solved for small problems, e.g., 2 X 2 or 3 X 3 matrices, in closed form.

For larger matrices, iterative algorithms that first reduce the matrix C' to a real symmetric
tridiagonal form using orthogonal transforms and then perform QR iterations are normally
used (Golub and Van Loan 1996; Trefethen and Bau 1997; Bjorck and Dahlquist 2010). Since
these techniques are rather involved, it is best to use a linear algebra package such as LAPACK
(Anderson, Bai, Bischof ef al. 1999)—see Appendix C.2.

Factorization with missing data requires different kinds of iterative algorithms, which of-
ten involve either hallucinating the missing terms or minimizing some weighted reconstruc-
tion metric, which is intrinsically much more challenging than regular factorization. This
area has been widely studied in computer vision (Shum, Ikeuchi, and Reddy 1995; De la
Torre and Black 2003; Huynh, Hartley, and Heyden 2003; Buchanan and Fitzgibbon 2005;
Gross, Matthews, and Baker 2006; Torresani, Hertzmann, and Bregler 2008) and is some-
times called generalized PCA. However, this term is also sometimes used to denote algebraic
subspace clustering techniques, which is the subject of a forthcoming monograph by Vidal,
Ma, and Sastry (2010).

A.1.3 QR factorization

A widely used technique for stably solving poorly conditioned least squares problems (Bjorck
1996) and as the basis of more complex algorithms, such as computing the SVD and eigen-
value decompositions, is the QR factorization,

A=QR, (A.17)
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procedure Cholesky(C, R):
R=C
fori=0...n—1
forj=i¢+1...n—-1
Rjjin-1=Rjjm1—7ijr; Rijin

—1/2
Ri;n1=1;  "Riin_1

(2

Algorithm A.1 Cholesky decomposition of the matrix C' into its upper triangular form R.

where Q is an orthonormal (or unitary) matrix QQ? = I and R is upper triangular.’ In
computer vision, QR can be used to convert a camera matrix into a rotation matrix and
an upper-triangular calibration matrix (6.35) and also in various self-calibration algorithms
(Section 7.2.2). The most common algorithms for computing QR decompositions, modified
Gram—Schmidt, Householder transformations, and Givens rotations, are described by Golub
and Van Loan (1996), Trefethen and Bau (1997), and Bjorck and Dahlquist (2010) and are
also found in LAPACK. Unlike the SVD and eigenvalue decompositions, QR factorization
does not require iteration and can be computed exactly in O(M N? 4+ N?3) operations, where
M is the number of rows and N is the number of columns (for a tall matrix).

A.1.4 Cholesky factorization

Cholesky factorization can be applied to any symmetric positive definite matrix C' to convert
it into a product of symmetric lower and upper triangular matrices,

C=LL" =R"R, (A.18)

where L is a lower-triangular matrix and R is an upper-triangular matrix. Unlike Gaussian
elimination, which may require pivoting (row and column reordering) or may become un-
stable (sensitive to roundoff errors or reordering), Cholesky factorization remains stable for
positive definite matrices, such as those that arise from normal equations in least squares prob-
lems (Appendix A.2). Because of the form of (A.18), the matrices L and R are sometimes
called matrix square roots.*

The algorithm to compute an upper triangular Cholesky decomposition of C' is a straight-
forward symmetric generalization of Gaussian elimination and is based on the decomposition
(Bjorck 1996; Golub and Van Loan 1996)

_ [
Cc = {c Cu] (A.19)

3 The term “R” comes from the German name for the lower—upper (LU) decomposition, which is LR for “links”
and “rechts” (left and right of the diagonal).

4 In fact, there exists a whole family of matrix square roots. Any matrix of the form LQ or QR, where Q is a
unitary matrix, is a square root of C.
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1/2 T T /2 ~—1/2.T
S | PG [ e [P
= RI'CiR,, (A.21)
which, through recursion, can be turned into
C=R!...R' R, ,.. Ry=R'R (A22)

Algorithm A.1 provides a more procedural definition, which can store the upper-triangular
matrix R in the same space as C, if desired. The total operation count for Cholesky factor-
ization is O(IN3) for a dense matrix but can be significantly lower for sparse matrices with
low fill-in (Appendix A.4).

Note that Cholesky decomposition can also be applied to block-structured matrices, where
the term ~ in (A.19) is now a square block sub-matrix and c is a rectangular matrix (Golub
and Van Loan 1996). The computation of square roots can be avoided by leaving the v on
the diagonal of the middle factor in (A.20), which results in the C' = LDLT factorization,
where D is a diagonal matrix. However, since square roots are relatively fast on modern
computers, this is not worth the bother and Cholesky factorization is usually preferred.

A.2 Linear least squares

Least squares fitting problems are pervasive in computer vision. For example, the alignment
of images based on matching feature points involves the minimization of a squared distance
objective function (6.2),

Brs =Y _[Irill> = D £ (@isp) — ||, (A.23)

where
ri = f(x;;p) — w) = &) — &, (A.24)

is the residual between the measured location & and its corresponding current predicted lo-
cation &, = f(x;; p). More complex versions of least squares problems, such as large-scale
structure from motion (Section 7.4), may involve the minimization of functions of thousands
of variables. Even problems such as image filtering (Section 3.4.3) and regularization (Sec-
tion 3.7.1) may involve the minimization of sums of squared errors.

Figure A.2a shows an example of a simple least squares line fitting problem, where the
quantities being estimated are the line equation parameters (m, b). When the sampled vertical
values y; are assumed to be noisy versions of points on the line y = max + b, the optimal
estimates for (m, b) can be found by minimizing the squared vertical residuals

Eyvis = Y _ lyi — (ma; +b)[*. (A.25)

Note that the function being fitted need not itself be linear to use linear least squares. All that
is required is that the function be linear in the unknown parameters. For example, polynomial

fitting can be written as
P

Bpus =Y _lyi — (O a;a])I%, (A.26)
i 0

Jj=

651
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ax+by+c=0

[ [
Lt Lt
X X

(a) (b)

Figure A.2 Least squares regression. (a) The line y = ma + b is fit to the four noisy data points, {(z;, y;)},
denoted by x by minimizing the squared vertical residuals between the data points and the line, ), ||y; — (ma; +
b)||2. (b) When the measurements {(z;,v;)} are assumed to have noise in all directions, the sum of orthogonal
squared distances to the line ), ||az; + by; + ¢||* is minimized using total least squares.

while sinusoid fitting with unknown amplitude A and phase ¢ (but known frequency f) can
be written as

Esig = Z ly; — Asin(2m fa; + ¢)|*> = Z ly; — (Bsin 2m fa; + C cos 27 fa5) |2, (A.27)
p i
which is linear in (B, C).

In general, it is more common to denote the unknown parameters using « and to write the

general form of linear least squares as’

Biis = Y laix —bi|* = | Az — b|>. (A.28)

Expanding the above equation gives us
Eus =@ (AT A)x — 22" (ATb) + [|b])*, (A29)

whose minimum value for  can be found by solving the associated normal equations (Bjorck
1996; Golub and Van Loan 1996)

(ATA)x = ATb. (A.30)

The preferred way to solve the normal equations is to use Cholesky factorization. Let
C=A"A=R"R, (A31)
where R is the upper-triangular Cholesky factor of the Hessian C, and
d=A"b. (A.32)
After factorization, the solution for & can be obtained as

R'2=d, Rz=-z, (A.33)

5 Be extra careful in interpreting the variable names here. In the 2D line-fitting example, x is used to denote the
horizontal axis, but in the general least squares problem, @ = (m, b) denotes the unknown parameter vector.
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which involves the solution of two triangular systems, i.e., forward and backward substitution
(Bjorck 1996).

In cases where the least squares problem is numerically poorly conditioned (which should
generally be avoided by adding sufficient regularization or prior knowledge about the param-
eters, (Appendix A.3)), it is possible to use QR factorization or SVD directly on the matrix
A (Bjorck 1996; Golub and Van Loan 1996; Trefethen and Bau 1997; Nocedal and Wright
2006; Bjorck and Dahlquist 2010), e.g.,

Az =QRx=b — Rzx=Q"Db. (A.34)

Note that the upper triangular matrices R produced by the Cholesky factorization of C' =
AT A and the QR factorization of A are the same, but that solving (A.34) is generally more
stable (less sensitive to roundoff error) but slower (by a constant factor).

A.2.1 Total least squares

In some problems, e.g., when performing geometric line fitting in 2D images or 3D plane
fitting to point cloud data, instead of having measurement error along one particular axis, the
measured points have uncertainty in all directions, which is known as the errors-in-variables
model (Van Huffel and Lemmerling 2002; Matei and Meer 2006). In this case, it makes more
sense to minimize a set of homogeneous squared errors of the form

Eris = Y (a;z)® = || Az, (A.35)

which is known as total least squares (TLS) (Van Huffel and Vandewalle 1991; Bjorck 1996;
Golub and Van Loan 1996; Van Huffel and Lemmerling 2002).

The above error metric has a trivial minimum solution at = 0 and is, in fact, homoge-

neous in x. For this reason, we augment this minimization problem with the requirement that
||* = 1. which results in the eigenvalue problem

T = arg rr%n xT(ATA)x suchthat |z|?=1. (A.36)

The value of  that minimizes this constrained problem is the eigenvector associated with the
smallest eigenvalue of AT A. This is the same as the last right singular vector of A, since

A = UV, (A.37)
ATA = vx?v, (A.38)
AT Av, = o2, (A.39)

which is minimized by selecting the smallest o, value.

Figure A.2b shows a line fitting problem where, in this case, the measurement errors are
assumed to be isotropic in (z,y). The solution for the best line equation ax + by + ¢ = 0 is
found by minimizing

Eris—2p = Y _(am; + by; +¢)?, (A.40)

i
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i.e., finding the eigenvector associated with the smallest eigenvalue of®

Z5
C=A"TA=> |y |[@ v 1]. (A.41)
i |1

Notice, however, that minimizing Y _,(a;x)? in (A.35) is only statistically optimal (Ap-
pendix B.1.1) if all of the measured terms in the a;, e.g., the (z;, y;, 1) measurements, have
equal noise. This is definitely not the case in the line-fitting example of Figure A.2b (A.40),
since the 1 values are noise-free. To mitigate this, we first subtract the mean x and y values
from all the measured points

T, = x;—X (A.42)
Ui = ¥i—U (A.43)

and then fit the 2D line equation a(z — ) + b(y — ¥) = 0 by minimizing
Bris—opm = »_(adi + bji)>. (A.44)

i
The more general case where each individual measurement component can have different
noise level, as is the case in estimating essential and fundamental matrices (Section 7.2), is

called the heteroscedastic errors-in-variable (HEIV) model and is discussed by Matei and
Meer (20006).

A.3 Non-linear least squares

In many vision problems, such as structure from motion, the least squares problem formulated
in (A.23) involves functions f(x;;p) that are not linear in the unknown parameters p. This
problem is known as non-linear least squares or non-linear regression (Bjorck 1996; Madsen,
Nielsen, and Tingleff 2004; Nocedal and Wright 2006). It is usually solved by iteratively re-
linearizing (A.23) around the current estimate of p using the gradient derivative (Jacobian)
J = 0f/9p and computing an incremental improvement Ap.

As shown in Equations (6.13-6.17), this results in

Exus(Ap) = Y _|If(zip+ Ap) — | (A45)

Q

> (@i p)Ap — vl (A.46)

where the Jacobians J (iz;; p) and residual vectors r; play the same role in forming the normal
equations as a; and b; in (A.28).

Because the above approximation only holds near a local minimum or for small values
of Ap, the update p < p + Ap may not always decrease the summed square residual error
(A.45). One way to mitigate this problem is to take a smaller step,

p—p+alp, O0<a<l. (AA47)

6 Again, be careful with the variable names here. The measurement equation is a; = (z4,yi, 1) and the unknown
parameters are « = (a, b, ¢).
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A simple way to determine a reasonable value of « is to start with 1 and successively halve
the value, which is a simple form of line search (Al-Baali and Fletcher. 1986; Bjorck 1996;
Nocedal and Wright 2006).

Another approach to ensuring a downhill step in error is to add a diagonal damping term
to the approximate Hessian

C=> J (@) (), (A48)
i.e., to solve
[C + X diag(C)]Ap = d, (A.49)
where
d=> J"(x)r;, (A.50)

which is called a damped Gauss—Newton method. The damping parameter \ is increased if
the squared residual is not decreasing as fast as expected, i.e., as predicted by (A.46), and
is decreased if the expected decrease is obtained (Madsen, Nielsen, and Tingleff 2004). The
combination of the Newton (first-order Taylor series) approximation (A.46) and the adaptive
damping parameter A is commonly known as the Levenberg—Marquardt algorithm (Leven-
berg 1944; Marquardt 1963) and is an example of more general trust region methods, which
are discussed in more detail in (Bjorck 1996; Conn, Gould, and Toint 2000; Madsen, Nielsen,
and Tingleff 2004; Nocedal and Wright 2006).

When the initial solution is far away from its quadratic region of convergence around a
local minimum, large residual methods, e.g., Newton-type methods, which add a second-order
term to the Taylor series expansion in (A.46), may converge faster. Quasi-Newton methods
such as BFGS, which require only gradient evaluations, can also be useful if memory size is
an issue. Such techniques are discussed in textbooks and papers on numerical optimization
(Toint 1987; Bjorck 1996; Conn, Gould, and Toint 2000; Nocedal and Wright 2006).

A.4 Direct sparse matrix techniques

Many optimization problems in computer vision, such as bundle adjustment (Szeliski and
Kang 1994; Triggs, McLauchlan, Hartley et al. 1999; Hartley and Zisserman 2004; Snavely,
Seitz, and Szeliski 2008b; Agarwal, Snavely, Simon ef al. 2009) have Jacobian and (approx-
imate) Hessian matrices that are extremely sparse (Section 7.4.1). For example, Figure 7.9a
shows the bipartite model typical of structure from motion problems, in which most points
are only observed by a subset of the cameras, which results in the sparsity patterns for the
Jacobian and Hessian shown in Figure 7.9b—c.

Whenever the Hessian matrix is sparse enough, it is more efficient to use sparse Cholesky
factorization instead of regular Cholesky factorization. In such sparse direct techniques, the
Hessian matrix C' and its associated Cholesky factor R are stored in compressed form, in
which the amount of storage is proportional to the number of (potentially) non-zero entries
(Bjorck 1996; Davis 2006).” Algorithms for computing the non-zero elements in C and R

7 For example, you can store a list of (i, j, cij) triples. One example of such a scheme is compressed sparse
row (CSR) storage. An alternative storage method called skyline, which stores adjacent vertical spans of non-zero
elements (Bathe 2007), is sometimes used in finite element analysis. Banded systems such as snakes (5.3) can store
just the non-zero band elements (Bjorck 1996, Section 6.2) and can be solved in O(nbz), where n is the number of
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from the sparsity pattern of the Jacobian matrix J are given by Bjorck (1996, Section 6.4),
and algorithms for computing the numerical Cholesky and QR decompositions (once the
sparsity pattern has been computed and storage allocated) are discussed by Bjorck (1996,
Section 6.5).

A.4.1 Variable reordering

The key to efficiently solving sparse problems using direct (non-iterative) techniques is to
determine an efficient ordering for the variables, which reduces the amount of fill-in, i.e., the
number of non-zero entries in R that were zero in the original C' matrix. We already saw in
Section 7.4.1 how storing the more numerous 3D point parameters before the camera param-
eters and using the Schur complement (7.56) results in a more efficient algorithm. Similarly,
sorting parameters by time in video-based reconstruction problems usually results in lower
fill-in. Furthermore, any problem whose adjacency graph (the graph corresponding to the
sparsity pattern) is a tree can be solved in linear time with an appropriate reordering of the
variables (putting all the children before their parents). All of these are examples of good
reordering techniques.

In the general case of unstructured data, there are many heuristics available to find good
reorderings (Bjorck 1996; Davis 2006).8 For general adjacency (sparsity) graphs, minimum
degree orderings generally produce good results. For planar graphs, which often arise on im-
age or spline grids (Section 8.3), nested dissection, which recursively splits the graph into two
equal halves along a frontier (or boundary) of small size, generally works well. Such domain
decomposition (or multi-frontal) techniques also enable the use of parallel processing, since
independent sub-graphs can be processed in parallel on separate processors (Davis 2008).

The overall set of steps used to perform the direct solution of sparse least squares problems
are summarized in Algorithm A.2, which is a modified version of Algorithm 6.6.1 by Bjorck
(1996, Section 6.6)). If a series of related least squares problems is being solved, as is the
case in iterative non-linear least squares (Appendix A.3), steps 1-3 can be performed ahead of
time and reused for each new invocation with different C' and d values. When the problem is
block-structured, as is the case in structure from motion where point (structure) variables have
dense 3 x 3 sub-entries in C' and cameras have 6 x 6 (or larger) entries, the cost of performing
the reordering computation is small compared to the actual numerical factorization, which
can benefit from block-structured matrix operations (Golub and Van Loan 1996). It is also
possible to apply sparse reordering and multifrontal techniques to QR factorization (Davis
2008), which may be preferable when the least squares problems are poorly conditioned.

A.5 Iterative techniques

When problems become large, the amount of memory required to store the Hessian matrix
C and its factor R, and the amount of time it takes to compute the factorization, can be-
come prohibitively large, especially when there are large amounts of fill-in. This is often
the case with image processing problems defined on pixel grids, since, even with the optimal
reordering (nested dissection) the amount of fill can still be large.

variables and b is the bandwidth.
8Finding the optimal reordering with minimal fill-in is provably NP-hard.
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procedure SparseCholeskySolve(C, d):

count any block structure inherent in the problem.
age for R as well as storage for the permuted right hand side d.

according to the computed ordering.
5. Perform the numerical factorization of R using Algorithm A.1.

6. Solve the factored system (A.33), i.e.,

R'z2=d, Rxz=-=z.

