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The Toolboxes are freely available from the book’s home page

http://www.petercorke.com/RVC

which also has a lot of additional information related to the book such as web links (all
those printed in the book and more), code, figures, exercises and errata.

Files and Paths

The files for both Toolboxes reside in a top-level directory called rvctools and be-
neath this are a number of subdirectories:

robot The Robotics Toolbox.
vision The Machine Vision Toolbox.
common Utility functions common to the Robotics and Machine Vision

Toolboxes.
simulink Simulink® blocks for robotics and vision, as well as examples.
contrib Code written by third-parties.

Downloading

The Toolboxes are each packaged in a single zip format file (rtb.zip or mvtb.zip).
The download site requests some information such as your country, type of organiza-
tion and application. There is nothing sinister in this, just a means to gauge interest
and gather some feedback for the software which is a substantial personal effort.

Installing

Use your favourite unarchiving tool to unpack the files that you downloaded.
To add the Toolboxes to your MATLAB® path execute the command

>> addpath RVCDIR ;
>> startup_rvc

where RVCDIR is the full pathname of the directory where you unpacked the top-level
toolbox directory rvctools. The script startup_rvc adds various subfolders to
your path and displays the version of the Toolboxes.

This command can be executed interactively or placed in your startup.m file to
be executed automatically every time you start MATLAB®. Alternatively, for Linux and
Mac OS systems, you could add the paths to the environment variable MATLABPATH
which is a colon-separated list of paths.

Installing the Toolboxes



500

MEX-Files

Some functions in the Toolbox are implemented as MEX-files, that is, they are written
in C for computational efficiency but are callable from MATLAB® just like any other
function. Prebuilt MEX binaries are provided for Ubuntu Linux, MacOS 10.6 (32 bit)
and Windows, but the C source code is also provided. Specific details and build in-
structions for MEX-files can be found on the book’s website.

Online Discussion Group

An online discussion group is available via the book’s website and provides answers to
questions, discussions and bug fixes.

Contributed Code

A number of useful related functions are provided by third-parties and wrappers have been
written to make them consistent with other Toolbox functions. All such code resides in
the subdirectory contrib. To access this functionality you must first download the file
contrib.gz or contrib.zip and unarchive it into the top-level directory rvctools.

If you do not download the contributed code but access a function within the con-
tributed code base, you will receive an error message. The contributed code can be
downloaded and installed at any time.

Many of these contributed functions are part of active software projects and the
downloadable file is a snapshot that has been tested and works as described in this
book. These functions are being improved over time and the book’s web page has
links to the home pages of these various projects.

Licence

All the non third-party code is released under the LGPL licence. This means you are free
to distribute it in original or modified form provided that you keep the licence and au-
thorship information intact.

The third-party code modules are provided under various open-source licences. The
Toolbox compatibility wrappers for these modules are provided under compatible licences.

MATLAB® Versions

The Toolbox software for this book has been developed and tested using MATLAB®
R2011a and R2012a under Mac OS X (Snow Leopard). A number of recent features of
MATLAB® are used so older versions of MATLAB® are increasingly unlikely to work.
Please do not report bugs if you are using a MATLAB® version older than R2010a.

Octave

GNU Octave (www.octave.org) is an impressive piece of free software that implements
a language that is close to, but not the same as, MATLAB®. However the two languages are
converging and once massive differences with respect to graphics and object handling
are reducing over time. However it is unlikely that Octave will have GUI or Simulink®-like
capability in the near future. Currently the arm-robot functions of the Toolbox, Chap. 7–9,
have been ported to Octave and this code is distributed in RVCDIR/robot/octave.

Appendix A  ·  Installing the Toolboxes
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Simulink® is the block diagram editing and simulation environment for MATLAB®. It
is a separately licenced module but the functionality is included in the student version
of MATLAB®. Simulink® provides a very convenient way to create and visualize com-
plex dynamic systems, and is particularly applicable to robotics. Users with no previ-
ous Simulink® experience are advised to read the relevant Mathworks manuals and
experiment with the examples supplied. Experienced Simulink® users should find the
use of the Robotics blocks quite straightforward. Generally there is a one-to-one cor-
respondence between Simulink® blocks and Toolbox functions.

Using Simulink®

If you have installed the Toolboxes then the Simulink® blocks and examples will be
available for use. The Toolbox block library is loaded and displayed by

>> roblocks

and the blocks can be dragged and dropped into a model. Example Simulink® models used
in this book are included in the directory rvctools/simulink/examples. These are
all prefixed with sl_ and are listed in the index of functions on page 557. A model is loaded
and displayed in Simulink® by just entering the model name at the prompt, for example

>> sl_lanechange

To display the underlying model for any block, right-click on it and choose Look
under mask.

Signals and Display Format

The wires in a Simulink® model can carry a scalar, vector or matrix. To explicitly show
the type of the signal on each wire set the options Format+PortSignal Displays+Signal
Dimensions and Format+PortSignal Displays+Wide Nonscalar Lines from the
Simulink® toolbar.

Workspace Variables and Callbacks

Most Toolbox Simulink® blocks have parameters and these can be any MATLAB® ex-
pression comprising constants, function calls or MATLAB® workspace variables. Some of
the provided Simulink® models set their own parameters in the workspace, by using a
callback function. Each model has a number of callback functions that are invoked on dif-
ferent events, these can be seen from the menu at File+Model Properties+Callbacks. The
PreLoadFcn callback is invoked when the model is being loaded and is used by some mod-
els to set the parameters. As a Toolbox convention, this parameter initialization code dis-
plays a message in the command window to let you know that it has updated the workspace.

Simulink®
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Simulink® Version

The Simulink® models for this book has been developed and tested using MATLAB®
R2010a under Mac OS X. A number of recent features of Simulink® are used so older
versions are unlikely to work. Please do not report bugs if you are using Simulink®
with a MATLAB® version older than R2010a.

Notes on Implementation

Some of the Simulink® blocks are implemented in MATLAB® code as S-files. These
are functions written in the MATLAB® M language in a proscribed form in order to
interface with the Simulink® simulation engine. While at first sight quite daunting the
wrapping of existing functions is quite straightfoward and has the advantage that tried
and true functions can be made accessible to the Simulink® environment. See the rel-
evant Mathworks manuals for more information about writing S-files.

Simulink® Blocks

Arm Robots

Robot represents a serial-link robot, with input of generalized joint force
input and output of joint coordinates, velocities and accelerations.
The parameters are the robot object to be simulated and the initial
joint angles. It computes the forward dynamics of the robot.

RNE computes the inverse dynamics using the recursive Newton-Euler
algorithm. Inputs are joint coordinates, velocities and accelerations
and the output is the generalized joint force. The robot object is a
parameter.

jacob0 outputs a manipulator Jacobian matrix, with respect to the
world frame, based on the input joint coordinate vector. The robot
object is a parameter.

jacobn outputs a manipulator Jacobian matrix, with respect to the
end-effector frame, based on the input joint coordinate vector. The
robot object is a parameter.

fkine outputs a homogeneous transformation for the pose of the
end-effector corresponding to the input joint coordinates. The
robot object is a parameter.

plot creates a graphical animation of the robot in a new window. The
robot object is a parameter.

Other Robots

Bicycle is the kinematic model of a mobile robot that uses the bicycle
model. The inputs are speed and steer angle and the outputs are
position and orientation.

Pose integral integrates a spatial velocity over time and outputs a homogeneous
transformation. The parameter is the initial pose.

Quadrotor is the dynamic model of a quadrotor. The inputs are rotor speeds
and the output is translational and angular position and velocity.
Parameter is a quadrotor structure.

ControlMixer accepts thrust and torque commands and outputs rotor speeds for
a quadrotor.

Appendix B  ·  Simulink®
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Quadrotor plot creates a graphical animation of the quadrotor in a new window.
Parameter is a quadrotor structure.

Trajectory

jtraj outputs coordinates of a point following a quintic polynomial as a
function of time, as well as its derivatives. Initial and final velocity
are assumed to be zero. The parameters include the initial and
final points as well as the overall motion time.

lspb outputs coordinates of a point following an LSPB trajectory as a
function of time. The parameters include the initial and final
points as well as the overall motion time.

circle outputs the xy-coordinates of a point around a circle. Parameters
are the centre, radius and angular frequency.

Vision

camera input is a camera pose and the output is the coordinates of points
projected on the image plane. Parameters are the camera object
and the point positions.

camera2 input is a camera pose and point coordinate frame pose, and the
output is the coordinates of points projected on the image plane.
Parameters are the camera object and the point positions relative
to the point frame.

image Jacobian input is image points and output is the point feature Jacobian.
Parameter is the camera object.

image Jacobian
sphere input is image points in spherical coordinates and output is the

point feature Jacobian. Parameter is a spherical camera object.
Pose estimation computes camera pose from image points. Parameter is the camera

object.

Miscellaneous

Inverse outputs the inverse of the input matrix.
Pre multiply outputs the input homogeneous transform pre-multiplied by the

constant parameter.
Post multiply outputs the input homogeneous transform post-multiplied by the

constant parameter.
inv Jac inputs are a square Jacobian J and a spatial velocity ν  and outputs

are J−1
ν  and the condition number of J.

pinv Jac inputs are a Jacobian J and a spatial velocity ν  and outputs are J+ν
and the condition number of J.

tr2diff computes ∆(·), the difference between two homogeneous trans-
formations as a 6-vector comprising the translational and rota-
tional difference.

xyz2T converts a translational vector to a homogeneous transformation
matrix.

rpy2T converts a vector of roll-pitch-yaw angles to a homogeneous
transformation matrix.

eul2T converts a vector of Euler angles to a homogeneous transfor-
mation matrix.

Appendix B  ·  Simulink®
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T2xyz converts a homogeneous transformation matrix to a translational
vector.

T2rpy converts a homogeneous transformation matrix to a vector of
roll-pitch-yaw angles.

T2eul converts a homogeneous transformation matrix to a vector of
Euler angles.

angdiff computes the difference between two input angles modulo 2π .

Appendix B  ·  Simulink®
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The MATLAB® programming language, known as ‘M’, has syntax and semantics some-
what similar to the classical computer language Fortran. In particular array indices start
from one not zero, and subscripts are indicated by parentheses just like function call
arguments. In early versions of MATLAB® the only data type was a two-dimensional
matrix of real or complex numbers and a scalar was just a 1× 1 matrix. This changed
with the release of MATLAB® version 5.0 in 1997 which introduced many features that
are part of the language today: structures, cells arrays and classes.

The early computer languages (Fortran, Pascal, C) are imperative languages in which the
programmer describes computation in terms of actions that change the program’s state –
its data. The program is a logical procedure that takes input data, processes it, and produces
output data. As program size and complexity grew the limitations of imperative program-
ming became evident and new languages were designed to address these shortcomings.

A very powerful idea, dating from the mid 1980s, was object-oriented programming
(OOP). The OOP programming model is organized around objects rather than actions.
Each object encapsulates data and the functions, known as methods, to manipulate that
object’s data. The inner details of the object need not be known to the programmer using
the object. The object presents a clean interface through its methods which makes large
software projects easier to manage.

OOP languages support the concept of object classes. For example, we might define a
class that represents a quaternion and which has methods to return the inverse of the
quaternion, multiply two quaternions or to display a quaternion in a human-readable
form. Our program might have a number of quaternion variables, or objects, and each is
an instance of the quaternion class. Each instance has its own value, the data part of the
object, but it shares the methods defined for the class.

Well known OOP languages such as C++, Java, Python and Ruby are still impera-
tive in style but have language features to support objects. MATLAB® shares many
features with these other well-known OOP languages and the details are provided in
the MATLAB® documentation. The Toolboxes define a number of classes to represent
robot arms, robot arm links, quaternions, robot path planners and various types of image
feature. Toolbox classes are shown in bold font in the index of functions on page 554.

The use of objects provides a solution to the namespace pollution problem that occurs
when using many MATLAB® toolboxes. When a MATLAB® function is invoked it is
searched for in a list of directories – the MATLAB® search path. If the search path con-
tains lots of Toolboxes from various sources the chances of two functions having the
same name increases and this is problematic. If instead of functions we provide methods
for objects then those method names don’t occupy the function namespace, and can only
be invoked in the context of the appropriate object.

