
Appendix

A1 Useful Relations of Multivariate Calculus

From a mathematical point of view, thermodynamics is a subject mostly based on

relations of differentials and partial derivatives of multivariate functions. Many of

these relations are of paramount importance in thermodynamics. This part of the

appendix contains a collection of the most important relations, usually without any

proof, only as “rules” that can be applied. Thermodynamic chapters of the book do

not always make explicit reference to the rules described in the Appendix, but the

rules are always mentioned under the same name as described here.

A1.1 Differentiation of Multivariate Functions

Let us consider the bivariate function f depending on the variables x1 and x2. Rules
that apply for this function are readily generalized for more than two variables, but

it is easier to describe the rules in case of only two of them.

The partial derivative of the function f is the function we get in a similar manner

as an ordinary derivative with the differentiation of a univariate function, consider-

ing one of the variables of the bivariate function f(x1, x2) as a constant during the

differentiation. A bivariate function has two partial derivatives:

@f

@x1

� �
x2

and
@f

@x2

� �
x1

: (A1.1)

To discern partial differentiation from ordinary one (i.e., of a univariate func-

tion) we use the symbol ∂. (When reading formulae, ∂ is also pronounced as “dee”;

“dee ef over dee ex one”, or, if we want to stress that it is a partial derivative, we can

say “dee ef partial over dee ex one”.) It is common practice in thermodynamics (and

it is also adopted in this book) to denote a function and its value with the same
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symbol; thus, it is not always clear what the actual function is whose derivative is

considered. This is the reason why partial derivatives are written within brackets,

and variables not involved in the derivation are shown as lower right subscripts of

the closing bracket, thus identifying the proper function. We read such notation as

“the partial derivative of f with respect to x1 when x2 is constant”. Note, however,
that x2 is only constant from the point of view of derivation; it is clear that the

partial derivative is in general a function of both variables.

The total differential of a function can be written with the help of the partial

derivatives as follows:

df ¼ @f

@x1

� �
x2

dx1 þ @f

@x2

� �
x1

dx2: (A1.2)

The symbol dfmeans the (infinitesimal) change of the function as a consequence
of the (infinitesimal) increments dx1 and dx2 of the variables x1 and x2. By summing

products of partial derivatives and increments, we can specify arbitrary increments,

not only that of a function of the variables. Thus, the expression (A1.2) is a total

differential (or exact differential) only if the function whose change is on the left-

hand side is a unique function of the variables of derivation on the right-hand side.

From a thermodynamic point of view, it means that f is a state function uniquely

determined by the thermodynamic variables x1 and x2.
The second partial derivatives (also called as second-order partial derivatives)

of the function f – again, similarly to the second derivative of a univariate function –

are the partial derivatives of the (first-order) partial derivatives. There are more

second partial derivatives than first ones, as we can differentiate each (first-order)

partial derivative with respect of all the variables. Let us denote the first-order

partial derivatives in the following way:

@f

@x1

� �
x2

¼ g1 and
@f

@x2

� �
x1

¼ g2: (A1.3)

Accordingly, the “pure” second partial derivatives can be written as

@2f

@x21

� �
x2

¼ @g1
@x1

� �
x2

;
@2f

@x22

� �
x1

¼ @g2
@x2

� �
x1

; (A1.4)

and the “mixed” second partial derivatives as

@

@x2

@f

@x1

� �
x2

¼ @2f

@x2@x1

� �
¼ @g1

@x2

� �
x1

;
@

@x1

@f

@x2

� �
x1

¼ @2f

@x1@x2

� �
¼ @g2

@x1

� �
x2

:

(A1.5)

The symbol ∂/∂x2 denotes the action of taking the partial derivative with respect
to x2; thus, it is called a differential operator. It has the effect of partial
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differentiation on the function written after the operator. (It can also be called a

partial differential operator.) Thus, the expression ð@2f=@x21Þx2does not contain the

square of the symbol ∂ or the square of x1, but two subsequent applications of the

differential operator. Accordingly, it is read as “dee two ef over dee ex two”.

For the second-order derivatives of multivariate functions, Young’s theorem holds;

second partial derivatives are equal, irrespective of the order of differentiation.

We can write it formally for the above function as1:

@2f

@x2@x1

� �
¼ @2f

@x1@x2

� �
: (A1.6)

The second-order differential of the function f(x1, x2) can be written with the

help of its second partial derivatives as follows:

d2f ¼ @2f

@x21

� �
x2

dx1ð Þ2 þ @2f

@x22

� �
x1

dx2ð Þ2 þ 2
@2f

@x1@x2

� �
dx1dx2: (A1.7)

Note that the equality of the mixed second partial derivatives is included in the

above definition. Let us rewrite (A1.6) using the notation introduced in (A1.3):

@g1
@x2

� �
x1

¼ @g2
@x1

� �
x2

: (A1.8)

In thermodynamics, the theorem stating the equality of mixed second partial

derivatives is not referred to as Young’s theorem but – written in the above form –

as a Maxwell relation. To facilitate the generalization for more than two variables,

Maxwell relations and the second-order differential is given below for a trivariate

function h(x1, x2, x3). These Maxwell relations contain the following variables:

@h

@x1

� �
x2; x3

¼ g1;
@h

@x2

� �
x1; x3

¼ g2; and
@h

@x3

� �
x1; x2

¼ g3: (A1.9)

Equalities of the second derivatives can be written as follows:

@2h

@x2@x1

� �
x3

¼ @2h

@x1@x2

� �
x3

;
@2h

@x3@x1

� �
x2

¼ @2h

@x1@x3

� �
x2

@2h

@x2@x3

� �
x1

¼ @2h

@x3@x2

� �
x1

: (A1.10)

1Second-order partial derivatives can be arranged in a matrix called the Hessian matrix, named

after the German mathematician Ludwig Otto Hesse (1811–1874). According to Young’s

theoreme, the Hessian matrix is symmetrical.
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They can be rewritten by substitution of the first partial derivatives as defined

above:

@g1
@x2

� �
x1; x3

¼ @g2
@x1

� �
x2; x3

;
@g1
@x3

� �
x1; x2

¼ @g3
@x1

� �
x2; x3

;

@g3
@x2

� �
x1; x3

¼ @g2
@x3

� �
x1; x2

: (A1.11)

These forms are properly called as Maxwell relations.

The second-order differential of the function h(x1, x2, x3) can be written as

follows:

d2h ¼ @2h

@x21

� �
x2; x3

ðdx1Þ2 þ @2h

@x22

� �
x1; x3

ðdx2Þ2 þ @2h

@x23

� �
x1; x2

ðdx3Þ2

þ 2
@2h

@x1@x2

� �
x3

dx1dx2 þ 2
@2h

@x1@x3

� �
x2

dx1dx3 þ 2
@2h

@x2@x3

� �
x1

dx2dx3:

(A1.12)

A1.2 Differentiation of Composite Functions

Let us consider the case when the variables of the function f(x1, x2), x1 and x2, are
not independent, but both are functions of a third variable u. In this case, the

increments dx1 and dx2 in (A1.2) can be written as

dx1 ¼ dx1
du

du and dx2 ¼ dx2
du

du: (A1.13)

By resubstituting this in the total differential (A1.2), we get:

df ¼ @f

@x1

� �
x2

dx1
du

þ @f

@x2

� �
x1

dx2
du

" #
du: (A1.14)

This can also be written as

df

du
¼ @f

@x1

� �
x2

dx1
du

þ @f

@x2

� �
x1

dx2
du

; (A1.15)

which is the equivalent of the chain rule for multivariate differentials.

Rules of differentiation concerning sums (differences), products and ratios of

functions are also related to composite functions. Simplified relations (omitting

variables) in case of two functions f and h are shown below:
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dð f þ hÞ ¼ df þ dh; (A1.16)

dð fhÞ ¼ fdhþ hd f ; (A1.17)

d
f

h

� �
¼ hd f � fdh

h2
: (A1.18)

A1.3 Differentiation of Implicit Functions

Let us consider the implicit function specified by the equation F(x, y, z) ¼ 0, and

the variable w which can be given as a function of any two of the variables x, y, z.
(In thermodynamics, this means that x, y, z and w are state variables, and x, y, z and
w can be expressed as explicit functions from the implicit function F and that the

system whose state is described by the functions mentioned has two degrees of

freedom.)

The extension of the chain rule for partial derivatives can be written as follows:

@x

@w

� �
z

¼ @x

@y

� �
z

@y

@w

� �
z

: (A1.19)

Using this rule, we can express the partial derivative of a function knowing the

partial derivatives of two other functions if their variables are in accordance with

the above formula.