7. Return the solution z, after undoing the permutation.

1. Determine symbolically the structure of C, i.e., the adjacency graph.

2. (Optional) Compute a reordering for the variables, taking into ac-
3. Determine the fill-in pattern for R and allocate the compressed stor-

4. Copy the elements of C' and d into R and d, permuting the values

Algorithm A.2 Sparse least squares using a sparse Cholesky decomposition of the matrix C'.

A preferable approach to solving such linear systems is to use iterative techniques, which
compute a series of estimates that converge to the final solution, e.g., by taking a series of
downhill steps in an energy function such as (A.29).

A large number of iterative techniques have been developed over the years, including such
well-known algorithms as successive overrelaxation and multi-grid. These are described in
specialized textbooks on iterative solution techniques (Axelsson 1996; Saad 2003) as well as
in more general books on numerical linear algebra and least squares techniques (Bjorck 1996;
Golub and Van Loan 1996; Trefethen and Bau 1997; Nocedal and Wright 2006; Bjorck and
Dahlquist 2010).

A.5.1 Conjugate gradient

The iterative solution technique that often performs best is conjugate gradient descent, which
takes a series of downhill steps that are conjugate to each other with respect to the C' matrix,
i.e., if the u and v descent directions satisfy u” Cv = 0. In practice, conjugate gradient
descent outperforms other kinds of gradient descent algorithm because its convergence rate
is proportional to the square root of the condition number of C instead of the condition
number itself.” Shewchuk (1994) provides a nice introduction to this topic, with clear intuitive
explanations of the reasoning behind the conjugate gradient algorithm and its performance.
Algorithm A.3 describes the conjugate gradient algorithm and its related least squares
counterpart, which can be used when the original set of least squares linear equations are

® The condition number #(C) is the ratio of the largest and smallest eigenvalues of C. The actual convergence
rate depends on the clustering of the eigenvalues, as discussed in the references cited in this section.
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ConjugateGradient(C, d, x) ConjugateGradientLS(A, b, x)

1. o =d—-Cx 1. gg =b— Ax, 7°0:ATqO
2. pg=To 2. py=To

3.fork=0... 3.fork=0...

4. w, =Cp, 4. v, = Ap,

5. a = [Irkll?/(py - wi) 5. an = Irel?/llowll?

6. Tpy1 =Tk + Py 6. Tpy1 =Tk + appy

7. Try1 =T — QW 7. Qi1 = qp — opvg

8. 8. Trpy1= Aqu+1

9. Brt1 = llreral/llrl? 9. Brtr = llreral/llrl?
10 Pry1 =T + BePr 10.  Pry1 =T + BePr

Algorithm A.3 Conjugate gradient and conjugate gradient least squares algorithms. The algorithm is described
in more detail in the text, but in brief, they choose descent directions p,, that are conjugate to each other with
respect to C' by computing a factor 3 by which to discount the previous search direction p,,_ ;. They then find the
optimal step size « and take a downbhill step by an amount oy, py,.

available in the form of Ax = b (A.28). While it is easy to convince yourself that the two
forms are mathematically equivalent, the least squares form is preferable if rounding errors
start to affect the results because of poor conditioning. It may also be preferable if, due to
the sparsity structure of A, multiplies with the original A matrix are faster or more space
efficient than multiplies with C'.

The conjugate gradient algorithm starts by computing the current residual 7y = d— Cxy,
which is the direction of steepest descent of the energy function (A.28). It sets the original
descent direction p, = ro. Next, it multiplies the descent direction by the quadratic form
(Hessian) matrix C' and combines this with the residual to estimate the optimal step size a.
The solution vector x;, and the residual vector 7, are then updated using this step size. (No-
tice how the least squares variant of the conjugate gradient algorithm splits the multiplication
by the C = AT A matrix across steps 4 and 8.) Finally, a new search direction is calculated
by first computing a factor 3 as the ratio of current to previous residual magnitudes. The
new search direction py,, ; is then set to the residual plus 3 times the old search direction p,,,
which keeps the directions conjugate with respect to C'.

It turns out that conjugate gradient descent can also be directly applied to non-quadratic
energy functions, e.g., those arising from non-linear least squares (Appendix A.3). Instead
of explicitly forming a local quadratic approximation C' and then computing residuals 7,
non-linear conjugate gradient descent computes the gradient of the energy function F (A.45)
directly inside each iteration and uses it to set the search direction (Nocedal and Wright 2006).
Since the quadratic approximation to the energy function may not exist or may be inaccurate,
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line search is often used to determine the step size a. Furthermore, to compensate for errors
in finding the true function minimum, alternative formulas for ;1 such as Polak—Ribiere,

VE(xr+1) VE(xrt1) — VE(xr))]
IVE(x)|?

Br+1 = (A.51)

are often used (Nocedal and Wright 2006).

A.5.2 Preconditioning

As we mentioned previously, the rate of convergence of the conjugate gradient algorithm
is governed in large part by the condition number x(C). Its effectiveness can therefore be
increased dramatically by reducing this number, e.g., by rescaling elements in &, which cor-
responds to rescaling rows and columns in C.
In general, preconditioning is usually thought of as a change of basis from the vector x to
anew vector
T = Sx. (A.52)

The corresponding linear system being solved then becomes
AS'i=8""b or Ai=b, (A.53)

with a corresponding least squares energy (A.29) of the form
BEprs =27(S"TCcs™Hi — 22T (S~ Td) + ||b||. (A.54)

The actual preconditioned matrix C=8"Tcs'is usually not explicitly computed. In-
stead, Algorithm A.3 is extended to insert S~ and S” operations at the appropriate places
(Bjorck 1996; Golub and Van Loan 1996; Trefethen and Bau 1997; Saad 2003; Nocedal and
Wright 2006).

A good preconditioner S is easy and cheap to compute, but is also a decent approximation
to a square root of C, so that x(S~CS™") is closer to 1. The simplest such choice is the
square root of the diagonal matrix S = D2 with D = diag(C). This has the advantage
that any scalar change in variables (e.g., using radians instead of degrees for angular measure-
ments) has no effect on the range of convergence of the iterative technique. For problems that
are naturally block-structured, e.g., for structure from motion, where 3D point positions or
6D camera poses are being estimated, a block diagonal preconditioner is often a good choice.

A wide variety of more sophisticated preconditioners have been developed over the years
(Bjorck 1996; Golub and Van Loan 1996; Trefethen and Bau 1997; Saad 2003; Nocedal and
Wright 2006), many of which can be directly applied to problems in computer vision (Byréd
and gAstrom 2009; Jeong, Nistér, Steedly et al. 2010; Agarwal, Snavely, Seitz et al. 2010).
Some of these are based on an incomplete Cholesky factorization of C, i.e., one in which the
amount of fill-in in R is strictly limited, e.g., to just the original non-zero elements in C.'°
Other preconditioners are based on a sparsified, e.g., tree-based or clustered, approximation
to C' (Koutis 2007; Koutis and Miller 2008; Grady 2008; Koutis, Miller, and Tolliver 2009),
since these are known to have efficient inversion properties.

10 1f a complete Cholesky factorization C = RT R is used, we get C = RTCR! = I and all iterative
algorithms converge in a single step, thereby obviating the need to use them, but the complete factorization is often
too expensive. Note that incomplete factorization can also benefit from reordering.
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For grid-based image-processing applications, parallel or hierarchical preconditioners
often perform extremely well (Yserentant 1986; Szeliski 1990b; Pentland 1994; Saad 2003;
Szeliski 2006b). These approaches use a change of basis transformation S that resembles
the pyramidal or wavelet representations discussed in Section 3.5, and are hence amenable
to parallel and GPU-based implementations. Coarser elements in the new representation
quickly converge to the low-frequency components in the solution, while finer-level elements
encode the higher-frequency components. Some of the relationships between hierarchical
preconditioners, incomplete Cholesky factorization, and multigrid techniques are explored
by Saad (2003) and Szeliski (2006b).

A.5.3 Multigrid

One other class of iterative techniques widely used in computer vision is multigrid techniques
(Briggs, Henson, and McCormick 2000; Trottenberg, Oosterlee, and Schuller 2000), which
have been applied to problems such as surface interpolation (Terzopoulos 1986a), optical
flow (Terzopoulos 1986a; Bruhn, Weickert, Kohlberger et al. 2006), high dynamic range tone
mapping (Fattal, Lischinski, and Werman 2002), colorization (Levin, Lischinski, and Weiss
2004), natural image matting (Levin, Lischinski, and Weiss 2008), and segmentation (Grady
2008).

The main idea behind multigrid is to form coarser (lower-resolution) versions of the prob-
lems and use them to compute the low-frequency components of the solution. However,
unlike simple coarse-to-fine techniques, which use the coarse solutions to initialize the fine
solution, multigrid techniques only correct the low-frequency component of the current solu-
tion and use multiple rounds of coarsening and refinement (in what are often called “V”” and
“W” patterns of motion across the pyramid) to obtain rapid convergence.

On certain simple homogeneous problems (such as solving Poisson equations), multigrid
techniques can achieve optimal performance, i.e., computation times linear in the number
of variables. However, for more inhomogeneous problems or problems on irregular grids,
variants on these techniques, such as algebraic multigrid (AMG) approaches, which look at
the structure of C' to derive coarse level problems, may be preferable. Saad (2003) has a
nice discussion of the relationship between multigrid and parallel preconditioners and on the
relative merits of using multigrid or conjugate gradient approaches.
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The following problem commonly recurs in this book: Given a number of measurements
(images, feature positions, etc.), estimate the values of some unknown structure or parameter
(camera positions, object shape, etc.). These kinds of problems are in general called inverse
problems because they involve estimating unknown model parameters instead of simulating
the forward formation equations.! Computer graphics is a classic forward modeling problem
(given some objects, cameras, and lighting, simulate the images that would result), while
computer vision problems are usually of the inverse kind (given one or more images, recover
the scene that gave rise to these images).

Given an instance of an inverse problem, there are, in general, several ways to proceed.
For instance, through clever (or sometimes straightforward) algebraic manipulation, a closed
form solution for the unknowns can sometimes be derived. Consider, for example, the camera
matrix calibration problem (Section 6.2.1): given an image of a calibration pattern consisting
of known 3D point positions, compute the 3 x 4 camera matrix P that maps these points onto
the image plane.

In more detail, we can write this problem as (6.33-6.34)

- PooXi + Po1Yi + po2Zi + po3 B.1)
P20Xi + p21Yi + p22Zi + pas3
p1oXi +p11Yi +p12Zi + p13

i = ; (B.2)
vi p20Xi + p21Yi + D22 Z; + pos

where (x;, y;) is the feature position of the ith point measured in the image plane, (X;,Y;, Z;)
is the corresponding 3D point position, and the p;; are the unknown entries of the camera
matrix P. Moving the denominator over to the left hand side, we end up with a set of
simultaneous linear equations,

2i(p20Xi + p21Yi + p2aZi +p23) = pooXi+ porYi+ po2Zi + pos3, (B.3)
Yi(p20Xi + p21Yi + p22Zi +p23) = proXi+pu1Yi +p12Zi + pis, (B.4)

which we can solve using linear least squares (Appendix A.2) to obtain an estimate of P.

The question then arises: is this set of equations the right ones to be solving? If the
measurements are totally noise-free or we do not care about getting the best possible answer,
then the answer is yes. However, in general, we cannot be sure that we have a reasonable
algorithm unless we make a model of the likely sources of error and devise an algorithm that
performs as well as possible given these potential errors.

B.1 Estimation theory

The study of such inference problems from noisy data is often called estimation theory (Gelb
1974), and its extension to problems where we explicitly choose a loss function is called sta-
tistical decision theory (Berger 1993; Hastie, Tibshirani, and Friedman 2001; Bishop 2006;
Robert 2007). We first start by writing down the forward process that leads from our un-
knowns (and knowns) to a set of noise-corrupted measurements. We then devise an algorithm
that will give us an estimate (or set of estimates) that are both insensitive to the noise (as best
they can be) and also quantify the reliability of these estimates.

! In machine learning, these problems are called regression problems, because we are trying to estimate a contin-
uous quantity from noisy inputs, as opposed to a discrete classification task (Bishop 2006).
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The specific equations above (B.1) are just a particular instance of a more general set of
measurement equations,

y; = fi(z) +n;. (B.5)

Here, the y, are the noise-corrupted measurements, e.g., (z;,y;) in Equation (B.1), and x is
the unknown state vector.”

Each measurement comes with its associated measurement model f,(x), which maps the
unknown into that particular measurement. An alternative formulation would be to have one
general function f(x,p;) and to use a per-measurement parameter vector p; to distinguish
between different measurements, e.g., (X;, Y;, Z;) in Equation (B.1). Note that the use of the
f;(x) form makes it straightforward to have measurements of different dimensions, which
becomes useful when we start adding in prior information (Appendix B.4).

Each measurement is also contaminated with some noise n;. In Equation (B.5), we have
indicated that n; is a zero-mean normal (Gaussian) random variable with a covariance matrix
3%,;. In general, the noise need not be Gaussian and, in fact, it is usually prudent to assume
that some measurements may be outliers. However, we defer this discussion to Appendix B.3,
after we have explored the simpler Gaussian noise case more fully. We also assume that the
noise vectors n; are independent. In the case where they are not (e.g., when some constant
gain or offset contaminates all of the pixels in a given image), we can add this effect as a
nuisance parameter to our state vector & and later estimate its value (and discard it, if so
desired).

B.1.1 Likelihood for multivariate Gaussian noise

Given all of the noisy measurements y = {y, }, we would like to infer a probability distribu-
tion on the unknown @ vector. We can write the likelihood of having observed the {y,} given
a particular value of x as

L =p(ylz) = Hp yilw) = Hp Yl fi(x Hp n;). (B.6)

When each noise vector n; is a multivariate Gaussian with covariance X3;,
n; ~ N(0,%), (B.7)

we can write this likelihood as

L= TLleml e (<5 £@) = v fl@)  ®9

1
= ez e (~l - f@l ).

where the matrix norm ||ac||f4 is a shorthand notation for z% Azx.

The norm ||y, — yl||2 1 is often called the Mahalanobis distance (5.26 and 14.14) and is
used to measure the distance between a measurement and the mean of a multivariate Gaussian
distribution. Contours of equal Mahalanobis distance are equi-probability contours. Note

2 In the Kalman filtering literature (Gelb 1974), it is more common to use z instead of y to denote measurements.
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that when the measurement covariance is isotropic (the same in all directions), i.e., when
¥, = 021, the likelihood can be written as

1
L =Tt e (<l - £@IR). ®.9)

%

where N; is the length of the 7th measurement vector y;.

We can more easily visualize the structure of the covariance matrix and the correspond-
ing Mahalanobis distance if we first perform an eigenvalue or principal component analysis
(PCA) of the covariance matrix (A.6),

¥ = @ diag(\g... \y_1) 7. (B.10)

Equal-probability contours of the corresponding multi-variate Gaussian, which are also equi-
distance contours in the Mahalanobis distance (Figure 14.14), are multi-dimensional ellip-
soids whose axis directions are given by the columns of ® (the eigenvectors) and whose
lengths are given by the o; = \/E (Figure A.1).

It is usually more convenient to work with the negative log likelihood, which we can think
of as a cost or energy

E=—loglL = 72 sy, — fi(x) + k (B.11)

= *leyﬁ ||EJ L+ k, (B.12)

where £ = ), log |273;] is a constant that depends on the measurement variances, but is
independent of x.

Notice that the inverse covariance C; = 3 ! plays the role of a weight on each of the
measurement error residuals, i.e., the difference between the contaminated measurement y;
and its uncontaminated (predicted) value f,(x). In fact, the inverse covariance is often called
the (Fisher) information matrix (Bishop 2006), since it tells us how much information is
contained in a given measurement, i.e., how well it constrains the final estimate. We can also
think of this matrix as denoting the amount of confidence to associate with each measurement
(hence the letter C').

In this formulation, it is quite acceptable for some information matrices to be singular
(of degenerate rank) or even zero (if the measurement is missing altogether). Rank-deficient
measurements often occur, for example, when using a line feature or edge to measure a 3D
edge-like feature, since its exact position along the edge is unknown (of infinite or extremely
large variance) §8.1.3.

In order to make the distinction between the noise contaminated measurement and its
expected value for a particular setting of  more explicit, we adopt the notation y for the
former (think of the tilde as the approximate or noisy value) and § = f,(x) for the latter
(think of the hat as the predicted or expected value). We can then write the negative log
likelihood as

E=—logL=> |5 — s +k (B.13)
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B.2 Maximum likelihood estimation and least squares

Now that we have presented the likelihood and log likelihood functions, how can we find the
optimal value for our state estimate =? One plausible choice might be to select the value of =
that maximizes L = p(y/|x). In fact, in the absence of any prior model for & (Appendix B.4),
we have
L = p(ylz) = p(y, ) = p(=z|y).

Therefore, choosing the value of x that maximizes the likelihood is equivalent to choosing
the maximum of our probability density estimate for x.

When might this be a good idea? If the data (measurements) constrain the possible values
of @ so that they all cluster tightly around one value (e.g., if the distribution p(x|y) is a
unimodal Gaussian), the maximum likelihood estimate is the optimal one in that it is both
unbiased and has the least possible variance. In many other cases, e.g., if a single estimate
is all that is required, it is still often the best estimate.> However, if the probability is multi-
modal, i.e., it has several local minima in the log likelihood (Figure 5.7), much more care
may be required. In particular, it might be necessary to defer certain decisions (such as the
ultimate position of an object being tracked) until more measurements have been taken. The
CONDENSATION algorithm presented in Section 5.1.2 is one possible method for modeling
and updating such multi-modal distributions but is just one example of more general particle
filtering and Markov Chain Monte Carlo (MCMC) techniques (Andrieu, de Freitas, Doucet
et al. 2003; Bishop 2006; Koller and Friedman 2009).