Using a Class

The following illustrates some capabiltiies of the quaternion class provided as part of
the Robotics Toolbox. A quaternion object is created by

>> q = Quaternion( rotx(0.2) );

MATLAB® Objects
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which invokes the constructor method for the class. By convention class names begin
with a capital letter. This method checks the types of arguments and computes the
equivalent quaternion. The quaternion’s scalar and vector components are stored within
this particular object or instance of the quaternion class. In MATLAB® the data part of
an object is referred to as its properties. The arguments to the constructor can be a
rotation matrix (as in this case), an angle and a vector, a 4-vector comprising the scalar
and vector parts, or another quaternion. The result is a new object in the workspace

>> about(q)
q [Quaternion] : 1x1 (88 bytes)

and it has the type Quaternion. In a program we can inquire about the type of an object
>> class(q)
ans =
  Quaternion

which returns a string containing the name of the object’s class. All MATLAB® objects
have a class

>> x = 3
>> class(x)
ans =
  double

and this class double is built in, unlike Quaternion which is user defined. We can
test the class of an object

>> isa(q, 'double')
ans =
     0
>> isa(q, 'Quaternion')
ans =
     1

We can access the properties of the quaternion object by
>> q.s
ans =
    0.9950

which returns the value of the scalar part of the quaternion. However the Toolbox
implementation of the Quaternion does not allow this property to be set

>> q.s = 0.5;
??? Setting the 's' property of the 'Quaternion' class is not allowed.

since the scalar and vector part should be set together to achieve some consistent
quaternion value.

We can compute the inverse of the quaternion by

>> qi = inv(q);

which returns a new quaternion qi equal to the inverse of q.
MATLAB® checks the type of the first argument and because it is a Quaternion

it invokes the inv method of the Quaternion class. Most object-oriented languages
use the dot notation which would be

>> qi = q.inv();

which makes it very clear that we are invoking the inv method of the object q. Either
syntax is permissible in MATLAB® but in this book we use the dot notation for clarity.
MATLAB® does not require the empty parentheses either, we could write

>> qi = q.inv

but for consistency with object-oriented practice in other languages, and to avoid con-
fusion with accessing properties, we will always include them.

Appendix C  ·  Matlab® Objects
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Any MATLAB® expression without a trailing semicolon will display the value of the
expression. For instance

>> qi
qi =
0.995 < -0.099833, 0, 0 >

causes the display method of the quaternion to be invoked. It is exactly the same as typing
>> qi.display()
qi =
0.995 < -0.099833, 0, 0 >

This in turn invokes the char method to convert the quaternion value to a string
>> s = qi.char();
>> about(s)
s [char] : 1x25 (50 bytes)

We will create another quaternion
>> q2 = Quaternion( roty(0.3) );

and then compute the product of the two quaternions which we can write concisely as

>> q * q2

This is an example of operator overloading which is a feature of many object-oriented
languages. MATLAB® interprets this as

>> q.mtimes(q2)

For more complex expressions operator overloading is critical to expressivity, for ex-
ample we can write

>> q*q2*q
ans =
0.96906 < 0.19644, 0.14944, 0 >

and MATLAB® does the hardwork of computing the first product q*q2 into a tempo-
rary quaternion, multiplying that by q and then deleting the temporary quaternion. To
implement this without operator overloading would be the nightmare expression

>>  q.mtimes( q2.mtimes(q) )
ans =
0.96906 < 0.19644, 0.14944, 0 >

which is both difficult to read and to maintain.

Creating a Class

The quaternion class is defined by the Toolbox file Quaternion.m which is over 500
lines long but the basic structure is

1 classdef Quaternion
2
3     properties (SetAccess = private)
4         s       % scalar part
5         v       % vector part
6     end
7
8     methods
9
10         function q = Quaternion(a1, a2)
11              % constructor
12         end
13          .
14          % other methods
15          .
16          .
17      end
18 end

Appendix C  ·  Matlab® Objects
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The properties block, lines 3–6, defines the data associated with each quaternion
instance, in this case the internal representation is the scalar part in the variable s and
the vector part in the variable v. The methods block, lines 8–17, defines all the meth-
ods that the class supports. The name after classdef at line 1 must match the name
of the file and is the name of the class.

The properties have a SetAccess mode private which means that the proper-
ties can be read directly by programs but not set. If q is a quaternion object then q.s
would be the value of the scalar part of the quaternion. This is a matter of program-
ming style, and some people prefer that all access to object properties is via explicit
getter functions such as q.get_s().

Every class must have a constructor method which is a function with the same name
as the class. The constructor is responsible for initialising the data of the object, in this
case its properties s and v. Some object-oriented languages also support a destructor
function that is invoked when an object is no longer needed, in MATLAB® this is the
optional method delete.

The quaternion class implements 20 different methods. Each method is written as
a MATLAB® function with an end statement. The first argument to each method is
the quaternion object itself. For example the method that returns the inverse of a
quaternion is

function qi = inv(q)
    qi = Quaternion( [q.s -q.v] );
end

which uses the constructor method Quaternion to create the quaternion that it
returns.

The method to convert a quaternion to a string is

function s = char(q)
    s = [ num2str(q.s), ' < ' num2str(q.v(1)) ...
    ', ' num2str(q.v(2)) ', '   num2str(q.v(3)) ' >' ];
end

The method mtimes is invoked for operator overloading whenever the operand on
either side of an asterisk is a quaternion object.

function qp = mtimes(q1, q2)
    if ~isa(q1, 'Quaternion')
        error('left-hand side of * must be a Quaternion');
    end

    if isa(q2, 'Quaternion')
       %Multiply unit-quaternion by unit-quaternion
        s1 = q1.s;  v1 = q1.v;
        s2 = q2.s;  v2 = q2.v;
        qp = Quaternion([s1*s2-v1*v2' s1*v2+s2*v1+cross(v1,v2)]);
    elseif  isa(q2, 'double'),
        if length(q2) == 3
            % Multiply vector by unit-quaternion
            qp = q1 * Quaternion([0 q2(:)']) * inv(q1);
            qp = qp.v(:);
        elseif length(q2) == 1
            % Multiply quaternion by scalar
            qp = Quaternion( double(q1)*q2);
        else
            error('quaternion-vector product: must be a 3-vector
or scalar');
        end
    end
end

The method tests the type of the second operand and computes either a quaternion-
quaternion, quaternion-vector or quaternion-scalar product.

Appendix C  ·  Matlab® Objects
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MATLAB® classes support inheritance. This is a feature whereby a new class can
inherit the properties and methods of an existing class and extend that with addi-
tional properties or methods. In Part II the various planners such as Dstar and RRT
inherit from the class Navigation and in Part IV the different types of camera such
as CentralCamera and FishEyeCamera inherit from the class Camera. Inherit-
ance is indicated at the classdef line, for example

    classdef Dstar < Navigation

Inhertitance, particularly multiple inheritance, is a complex topic and the MATLAB®
documentation should be referred to for the details.

The MATLAB® functions methods and properties return the methods and
properties of an object. The function metaclass returns a data structure that in-
cludes all methods, properties and parent classes.

Pass by Reference

One particularly useful application of inheritance is to get around the problem of
pass by value. Whenever a variable is passed to a function MATLAB® passes its value,
that is a copy of it, rather than a reference to it. This is normally quite convenient, but
consider now the case of some object which has a method that changes a property. If
we write

>> myobj.set_x(2);

then MATLAB® creates a copy of the object myobj and invokes the set_x() method
on the copy. However since we didn’t assign the copied object to anything the change
is lost. The correct approach is to write this as

>> myobj = myobj.set_x(2);

which is cumbersome. If however the object myobj belongs to a reference class then
we can write

>> myobj.set_x(2);

and the value of myobj would change. To create a reference class the class must in-
herit from the handle class

    classdef MyClass < handle

A number of classes within the Toolbox, but not the Quaternion class, are refer-
ence classes. A possible trap with reference classes is that an assignment of a reference
class object

>> myobj2 = myobj;

means that myobj2 points to the same object as myobj. If myobj changes then so
does myobj2. It is good practice for an object constructor to accept an argument of
the class type and to return a copy

>> myobj2 = MyClass(myobj);

so now changes to myobj will not effect myobj2

Arrays of Objects

MATLAB® handles arrays or vectors of objects in a very familiar way. Consider the
example of an array of SIFT feature objects (from page 384)

Appendix C  ·  Matlab® Objects
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>> s1 = isurf(im1);

which returns a vector of SurfPointFeature objects. We can determine the num-
ber of objects in the vector

>> n = length(s1)
n =
   1288

or perform indexing operations such as

>> x = s1(1:100);
>> y = s1(1:20:end);

Note that the SurfPointFeature objects are reference objects so the elements
of x and y are the same objects as referred to by s1. We can also delete objects from
the vector

>> s1(50:end) = [];

Invoking a method on an object array, for example the hypothetical method

>> z = s1.fewer();

results in the entire vector being passed to the method
function r = fewer(s)
    r = s(1:20:end);
end

so methods can perform operations on single objects or arrays of objects.
A class that supports vectors must have a constructor that handles the case of no

passed arguments.

Multi-File Implementation

For a complex class a single file might be too long to be workable and it would be prefer-
able to have multiple files, one per method or group of methods. This would certainly be
the case if some of the methods were defined as MEX-files rather than M-files.

In MATLAB® this is handled by creating a directory in the MATLAB® search path
with an ‘@’ symbol prefix. The SerialLink class which represents a robot arm is
defined this way, and all its files are within a directory called @SerialLink.

Appendix C  ·  Matlab® Objects
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A taxonomy of matrices is shown in Fig. D.1. In this book we are concerned only with
real m× n matrices

with m rows and n columns. If n=m the matrix is square.
The transpose is

and it can be shown that

Linear Algebra Refresher

Fig. D.1. Taxonomy of matrices.
Classes of matrices that are always
singular are shown in red, those that
are never singular are shown in blue
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A square matrix may have an inverse A−1 in which case

where

is the identity matrix, a unit diagonal matrix. The inverse exists provided that the
matrix is non-singular, that is its determinant det(A)≠ 0. If A and B are square and
non-singular then

and also

For a square matrix if

A=AT the matrix is symmetric. The inverse of a symmetric matrix is also
symmetric. Many matrices that we encounter in robotics are symmet-
ric, for example covariance matrices and manipulator inertia matrices.

A=−AT the matrix is anti-symmetric or skew-symmetric. Such a matrix has
a zero diagonal and the property that vTS(v)=0, ∀v. For the 3×3 case

(D.1)

and the inverse operation is

Also v1× v2 = S(v1)v2.
A−1
=AT the matrix is orthogonal. The matrix is also known as orthonormal

since its column vectors (and row vectors) must be of unit length and
orthogonal to each other. The product of two orthogonal matrices of
the same size is an orthogonal matrix. The set of n× n orthogonal
matrices forms a group O(n), known as the orthogonal group. The
determinant of an orthogonal matrix is either +1 or −1. The sub-
group SO(n) consisting of orthogonal matrices with determinant +1
is called the special orthogonal group, and each of its elements is a
special orthogonal matrix. The columns (and rows) are orthogonal
vectors, that is, their dot product is zero. The product of two orthogo-
nal matrices is also orthogonal.

A=MTM the matrix is normal and can be diagonalized by an orthogonal
matrix U so that UTAU is a diagonal matrix. All symmetric, skew-
symmetric and orthogonal matrices are normal matrices.

For a non-square matrix A∈Rm×n we can determine the left generalized inverse or
pseudo inverse or Moore-Penrose pseudo inverse

Appendix D  ·  Linear Algebra Refresher
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where A+= (ATA)−1AT. The right generalized inverse

where A+= AT(AAT)−1.
The square matrix A ∈Rn×n can be applied as a linear transformation to a vector

x ∈ R
n

which results in another vector, generally with a change in its length and direction.
However there are some important special cases. If A∈ SO(n) the transformation is
isometric and the vector’s length is unchanged |x′| = |x|.