To differentiate an inverse function, the following relation can be used:

@x

@y

� �
z

¼ 1

@y
@x

� �
z

: (A1.20)

To change a variable, we can use the following identity, where the variable w is

changed for z:

@x

@y

� �
z

¼ @x

@y

� �
w

þ @x

@w

� �
y

@w

@y

� �
z

: (A1.21)

The following cyclic rule (or triple product rule) can also be applied in

thermodynamics:

@x

@y

� �
z

@y

@z

� �
x

@z

@x

� �
y

¼ �1: (A1.22)
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Here, in both the numerator and the denominator, as well as in the subscripts

outside the brackets, variables follow each other always in the same order; in

other words, they are cyclic permutations of the set x–y–z. This rule can be

applied, for example, if we want to get a derivative from the one whose

variable is the “constant” (i.e., outside the bracket) so that this variable should

be inside the bracket, and another one appears outside. As an example, the

partial derivative where the variable z is outside the bracket and expressed with

derivatives where z is within the bracket can be obtained with the following

rearrangement:

@x

@y

� �
z

¼ � @z

@y

� �
x

@x

@z

� �
y

or
@x

@y

� �
z

¼ �
@z
@y

� �
x

@z
@x

� �
y

: (A1.23)

However, it is easier to memorize the rule in the form of the triple product equal

to �1.

A1.4 Integration of Multivariate Functions

Let us write the total differential of the function f(x, y) in the following form:

d f ¼ d f

dx

� �
y

dxþ d f

dy

� �
x

dy ¼ g1dxþ g2dy: (A1.24)

This can be integrated in several ways. In thermodynamics, it is convenient to

use simple constraints to calculate changes of state functions. (Changes of state

functions do not depend on the path of the change but the starting point and

the endpoint.) Accordingly, we can perform an integration first while keeping y
constant; i.e., applying the condition dy ¼ 0, which only concerns the first term.

Having done this, we can continue integrating the second term while keeping

x constant; i.e., applying the condition dx ¼ 0. The formal statement of this

procedure can be written in the following way:

D1
0 f ¼ f1ðx1; y1Þ � f0ðx0; y0Þ ¼

ðx1; y1
x0; y0

d f ¼
ðx1; y0

x0; y0

g1dxþ
ðx1; y1

x1; y0

g2dy: (A1.25)

For the integration of a state function f(x, y), the following relation can also be

applied:

þ
d f ¼

þ
ðg1dxþ g2dyÞ � 0: (A1.26)
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The symbol
Þ

(cyclic integral or closed contour integral) means integration

along a closed curve; i.e., a path that returns to its starting point. In case of a state

function, it is equivalent to a cyclic process where the state of the system returns to

the initial state; thus, there is no change of state by the end of the process. The

rationale behind this relation and (A1.25) is the same; the change of a state function

is independent of the path of the change.

A1.5 The Euler Equation for Homogeneous
First-Order Functions

Functions that are transformed as a consequence of a l-fold multiplication of their

variables according to the relation

f ðlx1; lx2; :::; lxrÞ ¼ lnf ðx1; x2; :::; xrÞ (A1.27)

are called homeogeneous functions of order n.
Let us differentiate both sides of the above equation with respect to l. On the

right-hand side, the function f(x1, x2, . . . , xr) does not depend on l; thus, the
derivations yield nln�1 f. On the left-hand side, the derivation can be performed

using the chain rule and summing for all variables xi the following terms:

@f ðlx1; lx2; :::; lxrÞ
@ðlxiÞ

@ðlxiÞ
@l

¼ @f

@ðlxiÞ
� �

xj 6¼i

xi: (A1.28)

This result is valid for any value of l. By substituting l ¼ 1, we get the

following result:

xx0

f0
y0

x1

y1

y

f
1

Fig. A1.1 Integrating a

bivariate function; first with

respect to one and then with

respect to the other variable
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nf ðx1; x2; :::; xrÞ ¼
Xr

i¼1

@f

@xi

� �
xj 6¼i

xi: (A1.29)

This is called the Euler equation. If the function f (x1, x2, . . . , xr) is a homoge-
neous first-order function of its variables x1, x2, . . . , xr, it can be written in the

following form:

f ðx1; x2; :::; xrÞ ¼
Xr

i¼1

@f

@xi

� �
xj6¼i

xi: (A1.30)

The above equation – the Euler equation for a homogeneous first-order function
has frequent application in thermodynamics.

Note that we can obtain this equation by substituting the increment of f as a

function of the variables incremented by a ratio of (1 + dn):1 – i.e., xi dn – into the

total differential

d f ðx1; x2; :::; xrÞ ¼
Xr

i¼1

@f

@xi

� �
xj 6¼i

d xi; (A1.31)

according to the homogeneous first-order property:

d f ðx1; x2; ::: ; xrÞ ¼
Xr

i¼1

@f

@xi

� �
xj6¼i

xidn; (A1.32)

and integrating the expression from n ¼ 0 to 1. From this derivation of the Euler

equation it is also clear that, if there were some variables for which the function f is
homogeneous zero-order, they would contribute by zero to the increment d f ; thus,
they should simply be omitted from the sum.

A2 Changing Extensive Variables to Intensive Ones:

Legendre Transformation

Summarizing energy-like potential functions in Sect. 4.4, we have mentioned that

they can be obtained from the function U(S,V,n) using partial Legendre
transformations. This transformation changes one or two independent variables

out of S, V, n1, n2, . . . , nK for the derivative of the respective variable. In this

Appendix, we shall first describe the Legendre transformation from a mathematical

point of view, and then we shall derive important entropy-like potential functions

obtained by Legendre transformation from the entropy function S(U, V, n).
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A2.1 Legendre Transformations

For the sake of simplicity, let us consider the univariate function y ¼ f(x), and
denote its derivative with respect to x by m:

dy

dx
¼ f 0ðxÞ ¼ m: (A2.1)

We would like to get a function g(m) equivalent to the original function f(x),
so that the original function f(x) can be calculated from g(m). It is obvious that
the function y ¼ h(m) does not have the required property as the equation

specifying this function is a differential equation, whose solution yields the

function y ¼ f(x) only to within an arbitrary additive constant of integration. To

get a unique transformation, we can make use of the geometrical observation

that the derivatives can be considered as tangent lines of the graph of the

function. (The graph of the univariate function is a two-dimensional curve.)

Each tangent line determines one point of the function (the point of tangency);

thus, all the tangent lines determine the entire function, as it is illustrated in

Fig. A2.1.

Accordingly, the proper transformation is expected to be derived from the

tangent lines; specifying the loci (x, y) on the graph of the function y ¼ f(x) using
the slope m and the intercept a which determine the tangent lines. By applying this

technique, we determine the graph using the function a ¼ g(m), instead of the

function y ¼ f(x) itself. By doing so, we arrive to our original goal of changing the

variable x for m, as the function g(m) completely determines the original function.

We call Legendre transform the one that yields the function a ¼ g(m) from the

original function y ¼ f(x).
The analytical formulation of the transformation is based on the equation of

the tangent line. The tangent passes at the point (x, y), its slope is m and its intercept

is a. From the equation of a line going through a point, having a slope m;

x

y

Fig. A2.1 The envelope of

the tangent lines of the

function y ¼ f(x) traces the
function itself
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m ¼ y� a

x� 0
; (A2.2)

the searched-for relation is easily explained:

a ¼ y� mx: (A2.3)

From the original function

y ¼ f ðxÞ (A2.4)

and its derivative with respect to x,

m ¼ f 0ðxÞ; (A2.5)

we can express the explicit formula of the transformed function as follows:

a ¼ gðmÞ: (A2.6)

The function g is called the Legendre transform of the function f.
The derivative g0 ¼ da/dx can also be determined from the above equations.

Based on (A2.3), let us write the differential of the product and the difference in it;

then let us substitute the relation dy ¼ mdx:

da ¼ dy� mdx� xdm ¼ �xdm: (A2.7)

From the result obtained, it is clear that the searched-for derivative is

da

dm
¼ �x: (A2.8)

By summing up the above results, we can state the following. It is possible to

construct a function whose independent variable is the derivative m of the original

function, such that the original function y(x) can be uniquely determined from this

new function. The new function – the Legendre transform of y(x) – is a ¼ y � mx;
it is a function of m and its derivative with respect to m is �x. The original function
can be reconstructed by inverse Legendre transformation as y ¼ a + mx. (These
rules have been formulated in Sect. 4.4.)

