Appendix A
Supplements

A.1 The Laplace Transform is Injective

In this section, we prove Theorem 1 of Sect. 2.5 that states that the Laplace transform
is injective on the set of Laplace transformable continuous functions.! Specifically,
the statement is

Theorem 1. Suppose fi and f, are continuous functions on [0,00) and have
Laplace transforms. Suppose

LN = LS}

Then f1 = fz.

The proof of this statement is nontrivial. It requires a well-known result from
advanced calculus which we will assume: the Weierstrass approximation theorem.

Theorem 2 (The Weierstrass Approximation Theorem). Suppose h is a contin-
uous function on [0, 1]. Then for any € > 0, there is a polynomial p such that

|h(®) = p(D)] <,

foralltin|0,1].

In essence, the Weierstrass approximation theorem states that a continuous
function can be approximated by a polynomial to any degree of accuracy.

IThe presentation here closely follows that found in Advanced Calculus by David Widder,
published by Prentice Hall, 1961.
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Lemma 3. Suppose h(t) is a continuous function so that

1
/ t"h(t)dt =0,
0

for each nonnegative integer n. Then h(t) = 0 forall t € [0, 1].

Proof. Let € > 0. By the Weierstrass approximation theorem, there is a polynomial
p so that

|h(@) — p()] <,
forallz in [0, 1]. Since a polynomial is a linear combination of powers of 7, it follows
by the linearity of the integral that fol p()h(t)dt = 0. Now observe,

1 1
/ (h(0)Y di = / B h(t) — p(t)) dr
0 0

IA

1
/0 (O] () — p(1)] dr

1
6/0 \h(1)] dr.

Since € is arbitrary, it follows that fol (h(¢))? dt can be made as small as we like.

This forces [ (h(1))?dt = 0. Since (h(z))> > 0, it follows that (k(z))> = 0, for all
t € [0, 1]. Therefore, h(t) = O forall ¢ € [0, 1]. O

IA

Theorem 4. Suppose f is a continuous function on the interval [0, 00), F(s) =
LAf@)}(s)fors = aand F(a+nl) = 0foralln =0,1,..., for somel > 0.
Then f = 0.

Proof. Let g(t) = fot e f(u) du. Since F(a) = 0, it follows that tlim g) =0.
—00
Write o o
F(a +nl) = / e @t f(1ydr = / e e f(1) dt
0 0

and compute using integration by parts with u = e™"/" and dv = e~ f(¢). Since
du = —nle™" andv = [y e™ f(u) du = g(t), we have

o0
Fla+nl)=eg(t)| +nl/ e "g(t)dr.
0

= nl/ e Mg (r)dr.
0
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Since F(a + nl) = 0 we have

o0
/ e Mg(t)dr =0,
0

forallnm = 1,2,.... Now let x = e™*. Then dx = —le !"dt = —Ixdr and

= —% Inx = % In % Substituting and simplifying, we get

[e(ins)
xX"7gl-In—)dx =0,
0 [ X

foralln = 1,2,.... By Lemma 3, it follows that g (} In1) = 0 for all x € [0, 1],
and hence, g(t) = 0 on [0,00). Since 0 = g'(¢t) = e~ f(¢) it follows now that
f(t)=0forallz € [0, 00).

Proof (Proof of Theorem 1). Suppose f(t) = fi(t) — f>(t). Then L{f}(s) =0
for all s. By Theorem, 4 it follows that f is zero and so f; = f>. O

A.2 Polynomials and Rational Functions

A polynomial of degree n is a function of the form
p(s) = ans" + ay_15""" + -+ ais + ao,

where a,, # 0. The coefficients ay, ..., a, may be real or complex. We refer to
ay as the leading coefficient. If the coefficients are all real, we say p(s) is a real
polynomial. The variable s may also be real or complex. A root of p(s) is a scalar
r such that p(r) = 0. Again r may be real or complex. If r is a root of p(s), then
there is another polynomial p; (s) of degree n — 1 such that

p(s) = (s =r)pi(s).

The polynomial p;(s) may be obtained by the standard procedure of division of
polynomials.

Even though the coefficients may be real, the polynomial p(s) may only have
nonreal complex roots. For example, s> + 1 only has i and —i as roots. Notice in
this example that the roots are complex conjugates. This always happens with real
polynomials.

Proposition 1. Suppose p(s) is a real polynomial and r € C is a root. Then r is
also a root.

Proof. Suppose p(s) = a,s” + --- 4+ a1s + aog, with each coefficient in R. We are
given that p(r) = 0 from which follows
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p(7) =a,i" 4+ -+ aiiF +ap

=apr" +---+air +ao

=ayr" +---+air +ap

=p(N=0=0.

Thus r is also a root. ]

The fundamental theorem of algebra addresses the question of whether a
polynomial has a root.

Theorem 2 (Fundamental Theorem of Algebra). Let p(s) be a polynomial of
degree greater than 0. Then p(s) has a root r € C.

The following corollary follows immediately from the fundamental theorem of
algebra.

Corollary 3. Let p(s) be a polynomial of degree n andn > 1. Then there are roots
riy...,ry € Csuch that

p(s) = an(s —r1)---(s — 1),

where ay is the leading coefficient of p(s).

Each term of the form s — r is called a linear term: if r € R it is a real linear
term, and if » € C, it is a complex linear term. An irreducible quadratic is a
real polynomial p(s) of degree 2 that has no real roots. In this case, we may write
p(s) = as®? + bs + ¢ as a sum of squares by a procedure called completing the
square:

p(s) =as’>+bs+c

(#+e+d)
=al|ls "+ -5+ —
a a

B a 4q? 4q?
2
( b) (v%a—w)
—al(s+—)+|——
2a 2a

where we set @ = —2% and = —‘4“2““_1’2. From this form, we may read off the
complex roots r = o +if and 7 = a —if. We further observe that as + bs + ¢ =

a(s — (@ +ip))(s — (@ —ip)).
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Corollary 4. If p(s) is a real polynomial, then p(s) is a product of real linear terms
or irreducible quadratics.

Proof. By fundamental theorem of algebra, p(s) is a product of linear factors of
the form s — r. By Proposition 1, we have for each nonreal linear factor s — r a
corresponding nonreal factor s — 7 of p(s). As observed above, (s — r)(s —r) is an
irreducible quadratic. It follows then that p(s) is a product of real linear terms and
irreducible quadratics.

Corollary 5. Suppose p(s) is a polynomial of degree n and has m > n roots. Then
p(s) =0foralls € R.

Proof. This is an immediate consequence of Corollary 3. O

Corollary 6. Suppose pi(s) and p,(s) are polynomials and equal for all s > A,
for some real number A. Then pi(s) = pa(s), forall s € R.

Proof. The polynomial p;(s) — p»(s) has infinitely many roots so must be zero,
identically. Hence, p;(s) = pa(s) forall s € R. O

A rational function is a quotient of two polynomials, that is, it takes the form
% A rational function is proper if the degree of the numerator is less than the
gegree of the denominator.

p1(s) p2(s)

o) and e are rational functions that are equal for all
s > A for some real number A. Then they are equal for all s such that q,(s)q2(s) #

0.

Corollary 7. Suppose

Proof. Suppose
P(s) _ pas)
q1(s) 92(s)

forall s > A. Then
P1($)q2(s) = pa(s)qi1(s),

for all s > A. Since both sides are polynomials, this implies that p;(s)gq2(s) =
P2(s)q1(s) for all s € R. Dividing by q1(s)g2(s) gives the result. O

A.3 B, Is Linearly Independent and Spans £,
B, Spans &,

This subsection is devoted to a detailed proof of Theorem 2 of Sect.2.7. To begin,
we will need a few helpful lemmas.
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Lemma 1. Suppose q(s) is a polynomial which factors in the following way:
q(s) = q1(s)qa(s). Then

B’Il c Bl{a

RQI c RQa

&y C &

(Of course, the same inclusions for q, are valid.)

Proof. Since any irreducible factor (linear or quadratic) of ¢q; is a factor of ¢, it
follows by the way B, is defined using linear and irreducible quadratic factors
of g(s) that B, C B,. Suppose pi(s)/qi(s) € Ry. Then pi(s)/qi(s) =

P1(8)q2(5)/q1(s)q2(s) = p1(s)q2(5)/q(s) € Ry. It follows that R, C R,,. Finally,
if f €&, ,then L{f} € R, CRy. Hence, f € &, and therefore £, C &,. a

Lemma 2. Let ¢(s) be a polynomial of degree n > 1. Then
B, C &,.

Proof. We proceed by induction on the degree of g(s). If the degree of g(s) = 1,
then we can write g(s) = a(s — A), and in this case, B, = {e“}. Since

PP S a _
E{e }_s—k_a(s—)t)_

a
— R
q(s)

it follows that e*’ € &,;. Hence, B, C &;. Now suppose degg(s) > 1. According to
the fundamental theorem of algebra ¢ (s) must have a linear or irreducible quadratic
factor. Thus, g(s) factors in one of the following ways:

1. ¢(s) = (s — )*q1(s), where k > 1 and ¢, (s) does not contain s — A as a factor.
2. q(s) = ((s — a)®> + BH*qi(s), where k > 1 and ¢,(s) does not contain (s —
«)? 4 B2 as a factor.

Since the degree of g is less than the degree of g, we have in both cases by induction
that B,, C &;,. Lemma 1 implies that B, C &,.

Case 1: q(s) = (s — M)*qi(s). Let f € B, be a simple exponential polynomial.
Then either f(t) = t"e, for some nonnegative integer r less than k, or f € By, C
& X f(t) = t"eM then, L{f} = r!/(s —A)T! € R(,_;y+1 C R,y by Lemma 1.
Thus, f € &;, and hence B, C &,.

Case 2: q(s) = ((s — &)* + B>*qi(s). Let f € B,. Then either f(t) =
t"e¥ trig Bt, where trig is sin or cos and r is a nonnegative integer less than k,
or f e By, C &.If f(t) = t"e* trigft, then by Lemma 10 of Sect.2.6,
LAf(1)} € Rs—ap+p2+ and hence, by Lemma 1, L{f(¢)} € R,. It follows that
f €&, Hence B, C &,. a
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Proof (of Theorem 2 of Sect. 2.7). Since &, is a linear space by Proposition 2 of
Sect. 2.6 and B, C &, by Lemma 2, we have

Span B, C &,.

To show &, C Span B,, we proceed by induction on the degree of g. Suppose
degq(s) = 1. Then ¢(s) may be written ¢(s) = a(s — 1), for some constants
a#0and A € Rand B, = {eA’}. If fe&,then L{f} = c/(a(s —A)), for
some constant ¢, and hence, f = (c/a)e*. So f € Span B, and it follows that
&, = Span B,.

Now suppose degg > 1. Then g(s) factors in one of the following ways:

1. ¢(s) = (s — )*q1(s), where k > 1 and ¢, (s) does not contain s — A as a factor.
2. q(s) = ((s — a)®> + BH*qi(s), where k > 1 and ¢,(s) does not contain (s —
«)? 4 B2 as a factor.

Since the degree of g1, is less than the degree of ¢ we have in both cases by induction
that £, = Span B,,.

Consider the first case: ¢(s) = (s — A)¥q(s). If f € &, then L { f} has a partial
fraction decomposition of the form

Ay Ag p1(s)
sA TG T )

LAf3(s) =

for some constants Ay, ..., A and polynomial p;(s). Taking the inverse Laplace
transform, it follows that f is a linear combination of terms in {e,... " !e*}
and a function in &, . But since £, = Span B, and B, = {e“, el tk_le)”} UB,,,
it follows that f* € Span B, and hence &, = Span B,.