In 2-dimensions if x is the set of all points lying on a circle then x′ defines points
that lie on an ellipse. The MATLAB® builtin demonstration

>> eigshow

shows this very clearly as you interactively drag the tip of the vector x around the
unit circle.

The eigenvectors of a square matrix are those vectors x such that

(D.2)

that is, their direction is unchanged when transformed by the matrix. They are simply
scaled by λi, the corresponding eigenvalue. The matrix has n eigenvalues which can be
real or complex. For an orthogonal matrix the eigenvalues lie on a unit circle in the
complex plane, |λi| = 1, and the eigenvectors are all orthogonal to one another.

A symmetric matrix is positive definite if all its eigenvalues are positive

and is positive semi-definite if

If A is non singular then the eigenvectors of A−1 are the same as A and the eigenval-
ues of A−1 are the reciprocal of those of A. The eigenvalues of AT are the same as those
of A but the eigenvectors are different.

The matrix form of Eq. D.2 is

where X∈Rn×n is a matrix of eigenvectors of A, arranged column-wise, and Λ is a diago-
nal matrix of corresponding eigenvalues. If X is not singular we can rearrange this as

which is the eigenvalue or spectral decomposition of the matrix. This implies that the
matrix can be diagonalized by a similarity transform

If A is normal (for example symmetric) then X is orthogonal and we can instead write

(D.3)
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The matrices ATA and AAT are always symmetric and positive semidefinite. This
implies than any symmetric matrix A can be written as

where L is the Cholesky decomposition of A.
The matrix R such that

is the square root of A or AC.
If T is any non-singular matrix then

is known as a similarity transform and A and B are said to be similar, and it can be
shown that the eigenvalues are unchanged by the transformation.

The determinant of a square matrix A∈Rn×n is the factor by which the transfor-
mation changes changes volumes in an n-dimensional space. For 2-dimensions imag-
ine a shape defined by points xi with an enclosed area a. The shape formed by the
points Axi would have an enclosed area a det(A). If A is singular the points Axi would
lie at a single point or along a line and have zero enclosed area. In a similar way for
3-dimensions, the determinant is a scale factor applied to the volume of a set of points
mapped through the transformation A. The determinant of a skew-symmetric matrix
is always zero det(S(·))= 0.

The determinant is equal to the product of the eigenvalues

thus a matrix with one or more zero eigenvalues will be singular. A positive definite
matrix, λi> 0, therefore has det(A)> 0 and is not singular. The trace of a matrix is the
sum of the diagonal elements

which is also the sum of the eigenvalues

The columns of A= (c1c2 � cn) can be considered as a set of vectors that define
a space – the column space. Similarly, the rows of A can be considered as a set
of vectors that define a space – the row space. The column rank of a matrix is the
number of linearly independent columns of A. Similarly, the row rank is the number
of linearly independent rows of A. The column rank and the row rank are always
equal and are simply called the rank of A and the rank has an upper bound of
min (m, n). A square matrix for which rank(A)< n is said to be rank deficient or
not of full rank.

If the matrix A is not of full rank then it has a finite null space or kernel. A vector x
lies in the null space of the matrix if
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More precisely this is the right-null space. A vector lies in the left-null space if

The left null space is equal to the right null space of AT.
The null space is defined by a set of orthogonal basis vectors whose dimension is

called the nullity of A and is equal to n− rank(A). Any linear combination of these
null-space basis vectors lies in the null space.

For a non-square matrix A∈ Rm×n the analog to Eq. D.2 is

where ui∈ Rm and vi∈ Rn are respectively the right- and left-singular vectors of A,
and σi its singular values. The singular values are non-negative real numbers that are
the square root of the eigenvalues of AAT and ui are the corresponding eigenvectors.
vi are the eigenvectors of ATA.

The singular value decomposition or SVD of the matrix A is

where U∈Rm×m and V ∈Rn×n are both orthogonal matrices comprising, as columns,
the corresponding singular vectors ui and vi. Σ∈R

n×m is a diagonal matrix of the
singular values

where r= rank(A) is the rank of A. For the case where r< n the diagonal will have
zero elements as shown. The condition number of a matrix A is maxσi/minσi and a
high value means the matrix is close to singular or “poorly conditioned”.

The matrix quadratic form

(D.4)

is a scalar. For the case that A is diagonal this can be written

which is a weighted sum of squares. If A is symmetric then

the result also includes products or correlations between elements of x.
Real matrices are a subset of all matrices. For the general case of complex matrices

the term Hermitian is the analog of symmetric, and unitary the analog of orthogo-
nal. AH denotes the Hermitian transpose, the complex conjugate transpose of the com-
plex matrix A.
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Solving Systems of Equations

We frequently need to solve systems of linear equations

where A∈Rn×m and b ∈Rn are known, and x∈Rm is unknown. If n=m then A is
square, and if A is non-singular then the solution is obtained using the matrix inverse

If n>m the system is over constained we use the pseudo inverse

which gives x that minimizes the norm of the residual |Ax− b|. Using SVD where
A=UΣVT this is

where Σ−1 is simply the element-wise inverse of the diagonal elements of ΣT.
If the matrix is singular, or the system is under constrained n<m, then there infi-

nitely many solutions. We can again use the SVD approach

where this time Σ−1 is the element-wise inverse of the non-zero diagonal elements
of Σ, all other zeros are left in place.

In MATLAB® all these problems can be solved using the backslash operator

>> x = A\b

Singular value decomposition can also be used to estimate a rotation matrix given a
set of vectors {(pi, qi), i= 1 � N} for which qi= Rpi. We first compute the moment
matrix

and take then compute the SVD M=UΣVT. The least squares estimate of the rotation
matrix is

and is guaranteed to be an orthogonal matrix.
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An ellipse belongs to the family of planar curves known as conics. The simplest form
of an ellipse is defined implicitly

and is shown in Fig. E.1a. This canonical ellipse is centered at the origin and has its
major and minor axes aligned with the x- and y-axes. The radius in the x-direction is
a and in the y-direction is b. The longer of the two radii is known as the semi-major
axis length and the other is the semi-minor axis length.

We can write the ellipse in matrix quadratic form Eq. D.4 as

(E.1)

(E.2)

In the most general form E is a symmetric matrix

(E.3)

and its determinant det(E)= AB− C2 defines the type of conic

Ellipses

Fig. E.1. Ellipses. a Canonical el-
lipse centred at the origin and
aligned with the x- and y-axes;
b general form of ellipse
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An ellipse is therefore represented by a positive definite symmetric matrix E. Con-
versely any positive definite symmetric matrix, such as an inertia matrix or covari-
ance matrix, can be represented by an ellipse.

Non-zero values of C change the orientation of the ellipse. The ellipse can be arbi-
trarily centred at xc by writing it in the form

which leads to the general ellipse shown in Fig. E.1b.
Since E is symmetric it can be diagonalized by Eq. D.3

where X is an orthogonal matrix comprising the eigenvectors of E. The inverse is

so the quadratic form becomes

This is similar to Eq. E.2 but with the ellipse defined by the diagonal matrix Λ with
respect to the rotated coordinated frame x′= XT

x. The major and minor ellipse axes
are aligned with the eigenvectors of E. The squared radii of the ellipse are the eigen-
values of E or the diagonal elements of Λ.

For the general case of E∈Rn×n the result is an ellipsoid in n-dimensional space.
The Toolbox function plot_ellipse will draw an ellipse for the n= 2 case and an
ellipsoid for the n= 3 case.

Alternatively the ellipse can be represented in polynomial form. If we write the ellipse as

and expand we obtain

where e1= a, e2= b, e3= 2c, e4=−2(ax0+ cy0), e5=−2(by0+ cx0) and e6= ax0
2
+ by0

2

+ 2cx0y0− 1. The ellipse has only five degrees of freedom, its centre coordinate and
the three unique elements in E. For a non-degenerate ellipse e1≠ 0 and we rewrite the
polynomial in normalized form

(E.4)

with five unique parameters.

Properties

The area of an ellipse is πab and its eccentricity is

The eigenvectors of E define the principal directions of the ellipse and the square
root of the eigenvalues are the corresponding radii.
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Consider the ellipse

which is represented in MATLAB® by

>> E = [2 -1; -1 1];

We can plot this by

>> plot_ellipse(E)

which is shown in Fig. E.2.
The eigenvectors and eigenvalues of E are

>> [x,e] = eig(E)
x =
   -0.5257   -0.8507
   -0.8507    0.5257
e =
    0.3820         0
         0    2.6180

and the ellipse radii are

>> r = sqrt(diag(e))
r =
    0.6180
    1.6180

which correspond to b and a respectively. If either radius is equal to zero the ellipse is
degenerate and becomes a line. If both radii are zero the ellipse is a point.

The eigenvectors are unit vectors in the minor- and major-axis directions and we
will scale them by the radii to yield radius vectors which we can plot

>> arrow([0 0]', x(:,1)*r(1));
>> arrow([0 0]', x(:,2)*r(2));

The orientation of the ellipse is the angle of the major-axis with respect to the hori-
zontal axis and is

For our example this is
>> atan2(x(2,2), x(1,2)) * 180/pi
ans =
  148.2825

in units of degrees.

Fig. E.2.
Ellipse corresponding to sym-

metric 2× 2 matrix, and the unit
circle shown in red. The arrows

indicate the major and minor
axes of the ellipse
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The ellipse area is πr1r2 and the ellipsoid volume is 4/3πr1r2r3 where the radii ri = λ̂i
where λi are the eigenvalues of E. Since det(E)=Πλi the area or volume is propor-
tional to _detg(gE).

Drawing an Ellipse

In order to draw an ellipse we first define a point y= [x, y]T on the unit circle

and rewrite Eq. E.3 as

where EC is the matrix square root (MATLAB® function sqrtm). Equating these two
equations we can write

It is clear that

which we can rearrange as

which transforms a point on the unit circle to a point on an ellipse. If the ellipse is
centered at x

c
 rather than the origin we can perform a change of coordinates

from which we write the transformation as

Continuing the MATLAB® example above

>> E = [2 -1; -1 1];

We define a set of points on the unit circle

>> th = linspace(0, 2*pi, 50);
>> y = [cos(th);  sin(th)];

which we transform to points on the perimeter of the ellipse

>> x = (sqrtm(E) * y)';
>> plot(x(:,1), x(:,2));

which is encapsulated in the Toolbox function

>> plot_ellipse(E, [0 0])

An ellipsoid is described by a positive-definite symmetric 3× 3 matrix. Drawing an
ellipsoid is tackled in an analogous fashion and plot_ellipse is also able to dis-
play a 3-dimensional ellipsoid.
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Fitting an Ellipse to Data

From a Set of Interior Points

We wish to find the equation of an ellipse that best fits a set of points that lie within the el-
lipse boundary. A common approach is to find the ellipse that has the same mass proper-
ties as the set of points. From the set of N points xi= (xi, yi) we can compute the moments

The centre of the ellipse is taken to be the centroid of the set of points

which allows us to compute the central second moments

The inertia matrix for a general ellipse is the symmetric matrix

where the diagonal terms are the moments of inertia and the off-diagonal terms are
the products of inertia. Inertia can be computed more directly by

Fig. E.3.
Point data
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The relationship between the inertia matrix and the symmetric ellipse matrix is

To demonstrate this we can create a set of points that lie within the ellipse used in
the example above

1 % generate a set of points within the ellipse
2 p = [];
3 while true
4     x = (rand(2,1)-0.5)*4;
5     if norm(x'*inv(E)*x) <= 1
6         p = [p x];
7     end
8     if numcols(p) >= 500
9         break;
10     end
11 end
12 plot(p(1,:), p(2,:), '.')
13
14 % compute the moments
15 m00 = mpq_point(p, 0,0);
16 m10 = mpq_point(p, 1,0);
17 m01 = mpq_point(p, 0,1);
18 xc = m10/m00; yc = m01/m00;
19
20 % compute second moments relative to centroid
21 pp = bsxfun(@minus, p, [xc; yc]);
22
23 m20 = mpq_point(pp, 2,0);
24 m02 = mpq_point(pp, 0,2);
25 m11 = mpq_point(pp, 1,1);
26
27 % compute the moments and ellipse matrix
28 J = [m20 m11; m11 m02];
29 E_est = 4 * J / m00

which results in an estimate

>> E_est
E_est =
    0.9776    0.9395
    0.9395    1.8976

which is similar to the original value of E. The point data is shown in Fig. E.3. We can
overlay the estimated ellipse on the point data

>> plot_ellipse(E_est, [xc yc],  'r')

and the result is shown in red in Fig. E.3.