Another possible way to choose the best estimate is to maximize the expected utility
(or, conversely, to minimize the expected risk or loss) associated with obtaining the correct
estimate, i.e., by minimizing

Bioe(w.y) = [ 1~ 2)p(sly)d= (B.14)

For example, if a robot wants to avoid hitting a wall at all costs, the loss function will be
high whenever the estimate underestimates the true distance to the wall. When I(z — y) =
§(x — y), we obtain the maximum likelihood estimate, whereas when [(z — y) = ||z — y||?,
we obtain the mean square error (MSE) or expected value estimate. The explicit modeling of
a utility or loss function is what characterizes statistical decision theory (Berger 1993; Hastie,
Tibshirani, and Friedman 2001; Bishop 2006; Robert 2007).

How do we find the maximum likelihood estimate? If the measurement noise is Gaussian,
we can minimize the quadratic objective function (B.13). This becomes even simpler if the
measurement equations are linear, i.e.,

fi(x) = Hz, (B.15)

where H is the measurement matrix relating unknown state variables x to measurements y.
In this case, (B.13) becomes

E=Y |§~Hz|g-+ =) (5~ Hix)" Ci(§; - Hy), (B.16)

9

3 According to the Gauss-Markov theorem, least squares produces the best linear unbiased estimator (BLUE) for
a linear measurement model regardless of the actual noise distribution, assuming that the noise is zero mean and
uncorrelated.
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which is a simple quadratic form in 2, which can be solved using linear least squares (Ap-
pendix A.2). When the measurements are non-linear, the system must be solved iteratively
using non-linear least squares (Appendix A.3).

B.3 Robust statistics

In Appendix B.1.1, we assumed that the noise being added to each measurement (B.5) was
multivariate Gaussian (B.7). This is an appropriate model if the noise is the result of lots of
tiny errors being added together, e.g., from thermal noise in a silicon imager. In most cases,
however, measurements can be contaminated with larger outliers, i.e., gross failures in the
measurement process. Examples of such outliers include bad feature matches (Section 6.1.4),
occlusions in stereo matching (Chapter 11), and discontinuities in an otherwise smooth image,
depth map, or label image (Sections 3.7.1 and 3.7.2).

In such cases, it makes more sense to model the measurement noise with a long-tailed
contaminated noise model such as a Laplacian. The negative log likelihood in this case,
rather than being quadratic in the measurement residuals (B.12-B.16), has a slower growth
in the penalty function to account for the increased likelihood of large errors.

This formulation of the inference problem is called an M-estimator in the robust statistics
literature (Huber 1981; Hampel, Ronchetti, Rousseeuw et al. 1986; Black and Rangarajan
1996; Stewart 1999) and involves applying a robust penalty function p(r) to the residuals

Epps(Ap) = Zp ) (B.17)

instead of squaring them.
As we mentioned in Section 6.1.4, we can take the derivative of this function with respect
to p and set it to 0,

8H"ﬂzH 7/) ”rzH Ta'r'i
E i E T; =0, B.18

where 1)(r) = p(r) is the derivative of p and is called the influence function. If we introduce a
weight function, w(r) = U(r)/r, we observe that finding the stationary point of (B.17) using
(B.18) is equivalent to minimizing the iteratively re-weighted least squares (IRLS) problem

Ewvs = w([ril) v, (B.19)
where the w(||r;||) play the same local weighting role as C; = X; ' in (B.12). Black and
Anandan (1996) describe a variety of robust penalty functions and their corresponding influ-
ence and weighting function.

The IRLS algorithm alternates between computing the influence functions w(||r;||) and
solving the resulting weighted least squares problem (with fixed w values). Alternative in-
cremental robust least squares algorithms can be found in the work of Sawhney and Ayer
(1996); Black and Anandan (1996); Black and Rangarajan (1996); Baker, Gross, Ishikawa et
al. (2003) and textbooks and tutorials on robust statistics (Huber 1981; Hampel, Ronchetti,
Rousseeuw et al. 1986; Rousseeuw and Leroy 1987; Stewart 1999). It is also possible to ap-
ply general optimization techniques (Appendix A.3) directly to the non-linear cost function
given in Equation (B.19), which may sometimes have better convergence properties.
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Most robust penalty functions involve a scale parameter, which should typically be set to
the variance (or standard deviation, depending on the formulation) of the non-contaminated
(inlier) noise. Estimating such noise levels directly from the measurements or their residuals,
however, can be problematic, as such estimates themselves become contaminated by outliers.
The robust statistics literature contains a variety of techniques to estimate such parameters.
One of the simplest and most effective is the median absolute deviation (MAD),

MAD = med;||7;]|, (B.20)

which, when multiplied by 1.4, provides a robust estimate of the standard deviation of the
inlier noise process.

As mentioned in Section 6.1.4, it is often better to start iterative non-linear minimiza-
tion techniques, such as IRLS, in the vicinity of a good solution by first randomly selecting
small subsets of measurements until a good set of inliers is found. The best known of these
techniques is RANdom SAmple Consensus (RANSAC) (Fischler and Bolles 1981), although
even better variants such as Preemptive RANSAC (Nistér 2003) and PROgressive SAmple
Consensus (PROSAC) (Chum and Matas 2005) have since been developed.

B.4 Prior models and Bayesian inference

While maximum likelihood estimation can often lead to good solutions, in some cases the
range of possible solutions consistent with the measurements is too large to be useful. For
example, consider the problem of image denoising (Sections 3.4.4 and 3.7.3). If we esti-
mate each pixel separately based on just its noisy version, we cannot make any progress,
as there are a large number of values that could lead to each noisy measurement.* Instead,
we need to rely on typical properties of images, e.g., that they tend to be piecewise smooth
(Section 3.7.1).

The propensity of images to be piecewise smooth can be encoded in a prior distribution
p(x), which measures the likelihood of an image being a natural image. For example, to
encode piecewise smoothness, we can use a Markov random field model (3.109 and B.24)
whose negative log likelihood is proportional to a robustified measure of image smoothness
(gradient magnitudes).

Prior models need not be restricted to image processing applications. For example, we
may have some external knowledge about the rough dimensions of an object being scanned,
the focal length of a lens being calibrated, or the likelihood that a particular object might
appear in an image. All of these are examples of prior distributions or probabilities and they
can be used to produce more reliable estimates.

As we have already seen in (3.68) and (3.106), Bayes’ Rule states that a posterior distribu-
tion p(x|y) over the unknowns x given the measurements y can be obtained by multiplying

the measurement likelihood p(y|x) by the prior distribution p(x),
x)p(x

p(zly) = plylz)p(z) ; (B.21)

p(y)

where p(y) = [, p(y|x)p(x) is a normalizing constant used to make the p(z|y) distribution
proper (integrate to 1). Taking the negative logarithm of both sides of Equation (B.21), we

4 In fact, the maximum likelihood estimate is just the noisy image itself.
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Figure B.1 Graphical model for an Ay neighborhood Markov random field. The white circles are the unknowns
f(i,7), while the dark circles are the input data d(7, j). The s, (7, j) and s, (4, j) black boxes denote arbitrary in-
teraction potentials between adjacent nodes in the random field, and the w(i, j) denote the data penalty functions.
They are all examples of the general potentials V; ; x 1 (f (¢, 7), f(k,)) used in Equation (B.24).

get
—logp(z|y) = —log p(y|x) — log p(x) + log p(y), (B.22)

which is the negative posterior log likelihood. It is common to drop the constant log p(y) be-
cause its value does not matter during energy minimization. However, if the prior distribution
p(x) depends on some unknown parameters, we may wish to keep log p(y) in order to com-
pute the most likely value of these parameters using Occam’s razor, i.e., by maximizing the
likelihood of the observations, or to select the correct number of free parameters using model
selection (Hastie, Tibshirani, and Friedman 2001; Torr 2002; Bishop 2006; Robert 2007).

To find the most likely (maximum a posteriori or MAP) solution & given some measure-
ments y, we simply minimize this negative log likelihood, which can also be thought of as an
energy,

The first term Fy(x,y) is the data energy or data penalty and measures the negative log
likelihood that the measurements y were observed given the unknown state . The second
term E,(x) is the prior energy and it plays a role analogous to the smoothness energy in
regularization. Note that the MAP estimate may not always be desirable, since it selects the
“peak” in the posterior distribution rather than some more stable statistic such as MSE—see
the discussion in Appendix B.2 about loss functions and decision theory.

B.5 Markov random fields

Markov random fields (Blake, Kohli, and Rother 2010) are the most popular types of prior
model for gridded image-like data,> which include not only regular natural images (Sec-
tion 3.7.2) but also two-dimensional fields such as optic flow (Chapter 8) or depth maps
(Chapter 11), as well as binary fields, such as segmentations (Section 5.5).

5 Alternative formulations include power spectra (Section 3.4.3) and non-local means (Buades, Coll, and Morel
2008).



B.5 Markov random fields

As we discussed in Section 3.7.2, the prior probability p(x) for a Markov random field is
a Gibbs or Boltzmann distribution, whose negative log likelihood (according to the Hammer-
sley—Clifford Theorem) can be written as a sum of pairwise interaction potentials,

Ep(m) = Z Vi,j,k,l(f(i’j)’ f(k7l))a (B.24)

{@.9), (k. YeN

where N (i, j) denotes the neighbors of pixel (i, j). In the more general case, MRFs can also
contain unary potentials, as well as higher-order potentials defined over larger cardinality
cliques (Kindermann and Snell 1980; Geman and Geman 1984; Bishop 2006; Potetz and Lee
2008; Kohli, Kumar, and Torr 2009; Kohli, Ladicky, and Torr 2009; Rother, Kohli, Feng et
al. 2009; Alahari, Kohli, and Torr 2011). They can also contain line processes, i.e., additional
binary variables that mediate discontinuities between adjacent elements (Geman and Geman
1984). Black and Rangarajan (1996) show how independent line process variables can be
eliminated and incorporated into regular MRFs using robust pairwise penalty functions.

The most commonly used neighborhood in Markov random field modeling is the N}

neighborhood, where each pixel in the field f (i, j) interacts only with its immediate neighbors—

Figure B.1 shows such an Ny MRFE. The s,(i,5) and s,(i, j) black boxes denote arbitrary
interaction potentials between adjacent nodes in the random field and the w(4, j) denote the
elemental data penalty terms in F4 (B.23). These square nodes can also be interpreted as fac-
tors in a factor graph version of the undirected graphical model (Bishop 2006; Wainwright
and Jordan 2008; Koller and Friedman 2009), which is another name for interaction poten-
tials. (Strictly speaking, the factors are improper probability functions whose product is the
un-normalized posterior distribution.)

More complex and higher-dimensional interaction models and neighborhoods are also
possible. For example, 2D grids can be enhanced with the addition of diagonal connections
(an Ny neighborhood) or even larger numbers of pairwise terms (Boykov and Kolmogorov
2003; Rother, Kolmogorov, Lempitsky et al. 2007). 3D grids can be used to compute glob-
ally optimal segmentations in 3D volumetric medical images (Boykov and Funka-Lea 2006)
(Section 5.5.1). Higher-order cliques can also be used to develop more sophisticated models
(Potetz and Lee 2008; Kohli, Ladicky, and Torr 2009; Kohli, Kumar, and Torr 2009).

One of the biggest challenges in using MRF models is to develop efficient inference algo-
rithms that will find low-energy solutions (Veksler 1999; Boykov, Veksler, and Zabih 2001;
Kohli 2007; Kumar 2008). Over the years, a large variety of such algorithms have been de-
veloped, including simulated annealing, graph cuts, and loopy belief propagation. The choice
of inference technique can greatly affect the overall performance of a vision system. For
example, most of the top-performing algorithms on the Middlebury Stereo Evaluation page
either use belief propagation or graph cuts.

In the next few subsections, we review some of the more widely used MRF inference
techniques. More in-depth descriptions of most of these algorithms can be found in a re-
cently published book on advances in MRF techniques (Blake, Kohli, and Rother 2010).
Experimental comparisons, along with test datasets and reference software, are provided by
Szeliski, Zabih, Scharstein et al. (2008).°

6 http://vision.middlebury.edu/MRF/.
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B.5.1 Gradient descent and simulated annealing

The simplest optimization technique is gradient descent, which minimizes the energy by
changing independent subsets of nodes to take on lower-energy configurations. Such tech-
niques go under a variety of names, including contextual classification (Kittler and Foglein
1984) and iterated conditional modes (ICM) (Besag 1986).” Variables can either be updated
sequentially, e.g., in raster scan, or in parallel, e.g., using red—black coloring on a checker-
board. Chou and Brown (1990) suggests using highest confidence first (HCF), i.e., choosing
variables based on how large a difference they make in reducing the energy.

The problem with gradient descent is that it is prone to getting stuck in local minima,
which is almost always the case with MRF problems. One way around this is to use stochastic
gradient descent or Markov chain Monte Carlo (MCMC) (Metropolis, Rosenbluth, Rosen-
bluth et al. 1953), i.e., to randomly take occasional uphill steps in order to get out of such
minima. One popular update rule is the Gibbs sampler (Geman and Geman 1984); rather
than choosing the lowest energy state for a variable being updated, it chooses the state with
probability

p(x) e~ B@®)/T (B.25)

where T is called the temperature and controls how likely the system is to choose a more
random update. Stochastic gradient descent is usually combined with simulated annealing
(Kirkpatrick, Gelatt, and Vecchi 1983), which starts at a relatively high temperature, thereby
randomly exploring a large part of the state space, and gradually cools (anneals) the tem-
perature to find a good local minimum. During the late 1980s, simulated annealing was the
method of choice for solving MRF inference problems (Szeliski 1986; Marroquin, Mitter,
and Poggio 1985; Barnard 1989).

Another variant on simulated annealing is the Swendsen—Wang algorithm (Swendsen and
Wang 1987; Barbu and Zhu 2003, 2005). Here, instead of “flipping” (changing) single vari-
ables, a connected subset of variables, chosen using a random walk based on MRF connec-
tively strengths, is selected as the basic update unit. This can sometimes help make larger
state changes, and hence find better-quality solutions in less time.

While simulated annealing has largely been superseded by the newer graph cuts and loopy
belief propagation techniques, it still occasionally finds use, especially in highly connected
and highly non-submodular graphs (Rother, Kolmogorov, Lempitsky et al. 2007).

B.5.2 Dynamic programming

Dynamic programming (DP) is an efficient inference procedure that works for any tree-
structured graphical model, i.e., one that does not have any cycles. Given such a tree, pick
any node as the root r and figuratively pick up the tree by its root. The depth or distance of all
the other nodes from this root induces a partial ordering over the vertices, from which a total
ordering can be obtained by arbitrarily breaking ties. Let us now lay out this graph as a tree
with the root on the right and indices increasing from left to right, as shown in Figure B.2a.
Before describing the DP algorithm, let us re-write the potential function of Equation (B.24)

7 The name comes from iteratively setting variables to the mode (most likely, i.e., lowest energy) state conditioned
on its currently fixed neighbors.
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(a) (b)

Figure B.2 Dynamic programming over a tree drawn as a factor graph. (a) To compute the lowest energy solution
Ek (zx) at node z, conditioned on the best solutions to the left of this node, we enumerate all possible values of
Ei(xi) + Vig(x;, 2 ) and pick the smallest one (and similarly for j). (b) For higher-order cliques, we need to
try all combinations of (z;, ;) in order to select the best possible configuration. The arrows show the basic flow
of the computation. The lightly shaded factor V;; in (a) shows an additional connection that turns the tree into a

cyclic graph, for which exact inference cannot be efficiently computed.

in a more general but succinct form,

Blz)= > Vijlzi,z)+ > Vilw), (B.26)

(1,5)EN i

where instead of using pixel indices (7,j) and (k,1), we just use scalar index variables ¢
and j. We also replace the function value f (%, ) with the more succinct notation z;, with
the {x;} variables making up the state vector xz. We can simplify this function even further
by adding dummy nodes (vertices) i~ for every node that has a non-zero V;(x;) and setting
Vi.i- (xi, ;) = Vj(x;), which lets us drop the V; terms from (B.26).

Dynamic programming proceeds by computing partial sums in a left-to-right fashion, i.e.,
in order of increasing variable index. Let Cy, be the children of %, i.e., i < k, (i,k) € N).
Then, define

Buw)= Y Vi) = 3 [Vislenaw) + Bil@)] (B.27)

i<k, j<k ieCy,

as a partial sum of (B.26) over all variables up to and including k, i.e., over all parts of the
graph shown in Figure B.2a to the left of z,. This sum depends on the state of all the unknown
variables in x with 7 < k.

Now suppose we wish to find the setting for all variables ¢ < k that minimizes this sum.
It turns out that we can use a simple recursive formula

Ep(zr) = min Ek(az) = Z min [‘/}7k(aﬁi, xp) + EA'Z(xl)} (B.28)
{ws, i<k} icc,

to find this minimum. Visually, this is easy to understand. Looking at Figure B.2a, associate

an energy Ey, (k) with each node k and each possible setting of its value x, that is based on

the best possible setting of variables to the left of that node. It is easy to convince yourself

that in this figure, you only need to know E;(z;) and E;(z;) in order to compute this value.
Once the flow of information in the tree has been processed from left to right, the min-

imum value of E,(x,) at the root gives the MAP (lowest-energy) solution for E(x). The
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root node is set to the choice of x,. that minimizes this function, and other nodes are set in a
backward chaining pass by selecting the values of child nodes ¢ € Cj that were minimal in
the original recursion (B.28).

Dynamic programming is not restricted to trees with pairwise potentials. Figure B.2b
shows an example of a three-way potential V;;x(z;, z;,2)) inside a tree. To compute the
optimum value of Ek(xk), the recursion formula in (B.28) now has to evaluate the mini-
mum over all combinations of possible state values leading into a factor node (gray box).
For this reason, dynamic programming is normally exponential in complexity in the order
of the clique size, i.e., a clique of size n with [ labels at each node requires the evaluation
of (n—1 possible states (Potetz and Lee 2008; Kohli, Kumar, and Torr 2009). However, for
certain kinds of potential functions V; i (z;, ) ), including the Potts model (delta function),
absolute values (total variation), and quadratic (Gaussian MRF), Felzenszwalb and Hutten-
locher (2006) show how to reduce the complexity of the min-finding step (B.28) from O(I?)
to O(l). In Appendix B.5.3, we also discuss how Potetz and Lee (2008) reduce the complexity
for special kinds of higher-order clique, i.e., linear summations followed by non-linearities.