The rules can be applied similarly for a multivariate function if we perform the

transformation with respect to one variable only, as the transformation does not

have any effect on the other variables. A Legendre transformation with respect to

two variables can be formulated based on considerations in a three-dimensional

subspace, instead of a two-dimensional section. The three-dimensional “section” is

a continuous surface; the partial derivatives of the function determine tangent

planes of this surface. By writing the equations of these planes, we can determine
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the Legendre transform and its derivatives, similarly to the one-dimensional case.

The procedure can be extended to all the independent variables as well. If the

transformation is not performed for all the variables but only some of them, it is

called a partial Legendre transformation. Partial transformation has been applied to

derive the function F(T, V, n), using a transformation of the functionU(S, V, n) with
respect to S; to derive H(S, P, n) with the help of a transformation with respect to V;
and to get the function G(T, P, n) by transforming U(S, V, n) with respect to both

S and V.

A2.2 Legendre Transformation of the Entropy Function

Energy-like potential functions as results of partial Legendre transformations of the

function U(S,V,n) were introduced in thermodynamics by Gibbs in 1875. Six years

before, Massieu2 proposed entropy-like potential functions as a result of partial

Legendre transformations of the function S(U, V, n) to solve some thermodynamic

problems in a simple way. This is the reason to call the Legendre transform with

respect to two variables as Gibbs potential (or Gibbs function), and the entropy

transform with respect to the variable U as Massieu function. The Legendre

transform of the entropy function with respect to U and V was frequently used by

Planck in his papers on statistical thermodynamics; thus, it is usually called as

Planck function. (However, both of them are called sometimes as Massieu

functions.)

The transformation of the function S(U,V, n) can be performed using its

derivatives with respect to U and V (i.e., 1/T and P/T) according to the following

considerations. The transformation with respect to V is the function

X ¼ S� P

T
V: (A2.9)

The equation X ¼ X(U, P/T, n) defining this function is a fundamental equation.

The total differential of this function can be written as follows:

dX ¼ 1

T
dU � Vd

P

T

� �
�
XK
i¼1

mi
T
dni: (A2.10)

This function cannot be expressed in a simple way from the energy-like potential

functions and is not used in thermodynamic practice; it does not even have a name.

(It does not suit to any practical problem as it would need a reservoir which keeps

P/T constant, while 1/T should change, which is not easily feasible.)

The transformation of S with respect to V is the Massieu function

2François Jacques Dominique Massieu (1832–1896) was a French mathematician and physicist.
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J ¼ S� 1

T
U: (A2.11)

The specification of this function in the form J ¼ J(1/T, V, n) is a fundamental

equation. The total differential of the function can be written as follows:

dJ ¼ �Ud
1

T

� �
þ P

T
dV �

XK
i¼1

mi
T
dni: (A2.12)

The function J can be easily expressed with the free energy F as follows:

J ¼ S� U

T
¼ �F

T
: (A2.13)

This is the reason to use also the function J ¼ J(T,V,n) in thermodynamical

praxis. The total differential of this latter function can be written as follows:

d J ¼ dS� TdU � UdT

T2
: (A2.14)

Substitution of the total differential (2.26) of the entropy function S(U,V,n)
yields:

dJ ¼ 1

T
dU þ P

T
dV �

XK
i¼1

mi
T
dni � 1

T
dU þ U

T2
dT: (A2.15)

By omitting terms whose sum results in zero and rearranging, we get the usual

form of the total differential of the function J ¼ J(T, V, n):

d J ¼ U

T2
dT þ P

T
dV �

XK
i¼1

mi
T
dni: (A2.16)

From this result, it is easily seen that the partial derivative of the function J with
respect to T is U/T2, which is usually written in the following form:

@ðF=TÞ
@T

� �
V;n

¼ � U

T2
: (A2.17)

The transformation of S with respect to U and V is the Planck function:

Y ¼ S� 1

T
U � P

T
V: (A2.18)
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By specifying this function in the form Y ¼ Y(1/T, P/T, n), we get a fundamental

equation. The total differential of the Planck function can be written as follows:

dY ¼ �Ud
1

T

� �
� Vd

P

T

� �
�
XK
i¼1

mi
T
dni: (A2.19)

The function Y can be expressed from the function G as follows:

Y ¼ S� U

T
� PV

T
¼ �G

T
: (A2.20)

Accordingly, we can easily express Y as a function of T, P and n. The total

differential of this function Y ¼ Y(T, P, n) can be written based on the above

equation:

dY ¼ dS� TdU � UdT

T2
� TðPdV þ VdPÞ � PVdT

T2
: (A2.21)

Upon substitution of the total differential (2.26) of the entropy function, the

elimination of terms that sum to zero, and the substitution of H in place of U � PV
we get:

dY ¼ H

T2
dT � V

T
dP�

XK
i¼1

mi
T
dni: (A2.22)

It is easily seen that the partial derivative of the Planck function Y(T, P, n) with
respect to temperature is H/T2, which can also be written in the following form:

@ðG=TÞ
@T

� �
P;n

¼ � H

T2
: (A2.23)

This relation has a distinct name; it is called the Gibbs–Helmholtz equation.
[(A2.17) is also called Gibbs–Helmholtz equation, but it is less frequently used in

the chemical praxis.]

A3 Classical Thermodynamics: The Laws

The expression “classical” in the title of this section means that the theory to be

described here was the first one formulating the exact science of thermodynamics.

As it is mentioned in the Introduction, this theory had been elaborated as a result of

an attempt in the middle of nineteenth century to improve the efficiency of
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transformation of heat into mechanical work. Steam engines were already in use in

the eighteen century. (Their highly developed versions, steam turbines are largely

used even nowadays in thermal power plants as well as in nuclear power plants.)

These engines were first constructed by mechanicians based on their empirical

experience, without any theoretical background. The first key step to optimize their

performance was made by James Watt. He called attention to the importance of the

(missing) theoretical background already in the 1760s.

The first study that had a great impact on the theory of heat engines was written

by Sadi Carnot. Though it was published in 1824 (see Sect. 5.2), it remained

unknown to the scientific community for more than 20 years. Development of the

theory had a great impact as a consequence of experimental studies made by James

Joule (see Sect. 5.4.3), who performed a series of carefully planned measurements

to confirm that the quantity of heat transferred is “equivalent” to the quantity of

work transferred to a system. Following the publication of these studies, many

scientists contributed to the development of the theory of heat. The comprehensive

treatment of what we call today thermodynamics has been written by Rudolf

Clausius in 1867, and in a more general approach by Henry Poincaré3 in 1892. At

the beginning of the twentieth century, several scientists have reformulated the

theoretical basis. One of the consequences of these activities is that the second law

of thermodynamics has more than ten equivalent wording.

Classical thermodynamics has retained the character of its historical develop-

ment. Physical quantities and relations are formulated in a “language” of experi-

mental evidence concerning heat engines. Another feature is that “heat” is thought

of within the framework of the theory as a distinct substance, as statistical physics

based on microscopical considerations was only moderately successful in

explaining thermal phenomena at that time. Thus, the laws of thermodynamics

are describing heat as an “imponderable fluid,” which can flow from one body into

another. (Telltale examples are expressions still used nowadays such as heat flow

and heat capacity.) In the rest of this part of the appendix, we give a concise

description of classical thermodynamics which is based on an exact mathematical

background but also reflects the physical meaning of the laws. We will not treat all

the details; instead we often make reference to what is described in the chapters on

the postulates of thermodynamics.

A3.1 Zeroth Law and Temperature

Basic statements of classical thermodynamics are termed as laws in English, which
is related to the original German name Hauptsatz4 used for them. The order of the

3Jules Henri Poincaré (1852–1912) was a French mathematician and theoretical physicist. His

activity was most important in the field of relativity theory, but he also dealt with thermodynamics

and quantum mechanics.
4The German word can be translated as “main proposition” or “independent clause”.

332 Appendix



laws which is manifested in their numbering does not reflect either the historical

order of their formulation, or their inclusion into the set of the laws. The first one

that has been formulated (Carnot 1824) is the second law. Next came the first law

(Joule 1847) and then the third one (Nernst5 1907 and Planck6 1911). Finally, it has

been realized that, to have a complete set of postulates, a fourth law is also needed.

However, due to its basic importance, it has been named as the zeroth law, as this
latter clarifies the notion of equilibrium.