From a Set of Boundary Points

We wish to find the equation of an ellipse given a set of points (xi, yi) that define the
boundary of an ellipse. Using the polynomial form of the ellipse Eq. E.4 for each point
we write this in matrix form

and for N≥ 5 we can solve for the ellipse parameter vector.
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The 1-dimensional Gaussian function

(F.1)

is described by the position of its peak µ  and its width σ. The total area under the
curve is unity and g(x)> 0, ∀x.

The function can be plotted using the Toolbox function gaussfunc

>> x = linspace(-6, 6, 500);
>> plot(x, gaussfunc(0, 1, x) )
>> hold on
>> plot(x, gaussfunc(0, 2^2, x), '--' )

and Fig. F.1 shows two Gaussians with zero mean and σ= 1 and σ= 2. Note that the
second argument to gaussfunc is the variance not standard deviation.

If the Gaussian is considered to be a probability density function (PDF) then this
is the well known normal distribution and the peak position µ  is the mean value and
the width σ  is the standard deviation. A random variable drawn from a normal dis-
tribution is often written as X∼ N(µ, σ2), and N(0, 1) is referred to as the standard
normal distribution. The probability that a random value falls within an interval
x ∈ [x1, x2] is obtained by integration

or evaluation of the cumulative distribution function Φ(x). The marked points in
Fig. F.1 at µ± 1σ  delimit the 1σ  confidence interval. The area under the curve over
this interval is 0.68, so the probability of a random value being drawn from this inter-
val is 68%.

Gaussian Random Variables

Fig. F.1.
Two Gaussian functions, both

with with mean µ= 0, and with
standard deviation σ= 1 (solid),
and σ= 2 (dashed). The markers

indicate the points x= µ± 1σ .
The dashed curve is wider but

less tall, since the total area
under the curve is unity
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The n-dimensional Gaussian, or multivariate normal distribution, is

(F.2)

and compared to the scalar case of Eq. F.1 x and µ  have become n-vectors, the squared
term in the exponent has been replaced by a matrix quadratic form, and σ2, the vari-
ance, has become a covariance matrix C. The diagonal elements represent the variance
of xi and the off-diagonal elements Cij are the correlationss between xi and xj. If the
variables are uncorrelated the matrix C would be diagonal. The covariance matrix is
symmetric and positive definite.

We can plot a 2-dimensional Gaussian

>> [x,y] = meshgrid(-5:0.1:5, -5:0.1:5);
>> C = diag([1 2^2]);
>> g = gaussfunc([0 0], C, x, y) ;
>> axis([-5 5 -5 5 -.05 .12]);  hold on
>> surfc(x, y, g)

as a surface which is shown in Fig. F.2. In this case µ= (0, 0) and C= diag(12, 22) which
corresponds to uncorrelated variables with standard deviation of 1 and 2 respectively.
Figure F.2 also shows a number of contour lines for the surface which we see are ellip-
tical, and the radii in the y- and x-directions are in the ratio 2:1 as defined by the
standard deviations.

Looking at the exponent in Eq. F.2 we see the equation of an ellipse. All the points
that satisfy

result in a constant probability density value, that is, a contour line corresponding to
the 1σ  boundary. For higher order Gaussians, n> 2, the corresponding confidence
interval is a surface of an ellipsoid in n-dimensional space.

Consider that this 2-dimensional probability density function represents the position
of a robot in the xy-plane. The most likely position for the robot is at (0, 0) and we would
have a 68% probability of being inside the ellipse corresponding to the 1σ  boundary

>> plot_ellipse(C, [0 0])

The size of the ellipse says something about our spatial certainty. A large ellipse im-
plies we have a 68% probability being anywhere within a large area, whereas a small
ellipse means we have the same probability to be within a much smaller area. A useful
measure of ellipse size is det(C) as discussed in Appendix E. We can also say that our
uncertainty is higher in the y-direction than the x-direction.

Fig. F.2.
The 2-dimensional Gaussian with
covariance C=diag(12, 22). Con-
tours lines of constant probabil-
ity density are shown beneath
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In estimation filters for localization, Chap. 6, it is common to represent the robot’s
uncertainty graphically as an ellipse. If the covariance matrix is diagonal then the
ellipse is aligned with the x- and y-axes as we saw in Appendix E. This indicates that
the two variables are independent and have zero correlation. Conversely a rotated el-
lipse indicates that the covariance is not diagonal and the two variables are correlated.

If x∈Rn is drawn from a multivariate Gaussian its distance from the point µ is

and this scalar has a chi-squared distribution with n degrees of freedom

The Mahalanobis distance is a scalar measure

of the unlikeness of the point x with respect to the distribution µ and C.
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A scalar-valued function of a vector f :Rn
→R has a derivative with respect to the vector x

and is itself a vector that points in the direction at which the function f(x) has maximal in-
crease. It is often written as ∇xf to make explicit that the differentiation is with respect to x.

A vector-valued function of a vector f :Rm
→R

n can be written as

where fi:R
m
→R for i ∈ {1, 2, � n}. The derivative of f with respect to the vector x

can be expressed in matrix form as a Jacobian matrix

which can also be written as

This derivative is also known as the tangent map of f, denoted Tf, or the differen-
tial of f denoted Df. To make explicit that the differentiation is with respect to x this
can be denoted as Jx, Txf, Dxf or even ∂f/∂x. Jacobians of functions are required for
many optimization algorithms as well as for the extended Kalman filter, and can be
evaluated numerically or symbolically.

Consider equation Eq. 6.9 for the range and bearing angle of a landmark given the
pose of the vehicle and the position of the landmark. We can express this as the very
simple MATLAB® function
1 function z = zrange(xi, xv, w)
2      z = [ sqrt((xi(1)-xv(1))^2 + (xi(2)-xv(2))^2) + w(1);
3          atan((xi(2)-xv(2))/(xi(1)-xv(1)))-xv(3) + w(2) ];

To estimate the Jacobian Hxv=∂h/∂xv for xv= (1, 2, þ ) and xi= (10, 8) we can com-
pute a first order numerical difference

>> xv = [1, 2, pi/3]; xi = [10, 8]; w= [0,0];
>> h0 = zrange(xi, xv, w)

Jacobians
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h0 =
   10.8167
   -0.4592
>> d = 0.001;
>> J = [ zrange(xi, xv+[1,0,0]*d, w)-h0 ...
         zrange(xi, xv+[0,1,0]*d, w)-h0, ...
         zrange(xi, xv+[0,0,1]*d,w)-h0]  /  d
J =
   -0.8320   -0.5547         0
    0.0513   -0.0769   -1.0000

which shares the characteristic last column with the Jacobian shown in Eq. 6.4. Note that
in computing this Jacobian we have set the measurement noise w to zero. The principle diffi-
culty with this approach is choosing d, the difference used to compute the finite-difference
approximation to the derivative. Too large and the results will be quite inaccurate if the
function is non-linear, too small and numerical problems will lead to reduced accuracy.

Alternatively we can perform the differentiation symbolically. This particular func-
tion is relatively simple and the derivatives can be determined easily using differential
calculus. The numerical derivative can be used as a quick check for correctness. To avoid
the possibility of error, or for more complex functions we can perform the differentiation
symbolically using any of a large number of computer algebra packages. Using the
MATLAB® Symbolic Math Toolbox we can declare some symbolic variables

>> syms xi yi xv yv thetav wr wb

and then evaluate the same function as above

>> z = zrange([xi yi], [xv yv thetav], [wr wb])
z =
        wr + ((xi - xv)/(yi - yv)^2)^(1/2)
 wb - thetav + atan((yi - yv)/(xi - xv))

which is simply Eq. 6.9 in MATLAB® symbolic form. The Jacobian is computed by a
Symbolic Math Toolbox function

>> J = jacobian(z, [xv yv thetav])
J =
[ -(2*xi - 2*xv)/(2*((xi - xv)^2 + (yi - yv)^2)^(1/2)),
    -(2*yi - 2*yv)/(2*((xi - xv)^2 + (yi - yv)^2)^(1/2)),  0]
[ (yi - yv)/((xi - xv)^2*((yi - yv)^2/(xi - xv)^2 + 1)),
    -1/((xi - xv)*((yi - yv)^2/(xi - xv)^2 + 1)), -1]

which has the required dimensions

>> about(J)
J [sym] : 2x3 (60 bytes)

and the characteristic last column. We could cut and paste this code into our program
or automatically create a MATLAB® callable function

>> Jf = matlabFunction(J);

where Jf is a MATLAB® function handle. We can evaluate the Jacobian at the operat-
ing point given above

>> xv = [1, 2, pi/3]; xi = [10, 8]; w= [0,0];
>> Jf( xi(1), xv(1), xi(2), xv(2) )
ans =
   -0.8321   -0.5547         0
    0.0513   -0.0769   -1.0000

which is similar to the approximation above obtained numerically. The function
matlabFunction can also write the function to an M-file. The functions ccode
and fcode generate C and Fortran representations of the Jacobian.

Another interesting approach is the package ADOL-C which is an open-source tool
for the automatic differentiation of C and C++ programs, that is, given a function
written in C it will return a Jacobian function written in C. It is available at http://
www.coin-or.org/projects/ADOL-C.xml
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Consider the discrete-time linear time-invariant system

with state vector x∈Rn. The vector u∈Rm is the input to the system at time k, for
example a velocity command, or applied forces and torques. The vector z∈Rp repre-
sents the outputs of the system as measured by sensors. The matrix F∈Rn×n describes
the dynamics of the system, that is, how the states evolve with time. The matrix G∈Rn×m

describes how the inputs are coupled to the system states. The matrix H∈Rp×n de-
scribes how the system states are mapped to the observed outputs.

To account for errors in the model (represented by F and G) and also unmodeled dis-
turbances we introduce a Gaussian random variable v∈Rn termed the process noise.
vhki∼N(0, V), that is, it has zero-mean and covariance V. The sensor measurement
model H is not perfect either and this is modelled by measurement noise, another Gaussian
random variable w∈Rp and whki∼N(0, W). The covariance matrices V∈Rn×n and
W∈Rp×p are symmetric and positive definite.

The general problem that we confront is:

given a model of the system, the known inputs u and some noisy sensor measure-
ments z, estimate the state of the system x.

In a robotic localization context x is the unknown pose of the robot, u is the com-
mands sent to the motors and z is the output of various sensors on the robot. For a
flying robot x could be the attitude, u the known forces applied to the airframe and z
are the measured accelerations and angular velocities.

The Kalman filter is an optimal estimator for the case where the process and
measurement noise are zero-mean Gaussian noise. The filter has two steps. The first
is a prediction of the state based on the previous state and the inputs that were
applied.

(H.1)

(H.2)

where ' is the estimate of the state and Ï∈Rn×n is the estimated covariance, or uncer-
tainty, in '. This is an open-loop step and its accuracy depends completely on the qual-
ity of the model F and G and the ability to measure the inputs u. The notation k+ 1|k
makes explicit that the left-hand side is an estimate at time k+ 1 based on informa-
tion from time k.

The prediction of P involves the addition of two positive-definite matrices so the
uncertainty, given no new information and the uncertainty in the process, has increased.
To improve things we have to introduce new information and that comes from mea-

Kalman Filter
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surements obtained using sensors. The new information that is added is known as the
innovation

which is the difference between what the sensors measure and what the sensors are
predicted to measure. Some of the difference will be due to the noise in the sensor, the
measurement noise, but the remaining discrepancy indicates that the predicted state
was in error and does not properly explain the sensor observations.

