Appendix

Algebraic Properties of R

We will assume that you are familiar with the following properties of R.
If x and y are real numbers, then both x+y and x -y are real numbers. Furthermore,
addition and multiplication satisfy the following axioms:

Al.

A2.

A3.

Ad.

MI.

M2.

M3.

M4.

DI.

(The commutative property for addition) x +y = y + x for all real numbers x
and y;

(The associative property for addition) (x+y) +z = x+ (y+z) for all real
numbers x,y, and z;

(Existence of additive identity) There is a unique real number O such that
O+x=xforall x e R;

(Existence of additive inverse) If x € R, then there is a unique element —x
such that x + (—x) = 0;

(The commutative property for multiplication) x -y = y-x for all real numbers
x and y;

(The associative property for multiplication) (x-y)-z = x- (y-z) for all real
numbers x,y, and z;

(Existence of multiplicative identity) There is a unique real number 1, with
1 # 0, such that 1-x = x for all real numbers x.

(Existence of multiplicative inverse) For each nonzero real number x, there
exists a unique real number x Vsuchthatx-x ! =1;

(The distributive property) (x+y) -z = x-z+y-z for all real numbers x,y, and
zZ.

We note that this list of properties is not minimal; for example, the uniqueness of
the additive identity O follows from some of the other properties in the list.
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Order Properties of R

A set satisfying all of the properties above is called a field. Thus, R is an example
of a field. In addition, R has an order defined on it. This means the following:

There is a subset R™ of R\ {0} satisfying:

Ol. Ifx,ycR", thenx-ycR™;

02. Ifx,ycR", thenx+ycR™;

03. For every real number x, exactly one of the following three things happens:
eitherx e R, —x e R*, orx =0.

If x and y are two real numbers and x —y € R™, we write x > y (or y < x). The set
R is called the positive real numbers. Thus R is a field with an order, and we
call it an ordered field. The third property, O3, is called the trichotomy principle.
It is not difficult to show that the results below follow from the statements A1-A4,
M1-M4, D1, and O1-03.

Theorem. Let x,y, and z be real numbers. Then the following hold:

Ifx<yandy <z thenx <z
If x <y, thenx+z<y-+z
Ifx<yandz>0, thenx-z<y-z;
Ifx<yandz <0, thenx-z>y-z;
If x #0, then 2 >0;

1>0;

If x>0, then x~ ' > 0.

NS R W~

Proof. We’ll do the first and the sixth of these; you can prove the others.

For the proof of (1), note that y —x € R™ and z —y € R™. By O2 and the as-
sociative and commutative properties of addition, (y —x) + (z—y) = z—x € R™.
Therefore z—x € R™ and x < z.

For the proof of (6), note that 1 is the multiplicative identity, so 1 -x = x for all
x € R. Taking x = 1, we get 12 = 1-1 = 1. Since 1 # 0, the result now follows from
(5). O

Axioms of Set Theory

To give set theory and large parts of mathematics a firm foundation, axioms were
developed upon which mathematicians could agree. The rest of set theory, then,
needs to follow from these axioms using the rules of logic. Currently the generally
accepted axiomatic system is that due to Ernst Zermelo and Abraham Fraenkel,
together with the axiom of choice. The abbreviation ZFC is commonly used for this
system. (This list of axioms follows that of [41], except for the axiom of choice
where we preferred a different version.)
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ZFC 1 (Axiom of extension) Two sets are equal if and only if they have the same
elements.

ZFC 2 (Axiom of specification) For every set A and every condition S(x), there
corresponds a set B whose elements are exactly those elements x of A for
which S(x) holds.

ZFC 3 (Axiom of pairing) For every two sets there exists a set to which they both
belong.

ZFC 4 (Axiom of unions) For every collection of sets there exists a set that contains
all the elements that belong to at least one set of the given collection.

ZFC 5 (Axiom of powers) For each set there exists a collection of sets that contains,
among its elements, all the subsets of the given set.

ZFC 6 (Axiom of infinity) There exists a set containing 0 and containing the suc-
cessor of each of its elements.

(Recall that 0 = @ and the successor of x is x™ = xU{x}.)

ZFC 7 (Axiom of substitution) If A is a set and S(a,b) is a sentence such that for
each a in A the set {b: S(a,b)} can be formed, then there exists a function
F:A—{{b:S(a,b)}:a€ A} suchthat F(a) ={b:S(a,b)}.

ZFC 8 (Axiom of choice) Given a nonempty collection . of nonempty sets, there
is a function f : . # — |Jsc.# A such that f(A) € A.
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Polya’s List

HOW TO SOLVE IT

First.
You have to understand
the problem.