Now consider the second case: g(s) = ((s — a)?> + B>)*qi(s). If f € &,, then

L {f} has a partial fraction decomposition of the form

B M Ayrs + By pi(s)
L= T Y oo i T a0

for some constants Ai,..., A, Bi,..., By and polynomial p;(s). Taking the
inverse Laplace transform, it follows from Corollary 11 of Sect. 2.5 that f is a linear
combination of terms in

{e“ cos Bt,e* sin ..., 15" cos Bt, ¥ e sin Bt}
and a function in &, . But since &;, = Span B, and

B, = {e* cos Bt, e sin Bt, ..., t* e cos Bt,t* '™ sin Bt} U By,

it follows that f* € Span B, and hence £, = Span B,. O
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The Linear Independence of 1B,

Let g(s) be a nonconstant polynomial. This subsection is devoted to showing that
B, is linearly independent. To that end, we derive a sequence of lemmas that will
help us reach this conclusion.

Lemma 3. Suppose q(s) = (s — A)"q1(s) where (s — A) is not a factor of q,(s).
Suppose fi € Es—yyn, fr € &, and

Si+ f2=0.

Then fi =0and f, =0.
Proof. Let Fi(s) = L{f1}(s) and F»(s) = L{f2}(s). Then Fi(s) = (Sp_(i)), , for
some 7 < m and some polynomial p(s) with no factor of s — A. Similarly, F>(s) =

511 ((3, for some polynomial p(s). Thus,

pes)  pGs)
G- a6

ey

By Corollary 7 of Appendix A.2, equation (1) holds for all s different from A and
the roots of ¢; (). Since g, (s) contains no factor of s — A, it follows that g; (1) # 0.
Consider the limit as s approaches A in (1). The second term approaches the finite
value p;(A)/qi1(A). Since the sum is 0, the limit of the left side is 0 and this implies
that the limit of the first term is finite as well. But this can only happen if p(s) = 0.
It follows that F(s) = 0 and hence f; = 0. This in turn implies that f; = 0. O

Lemma 4. Suppose q(s) = ((s — a)> + B>)"q1(s) where (s — a)> + B* is not a
factor of q1(s). Suppose fi € Es—ay1p2yn, f2 € &gy, and

fi+ =0

Then fi = 0and f, = 0.
Proof. Let Fi(s) = L{f1}(s) and F>(s) = L{f>} (s). Then Fi(s) = %,
for some r < m and some polynomial p(s) with no factor of (s —a)?+ 2. Similarly,

F(s) = Z 1‘8 , for some polynomial p;(s). Thus,

p(s) pi(s) _

— 2
G2+ B0 0is) @

Again, by Corollary 7 of Appendix A.2, equation (2) holds for all s different from
o +iB and the roots of ¢;(s). Since g;(s) contains no factor of (s — ) + B2
it follows that ¢; (¢ + if) # 0. Consider the limit as s approaches the complex
number o + if in (2). The second term approaches a finite value. Since the sum is
0, the limit of the left side is 0 and this implies that the limit of the first term is finite
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as well. But this can only happen if p(s) = 0. It follows that F;(s) = 0 and hence
f1 = 0. This in turn implies that f;, = 0. O

Lemma 5. Let q(s) = (s — A)™. Then By is linearly independent.

Proof. By definition, B, = {e*,te*,... 1" 'e*}. Suppose
coeM 4 oo 4 eyt = 0.
Dividing both sides by e* gives
cotcit 4+ cut™ = 0.

Evaluating the at + = 0 gives ¢p = 0. Taking the derivative of both sides and
evaluating at # = 0 gives ¢; = 0. In general, taking the rth derivative of both sides
and evaluating at = 0 gives¢, = 0, forr = 1,2,...,m = 1. It follows that all of
the coefficients are necessarily 0, and this implies linear independence. O

Lemma 6. Let q(s) = ((s —a)? + B>)™. Then B, is linearly independent.

Proof. By definition, B, = {e*’ cos ft, e sinBr,..., 1" 'e* cosft, " 'e*
sin Bt}. A linear combination of B, set to 0 takes the form

pi1(2)e*" cos Bt + pa(t)e* sin Bt =0, 3)

where p; and p, are polynomials carrying the coefficients of the linear combination.
Thus, it is enough to show p; and p, are 0. Dividing both sides of Equation (3) by
e gives

pi(t) cos Bt + po(t)sin ft = 0. 4

Let m be an integer. Evaluating at f = 2”Tm gives pj (2”7’") = 0, since sin2wrm =0

and cos 2rm = 1. It follows that p; has infinitely many roots. By Corollary 5, of
Sect. A.2 this implies p; = 0. In a similar way, p, = 0. O

Theorem 7. Let q be a nonconstant polynomial. View By as a set of functions on
I =[0,00). Then B, is linearly independent.

Proof. Let k be the number of roots of g. Our proof is by induction on k. If ¢ has but
one root, then g(s) = (s — A)" and this case is taken care of by Lemma 5. Suppose
now that k > 1. We consider two cases. If g(s) = (s — A1)"q;(s), where ¢q;(s)
has no factor of s — A, then a linear combination of functions in B, has the form
fi(t) + fa(t), where fi(t) = coe™ + -+ + cpp—1t™'eM is a linear combination of
functions in B,y and f>(¢) is a linear combination of functions in B,,. Suppose

S1@) + f2(t) = 0.

By Lemma 3, f] is identically zero and by Lemma 5, the coefficients co, ..., -1
are all zero. It follows that f, = 0. Since ¢ (s) has one fewer root than ¢, it follows
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by induction the coefficients of the functions in B,, that make up f; are all zero. If
follows that B, is linearly independent.

Now suppose ¢(s) = ((s — a)?> + B*)™qi(s), where g;(s) has no factor of
(s — a)? + B%. Then a linear combination of functions in B, has the form f;(¢) +
fo(t), where fi(t) = coe® cos Bt +-++~+cpm_1t™ e cos Bt +doe® sin Bt +---+
dpp—1t™ e sin Bt is a linear combination of functions in B((s—ay2+pyn and fo(t) is
a linear combination of functions in B,,. Suppose

Z)m

Si@) + f2(t) = 0.

By Lemma 4 f] is identically zero, and by Lemma 6 the coefficients cy, ..., -1
and dy, ..., d,— are all zero. It follows that f, = 0. By induction, the coefficients
of the functions in B,, that make up f, are all zero. If follows that B, is linearly
independent. O

A.4 The Matrix Exponential

In this section, we verify some properties of the matrix exponential that have been
used in Chap. 9.
First, we argue that the matrix exponential

eA=I+A+—2+A—3+---+£+---
2! 3! n!
converges absolutely for all » x n matrices A. By this we mean that each
entry of e? converges absolutely. For convenience, let £ = e“. Let a =
max {|A; ;| : 1 <i,j <n}.Ifa = 0, then A = 0 and the series that defines e
reduces to 7, the n x n identity. We will thus assume a > 0. Consider the (i, j)
entry of A2. We have

> A

=1

< ZIAi,ll |Ar]
I=1

n
< E azznaz.
=1

(4] =




A.5 The Cayley—Hamilton Theorem

In a similar way, the (i, j) entry of A3 satisfies

3 A

=1

<> 1Aul |47
=1

(4% ;] =

n
< E ana2 :n2a3.
=1

By induction, we have
|(Ak)lj | < l’lk_l(lk.

It follows from this estimate that

|Eij| = [(Dij + (A)ij +

=+

(A%i; (A%

2! 3!
(4%)i (A%
SSi,j+|(A)i,j|+| 2']‘+| 3'J|,..
na* n’a® nla*
§8i,j+a+7+ 3 + 1l 4+ .
o k—1_k
n*~la
=5u+Z k!
k=1
| & ()t
<1+- =1+ —e

It follows now that the series for E; ; converges absolutely.

733

If we replace A by At, we get that each entry of e’ is an absolutely convergent
power series in ¢ with infinite radius of convergence. Furthermore, the last inequality

above shows that the (i, j) entry of e is bounded by 1 + %e

exponential type.

A.5 The Cayley—-Hamilton Theorem

and hence of

Theorem 1 (Cayley—Hamilton). Let A be an n x n matrix and c 4(s) its charac-

teristic polynomial. Then

Cy (A) =0.
The following lemma will be helpful for the proof.
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Lemma 2. Let j be a nonnegative integer and let a € C. Then

D' (t/e") ;=0 = D/ '] 1=,
Proof. The derivative formula D! (ye?) = ((D +a) y) e’ implies

D (t/e)|;—0 = (D + a)'t)];=o
[

=3 ()l

k=0
0 if [ <
=19 a0 . .
TR
=D/t |—,. O

Proof (of Cayley-Hamilton Theorem). Let c4(s) be the characteristic polynomial
of A. Suppose Aj,---, A, are the roots of ¢4 with corresponding multiplicities
ri, -+ ,In. Then

B.,={tleM :j=0,....nc—Lk=1,....m}

is the standard basis for &.,. As in Fulmer’s method, Sect. 9.4, we may assume that

there are n x n matrices M, j =0,...,rx — 1,k =1,...,m, so that
m rg—1
el = ZZI’eA"’Mj,k.
k=1j=0

Differentiating both sides / times and evaluating at t = 0 gives

m rp—1 ) m rp—1 )
Al = Z Z D' (t]elkt) li=oMjx = Z Z D]tl|t=)Lij,k,
k=1j=0 k=1 j=0

with the second equality coming from Lemma 2. Now let p(s) = co + c15 + -+ +
ensN =N l :
ns™ =", cis' be any polynomial. Then

N
p(A) = A
1=0
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m r—1 N
= Z Z D/ (Z cltl) li=2 M j i
k=1 j=0

=0

1
PP )Mk (1)

re—
j=0

m
k=1

For the characteristic polynomial, we have c4(s) = [];—;(s — Ax)", and hence,
cﬁlj)(/\k) =0forall j =0,...,rpk—land k = 1,...m. Now let p(s) = c4(s) in
Equation (1) to get

m rp—1
ca() =3P MM; = 0.
k=1 j=0
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Selected Answers

Section 1.1

1. PP =kP
3. W) = AVh()
5. order: 2; Standard form: y” = ¢3/y’.
7. order: 2; Standard form: y” = —(3y + ty')/ 2.
9. order: 4; standard form: y® = /(1 — (y")%)/t .
11. order: 3; standard form: y"”" = 2y” — 3y’ + y.
13. y1, y2,and y;
15. Vi, Y2, and V4
17. Vi, Y2, and V4
19.
/ _ 3t
y'(t) = 3ce
3y 4+ 12 = 3(ce™ —4) + 12 = 3ce® — 12+ 12 = 3ce”.
Note that y(¢) is defined for all € R.
21.
, ce’
= ——
y(t) 1 —ce)?
W.A. Adkins and M.G. Davidson, Ordinary Differential Equations, 737

Undergraduate Texts in Mathematics, DOI 10.1007/978-1-4614-3618-8,
© Springer Science+Business Media New York 2012



738 B Selected Answers

I I—(1—ce)  ce

2 — _
Yy (t)_y(t)_ (l_cet)Z 1 —cet - (1_cef)2 - (I—Cet)z'

If ¢ < 0, then the denominator 1 — ce’ > 0 and y(¢) has domain R. If ¢ > 0,
then 1 —ce’ = 0iff = In % = —Inc. Thus, y(#) is defined either on the interval
(=00, —Inc) or (—Inc, 00).

23.
, —ce'
1) =
y' () o —1
el ] = _e—lnee'=) _ | _ —1 = —ce!
cel —1 ce! —1

25.

Vi) = —(c =) 2=1) = ——

(c—1)?