The second step of the Kalman filter, the update step, uses the Kalman gain

(H.3)

to map the innovation into a correction for the predicted state, optimally tweaking the
estimate based on what the sensors observed

Importantly we note that the uncertainty is now decreased or deflated, since the
second term is subtracted from the predicted covariance. The term indicated by S is
the estimated covariance of the innovation and comes from the uncertainty in the
state and the measurement noise covariance. If the innovation has high uncertainty in
relation to some states this will be reflected in the Kalman gain which will make corre-
spondingly small adjustment to those states.

The covariance update can also be written in the Joseph form

which has improved numerical properties and keeps the covariance estimate symmet-
ric, but it is computationally more costly.

The equations above constitute the classical Kalman filter which is widely used in
applications from aerospace to econometrics. The filter has a number of important
characteristics. Firstly it is recursive, the output of one iteration is the input to the
next. Secondly, it is asynchronous. At a particular iteration if no sensor information is
available we perform just the prediction step and not the update. In the case that there
are different sensors, each with their own H, and different sample rates, we just apply
the update with the appropriate z and H. The Kalman-Bucy filter is a continuous-time
version of this filter.

The filter must be initialized with some reasonable value of ' and Ï. The filter also
requires our best estimates of the covariance of the process and measurement noise.
In general we do not know V and W but we have some estimate Í and Ñ that we use in
the filter. From Eq. H.2 we see that if we overestimate Í our estimate of P will be larger
than it really is giving a pessimistic estimate of our certainty in the state. Conversely if
we overestimate Í the filter will be overconfident of its estimate.

The covariance matrix Ï is rich in information. The diagonal elements Ïii are the
variance, or uncertainty, in the state xi. The off-diagonal elements Ïij are the correla-
tions between states xi and xj. The correlations are critical in allowing any piece of
new information to flow through to adjust multiple states that affect a particular pro-
cess output.

The term FPhk|kiFThki in Eq. H.2 is interesting. Consider a one dimensional example
where F is a scalar and the state estimate úhki has a PDF that is a Gaussian with a mean
–xhki and a variance σ2hki. The prediction equation maps the state and its Gaussian dis-
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tribution to a new Gaussian distribution with a mean F–xhki and a variance F2
σ

2hki. The
term FPhk|kiFThki is the matrix form of this since

and appropriately scales the covariance. The term HPhk+1|kiHT in Eq. H.3 projects the
covariance of the state estimate into the observed values.

Now consider the case where the system is not linear

where f and h are now functions instead of constant matrices. f :Rn,Rm
→R

n is a
function that describes the new state in terms of the previous state and the input to the
system. The function h :Rn

→R
p maps the state vector to the sensor measurements.

To use the linear Kalman filter with a non-linear system we first make a local linear
approximation

where Fx∈R
n×n, Fu∈R

n×m, Fv∈R
n×n, Hx∈R

p×n and Hw∈R
p×p are Jacobians of the

functions f(·) and h(·) and are evaluated at each time step.
We define a prediction error

and a measurement residual

which are linear and the Kalman filter equations above can be applied. The prediction
step of the extended Kalman filter is

and the update step is

where the innovation is

and the Kalman gain is

A fundamental problem with the extended Kalman filter is that PDFs of the ran-
dom variables are no longer Gaussian after being operated on by the non-linear
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functions f(·) and h(·). We can easily illustrate this by considering a scalar system
with the PDF of the state estimate being the Gaussian N(5, 2)

>> x = linspace(0, 20, 100);
>> g = gaussfunc(5, 2, x);
>> plot(x, g);

Now consider the nonlinear function y= x2
/5 and we overlay the PDF of y

>> y = x.^2 / 5;
>> plot(y, g, 'r');

which is shown in Fig. H.1. We see that the PDF of y has its peak, the mode, at the same
location but the distribution is no longer Gaussian. It has lost its symmetry so the
mean value will actually be greater than the mode. The Jacobians that appear in the
EKF equations appropriately scale the covariance but the resulting non-Gaussian dis-
tributions break the assumptions which guarantee that the Kalman filter is an optimal
estimator. Alternatives include the iterated EKF described by Jazwinski (1970) or the
Unscented Kalman Filter (UKF) (Julier and Uhlmann 2004) which uses discrete sample
points to approximate the PDF.

Fig. H.1.
PDF of the state x (blue) which is
Gaussian N(5, 2) and the PDF of
the non-linear function x2/5 (red)

Appendix H  ·  Kalman Filter
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A point in n-dimensional Euclidean space x∈Rn is represented by a coordinate
vector (x1, x2 � xn). The corresponding point in homogeneous coordinates, or the pro-
jective space x ∈ Pn is represented by a coordinate vector (²1, ²2 � ²n+1). The Euclid-
ean coordinates are related to the projective coordinates by

Conversely a homogeneous coordinate vector can be constructed from a Euclidean
coordinate vector by

and the tilde is used to indicate that the quantity is homogeneous.
The extra degree of freedom offered by projective coordinates has several advantages.

It allows points and lines at infinity, known as ideal points and lines, to be represented
using only real numbers. It also means that scale is unimportant, that is x and x′= αx
both represent the same Euclidean point for all α≠ 0. We express this as x� x′. Points in
homogeneous form can also be rotated with respect to a coordinate frame and translated
simply by multiplying the homogeneous coordinate by an (n+ 1)× (n+ 1) homoge-
neous transformation matrix.

Homogeneous vectors are important in computer vision when we consider points
and lines that exist in a plane – a camera’s image plane. We can also consider that the
homogeneous form represents a ray in Euclidean space, and the relationship between
points and rays is at the core of the projective transformation.

In P2 a line is defined by a 3-tuple, 
~
` = (`1, `2, `3)T, not all zero, and the equation of

the line is the set of all points

which expands to `1x+ `2y+ `3= 0 and can be manipulated into the more familiar rep-
resentation of a line. Note that this form can represent a vertical line, parallel to the y-axis,
which the familiar form y=mx+ c cannot. This is the point equation of a line. The non-
homogeneous vector (`1, `2) is a normal to the line, and (−`2, `1) is parallel to the line.

A duality exists between points and lines. A point is defined by the intersection of
two lines. If we write the point equations for two lines 

~
`1

Tp= 0 and 
~
`2

Tp= 0 their inter-
section is the point

and is known as the line equation of a point. Similarly, a line joining two points p1
and p2 is given by the cross-product

Homogeneous Coordinates
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Consider the case of two parallel lines at 45° to the horizontal axis

>> l1 = [1 -1 0]';
>> l2 = [1 -1 -1]';

which we can plot

>> plot_homline(l1, 'b')
>> plot_homline(l2, 'r')

The intersection point of these parallel lines is
>> cross(l1, l2)
ans =
     1     1     0

This is an ideal point since the third coordinate is zero – the equivalent Euclidean
point would be at infinity. Projective coordinates allow points and lines at infinity to
be simply represented and manipulated without special logic to handle the special
case of infinity.

The distance from a point p to a line 
~
` is

(I.1)

In the projective space P3 a duality exists between points and planes: three points
define a plane, and the intersection of three planes defines a point.
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A graph is an abstract representation of a set of objects connected by links and
depicted graphically as shown in Fig. J.1. Mathematically a graph is denoted
G(V, E) where V, are called vertices or nodes, and the links, E, that connect some
pairs of vertices are called edges or arcs. Edges can be directed (arrows) or un-
directed as in this case. Edges can have an associated weight or cost associated
with moving from one vertex to another. A sequence of edges from one vertex
to another is a path, and a sequence that starts and ends at the same vertex is a
cycle. An edge from a vertex to itself is a loop. Graphs can be used to represent
transport, communications or social networks, and this branch of mathematics is
graph theory.

The Toolbox provides a MATLAB® graph class called PGraph that supports em-
bedded graphs where the vertices are associated with a point in an n-dimensional
space. To create a new graph

>> g = PGraph()
g =
  2 dimensions
  0 vertices
  0 edges
  0 components

and by default the nodes of the graph exist in a 2-dimensional space. We can add nodes
to the graph

>> g.add_node( rand(2,1) );
>> g.add_node( rand(2,1) );
>> g.add_node( rand(2,1) );
>> g.add_node( rand(2,1) );
>> g.add_node( rand(2,1) );

Graphs

Fig. J.1.
An example graph generated by

the PGraph class
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and each has a random coordinate. A summary of the graph is given with its display method
>> g
g =
  2 dimensions
  5 vertices
  0 edges
  5 components

and shows that the graph has 5 nodes but no edges. The nodes are numbered 1 to 5
and we add edges between pairs of nodes

>> g.add_edge(1, 2);
>> g.add_edge(1, 3);
>> g.add_edge(1, 4);
>> g.add_edge(2, 3);
>> g.add_edge(2, 4);
>> g.add_edge(4, 5);
>> g
g =
  2 dimensions
  5 vertices
  6 edges
  1 components

By default the distance between the nodes is the Euclidean distance between the verti-
ces but this can be overridden by a third argument to add_edge. This class supports
only undirected graphs so the order of the vertices provided to add_edge does not
matter. The graph has one component, that is all the nodes are connected into one
network. The graph can be plotted by

>> g.plot('labels')

as shown in Fig. J.1. The vertices are shown as blue circles, and the option 'labels'
displays the vertex index next to the circle. Edges are shown as black lines joining verti-
ces. Note that only graphs embedded in 2- and 3-dimensional space can be plotted.

The neighbours of vertex 2 are
>> g.neighbours(2)
ans =
     3     4     1

which are vertices connected to vertex 2 by edges. Each edge has a unique index and
the edges connecting to vertex 2 are

>> e = g.edges(2)
e =
     4     5     1

The cost or length of these edges is
>> g.cost(e)
ans =
    0.9597    0.3966    0.6878

and clearly edge 5 has a lower cost than edges 4 and 1. Edge 5

>> g.vertices(5)
ans =
     2
     4

joins vertices 2 and 4, and vertex 4 is clearly the closest neighbour of vertex 2. Fre-
quently we wish to obtain a node’s neighbouring vertices and their distances at the
same time, and this can be achieved conveniently by

>> [n,c] = g.neighbours(2)
n =
     3     4     1
c =
    0.9597    0.3966    0.6878
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To plan a path through the graph we specify the goal vertex

>> g.goal(5)

which assigns every node in the graph its distance from the goal in a breadth-first
fashion. To find a path to the goal from a specified starting vertex is

>> g.path(3)
ans =
     3     2     4     5

In this case the shortest path from vertex 3 to vertex 5 is via vertices 2 and 4. The ver-
tex closest to the coordinate (0.5, 0.5) is

>> g.closest([0.5, 0.5])
ans =
     4

The minimum cost path between any two nodes in the graph can be computed using
well known algorithms such as A* (Nilsson 1971)

>> g.Astar(3, 5)
ans =
     3     2     4     5

or the earlier method by Dijstrka (1959).

Appendix J  ·  Graphs
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A commonly encountered problem is estimating the position of the peak of some dis-
crete signal y(k), k ∈Z, see for example Fig. K.1a

>> load peakfit1
>> plot(y,  '-o')

Finding the peak to the nearest integer is straightforward using MATLAB’s max function

>> [ypk,xpk] = max(y)
ypk =
    0.9905
xpk =
     8

which indicates the peak occurs at the eighth element and has a value of 0.9905. In this
case there is more than one peak and we can use the Toolbox function peak instead

>> [ypk,xpk] = peak(y)
ypk =
    0.9905    0.6718   -0.5799
xpk =
     8    25    16

which has returned three maxima in descending magnitude. A common test of the
quality of a peak is its magnitude and the ratio of the height of the second peak to the
first peak

>> ypk(2)/ypk(1)

which is called the ambiguity ratio and is ideally small.
This signal is a sampled representation of a continuous underlying signal y(x) and

the real peak might lie between the samples. If we look at a zoomed version of the
signal, Fig. K.1b, we can see that although the eighth point is the maximum the ninth

Fig. K.1. Peak fitting. a A signal
with several local maxima; b close-
up view of the first maxima with
the fitted curve (red) and the esti-
mated peak (red-◊)

Peak Finding
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point is only slightly lower so the peak lies somewhere between points eight and nine.
A common approach is to fit a parabola

(K.1)

to the points surrounding the peak. For the discrete peak that occurs at (xpk, ypk) then
δ= 0 corresponds to xpk and the discrete x-coordinates on either side correspond to
δ=−1 and δ=+1 respectively. Substituting the points (−1, y(−1)), (0, y(0)) and
(1, y(1)) into Eq. K.1 we can write three equations

or in compact matrix form as

and then solve for the parabolic coefficients

(K.2)

The maxima of the parabola occurs when its derivative is zero

and substituting the values of a and b from Eq. K.2 we find the displacement of the
peak of the fitted parabola with respect to the discrete maxima

so the refined, or interpolated, position of the maxima is at

The coefficient a, which is negative for a maxima, indicates the sharpness of the
peak which can be useful in determining whether a peak is sufficiently sharp. A large
magnitude of a indicates a well defined sharp peak wheras a low value indicates a very
broad peak for which estimation of a refined peak detection may not be so accurate.