Second.

Find the connection between
the data and the unknown.
You may be obliged

to consider auxiliary problems
if an immediate connection
cannot be found.

You should obtain eventually
a plan of the solution.

Third.
Carry out your plan.
Fourth.

Examine the solution obtained.

UNDERSTANDING THE PROBLEM

o What is the unknown? What are the data? What is the condition?

o Is it possible to satisfy the condition? Is the condition sufficient to
determine the unknown? Or is it insufficient? Or redundant? Or
contradictory?

® Draw a figure. Introduce suitable notation.

® Separate the various parts of the condition. Can you write them
down?

DEVISING A PLAN

@ Have you seen it before? Or have you seen the same problem in a
slightly different form?

® Do you know a related problem? Do you know a theorem that could
be useful?

® Look at the unknown! And try to think of a familiar problem having
the same or a similar unknown.

® Here is a problem related to yours and solved before. Could you
use it? Could you use its result? Could you use its method? Should
you introduce some auxiliary element in order to make its use
possible?

® Could you restate the problem? Could you restate it still differently?
Go back to definitions.

® If you cannot solve the proposed problem try to solve first some
related problem. Could you imagine a more accessible related
problem? A more general problem? A more special problem? An
analogous problem? Could you solve a part of the problem? Keep
only a part of the condition, drop the other part; how far is the
unknown then determined, how can it vary? Could you derive some-
thing useful from the data? Could you think of other data appro-
priate to determine the unknown? Could you change the unknown
or the data, or both if necessary, so that the new unknown and the
new data are nearer to each other?

# Did you use all the data? Did you use the whole condition? Have
you taken into account all essential notions involved in the problem?

CARRYING OUT THE PLAN

® Carrying out your plan of the solution check each step. Can you see
clearly that the step is correct? Can you prove that it is correct?

LOOKING BACK

# Can you check the result? Can you check the argument?
® Can you derive the result differently? Can you see it at a glance?
# Can you use the result, or the method, for some other problem?

O From the inside cover of George Pélya, How to Solve it [84], Copyright ©)1945, 1973 renewed

by Princeton University Press. Reprinted by permission of Princeton University Press.
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above, 121, 126
below, 121, 126

Caesar cipher, 7
Cantor, G., 249, 254, 268, 349
diagonal argument, 253, 260

set, 344
theorem, 260

Cantor—Schroder—Bernstein theorem, 261

proof of, 261-263, 271, 272
cardinality, 244

=, 259, 261, 264, 265

<, 259, 265

of power sets, 260, 265
Carroll, Lewis, 13, 56
Cartesian product, 90, 93, 97
Cauchy sequence, 229, 234

metric space, 285
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Cauchy—Bunyakovsky—Schwarz inequality,

347
chain, 352
characteristic function, 149, 153
cipher, 2
Clay Mathematics Institute, 50
clock arithmetic, 299
closed set, 290, 293
closed interval, 34
not closed, 296
unbounded interval, 34
closure, 293, 298
Cocks, C., 318
code, 315, 355
codomain, 143, 149
collection, 59
indexed, 84
commutative property, 361
compound statements, 25
sets, 76
complement, 64, 65
completeness axiom of R, 125
infimum version, 125, 128
complex numbers, 34, 336
composite function, 167, 174
composite number, 328
composition, 167, 174
conclusion, 15
congruence modulo n, 299, 305
conjecture, 50
conjunction, 15
connectives, 14
contained, 61
continuum, 265

continuum hypothesis, 265, 268, 269

generalized, 273
contradiction, 17
contrapositive, 26, 39
convergent sequence, 223, 229

metric space, 277, 280

proving convergence, 225

theorems, 228, 233
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converse, 27, 39
convex set, 201, 206

R", 348
countable set, 249, 255
countably infinite set, 249, 254
counterexample, 51
counterfeit coin problem, 10

decreasing sequence, 212, 215

Dedekind, R., 152, 268

dedication, v

DeMorgan’s laws, 18, 75, 76, 84

diagram of a relation, 103

Diffie, W., 318, 355

Dirichlet, P. G. L., 151, 242
drawer principle, 242
function, 151
pigeonhole principle, 241
principle, 187, 242
problem, 187

discrete metric, 276, 280

disjoint, 64
pairwise, 84, 88

disjunction, 15

distance, 223, 275

distributive property, 361
compound statements, 25
sets, 73, 76, 87

divergent sequence, 223, 227, 229
diverges to oo, 229, 234
metric space, 277, 280