As thermodynamics was developing, it has become only slowly clarified that the

theory is only valid for equilibrium systems; thus, the definition of a (thermo-

dynamic) system seemed not to be necessary for a while. There was a distinction

of isolated, adiabatic, closed and open systems, without mentioning the importance

of this distinction. However, the theory was primarily based on considerations

concerning isolated and closed adiabatic systems. It is due to this missing definition

of the subject of thermodynamics that several textbooks still describe the (thermo-

dynamic) system as “that part of the physical universe that is under consideration”,

or “the part of the world in which we have a special interest”. The “rest of the

world” is then called surroundings. Equilibrium is typically mentioned in context of

relations containing the signs � or �, where equality refers to equilibrium (or

quasistatic changes), and inequality to nonequilibrium changes.

Prior to the development of thermodynamics, mechanical quantities (energy, work,

pressure, compressibility, etc.), geometrical quantities (volume, surface) and

quantities related to electric, magnetic and gravitational interactions were already

known. It was also known that the state of a simple closed system can be described in

terms of only two variables: pressure and volume. (We use the term simple system in

the same sense as in Sect. 2.1, when describing Postulate 1; i.e., the system can

exchange only heat and volume work with its surroundings. Closeness also means

that the chemical composition is not allowed to change.) The main task was to

determine relevant quantities related to heat, based on these experimental evidences.

This goal is reflected in the zeroth law, which announces the existence of
thermal equilibrium and specifies the intensive quantity characterizing this equilib-

rium. According to this law, thermodynamic (equilibrium) systems can be arranged
in a unique series on the basis of their thermal states. If the order of two systems

cannot be distinguished (they have the same ranking), their temperature is identical
and they are in thermal equilibrium which relation is transitive. Transitivity is the

consequence of ordering; if systems A and B are in equilibrium and systems A and

C are also in equilibrium, then all of them should have the same ranking; thus, B

and C should also be in equilibrium. It is the consequence of the zeroth law that

5Walter Hermann Nernst (1864–1941) was a German physicist and chemist. Besides the relation

defining the potential of an electrode reaction, the third law of thermodynamics also bears his

name. This latter made it possible to calculate chemical equilibrium constants from thermody-

namic data. He received his Nobel-prize for this result in 1920.
6Max Planck (1858–1947) was a German physicist who wrote his Ph.D. thesis on the second law of

thermodynamics. He initiated quantum theory by properly describing black-body radiation. He

interpreted the zero value of entropy at 0 K temperature based on quantum mechanical reasoning.
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temperature defined this way (let us denote it by the Greek letter y) is necessarily a

state function; thus, it can be specified as y ¼ f(P, V), a function of temperature and

pressure. Due to the unicity of this function, it can be inverted with respect to any of

its variables. Thus, both state functions V ¼ f1(P, y) and P ¼ f2(V, y) can be

expressed from y. As we shall see, these consequences have an important role in

formulating the first law.

A3.2 First Law and Energy

As we have already mentioned, the notion of work has been known frommechanics,

electric and magnetic theory already before the development of thermodynamics.

Known expressions of the infinitesimal work were, e.g.,�PdV, gdA, sdl, and�Edq;
where A denotes surface, g is the surface tension, l is the length, s is the modulus

of elasticity, q is the electric charge, and E is the electric potential.

Adiabatic systems (those which cannot exchange heat with the surroundings)

had a great role in setting fundamental rules of thermodynamics. Joule made a

series of experiments between 1843 and 1848 by filling a thermally isolated

container with water, examining the change of the state of the water due to the

introduction of work in different manners. He introduced work the following ways.

• By means of a paddle wheel operated by a falling weight; the turbulent motion of

water resulted in heating the water.

• By means of a diathermal cylinder immersed into the water; the compression

of the gas resulted in heating the cylinder and thus the water.

• By means of two iron blocks in close contact inside the water bath; rubbing the

plates against each other resulted in heating the water.

• By means of a metal coil immersed into the water; an external electric generator

turned by a falling weight produced electric current in the coil, thus heating the

water.

The work done on the paddle wheel, the piston in the cylinder, rods rubbing the

iron blocks and the electric generator was always the same as it has been produced

by the same falling weight over the same height. He has measured that – within

the experimental error – to raise the temperature of 1 pound of water by 1 F, always

the same amount of work was needed. He could get the same temperature rise by

making diathermal contact between 1 font of water in an external container and the

test container, while the temperature of the external water bath decreased by 1 F.

He concluded that – independently of the way of delivery of either heat or work, the
change in the state of the water is the same. Similar behavior was already known

from the theory of gravitational, electric or magnetic fields. It was a natural

consequence of these experiments to suggest the existence of a potential whose
value depends only on the state (e.g., the height in the gravitational field of Earth),

but does not depend on the way of change (or on the path).
The above results can be formulated by stating that there exists an internal

energy U, whose change in adiabatic systems can be written as follows:
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U2 � U1 ¼ W: (A3.1)

In a similar way, for changes when there is no work done on the system, and its

energy can only change by means of heat delivery across a diathermal wall and then

the same change of state can be characterized by the following relation:

U2 � U1 ¼ Q: (A3.2)

As the state of a closed simple system can be changed merely via work or heat

exchanged with its surroundings; in case of both interactions, the following equality

should hold for the same change of state:

U2 � U1 ¼ QþW: (A3.3)

From a theoretical point of view, the most important consequence of these

experiments is the existence of a state function U ¼ f(V, y). This function is unique,
i.e., any changes DU ¼ U2 � U1 of this function due to interactions with the

surroundings are independent of the way of interactions, or the “path” in the P, V,
y space. (This is, of course, true in either of the planes P, V or P, y or y, V.) This
property of the potential U can also be formulated by stating that the change of U
along any closed curve (where the initial state and the final state are identical) is

zero:

þ
dU ¼ 0: (A3.4)

Another consequence is that the expression

dU ¼ @U

@V
dV þ @U

@y
dy (A3.5)

is a total differential.

Despite these formally advantageous consequences, the first law of thermody-

namics does not state any of the above relations. Instead, it usually is formulated as

the differential form of the conservation of energy including heat effects:

dU ¼ d�Qþ d�W: (A3.6)

This relation stresses the fact that the conservation of energy is also valid if we

include changes of energy via heat transfer. The symbol d�makes it obvious that,

while the value of the function U is uniquely determined by the state of the system

[i.e., its differential can be given by (A3.5)], this is not true for either heat or work.

Consequently, bothQ andW are also dependent on the path of the change during the

delivery of heat or work, not only on the initial and final state. Thus, we can also say

that the fundamental notions of classical thermodynamics – work and heat – do not
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uniquely determine the state of the system itself. That is why there was a need to

derive strictly state-dependent functions from these two quantities. One of these

derived functions is the internal energy contained in the first law.

A3.3 Second Law and Entropy

According to the first law, the extended principle of the conservation of energy is

also valid in thermodynamics. However, there is a problem which does not occur

either in mechanics, or in electrodynamics, or in magnetodynamics; spontaneous

changes have a well-determined direction and will never occur spontaneously in the

other direction. (In mechanics, if a point mass moves from A to B in a frictionless

way and has a given momentum there, the exact opposite momentum would make it

return to A, and its energy would change exactly with the same amount as when it

moved from A to B.) If there is a heat effect accompanying changes, the original

state cannot be restored with exactly the same amount of energy, except for some

special cases. The consequence of this – among others – is also that heat engines

cannot turn thermal energy (heat) completely to mechanical work. This latter

problem was thoroughly treated by the book of Carnot published in 1824. In page

38 of the book, the following is written (in slightly modernized English translation

of the French text7): “The motive power of heat is independent of the agents

employed to realize it; its quantity is fixed solely by the temperatures of the bodies

between which is effected, finally, the transfer of the heat.”