Continuing the earlier example we can use the Toolbox function peak to estimate
the refined peak positions

>> [ymax,xmax] = peak(y, 'interp', 2)
ymax =
    0.9905    0.6718   -0.5799
xmax =
    8.4394   24.7299   16.2438

where the argument after the 'interp' option indicates that a second order poly-
nomial should be fitted. The fitted parabola is shown in red in Fig. K.1b and is plotted
if the option 'plot' is given.
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If the signal has superimposed noise then there are likely to be multiple peaks,
many of which are quite minor, and this can be overcome by specifying the scale of the
peak. For example the peaks that are greater than all other values within ±5 values in
the horizontal direction are

>> peak(y, 'scale', 5)
ans =
    0.9905    0.8730    0.6718

In this case the result is unchanged since the signal is fairly smooth.
For a 2D signal we follow a similar procedure but instead fit a paraboloid

(K.3)

which has five coefficients that can be calculated from the centre value (the discrete
maximum) and its four neighbours (north, south, east and west) using a similar pro-
cedure to above. The displacement of the estimated peak with respect to the central
point is

In this case the coefficients a and b represent the sharpness of the peak in
the x- and y-directions, and the quality of the peak can be considered as being
min a, b.

A 2D discrete signal was loaded from peakfit1 earlier

>> z
z =
    0.0800    0.2000    0.3202    0.4400    0.5600
    0.0400    0.1717    0.3662    0.4117    0.5200
    0.0002    0.2062    0.8766    0.4462    0.4802
   -0.0400    0.0917    0.2862    0.3317    0.4400
   -0.0800    0.0400    0.1602    0.2800    0.4000

In this small example it is clear that the peak is at element (3, 3) but programatically
this is

>> [zmax,i] = max(z(:))
zmax =
    0.8766
i =
    13

and the maximum is at the thirteenth element in row-major order� which we convert
to array subscripts

>> [ymax,xmax] = ind2sub(size(z), i)
xmax =
     3
ymax =
     3

We can find this more conveniently using the Toolbox function peak2

>> [zm,xy]=peak2(z)
zm =
    0.8766
xy =
     3
     3

Counting the elements, starting with 1
at the top-left down each column then
back to the top of the next rightmost
column.
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This function will return all non-local maxima where the size of the local region is
given by the 'scale' option. As for the 1-dimensional case we can refine the esti-
mate of the peak

>> [zm,xy]=peak2(z, 'interp')
zm =
    0.8839
xy =
    2.9637
    3.1090

that is, the peak is at element (2.9637, 3.1090). When this process is applied to image
data it is referred to as subpixel interpolation.

Appendix K  ·  Peak Finding
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–, change due to absorption  242
–, classification  342
–, constancy  241
–, gamut  234
–, image  245
–, matching  231
–, name  236

–, functions  232, 235
–, plane  245, 288, 297, 300, 371
–, space  236

–, CIE L*C*h  237
–, CIE L*u*v  238
–, HSV  237
–, perceptually uniform  238

–, reproduction  230
–, YUV  238

–, temperature  241
colorimetry  234
column space  514
Commission Internationale de l’Eclairage (CIE) 234

–, 1976 standard primary  230
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–, color space
–, L*C*h  237
–, L*u*v 238

–, XYZ primary  235
compensation, gravity  83
compliant drive  214
compound

–, eye  221
–, lens  251

compression
–, gamma  244
–, image  286, 289, 367

concurrent mapping and localization  123
condition number (see matrix condition number)
cone cell  227
configuration

–, change  157
–, kinematic  139, 147, 157
–, space  65, 66, 67, 78, 81, 103, 139, 143, 150

conformal mapping  253
conics  253, 275
conjugate point  386, 388, 390, 391, 393, 397, 402, 405
connected components

–, analysis  346
–, graph  100, 536
–, image  346, 349

connectivity analysis  346
consistency, left-right, check   410
constant

–, Boltzmann’s  223
–, Planck’s  223

constraint, non-holonomic  67, 69
control  191

–, feedforward  83, 210, 211
–, flexible transmission  213
–, integral

–, action  207
–, windup  217

–, loop, nested  205
–, model-based  211
–, proportional  205, 209
–, proportional-integral  207
–, resolved-rate motion  177, 180
–, shared  6
–, torque

–, computed  211–215
–, feedforward  208, 211

–, traded  6
– vision-based  455
–, visual servo  453

convolution  300, 307
–, kernel  300
–, properties of  300

coordinate
–, frame  19, 174

–, end-effector  175
–, multiple 3-dimensional  17
–, right-handed  24
–, rotation  26, 51
–, time varying  51

–, generalized  65, 191
–, homogeneous  533
–, joint, generalized  139
–, system, Cartesian  19

Coriolis
–, force  191, 193, 196

–, matrix  196
corner

–, detector
–, classical  366
–, Plessey  367
–, scale-space  371
–, Shi-Tomasi  367

–, feature (see also point feature)  365
–, points  365

correction
–, gamma  244

–, perspective  428
correspondence problem  120
corresponding point  406
cost map  95
Coulomb friction  201
covariance matrix  110, 112, 114, 116, 117, 121, 122, 524

–, correlation  110, 524, 530
–, ellipse  114
–, extending  121

crack code  357
cropping  324
curvature, principal  367
cybernetics  1, 4, 88, 105

D

D*  95
D65 white  240
damped inverse  182
data association  120, 382, 392, 394

–, error  109
dead reckoning  54, 63, 107, 111
decimation, image  325
decoding, gamma  244, 296, 297, 342
decomposition

–, Cholesky  514
–, pyramidal  326
–, spectral  513

decompression, gamma  244
definition, ellipse  517
degrees of freedom  31, 46, 65, 66, 67, 78, 136, 137, 140, 148, 150, 152,

174, 177, 179, 182, 184, 460, 478, 481, 493
Denavit-Hartenberg

–, notation  137, 138, 150, 151, 158–160, 163, 167
–, modified  160

–, parameters  139
–, determination  159

depth  469
–, of field  254

derivative of
–, Gaussian  309

–, kernel  367
–, quaternion  55

description  350
detector, zero crossing  311
determinant  21, 178, 183, 369, 514

–, of the Hessian  369
difference of Gaussian  310
dimension, singleton  288
dioptrics  269
direct linear transform  281
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disparity  406
–, image  406
–, space image  408

display, 3D texture mapped  415
distance

–, city block  93
–, Euclidean  19, 93
–, Hamming  315
–, Mahalanobis  525
–, Manhattan  93
–, transform  93, 96, 99, 100, 102

distortion
–, barrel  261
–, geometric  261
–, pincushion  261
–, radial  261
–, tangential  261

dnapped robot  127
DoG kernel  307, 310
DoH  369
drawing  162
drive

–, compliant  214
–, train  200

Dubbins car  68
dynamic range  287
dynamics  191

–, forward  202
–, integral  202
–, inverse  191, 211, 213
–, rigid-body  191

E

eccentricity  276, 518
edge

–, detector  304, 316
–, operator, Canny  308
–, preserving filter  317

effective inertia  205
effector, picket fence  409
eigenvalue  34, 114, 179, 199, 200, 352, 367, 419, 513
eigenvector  34, 352, 419, 513
EISPACK  7
element, structuring  317
ellipse  517

–, definition  517
–, drawing  520
–, error  114, 115, 119, 122, 124
–, fitting  521
–, inertia of  521
–, properties  518

ellipsoid, equivalent  419
Elsie  61, 87
encoding, gamma  244, 296
end-effector  137
end-point

–, closed-loop  455
–, open-loop  455

ephemeris  108
epipolar

–, line  386, 388, 391, 393, 394, 401, 405, 441
–, plane  386

epipolar-aligned image  417

epipole  388, 389, 441
equal-energy white  240
equation

–, lens  251
–, linear, solving 516

–, of motion  191'"'
–, of plane  420
–, solving system  516

equiangular mirror  271
equivalent ellipsoid  419
error  109

–, ellipse  114, 115, 119, 122, 124
–, reprojection  425

essential matrix  390, 391, 399, 402, 403, 423
estimation  110

–, Monte-Carlo  125
Euclidean

–, distance  19, 93
–, homography  398, 430

Euler
–, angle  29, 176

–, singularity  30
–, equation of motion  80, 191, 192
–, rotation theorem  25, 28

EXIF file format  289, 402, 430
expansion, centre  441
exposure

–, interval  260
–, value  287

extended Kalman filter  113, 527, 529, 531
exteroceptive  3

–, sensor  3
eye

–, compound  221
–, cone cell  227, 229
–, dynamic range  287
–, evolution of  221
–, fovea  229
–, lens-based  221
–, reflector-based  221
–, rod cell  227, 287

eye-in-hand  455

F

f-number  253
feature

–, boundary  356
–, circle  474
–, correspondence  382
–, descriptor  368, 375, 383
–, Harris corner  367, 368, 370, 371, 382–384
–, image  335
–, line  361
–, motion controlling  464
–, region  337, 350
–, sensitivity matrix  460

feedforward control  83, 210, 211
field

–, of view  258, 268
–, robot  2, 63

file format
–, image  288
–, JFIF  244
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fill factor  259, 260
filter

–, edge preserving  317
–, Kalman  113, 529

–, extended  113, 527, 529, 531
–, median  316
–, particle  125

filtering, Bayer  229
fisheye lens

–, camera  269, 270, 486
–, projection model  271

flow, optical  440, 462, 481, 486, 488
–, derotation  470

flux, luminous  229
focal

–, length  251
–, point  252

following
–, line  72
–, path  74

force
–, centripetal  193
–, Coriolis  191, 193, 196
–, friction  191
–, generalized  191

foreshortening  253, 428, 429
form

–, homogeneous  22, 24, 388, 425
–, Joseph  530

formula
–, Planck radiation  223
–, Rodrigues rotation  34

forward
–, dynamics  202
–, kinematics  140, 145

–, instantaneous  174
fovea  229
frame

–, body-fixed  31, 54, 79
–, coordinate, right-handed  24
–, transforming wrench  186
–, world coordinate  16

freedom, degrees of  31, 46, 65, 66, 67, 78, 136, 137, 140, 148, 150,
152, 174, 177, 179, 182, 184, 460, 478, 481, 493

Freeman chain code  357
friction  201

–, coefficient, viscous  201
–, Coulomb  201
–, force  191
–, stiction  201

fully actuated  65
function, probability density  109, 114, 125, 523
fusion  119

G

gait pattern  167
Galileo  109
gamma  243

–, compression  244
–, correction  244
–, decoding  244, 296, 297, 342
–, decompression  244
–, encoding  244, 296
–, sRGB  244, 296

gantry robot  135
Gaussian

–, derivative  309
–, difference  310
–, function  301, 307

–, width  301, 302
–, kernel  325, 367, 371, 374

–, derivative  367
–, Laplacian of   309

–, Laplacian of  310, 371, 374
–, noise  264, 266, 419, 422
–, properties of  302
–, smoothing  349
–, width of  302

generalized
–, coordinate  65, 191
–, force  191
–, joint coordinate  139
–, matrix inverse  512
–, Voronoi diagram  323