Figure B.2a also shows what happens if we add an extra factor between nodes ¢ and j.
In this case, the graph is no longer a tree, i.e., it contains a cycle. It is no longer possible
to use the recursion formula (B.28), since EAl(:rZ) now appears in two different terms inside
the summation, i.e., as a child of both nodes j and k, and the same setting for x; may not
minimize both. In other words, when loops exist, there is no ordering of the variables that
allows the recursion (elimination) in (B.28) to be well-founded.

It is, however, possible to convert small loops into higher-order factors and to solve these
as shown in Figure B.2b. However, graphs with long loops or meshes result in extremely
large clique sizes and hence an amount of computation potentially exponential in the size of
the graph.

B.5.3 Belief propagation

Belief propagation is an inference technique originally developed for trees (Pearl 1988) but
more recently extended to “loopy” (cyclic) graphs such as MRFs (Frey and MacKay 1997;
Freeman, Pasztor, and Carmichael 2000; Yedidia, Freeman, and Weiss 2001; Weiss and Free-
man 2001a,b; Yuille 2002; Sun, Zheng, and Shum 2003; Felzenszwalb and Huttenlocher
2006). It is closely related to dynamic programming, in that both techniques pass messages
forward and backward over a tree or graph. In fact, one of the two variants of belief prop-
agation, the max-product rule, performs the exact same computation (inference) as dynamic
programming, albeit using probabilities instead of energies.

Recall that the energy we are minimizing in MAP estimation (B.26) is the negative log
likelihood (B.12, B.13, and B.22) of a factored Gibbs posterior distribution,

p(x) = H Gij(wi,25), (B.29)
(i,5)eEN
where
i j (i, ;) = e Vs (70:73) (B.30)

are the pairwise interaction potentials. We can rewrite (B.27) as

pr@) = [[ ouj@izy) =[] birl@), (B.31)

i<k, j<k i€Cy
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where
Pik(x) = b4 (i, w1)Ds (). (B.32)

We can therefore rewrite (B.28) as

Prlar) = max pr(x) = [] pirl(e), (B.33)
{z;, i<k} icen
with
Pi k() = max ¢y (24, 2x)pi (). (B.34)

Equation (B.34) is the max update rule evaluated at all square box factors in Figure B.2a,
while (B.33) is the product rule evaluated at the nodes. The probability distribution p; 1, ()
is often interpreted as a message passing information about child ¢ to parent k£ and is hence
written as m; ,(x) (Yedidia, Freeman, and Weiss 2001) or ;% (1) (Bishop 2006).

The max-product rule can be used to compute the MAP estimate in a tree using the same
kind of forward and backward sweep as in dynamic programming (which is sometimes called
the max-sum algorithm (Bishop 2006)). An alternative rule, known as the sum—product, sums
over all possible values in (B.34) rather than taking the maximum, in essence computing
the expected distribution rather than the maximum likelihood distribution. This produces a
set of probability estimates that can be used to compute the marginal distributions b;(z;) =
Zm\xi p(x) (Pearl 1988; Yedidia, Freeman, and Weiss 2001; Bishop 2006).

Belief propagation may not produce optimal estimates for cyclic graphs for the same
reason that dynamic programming fails to work, i.e., because a node with multiple parents
may take on different optimal values for each of the parents, i.e., there is no unique elim-
ination ordering. Early algorithms for extending belief propagation to graphs with cycles,
dubbed loopy belief propagation, performed the updates in parallel over the graph, i.e., us-
ing synchronous updates (Frey and MacKay 1997; Freeman, Pasztor, and Carmichael 2000;
Yedidia, Freeman, and Weiss 2001; Weiss and Freeman 2001a,b; Yuille 2002; Sun, Zheng,
and Shum 2003; Felzenszwalb and Huttenlocher 2006).

For example, Felzenszwalb and Huttenlocher (2006) split an A/, graph into its red and
black (checkerboard) components and alternate between sending messages from the red nodes
to the black and vice versa. They also use multi-grid (coarser level) updates to speed up the
convergence. As discussed previously, to reduce the complexity of the basic max-product
update rule (B.28) from O(I?) to O(l), they develop specialized update algorithms for sev-
eral cost functions V; ;(z;, ), including the Potts model (delta function), absolute values
(total variation), and quadratic (Gaussian MRF). A related algorithm, mean field diffusion
(Scharstein and Szeliski 1998), also uses synchronous updates between nodes to compute
marginal distributions. Yuille (2010) discusses the relationships between mean field theory
and loopy belief propagation.

More recent loopy belief propagation algorithms and their variants use sequential scans
through the graph (Szeliski, Zabih, Scharstein ef al. 2008). For example, Tappen and Free-
man (2003) pass messages from left to right along each row and then reverse the direction
once they reach the end. This is similar to treating each row as an independent tree (chain),
except that messages from nodes above and below the row are also incorporated. They then
perform similar computations along columns. These sequential updates allow the information
to propagate much more quickly across the image than synchronous updates.
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Figure B.3 Graph cuts for minimizing binary sub-modular MRF energies (Boykov and Jolly 2001) © 2001
IEEE: (a) energy function encoded as a max flow problem; (b) the minimum cut determines the region boundary.

The other belief propagation variant tested by Szeliski, Zabih, Scharstein et al. (2008),
which they call BP-S or TRW-S, is based on Kolmogorov’s (2006) sequential extension of
the tree-reweighted message passing of Wainwright, Jaakkola, and Willsky (2005). TRW
first selects a set of trees from the neighborhood graph and computes a set of probability
distributions over each tree. These are then used to reweight the messages being passed
during loopy belief propagation. The sequential version of TRW, called TRW-S, processed
nodes in scan-line order, with a forward and backward pass. In the forward pass, each node
sends messages to its right and bottom neighbors. In the backward pass, messages are sent
to the left and upper neighbors. TRW-S also computes a lower bound on the energy, which
is used by Szeliski, Zabih, Scharstein et al. (2008) to estimate how close to the best possible
solution all of the MRF inference algorithms being evaluated get.

As with dynamic programming, belief propagation techniques also become less efficient
as the order of each factor clique increases. Potetz and Lee (2008) shows how this complex-
ity can be reduced back to linear in the clique order for continuous-valued problems where
the factors involve linear summations followed by a non-linearity, which is typical of more
sophisticated MRF models such as fields of experts (Roth and Black 2009) and steerable ran-
dom fields (Roth and Black 2007b). Kohli, Kumar, and Torr (2009) and Alahari, Kohli, and
Torr (2011) develop alternative ways for dealing with higher-order cliques in the context of
graph cut algorithms.

B.5.4 Graph cuts

The computer vision community has adopted “graph cuts” as an informal name to describe
a large family of MRF inference algorithms based on solving one or more min-cut or max-
flow problems (Boykov, Veksler, and Zabih 2001; Boykov and Kolmogorov 2010; Boykov,
Veksler, and Zabih 2010; Ishikawa and Veksler 2010).

The simplest example of an MRF graph cut is the polynomial-time algorithm for perform-
ing exact minimization of a binary MRF originally developed by Greig, Porteous, and Seheult
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(1989) and brought to the attention of the computer vision community by Boykov, Veksler,
and Zabih (2001) and Boykov and Jolly (2001). The basic construction of the min-cut graph
from an MRF energy function is shown in Figure B.3 and described in Sections 3.7.2 and
5.5. In brief, the nodes in an MRF are connected to special source and sink nodes, and the
minimum cut between these two nodes, whose cost is exactly that of the MRF energy un-
der a binary assignment of labels, is computed using a polynomial-time max flow algorithm
(Goldberg and Tarjan 1988; Boykov and Kolmogorov 2004).

As discussed in Section 5.5, important extensions of this basic algorithm have been made
for the case of directed edges (Kolmogorov and Boykov 2005), larger neighborhoods (Boykov
and Kolmogorov 2003; Kolmogorov and Boykov 2005), connectivity priors (Vicente, Kol-
mogorov, and Rother 2008), and shape priors (Lempitsky and Boykov 2007; Lempitsky,
Blake, and Rother 2008). Kolmogorov and Zabih (2004) formally characterize the class
of binary energy potentials (regularity conditions) for which these algorithms find the global
minimum. Komodakis, Tziritas, and Paragios (2008) and Rother, Kolmogorov, Lempitsky et
al. (2007) provide good algorithms for the cases when they do not.

Binary MRF problems can also be approximately solved by turning them into continuous
[0, 1] problems, solving them either as linear systems (Grady 2006; Sinop and Grady 2007,
Grady and Alvino 2008; Grady 2008; Grady and Ali 2008; Singaraju, Grady, and Vidal 2008;
Couprie, Grady, Najman et al. 2009) (the random walker model) or by computing geodesic
distances (Bai and Sapiro 2009; Criminisi, Sharp, and Blake 2008) and then thresholding the
results. More details on these techniques are provided in Section 5.5 and a nice review can
be found in the work of Singaraju, Grady, Sinop et al. (2010). A different connection to
continuous segmentation techniques, this time to the literature on level sets (Section 5.1.4),
is made by Boykov, Kolmogorov, Cremers et al. (2006), who develop an approach to solving
surface propagation PDEs based on combinatorial graph cut algorithms—Boykov and Funka-
Lea (2006) discuss this and related techniques.

Multi-valued MRF inference problems usually require solving a series of related binary
MREF problems (Boykov, Veksler, and Zabih 2001), although for special cases, such as some
convex functions, a single graph cut may suffice (Ishikawa 2003; Schlesinger and Flach
2006). The seminal work in this area is that of Boykov, Veksler, and Zabih (2001), who intro-
duced two algorithms, called the swap move and the expansion move, which are sketched in
Figure B.4. The a—3-swap move selects two labels (usually by cycling through all possible
pairings) and then formulates a binary MRF problem that allows any pixels currently labeled
as either o or § to optionally switch their values to the other label. The a-expansion move
allows any pixel in the MRF to take on the « label or to keep its current identity. It is easy
to see by inspection that both of these moves result in binary MRFs with well-defined energy
functions.

Because these algorithms use a binary MRF optimization inside their inner loop, they
are subject to the constraints on the energy functions that occur in the binary labeling case
(Kolmogorov and Zabih 2004). However, more recent algorithms such as those developed by
Komodakis, Tziritas, and Paragios (2008) and Rother, Kolmogorov, Lempitsky et al. (2007)
can be used to provide approximate solutions for more general energy functions. Efficient
algorithms for re-using previous solutions (flow- and cut-recycling) have been developed for
on-line applications such as dynamic MRFs (Kohli and Torr 2005; Juan and Boykov 2006;
Alahari, Kohli, and Torr 2011) and coarse-to-fine banded graph cuts (Agarwala, Zheng, Pal et
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(a) initial labeling (b) standard move (¢) a-(-swap (d) a-expansion
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Figure B.4 Multi-level graph optimization from (Boykov, Veksler, and Zabih 2001) (© 2001 IEEE: (a) initial
problem configuration; (b) the standard move changes only one pixel; (c) the a—/3-swap optimally exchanges all
a- and (-labeled pixels; (d) the a-expansion move optimally selects among current pixel values and the « label.

al. 2005; Lombaert, Sun, Grady et al. 2005; Juan and Boykov 20006). It is also now possible to
minimize the number of labels used as part of the alpha-expansion process (Delong, Osokin,
Isack et al. 2010).

In experimental comparisons, a-expansions usually converge faster to a good solution
than a—f-swaps (Szeliski, Zabih, Scharstein et al. 2008), especially for problems that in-
volve large regions of identical labels, such as the labeling of source imagery in image stitch-
ing (Figure 3.60). For truncated convex energy functions defined over ordinal values, more
accurate algorithms that consider complete ranges of labels inside each min-cut and often
produce lower energies have been developed (Veksler 2007; Kumar and Torr 2008; Kumar,
Veksler, and Torr 2010). The whole field of efficient MRF inference algorithms is rapidly
developing, as witnessed by a recent special journal issue (Kohli and Torr 2008; Komodakis,
Tziritas, and Paragios 2008; Olsson, Eriksson, and Kahl 2008; Potetz and Lee 2008), articles
(Alahari, Kohli, and Torr 2011), and a forthcoming book (Blake, Kohli, and Rother 2010).

B.5.5 Linear programming

8 Many successful algorithms for MRF optimization are based on the linear programming
(LP) relaxation of the energy function (Weiss, Yanover, and Meltzer 2010). For some prac-
tical MRF problems, LP-based techniques can produce globally minimal solutions (Meltzer,
Yanover, and Weiss 2005), even though MRF inference is in general NP-hard. In order to
describe this relaxation, let us first rewrite the energy function (B.26) as

Ex) = Y Vij(wiz)+> Vi(z:) (B.35)
(i,5)EN i
= > Vij(@,B)ijias + Y Vi(a)Tia (B.36)
i,5,0,8 i
subject to Tia = > Tijap V(i.j) ENa, (B.37)
5
Tig = Y Tijas V(i,j) EN,B, and (B.38)
Tias Tijas € {0,1}. (B.39)

8 This section was contributed by Vladimir Kolmogorov. Thanks!
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Here, o and /3 range over label values and ;,, = 0(z; — ) and x;5,03 = d(2; —)d(x; — )
are indicator variables of assignments z; = « and (x;,z;) = (a, §), respectively. The LP
relaxation is obtained by replacing the discreteness constraints (B.39) with linear constraints
Zij;ap € [0, 1]. Itis easy to show that the optimal value of (B.36) is a lower bound on (B.26).

This relaxation has been extensively studied in the literature, starting with the work of
Schlesinger (1976). An important question is how to solve this LP efficiently. Unfortunately,
general-purpose LP solvers cannot handle large problems in vision (Yanover, Meltzer, and
Weiss 2006). A large number of customized iterative techniques have been proposed. Most
of these solve the dual problem, i.e., they formulate a lower bound on (B.36) and then try to
maximize this bound. The bound is often formulated using a convex combination of trees, as
proposed in (Wainwright, Jaakkola, and Willsky 2005).

The LP lower bound can be maximized via a number of techniques, such as max-sum dif-
fusion (Werner 2007), tree-reweighted message passing (TRW) (Wainwright, Jaakkola, and
Willsky 2005; Kolmogorov 2006), subgradient methods (Schlesinger and Giginyak 2007a,b;
Komodakis, Paragios, and Tziritas 2007), and Bregman projections (Ravikumar, Agarwal,
and Wainwright 2008). Note that the max-sum diffusion and TRW algorithms are not guar-
anteed to converge to a global maximum of LP—they may get stuck at a suboptimal point
(Kolmogorov 2006; Werner 2007). However, in practice, this does not appear to be a problem
(Kolmogorov 2006).

For some vision applications, algorithms based on relaxation (B.36) produce excellent
results. However, this is not guaranteed in all cases—after all, the problem is NP-hard.
Recently, researchers have investigated alternative linear programming relaxations (Sontag
and Jaakkola 2007; Sontag, Meltzer, Globerson et al. 2008; Komodakis and Paragios 2008;
Schraudolph 2010). These algorithms are capable of producing tighter bounds compared to
(B.36) at the expense of additional computational cost.

LP relaxation and alpha expansion. Solving a linear program produces primal and
dual solutions that satisfy complementary slackness conditions. In general, the primal solu-
tion of (B.36) does not have to be integer-valued so, in practice, we may have to round it
to obtain a valid labeling . An alternative proposed by Komodakis and Tziritas (2007a);
Komodakis, Tziritas, and Paragios (2007) is to search for primal and dual solutions such that
they satisfy approximate complementary slackness conditions and the primal solution is al-
ready integer-valued. Several max-flow-based algorithms are proposed by (Komodakis and
Tziritas 2007a; Komodakis, Tziritas, and Paragios 2007) for this purpose and the Fast-PD
method (Komodakis, Tziritas, and Paragios 2007) is shown to perform best. In the case of
metric interactions, the default version of Fast-PD produces the same primal solution as the
alpha-expansion algorithm (Boykov, Veksler, and Zabih 2001). This provides an interesting
interpretation of the alpha expansion algorithm as trying to approximately solve relaxation
(B.36).

Unlike the standard alpha expansion algorithm, Fast-PD also maintains a dual solution
and thus runs faster in practice. Fast-PD can be extended to the case of semi-metric interac-
tions (Komodakis, Tziritas, and Paragios 2007). The primal version of such extension was
also given by Rother, Kumar, Kolmogorov et al. (2005).
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B.6 Uncertainty estimation (error analysis)

In addition to computing the most likely estimate, many applications require an estimate for
the uncertainty in this estimate.” The most general way to do this is to compute a complete
probability distribution over all of the unknowns but this is generally intractable. The one spe-
cial case where it is easy to obtain a simple description for this distribution is linear estimation
problems with Gaussian noise, where the joint energy function (negative log likelihood of the
posterior estimate) is a quadratic. In this case, the posterior distribution is a multi-variate
Gaussian and the covariance can be computed directly from the inverse of the problem Hes-
sian. (Another name for the inverse covariance matrix, which is equal to the Hessian in such
simple cases, is the information matrix.)

Even here, however, the full covariance matrix may be too large to compute and store. For
example, in large structure from motion problems, a large sparse Hessian normally results in a
full dense covariance matrix. In such cases, it is often considered acceptable to report only the
variance in the estimated quantities or simple covariance estimates on individual parameters,
such as 3D point positions or camera pose estimates (Szeliski 1990a). More insight into the
problem, e.g., the dominant modes of uncertainty, can be obtained using eigenvalue analysis
(Szeliski and Kang 1997).

For problems where the posterior energy is non-quadratic, e.g., in non-linear or robustified
least squares, it is still often possible to obtain an estimate of the Hessian in the vicinity of the
optimal solution. In this case, the Cramer—Rao lower bound on the uncertainty (covariance)
can be computed as the inverse of the Hessian. Another way of saying this is that while the
local Hessian can underestimate how “wide” the energy function can be, the covariance can
never be smaller than the estimate based on this local quadratic approximation. It is also
possible to estimate a different kind of uncertainty (min-marginal energies) in general MRFs
where the MAP inference is performed using graph cuts (Kohli and Torr 2008).