Y2 (@) =

(c —1)*

The denominator of y(¢) is O when ¢ = c. Thus, the two intervals where y () is
defined are (—o0, ¢) and (¢, 00).

27 y(1) =S —1 +c.

29. y(t) =t +1Inlt|+c

31. y(1) = —%sin3t + it + 2
33. y(1) =3¢~ + 31 — 3

35. y(1) = —18(1 + 1)~

37. y(t) = —te™" —e™.
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B Selected Answers

Section 1.2

\V\AN\NN—T+ /7]
\V\N\NN+~ 7 1]
\V\ANNN—T+V 7
\V\N\NNT+~ 7 1]

\V\N\NNT+~ 7 1]
\V\N\NN—T+ 77 ]
\V\N\NN—T+ 77 ]
\V\ANNN—F+/ 7

4

3

2

1

1

-2

-3

-4

-5

-5 -4 -3 =2 -1

y(y+1)

y' =

/ =\ \

I 7 =\

\\NN—=—vx 71 1| |

| | /7 v+ — N\ \

l

1

1

-5

-5 -4 -3 =2 -1

-5 -4 -3 2 -1

-5
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0
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| o e~~~

ANNNNANSNSNSN~—|crrr s /777

NN N NN~ o~ — — —

] o—m™GNNNN

I 730 Y\ M Y

\/::
11
s

P =
/7 -
[N
N
\ \
N\~
N N\

\
\
NN ~—~

11. y=0

13. y = +1

15.y=—t+Q2n+)n,neZ

17. 2yy’ =2t —=3t> =0

Section 1.3

1. Separable

3. Not separable

5. Separable

7. Not separable
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9.

11.

13.

15.

17.

19.

21.

23.

25.

217.

29.

31.

33.

35.

37.

39.

41.

43.

45.

47.

Separable

t2(1 — y?) = ¢, ¢ areal constant

Y = %tz + 10t + ¢, ¢ areal constant
y = 1 —ccost, ¢ any real constant

y = 14:—?:;,, ¢ areal number, and y = 4

y = tan(? + ¢), ¢ areal constant

In(y + 1)>—y =tan"'t + ¢, ¢ areal constant, and y = —1
y = m, ¢ real constant

y=0

y = 4e"

y=2vur+1

y(t) =tan (=1 + 1+ %), (a, b) = (6/(6 + 57), 6/(6— 7)).

~ 212 million years old

A 64 min

t ~ 8.2 min and 7' (20) ~ 67.7°
~ 205.5°

602

~ 3.15 years

3857

1,400

Section 1.4

1.

3.
5.

_ 1l _ 9.3t
y = ge' — e,
y = te¥ + de¥.

r

~|®
BTN

y:

741
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7. y:%+%.

9. y = 4sin4t — 3cos4t + ce*
1. z=12+ 1+ ce”

13. y =1 —e sin!

15, y=—1—4%-3r2

17. y = ﬁeb’f + ce™

19. y = (¢t + ¢)sect
21. y = t"e' + ct”
2. y=12-2173

_ 1 -2
25. y(t) = ; + (4a —2)t

27. y =(10—1) — %(10 —1)*, for 0 <t < 10. After 10 min, there is no salt in
the tank.

29. (a) 10 min, (b) ~ 533.33 g

31.(a) Differential equation: P’(¢) + (r/V)P(t) = rc. If Py denotes the initial
amount of pollutant in the lake, then P(¢) = Ve + (Py — Ve)e™/V) The
limiting concentration is c.

(b) tijp = (V/r)In2;t110 = (V/r)In10
(c) Lake Erie: 11/, = 1.82 years, t1/10 = 6.05 years, Lake Ontario: 1/, = 5.43
years, t,10 = 18.06 years

Section 1.5

1. y =ttan(In|t| + 7 /4)
3.y=12t

5. y==xtJ1+kt, keR

7. y =tsin(In|t| +¢)and y = +¢

1
9. y=—
YT
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1
1l.y=4——andy =0

V1 + ce?’
13 ! d 0
.y=—————andy =0.
—54+cv1—1¢2
15. y = =1 43¢
1
17. y=¢t——"—and y =0

i+ 5+ e

19. 2y +In|2t —2y|=c,c€e Rand y =¢
21. y—tan"'(t +y) =c,c €R
23, y=xvke! —t,keR

25. y=e "'t ceR

Section 1.6

1.2 +tyt=c

3. Not Exact

5. Not Exact

7. (y—t)* =2t =¢

9. y*=dty+¢

Section 1.7

Loy(t) =1+ [ uy(u)du

o u—y(u) du

3.y@®)=1+ Ory(u)
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yo(t) =1
1+ 2
2

yi(t) =

([)_5+Zz+t4
P=8T473

29 52 ¢t g6

H="4"" 4 — 4+,
=gt TR

2 2 tS 2 tS t8

t t t
7. Y1(f)=5;y2(f)=—+—;y3(t)=5+—+_+

2 20 20 160

9.

Yo(t) =0
3

t
Y1(1)=1+§

7

732
15
+ 15-7%.3%
31
-’_31—152—74—38
(63

+63—312-154~78—316

»(@) =1+

yit) =1t

ya(t) =1

ys(t) =1t

11. Not guaranteed unique
13. Unique solution

15.

yo(#) =1
n@)=1+at

a’t?
@) =1+4+at + N

a’t>  a’t

y3(t)=1+at+7+7

B Selected Answers

lll
4400°
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212 antn
yn(t)—l—i-at—}-T—i- -+ al

y(t) = lim,— 0 v, (t) = €', it is a solution; there are no other solutions.
17. Yes

19. 1. y(t) =t + ct>.
2. Every solution satisfies y(0) = 0. There is no contradiction to Theorem 5

2
since, in standard form, the equation is y’ = n y—1=F(t, y)and F(¢, y)
is not continuous for t = 0.

21. No

Section 2.1

1. Y(s) = % and y(1) = 2¢*

3. Y(s) = —— and y(t) = te*

(s— 4)
5 () =5+ andy(r) =e ¥ +¢

_ 3543 _ _3(s+D 3 a2
7. Y() = 23555 = Grhetn = s and () = 3e

9. Y(s) = and y(¢) = =L sin 5t + cos 5t

2+25

11. Y(s) = 4 and y(t) =™

_ 1 11 12 2 1,2.,-2
13. Y(s) = (5+2)2 + (s+2° 7 (+2)7? + 2 (s+2)3 and y () = te™ + 3ie t

Section 2.2

Compute the Laplace transform of each function given below directly from the
integral definition given in (1).
31

LS+

1 3

Ts—2 s+1
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5

s—=2

2 5 4
TeTets

1 n 7
s+3 0 (s+4)?
s+2
52+ 4

2
(s +4)3
15 2+ 2 + !
s (s—=2)2 s—4
24
(s +4)°

1
(s—3)?

11.

13.

17.

19.

125% — 16

(s +4)
2s 2

s2+1 s

21.
23.

In(s + 6) —In6
s
2b?
s(s2 + 4b?)

25.

27.

29 1 a—>b N a+b
"2\s2+(@—b)2 24 (a+b)?
b

s2 —p2

b

22— p2?

31.

33.

(a) Show that I'(1) = 1.

(b) Show that I" satisfies the recursion formula I'(8 + 1) = BI"(B).
(Hint: Integrate by parts.)

(c) Show that I"(n + 1) = n! when n is a nonnegative integer.
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Section 2.3

The s — 1 -chain

55 + 10

(s—1D(s+4)
2
s+4

Thes —5

-chain

1

1/7

(s+2)(s—5)
-1/7
(s+2)

(s=5)

Thes —1 -

chain

3s+1

(s—=1D(2+1)
—2s5 +1
s24+1

The s + 3 -chain

s24+5-3 3
(s +3)° (s +3)3
s—2 -5
(s+37 | (5437
1 1
s+3 s+3
0
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11.

13.

15.

17.

19.

21.

The s + 1 -chain
s —1
(s +2)%(s + 1)2 (s + 1)2
s+ 4 3
(s+2)>2(s+1) s+ 1
—35—8
(s +2)?
The s — 5 -chain
1 —1
(s —5)°(s —6) (s —5)°
1 -1
(s —5)*(s —6) (s —5)*
1 —1
(s —5)3(s —6) (s —5)3
1 —1
(s —5)%(s — 6) (s —5)2
1 -1
(s—=5)(s—6) s—5
1
s—6
13/8  5/8
s—5 s+3
23 37
RG—=5 126+7
25 9
8(s—7) S8(s+1)
1 1 1
2(s +5) _2(s—1) + s—2
7

(s + 4)*

B Selected Answers
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23.

25.

27.

29.

31.

33.

35.

37.

3 5 N 1
(s+3)3 (+3)?2 s+3

1 5 n 21 n 3 5

54\s—=5 (s+1)2 (s—5?% s+1
-2 3 1 n 3

s+2)?2 s+2 (+1)2 s+1

12 +—14+15+—16+1
(s=3)P (=32 s-3 s—2 s-—1

2 n 5 n 3 5
(s—2)2 s—2 (s—3)? s-3

Y(s) = ﬁ — % + sle and y(t) = —3te™ —e™ +e&¥

Y(s) ==+ 2 — 2 4 Loand y(r) = =301 + 24 — 26e " + ¢

749

Y(s) = 223+ S(S_l‘)‘(s_z) =24 2 — 2and y(r) =2+ 3 — 3¢’

s

(s—1)(s—2)

Section 2.4

The s> + 1 -chain

1 1
(s + 1)2(s>+2) (s> +1)?
-1 1
24+ 1D(s2+2) (s2+1)
1
s2+2
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The s* + 3 -chain

8s + 852 12 —4s
(sT3)3(s2+ 1) (52 +3)°
4(s — 1) 2—-2s
(s2+3)2(s2+ 1) (s2 +3)?
2(s —1) 1—s
(s24+3)(s2+ 1) 243
s—1
241

The s% + 25 + 2 -chain

1 1
(s2 + 25 + 2)2(s2 + 25 + 3)? (s2+2s +2)2
—(s2+25+4) -2
(82 + 25 + 2)(s2 + 25 + 3)2 s24+25+2
252 4+ 45+ 7
(s2+2s +3)2

7 1 3 +1—3s
T10\s—3  s2+41

9 9s? 12 1
(2442 ) (2442 244 s+
2 6—2
11. + a
s—=3 (s—=3)2+1
=55 + 15 —s+3 1
13. +
(s2—4s+8)2 s2—4s+8 s-—1
15 s+ 1 n 25 + 2 n s+1 25 + 2
(2445462 s2+45+6  (s2+4s+5)? s2+4s5+5
— 1 4 _ 1 _ 1
17. Y(s) = i T (52+4)Zs+2)2 = 7 and y(t) = 5sin2¢
19. Y(s) = ﬁ + m = gszﬂré‘ _%s2£r9 and y(t) = %sinZt— %sinSt
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Section 2.5

1. =5

3. 3t —212

5. 3cos2t

7. —11re™ 4 2¢7

9. ¥ —e™¥
11. _—1t362’ + ét26:2’ + 2te?