As it is written in Sect. 5.2, the efficiency of heat engines can be derived from

the principle of conservation of energy as stated by the first law. Accordingly, the

energy balance of the Carnot cycle shown in Fig. A3.1a can be written in the

following way:

0 ¼ DU ¼ QþW ¼ Qinj j � Qoutj j þ Winj j � Woutj j: (A3.7)

From this, we can express the net work gained:

Wnet ¼ Woutj j � Winj j ¼ Qinj j � Qoutj j: (A3.8)

The efficiency can be calculated as the ratio of the net work gained and the heat

input:

� ¼ Qinj j � Qoutj j
Qinj j ¼ 1� Qoutj j

Qinj j : (A3.9)

7The original French text is the following: “La puissance motrice du feu est indépendante des

agens mis en œuvre pour la réaliser; sa quantité est fixée uniquement par les températures des corps

entre lesquels se fait en dernier résultat le transport du calorique.”
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We can conclude that the efficiency depends only on the ratio of the heat

exchangend in the two isothermal steps; Qin and Qout. The above statement cited

from Carnot tells that the efficiency only depends on the temperature of the two heat

reservoirs; thus, we can write the relation

Qinj j
Qoutj j ¼ f ðyh; ycÞ; (A3.10)

where yh is the temperature of the hotter, and yc is that of the colder reservoir.
Let us examine the three possible Carnot cycles shown in panel (b) of the figure

and apply the equality (A3.10) for all the three:

Q1j j
Q2j j ¼ f ðy1; y2Þ; Q2j j

Q3j j ¼ f ðy2; y3Þ; Q1j j
Q3j j ¼ f ðy1; y3Þ: (A3.11)

Let us extend the ratio in the third equality in the following way:

Q1j j
Q3j j ¼

Q1j j Q2j j
Q3j j Q2j j ¼

Q1j j
Q2j j

Q2j j
Q3j j : (A3.12)

Let us substitute into this identity the right-hand sides of the former three

equalities:

f ðy1; y3Þ ¼ f ðy1; y2Þ f ðy2; y3Þ: (A3.13)

The left-hand side of this equation does not depend on y2; thus, the right-hand

side cannot depend on it either. This condition is fulfilled if f(y1, y3) can be

explained in the form

a b

Fig. A3.1 Carnot cycle in a P � V diagram. (a) Steps of the cycle are or also shown, along with

the temperatures of the heat reservoirs and the transferred heat from (Qin) and to (Qout) them. (b)

Three Carnot cycles are shown; working between reservoirs of temperatures of y1 and y2, y2 and
y3, and y1 and y3, respectively
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f ðy1; y3Þ ¼ Tðy1Þ
Tðy3Þ ; (A3.14)

where T is only the function of the respective yi. It is easy to see that, in this case,

the condition is really fulfilled:

f ðy1; y3Þ ¼ Tðy1Þ
Tðy3Þ ¼

Tðy1Þ
Tðy2Þ

Tðy2Þ
Tðy3Þ ¼ f ðy1; y2Þ f ðy2; y3Þ: (A3.15)

Consequently, the function T defines a temperature scale such that the ratio of

the heat transfer from the hot reservoir to that to the cold reservoir is identical to the

ratio of the temperatures of the respective reservoirs:

Qhj j
Qcj j ¼

Th
Tc

: (A3.16)

It is obvious that the temperature scale defined this way is independent of the

medium of either the material of the heat reservoirs or the working fluid of the

Carnot engine. The possibility to define temperature this way was first discovered

by William Thomson – called Lord Kelvin after his ennoblement. The unit of the

corresponding temperature scale is named after him as kelvin. It is also called

absolute temperature as there is no need to make use of the state function of an ideal

gas used to the previous definition of temperature; thus, it is independent of the

material whose temperature is measured.

The above result has a much more important consequence compared to the

definition of an absolute temperature. To explore this, let us consider that the

absorbed heat Qh (h for “hot”) and the rejected heat Qc (c for “cold”) have opposite

signs; thus, their ratio is also negative if we do not take absolute values. Accord-

ingly, we can write the two equivalent relations for the efficiency of the Carnot

engine in the following forms:

� ¼ 1þ Qc

Qh

and � ¼ 1� Tc
Th

: (A3.17)

As a consequence, we can also write the following three relations:

Qc

Qh

¼ � Tc
Th

;
Tc
Th

þ Qc

Qh

¼ 0;
Qh

Th
þ Qc

Tc
¼ 0: (A3.18)

The third relation has its validity for the entire Carnot cycle; i.e., there exists a

temperature scale such that isothermal quasistatic heat divided by this temperature

results in a state function – as seen from the fact that this ratio summed for the entire

cyclic process is zero. Clausius was the first to realize this property and proposed to
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call it entropy, which became later denoted by the generally accepted letter S. The
quotient can also be written for infinitesimal changes in the form:

�d Qquasistatic

T
¼ dS: (A3.19)

The function S thus defined has all properties of a state function; its change is not
dependent on the path of the change, only on the initial and final state, and its cyclic

integral is zero. We can conclude that, while the quasistatic heat is not a state

function, the denominator T ensures upon integration that the value of the quotient

depends only on the initial and final state.

Let us turn our attention back to the direction of changes. Experimental evidence

shows that there are losses during the operation of a heat engine if the cyclic process

is not quasistatic. These losses diminish the useful work; thus, � � �qs for real
processes. (Quasistatic processes are denoted by the subscript qs here and further.)

The efficiency of the Carnot engines can be written in terms of the heat absorbed

from and rejected to the heat reservoirs:

1þ Qc

Qh

� 1þ Qc;qs

Qh;qs
: (A3.20)

Subtracting one and multiplying the rest by �1 on both sides yields:

� Qc

Qh

� �Qc;qs

Qh;qs
: (A3.21)

We can replace the right-hand side – based on the relations in (A3.18) – by the

quotient of the respective temperatures:

� Qc

Qh

� Tc
Th

from which 0 � Qh

Th
þ Qc

Tc
: (A3.22)

From the result, we can conclude that the change of the function Q/T in

isothermal changes during a cyclic process is less than zero, except when the

process is quasistatic; in this case, it is exactly zero. We can formulate the same

conclusion by writing the cyclic integral of this function:

þ
�d Q

T
� 0: (A3.23)
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Let us apply this for a process in which a particular system is brought from state

A to state B with losses (as it is called in classical thermodynamics, in an irrevers-
ible process), and then it is brought back to state A in a quasistatic process, as

shown below:

A ����������������!irreversible B ����������������!quasistatic
A:

(A3.24)

The total change during the entire process can be written as follows:

ðB
A

�dQ

T
þ
ðA
B

�dQqs

T
< 0: (A3.25)

The second integration contains quasistatic heat; thus, the quotient đQqs/T can

be replaced by dS:

ðB
A

�dQ

T
þ
ðA
B

dS< 0: (A3.26)

The inequality holds for infinitesimal changes as well (i.e., when A and B

approach each other infinitely close):

�dQ

T
< dS: (A3.27)

This relation is valid for the case if there is an irreversible process involved.

Thus, if we allow also for completely quasistatic processes, we should allow the

equality as well:

dS � �dQ

T
: (A3.28)

The above inequality is the usual formal statement of the second law of

thermodynamics. The connection between entropy and the direction of natural

processes can be formulated most simply in an isolated system, which cannot

exchange heat with its surroundings. In this case, the above equation simplifies to

the following relation:

dS � 0: (A3.29)

This relation tells us that the entropy of isolated systems is increased in sponta-

neous (natural) processes, but it does not change in equilibrium. Consequently, the

natural direction of thermodynamic processes in isolated systems is the one that

increases entropy; they cannot proceed in the opposite direction.
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It is worth noting that this is an important result, but it offers only the possibility

of quantitative calculations for equilibrium systems. Therefore, we can say that the

most important content of the second law from a thermodynamic point of view is

the definition of entropy as a state function.

A3.4 Third Law and the Uniqueness of the Entropy Scale

As we have seen in Sect. 8.3, the uniqueness of the equilibrium constant of a chemical

reaction is the consequence of the uniqueness of the entropy function [see (8.67)]. The

third law announces this uniqueness. Historically, the first proposition was made by

Nernst, in a “weak” form; namely, the entropy of change of phase transition of solid

substances becomes smaller and smaller with decreasing temperature, and it goes to

zero as temperature goes to 0 K. Planck gave a stronger form to this proposition a few

years later. He concluded from quantum mechanical considerations that the degenera-

tion in crystals should cease at 0 K as they only can have one equilibrium state; thus,

the equilibrium entropy of all substances should be zero at 0 K.