While many computer vision applications ignore uncertainty modeling, it is often useful
to compute these estimates just to get an intuitive feeling for the reliability of the estimates.
Certain applications, such as Kalman filtering, require the computation of this uncertainty
(either explicitly as posterior covariances or implicitly as inverse covariances) in order to
optimally integrate new measurements with previously computed estimates.

9 This is particularly true of classic photogrammetry applications, where the reporting of precision is almost
always considered mandatory (Forstner 2005).
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680 C Supplementary material

In this final appendix, I summarize some of the supplementary materials that may be use-
ful to students, instructors, and researchers. The book’s Web site at http://szeliski.org/Book
contains updated lists of datasets and software, so please check there as well.

C.1 Data sets

One of the keys to developing reliable vision algorithms is to test your procedures on chal-
lenging and representative data sets. When ground truth or other people’s results are available,
such test can be even more informative (and quantitative).

Over the years, a large number of datasets have been developed for testing and evaluating
computer vision algorithms. A number of these datasets (and software) are indexed on the
Computer Vision Homepage.! Some newer Web sites, such as CVonline (http://homepages.
inf.ed.ac.uk/rbf/CVonline/), VisionBib.Com (http://datasets.visionbib.com/), and Computer
Vision online (http://computervisiononline.com/), have more recent pointers.

Below, I list some of the more popular data sets, grouped by the book chapters to which
they most closely correspond:

Chapter 2: Image formation

CUReT: Columbia-Utrecht Reflectance and Texture Database, http://www1.cs.columbia.
edu/CAVE/software/curet/ (Dana, van Ginneken, Nayar et al. 1999).

Middlebury Color Datasets: registered color images taken by different cameras to
study how they transform gamuts and colors, http://vision.middlebury.edu/color/data/
(Chakrabarti, Scharstein, and Zickler 2009).

Chapter 3: Image processing

Middlebury test datasets for evaluating MRF minimization/inference algorithms, http:
/Ivision.middlebury.edu/MRF/results/ (Szeliski, Zabih, Scharstein et al. 2008).

Chapter 4: Feature detection and matching

Affine Covariant Features database for evaluating feature detector and descriptor match-
ing quality and repeatability, http://www.robots.ox.ac.uk/~vgg/research/affine/ (Miko-
lajczyk and Schmid 2005; Mikolajczyk, Tuytelaars, Schmid et al. 2005).

Database of matched image patches for learning and feature descriptor evaluation,
http://cvlab.epfl.ch/~brown/patchdata/patchdata.html (Winder and Brown 2007; Hua,
Brown, and Winder 2007).

Chapter 5: Segmentation

Berkeley Segmentation Dataset and Benchmark of 1000 images labeled by 30 humans,
along with an evaluation, http://www.eecs.berkeley.edu/Research/Projects/CS/vision/
grouping/segbench/ (Martin, Fowlkes, Tal et al. 2001).

! http://www.cs.cmu.edu/~cil/vision.html, although it has not been maintained since 2004.
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Weizmann segmentation evaluation database of 100 grayscale images with ground
truth segmentations, http://www.wisdom.weizmann.ac.il/~vision/Seg_Evaluation_DB/
index.html (Alpert, Galun, Basri et al. 2007).

Chapter 8: Dense motion estimation

The Middlebury optic flow evaluation Web site, http://vision.middlebury.edu/flow/data
(Baker, Scharstein, Lewis ef al. 2009).

The Human-Assisted Motion Annotation database,
http://people.csail.mit.edu/celiu/motionAnnotation/ (Liu, Freeman, Adelson et al. 2008)

Chapter 10: Computational photography

High Dynamic Range radiance maps, http://www.debevec.org/Research/HDR/ (De-
bevec and Malik 1997).

Alpha matting evaluation Web site, http://alphamatting.com/ (Rhemann, Rother, Wang
et al. 2009).

Chapter 11: Stereo correspondence

Middlebury Stereo Datasets and Evaluation, http://vision.middlebury.edu/stereo/ (Scharstein
and Szeliski 2002).

Stereo Classification and Performance Evaluation of different aggregation costs for
stereo matching, http://www.vision.deis.unibo.it/spe/SPEHome.aspx (Tombari, Mat-
toccia, Di Stefano er al. 2008).

Middlebury Multi-View Stereo Datasets, http://vision.middlebury.edu/mview/data/ (Seitz,
Curless, Diebel et al. 2006).

Multi-view and Oxford Colleges building reconstructions, http://www.robots.ox.ac.uk/
~vgg/data/data-mview.html.

Multi-View Stereo Datasets, http://cvlab.epfl.ch/data/strechamvs/ (Strecha, Fransens,
and Van Gool 2006).

Multi-View Evaluation, http://cvlab.epfl.ch/~strecha/multiview/ (Strecha, von Hansen,
Van Gool et al. 2008).

Chapter 12: 3D reconstruction

HumanEva: synchronized video and motion capture dataset for evaluation of artic-
ulated human motion, http://vision.cs.brown.edu/humaneva/ (Sigal, Balan, and Black
2010).

Chapter 13: Image-based rendering

The (New) Stanford Light Field Archive, http://lightfield.stanford.edu/ (Wilburn, Joshi,
Vaish et al. 2005).
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Virtual Viewpoint Video: multi-viewpoint video with per-frame depth maps, http:
//research.microsoft.com/en-us/um/redmond/groups/ivm/vvv/ (Zitnick, Kang, Uytten-
daele et al. 2004).

Chapter 14: Recognition

For a list of visual recognition datasets, see Tables 14.1-14.2. In addition to those,
there are also:

Buffy pose classes, http://www.robots.ox.ac.uk/~vgg/data/buffy_pose_classes/ and Buffy
stickmen V2.1, http://www.robots.ox.ac.uk/~vgg/data/stickmen/index.html (Ferrari, Marin-
Jimenez, and Zisserman 2009; Eichner and Ferrari 2009).

H3D database of pose/joint annotated photographs of humans, http://www.eecs.berkeley.
edu/~1bourdev/h3d/ (Bourdev and Malik 2009).

Action Recognition Datasets, http://www.cs.berkeley.edu/projects/vision/action, has point-
ers to several datasets for action and activity recognition, as well as some papers. The
human action database at http://www.nada.kth.se/cvap/actions/ contains more action
sequences.

C.2 Software

One of the best sources for computer vision algorithms is the Open Source Computer Vision
(OpenCV) library (http://opencv.willowgarage.com/wiki/), which was developed by Gary
Bradski and his colleagues at Intel and is now being maintained and extended at Willow
Garage (Bradsky and Kaehler 2008). A partial list of the available functions, taken from
http://opencv.willowgarage.com/documentation/cpp/ includes:

image processing and transforms (filtering, morphology, pyramids);

geometric image transformations (rotations, resizing);

miscellaneous image transformations (Fourier transforms, distance transforms);
histograms;

segmentation (watershed, mean shift);

feature detection (Canny, Harris, Hough, MSER, SURF);

motion analysis and object tracking (Lucas—Kanade, mean shift);

camera calibration and 3D reconstruction;

machine learning (k nearest neighbors, support vector machines, decision trees, boost-
ing, random trees, expectation-maximization, and neural networks).

The Intel Performance Primitives (IPP) library, http://software.intel.com/en-us/intel-ipp/,
contains highly optimized code for a variety of image processing tasks. Many of the routines
in OpenCV take advantage of this library, if it is installed, to run even faster. In terms of
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functionality, it has many of the same operators as those found in OpenCYV, plus additional
libraries for image and video compression, signal and speech processing, and matrix algebra.

The MATLAB Image Processing Toolbox, http://www.mathworks.com/products/image/,
contains routines for spatial transformations (rotations, resizing), normalized cross-correla-
tion, image analysis and statistics (edges, Hough transform), image enhancement (adaptive
histogram equalization, median filtering) and restoration (deblurring), linear filtering (con-
volution), image transforms (Fourier and DCT), and morphological operations (connected
components and distance transforms).

Two older libraries, which no longer appear to be under active development but contain
many useful routines, are VXL (C++ Libraries for Computer Vision Research and Implemen-
tation, http://vxl.sourceforge.net/) and LTI-Lib 2 (http://www.ie.itcr.ac.cr/palvarado/Itilib-2/
homepage/).

Photo editing and viewing packages, such as Windows Live Photo Gallery, iPhoto, Picasa,
GIMP, and IrfanView, can be useful for performing common processing tasks, converting for-
mats, and viewing your results. They can also serve as interesting reference implementations
for image processing algorithms (such as tone correction or denoising) that you are trying to
develop from scratch.

There are also software packages and infrastructure that can be helpful for building real-
time video processing demos. Vision on Tap (http://www.visionontap.com/) provides a Web
service that will process your webcam video in real time (Chiu and Raskar 2009). Video-
Man (VideoManager, http://videomanlib.sourceforge.net/) can be useful for getting real-time
video-based demos and applications running. You can also use imread in MATLAB to read
directly from any URL, such as a webcam.

Below, I list some additional software that can be found on the Web, grouped by the book
chapters to which they most correspond:

Chapter 3: Image processing

matlabPyrTools—MATLAB source code for Laplacian pyramids, QMF/Wavelets, and
steerable pyramids, http://www.cns.nyu.edu/~1cv/software.php (Simoncelli and Adel-
son 1990a; Simoncelli, Freeman, Adelson et al. 1992).

BLS-GSM image denoising, http://decsai.ugr.es/~javier/denoise/ (Portilla, Strela, Wain-
wright et al. 2003).

Fast bilateral filtering code, http://people.csail.mit.edu/jiawen/#code (Chen, Paris, and
Durand 2007).

C++ implementation of the fast distance transform algorithm, http://people.cs.uchicago.
edu/~pff/dt/ (Felzenszwalb and Huttenlocher 2004a).

GREYC’s Magic Image Converter, including image restoration software using regular-
ization and anisotropic diffusion, http://gmic.sourceforge.net/gimp.shtml (Tschumperlé
and Deriche 2005).

Chapter 4: Feature detection and matching

VLFeat, an open and portable library of computer vision algorithms, http://vlfeat.org/
(Vedaldi and Fulkerson 2008).
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SiftGPU: A GPU Implementation of Scale Invariant Feature Transform (SIFT), http:
/lwww.cs.unc.edu/~ccwu/siftgpu/ (Wu 2010).

SUREF: Speeded Up Robust Features, http://www.vision.ee.ethz.ch/~surf/ (Bay, Tuyte-
laars, and Van Gool 2006).

FAST corner detection, http://mi.eng.cam.ac.uk/~er258/work/fast.html (Rosten and Drum-
mond 2005, 2006).

Linux binaries for affine region detectors and descriptors, as well as MATLAB files to
compute repeatability and matching scores, http://www.robots.ox.ac.uk/~vgg/research/
affine/.

Kanade-Lucas-Tomasi feature trackers: KLT, http://www.ces.clemson.edu/~stb/klt/
(Shi and Tomasi 1994); GPU-KLT, http://cs.unc.edu/~cmzach/opensource.html (Zach,
Gallup, and Frahm 2008); and Lucas—Kanade 20 Years On, http://www.ri.cmu.edu/
projects/project_515.html (Baker and Matthews 2004).

Chapter 5: Segmentation

Efficient graph-based image segmentation, http://people.cs.uchicago.edu/~pff/segment/
(Felzenszwalb and Huttenlocher 2004b).

EDISON, edge detection and image segmentation, http://coewww.rutgers.edu/riul/research/
code/EDISON/ (Meer and Georgescu 2001; Comaniciu and Meer 2002).

Normalized cuts segmentation including intervening contours, http://www.cis.upenn.
edu/~jshi/software/ (Shi and Malik 2000; Malik, Belongie, Leung et al. 2001).

Segmentation by weighted aggregation (SWA), http://www.cs.weizmann.ac.il/~vision/
SWA/ (Alpert, Galun, Basri et al. 2007).

Chapter 6: Feature-based alignment and calibration

Non-iterative PnP algorithm, http://cvlab.epfl.ch/software/EPnP/ (Moreno-Noguer, Lep-
etit, and Fua 2007).

Tsai Camera Calibration Software, http://www-2.cs.cmu.edu/~rgw/TsaiCode.html (Tsai
1987).

Easy Camera Calibration Toolkit, http://research.microsoft.com/en-us/um/people/zhang/
Calib/ (Zhang 2000).

Camera Calibration Toolbox for MATLAB, http://www.vision.caltech.edu/bouguetj/
calib_doc/; a C version is included in OpenCV.

MATLAB functions for multiple view geometry, http://www.robots.ox.ac.uk/~vgg/hzbook/
code/ (Hartley and Zisserman 2004).

Chapter 7: Structure from motion

SBA: A generic sparse bundle adjustment C/C++ package based on the Levenberg—
Marquardt algorithm, http://www.ics.forth.gr/~lourakis/sba/ (Lourakis and Argyros 2009).
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Simple sparse bundle adjustment (SSBA), http://cs.unc.edu/~cmzach/opensource.html.

Bundler, structure from motion for unordered image collections, http://phototour.cs.
washington.edu/bundler/ (Snavely, Seitz, and Szeliski 2006).

Chapter 8: Dense motion estimation

Optical flow software, http://www.cs.brown.edu/~black/code.html (Black and Anan-
dan 1996).

Optical flow using total variation and conjugate gradient descent, http://people.csail.
mit.edu/celiu/OpticalFlow/ (Liu 2009).

TV-L1 optical flow on the GPU, http://cs.unc.edu/~cmzach/opensource.html (Zach,
Pock, and Bischof 2007a).

elastix: a toolbox for rigid and nonrigid registration of images, http://elastix.isi.uu.nl/
(Klein, Staring, and Pluim 2007).

Deformable image registration using discrete optimization, http://www.mrf-registration.

net/deformable/index.html (Glocker, Komodakis, Tziritas et al. 2008).
Chapter 9: Image stitching

Microsoft Research Image Compositing Editor for stitching images, http://research.
microsoft.com/en-us/um/redmond/groups/ivm/ice/.

Chapter 10: Computational photography

HDRShop software for combining bracketed exposures into high-dynamic range radi-
ance images, http://projects.ict.usc.edu/graphics/HDRShop/.

Super-resolution code, http://www.robots.ox.ac.uk/~vgg/software/SR/ (Pickup 2007;
Pickup, Capel, Roberts et al. 2007, 2009).

Chapter 11: Stereo correspondence

StereoMatcher, standalone C++ stereo matching code, http://vision.middlebury.edu/
stereo/code/ (Scharstein and Szeliski 2002).

Patch-based multi-view stereo software (PMVS Version 2), http://grail.cs.washington.
edu/software/pmvs/ (Furukawa and Ponce 2011).

Chapter 12: 3D reconstruction

Scanalyze: a system for aligning and merging range data, http://graphics.stanford.edu/
software/scanalyze/ (Curless and Levoy 1996).

MeshLab: software for processing, editing, and visualizing unstructured 3D triangular
meshes, http://meshlab.sourceforge.net/.

VRML viewers (various) are also a good way to visualize texture-mapped 3D models.

Section 12.6.4: Whole body modeling and tracking
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Bayesian 3D person tracking, http://www.cs.brown.edu/~black/code.html (Sidenbladh,
Black, and Fleet 2000; Sidenbladh and Black 2003).

HumanEva: baseline code for the tracking of articulated human motion, http://vision.
cs.brown.edu/humaneva/ (Sigal, Balan, and Black 2010).

Section 14.1.1: Face detection

Sample face detection code and evaluation tools,
http://vision.ai.uiuc.edu/mhyang/face-detection-survey.html.

Section 14.1.2: Pedestrian detection

A simple object detector with boosting, http://people.csail.mit.edu/torralba/shortCourseRLOC/
boosting/boosting.html (Hastie, Tibshirani, and Friedman 2001; Torralba, Murphy, and
Freeman 2007).

Discriminatively trained deformable part models, http://people.cs.uchicago.edu/~pft/
latent/ (Felzenszwalb, Girshick, McAllester et al. 2010).

Upper-body detector, http://www.robots.ox.ac.uk/~vgg/software/UpperBody/ (Ferrari,
Marin-Jimenez, and Zisserman 2008).

2D articulated human pose estimation software, http://www.vision.ee.ethz.ch/~calvin/
articulated_human_pose_estimation_code/ (Eichner and Ferrari 2009).

Section 14.2.2: Active appearance and 3D shape models

AAMotools: An active appearance modeling toolbox, http://cvsp.cs.ntua.gr/software/
AAMtools/ (Papandreou and Maragos 2008).

Section 14.3: Instance recognition

FASTANN and FASTCLUSTER for approximate k-means (AKM), http://www.robots.
ox.ac.uk/~vgg/software/ (Philbin, Chum, Isard et al. 2007).

Feature matching using fast approximate nearest neighbors, http://people.cs.ubc.ca/
~mariusm/index.php/FLANN/FLANN (Muja and Lowe 2009).

Section 14.4.1: Bag of words

Two bag of words classifiers, http://people.csail.mit.edu/fergus/iccv2005/bagwords.html
(Fei-Fei and Perona 2005; Sivic, Russell, Efros ef al. 2005).

Bag of features and hierarchical k-means, http://www.vlfeat.org/ (Nistér and Stewénius
2006; Nowak, Jurie, and Triggs 2006).

Section 14.4.2: Part-based models

A simple parts and structure object detector, http://people.csail.mit.edu/fergus/iccv2005/
partsstructure.html (Fischler and Elschlager 1973; Felzenszwalb and Huttenlocher 2005).

Section 14.5.1: Machine learning software
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Support vector machines (SVM) software (http://www.support-vector-machines.org/
SVM_soft.html) has pointers to lots of SVM libraries, including SVMlight, http://
svmlight.joachims.org/; LIBSVM, http://www.csie.ntu.edu.tw/~cjlin/libsvm/ (Fan, Chen,
and Lin 2005); and LIBLINEAR, http://www.csie.ntu.edu.tw/~cjlin/liblinear/ (Fan,
Chang, Hsieh et al. 2008).