6 2
13. te' + e +te™ —e’
15. 41e* — € + cos2t — sin 2t
17. 3—61 +e* —4de™!
19. 2e~"cos2t —e ' sin2t
21. e* cost + 3e* sint
23. e’ cos 3t
25. 2t sin 2t
27. 2te* cost + (t —2)e > sint
29. 4te ™ cost + (1 —4)e ¥ sint
31. ﬁ ((3 —4r%)e’ sin 27 — 6re’ cos 2r)
33. % ((=2> + 3t)e* sint — 31%e* cost
35.
s

YO =
Section 2.6

1. By = {e*}

y(t) = cost —sint + 2(sint —t cost) = cost + sint — 2¢ cos¢?

and y(¢) = tsint — 1% cost

751
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sin,te” cost,re”* sint}

B Selected Answers

cost, sint, f cost, tsint, t? cost, t*sint, 13 cost, 3 sint}

3. B, ={l,e™}

5. B, = eV, 1)

7. By = {e¥, e7¥}

9. B, = [e/2, ¥/}

1B, = e el

13, B, = {e /2, 1e¥/2)

15. B, = {cos(5t/2), sin(5¢/2)}

17. B, = {e’ cos2t, ¢’ sin 2t}

19. By = {e ¥ 1e7 127 3e7}
21. By = {e',te', 1%e'}

23. By = {e  cost,e™¥

25. B, = {

Section 2.7

1. Yes

3. Yes

5. Yes

7. No

9. No

11. No

13. B, = {e’, e, cost, sint}
15. By = {e', te', t%e', 77", 1e7 7"}
17. By = {e™, te™ 1%e”

19. By = {e*, te*, e e, 2e7}.
21. By = {e™¥, re™* e ¥ cos2t, ™

sin2t, te™3

!, cos2t, sin2¢, t cos 2t, tsinZt}

cos2t, te™3

sin 21}
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23. B, = {63’, te¥, 123, e cos3t, e sin3t, te” cos 3¢, te! sin 3t}

25.

217.

B, = {e'?, ¢, re'}

B, = {cos V31, sin +/3t, cos +/2¢, sin \/Et}

Section 2.8
3
1. —
6
3. 3(1 —cost)
5. (2% —2cos2r — 3sin2¢)
7. 5(1812 — 61 — 6 —e ™)
) —4

9. z(e* —e™)

11. ﬁ(be‘” —bcosbt —asinbt)
bsinat—asinbt -

13. 'Slnzz_zzsm lfb # a
smat—zaatcosat lfb =a
usinaaé:zzsinbt if b 7é a

15.
ﬁ(at cosat +sinat) ifb=a

4

17. F(s) = ————

(s) $3(s2+4)
6

19. F(s) = ——

() s4(s +3)
4
21. F(s) = ———
©) (s2 +4)?
1 5
23. —(—€' +¢)
4
1
25. —tsint
2

753
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1
27. E(2e3’ —2cos2t — 3sin2¢)

t bt

et —e

29.
a—>b

t

31. / g(x) cos V2(r — x) dx
0

33. t —sint

1
35. —(2—6f 4+ 92 —2e7 ¥
53¢ + e

1
37. E(Z — 3t sin 3t — 2cos 3t)

Section 3.1

7. Yes; (D* — 7D + 10)(y) = 0, ¢(s) = s? — 7s + 10, homogeneous
9. Yes; D?(y) = —2 + cost, ¢(s) = s?, nonhomogeneous

11. (a) 6¢'
(b) 0
(c) sint —3cost

13. (a) 0
() 0
© 1

15. y(t) = cos2t + cie’ + c,e* where ¢y, ¢, are arbitrary constants.
17. y(t) = cos2t +e' —e*

19. L(e"") = (ar* + br +c¢)e"’



B Selected Answers

Section 3.2

. Linearly independent

Linearly dependent
Linearly dependent

Linearly independent

9. Linearly independent

11. Linearly independent

13. Linearly independent

15. ¢

17. 10¢%

19. e FnH3) (r3 — r ) (rs — 1) (2 — 11)
21. 12
23. c; =-2/5,c,=1
25. a1 =3,a, =3
Section 3.3

1. y(t) = c1e* + cre™

3. y(t) = cre™ + e

5. 9(t) = cre™ + cote™

7. y(t) = cre7" cos2t + ce" sin2¢
9. y(t) = cre™ + cre™¥

11. y(t) = c1e™ + cote™

13. y = et_zeﬂ

15. y = te”

755
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17. q(s) = s2 +4s — 21, w(e¥, e77") = —10e™*, K = —10.

19. g(s) = s — 65 + 9, w(e¥, te¥) =e% K = 1.

21. q(s) = s> — 25 + 5, w(e' cos2t, €' sin2t) = 2e*, K = 2.

Section 3.4

1. y,(t) = are¥

3. ypt) = ajre*
5. yp(t) = ajcos5t + assin5t
7. yp(t) = ait cos2t + ast sin 2t

2l cost 4+ a,e”* sint

9. yp(t) =aje
11. y = —te ™ 4+ cje™ 2 4 e
13. y = 1% + cie™ + cpte™
15. y = %e_” + cre % cost + cre 2 sint
17. y = —t> =24 c1e' + e’
19. y = 32? + c1e? + cpre?.
21. y =t1e? — 2e¥ + c1e™ + cpte™
23,y = %te_” sin(2¢) + c1e™ cos(2t) + cre 7 sin(2¢)
25. y = et + et + Fle

27. y = 2e* —2cost — 4sint

Section 3.5

1.y =5e % +cie? + e
3. y=te X 4™ e

5.y =—te ¥ +cre? 4+ e

B Selected Answers



B Selected Answers 757

7.y =te? — %ezt + e 4 cpte™
9. y = —3t%e* cos 3t + te* sin 3t + cje* cos 3t + cre* sin 3¢

11. y = %sint + cre! + cpte!

Section 3.6

1. k = 32 1bs/ft

3. k = 490 N/m

5. u = 81bs s/ft

7. 400 1bs

9. 6y” +20y =0, y(0)=".1, y'(0) =0;y = 15 cos \/gt, undamped free or
simple harmonic motion; A = 1/10, 8 = \/W/& and¢p =0

1L 5y" +2y' +32y =0, y(0) =1, y/(0) = 1,y = e *cosV60r +

%@e_z’f sin v/ 60t = \/%e_z’f cos(+/60t + ¢), where ¢ = arctan /60/20
.3695 ; underdamped free motion.

%

13y + 96y = 0, y(0) = 0, y(0) = 2/3; y = Lsiny/96 =
“3/—66 cos («/ 96t — %), undamped free or simple harmonic motion and crosses
equilibrium.

Section 3.7

1. q(t) = _%e—zm cos 20t — %e_?’t sin 20t + % and /(t) = ge—zoz cos(20t —
m/2)

3. q(1) = 271 + 7re7'% — 2 cos 57 + 2 sin 57 and 1(1) = —e™'% — 70771 +
4 sin 5t + 3 cos 5¢

5. q@)= %(cos 25¢ — cos 100¢); the capacitor will not overcharge.
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Section 4.1

1. Yes; (D®—3D)y = ¢, order 3, g(s) = s — 3s, nonhomogeneous
3. No

5. @) 0
() 0
© 0

7. (a) 10e~!
() 0
© 0
9. y(t) = te¥ + c1e? + cre™? + ¢3

1. y(t) =te¥ +e* +2e72 —1

Section 4.2

7

1. y(t) = cre™ + ce72' cos ¢T§[ + c3e72' sin 73[
3. y(t) = cie’ + e + c3sint + ¢4 cost

5. y(t) = c1e! + e + c3e? + cqeH

7. y(t) = cre™? + ¢3cos 5t + c3sin 5¢

9. y(t) = c1e' + cre™3 4 c3te™ + cyt?e™

11. y =¢e"—3e™ +cost + 2sint

Section 4.3
1. y =cte™
3.y =ce”

5.y = %te’ +cre”! + et + 3
7.y = ll—zteZI + cref + e 4 3 + cue”

9.y =1re' +cre™ + e’ + 3
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11. y = % + ¢1 4+ cpcos2t + c3sin 2t

13. y = —t(sint 4 cost) + c1e’ + ¢ cost + ¢ sint
Section 4.4

1. yi(t) = —4e* + 6e* and y,(t) = —4e? + 3e¥

3. y1(t) = cos2t —sin2t and y,(f) = —cos 2t + sin 2¢

5. y1(t) = —20e™ + 40e’ — 20e* and y,(t) = —6e™" + 20e’ — 12e*
7. y1(t) = 3e™ —3cos3t + sin 3t and y,(¢) = 3e™" + 3cos 3t + 3sin 3¢
9. y1(t) = cost+sint+2cos2¢t+sin2t and y,(t) = 2cost +2sint —2 cos 2t —

sin 2t

13. y1(t) = 2€' cos2t + 2¢’ sin2¢ and y,(t) = —2e’ cos2t + 2¢’ sin 2¢
15. y1(t) =20 —19cost —2sint and y,(t) = 8 —8cost + 3sint
Section 4.5

1. y(t) = 10e™, asymptotically stable

3. y(t) = ¢’ + e, unstable

5. y(t) = e % sin(¢), stable

7. y(t) = e + 4te™¥ stable

9. y(t) = ¢'(sin(z) + cos(t)), unstable
11. y(t) = e™', marginally stable
13. y(t) = e
15. y(t) = %(eZ’ —e™2)
17. y(t) =1 —cos(¢)
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Section 5.1

1.

3.

Not linear

Yes, nonhomogeneous, yes

B Selected Answers

The initial condition occurs at # = 0 which is precisely where a»(t) = ¢ has a

The assumptions say that y;(f)) = y2(f) and y{(t0) = y5(f%). Both y; and
¥, therefore satisfies the same initial conditions. By the uniqueness part of

5. Yes, nonhomogeneous, no
7. Yes, nonhomogeneous, no
9. Not linear
11. Yes, homogeneous, no
13. 1. L(}) =0
2. L(1) =-1
3.L(t) =0
4. L(t") = (r> = )t"
15.c=5
17. B)a. y(t) =e' —e' + 2t
B)b. y@) =e" + (0)e' + (1)t =" +1¢
B)c. y(@) =e" + —€' + 3t
B3)d. y@)=e '+ (@—1)e'+ (b —a+2)t
19. (—00,0)
21. (0,m)
23. (3, )
25.
zero. Theorem 6 does not apply.
27.
Theorem 6 y; = y,.
Section 5.2

1. Dependent; 2¢ and 5¢ are multiples of each other.

3.

S.

Independent

Independent
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11. 1. Suppose at® + b |t3| = 0 on (—o0,00). Then fort = 1 and ¢t = —1 we get
a+b=0
—a+b=0.
These equations imply a = b = 0. So y; and y, are linearly independent.
=312 ifr<0
2. Observe that yj(t) = 3¢2 and yj(t) = ! Ifr < 0,
312 if 7 >0.
PRIPE
then w(yi, y2)(¢) = det (3t2 3t2) = 0.If ¢t > 0, then w(y1, y2)(t) =
B3 o
det (3[2 3[2) = 0. It follows that the Wronskian is zero for all t €
(=00, 00).

3. The condition that the coefficient function a;(¢) be nonzero in Theorem 2
and Proposition 4 is essential. Here the coefficient function, 2, of y" is zero
at t = 0, so Proposition 4 does not apply on (—oo, 00). The largest open
intervals on which ¢ is nonzero are (—oo, 0) and (0, c0). On each of these
intervals, y| and y, are linearly dependent.

4. Consider the cases t < 0 and ¢ > 0. The verification is then straightforward.

5. Again the condition that the coefficient function a; () be nonzero is essential.
The uniqueness and existence theorem does not apply.