divides, 47, 52, 299

division algorithm, 140, 300

domain, 143, 149

double negation, 18

element, 59
Ellis, J., 318
empty set, 63
equivalence class, 104
equivalence of statements, 16
equivalence relation, 101-104, 113
classes, 103, 104
equivalent
statement, 17
statement forms, 17
equivalent sets, 235, 238
Euclid, 53
Elements, 53, 302, 310, 330
Euclidean n-space, 34
Euclidean algorithm, 302, 310-311
Euclidean metric, 276, 280
Euler, L., 51, 151, 152, 313, 336
¢-function, 313, 317
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equation, 338
formula, 337
theorem, 314, 355

factorial, 198, 201
Fermat, P. de, 51, 313
last theorem, 50
little theorem, 313
Fibonacci, 213
numbers, 214, 215, 233
sequence, 214, 215
field, 362
ordered, 362
Fields Medal, 50
finite set, 236, 238
floor function, 150, 155
Fourier, J., 152
Frénicle de Bessy, B., 313
function, 143, 149, 150, 152
characteristic, 149, 153
defined in cases, 145
equality, 146
floor, 150, 155
greatest integer, 150, 155
indicator, 149, 153
notation, 144
preserves distance, 293, 297
step, 149, 154
strictly increasing, 191
well-defined, 143
fundamental theorem of arithmetic, 206, 307

Godel’s first incompleteness theorem, 269

Gauss, C. E, 194

GCHQ, 318

Gelfond, A. O., 358

Gelfond-Schneider theorem, 358

geometric series, 334, 346

geometric sum, 218

golden ratio, 233

greatest common divisor, 300, 306

greatest integer, 150, 155

greatest lower bound, 123, 127
sequence, 211, 215

Green, G., 188

Halmos, P.R., 97, 110

Hardy, G. H., 48, 53, 334

harmonic series, 204

Heine, H. E., 152

Hellman, M., 318, 355

Hermite, C., 358

Hilbert, D., 188, 235, 254, 259, 268, 357
Hotel Infinity, 235
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identity, 361
identity function, 171, 174
image, 181, 185
theorems, 184
implication, 15, 18
negation of, 18
increasing sequence, 212, 215
index set, 82, 84
indexed collection, 156
indexed set, 82, 84
indexed sets, 156
indicator function, 149, 153
induction, 193, 208, 331
second principle, 206
induction hypothesis, 194
infimum, 123, 127, 187
sequence, 211, 215
uniqueness, 124, 130
infinite set, 236, 238
injective, 157, 162
integer
even, 26, 28
odd, 26, 28
integers, 34
divisible by 3, 60
even, 60
modulo 7, 299, 306
negative, 34
odd, 60
positive, 34
interior point, 293, 297
intersection, 64, 82, 84
collection of sets, 84
finitely many sets, 81
indexed collection of sets, 83
infinitely many sets, 81
intersection of the collection, 82, 84
inverse, 168, 174, 361
composition, 172
uniqueness, 171
inverse image, 182, 185
theorems, 184
irrational number, 42, 332-336

Josephus problem, 209
Kronecker, L., 254

Lacroix, S.-F., 152

Lambert, J. H., 336

least common multiple, 307

least element, 352

least upper bound, 122, 127
sequence, 212, 215
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lemma, 113
lexicographical order, 339
limit, 223, 229
inferior, 229, 234
superior, 229, 234
uniqueness, 227
limit point, 293, 297
Lindemann, F., 358
linear combination, 301
lower bound
sequence, 211, 214
set, 121, 126
lower triangle inequality, 55
Lucas sequence, 221

map, 143
max metric, 277, 280
maximum, 122, 126
member, 59
Merkle, R., 318
metric, 276, 279
bounded associated, 280, 283
definiteness, 276, 279
discrete, 276, 280
Euclidean, 276, 280
max, 277, 280
nonnegativity, 276, 279
symmetry, 276, 279
taxicab, 277, 280
triangle inequality, 276, 279
usual, 276, 280
metric space, 276, 279
minimum, 122, 126, 187
Minkowski, H., 254
monotone sequence, 229, 234

natural numbers, 34
negation, 14, 18, 19, 36-39
Niven, L., 334, 336

NSA, 318

one-to-one, 157, 162
not one-to-one, 162
onto, 157, 162
not onto, 161
open set, 289, 293
ball, 287, 293
unit ball, 287, 293
not open, 289
open interval, 34
unbounded interval, 34
order
partial, 136, 138, 260, 264
total, 136, 138, 260
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ordered pair, 90, 92, 97