Gestalt principle  349
gimbal lock  31, 148, 156, 177
Global Hawk unmanned aerial vehicle (UAV)  3
Global Positioning System (GPS)  81, 107, 109, 424

–, differential  109
–, multi-pathing  107
–, RTK  109
–, selective availability  109

GLONASS  109
goal seeking  90
GPS (see Global Positioning System)
gradient, image  366, 367
graph  97, 99, 349, 535

–, embedded  535
Grassmann laws  231
gravity

–, compensation  83
–, law, centre  234
–, load  191, 193, 203, 207, 208
–, term  193

grey value  286
group, special

–, Euclidean  17, 22, 38
–, orthogonal  21, 27, 512

gyroscope  31, 54, 69, 111, 193
–, strapdown  193

H

Hamming distance  315
Harris corner feature  367, 368, 370, 371, 382–384
heading rate (see yaw rate)
Hessian

–, determinant  369
–, matrix  369

histogram  286, 293, 297, 338, 370, 384, 441
–, 2-dimensional  245
–, normalization  295

hit-and-miss transform  323
homogeneous

–, form  22, 388, 425
–, transformation  22, 37, 38, 140, 145, 171, 255, 257, 258, 389,

399, 403, 419, 533
–, interpolation  49
–, normalization  55, 457, 466
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–, sequence  146, 163, 423
homography  396, 397, 398, 400, 401, 418, 429, 430, 432

–, Euclidean  398, 430
–, geometry  399
–, planar  396
–, projective  399

Hough transform  362
hue  232, 237
humanoid robot  2
hybrid

–, trajectory  45
–, visual servo  481

hysteresis threshold  308

I

IBVS
–, spherical camera  486
–, polar coordinates  484

ICP  421, 424
ideal

–, line  259, 533
–, point  533

identity quaternion  36
illuminance  229
image

–, anaglyph  417, 445
–, compression  286, 289, 367
–, coordinate, canonical  254
–, disparity  406

–, space  408
–, normalized  254, 329, 390, 398, 461, 475, 485

–, decimation  325
–, epipolar-aligned  417
–, feature  335, 473
–, formation  251

–, extraction  335
–, file

–, format  288
–, raw  229

–, from
–, camera  289
–, motion  460
–, movie  289
–, code  291
–, file  285
–, web  290

–, gradient  366, 367
–, Jacobian  460, 462, 469, 484, 486
–, Lena  302
–, matching  433
–, moment  351
–, monochromatic  286
–, multiple  381
–, noise  260
–, obtaining  285
–, perspective, synthetic  278
–, plane  251, 533
–, processing  285, 439
–, pyramid  326
–, rectification  417
–, region  346
–, resizing  324
–, retrieval  433
–, segmentation  337

–, similarity  311, 366
–, census  315
–, non-parameteric  315
–, rank transform  315

–, sphere  273
–, stabilization  433
–, stitching  431
–, subsampling  325, 403
–, warping  267, 277, 327, 418, 429, 432

imaging
–, central  272, 279
–, non-central  272
–, unified  275

–, model  275
impulse noise  316
IMU  32, 54
incandescence  223
inertia

–, effective  205
–, matrix  195, 419
–, moment of  81, 352, 521
–, product of  81, 352, 521
–, rotational  81, 192

inertial
–, measurement unit  32, 54, 493
–, navigation system  54, 80, 81
–, reference frame  53

Inf  407
infra-red

–, camera  248
–, radiation  224, 225

inheritance  509
innovation  117
INS  54
integral

–, dynamics  202
–, windup  207

intelligence, artificial  4
intensity, luminous  229
interaction matrix  460
interest point  365
International Telecommunication Union (ITU)  234
interpolation

–, spherical linear  49
–, subpixel  542

interval, property  117
intrinsic parameter  390
invariance  355, 375, 376

–, rotational  367
–, shift  300

inverse
–, dynamic control  212
–, dynamics  191, 211, 213

iterative closest point  421
ITU (see International Telecommunication Union)

J

Jacobian  113, 157, 174, 527
–, analytical  176, 177
–, damped inverse  182
–, geometric  174
–, image  460, 462, 469, 484, 486
–, manipulator  171, 174, 186, 191
–, numerical  527
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–, robot
–, over-actuated  184
–, under-actuated  183

–, singularity  177, 182
–, symbolic  528

jerk  43
JFIF file format  244
joint

–, angle  139, 158
–, control, manipulator  204
–, space  139

joint-space trajectory  153
Joseph form  530

K

k-means  245, 434
–, algorithm  342
–, clustering  342

Kalman filter  113, 529
kernel

–, convolution  300
–, DoG  307, 310
–, Gaussian  325, 367, 371, 374

–, derivative of  367
–, Laplacian  309, 371

–, LoG  309, 310, 374
–, Mexican hat  309
–, Sobel  306
–, top hat  303

keypoint  365
keystone  428

–, distortion  429
kinematic

–, configuration  139, 147, 157
–, model  69

kinematics  137
–, forward  140, 145

–, instantaneous  174
–, inverse  146, 187

–, closed form  146
–, numerical  149, 187

L

Lambertian reflection  346
landmark  108
Laplacian

–, kernel  309, 371
–, of Gaussian  309, 310, 371, 374

lateral motion  69
latus rectum  276
law

–, Beer  225
–, Grassmann  231
–, Newton, second  79, 191, 192
–, Stefan-Boltzman  224
–, Wien displacement  224

left-right consistency check  410
Lena image  302
length, focal  251
lens

–, anamorphic  290
–, aperture  253

–, compound  251
–, distortion  261
–, entrance pupil  263
–, equation  251
–, f-number  253
–, fisheye  269, 486
–, focal length  251
–, simple  251
–, thin  251
–, zoom  258

light  223
–, absorption  225, 242
–, monochromatic  223
–, solar spectrum  225
–, visible  223

line
–, epipolar  386, 388, 391, 393, 394, 401, 405, 441
–, equation of a point  533
–, feature  361, 473
–, following  72
–, ideal  259, 533
–, of no motion  68

LINPACK  7
load, gravity  191, 193, 203, 207, 208
localization  107, 123

–, and mapping, simultaneous  123
–, Monte-Carlo  125

locus, spectral  233–235
LoG kernel  309, 310, 374
longitude problem  108
LORAN  109
LSPB trajectory  45
lumen  227
luminance  226, 229, 232, 233, 235, 236, 240, 243, 286
luminosity  227
luminous

–, flux  229
–, intensity  229

M

Manhattan distance  93
manifold  65
manipulability, dynamic  198
manipulator (see also robot)  135

–, Jacobian  171, 174, 186, 191
–, joint control  204
–, redundant  150
–, serial-link  137
–, under-actuated  149

manufacturing robot  2
map

–, creation  120
–, using  116

mapping  123
–, and localization, concurrent  123
–, conformal  253
–, texture  278, 416

Marr-Hildreth operator  309
Mars rover  5
mass, centre  193
matching, trichromatic  231
mathematical morphology  98, 317

–, closing  320, 345
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–, dilation  101, 318
–, erosion  318
–, hit and miss  323

–, end point  323
–, skeleton  323
–, triple point  323

–, opening  320, 344
–, properties of  319
–, triple point  99

MATLAB®
–, objects  505
–, software  7
–, versions  500

matrix
–, matrix, angular velocity  51
–, anti-symmetric  512
–, autocorrelation  367
–, camera  254, 257, 262, 264, 404, 425

–, parameter  255, 257, 399
–, condition number  178, 465, 467, 515
–, covariance  110, 112, 114, 116, 117, 121, 122, 524

–, correlation  110, 524, 530
–, ellipse  114

–, essential  390
–, extending  121

–, damped inverse  182
–, diagonalization  513
–, essential  390, 391, 399, 402, 403, 423
–, feature sensitivity  460
–, fundamental  388, 391, 443
–, Hessian  369
–, inertia  195, 419
–, interaction  460
–, inverse, generalized  512
–, normal  512
–, null space of  185, 188, 389, 464, 514
–, orthogonal  21, 27, 512, 515
–, orthonormal (see matrix, orthogonal)
–, positive

–, definite  513
–, semi-definite  513

–, projection  254
–, pseudo inverse  183, 184, 465, 466, 477
–, rank  177, 263, 514
–, rotation  20, 27, 29, 32, 34, 36, 176, 328, 431, 492

–, derivative  51, 173
–, estimating  421, 516
–, reading  27

–, similar  514
–, skew-symmetric  51, 512
–, symmetric  195, 367, 512
–, trace of  514

maximally stable extremal region  341
maximum

–, suppression, non-local   308, 317, 364, 367, 369, 542
–, torque  207
–, velocity  45

measurement
–, noise  112, 117
–, unit, inertial  32, 54, 493

median filter  316
metamer  230
MEX-files  500
Mexican hat kernel  309

mile, nautical  107
minimum-norm solution  184
Minkowski addition  101, 319
mirror, equiangular  272
missing parts problem  409
mixed pixel problem  315, 411
mobile robot  61, 489
mobility  65
model

–, bicycle  68
–, central perspective  252
–, imaging, non-perspective  269
–, kinematic  69
–, Reeds-Shepp  68
–, unified imaging  275, 481

moment  351, 521
–, central  351, 521
–, image  351
–, invariant  356
–, normalized  356
–, of inertia  81, 352, 521
–, principle  352

momentum, angular  193
monochromatic

–, image  286
–, light  223

Monte-Carlo
–, estimation  125
–, localization  125

Moore-Penrose pseudo inverse  512
Moravec interest operator  366
morphology, mathematical  98, 317

–, closing  320, 345
–, dilation  101, 318
–, erosion  318
–, hit and miss  323

–, end point  323
–, skeleton  323
–, triple point  323

–, opening  320, 344
–, properties of  319
–, triple point  99

mosaicing  431
motion  43, 422

–, axis  46
–, Cartesian  49, 155
–, control, resolved-rate  177, 180
–, equation, Euler  80, 191, 192
–, incremental  52
–, joint-space  153
–, lateral  69
–, longitudinal  69
–, perceptibility  465
–, robot leg  165, 166
–, straight-line  155
–, through singularity  156

motor
–, limit  207
–, torque  204

moving
–, to a point  71
–, to a pose  75

multi-pathing  107
multi-segment trajectory  46
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N

NaN  407, 414
nautical

–, angle  30
–, mile  107

navigation  87
–, celestial  108
–, reactive  88
–, system, inertial  53, 54, 80, 81

NCC  312, 333, 444
Newton’s second law  79, 191, 192
Newton-Euler, recursive  191
Niblack threshold  340
Noble corner detector  367
noise

–, dark current  260
–, Gaussian  264, 266, 419, 422
–, image  260
–, impulse  316
–, measurement  112, 117
–, pixel  307, 260
–, process  112, 529
–, removal  321
–, salt and pepper  316

normal matrix  512
normalization

–, homogeneous transformation  55, 457, 466
–, quaternion  55
–, transform  54

normalized
–, image coordinate  254, 329, 390, 398, 461, 475, 485
–, moment  356

null space of matrix  185, 188, 389, 464, 514

O

observation  116
occlusion  346
occupancy grid  90, 92
odometer  111
odometry  111, 424

–, visual  445
omni-directional

–, camera  258
–, wheel  67

operation
–, diadic  296
–, monadic  293
–, non-linear  316
–, spatial  299

operator
–, Canny edge  308
–, Marr-Hildreth  309
–, Moravec interest  366
–, overloading  507

optical
–, axis  33, 251, 254, 255
–, flow  440, 462, 481, 486, 488

–, derotation  470
orientation  15, 37

–, 3-dimensional  25
–, interpolation  48
–, vector  32

orthophoto  433
Otsu’s method threshold  339

P

parallel-link robot  135
parameter

–, camera matrix  255, 257, 399
–, Denavit-Hartenberg  139

particle filter  125
path  43

–, following  74
pattern, Airy  301
payload effect  197
peak

–, finding  338, 359, 539
–, refinement  412

pencil of lines  392
pendulum, bifilar  216
perceptibility, motion  465
performance issue  471
perspective