Note that we know very little about the degeneracy of nuclei, but it does not

change during thermodynamic processes at usual temperatures, including chemical

reactions. Thus, it can be ignored in the calculation of entropy. It is also important

to note that the nondegenerate state of crystals cannot always be achieved upon

their cooling, as there is sometimes not enough energy available at the (rather low)

temperature to the rearrangement of the crystal lattice. In these cases, there is a

residual entropy which does not disappear even upon further cooling. However, the
majority of substances do have zero entropy at zero temperature. This is the usual

form of the third law of thermodynamics. It is worth noting that this is the only one

of the four laws that is identical to one of the postulates (Postulate 4).
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Capillary (cont.)
rise, 237, 238

Carbonic acid, formation of, 213

Carnot

cycle, 72, 336, 338

engine, 72, 79

heat pump, 76

refrigerator, 76

Carnot, Nicolas Léonard Sadi, 72, 332, 336

Cathode, 259

Cavity, 235

Cell

diagram, 254, 257, 258

reaction, 256

without transference, 263

Central limit theorem, 293

Chain rule, 20, 24, 56, 279, 322

for partial derivatives, 323

Changing a variable, 323

Charge carrier, 241, 251

Charged particles, 230

Charge number, 242

of the cell reaction, 256

Charge transfer reaction, 258

Chemical

energy, 14

equilibrium condition of, 39

potential, 14, 38, 39, 50, 51, 58, 62, 89, 312

in an electric field, 252
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lowering of, 164
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108–109
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work, 14
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Clapeyron, Benoı̂t Paul Émile, 143

Clapeyron equation, 143, 197

Classical thermodynamics, 331

Clausius–Clapeyron equation, 144, 152, 197

Clausius, Rudolf Julius Emmanuel, 144,
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Cloud chamber, 135

Clouds, 241
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of conductivity, 308
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of a refrigerator, 75

of thermal conductivity, 309

Coexistence curve, 142

Cogeneration, 75

Cohesion, 237

Colligative properties, 178, 181

Combination without repetition, 272

Common tangent, 172, 173

line, 176

Compatibility condition, 56

Component, chemically independent, 126

Composite

functions, 322

system, 9, 11

Composition vector, 5

Compressibility, 62, 146

adiabatic, 128

isothermal, 54, 67, 68, 128

negative, 128

Compression, 8

factor, 58, 59

ratio, 85

Concave, 69, 127, 131, 161
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gradient, 311
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Condensation trail, 135

Condensed

matter, 62

systems, 63, 64
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of chemical equilibrium, 203, 207

of electric equilibrium, 253

of electrochemical equilibria, 255

Conditional probability, 275

Conduction of heat, 309

Conductive transport, 308

Conductivity, 310
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thermodynamic, 69
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freezing, 176, 200

melting, 177

Conjugate force, 316

Conodes, 151, 170, 178, 187, 188

Conservation of energy, 335

Consistency condition, 23
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Container types, 7

Contracting, 139
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Convex, 69, 127, 130, 159, 161, 207

Convexity, 131

condition of, 127

Cooking, 185

time, 183

Cool-down rate, 318

Cooling curves, 173, 198, 199

Corresponding states

principle of, 129

Corrosion, 183

Cotransport, 316

Countercurrent, 192

Coupled process, 316

Critical compression coefficient, 61

Critical isotherm, 129

Critical molar volume, 61

Critical point, 135, 137

Critical pressure, 61, 130

Critical temperature, 61, 147, 161, 162
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Cryoscopic constant, 182

a Crystal, 168

b Crystal, 168

Curie’s theorem

coupled processes, 317

Current density, 308
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of the concentration profile, 314

Curved surfaces, 234

Cyclic integral, 325

Cyclic permutations, 324

Cyclic process, 72

Cyclic rule, 31, 81, 323

D

Dalton, John, 94

Daltons law, 94

Debye–H€uckel
constant, 250

limiting law, 250

theory, 264

Debye, Peter Joseph Wilhelm, 250

Decrease of the vapor pressure, 179

Deep-freezer, 80

Deformation, direction-dependent, 228

Degeneracy, 288, 293

Degrees of freedom, 5

Density of states, 293

Depression of the freezing point, 180

Deviation from ideality, 59

negative, 155

positive, 155

Dew point

curve, 150, 151

surface, 187

Diabatic, 7

Diamagnetic, 228

Diamond anvil cell (DAC), 223

Diathermal, 7, 8, 33, 47

Dice, 275

Diesel cycle, 77

Differential operator, 320

Differentiation, 319

implicit functions, 323

rules of, 322

Diffusion, 311

coefficient, 312, 317

potential, 262

Dilate, 139

Dilute solutions, 113, 118, 119

Direction of the reaction, 206

Discontinuity, 146

Disorder, measure of, 298

Dissipation, 71

Dissolution of sugar in a cup of tea, 317

Distillate, 192

Distillation, 191

fractional, 191, 192

multistage, 192

Distinguishable molecules, 285

Distribution constant, 196

Domestic heating, 77

Drop, 240

Droplet, 235

Dufour effect, 316

Dulong–Petit rule, 303

E

Ebullioscopic constant, 182

Efficiency, 84, 337

of the Carnot engine, 74

Einstein solid, 269, 270, 303

in canonical representation, 281

Electric

charge, 229

conduction, 309

conductivity, 309

dipole moment, 229
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Electric (cont.)
field, 229, 252

heating, 77

potential, 229

difference, 253, 255

Electrically charged systems, 229

Electrochemical potential, 252

Electrode, 259

potential, 259

reaction, 259

Electrolyte, 246, 249

Electrolytic cell, 254

Electron conducting phase, 254

Electroneutrality principle, 242, 244, 264

Electronic

degeneracy, 290

partition function, 290

Electronically excited state, 290

Electrostatic interactions, 248

Elementary charge, 241

Elevation

of the boiling point, 182

of sublimation point, 182

Endothermic reactions, 222, 225

Energy

conservation of, 8

Energy distribution

multiparticle, 293

single particle, 294

minimum of, 10, 30, 32

per mole, 17

per particle, 17

recycling, 75

zero point of, 13

Enthalpy

excess, 116

function, 45

minimum of, 46

of mixing, 117, 218

Entropy, 10, 11

based thermal equation of state, 286

calculation of, 53

change

of transitions, 220

function, 10, 27, 57

general statistical definition, 297

maximum of, 10, 30, 32

of mixing, 121

molar, 11

properties of, 10

scale of, 15–17, 220

as a state function, 341

unit of, 16

the zero of, 12

Equation of state, 15, 17, 58

empirical, 60

entropy-based, 15

mechanical, 19, 22

thermal, 19, 23

van der Waals, 60

Equilibria at constant pressure, 44

Equilibrium, 1, 4

cell, 261

chemical, 37, 50

composition, 205

conditions, 8–29, 32, 36, 38, 50–58

of a multicomponent multiphase

system, 170

constant, 204, 304

apparent, 212

calculation of, 218

concentration-independent, 212

pressure dependence of, 221, 223

reduced, 216

temperature dependence of, 221

in constant temperature and constant

pressure systems, 48–50

in constant temperature and constant

volume systems, 46–48

isentropic system, 36

in isolated and isentropic systems, 29–41

mechanical, 36, 50

necessary condition of, 50

states, 5, 10

systems, 333

thermal, 32–36, 41, 50

Equipartition theorem, 296

Ergodic hypothesis, 267, 275

Ethanol–water mixture, 154

Euler equation, 326

Euler, Leonhard, 17

Euler relation, 17–18, 252

entropy-based, 18

Euler theorem, 88

Eutectic

composition, 167, 172

line, 167

microcrystals, 174

mixture, 165, 172

points, 165, 198

reaction, 168, 174

solid, 165

temperature, 167, 168

three-phase, 189

Eutectoid, 177

Exact differential, 320

346 Index



Excess

enthalpy, 122

entropy, 116, 122

Gibbs potential, 116, 122

surface energy, 232, 234

volume, 116

Exothermal reactions, 222

Expansion, 8, 70

adiabatic, 71

isenthalpic, 80

Expectation value of energy, 279

Expected values, 265

Explicit functions, 323

Extensive variables, 9

Extent of reaction, 203, 210

Extract, 195, 196

Extremum, 39, 158

principle, 9

F

Factorial, 270

Faraday constant, 242

Faraday, Michael, 242

Fick, Adolf Eugen, 312

Fick’s first law, 312

Fick’s second law, 314

First law, 333, 335

Flat surface, 237

Flexible, 7

Fluctuation, 135, 147, 292

Flux, definition of, 308

Fourier, Jean Baptiste Joseph, 309

Fourier’s law, 309, 318

Franklin, Benjamin, 242

Free energy, 47

minimum of, 48

Freezing point, 164

curves, 165

Freezing temperature, 164

Friction, 71, 310

Fugacity, 64, 66, 110

coefficient, 65, 66, 104, 105

partial, 104

Function

homogeneous first order, 11, 17

homogeneous zero order, 12

Fundamental equation, 10, 23, 27, 29, 40,

45, 48, 49, 52, 57, 60, 66, 67,

69, 107, 266, 278

differential, 13, 15, 17

of the Einstein solid, 271

energy-based, 12, 19

energy-based differential, 14

entropy-based, 12, 19, 67

extensive, 20

G-based, 64

intensive, 12, 21, 24

G

Galvanic cell, 253

silver-zinc, 254

Galvani, Luigi, 253

Gas

electrodes, 261

mixtures, 66

monatomic, 19, 22, 24

Gaussian function, 293

General force, 307

Geobarometers, 218

Geometric series, 281, 289

Gibbs–Duhem equation, 17–18, 20, 126, 156

Gibbs energy, 49

Gibbs function, 49

Gibbs–Helmholtz equation, 117, 221, 331

Gibbs, Josiah Willard, 2, 18

Gibbs phase rule, 126, 136

Gibbs potential, 49, 64

excess, 117

function, 89

minimum of, 202

as a function of the extent of reaction,

209

of mixing, 117, 209

molar, 159

partial molar, 115

Glass capillary, 263

Gradient, 307

Gravitational field, 230

Gravitational potential, 230

H

Hagen–Poiseuille equation, 311

Half cell, 259

Harmonic oscillator, 269, 289

Hauptsatz, 332

Heat, 8, 25, 43

absorbed, 13, 53, 74

calculation of, 52

capacity, 128, 146, 296

at constant pressure, 53

at constant volume, 22, 53, 67

negative, 128

at constant temperature, 52

engines, 72, 73
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Heat (cont.)
exchange, 26