Kernel Machines: links to SVM, Gaussian processes, boosting, and other machine
learning algorithms, http://www.kernel-machines.org/software.

Multiple kernels for image classification, http://www.robots.ox.ac.uk/~vgg/software/

MKL/ (Varma and Ray 2007; Vedaldi, Gulshan, Varma et al. 2009).
Appendix A.1-A.2: Matrix decompositions and linear least squares>

BLAS (Basic Linear Algebra Subprograms), http://www.netlib.org/blas/ (Blackford,
Demmel, Dongarra et al. 2002).

LAPACK (Linear Algebra PACKage), http://www.netlib.org/lapack/ (Anderson, Bai,
Bischof er al. 1999).

GotoBLAS, http://www.tacc.utexas.edu/tacc-projects/.

ATLAS (Automatically Tuned Linear Algebra Software), http://math-atlas.sourceforge.
net/ (Demmel, Dongarra, Eijkhout et al. 2005).

Intel Math Kernel Library (MKL), http://software.intel.com/en-us/intel-mkl/.

AMD Core Math Library (ACML), http://developer.amd.com/cpu/Libraries/acml/Pages/
default.aspx.

Robust PCA code, http://www.salle.url.edu/~ftorre/papers/rpca2.html (De la Torre and
Black 2003).

Appendix A.3: Non-linear least squares
MINPACK, http://www.netlib.org/minpack/.

levmar: Levenberg—Marquardt nonlinear least squares algorithms, http://www.ics.forth.
gr/~lourakis/levmar/ (Madsen, Nielsen, and Tingleff 2004).

Appendix A.4—A.5: Direct and iterative sparse matrix solvers

SuiteSparse (various reordering algorithms, CHOLMOD) and SuiteSparse QR, http:
/Iwww.cise.ufl.edu/research/sparse/SuiteSparse/ (Davis 2006, 2008).

PARDISO (iterative and sparse direct solution), http://www.pardiso-project.org/.

TAUCS (sparse direct, iterative, out of core, preconditioners), http://www.tau.ac.il/
~stoledo/taucs/.

HSL Mathematical Software Library, http://www.hsl.rl.ac.uk/index.html.

2 Thanks to Sameer Agarwal for suggesting and describing most of these sites.
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Templates for the solution of linear systems, http://www.netlib.org/linalg/html_templates/
Templates.html (Barrett, Berry, Chan et al. 1994). Download the PDF for instructions
on how to get the software.

ITSOL, MIQR, and other sparse solvers, http://www-users.cs.umn.edu/~saad/software/
(Saad 2003).

ILUPACK, http://www-public.tu-bs.de/~bolle/ilupack/.
Appendix B: Bayesian modeling and inference

Middlebury source code for MRF minimization, http://vision.middlebury.edu/MRF/
code/ (Szeliski, Zabih, Scharstein et al. 2008).

C++ code for efficient belief propagation for early vision, http://people.cs.uchicago.
edu/~pff/bp/ (Felzenszwalb and Huttenlocher 2006).

FastPD MRF optimization code, http://www.csd.uoc.gr/~komod/FastPD (Komodakis
and Tziritas 2007a; Komodakis, Tziritas, and Paragios 2008)

Gaussian noise generation. A lot of basic software packages come with a uniform
random noise generator (e.g., the rand () routine in Unix), but not all have a Gaussian
random noise generator. To compute a normally distributed random variable, you can use the
Box—Muller transform (Box and Muller 1958), whose C code is given in Algorithm C.1—
note that this routine returns pairs of random variables. Alternative methods for generating
Gaussian random numbers are given by Thomas, Luk, Leong et al. (2007).

Pseudocolor generation. In many applications, it is convenient to be able to visualize
the set of labels assigned to an image (or to image features such as lines). One of the easiest
ways to do this is to assign a unique color to each integer label. In my work, I have found it
convenient to distribute these labels in a quasi-uniform fashion around the RGB color cube
using the following idea.

For each (non-negative) label value, consider the bits as being split among the three color
channels, e.g., for a nine-bit value, the bits could be labeled RGBRGBRGB. After collecting
each of the three color values, reverse the bits so that the low-order bits vary the most quickly.
In practice, for eight-bit color channels, this bit reverse can be stored in a table or a complete
table mapping from labels to pseudocolors (say with 4092 entries) can be pre-computed.
Figure 8.16 shows an example of such a pseudo-color mapping.

GPU implementation

The advent of programmable GPUs with capabilities such as pixel shaders and compute
shaders has led to the development of fast computer vision algorithms for real-time appli-
cations such as segmentation, tracking, stereo, and motion estimation (Pock, Unger, Cremers
et al. 2008; Vineet and Narayanan 2008; Zach, Gallup, and Frahm 2008). A good source
for learning about such algorithms is the CVPR 2008 workshop on Visual Computer Vision
on GPUs (CVGPU), http://www.cs.unc.edu/~jmf/Workshop_on_Computer_Vision_on_GPU.
html, whose papers can be found on the CVPR 2008 proceedings DVD. Additional sources


http://www.cs.unc.edu/~jmf/Workshop_on_Computer_Vision_on_GPU.html
http://www.cs.unc.edu/~jmf/Workshop_on_Computer_Vision_on_GPU.html
http://www.csd.uoc.gr/~komod/FastPD
http://people.cs.uchicago.edu/~pff/bp/
http://people.cs.uchicago.edu/~pff/bp/
http://vision.middlebury.edu/MRF/code/
http://vision.middlebury.edu/MRF/code/
http://www-public.tu-bs.de/~bolle/ilupack/
http://www-users.cs.umn.edu/~saad/software/
http://www.netlib.org/linalg/html_templates/Templates.html
http://www.netlib.org/linalg/html_templates/Templates.html

C.3 Slides and lectures

double urand()

#ifndef M_PI
#define M_PI 3.14159265358979323846
#endif // M.PI

double nl = urand();

double n2 = urand();

double sglognl = sqgrt(-2.0 x log
double angl = (2.0 » MPI) % n2;
gl = sglognl * cos(angl);
g2 = sqglognl % sin(angl);

{
return ((double) rand()) / ((double) RAND_MAX) ;
}
void grand (double& gl, double& g2)
{

double x1 = nl + (nl == 0); /* guard against log(0)

(x1));

*/

Algorithm C.1 C algorithm for Gaussian random noise generation, using the Box—Muller transform.

for GPU algorithms include the GPGPU Web site and workshops, http://gpgpu.org/, and the
OpenVIDIA Web site, http://openvidia.sourceforge.net/index.php/OpenVIDIA.

C.3 Slides and lectures

As I mentioned in the preface, I hope to post slides corresponding to the material in the book.
Until these are ready, your best bet is to look at the slides from the courses I have co-taught
at the University of Washington, as well as related courses that have used a similar syllabus.

Here is a partial list of such courses:

UW 455: Undergraduate Computer Vision, http://www.cs.washington.edu/education/

courses/455/.

UW 576: Graduate Computer Vision, http://www.cs.washington.edu/education/courses/

576/.

Stanford CS233B: Introduction to Computer Vision, http://vision.stanford.edu/teaching/

cs223b/.

MIT 6.869: Advances in Computer Vision, http://people.csail.mit.edu/torralba/courses/

6.869/6.869.computervision.htm.

Berkeley CS 280: Computer Vision, http://www.eecs.berkeley.edu/~trevor/CS280.html.

UNC COMP 776: Computer Vision, http://www.cs.unc.edu/~lazebnik/spring10/.
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Middlebury CS 453: Computer Vision, http://www.cs.middlebury.edu/~schar/courses/
cs453-s10/.

Related courses have also been taught on the topic of Computational Photography, e.g.,
CMU 15-463: Computational Photography, http://graphics.cs.cmu.edu/courses/15-463/.

MIT 6.815/6.865: Advanced Computational Photography, http://stellar.mit.edu/S/course/
6/sp09/6.815/.

Stanford CS 448 A: Computational photography on cell phones, http://graphics.stanford.
edu/courses/cs448a-10/.

SIGGRAPH courses on Computational Photography, http://web.media.mit.edu/~raskar/
photo/.

There is also an excellent set of on-line lectures available on a range of computer vision
topics, such as belief propagation and graph cuts, at the UW-MSR Course of Vision Algo-
rithms http://www.cs.washington.edu/education/courses/577/04sp/.

C.4 Bibliography

While a bibliography (BibTex .bib file) for all of the references cited in this book is avail-
able on the book’s Web site, a much more comprehensive partially annotated bibliography
of nearly all computer vision publications is maintained by Keith Price at http://iris.usc.edu/
Vision-Notes/bibliography/contents.html. There is also a searchable computer graphics bibli-
ography at http://www.siggraph.org/publications/bibliography/. Additional good sources for
technical papers are Google Scholar and CiteSeerX.
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3D Rotations, see Rotations
3D alignment, 283
absolute orientation, 283, 515
orthogonal Procrustes, 283
3D photography, 537
3D video, 564

Absolute orientation, 283, 515
Active appearance model (AAM), 598
Active contours, 238
Active illumination, 512
Active rangefinding, 512
Active shape model (ASM), 243, 598
Activity recognition, 534
Adaptive smoothing, 111
Affine transforms, 34, 37
Affinities (segmentation), 260
normalizing, 262
Algebraic multigrid, 254
Algorithms
testing, viii
Aliasing, 69, 417
Alignment, see Image alignment
Alpha
opacity, 93
pre-multiplied, 93
Alpha matte, 93
Ambient illumination, 58
Analog to digital conversion (ADC), 68
Anisotropic diffusion, 111
Anisotropic filtering, 148
Anti-aliasing filter, 70, 417
Aperture, 62
Aperture problem, 347

Applications, 5

3D model reconstruction, 319, 327
3D photography, 537

augmented reality, 287, 325
automotive safety, 5

background replacement, 489
biometrics, 588

colorization, 442

de-interlacing, 364

digital heritage, 517

document scanning, 379

edge editing, 219

facial animation, 528

flash photography, 434

frame interpolation, 368

gaze correction, 483

head tracking, 483

hole filling, 457

image restoration, 169

image search, 630

industrial, 5

intelligent photo editing, 621
Internet photos, 327

location recognition, 609

machine inspection, 5

match move, 324

medical imaging, 5, 268, 358
morphing, 152

mosaic-based video compression, 383
non-photorealistic rendering, 458
Optical character recognition (OCR), 5
panography, 277
performance-driven animation, 209
photo pop-up, 623
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Photo Tourism, 548
Photomontage, 403
planar pattern tracking, 287
rotoscoping, 249
scene completion, 621
scratch removal, 457
single view reconstruction, 292
tonal adjustment, 97
video denoising, 364
video stabilization, 354
video summarization, 383
video-based walkthroughs, 566
VideoMouse, 288
view morphing, 315
visual effects, 5
whiteboard scanning, 379
z-keying, 489
Arc length parameterization of a curve, 217
Architectural reconstruction, 524
Area statistics, 115
mean (centroid), 115
perimeter, 115
second moment (inertia), 115
Aspect ratio, 47, 48
Augmented reality, 287, 298, 325
Auto-calibration, 313
Automatic gain control (AGC), 67
Axis/angle representation of rotations, 37

B-snake, 241

B-spline, 151, 152, 220, 241, 246, 359
cubic, 128
multilevel, 518
octree, 523

Background plate, 454

Background subtraction (maintenance), 531

Bag of words (keypoints), 612, 639
distance metrics, 613

Band-pass filter, 104

Bartlett filter, see Bilinear kernel

Bayer pattern (RGB sensor mosaic), 76
demosaicing, 76, 440

Bayes’ rule, 124, 159, 667
MAP (maximum a posteriori) estimate, 668
posterior distribution, 667

Bayesian modeling, 158, 667

MAP estimate, 159, 668
matting, 449
posterior distribution, 159, 667
prior distribution, 159, 667
uncertainty, 159

Belief propagation (BP), 163, 672
update rule, 673

Bias, 91, 339

Index

Bidirectional Reflectance Distribution Function, see

BRDF
Bilateral filter, 110
joint, 435
range kernel, 110
tone mapping, 428
Bilinear blending, 97
Bilinear kernel, 103
Biometrics, 588
Bipartite problem, 322
Blind image deconvolution, 437
Block-based motion estimation
(block matching), 341
Blocks world, 10
Blue screen matting, 94, 171, 445
Blur kernel, 62
estimation, 416, 463
Blur removal, 126, 174
Body color, 57
Boltzmann distribution, 159, 668
Boosting, 582
AdaBoost algorithm, 584
decision stump, 582
weak learner, 582
Border (boundary) effects, 101, 173
Boundary detection, 215
Box filter, 103
Boxlet, 107
BRDF, 55
anisotropic, 56
isotropic, 56
recovery, 536
spatially varying (SVBRDF), 536
Brightness, 91
Brightness constancy, 3, 338
Brightness constancy constraint, 338, 345, 360
Bundle adjustment, 320
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Calibration, see Camera calibration
Calibration matrix, 46
Camera calibration, 45, 86
accuracy, 299
aliasing, 417
extrinsic, 46, 284
intrinsic, 45, 288
optical blur, 416, 463
patterns, 289
photometric, 412
plumb-line method, 295, 300
point spread function, 416, 463
radial distortion, 295
radiometric, 412, 421, 461
rotational motion, 293, 298
slant edge, 417
vanishing points, 290
vignetting, 416
Camera matrix, 46, 49
Catadioptric optics, 64
Category-level recognition, 611
bag of words, 612, 639
data sets, 631
part-based, 615
segmentation, 620
surveys, 635
CCD, 65
blooming, 65
Central difference, 104
Chained transformations, 287, 321
Chamfer matching, 113
Characteristic function, 115, 248, 516, 522
Characteristic polynomial, 649
Chirality, 306, 310
Cholesky factorization, 650
algorithm, 650
incomplete, 659
sparse, 657
Chromatic aberration, 63, 301
Chromaticity coordinates, 73
CIE L*a*b*, see Color
CIE L*u*v*, see Color
CIE XYZ, see Color
Circle of confusion, 62
CLAHE, see Histogram equalization

Clustering
agglomerative, 251
cluster analysis, 237, 268
divisive, 251
CMOS, 66
Co-vector, 34
Coefficient matrix, 156
Collineation, 37
Color, 71
balance, 76, 85, 171
camera, 75
demosaicing, 76, 440
fringing, 442
hue, saturation, value (HSV), 79
L*a*b*, 74
L*u*v*, 74, 254
primaries, 71
profile, 414
ratios, 79
RGB, 72
transform, 92
twist, 76, 92
XYZ, 72
YIQ, 78
YUV, 78
Color filter array (CFA), 76, 440
Color line model, 450
ColorChecker chart, 414
Colorization, 442
Compositing, 92, 169, 171
image stitching, 396
opacity, 93
over operator, 93
surface, 396
transparency, 93
Compression, 80
Computational photography, 409
active illumination, 436
flash and non-flash, 434
high dynamic range, 419
references, 411, 460
tone mapping, 427
Concentric mosaic, 384, 556
CONDENSATION, 246
Condition number, 657
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Conditional random field (CRF), 165, 484, 621
Confusion matrix (table), 201
Conic section, 31
Conjugate gradient descent (CG), 657
algorithm, 658
non-linear, 658
preconditioned, 659
Connected components, 115, 174
Constellation model, 618
Content based image retrieval (CBIR), 630
Continuation method, 158
Contour
arc length parameterization, 217
chain code, 217
matching, 218, 231
smoothing, 218
Contrast, 91
Controlled-continuity spline, 155
Convolution, 100
kernel, 98
mask, 98
superposition, 100
Coring, 134, 177
Correlation, 98, 340
windowed, 342
Correspondence map, 350
Cramer—Rao lower bound, 282, 349, 678
Cube map
Hough transform, 223
image stitching, 396
Curve
arc length parameterization, 217
evolution, 218
matching, 218
smoothing, 218
Cylindrical coordinates, 385

Data energy (term), 159, 668
Data sets and test databases, 680
recognition, 631
De-interlacing, 364
Decimation, 130
Decimation kernels
bicubic, 131
binomial, 130, 132
QMF, 131

windowed sinc, 130
Demosaicing (Bayer), 76, 440
Depth from defocus, 511
Depth map, see Disparity map
Depth of field, 62, 83
Di-chromatic reflection model, 60
Difference matting (keying), 94, 172, 446, 531
Difference of Gaussians (DoG), 135
Difference of low-pass (DOLP), 135
Diffuse reflection, 57
Diffusion
anisotropic, 111
Digital camera, 65
color, 75
color filter array (CFA), 76
compression, 80
Direct current (DC), 81
Direct linear transform (DLT), 284
Direct sparse matrix techniques, 655
Directional derivative, 105
selectivity, 106
Discrete cosine transform (DCT), 81, 125
Discrete Fourier transform (DFT), 118
Discriminative random field (DRF), 167
Disparity, 45, 473
Disparity map, 473, 492
multiple, 491
Disparity space image (DSI), 473
generalized, 475
Displaced frame difference (DFD), 338
Displacement field, 150
Distance from face space (DFFS), 590
Distance in face space (DIFS), 590
Distance map, see Distance transform
Distance transform, 113, 174
Euclidean, 114
image stitching, 398
Manhattan (city block), 113
signed, 114
Domain (of a function), 91
Domain scaling law, 147
Downsampling, see Decimation
Dynamic programming (DP), 485, 670
monotonicity, 487
ordering constraint, 487

Index
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scanline optimization, 487
Dynamic snake, 243
Dynamic texture, 563