Section 5.3
1. The general solution is y () = c1t + cot 2.
3. The general solution is y(¢) = clt% + czt% Int.
5. The general solution is y(¢) = clt% + czt% Inz.
7. y(t) =it + ot 3 Int
9. The general solution is y(¢) = c11% + ¢t 2.
11. The general solution is y(t) = c;t% cos(3Int) + ¢yt sin(3 Int).
13. y =2tY2 —¢121n¢
15. No solution is possible.
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Section 5.4

1.

s—a
ln(s—b)

524+ b2 i (b _ (a
s In (m) — 2b tan (;) + 2a tan (;)

5. y=cie" +c(t—1)
7. y(t) = cre™ .
9. y(t) = c¢1 ((3—1*)sint — 3z cost)
e —1
11. y(t) = ¢ PR
&3 _ o2
sv0=a (255
sint 1 —cost
15. y(t) =c1— + co——
t t
Section 5.5
1. y2(t) = t?Int, and the general solution can be written y(t) = ¢t + ct*Int.
3. m(t) = J/tInt, and the general solution can be written y(¢) = iVt +c+
24/t nt.
5. y2(t) = te'. The general solution can be written y(t) = ¢t + cote’.
7. y2(t) = S cosr? The general solution can be written y(1) = ¢;sini? +
¢y cost2.
9. y2(t) = —1 — ttant. The general solution can be written y(f) = c;tant +
c2(1 + ttant).
11. y,(¢t) = —sect. The general solution can be written y(¢) = c;tant + ¢, sect.
13. y, = —1— 1’;:;‘(‘)3; The general solution can be written y(¢) = cl% +

€2 (1 + I{I—Sgcftzlf)
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15. y2(t) = %t + %(1 —1?)In (%), and the general solution can be written
1 1 I+t
=c/(1—1? —t+-(1—-1>)In[——]).
y=at=f+e(zrga-mm(5)

Section 5.6

1. The general solution is y(¢) = _TII cost + cjcost 4 ¢y sint.

3. The general solution is y(r) = Je' + cie cos 2t + cze’ sin 2t

5. The general solution is y (1) = €% + cie’ + cre*.

7. The general solution is y(¢) = t Inte' + c1€' + cpte’.

9. The general solution is y(¢) = % + 1t + eat?.

11. The general solution is y(t) = %lnzt + ci1t + cat Int.

13. The general solution is y(t) = %tant 4+t 4 citant 4 cpsect.
15. The general solution is y () = t> + ¢; cost? + ¢, sint?.

19. y,(t) = 1 f(t) x sinhat
21, yp(1) = 25 (1) * (e —eP)
Section 6.1

1. Graph (c)

3. Graph (e)

5. Graph (f)

7. Graph (h)

9. -22/3
11. 4
13. 1172

763
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15.
17.
19.
21.

23.

25.

217.

29.

5

A, B true. C false.

A is true. B and C are false.

A and B are true. C and D are false.

A, B, C, D are all true.

—1+¢€ if0<t <2,
yt)=31—-2e"24¢ if2<t<4

el —2e 24! ifd<t < oco.

0 ifo<t<l1,
—t 4 ¢! ifl <t <2,

y() =
t—2—2e""2 47! if2<t<3

—t+e—e? f0<t<l,
yo =y, .
(&3

—e7l—e 1<t <oo.

Section 6.2

el —2e 24 el if3 <t < o0

B Selected Answers
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1

WA
NEAVAVA

9. (a) (t —2) X[, 00)(1); (b) (t = 2)h(t —2); (c) e /5.

11. (@) (t +2) . 00y (1); (b) (t + 2)h(t — 2); (c) e 2 (é + ?)

2 8 16
13. (a) [2X[4,oo)(t); (b) tzh(t —4);(c) e ¥ (S_3 + S_Z + ?)

15, (2) (1 — 42 12,000 (0): () (1 — 9%h( — 2 @) (2 = 2 4 2).
s3 52 5

rﬁ@mvmwwan%a—@x@€%ﬂté7
19. (a) te' Y. 00) (1); (b) 1" h(1 — 4);

1 4
—4(s—1) -
e (@—n2+s—1)

21, @ txp.) (1) + 2= xp.00)(1); (B) E + (2 =28)h (2 — 1);
(C) i — ze__s

52 s2

23. (a) 2 xp0.2)(1) + 4xp3 () + (7T — 1) 1300y (1):
() 12+ (4 —t>)h(t —2) + 3 — )h(t —3);

2 Y A 4 e
O \sta)
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25. (a) Y02 o (t — 1) Xty (2); (0) £ — 302 h(t —n);
1 e
O T sa—ey

27. (@) Y o202 + 1= 1) xpnont2) (1); (0) —(¢ + 1) + 202 h(t — 2n);
1 2

1
(®_§_§+sa—fm‘

0 if0 <t <3,

29. (1t =3)h(t-3) =
(= Ihe=3 §1—3 ifr > 3.

31. h(t — ) sin(t — )
o H0§t<n,_{0 ifo<t <,

sin(¢t —mw) ift>n —sint ift > 7.

0 if0<r <,
33, Le=0= sin2(t — m)h(t — 1) = pu=t=z
3 sin2r ifr > 7.

0 if0<r<2,
35. Lh(t —2)sin2(t —2) = ifo<t<
Lsin2(—2) ifr=2.
37. h(t — 4) (ze—Z(l‘—4) _ e—(r—4))
_§0 if0 <t <4,

2672078 — == jft > 4,

t if0<t <5,

39. 1 — (1 = 5)h(t —5) =
oI L ifr > 5.

41. h(t —m)e=™ (2cos2(t — ) — % sin2(t — 7))

_{0 ifo<t<m,

e 3—m) (2 cos 2t — %sinZt) ift > .

Section 6.3

{o if0<t<1
1. y=

—3(1—e2) if 1<t<o0
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0 if 0<r<2
3.y =932 -1) if 2<r<3
2 (3072 —3I)  if 3<1 <00

6et — de if 0<t<l1

et —et 3 3¢ if 1<t<oo

b
<
|

0 if 0<t<3

~
<
Il

0
1 —3e72(=D 4 27301

t
1. y=1"°

e
~
Il
—~— —_— |~ ——

13. y(t) =

—(=3

20— 4eT — 167> if 1> 3.

10 — 8e—3t/10
15. y(t) = { 10e3(=2)/10 _ ge=31/10

10 — 8e=31/10 4 10e—3=2/10 _ 1(e—3(t—4)/10

Section 6.4

0 fo<t<l1
1. y=

e 207D ifl1 <t < o0

2e# ifo<t <4

3.y=
2eM +etl=Y if4<t < o0

5.y = 3sin2t if0<r<m,
sin 2t ift >m.

5(1—cos3(t—3)) if 3<t<oo

if0<tr<l1
if 1<t<3

372073 372070 _ 273073 4 2e730-D if 3 <t < 00

-t if 0<t<3
l4+te” —(t—2e ™ if3<t<oo

4 4e7 if0<t<3

if 0<t<2
if 2<t<4

if 4<t<o0

767
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7 v e’ if 0<t<2
T e e (") _ e300 if2<ft<oo
9 te™2 — e ifo<t<l1
Ly =
te™ —e™? £ 3(t—1)e 2D if 1<t <oo
" 24 — 24ei! if 0<r<3
Ly =
24 —24e7i 4 4e7i07Y  if 3<7 < 00
e”! if 0<t<?2
-t —(=2) if 2<t<4
13.y=4¢ T¢€ ne= and y(6)=1.156 Ibs.
el 4e (72 4 e (=4 if 4<1<6
el 4e D p et 470 if 6<t <00
) :
15, y = )T ! if 0<t<4
e 4 (1 —4)e2 if 4<i<o0
sint if0<t<m
0 if m <t <2m
sint if 2x <t <3m
17. y =
0 if 37 <t <4m
sint if 4m <t <57
0 if 57 <t < o0.
The graph is given below.
: /\ /\
0
T 2 3 4 5t 6
—1
At ¢t = 0, the hammer imparts a velocity to the system causing harmonic

motion. At ¢t = g, the hammer strikes in precisely the right way to stop the
motion. Then at # = 2, the process repeats.

19. y = ype= 4 ke (=9
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Section 6.5
I Fxg() e —1 if0<r<l1
el—e7l ifl<t<oo
t if0<r<?2
5. fxg=q-t+4 if2<t<4
0 if 4<t<o0
7 fag= sin ¢ if0<t<m
' 0 if 7 <t<o0
2e3 if 0<t<o0
9. {(r)y=¢e",y = B T .
207 + (P —1) ifl1<r<oo
—2e¥ if0<r<3
1. L) =e™, y = 1 —2e7 + L (1 —e8¢7Y) if 3<t<5

—2e78 4 L (e80TI —e8TI) if 5<1 <00

. y:%{l—cos& if 0<1t <27

0 if 2n <t < o0
23. y = 2e' —Tre!

25. y =5—4cost

Section 6.6

L))

3. 512

5. (1) + 3[th

T L)) = 5
9. L{f({1)o)} = 17m!

11. ﬁ{[l]p} = ﬁ
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_ l_e—ZA 1
13 y - 1_672(54»1);

—1J 1—e4672) _22(1)
17, £ Gy | = e

Section 6.7

=2t
—2t 10e 5
y() =10 — 10e 3 + 10 swa(t) — © - (1 +ef (_1)[t/2]1e%[t]z)
1+es
The amount of salt fluctuates from 13.10 pounds to 16.90 pounds in the long
term.

par
3. (1) = Se2! %, and the salt fluctuation in the tank varies between 2.91
and 7.91 pounds for large values of 7.

5. The mathematical model is
y' =ry —408((t)1). y(0) = 3000,
where r = % In g. The solution to the model is

, el — e—r([l‘]l—t+l)
¥(t) = 3000 —40—————
—e 7

and at the beginning of 60 months, there are y(60) ~ 3477 alligators.

Section 6.8

y(t) =2 (2 swi (1) — (=D (cos(t); — sin(t)l))
—2(cost + asint)),

—sinv2 N fotion s nonperiodic.
14cos +/2

where o =
3. y(1) = & (2swa(t) — cos e ((—1)I/A1 4 1)), the motion is periodic.

5. y(@) = % (swq(t) — [t]; cos wt — cos mt), with resonance.
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11.

where y =

Motion is periodic.

y(t) = sint 4+ sin(t),
1+ (=D sint.

y(t) = sint + y cost + sin{t); — y cos{t)i,

—sinl
1—cos 1"

Resonance occurs.

Section 7.1
1. R=1
3. R=x
5. R=0
7. R =00
9. R=2
o o
1=y I
n=0
o
(_l)ntln
13. ’EO Q@n+1)!

15.

17.

19.

21.

$2n+1

o0
20(—1)" T

The motion is nonperiodic.

y(t) = 2Gsint)(1 + [t/27]1).

tant =1+ 13+ 205+ L7+

e'sint =1 +12+ 13— 55+

(1 —r)e™

771
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25. f(t) = —1L —1 In (11£)
27. The binomial theorem: (a + b)" = Y ;_, (})a*b"*

Section 7.2

241 .
L. y(t) =co Z (2,1), + ¢ Z (£n+1)' = cgcosht + ¢y sinht

k2ng2n 2n+1;2n+1

o0
3. 9@) =co Y (1) T Ta Z( 1)”k(2n+l), = cpcoskt + ¢y sinkt
n=0

t2n+l

5. (r)—co(l—r)—clz(z,,ﬂ)(z,, 5= coll =13 =y (§+!

“Hin(i3))
7. y(l) = (o (1 + Z;O:Z ;—n,) +cit = C()(et —l) + ¢t

9. y(t) = co(1 =32 +ci(t — &)

Section 7.3

1. —1 and 1 are regular singular points.
3. There are no singular points.
5. 0is a regular singular point.

7. q(s) = s(s + 1). The exponents of singularity are 0 and —1. Theorem 2
guarantees one Frobenius solution but there could be two.

9. g(s) = s The exponent of singularity is 0 with multiplicity 2. Theorem 2
guarantees that there is one and only one Frobenius solution.

"2 2 2m—+3 .
15. yi(21) = Z;O=O()((2+3;f = (sint — tcost) and y(t) =

_1ym+1 _1\s2m .
> meo % = (tsint + cost)
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19.