Polya, G, 1, 8
the list, 1, 8, 364
pairwise disjoint, 84, 88
paradox, 67
partial function, 353
partial order, 136, 138
partially ordered set, 139
partition, 111, 113, 115
Pascal, B., 98, 341
triangle, 342
Peano axioms, 331
Perelman, G., 50
perfect number, 328-330
pigeonhole principle, 241, 242
Pisano, L., 213
plaintext, 356
plane, 34, 70
Poincaré conjecture, 50
Poincaré, H., 254
polynomial, 108
degree, 108
root, 56
power set, 89, 92, 260
primality testing, 357
prime number, 27, 28, 53, 307
product notation, 196
proof
contradiction, 4749
direct, 47, 48
if and only if, 51, 52, 75
iff, 52
in cases, 47, 49-50, 73
reductio ad absurdum, 48
top down, bottom up, 61, 74
uniqueness, 122—123
working backwards, 147, 225, 278
proper divisor, 328
proper subset, 61
Prym, F., 188
public key encryption, 316
Pythagorean theorem, 326

quantifier
existential, 35
negation of, 36
universal, 35

range, 147, 149

rational numbers, 34, 332-334
closed under addition, 332
closed under multiplication, 332
negative, 34

positive, 34
real numbers, 34
negative, 34
positive, 34, 362
reciprocal modulo 7, 305, 306
recursion theorem, 198
reflexive, 101, 104, 136, 138
relation, 92, 93, 101
diagram of, 103
equivalence, 101, 104
fromX to Y, 92,93
on X, 92,93
relatively prime, 301, 306
restriction, 161, 162
Riemann, G. F. B., 188
Rivest, R., 318, 355
RSA-key, 355
Russell, B., 67, 254

Schneider, T., 358

sequence, 209, 214
bounded, 211, 214
Cauchy, 229, 234
convergent, 223, 229
convergent in a metric space, 277, 280
decreasing, 212, 215
divergent, 223, 229
divergent in a metric space, 277, 280
eventually constant, 281
greatest lower bound, 211, 215
increasing, 212, 215
infimum, 211, 215
least upper bound, 212, 215
limit, 277, 280
lower bound, 211, 214
monotone, 229, 234
strictly decreasing, 212, 215
strictly increasing, 212, 215
subsequence, 229, 234
sum of, 212
supremum, 212, 215
term, 209, 214
upper bound, 211, 214

set, 59
bounded, 121, 126, 280, 283
closure, 293, 298
complement, 64, 65
convex, 348
countable, 249, 255
countably infinite, 249, 254
difference, 64, 65
disjoint, 65
empty, 59, 63, 65
equality, 62, 65
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greatest lower bound, 123, 127
inclusion, 73-75
index, 84
indexed, 82, 84
infimum, 127
interior, 293, 297
interior point, 293, 297
intersection, 64, 65
least upper bound, 122, 127
limit point, 293, 297
lower bound, 121, 126
notation, 33, 60
partially ordered, 139
supremum, 122, 127
symmetric difference, 77
uncountable, 249, 255, 260, 264
union, 64, 65
upper bound, 121, 126
useful relations, 76
set difference, 64
Shamir, A., 318, 355
Smale, S., 358
Smilla’s Sense of Snow, 235
statement, 13-21
statement form, 14, 16
step function, 149, 154
strictly decreasing sequence, 212, 215
strictly increasing sequence, 212, 215
subsequence, 229, 234
subset, 61, 65
proper subset, 61, 65
successor, 330
summation notation, 196
supremum, 122, 127
sequence, 212, 215
uniqueness, 123
surjective, 157, 162
symmetric, 101, 104

tautology, 17, 25-27
taxicab metric, 277, 280
term, 209, 214

ternary expansion, 345
Thomson, W., 188
topology, 275
total order, 136, 138, 353
transcendental number, 349
transitive, 68, 101, 104, 136, 138
triangle inequality, 55, 275
R", 347
metric spaces, 276, 279
triangular numbers, 201, 207
trichotomy principle, 362
truth table, 14

uncountable set, 249, 255
union, 64, 82, 84
collection of sets, 84
finitely many sets, 81
indexed collection of sets, 82
infinitely many sets, 81
union of the collection, 82, 84
universe, 33
upper bound
sequence, 211, 214
set, 121, 126
usual metric, 276, 277, 280

variables, 35
Venn diagram, 64, 73
vibrating string problem, 151

Weierstrass, K. T. W., 188
well-ordered set, 352
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well-ordering principle of N, 125, 194, 208

well-ordering theorem, 352
Weyl, H., 152

Wiles, A., 50

Williamson, M., 318
Wright, E. M., 334

ZFC, 363
Zorn’s lemma, 352
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