Earth mover’s distance (EMD), 613
Edge detection, 210, 230
boundary detection, 215
Canny, 211
chain code, 217
color, 214
Difference of Gaussian, 212
edgel (edge element), 212
hysteresis, 217
Laplacian of Gaussian, 212
linking, 215, 231
marching cubes, 213
scale selection, 213
steerable filter, 213
zero crossing, 212
Eigenface, 589
Eigenvalue decomposition, 242, 589, 647
Eigenvector, 647
Elastic deformations, 358
image registration, 358
Elastic nets, 239
Elliptical weighted average (EWA), 148
Environment map, 55, 555
Environment matte, 556
Epanechnikov kernel, 259
Epipolar constraint, 307
Epipolar geometry, 307, 471
pure rotation, 311
pure translation, 311
Epipolar line, 471
Epipolar plane, 471, 477
image (EPI), 490, 552
Epipolar volume, 552
Epipole, 308, 471
Error rates
accuracy (ACC), 202
false negative (FN), 201
false positive (FP), 201
positive predictive value (PPV), 202
precision, 202
recall, 202
ROC curve, 202
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true negative (TN), 201
true positive (TP), 201
Errors-in-variable model, 389, 653
heteroscedastic, 654
Essential matrix, 308
5-point algorithm, 310
eight-point algorithm, 308
re-normalization, 309
seven-point algorithm, 309
twisted pair, 310
Estimation theory, 662
Euclidean transformation, 33, 36
Euler angles, 37
Expectation maximization (EM), 256
Exponential twist, 39
Exposure bracketing, 421
Exposure value (EV), 62,412

F-number (stop), 62, 84
Face detection, 578
boosting, 582
cascade of classifiers, 583
clustering and PCA, 580
data sets, 631
neural networks, 580
support vector machines, 582
Face modeling, 526
Face recognition, 588
active appearance model, 598
data sets, 631
eigenface, 589
elastic bunch graph matching, 596
local binary patterns (LBP), 635
local feature analysis, 596
Face transfer, 561
Facial motion capture, 528, 530, 561
Factor graph, 160, 669, 672
Factorization, 14, 315
missing data, 318
projective, 318
Fast Fourier transform (FFT), 118
Fast marching method (FMM), 248
Feature descriptor, 196, 229
bias and gain normalization, 196
GLOH, 198
patch, 196
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PCA-SIFT, 197
performance (evaluation), 198
quantization, 207, 607, 612
SIFT, 197
steerable filter, 198
Feature detection, 183, 185, 228
Adaptive non-maximal suppression, 189
affine invariance, 194
auto-correlation, 185
Forstner, 188
Harris, 188
Laplacian of Gaussian, 191
MSER, 195
region, 195
repeatability, 190
rotation invariance, 193
scale invariance, 191
Feature matching, 183, 200, 229
densification, 207
efficiency, 205
error rates, 201
hashing, 205
indexing structure, 205
k-d trees, 206
locality sensitive hashing, 205
nearest neighbor, 203
strategy, 200
verification, 207
Feature tracking, 207, 230
affine, 208
learning, 209
Feature tracks, 315, 327
Feature-based alignment, 275
2D, 275
3D, 283
iterative, 278
Jacobian, 276
least squares, 275
match verification, 603
RANSAC, 281
robust, 281
Field of Experts (FoE), 163
Fill factor, 67
Fill-in, 322, 656
Filter

Index

adaptive, 111
band-pass, 104
bilateral, 110
directional derivative, 105
edge-preserving, 109, 111
Laplacian of Gaussian, 104
median, 108
moving average, 103
non-linear, 108
separable, 102, 173
steerable, 105, 174
Filter coefficients, 98
Filter kernel, see Kernel
Finding faces, see Face detection
Finite element analysis, 155
stiffness matrix, 156
Finite impulse response (FIR) filter, 98, 107
Fisher information matrix, 277, 282, 664, 678
Fisher’s linear discriminant (FLD), 593
Fisheye lens, 53
Flash and non-flash merging, 434
Flash matting, 454
Flip-book animation, 296
Flying spot scanner, 514
Focal length, 47, 48, 61
Focus, 62
shape-from, 511, 539
Focus of expansion (FOE), 311
Form factor, 60
Forward mapping, see Forward warping
Forward warping, 145, 177
Fourier transform, 116, 174
discrete, 118
examples, 119
magnitude (gain), 117
pairs, 119
Parseval’s Theorem, 119
phase (shift), 117
power spectrum, 123
properties, 118
two-dimensional, 123
Fourier-based motion estimation, 341
rotations and scale, 344
Frame interpolation, 368
Free-viewpoint video, 564
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Fundamental matrix, 312
estimation, see Essential matrix
Fundamental radiometric relation, 65

Gain, 91, 339

Gamma, 92

Gamma correction, 77, 85

Gap closing (image stitching), 382
Garbage matte, 454

Gaussian kernel, 103

Gaussian Markov random field (GMRF), 163, 168, 438

Gaussian mixtures, see Mixture of Gaussians
Gaussian pyramid, 132
Gaussian scale mixtures (GSM), 163
Gaze correction, 483
Geman—McClure function, 338
Generalized cylinders, 11, 515, 519
Geodesic active contour, 248
Geodesic distance (segmentation), 267
Geometric image formation, 29
Geometric lens aberrations, 63
Geometric primitives, 29

homogeneous coordinates, 30

lines, 30, 31

normal vector, 30

normal vectors, 31

planes, 31

points, 30, 31
Geometric transformations

2D, 33, 145

3D, 36

3D perspective, 37

3D rotations, 37

affine, 34, 37

bilinear, 35

calibration matrix, 46

collineation, 37

Euclidean, 33, 36

forward warping, 145, 177

hierarchy, 34

homography, 34, 37, 50, 379

inverse warping, 146

perspective, 34

projections, 42

projective, 34

rigid body, 33, 36

scaled rotation, 34, 37

similarity, 34, 37

translation, 33, 36
Geometry image, 520
Gesture recognition, 530
Gibbs distribution, 159, 668
Gibbs sampler, 670
Gimbal lock, 37
Gist (of a scene), 623, 626
Global illumination, 60
Global optimization, 153
GPU algorithms, 688
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Gradient location-orientation histogram (GLOH), 198

Graduated non-convexity (GNC), 158
Graph cuts
MREF inference, 161, 674
normalized cuts, 260
Graph-based segmentation, 252
Grassfire transform, 114, 219, 398
Ground control points, 309, 377

Hammersley—Clifford theorem, 159, 668
Hann window, 121
Harris corner detector, see Feature detection
Head tracking, 483

active appearance model (AAM), 598
Helmbholtz reciprocity, 56

Hessian, 156, 189, 277, 279, 282, 346, 350, 652

eigenvalues, 349

image, 346, 361

inverse, 282, 349, 352

local, 360

patch-based, 351

rank-deficient, 326

reduced motion, 322

sparse, 322, 334, 655
Heteroscedastic, 277, 654
Hidden Markov model (HMM), 563
Hierarchical motion estimation, 341
High dynamic range (HDR) imaging, 419

formats, 426

tone mapping, 427
Highest confidence first, 670
Highest confidence first (HCF), 161
Hilbert transform pair, 106
Histogram equalization, 94, 172
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locally adaptive, 96, 172
Histogram intersection, 613
Histogram of oriented gradients (HOG), 585
History of computer vision, 10
Hole filling, 457
Homogeneous coordinates, 30, 306
Homography, 34, 50, 379
Hough transform, 221, 233

cascaded, 224

cube map, 223

generalized, 222
Human body shape modeling, 533
Human motion tracking, 530

activity recognition, 534

adaptive shape modeling, 533

background subtraction, 531

flow-based, 531

initialization, 531

kinematic models, 532

particle filtering, 533

probabilistic models, 533
Hyper-Laplacian, 158, 162, 164

Ideal points, 30
Il-posed (ill-conditioned) problems, 154
Illusions, 3
Image alignment
feature-based, 275, 475
intensity-based, 337
intensity-based vs. feature-based, 393
Image analogies, 458
Image blending
feathering, 400
GIST, 405
gradient domain, 404
image stitching, 398
Poisson, 404
pyramid, 140, 403
Image compositing, see Compositing
Image compression, 80
Image decimation, 130
Image deconvolution, see Blur removal
Image filtering, 98
Image formation
geometric, 29
photometric, 54

Image gradient, 104, 112, 345
constraint, 156
Image interpolation, 127
Image matting, 443, 464
Image processing, 89
textbooks, 89, 169
Image pyramid, 127, 175
Image resampling, 145, 175
test images, 176
Image restoration, 126, 169
blur removal, 126, 174, 175
deblocking, 179
inpainting, 169
noise removal, 126, 174, 178
using MRFs, 169
Image search, 630
Image segmentation, see Segmentation
Image sensing, see Sensing
Image statistics, 115
Image stitching, 375
automatic, 392
bundle adjustment, 388
compositing, 396
coordinate transformations, 397
cube map, 396
cylindrical, 385, 407
de-ghosting, 392, 401, 408
direct vs. feature-based, 393
exposure compensation, 405
feathering, 400
gap closing, 382
global alignment, 387
homography, 379
motion models, 378
panography, 277
parallax removal, 391
photogrammetry, 377
pixel selection, 398
planar perspective motion, 379
recognizing panoramas, 392
rotational motion, 380
seam selection, 400
spherical, 385
up vector selection, 390
Image warping, 145, 177, 341

Index
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Image-based modeling, 547
Image-based rendering, 543
concentric mosaic, 556
environment matte, 556
impostors, 549
layered depth image, 549
layers, 549
light field, 551
Lumigraph, 551
modeling vs. rendering continuum, 559
sprites, 549
surface light field, 555
unstructured Lumigraph, 554
view interpolation, 545
view-dependent texture maps, 547
Image-based visual hull, 499
ImageNet, 629
Implicit surface, 522
Impostors, see Sprites
Impulse response, 100
Incremental refinement
motion estimation, 341, 345
Incremental rotation, 41
Indexing structure, 205
Indicator function, 522
Industrial applications, 5
Infinite impulse response (IIR) filter, 107
Influence function, 158, 281, 666
Information matrix, 277, 282, 326, 664, 678
Inpainting, 457
Instance recognition, 602
algorithm, 606
data sets, 631
geometric alignment, 603
inverted index, 604
large scale, 604
match verification, 603
query expansion, 608
stop list, 605
visual words, 605
vocabulary tree, 607
Integrability constraint, 509
Integral image, 106
Integrating sphere, 414
Intelligent scissors, 247
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Interaction potential, 159, 160, 668, 672
Interactive computer vision, 537
International Color Consortium (ICC), 414
Internet photos, 327
Interpolation, 127
Interpolation kernels
bicubic, 128
bilinear, 127
binomial, 127
sinc, 130
spline, 130
Intrinsic camera calibration, 288
Intrinsic images, 11
Inverse kinematics (IK), 532
Inverse mapping, see Inverse warping
Inverse problems, 3, 154
Inverse warping, 146
ISO setting, 67
Iterated closest point (ICP), 239, 283, 515
Iterated conditional modes ICM), 161, 670
Iterative back projection (IBP), 437
Iterative feature-based alignment, 278
Iterative sparse matrix techniques, 656
conjugate gradient, 657
Iteratively reweighted least squares
(IRLS), 281, 286, 350, 666

Jacobian, 276, 287, 321, 345, 654
image, 346
motion, 350
sparse, 322, 334, 655

Joint bilateral filter, 435

Joint domain (feature space), 259

K-d trees, 206
K-means, 256
Kalman snakes, 243
Kanade-Lucas—Tomasi (KLT) tracker, 208
Karhunen—-Lo¢ve transform, 125, 589
Kernel, 103

bilinear, 103

Gaussian, 103

low-pass, 103

Sobel operator, 104

unsharp mask, 103
Kernel basis function, 155
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Kernel density estimation, 257

Keypoint detection, see Feature detection
Kinematic model (chain), 532

Kruppa equations, 314

L*a*b*, see Color
L*u*v*, see Color
L7 norm, 158, 338, 361, 523
L, norm, 324
Lambertian reflection, 57
Laplacian matting, 451
Laplacian of Gaussian (LoG) filter, 104
Laplacian pyramid, 135
blending, 141, 176, 403
perfect reconstruction, 135
Latent Dirichlet process (LDP), 626
Layered depth image (LDI), 549
Layered depth panorama, 556
Layered motion estimation, 365
transparent, 368
Layers
image-based rendering, 549
Layout consistent random field, 621
Learning in computer vision, 627
Least median of squares (LMS), 281
Least squares
iterative solvers, 286, 656
linear, 83, 275, 283, 337, 648, 651, 662, 665, 687
non-linear, 278, 286, 306, 654, 666, 687
robust, see Robust least squares
sparse, 322, 656, 687
total, 653
weighted, 277, 433, 436, 443
Lens
compound, 63
nodal point, 63
thin, 61
Lens distortions, 52
calibration, 295
decentering, 53
radial, 52
spline-based, 53
tangential, 53
Lens law, 61
Level of detail (LOD), 520
Level sets, 248, 249

fast marching method, 248
geodesic active contour, 248
Levenberg—Marquardt, 279, 326, 334, 655, 684
Lifting, see Wavelets
Light field
higher dimensional, 558
light slab, 552
ray space, 553
rendering, 551
surface, 555
Lightness, 74
Line at infinity, 30
Line detection, 220
Hough transform, 221, 233
RANSAC, 224
simplification, 220, 233
successive approximation, 221, 233
Line equation, 30, 31
Line fitting, 83, 233
uncertainty, 233
Line hull, see Visual hull
Line labeling, 11
Line process, 170, 484, 669
Line spread function (LSF), 417
Line-based structure from motion, 330
Linear algebra, 645
least squares, 651
matrix decompositions, 646
references, 646
Linear blend, 91
Linear discriminant analysis (LDA), 593
Linear filtering, 98
Linear operator, 91
superposition, 91
Linear shift invariant (LSI) filter, 100
Live-wire, 247
Local distance functions, 596
Local operator, 98
Locality sensitive hashing (LSH), 205
Locally adaptive histogram equalization, 96
Location recognition, 609
Loopy belief propagation (LBP), 163, 673
Low-pass filter, 103
sinc, 103
Lumigraph, 551
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unstructured, 554
Luminance, 73
Lumisphere, 555

M-estimator, 281, 338, 666
Mahalanobis distance, 256, 591, 594, 663
Manifold mosaic, 400, 569
Markov chain Monte Carlo (MCMC), 665, 670
Markov random field, 158, 668
cliques, 160, 669
directed edges, 266
dynamic, 675
flux, 266
inference, see MRF inference
layout consistent, 621
learning parameters, 158
line process, 170, 484, 669
neighborhood, 160, 668
order, 160, 669
random walker, 267
stereo matching, 484
Marr’s framework, 12
computational theory, 12
hardware implementation, 12
representations and algorithms, 12
Match move, 324
Matrix decompositions, 646
Cholesky, 650
eigenvalue (ED), 647
QR, 649
singular value (SVD), 646
square root, 650
Matte reflection, 57
Matting, 92, 94, 443, 464
alpha matte, 93
Bayesian, 449
blue screen, 94, 171, 445
difference, 94, 172, 446, 531
flash, 454
GrabCut, 450
Laplacian, 451
natural, 446
optimization-based, 450
Poisson, 450
shadow, 452
smoke, 452
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triangulation, 445, 454
trimap, 446
two screen, 445
video, 454
Maximally stable extremal region (MSER), 195
Maximum a posteriori (MAP) estimate, 159, 668
Mean absolute difference (MAD), 479
Mean average precision, 202
Mean shift, 254, 258
bandwidth selection, 259
Mean square error (MSE), 81, 479
Measurement equation (model), 306, 662
Measurement matrix, 316
Measurement model, see Bayesian model
Medial axis transform (MAT), 114
Median absolute deviation (MAD), 338
Median filter, 108
weighted, 109
Medical image registration, 358
Medical image segmentation, 268
Membrane, 155
Mesh-based warping, 149, 177
Metamer, 72
Metric learning, 596
Metric tree, 207
MIP-mapping, 147
trilinear, 148
Mixture of Gaussians, 239, 243, 256
color model, 447
expectation maximization (EM), 256
mixing coefficient, 256
soft assignment, 256
Model selection, 378, 668
Model-based reconstruction, 523
architecture, 524
heads and faces, 526
human body, 530
Model-based stereo, 524, 547
Models
Bayesian, 158, 667
forward, 3
physically based, 13
physics-based, 3
probabilistic, 3
Modular eigenspace, 595



804

Modulation transfer function (MTF), 70, 417
Morphable model
body, 533
face, 528, 561
multidimensional, 561
Morphing, 152, 178, 545, 546
3D body, 533
3D face, 528
automated, 372
facial feature, 561
feature-based, 152, 178
flow-based, 372
video textures, 563
view morphing, 546, 570
Morphological operator, 112
closing, 112
dilation, 112
erosion, 112
opening, 112
Morphology, 112
Mosaic, see Image stitching
Mosaics
motion models, 378
video compression, 383
whiteboard and document scanning, 379
Motion compensated video compression, 341, 370
Motion compensation, 81
Motion estimation, 337
affine, 350
aperture problem, 347
compositional, 351
Fourier-based, 341
frame interpolation, 368
hierarchical, 341
incremental refinement, 345
layered, 365
learning, 354, 361
linear appearance variation, 349
optical flow, 360
parametric, 350
patch-based, 337, 351
phase correlation, 343
quadtree spline-based, 358
reflections, 369
spline-based, 355

Index

translational, 337
transparent, 368
uncertainty modeling, 347
Motion field, 350
Motion models
learned, 354
Motion segmentation, 373
Motion stereo, 491
Motion-based user interaction, 373
Moving least squares (MLS), 522
MREF inference, 161, 669
alpha expansion, 163, 675
belief propagation, 163, 672
dynamic programming, 670
expansion move, 163, 675
gradient descent, 670
graph cuts, 161, 674
highest confidence first, 161
highest confidence first (HCF), 670
iterated conditional modes, 161, 670
linear programming (LP), 676
loopy belief propagation, 163, 673
Markov chain Monte Carlo, 670
simulated annealing, 161, 670
stochastic gradient descent, 161, 670
swap move (alpha-beta), 163, 675
Swendsen—Wang, 670
Multi-frame motion estimation, 363
Multi-pass transforms, 149
Multi-perspective panoramas, 384
Multi-perspective plane sweep (MPPS), 391
Multi-view stereo, 489
epipolar plane image, 490
evaluation, 496
initialization requirements, 496
reconstruction algorithm, 495
scene representation, 493
shape priors, 495
silhouettes, 497
space carving, 496
spatio-temporally shiftable window, 491
taxonomy, 493
visibility, 495
volumetric, 492
voxel coloring, 495
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Multigrid, 660

algebraic (AMG), 254, 660
Multiple hypothesis tracking, 243
Multiple-center-of-projection images, 384, 569
Multiresolution representation, 132
Mutual information, 340, 358

