
Appendix

Algebraic Properties of R

We will assume that you are familiar with the following properties of R.
If x and y are real numbers, then both x+y and x ·y are real numbers. Furthermore,

addition and multiplication satisfy the following axioms:

A1. (The commutative property for addition) x + y = y + x for all real numbers x
and y;

A2. (The associative property for addition) (x + y) + z = x + (y + z) for all real
numbers x,y, and z;

A3. (Existence of additive identity) There is a unique real number 0 such that
0+ x = x for all x ∈ R;

A4. (Existence of additive inverse) If x ∈ R, then there is a unique element −x
such that x+(−x) = 0;

M1. (The commutative property for multiplication) x ·y = y ·x for all real numbers
x and y;

M2. (The associative property for multiplication) (x · y) · z = x · (y · z) for all real
numbers x,y, and z;

M3. (Existence of multiplicative identity) There is a unique real number 1, with
1 6= 0, such that 1 · x = x for all real numbers x.

M4. (Existence of multiplicative inverse) For each nonzero real number x, there
exists a unique real number x−1 such that x · x−1 = 1;

D1. (The distributive property) (x+y) · z = x · z+y · z for all real numbers x,y, and
z.

We note that this list of properties is not minimal; for example, the uniqueness of
the additive identity 0 follows from some of the other properties in the list.
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Order Properties of R

A set satisfying all of the properties above is called a field. Thus, R is an example
of a field. In addition, R has an order defined on it. This means the following:

There is a subset R+ of R\{0} satisfying:

O1. If x,y ∈ R+, then x · y ∈ R+;
O2. If x,y ∈ R+, then x+ y ∈ R+;
O3. For every real number x, exactly one of the following three things happens:

either x ∈ R+, −x ∈ R+, or x = 0.

If x and y are two real numbers and x− y ∈ R+, we write x > y (or y < x). The set
R+ is called the positive real numbers. Thus R is a field with an order, and we
call it an ordered field. The third property, O3, is called the trichotomy principle.
It is not difficult to show that the results below follow from the statements A1–A4,
M1–M4, D1, and O1–O3.

Theorem. Let x,y, and z be real numbers. Then the following hold:

1. If x < y and y < z, then x < z;
2. If x < y, then x+ z < y+ z;
3. If x < y and z > 0, then x · z < y · z;
4. If x < y and z < 0, then x · z > y · z;
5. If x 6= 0, then x2 > 0;
6. 1 > 0;
7. If x > 0, then x−1 > 0.

Proof. We’ll do the first and the sixth of these; you can prove the others.
For the proof of (1), note that y− x ∈ R+ and z− y ∈ R+. By O2 and the as-

sociative and commutative properties of addition, (y− x) + (z− y) = z− x ∈ R+.
Therefore z− x ∈ R+ and x < z.

For the proof of (6), note that 1 is the multiplicative identity, so 1 · x = x for all
x ∈R. Taking x = 1, we get 12 = 1 ·1 = 1. Since 1 6= 0, the result now follows from
(5). ut

Axioms of Set Theory

To give set theory and large parts of mathematics a firm foundation, axioms were
developed upon which mathematicians could agree. The rest of set theory, then,
needs to follow from these axioms using the rules of logic. Currently the generally
accepted axiomatic system is that due to Ernst Zermelo and Abraham Fraenkel,
together with the axiom of choice. The abbreviation ZFC is commonly used for this
system. (This list of axioms follows that of [41], except for the axiom of choice
where we preferred a different version.)
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ZFC 1 (Axiom of extension) Two sets are equal if and only if they have the same
elements.

ZFC 2 (Axiom of specification) For every set A and every condition S(x), there
corresponds a set B whose elements are exactly those elements x of A for
which S(x) holds.

ZFC 3 (Axiom of pairing) For every two sets there exists a set to which they both
belong.

ZFC 4 (Axiom of unions) For every collection of sets there exists a set that contains
all the elements that belong to at least one set of the given collection.

ZFC 5 (Axiom of powers) For each set there exists a collection of sets that contains,
among its elements, all the subsets of the given set.

ZFC 6 (Axiom of infinity) There exists a set containing 0 and containing the suc-
cessor of each of its elements.
(Recall that 0 = /0 and the successor of x is x+ = x∪{x}.)

ZFC 7 (Axiom of substitution) If A is a set and S(a,b) is a sentence such that for
each a in A the set {b : S(a,b)} can be formed, then there exists a function
F : A→{{b : S(a,b)} : a ∈ A} such that F(a) = {b : S(a,b)}.

ZFC 8 (Axiom of choice) Given a nonempty collection F of nonempty sets, there
is a function f : F →

⋃
A∈F A such that f (A) ∈ A.
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Pólya’s List

0 From the inside cover of George Pólya, How to Solve it [84], Copyright c©1945, 1973 renewed
by Princeton University Press. Reprinted by permission of Princeton University Press.
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Èditions Gallimard, Paris (1954)
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