21.

23.

25.
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n=0 p!

1+3+31+--1

() =300 Lt = tel and yo(t) = (Ze’ Int—1y 02, S’;f!”), where s, =

—1\n n 2 —t _ _
pi(r) = Yo, SR = (2 42 and ya() = 11— 5) =

L)

yi(t) =t*and y,(t) = *Int + (—1 +2t— § +3, %)
The complex Frobenius series is y(1) = (1" + (55¢)¢'*'); the real and
imaginary parts are y;(t) = —3coslnt — 4sinln¢ + 5t coslnt and y,(¢t) =

—3sinlnt + 4coslnt + 5¢sinlnt.

. . . nti .
The complex Frobenius solution is y(t) = Y ,2,+ = r'e'; the real and

imaginary parts are y;(¢) = €’ cosInt and y,(¢) = €' sinlnz.

Section 7.4

Section 8.1
1 1 1-3 2-8
. B+C=|-1 7|, B—-C=]| 5-1|, and2B—3C =| 13 -6
0 3 -2 1 -5 1
- 3-1 7
3. A(B+C)=AB+AC=|: :| (B+C)A=1|3 125
113
5 012
6 4—1-8
5. AB=|0 2-8 2
[2-1 9-5
8 0
4 -5
7. CA =
¢ 8 14
| 10 11
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89 —48
9. ABC = 40 —48
-23 40
0 0 1
15. |3-5-1
0 0 5

01 00
17. (a) Choose, for example, A = [0 0} and B = [1 0i|.

(b) (A + B)?> = A? + 2AB + B? precisely when AB = BA.

1n
19. B" =
o]

21. (a) [0 1:| A = |:v2:|; the two rows of A are switched. (b) [1 C:| A
10 Vi 01

[V] + cvy

V2

row is unchanged. (c) To the second row is added ¢ times the first row while

the first row is unchanged. (d) The first row is multiplied by @ while the second

row is unchanged. (e) The second row is multiplied by a while the first row is

:|; to the first row is added c times the second row while the second

unchanged.
Section 8.2
14 3 . 2 14 32
11-1 4 11-1|4
1. A= = = d[A|b] = .
5o 11X y|.b 1,an[|b] 20 11
011 : 6 0116
X1 — X3+ 4x4 + 3x5 = 2
5x1 +3xp —3x3 — x4 —3x5= 1
3x; —2x3 + 8x3 + 4x4 —3x5 = 3
—8x1 + 2x» + 2x4 + x5 = —4
5. RREF

0103
7. my(1/2)(A)= {0013
0000
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10103

9. h13(=3)(A) = {01341

11.

13.

15.

17.

19.
ﬂ._
23.
25.

27.

29.

00000

(100 —11 —8
010 —4-2
001 9 6

12003
00102
00010

100000

(102
011
000
000

1000

(14003
00101
(00013

-1 -3

[ x
y| = 1|4+« 1],aeR
4

775
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—34
—40
31.
39
1
5 1 1
33. The equation | —1 | =a | 1|+ b | —1 | has solutiona = 2 and b = 3. By
4 2 0
5
Proposition 7 | —1 |, is a solution.
4
—7/2 -3/2
35. If x; is the solution set for Ax = b;, then x; = 7/21,%2 = 3/2 |, and
-3/2 —-1/2
7
X3 = —6 .
3
Section 8.3

1 4 -1
-3 1
3. Not invertible

5. Not invertible

—6 5 13
7.1 5-4-11
-1 1 3

[—29 39/2 22 13

9 7-9/2 5-3
"1 =22 29/2-17 10
| 9 —6 7-4

I -1 1

11. 0

-1
1

—_ o = O

0
0
1
1

S = O
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ol

16
1

15. x=+ 111
18

19

17.x= | 4

15

-6

19. (A1 = (A7)
21. F(6)~! = F(-6)

Section 8.4

5. —21

1 s—3
11. s2—6s5+8 |: 1s—3

(s —1)?
13. ﬁ [ 0 (s —1)?
03(s—1) (s —1)?

s?+sds+4
1
15. P ey —s—1 Sz“r‘S
s—44ds+4s5>+4

17. no inverse

[ 4—4 4
19. 4| —1 3—1}
|—5—-1 3
[2 —98 9502
21. +lo 3297
0 0 6

|

j| s =—1,%2i

7717
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55 —9544 —171
50 —85 40 —150
15170 —125 59 —216

65 —115 52 —198

Section 8.5

1. The characteristic polynomialis c4(s) = (s—1)(s—2). The eigenvalues are thus

s = 1,2. The eigenspaces are E| = Span { [?}} and E, = Span{ [ i:|}

3. The characteristic polynomial is c4(s) = s> —2s + 1 = (s — 1)%. The only

eigenvalue is s = 1. The eigenspace is £; = Span { [ ” } .

5. The characteristic polynomial is c4(s) = s> +2s —3 = (s + 3)(s — 1). The

eigenvalues are thus s = —3, 1. The eigenspaces are E_3 = Span % |: i:|} and

[}

7. The characteristic polynomial is c4(s) = s> + 2s + 10 = (s + 1)> + 32.

The eigenvalues are thus s = —1 £ 3i. The eigenspaces are E_ji3 =
T+i T—1i

Span % |: 10:|} and E_;_3; = Span % |: 10i|}.

1 0
9. The eigenvalues are s = —2,3. E_, = Spans|(2|.|1]|;, E3 =
0 1
1
Span 0ly,

—1
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0
11. The eigenvalues are s = 0,2,3. Ey = NS(4) = Span 21 ¢, Er =
1
2 0
Span 2| ¢, E3 = Span 1
1 1
13. We write c4(s) = (s — 2)((s — 2)*> + 1) to see that the eigenvalues are
2 —4 4+ 3i
s =2,2+1i. E; = Spany |3 ]|, E24; = Span 4421 ¢, Erey =
1 5
—4 — 3
Span 4—-2i
5
Section 9.2
1. Nonlinear
, [sint 0 . .
3.y = 1 . y; linear and homogeneous, but not constant coefficient.
cos
1000
, 2001 . .
5.y = 0001 y; linear, constant coefficient, homogeneous.
010120

, [0 1 0 _ 1
1. y' = 6 _S}y + |:e2’i|’ y(0) = [_2]
, 01 0 |0
13. y'= | k2 0i| y+ |:cosa)t:|’ y(©0) = [Oi|
, [ o 1 -2
15. y' = ) 2] y, y()= [ 31|.
L~ 2 ~ 7

m a3
17. Ay = | ¢ 1}

2t 2e?

19. y'(t) = | 2¢
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21.V/(t) = [—26_2t 2 _3sin St]

1241
2 1 e2—e? e+e?-2
© 4 2—32—6_2 eZ_e—Z
[ 4 8
25.
|12 16i|
11
27. | 5 ¥
T2 L
L 53 s—2
el 2s 1
st (52412 (s+1)2
29. PR §j|
L 53 s2—6s5+13 s

1-1
2
1]

33. [12¢ 3¢7]

el +e! o —e!
35.
el —e! o et

Section 9.3
PN
4 | € 0
1. e = Oe_Z’:|
3 el [cosht sinht
' | sinh7 cosht
Tl 1.2 1, 1.2
s et | 2712° —§+§e}
) - 1 1.2 1 1,21
=2 T3¢7 31 3¢
[ cost sint 0
7. et = | —sint cost 0
0 0e*

s—2 —1 2 1.3 1 1,37
S6=3) 56=3) 3 +38° 3 —3¢

0. (51— Ay = [S“_ X “;_ﬂ and et = [32 S ]
59 60D 575543
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s+1 5
—1)2 G—12+1
1. (sI —A)" = [(‘ Dt ey “}

—1 s—3
G- 1 G—D2F1
and et — e’ cost + 2¢' sint 5¢’ sint
—e' sint e’ cost — 2¢’ sint
11 s+l
i e+
B.GI-=AH"=101 Llande" = ¢ t
00 ! 00 1
cost sint O
15. e = | —sint cost 0
0 0e*
Section 9.4
L oAl — [e! +1e! —te
' te' e’ —re'
N R
—4r 1 -2t
T [e' cost + 3¢’ sint —10¢’ sin ¢
' 1 e'sint e’ cost — 3¢ sint
7 e 1 —7e* + 11e7% 11e* — 11e™
AL T 7 e — T
9. Al — [€% cos 31 + 8e* sin 3t 13e* sin 3t
) L —5e* sin 3¢ e* cos 3¢ — 8e* sin 3¢
1 o — Me—20 _ o2 e
S = I e e 4 pe2

2—e 1 0 —1+¢!
13. et = 0e 0
[2—2e" 0—1+2e"

e +e'cost —e'sint e’ —e! cost
2¢e'sint 2e cost —2e'sint
el —e'cost e'sint e +ecost

15. et =

=
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[ —e! +2cos2t —sin2t e —cos2t
17. et = 2sin2¢ cos2t —sin 2t
| —2e' + 2cos2t —sin2t 2e’ — cos2t
[ cost —tcost sint —rsint tcost tsint
19, Ar — —sinf + ¢ sint cost —tcost —tsint tcost
’ a —1 cost —tsint cost +tcost sint +¢sint
L tsint —tcost —sint —tsint cost + t cost
Section 9.5
- o
L0 =] sl
[—e2 4 2te?
3. y(t) = 232ti|
- o
5. y() =
y(@) _3e_f}
[ef — 2te!
7. y() =
y(@) | e — te’:|
[2 cos 2t + 2sin 2t
9. y(t) = cos2t —sin2¢
_2 cos 2t + 2sin2¢
[ 1+ 2e!sin2t
11. y(¢r) =
() | —2 + 2e7 cos 2ti|
[ 2e7'cos2t + 4e ' sin2t
13. y(t) =
() | 1+ e "sin2f —2e™" cos 21i|
15 (t)—_ 2t +e —t —1
S Y= | —4te’ —e' +2t+2
B te!
17. y(t) = | 2te* —e* + ¢
—2te? + te!
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19. yi(t) = 14+ 3e7%, yo(t) =2 + 4e~" — 6e~ %, t = 9.02 seconds.
21 yi() = ;1) =1 —e2
Section 9.6

1. P = |: ! 3i|, J =P AP = |:_(1) (1):|, and the critical point is saddle.

-3 -1 -2 -1 S .
3. = |: 5 0:|, J = [ | _2:|, and the origin is a stable spiral node.
5. Ais of type J3. The origin is an unstable star node.

3

. P = |: 1 i):|, J =P AP = |:§ 2}, and the origin is an unstable node.

Nel

. P = |:_411 (1)1|, J =P AP = B _ﬂ, and the origin is an unstable star node.

Section 9.7

Ze—t _ eZt
2e" — 4e?
de=! — 2 _e~t 4 62t:|

1. &(¢) is a fundamental matrix, y(f) = |: :|, and the standard

1
fund tal matrix atr = Qis W (¢) = =
undamental matrix a isW(t) 3|:4e_f—4e2’ et 4 4o

2
3. &(¢t) is a fundamental matrix, y(t) = 093(12/ 2) , and the standard
—sin(t=/2)

cos(t%/2) sin(t2/2)i|

fundamental matrix at t = 0is ¥ (¢) = |:_ sin(t2/2) cos(t?/2)

t | —cost +sint
cost + sint
—tcost —t sinti|

5. @(t) is a fundamental matrix, y () = i|, and the standard

/4

1
fundamental matrix at t = 7 is ¥ (¢t) = — |:

b4 tsint —t cost
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11.