Natural image matting, 446
Nearest neighbor
distance ratio (NNDR), 203
matching, see Feature matching
Negative posterior log likelihood, 159, 664, 667
Neighborhood operator, 98, 108
Neural networks, 580
Nintendo Wii, 288
Nodal point, 63
Noise
sensor, 67, 415
Noise level function (NLF), 68, 84, 415, 462
Noise removal, 126, 174, 178
Non-linear filter, 108, 169
Non-linear least squares
seeLeast squares, 278
Non-maximal suppression, see Feature detection
Non-parametric density modeling, 257
Non-photorealistic rendering (NPR), 458
Non-rigid motion, 332
Normal equations, 277, 346, 652, 654
Normal map (geometry image), 520
Normal vector, 31
Normalized cross-correlation (NCC), 340, 371, 479
Normalized cuts, 260
intervening contour, 262
Normalized device coordinates (NDC), 44, 48
Normalized sum of squared differences
(NSSD), 340
Norms
L1, 158,338, 361, 523
Lo, 324
Nyquist rate / frequency, 69

Object detection, 578
car, 585, 634
face, 578
part-based, 586
pedestrian, 585, 601

Object-centered projection, 51
Occluding contours, 476
Octree reconstruction, 498
Octree spline, 359
Omnidirectional vision systems, 566
Opacity, 93
Operator
linearity, 91
Optic flow, see Optical flow
Optical center, 47
Optical flow, 360
anisotropic smoothness, 361
evaluation, 363
fusion move, 363
global and local, 360
Markov random field, 361
multi-frame, 363
normal flow, 347
patch-based, 360
region-based, 367
regularization, 360
robust regularization, 361
smoothness, 360
total variation, 361
Optical flow constraint equation, 345
Optical illusions, 3

Optical transfer function (OTF), 70, 416

Optical triangulation, 513
Optics, 61
chromatic aberration, 63
Seidel aberrations, 63
vignetting, 64, 462
Optimal motion estimation, 320
Oriented particles (points), 521
Orthogonal Procrustes, 283
Orthographic projection, 42
Osculating circle, 477
Over operator, 93
Overview, 17

Padding, 101, 173

Panography, 277, 297

Panorama, see Image stitching
Panorama with depth, 384, 475, 556
Para-perspective projection, 44

Parallel tracking and mapping (PTAM), 325
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Parameter sensitive hashing, 205
Parametric motion estimation, 350
Parametric surface, 519
Parametric transformation, 145, 177
Parseval’s Theorem, see Fourier transform
Part-based recognition, 615
constellation model, 618
Particle filtering, 243, 533, 665
Parzen window, 257
PASCAL Visual Object Classes Challenge (VOC), 631
Patch-based motion estimation, 337
Peak signal-to-noise Ratio (PSNR), 81, 126
Pedestrian detection, 585
Penumbra, 55
Performance-driven animation, 209, 530, 561
Perspective n-point problem (PnP), 285
Perspective projection, 44
Perspective transform (2D), 34
Phase correlation, 343, 371
Phong shading, 58
Photo pop-up, 623
Photo Tourism, 548
Photo-mosaic, 377
Photoconsistency, 474, 494
Photometric image formation, 54
calibration, 412
global illumination, 60
lighting, 54
optics, 61
radiosity, 60
reflectance, 55
shading, 58
Photometric stereo, 510
Photometry, 54
Photomontage, 403
Physically based models, 13
Physics-based vision, 15
Pictorial structures, 11, 17, 616
Pixel transform, 91
Pliicker coordinates, 32
Planar pattern tracking, 287
Plane at infinity, 31
Plane equation, 31
Plane plus parallax, 49, 356, 366, 474, 549
Plane sweep, 474, 501

Index

Plane-based structure from motion, 331
Plenoptic function, 551
Plenoptic modeling, 546
Plumb-line calibration method, 295, 300
Point distribution model, 242
Point operator, 89
Point process, 89
Point spread function (PSF), 70
estimation, 416, 463
Point-based representations, 521
Points at infinity, 30
Poisson
blending, 404
equations, 523
matting, 450
noise, 68
surface reconstruction, 523
Polar coordinates, 30
Polar projection, 53, 387
Polyphase filter, 127
Pop-out effect, 4
Pose estimation, 284
iterative, 286
Power spectrum, 123
Precision, see Error rates
mean average, 202
Preconditioning, 659
Principal component analysis (PCA), 242, 580, 589,
648, 664
face modeling, 526
generalized, 649
missing data, 318, 649
Prior energy (term), 159, 668
Prior model, see Bayesian model
Profile curves, 476
Progressive mesh (PM), 520
Projections
object-centered, 51
orthographic, 42
para-perspective, 44
perspective, 44
Projective (uncalibrated) reconstruction, 312
Projective depth, 49, 474
Projective disparity, 49, 474
Projective space, 30
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PROSAC (PROgressive SAmple Consensus), 282
PSNR, see Peak signal-to-noise ratio
Pyramid, 127, 175

blending, 141, 176

Gaussian, 132

half-octave, 135

Laplacian, 135

motion estimation, 341

octave, 132

radial frequency implementation, 140

steerable, 140
Pyramid match kernel, 613

QR factorization, 649
Quadratic form, 156
Quadrature mirror filter (QMF), 131
Quadric equation, 31, 32
Quadtree spline
motion estimation, 358
restricted, 358
Quaternions, 39
antipodal, 39
multiplication, 40
Query by image content (QBIC), 630
Query expansion, 608
Quincunx sampling, 135

Radial basis function, 151, 155, 518
Radial distortion, 52

barrel, 52

calibration, 295

parameters, 52

pincushion, 52
Radiance map, 424
Radiometric image formation, 54
Radiometric response function, 412
Radiometry, 54
Radiosity, 60
Random walker, 267, 675
Range (of a function), 91
Range data, see Range scan
Range image, see Range scan
Range scan

alignment, 515, 540

large scenes, 517

merging, 516
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registration, 515, 540
segmentation, 515
volumetric, 516
Range sensing (rangefinding), 512
coded pattern, 513
light stripe, 513
shadow stripe, 513, 540
spacetime stereo, 515
stereo, 514
texture pattern (checkerboard), 514
time of flight, 514
RANSAC
(RAndom SAmple Consensus), 281
inliers, 281
preemptive, 282
progressive (PROSAC), 282
RAW image format, 68
Ray space (light field), 553
Ray tracing, 60
Rayleigh quotient, 262
Recall, see Error rates
Receiver Operating Characteristic
area under the curve (AUC), 202
mean average precision, 202
ROC curve, 202, 229
Recognition, 575
3D models, 637
category (class), 611
color similarity, 630
context, 625
contour-based, 636
data sets, 631
face, 588
instance, 602
large scale, 628
learning, 627
part-based, 615
scene understanding, 625
segmentation, 620
shape context, 636
Rectangle detection, 226
Rectification, 472, 500
standard rectified geometry, 473
Recursive filter, 107
Reference plane, 49
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Reflectance, 55
Reflectance map, 509
Reflectance modeling, 535
Reflection
di-chromatic, 60
diffuse, 57
specular, 58
Region
merging, 251
splitting, 251
Region segmentation, see Segmentation
Registration, see Image Alignment
feature-based, 275
intensity-based, 337
medical image, 358
Regularization, 154, 356
robust, 157
Regularization parameter, 155
Residual error, 276, 281, 306, 320, 338, 346, 350, 361,
651, 658
RGB (red green blue), see Color
Rigid body transformation, 33, 36
Robust error metric, see Robust penalty function
Robust least squares, 224, 226, 281, 338, 666
iteratively reweighted, 281, 286, 350, 666
Robust penalty function, 157, 338, 349, 437, 475, 479,
480, 484, 666
Robust regularization, 157
Robust statistics, 338, 666
inliers, 281
M-estimator, 281, 338, 666
Rodriguez’s formula, 38
Root mean square error (RMS), 81, 339
Rotations, 37
Euler angles, 37
axis/angle, 37
exponential twist, 39
incremental, 41
interpolation, 41
quaternions, 39
Rodriguez’s formula, 38

Sampling, 69

Scale invariant feature transform (SIFT), 197
Scale-space, 12, 104, 135, 249

Scatter matrix, 589

Index

between-class, 593
within-class, 592
Scattered data interpolation, 151, 518
Scene completion, 621
Scene flow, 492, 565
Scene understanding, 625
gist, 623, 626
scene alignment, 628
Schur complement, 322, 656
Scratch removal, 457
Seam selection
image stitching, 400
Second-order cone programming (SOCP), 324
Seed and grow
stereo, 476
structure from motion, 328
Segmentation, 235
active contours, 238
affinities, 260
binary MRF, 160, 264
CONDENSATION, 246
connected components, 115, 174
energy-based, 264
for recognition, 620
geodesic active contour, 248
geodesic distance, 267
GrabCut, 266, 450
graph cuts, 264
graph-based, 252
hierarchical, 251, 254
intelligent scissors, 247
joint feature space, 259
k-means, 256
level sets, 248
mean shift, 254, 258
medical image, 268
merging, 251
minimum description length (MDL), 264
mixture of Gaussians, 256
Mumford-Shah, 264
non-parametric, 257
normalized cuts, 260
probabilistic aggregation, 253
random walker, 267
snakes, 238



Index

splitting, 251

stereo matching, 487

thresholding, 112

tobogganing, 247, 251

watershed, 251

weighted aggregation (SWA), 263
Seidel aberrations, 63
Self-calibration, 313

bundle adjustment, 315

Kruppa equations, 314
Sensing, 65

aliasing, 69, 417

color, 71

color balance, 76

gamma, 77

pipeline, 66, 413

sampling, 69

sampling pitch, 67
Sensor noise, 67, 415

amplifier, 67

dark current, 67

fixed pattern, 67

shot noise, 67
Separable filtering, 102, 173
Shading, 58

equation, 57

shape-from, 508
Shadow matting, 452
Shape context, 219, 636
Shape from

focus, 511, 539

photometric stereo, 510

profiles, 476

shading, 508

silhouettes, 497

specularities, 511

stereo, 467

texture, 510
Shape parameters, 242, 598
Shape-from-X, 12

focus, 12

photometric stereo, 12

shading, 12

texture, 12
Shift invariance, 100
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Shiftable multi-scale transform, 140
Shutter speed, 66
Signed distance function, 248, 515, 521, 522
Silhouette-based reconstruction, 497
octree, 498
visual hull, 497
Similarity transform, 34, 37
Simulated annealing, 161, 670
Simultaneous localization and mapping (SLAM), 324
Sinc filter
interpolation, 130
low-pass, 103
windowed, 130
Single view metrology, 292, 300
Singular value decomposition (SVD), 646
Skeletal set, 324, 328
Skeleton, 114, 219
Skew, 46, 47
Skin color detection, 85
Slant edge calibration, 417
Slippery spring, 240
Smoke matting, 452
Smoothness constraint, 155
Smoothness penalty, 155
Snakes, 238
ballooning, 239
dynamic, 243
internal energy, 238
Kalman, 243
shape priors, 241
slippery spring, 240
Soft assignment, 256
Software, 682
Space carving
multi-view stereo, 496
Spacetime stereo, 515
Sparse flexible model, 617
Sparse matrices, 655, 687
compressed sparse row (CSR), 655
skyline storage, 655
Sparse methods
direct, 655, 687
iterative, 656, 687
Spatial pyramid matching, 614
Spectral response function, 75
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Spectral sensitivity, 75
Specular flow, 511
Specular reflection, 58
Spherical coordinates, 31, 223, 225, 385
Spherical linear interpolation, 41
Spin image, 515
Splatting, see Forward warping
volumetric, 521
Spline
controlled continuity, 155
octree, 359
quadtree, 358
thin plate, 155
Spline-based motion estimation, 355
Splining images, see Laplacian pyramid blending
Sprites
image-based rendering, 549
motion estimation, 365
video, 563
video compression, 383
with depth, 550
Statistical decision theory, 662, 665
Steerable filter, 105, 174
Steerable pyramid, 140
Steerable random field, 162
Stereo, 467
aggregation methods, 481, 501
coarse-to-fine, 485
cooperative algorithms, 485
correspondence, 469
curve-based, 476
dense correspondence, 477
depth map, 469
dynamic programming, 485
edge-based, 475
epipolar geometry, 471
feature-based, 475
global optimization, 484, 502
graph cut, 485
layers, 488
local methods, 480
model-based, 524, 547
multi-view, 489
non-parametric similarity measures, 479
photoconsistency, 474

Index

plane sweep, 474, 501
rectification, 472, 500
region-based, 480
scanline optimization, 487
seed and grow, 476
segmentation-based, 480, 487
semi-global optimization, 487
shiftable window, 491
similarity measure, 479
spacetime, 515
sparse correspondence, 475
sub-pixel refinement, 482
support region, 480
taxonomy, 469, 478
uncertainty, 482
window-based, 480, 501
winner-take-all (WTA), 481
Stereo-based head tracking, 483
Stiffness matrix, 156
Stitching, see Image stitching
Stochastic gradient descent, 161
Structural Similarity (SSIM) index, 126
Structure from motion, 305
affine, 317
bas-relief ambiguity, 326
bundle adjustment, 320
constrained, 329
factorization, 315
feature tracks, 327
iterative factorization, 318
line-based, 330
multi-frame, 315
non-rigid, 332
orthographic, 315
plane-based, 319, 331
projective factorization, 318
seed and grow, 328
self-calibration, 313
skeletal set, 324, 328
two-frame, 307
uncertainty, 326
Subdivision surface, 519
subdivision connectivity, 520
Subspace learning, 596
Sum of absolute differences (SAD), 338, 371, 479
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Sum of squared differences (SSD), 337, 371, 479
bias and gain, 339
Fourier-based computation, 342
normalized, 340
surface, 186, 348
weighted, 339
windowed, 339

Sum of sum of squared differences (SSSD), 489

Summed area table, 106

Super-resolution, 436, 463
example-based, 438
faces, 439
hallucination, 438
prior, 437

Superposition principle, 91

Superquadric, 522

Support vector machine (SVM), 582, 585

Surface element (surfel), 521

Surface interpolation, 518

Surface light field, 555

Surface representations, 518
non-parametric, 519
parametric, 519
point-based, 521
simplification, 520
splines, 519
subdivision surface, 519
symmetry-seeking, 519
triangle mesh, 519

Surface simplification, 520

Swendsen—Wang algorithm, 670

Telecentric lens, 42, 512
Temporal derivative, 346, 360
Temporal texture, 563
Term frequency-inverse document frequency (TF-IDF),
605
Testing algorithms, viii
TextonBoost, 621
Texture
shape-from, 510
Texture addressing mode, 102
Texture map
recovery, 534
view-dependent, 535, 547
Texture mapping
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anisotropic filtering, 148
MIP-mapping, 147
multi-pass, 149
trilinear interpolation, 148
Texture synthesis, 455, 465
by numbers, 459
hole filling, 457
image quilting, 456
non-parametric, 455
transfer, 458
Thin lens, 61
Thin-plate spline, 155
Thresholding, 112
Through-the-lens camera control, 287, 324
Tobogganing, 247, 251
Tonal adjustment, 97, 172
Tone mapping, 427
adaptive, 427
bilateral filter, 428
global, 427
gradient domain, 430
halos, 428
interactive, 431
local, 427
scale selection, 431
Total least squares (TLS), 233, 349, 653
Total variation, 158, 361, 523
Tracking
feature, 207
head, 483
human motion, 530
multiple hypothesis, 243
planar pattern, 287
PTAM, 325
Translational motion estimation, 337
bias and gain, 339
Transparency, 93
Travelling salesman problem (TSP), 239
Tri-chromatic sensing, 72
Tri-stimulus values, 72, 75
Triangulation, 305
Trilinear interpolation, see MIP-mapping
Trimap (matting), 446
Trust region method, 655
Two-dimensional Fourier transform, 123
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Uncanny valley, 3
Uncertainty
correspondence, 277
modeling, 282, 678
weighting, 277
Unsharp mask, 103
Upsampling, see Interpolation

Vanishing point

detection, 224, 234

Hough, 224
least squares, 226

modeling, 524

uncertainty, 234
Variable reordering, 656

minimum degree, 656

multi-frontal, 656

nested dissection, 656
Variable state dimension filter (VSDF), 323
Variational method, 154
Video compression

motion compensated, 341
Video compression (coding), 370
Video denoising, 364
Video matting, 454
Video objects (coding), 365
Video sprites, 563
Video stabilization, 354, 372
Video texture, 561
Video-based animation, 560
Video-based rendering, 560

3D video, 564

animating pictures, 564

sprites, 563

video texture, 561

virtual viewpoint video, 564

walkthroughs, 566
VideoMouse, 288
View correlation, 324
View interpolation, 315, 545, 570
View morphing, 315, 546, 563
View-based eigenspace, 595
View-dependent texture maps, 547
Vignetting, 64, 339, 416, 462

mechanical, 65

natural, 64

Index

Virtual viewpoint video, 564
Visual hull, 497

image-based, 499
Visual illusions, 3
Visual odometry, 324
Visual words, 207, 605, 612
Vocabulary tree, 207, 607
Volumetric 3D reconstruction, 492
Volumetric range image processing (VRIP), 516
Volumetric representations, 522
Voronoi diagram, 400
Voxel coloring

multi-view stereo, 495

Watershed, 251, 257
basins, 251, 257
oriented, 251
Wavelets, 136, 176
compression, 176
lifting, 138
overcomplete, 137, 140
second generation, 139
self-inverting, 140
tight frame, 137
weighted, 139
Weaving wall, 477
Weighted least squares (WLS), 431, 443
Weighted prediction (bias and gain), 339
White balance, 76, 85
Whitening transform, 591
Wiener filter, 123, 124, 174
Wire removal, 457
Wrapping mode, 102

XYZ, see Color

Zippering, 516
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