–, correction  428
–, distortion  428
–, model, cetral  525
–, projection  253, 254, 257, 259, 278, 280, 388, 391, 425, 460,

461
–, transform  251

perspective-n-point problem  266
photogrammetry  280, 442
photometric unit  228
photopsin  228
photosite  229, 255, 287
phototaxis  88
picket fence effector  409
pin-hole camera  221, 254
pincushion distortion  261
pixel

–, noise  307
–, non-uniformity noise  260
–, value  286

Planck radiation formula  223
Planckian source  223
Planck’s constant  223
plane

–, epipolar  386
–, equation of  420
–, fitting data to  419

planning, map-based  91
Plessey corner detector  367
PnP  266
point

–, 3D  420
–, cloud  419
–, conjugate  386, 388, 390, 391, 393, 397, 402, 405
–, corresponding  406
–, equation of a line  533
–, feature  365

–, scale-space  374
–, SIFT  374
–, SURF  374, 382, 384, 394, 400, 401, 418, 434

–, focal  252
–, ideal  533
–, line equation  533



567

–, principal  255, 261, 262, 270, 271, 276, 278, 279, 403, 433, 461,
462, 466, 484

–, salient  365
–, white  237

polynomial, quintic  43
pose  15

–, 2-dimensional  19
–, 3-dimensional  24
–, estimation  113, 266, 455
–, relative  15, 17
–, singular  177

position  15
posterior probability  119
posterization  296
power distribution, spectral (SPD)  249
precession  193
primary

–, CIE  230, 239
–, CIE 1976  230
–, CIE XYZ  235
–, standard  239
–, transforming  238

principle
–, Gestalt  349
–, moment  352

prior probability  119
PRM  99
probability

–, density function  109, 114, 125, 523
–, posterior  119
–, prior  119

problem
–, correspondence  120
–, longitude  108
–, missing parts  409
–, mixed pixel  315, 411
–, target association  120

process noise  112, 529
processing, image  285
product of inertia  81, 352, 521
projection

–, matrix  254
–, stereographic  276

proof mass  54
property interval  117
proprioceptive  3
pseudo inverse  512, 516

–, Moore-Penrose  512
Puma 560 robot  144
pure

–, pursuit  74
–, quaternion  36

purple boundary  233

Q

quadrotor  78, 492
–, dynamics  80

quantum efficiency  260
quaternion  35

–, computational efficiency  36
–, conjugate  36
–, convert to rotation matrix  36
–, identity  36

–, interpolation  49
–, normalization  55
–, pure  36, 37
–, unit  35, 36

quiver plot  308

R

radiation
–, infra-red  224, 225
–, ultra-violet  224, 225

radio navigation aid  54, 109
random

–, number  101
–, variable, Gaussian  523

range, dynamic  287
rank

–, filter  316
–, of matrix  514
–, transform  315, 348

RANSAC  393, 394, 398, 400, 401, 420, 432, 441
Rapidly-exploring Random Tree  103
ratio, ambiguity  409, 447
raxel  404
recap  360
reconstruction  413
rectification  417
redundant robot  150, 182
Reeds-Shepp model  68
reference frame, inertial  53
reflectance  226, 242
reflection  226

–, Lambertian  346
–, specular  269, 346

reflectivity  226
region

–, area  351
–, aspect ratio  352
–, bounding box  350
–, centroid  351
–, child  358
–, circularity  355
–, equivalent ellipse  352
–, inertia matrix  352
–, maximally stable extremal  341
–, of interest  324
–, orientation  353
–, support  373, 375, 384

replanning, incremental  95
representation, three-angle  28
reprojection error  425
resampling  126
resectioning  108

–, camera  281
–, space  281

resolved-rate motion control  177, 180
response

–, photopic  227
–, scotopic  227

retreat, camera  471, 481
right-hand rule  25
rigid scene  441
rigid-body dynamics  191

–, compensation  211
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roadmap  98
–, probabilistic  99

robot (see also manipulator)  135
–, 2-link  141
–, 6-axis  2, 143
–, aerial  492
–, arm  137

–, kinematics  137
–, arm-type  135, 488
–, base transform  145, 160
–, behaviour-based  90
–, definition of  3
–, end-effector  136, 137
–, field  2, 63
–, flying  78
–, gantry  135
–, humanoid  2
–, joint  137

–, angle  138
–, offset  138

–, leg motion  165, 166
–, prismatic  137
–, revolute  137

–, kidnapped  127
–, link  137

–, length  137
–, twist  138

–, manipulability  152, 157, 178, 179
–, manufacturing  2
–, maximum payload  197
–, mobile  61, 67, 489

–, vehicles  65
–, holonomic   489
–, land-based  3
–, non-holonomic  491

–, over-actuated  182, 184
–, parallel-link  135
–, Puma 560  144
–, redundant  150, 182
–, SCARA  135, 149
–, service  2
–, singularity  148, 156
–, tele-  5
–, tool transform  145, 160, 163, 164
–, tortoise  61
–, under-actuated  149, 183
–, Unimation  2
–, walking  163

rod cell  227
Rodrigues rotation formula  34
roll-pitch-yaw angle  30, 31, 66, 176

–, rate  82, 176
–, singularity  30

Rossum’s Universal Robots (RUR)  2
rotation

–, centre, instantaneous  68
–, matrix  20, 27, 29, 32, 34, 36, 176, 328, 431, 492

–, derivative  51, 173
–, estimating  421, 516

rotational
–, inertia  81,192
–, invariance  367

row space  514
RRT  102, 103
rule, right-hand  24, 25

S

SAD  312, 316
salient point  365
salt and pepper noise  316
sampling rate, spatial  325
saturation  232, 237
scale

–, characteristic  371
–, space  307, 326, 384

SCARA robot  135, 149
scene, rigid  441
SE(2)  22
SE(3)  38
SEA  214
segmentation

–, graph-based  349
–, image  337

sensor
–, acceleration  54
–, angular velocity  54
–, CMOS  260
–, exteroceptive  3
–, fusion  119
–, proprioceptive  3
–, range and bearing  116

serial-link manipulator  137
service robot  2
servo-mechanism  455
servoing, visual  481

–, image-based  456, 459
–, position-based  455, 456

Shakey  61
shape changing  324
Shi-Tomasi corner detector  367
shift invariance  300
similar matrix  514
similarity transform  514
Simulink®  501

–, blocks  502
–, running  71
–, version  502

singleton dimension  288
singular

–, pose  177
–, value  515

–, decomposition (SVD)  515
–, vector  515

singularity  31
–, Euler angle  30
–, Jacobian  177
–, representational  177
–, robot  148, 156
–, roll-pitch-yaw angle  30
–, three angle representation  31

skeleton, topological  98
skeletonization  99
skid steering  67
SLAM  123
smoothing  301
SO(2)  21
SO(3)  27
Sobel kernel  306
solar spectrum  225
solid angle  229, 258



569

solution
–, closed-form  146
–, minimum-norm  184
–, numerical  149

source, Planckian  223
space

–, chromaticity  233
–, joint  139
–, resectioning  281
–, task  65, 143, 150

sparse stereo  401, 405, 470
spatial

–, aliasing  325, 409
–, sampling rate  325
–, velocity  53, 174, 175, 182, 186, 460, 464, 489

special
–, Euclidean group  17, 22, 38
–, orthogonal group  21, 27, 512

spectral
–, decomposition  513
–, locus  233–235
–, power distribution (SPD)  249

spectrum, solar  225
spherical

–, aberration  261
–, camera  273, 274, 492
–, linear interpolation  49
–, wheel  67
–, wrist  146

SSD  312, 366, 433
stabilization, image  433
Stanford arm  137
steering, Ackerman  69
Stefan-Boltzman law  224
steradian  258
stereo

–, failure mode  408
–, matching  405
–, pair  405
–, vision  401

stereopsis  405
stop word  436
straight-line motion  155
strapdown inertial measurement system  54
strategy, coarse-to-fine  326
structure  422

–, tensor  367
subpixel interpolation  542
subsampling, image  325, 403
subsumption architecture  90
support region  373, 375, 384
SVD (see singular value decomposition)
Swedish wheel  67
symmetric matrix  195, 367, 512
system

–, non-integrable  67
–, strapdown inertial measurement   54
–, under-actuated  66
–, vehicle coordinate  69
–, Wide Area Augmentation  109

T

Tait-Bryan angle  30
target association problem  120

task space  65, 143, 150
taxis  88
TCP  145
tele-robot  5
template matching  311, 406
tensor

–, structure  367
–, trifocal  443

texture mapping  278, 416
theorem

–, Euler rotation  25, 28
–, rotation, Euler’s  25

thin lens  251
thinning  98, 99
threshold

–, fixed  337
–, hysteresis  308
–, method, Otsu’s  339
–, Niblack  340

thresholding  294, 337
tie point  432
time  43
tone matching  433
tool centre point  145
Toolbox

–, installing  499
–, obtaining  499

top hat kernel  303
torque
–, control#2, 212#

–, computed  213
–, feedforward  208, 211

–, maximum  207
–, velocity coupling  193

trace of matrix  514
trajectory  43, 70, 149, 152, 153, 162, 165, 191, 192, 204, 209, 210, 423

–, Cartesian  155
–, hybrid  45
–, joint-space  153
–, LSPB  45
–, multi-dimensional  46
–, multi-segment  46
–, one-dimensional  43
–, polynomial  43
–, trapezoidal  45

transconductance  204
transform

–, direct linear   281
–, distance  93, 96, 99, 100, 102
–, hit-and-miss  322, 323
–, Hough  362
–, normalization  54
–, perspective  251
–, similarity  514

transformation
–, affine  253
–, approach, homogeneous  262
–, conformal  253
–, homogeneous  22, 37, 38, 140, 145, 171, 255, 257, 258, 262,

389, 399, 403, 419, 533
–, interpolation  49
–, normalization  55, 457, 466
–, sequence  146, 163, 423

–, projective  253
translation  37
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transmission, flexible  213
transparency, alpha  428
traversability  91, 95, 96
triangulation  108, 381
trifocal tensor  443
triple point  99
tristimulus  229, 230–233, 235–240, 242, 244, 245, 288
turning radius  68

U

UAV  78
ultra-violet radiation  224, 225
under-actuated

–, robot  149, 183
–, system  66

unified imaging model  275, 481
Unimation Inc.  6

–, robot, first  2
unit

–, photometric  228
–, quaternion  35, 36
–, radiometric  228

unmanned aerial vehicle  78

V

value
–, decomposition, singular (SVD)   515
–, pixel  286
–, singular  515

vanishing point  253, 259, 365
Vaucanson’s duck  1
vector

–, approach  32
–, orientation  32
–, representation  32
–, rotation  33
–, singular  515

vectorizing  415
vehicle

–, automated guided  62
–, autonomous surface  63
–, Braitenberg  88
–, coordinate system  69
–, modeling  111
–, non-holonomic  67
–, unmanned aerial  78

velocity  174
–, coupling torques  193
–, loop  205
–, angular  51, 177, 192, 193
–, maximum  45
–, relationships  171
–, spatial  53, 174, 175, 182, 186, 460, 464, 489

view
–, field of  258, 268
–, fronto-parallel  430, 459
–, multiple  386

viscous friction coefficient  201
vision  221, 401
visual

–, odometry  445
–, servo control  453
–, vocabulary  435
–, word  434

Voronoi
–, diagram  98, 100

–, generalized  99, 323
–, roadmap method  97
–, tessellation  98

W

WAAS  109
walking robot  163
waypoint  112
wheel

–, omni-directional  67
–, spherical  67
–, Swedish  67

white  240
–, balancing  241, 242
–, D65  240
–, equal-energy  240
–, point  237

Wide Area Augmentation System  109
Wien displacement law  224
window, convolution  299
word, visual  434
world coordinate frame  16
wrench  186, 191, 198

–, transforming  186
wrist, spherical  146

X

XY/Z-partitioned IBVS  481

Y

yaw rate  69, 119

Z

zero crossing detector  311
ZNCC  312, 407, 433
zoom lens  258
ZSAD  312
ZSSD  312