13.
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t—1e"'=3

@ (¢t) is a fundamental matrix, y(t) = [ -1 3
e

:|, and the standard

_ t—1 (4 _ t—1
fundamental matrix att = 1 is ¥ (¢) = [1 + Ue,_l @ 1)et_1}.
—1+e e
t—tlnt —tInt 2t —tInt
W) = dy(@) =
® |: tlntt+tlnti| and y (1) |: tlnti|

U() = |:

sec’t + 3secttant + tan® ¢ 5secttant
—secttant sec’t —3sec’tant + tanzti| and
2sec?t + 11secttant + 2tan?¢
sec’t — 5sect tant +tan2ti|'

¥ = [

yi(t) = 4(2—t)+(2—t)2—%(2—t)4 and y,(t) = 2(2—t)+(2—t)2+%(2—t)3.

17
The concentration (grams/L) of salt in Tank 1 after 1 min is T and in Tank 2

.15
is —.
4



Appendix C
Tables

C.1 Laplace Transforms

Table C.1 Laplace transform rules

f@) F(s) Page
Definition of the Laplace transform
1. f@ F(s) = [y e f(t)dt 111
Linearity
2. ay fi(t) + ax fo(t) a1 Fi(s) + ay F>(s) 114
Dilation principle
1 s
3. flan) ~F () 122
a a
Translation principle
4. e’ f(t) F(s—a) 120
Input derivative principle: first order
5. [ @) sF(s) — f(0) 115
Input derivative principle: second order
6. f7(t) S2F(s) — sf(0) — f7(0) 115
Input derivative principle: nth order
7. JAID) S"F(s) — "7 F(0) — 5" T2 f(0) — -0 — 116
sf"72(0) — £V (0)
Transform derivative principle: first order
8. tf(z) —F'(s) 121
Transform derivative principle: second order
9. 2 f(t) F”(s)
Transform derivative principle: nth order
10. " f(t) (=1)" F™(s) 121
Convolution principle
1. (f*g)0)= [, f(Dgt —1)dr  F(s)G(s) 188
Input integral principle
t F(s)
12. [y f)dv Y 190
(continued)
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786 C Tables
Table C.1 (continued)
f@) F(s) Page
Transform integral formula
t .
13. @ [Z° F(o)do 357
t
@ has a continuous extension to 0
Second translation principle
14. ft—c)h(t —c) e F(s) 405
Corollary to the second translation principle
15. gh(t —c) e L{g(t+0)}) 405
Periodic functions
Jo e f(0)de
16. @), S —— 455
periodic with period p
LLf@) — fOh( —p)}
17. SUt),) rpp— 458
Staircase functions
l—e ™7 X )
18. f(1t,) L S 463
1 "
T . ivolvi
ransforms involving P
oo N
19. > 2 fle—np)xinp.v+np) = F(s) 461
N=0n=0 —e
o N 1
20. > 2 (=D f(t = np)Xivp.v+1)p) ——F(s) 461
N=0n=0 14 e
Table C.2 Laplace transforms
f@) F(s) Page
1
1. 1 - 116
s
1
2. t S'_z
B n!
3. t" (n=0,2,3,..) prm 116
r 1
4. % (¢ >0) (afl ) 118
Sl]
1
5 e 118
s—a
1
6. te
¢ G—a)
naat n!
7. t"e (n=1,2,3,...) G —ayt 119
b
8. inbt —_— 118
sin ey
s
9. cos bt 118




C.1 Laplace Transforms 787
Table C.2 (continued)
f@) F(s) Page
b
10. " sin bt e — 120
e sin (s _Salza‘l' =
11. e cos bt m 120
sin ¢ 1
12. T tan” "~ — 358
. s
t
13, snd an~ (£) 365
eb’t —e? s —il
14. - In b 365
s —
s 2cosbt — cos at n 52+ a? 365
t 52 2—1— b? )
bt — t b b
16. 8~ o8l sin (S F2) opiant (2
12 s2 4+ a? s
d
+2atan™! (—) 365
s
Laguerre polynomials
k (s—=1)"
17. 6(0) = Y (DA () T 361
(s—a)"
18, t(ar) e 366
The Heaviside function
19. h(t —¢) ¢ 404
s
The on-off switch
e—as efbx
20. Xla.b) - 405
The Dirac delta function
21. 8 e 428
The square-wave function
1 1
22. SWe _— 456
l+e s
The sawtooth function
1 spe™*P
Periodic dirac delta functions
1
24. 80((l)p) m 459
Alternating periodic dirac delta functions
1
25. (80 —8p)((l)2p) m 459
The matrix exponential
26. et (sI —A)~! 459
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Table C.3 Heaviside formulas
() F(s)
Heaviside formulas of the first kind
eat ebr 1
1. _—t — e ——
a—b+b—a (s—a)(s—D>)
5 ae! be?! s
’ a—b b—a (s—a)(s—b)
ed! ebr ect 1
3. + +
(a=b)a—c) GBb—a)(b—c) (c—a)(c—D>) (s—a)(s—b)(s —c)
4 ae be” ce! s
’ (a=b)a—c) GBb—a)b—c) (c—a)(c—D>) (s—a)(s—b)(s —c)
aZedt bh2ebt c2ect 52
> (a—>b)a—c) + b—a)b—c) (c—a)(c—Db) (s—a)(s—b)(s —c)
r{cerlr rker”r Sk
6. ne__ L AR
q’(r1) q’(r) (s—r)--(s—ry)
qis) =(s—r)--(s—r) Fly..., Ty, distinct
Heaviside formulas of the second kind
1
7. te! —_—
¢ (s —Ya)2
8. 1 t)e" —_—
(1 +at)e G—ay
9 fe‘” —1
' 2 , (s —a)
at s
10. t4+ — e R
( * 2 ) ¢ (s —a)’
i (14 2ar + C2 ) e s
’ 2 (s —ka)3
k k _ n—I—1 a N
12. (Zl=0 (1)a*! (r:—l—l)!) et G—ay

In each case, a, b, and ¢ are distinct. See Page 165.

Table C.4 Laplace transforms involving irreducible quadratics

VAQ) F(S;’
1. sirllbl (sszbz)
2. e (sin bt — bt cos br) (> + b2y
3 8_1174 (3 — (b1)?) sinbt — 3bt cos bt) (Sz-:-)—bz)3
4 oo (5= 600 sinbr — (15D = (b1)") cos br) w:;bzr*
5. cols bt (YZTY}JZ)
6. 21?1)[ sin bt (Yz_é—bz)z
7. 8_1)14 (bt sinbt — (bt)? cos b[) (th—bzﬁ

18h° ((3bt — (bt)*) sinbt — 3(bt)? cos bt)

(s + b2)*




C.2  Convolutions 789
Table C.5 Reduction of order formulas
. 1 to s 2k—1 _, 1
——— = —— L +
(52 4 b2)kt1 2kb? (s2 4 b2)k 2kb? (s2 4 b2k
-1 s _ L -1 1
(82 + b2)k+H1 2k (82 + b2k
See Page 155.
Table C.6 Laplace transforms involving quadratics
f@) F(s) Page
Laplace transforms involving the quadratic s* + b>
sin bt %J () 200 (2b1)>"
@b)* @2m)!
coshr LTl s (2b1)2m b
w X 0T o v
(2b) @2m + 1! (s2 +b?)
I.k;J 2m
2bt sin bt i (—1y" (2,{,2,",2) (2bt)
k- (2b)2k k=1 2m)!
2bt cos bt L'Z ] i (2k—2m—3\ by F1 Ky
k- (2b)% z =0 ehT) @mF1! (s2 4 b2)k+1 49
Laplace transforms involving the quadratic s* — b?
(=DF k. 2k —n)! , - 1
3. TRy ngo itk —n)! ((=21)"e" — (2t)"e™) —(s2 e 553
(=DF k. @k—n-—1)! _ s
4. 2t)" 2t)"e™! —_— 553
P2 = DiG—mt OV e
C.2 Convolutions
Table C.7 Convolutions
f() g() (f*2)®) Page
L £ g(0) fxg)= [y fgt —u)du 187
2. 1 g(t) [y g(x)dr 190
3. m " (m_;;l’!ln-;_.l)!tm+n+l 193
. at —sinat
4. t sinat —_—
a
2
5. t? sinat —(cosar — (1 — %))
a
6. t cosat L;)sat
, @
7. 12 cosat — (at —sinar)
43

(continued)
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Table C.7 (continued)
VAQ) g@) (f *2)) Page
at __
8. ; et e (1 +at)
a2
2
0. t? et =" —(a+at + %))
PE
10. e ebt 5 " —e"y a#b 192
—a
11. et e te?! 192
1
12. et sin bt m(be‘” — bcosbt —asinbt) 195
1
13. e cos bt m(de‘” —acosbt + bsinbt) 195
1
14. sinat sin bt ———(bsinat —asinbt) a#b 195
2 — a2
1
15. sinat sinat 2—(sinat —atcosat) 195
a
1
16. sinat cos bt ———(acosat —acosht) a#b 195
2 — a2
1
17. sinat cosat —tsinat 195
1
18. cosat cos bt —— (asinat —bsinbt) a#b 195
a?—b?
1
19. cosat cosat Z—(atcosal + sinat) 195
a
20. f 8c(1) ft—=c)h( —c) 444
21. f So(t) f@) 445




Symbol Index

B, standard basis of &,

ca(s) characteristic polynomial of A

Xla,b) characteristic function or on-off switch

C complex numbers

dee approximation to the Dirac delta function
D derivative operator

8.(t) Dirac delta function

& linear space of exponential polynomials
et matrix exponential

& exponential polynomials whose Laplace transform is in R,
F a generic linear space of functions

Fet net force acting on a body

f(t) forcing function

F(s) Laplace transform of f(¢)

f xg f convolved with g

f*¢ convolution of f, k times

H Heaviside class

h(t — ¢) translate of the Heaviside function

h(t)  Heaviside function
L differential operator
L The Laplace transform

L{f ()} Laplace transform of f(z)

{on
L—l

Laguerre polynomial of order n
inverse Laplace transform

L7 {F(s)} inverse Laplace transform of F(s)
NS(A) null space of 4

&(¢t) fundamental matrix

¥(t) standard fundamental matrix

Q rational numbers

q(D) polynomial differential operator
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171
652
402
559
427
205
428
179
649
168
112

111
439
194
399
401
401
205
111
111
361
151
151
570
706
706
464
205

791



Real numbers

rational functions with ¢ in the denominator
generic spanning set

square wave function

Chebyshev polynomial

Stair case function on intervals of length p
sawtooth function with period p

Chebyshev polynomial

..., fn) Wronskian matrix of fi..., f,
..., fn) Wronskian

generic unknown function to a differential system
generic unknown function in a differential equation
general solution to a differential equation
homogeneous solution for a linear differential system
homogeneous solution to a linear differential equation
particular solution for a linear differential system
particular solution to a linear differential equation

C  Symbol Index

168
171
456
511
454
453
511
222
222
633

11
667
53
667
53



Index

A
Abel’s formula
nth-order, 288
second order, 233, 344
absolute convergence, 489
acceleration, 256
adjoint, 610
adjoint inversion formula, 611
affine equivalence, 681
affine transformation, 681
algorithm
description of B,, 182
exact equations, 75
first order linear equations, 47
Fulmer’s method for e*’, 660
Gauss-Jordon, 581
incomplete partial fraction method
nth-order, 296
Laplace transform method, 107
method of undetermined coefficients
nth-order, 295
second order, 239
partial fraction
linear recursion, 131
quadratic recursion, 145
Picard Approximation, 87
separable differential equation, 29
solution method for nth order linear
differential equations, 279
solution method for nth order homogeneous
linear equations, 286
solution method for constant coefficient
first order system, 673
solution method for coupled systems, 304
solution method for second order
homogeneous differential equations,
231

solution method for second order linear

differential equations, 209
amplitude, 258
analytic at 7, 498
annihilation operator, 363

associated homogeneous differential equation,

53,208,279, 633
associated homogeneous system, 571
asymptotically stable, 318
augmented matrix, 570
autonomous, 28