isobaric, 52

pumps, 75

domestic, 83

of the reaction, 220

rejected, 74

reservoir, 73

transfer, 32

Height equivalent to one theoretical plate,

193

Helmholtz, Hermann Ludwig Ferdinand, 47

Henry’s law, 154, 155

Henry, William, 155

Hesse, Ludwig Otto, 321

Hessian matrix, 127, 321

Heterogeneous

reaction, 214

system, 125

Homogeneous function

first-order, 326

of order n, 325

Homonuclear

linear rotor, 289

rotor, 305

Hooke’s law, 228

H€uckel, Erich Armand Joseph, 250

Hydrodynamic flow, 70

Hydrostatic

equilibrium, 238

pressure, 238

Hyperbola, 149

Hypertonic solution, 185

Hypotonic solution, 185

I

Ideal behavior, deviation from, 104

Ideal binary mixtures, 160

solid–liquid equilibrium, 158–159

Ideal gas, 18, 21, 57, 59

mixtures of, 93–95

model, 22

monatomic, 27, 39

Ideality, 114

Ideally, dilute solution, 119, 120

Ideal mixture, 95, 102, 103, 111, 148

hypothetical, 104

Identical

configurations, 289

molecules, 279

Immiscible, 160

liquids, 125

Imperfect crystal, 300

Impermeable, 7

Impossible process, 72

Improper integral, 284

Increments, 320

Independent

molecular modes, 281

reactions, 206

Infinite diffusion, 315

one-dimensional, 316

Inflexion point, 163

horizontal, 130, 131

Inner potential, 253

Instability, 135

Integration constant, 20

Intensive

quantities, 50

variables, 12

Interface, 231

layer, 230

liquid-vapor, 232

Internal combustion engines, 77

Internal constraint

release of, 29

Internal energy, 5, 8, 13

function, 12

variance of, 291

Inverse function, 323

Inversion temperature, 82

Ion-conducting phase, 254

Ionic components, 243

Ionic strength, 250, 251

Ions, 230

Irreversible process, 71, 72, 340

Isenthalpic process, 81

Isentropic, 46, 47

system, 32, 35

Isobar, 151

Isolated, 7

system, 32, 33

Isothermal distillation, 241

Isotherms, 131, 151, 170

J

Joule, James Prescott, 80, 332, 334

Joule–Thomson, 81

coefficient, 81, 82

effect, 80–85

K

Kelvin equation, 240, 263

Kelvin, Lord, 338

Kinetic theory of gases, 265
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L

Lambda (l) transition, 146, 147
Laminar flow, 310

Latent heat, 145

Law of corresponding states, 61

Le Châtelier–Braun principle, 139, 225

Le Châtelier, Henri Louis, 225

Legendre transform, 279, 328

Legendre transformation, 51

partial, 326

Lever rule, 140, 153, 162

Lewis, Gilbert Newton, 104

Limit

at zero concentration, 108

of zero pressure, 105

Limiting value at zero pressure, 62, 63

Linear rotor, 288, 295

Linear structure, 297

Linear transport equations, 307, 308

Liquefaction, 82

Liquid, metastable, 135

Liquid curve, 150

Liquid junction potential, 262, 263

Liquid–liquid extraction, 195

Liquidus

curves, 165, 167

surface, 188

Liquid–vapor equilibrium, 78, 131

Liquid–vapor phase diagram, 150

Local equilibrium, 307

Locally stable states, 162

M

Magnetic field, 228

Magnetic induction, 229

Magnetic interactions, 228

Magnetic moment, 229

Magnetization vector, 228

Manostat, 43, 44, 48

Mass fraction, 120

Massieu, François Jacques Dominique, 329

Massieu function, 279, 329

Material balance equation, 312

Material sciences, v

Maximum, 39, 158

principle, 267

work, 70

Maxwell

construction., 133

relations, 55, 321, 322

Mean absolute activity, 247

Mean activity, 248, 249

coefficient, 251

Mean chemical potential, 248

Mean relative activity, 248

Measurable quantities, 53, 54, 58, 81

Mechanical dispersion, 160, 170

Mechanical work, 72

Melting point, 138, 139, 166

curve, 143

Membrane permeability

regulation of, 185

Meniscus, 238

Metallurgy, 190

Metastable state, 6

Method of intercepts, 92

Microcanonical

ensemble, 266

entropy, 297

partition function, 268

Microcrystals, 169

Microstates, 266

Mineralogy, 190

Minerals, formation of, 218

Minimum, 39, 158

boiling azeotrope, 193

of Gibbs potential, 224

Miscibility, 126, 158, 165

limited, 161, 168

limit of, 162

partial, 169, 171, 172

unlimited, 111, 162, 163, 169,

171, 172

Mixed crystals, 158

Mixing, 96

dilute solutions, 99

entropy of, 97

free energy of, 98

Gibbs potential of, 96

internal energy of, 97

volume of, 97

Mixture crystal, 167

Mixtures, 87–122

Molar

enthalpy of fusion, 166

entropy, 63, 137, 303

free energy, 301

expansion of, 60

Gibbs potential, 160, 166, 170

heat capacity, 271, 303

internal energy, 303

partition function, 302

quantity, 11

volume, 137

Molar Gibbs potential of fusion, 166
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Molecular dynamic simulations, 302

Molecular modes, 294

Molecular partition function, 281

standard, 302, 304

Molecular surroundings, 118

Molecular translational partition

function, 284, 285

Molecular vibration, 295

Mole fractions, 11, 89

Moment of inertia, 287

Momentum transfer, 310

Monatomic

gases, 285

ideal gas, 285, 287

molecules, 297

Monotectic

line, 177

reaction, 174, 176

Monotectoid, 177

Multiatomic molecule, 288

Multivariate

calculus, 319

functions

differentiation, 319

integration of, 324

N

Nernst equation, 258

Nernst, Walter Hermann, 333, 341

Newtonian fluid, 311

Newton, Isaac, 311

Newton’s law, 311

Nodes, 151, 162, 170

Nonequilibrium

changes, 333

states, 5

Nonideality, 168

Nonlinear multiatomic molecule, 290

Non-simple systems, 227

Nonvolatile, 215

No-phase area, 167, 170, 174, 177, 187–189

No-phase region, 150

Normal vibrational modes, 290

Nuclear modes, 283

Number of degrees of freedom, 11, 89, 126,

167, 231

Number of theoretical plates, 193

N, V, E ensemble, 266

N, V, T ensemble, 274

O

Ohm, Georg Simon, 309

Ohm’s law, 309

Onsager’s reciprocity relatioships, 317

Open, 7

Osmometer, 184

Osmosis, 179, 183

Osmotic pressure, 184

Otto cycle, 77

air-standard, 83

Outer potential, 253

Overall composition, 151

Oversaturated, 241

Oxidation, 257, 260

P

Packed column, 193

Paramagnetic, 228

Partial derivative, 319

Partially miscible binary mixtures, 159–185

Partial miscibility, 174, 189

Partial molar enthalpy, standard, 218

Partial molar entropy, standard, 218

Partial molar quantities, 87–93

Partial molar volumes, 91, 92, 120

Partial pressures, 94, 103, 148, 214

Particle in a box, 283

Partition ratio, 196

Parts per billion, 243

Pascal’s law, 228

Peltier effect, 316

Peritectic

line, 175

reaction, 175

Peritectoid, 177

Permeable, 7

Permutation, 270

without repetition, 285

Phase, 125

diagrams

Cd–Bi, 165

liquid–liquid, 161–163

P–T, 141

of pure substances, 135–139

solid–liquid, 163–178

equilibria

of pure substances, 129–135

rule, 150, 178

separation, 129, 159, 163

transition

continuous, 146

first-order, 146

second-order, 146

Physical chemistry, 1

Planck function, 329

Planck, Max, 333, 341
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Planck’s constant, 270

Plimsoll sign, 101

Poincaré, Jules Henri, 332

Poise, 311

Poiseuille, Jean Louis Marie, 311

Pollution, 183

Polynomial, 59

Porous diffusion, 179

Postulate

first, 4

postulate 1, 5, 8, 54, 69, 227

postulate 2, 10, 50, 69, 267

postulate 3, 11, 12, 16, 32

postulate 4, 12, 16, 21, 28, 55, 220, 300, 341

Potential

of the cell reaction, 256, 258

difference of a galvanic cell, 256

functions, 52

energy-like, 50–58

Power plants, 74

Power series, 59, 277

Practical activity, 108

coefficient, 108

Preparing dishes, 183

Pressure, 7, 14

Primary crystals, 174

Principal radii of curvature, 237

Principle process, 316

Probability density

function, 277

of the states of the canonical ensemble, 279

Probability distribution, 265

function, 267, 269

Projections, 135, 186, 189

P–T plane, 141

P–V diagram, 73

P–V–T diagram, 135, 136, 139

Pycnometer, 120

Q

Quantum chemical methods, 302

Quasistatic

changes, 333

heat, 340

process, 70, 72, 339, 340

R

Radial charge density, 264

Raffinate, 195, 196

Random fluctuations, 267

Rankine cycle, 77, 79

Rankine engine, 79

Rankine, William John Macquorn, 77

Raoult, François-Marie, 148

Raoult’s law, 148, 150, 198

nonideal equivalent of, 154

Rate of change, 313

Rational activity, 107, 110, 211

Reacting species, 201

Reaction entropy, 226

Reaction standard Gibbs potential, 213,

219, 301

calculation of, 218

Reaction standard volume, 223

Real binary mixtures, 161

liquid–vapor equilibrium of, 154–157

Real gas, 22, 59

chemical potential and fugacity of, 64–68

Real mixtures, 103, 115

Recrystallizations, 173, 193

Rectification, 192

Reduced pressure, 130

Reduced temperature, 130

Reduced variables, 61

Reduced volume, 130

Reduction, 257, 260

Reference pressure, 102

Reference state, 13, 21, 95, 101, 102

Reflux, 192

Refrigerators, 75

domestic, 80

Relative activity, 106, 107, 110, 211

coefficient, 106, 107

Relative fluctuation, 292

Relaxation time, 70

Reservoir, 44, 46, 48, 275

Residual entropy, 300, 341

Resistance, 310

Reverse osmosis, 185

Reversible process, 71, 72

Rigid, 7

Rotating axle, 73

Rotational

constant, 287

partition function, 287, 288, 305

quantum number, 288

symmetry factor, 289

Rule of common tangents, 162

S

Sackur, Otto, 287

Sackur–Tetrode equation, 27, 28, 287

Salt

bridge, 263
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Salt (cont.)
dissolved in water, 164

Saturated vapor, 79

Scalar quantities, 228

Schr€odinger equation, 289
Secondary crystals, 173

Second law, 333, 340

Second-order differential, 321

Second partial derivatives, 320

Section, 152

Semi-infinite diffusion, 314

Semipermeable, 7, 37, 179

Separation funnel, 197

Separation of mixtures, 190

Settling vessel, 196

Shock waves, 70

Simple system, 4

Simultaneous chemical reactions, 206

Single component system, 64

Single-particle energy, 294

Sliding, 139

Snow removal, 183

Solid solutions, 158, 173

Solidus

curves, 168, 175

surfaces, 188

Solubility, 118

Solute, 113

Solvated species, 119

Solvation shell, 250

Solvent, 113

shell, 118

Solvus

curve, 175

surfaces, 188

Sommerfeld, v

Spectroscopic data, 302

Spontaneous, 71

Stability

criterion of, 224

global, 161

local, 161, 163

of phases, 127–129, 131

range, 188

regions, 150

Stability conditions, 50, 128

global, 134

local, 134

Stable

globally, 135

locally, 134

Standard chemical potential, 107, 110

referenced to infinite dilution, 119

Standard concentration, 102

Standard electrode potential, 260

Standard enthalpies, 219

of formation, 220

Standard Gaussian, 315

Standard heat of formation, 219

Standard hydrogen electrode, 261

Standard molality, 102

Standard potential, 257–259

Standard pressure, 102, 212

Standard reaction enthalpy, 225

Standard reaction Gibbs potential, 204, 209,

210, 258

Standard solvent, 115

Standard states, 103, 105, 109–115

choice of, 211

hypothetical, 108, 109

State functions, 5, 32, 66, 320, 324, 338

existence of, 335

State surface, 30, 69, 135

State variables, 5, 323

Static, 69

Statistical, 61

mechanics, 265

physics, 265

thermodynamics, 265

Steam distillation, 194

Steam engines, 332

Steam turbines, 332

Stirling formula, 270, 272, 286, 300

Stoichiometric

equation, 201, 202

matrix, 206

numbers, 201, 212

Stress, 228

Sublimation, 138

point curve, 143

Supercooled liquid, 299

Superheated liquid, 162

Superheating, 79, 241

Supersaturated vapor, 162, 241

Surface layer, 231

Surface tension, 230, 232, 263

thermodynamic definition, 233

Surroundings, 333

Symporter, 317

Syntectic line, 177

Syntectic reaction, 174, 177

System, constant pressure, 43–46

T

Tangent lines, 162

Tangent planes, 127
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Taylor series, 59

T–x phase diagram, 153

ternary, 186

tridimensional, 186

Temperature, 12, 14, 34

Celsius scale, 15

Fahrenheit scale, 16

gradient, 318

kelvin scale, 16

scale, 15–17

Tensor, 228

Terminal

metal, 254

wires, 254

Ternary

eutectics, 190

mixture, 185

Tetrode, Hugo Martin, 287

Textures, 167, 174

Thermal diffusion, 316

Thermal energy, 72

Thermal equilibrium, 34, 333

Thermal expansion, coefficient of, 53, 67,

68, 82

Thermally conductive rod, 317

Thermal wavelength, 285

Thermodynamic(s), 1, 3, 61, v

chemical, 2, 87

efficiency, 73

phenomenological, 3

postulates, v

postulational, 4

postulatory approach, v

potentials, 50, 57

quantities

calculation of, 57–58

statistical, 3, 265

systems, 4, 6

tables, 103

Thermoelectric effect, 316

Thermostat, 43, 46, 48

Third law, 333, 341

Thomson, William, 338

Throttle, 80, 81

Throttling, 82

valve, 80

Tie line, 151, 178, 188

Tisza, 2

Top product, 192

Total differential, 320

Total pressure, 94

Total vibrational partition function, 289

Transition state theory, 302

Transition temperature, 147

Translational partition function, 283

Transport equation, one-dimensional, 308

Transport phenomena, 307

Triangular diagram, 186

Triple line, 136

Triple point, 136, 138, 167, 172

of methanol, 197

Triple product rule, 323

T–S diagram, 73, 78, 79

Turbulence, 71

Two-phase region, 151

Two-state molecules

in canonical representation, 281

in microcanonical representation, 272

U

Unimolecular reaction, 302

Unstable, 161

locally, 132

V

van der Waals

equation, 61

equation of state, 22

reduced, 130

fluid, 22–28, 129

van der Waals, Johannes Diderik, 22

van’t Hoff, 225

equation, 184, 222, 226

Vapor, 135

curve, 150

metastable, 135

pressure

curve, 150

saturated, 150

total, 148

quality, 140, 141

supersaturated, 135

Vector variables, 228

Velocity

gradient, 311

of sound, 70

Vibrational

degrees of freedom, 290

energy quantum, 270

modes, 269

partition function, 289, 305

quantum number, 289

Virial coefficient, 60

Virial equation, 59–61
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Viscosity, 70

Viscous flow, 310

Volume, 58

of mixing, 116

work, 7, 71

W

Waste heat, 75

Watt, James, 332

Wavenumber, 305

Weightlessness, 235

Wetting, 235, 237

Wine, 6

Work, 8, 25, 26

adiabatic, 52

calculation of, 52

constant pressure, 52

gained, 74

mechanical, 7

volume, 43

Y

Young–Laplace equation, 237

Young’s theorem, 55, 321

Z

Zero-point energy of the reaction, 302

Zeroth law, 333

Zone melting, 193

Zustandsumme, 278
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