B
back substitution, 574
balance equation, 630
basis, 217
beats, 263, 326,477, 481
Bernoulli equation, 66
Bernoulli, Jakoub, 66
Bessel function of order 0, 490
Bessel’s differential equation, 331
Bounded Input Bounded Output, 323
By
definition, 180
linear independence, 221, 730

C
canonical phase portraits, 694
Cardano’s formula, 32
Cardano, Girolamo, 32
carrying capacity, 37
Cauchy-Euler
equation, 349
fundamental set, 351
operator, 349
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Cayley-Hamilton theorem, 688, 733
center, 489, 696
chain, 130
characteristic equation, 621
characteristic frequency, 324
characteristic function, 402
characteristic matrix, 621
characteristic modes, 316
characteristic polynomial, 167, 205,
621,652
characteristic values, 316, 652
Chebyshev polynomials, 510
Chebyshev’s differential equation, 331, 513
xla.b), 402
Clairaut’s theorem, 74
Clairaut, Alexis, 74
closed form, 496
coefficient function, 45, 203, 331
coefficient matrix, 569
cofactor, 610
column expansion, 606
completing the square, 726
consistent, 569
constant coefficient linear differential equation
second order, 205
constant coefficient system, 633
constant function, 116
continuous function, 45, 86
convolution, 187, 439
properties, 189
theorem, 188, 262, 441
coupled spring systems, 305
coupled system, 276
Cramer’s rule, 374, 613
creation operator, 363
critical point, 693
critically damped system, 261
current, 267

D
damped free motion, 259
damped motion, 258
damping constant, 255
damping force, 254
damping term, 259
dee, 427
decay constant, 33
dependent variable, 4, 579
D, 205
derivative operator, 205, 277
determinant
definition: 2 X 2 case, 605
definition: general case, 605

elementary row operations, 607
properties, 607

differential equation

autonomous, 28
Bernoulli, 66
Chebyshev, 513
constant coefficient
nth-order, 277
second order, 205
dependent variable, 4

discontinuous forcing function, 389

equilibrium solution, 18
exact, 73
family of curves, 21
first order solution curve, 17
general solution, 5
geoemetric interpretation, 97
homogeneous, 208, 277
homogenous, 63
second order, 333
independent variable, 4
initial value problem, 203, 232
integrating factor, 46
exact equation, 79
linear, 45
coefficient function, 45
constant coefficient, 45
forcing function, 45
general solution, 53
homogeneous, 45
homogeneous solution, 53
inhomogeneous, 45
initial value problem, 50
particular solution, 53
standard form, 45, 333
logistic, 37
nonhomogeneous, 277
order, 3
ordinary, 2
partial, 4
second order linear
initial conditions, 203
separable, 27
differential form, 29
solution, 5

Index

solution method for nth order homogeneous

linear equations, 286

solution method for nth order linear

differential equations, 279

solution method for constant coefficient

first order system, 673

solution method for second order

homogeneous linear equations,

232



Index

solution method for second order linear
differential equations, 209

solution method for separable, 29
solution of first order linear, 47, 666
standard form, 3
Verhulst equation, 37

differential system
associated homogeneous equation, 667
associated homogeneous system, 704
coupled system, 301
general solution, 667
homogeneous solution, 634, 667
particular solution, 667
solution, 634

dilation, 122

dilation principle, 122

8,428

Dirac delta function, 427

direction field, 17
trajectories, 18

discriminant, 259

displacement, 253

distributions, 428

E
echelon form, 578
eigenspace, 620
eigenvalue, 619
eigenvalues, 652
eigenvector, 619
elementary equation operations, 573
elementary matrix, 594
elementary row operations, 574
notation, 574
English system, 256
&, 168
description
degree 2, 169
power of a linear term, 174
power of an irreducible quadratic term, 175
spanning set, 171
equality of mixed partial derivatives, 74
equilibrium, 19
equilibrium line, 18
equilibrium solution, 18, 693
equivalent, 572
essentially equal, 407
exactness criterion, 75
existence and uniqueness, 85
general systems, 703
systems, 666
existence and uniqueness theorem, 703
nth order differential equation, 675

795

nth-order, 280

Picard, 89

second order, 211

non constant coefficients, 336

et 649
exponential function, 118
exponential polynomial, 179

simple, 179
exponential type, 112, 126, 355,

746

exponents of singularity, 521
external force, 255

F
final value principle, 356
first translation principle, 120
fixed point, 87
Fomin, S. V., 93
force of gravity, 253
forced motion, 258
forcing function, 45, 203, 333
formal Laplace transform method, 432
free motion, 258
free variable, 575, 579
frequency, 258, 477
Frobenius method, 519, 521
Frobenius series, 520

solution, 521
F(s), 111
f xg,439
Fulmer’s method, 657, 660
Fulmer, Edward P., 657
functional equation, 5
functional identity, 5
fundamental interval, 453
fundamental matrix, 706
fundamental period, 453
fundamental set, 345, 373
fundamental theorem of algebra, 726
fundamental theorem of calculus, 8

G

gamma function, 117, 126
Gauss-Jordan elimination method, 581
Gauss-Jordon elimination, 582
Gaussian elimination, 582

general power function, 118

general solution, 53

generalized factorial function, 117
generalized functions, 428
gravitational force, 256
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H
H, 399
h(t), 401
h(t —c), 401
half-life, 33
Heaviside class, 399
Heaviside formulas

first kind, 165

second kind, 165
Heaviside function, 401, 404
Hermite’s differential equation, 331
homogeneous, 64, 570
homogeneous differential equation, 63
homogeneous of degree 1, 64
homogeneous solution, 53, 209, 634, 711
homogeneous system, 633

I

improper node, 695

impulse functions, 433

incomplete partial fraction method, 245, 295

inconsistent, 569

independent variable, 4

index shift, 491

indicial polynomial, 350, 521
conjugate complex roots, 351
distinct real roots, 350
double root, 350

initial conditions, 203, 210, 280, 335

initial state, 315

initial value principle, 356

initial value problem, 9, 50, 210, 280, 335, 638
second order, 203

initial values
not based at the origin, 211

input derivative principle, 115, 416

input function, 111

input integral principle, 417

input-output rate, 54

integral equation, 86

integrating factor, 46, 48
exact equation, 79

interval of convergence, 489

inverse (of a matrix), 593

inverse Laplace transform, 151
definition, 151
first translation principle, 152
linearity, 152
reduction of order formula, 155
second translation principle, 405
uniquenss, 407

inversion formulas involving irreducible

quadratics, 158

Index

irreducible quadratic, 539, 726
irregular singular point, 519

J

Jordan canonical forms, 687
Jordan matrix, 688

jump, 385

jump discontinuity, 385

K
Kolmogorov, A. N., 93

L

£y, 361

Laguerre polynomial, 361

Laguerre’s differential equation, 331, 361

Laplace expansion formula, 605

Laplace transform, 101, 111
constant function, 116
convolution theorem, 188
correspondences, 183
cosine function, 118
dilation principle, 122
exponential functions, 118
final value principle, 356
first translation principle, 120
general power functions, 118
initial value principle, 356
injective, 723
input derivative principle, 115, 416
input integral principle, 190, 417
inverse, 151
linearity, 114
power functions, 116
Power-Exponential Functions, 119
second translation principle, 405
sine function, 118
transform derivative principle, 121
transform integral principle, 357

Laplace transform method, 104
coupled systems, 310
formal, 432

law of radioactive decay, 2

leading one, 578

leading variables, 579

left inverse, 593

Legendre’s differential equation, 331

length, 130

linear, 206, 571

linear combination, 171

linear conbination
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solving equations, 220
linear dependence
summary, 224
linear differential operator
second order, 334
linear equation, 569
linear homogeneous system
fundamental matrix, 706
linear independence
restriction to subintervals, 222
summary, 224
linear independence of B, 221
linear space, 112
linear substitutions, 69
linear system of ordinary differential equations,
633
linear term, 726
linearity
Laplace transform, 114
linearly dependent, 217, 341
vectors in R”, 585
linearly independent, 217, 341
vectors in R”, 585
Lipschitz condition, 95
logistic differential equation, 37
logistic equation, 39
logistic growth law, 13, 37,43, 741

£, 111
£71, 151
M

Malthusian growth law, 13, 36,43, 741
Malthusian parameter, 36, 37
Maple, 17
marginally stable, 318
mass, 256
Mathematica, 17
mathematical model, 313
MATLAB, 17
matrix, 559
addition, 561
adjoint, 610
augmented, 570
characteristic equation, 621
characteristic polynomial, 621, 652
coefficient, 569
cofactor, 610
column matrix, 563
column vector, 563
commute, 565
completing the square, 726
complex, 560
diagonal, 560

797

identity, 560
inverse, 593
inversion computations, 597
invertible, 593
Jordan, 688
lower triangular, 560
main diagonal, 559
minor, 605
product, 564
rank, 579
real, 560
resolvent, 652
row matrix, 563
row vector, 563
scalar multiplication, 562
similar, 682
size, 559
square, 559
standard fundamental, 706
transpose, 561
upper triangular, 560
variable, 569
vector product, 563
zero, 560
matrix exponential, 649, 732
matrix function
antiderivative, 640
continuous, 639
differentiable, 639
inverse Laplace transform, 641
Laplace transform, 640
method of successive approximations, 87
method of undetermined coefficients
nth-order, 293
second order, 237
metric system, 256
mixing problem, 54, 59,419
input-output rate, 54

N

Newton, 256

Newton’s law of heating and cooling, 1, 34, 42,
741

Newton’s second law of motion, 2, 255

nonhomogeneous, 570

nonhomogeneous system, 633

nonsingular, 593

null space, 570

(o)
on-off switch, 402, 405
orbit, 681
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ordinary point, 505
output function, 111
output matrix, 569
overdamped system, 261

P
partial fraction, 129
(s — r)-chain, 130
(s? 4+ ¢s + d)-chain, 144
chain, 130
distinct linear factors, 135
Laplace transform method, 136, 148, 160
length, 130
linear recursion, 130
linear recursion algorithm, 131
quadratic recursion, 143
quadratic recursion algorithm, 145
particular solution, 53, 711
path, 681
Peano’s existence theorem, 93
Peano, Guiseppe, 93
period, 258, 453
periodic function, 453
phase angle, 258
phase plane, 681
phase portrait, 681
canonical, 694
phase-amplitude form, 258
Picard, Emile, 87
piecewise continuous, 385, 399
pointwise convergence, 90
polynomial
coefficients, 725
irreducible quadratic, 726
leading coefficient, 725
linear term, 726
root, 725
polynomial differential operator, 205, 277
commutativity, 301
polynomial of degree n, 725
power function, 116
power series, 489
absolute convergence, 489
analytic, 498
center, 489
centered at ¢, 489
closed form, 496
coefficients, 489
differential equation
standard form, 519
even function, 495
index shift, 491
interval of convergence, 489

Index

method, 487, 506

odd function, 495

ordinary point, 505

radius of convergence, 489

ratio test, 489

representation, 490

singular point, 505

standard form, 492
power-exponential functions, 119
proper rational function, 129

Q
¢(D), 205

R

radioactive decay, 42, 741
decay constant, 33
half-life, 33

radius of convergence, 489

rank, 579

Rate in - Rate out, 630

ratio test, 489

rational function, 129, 499, 727
proper, 129
simple, 153

RCL circuits
current, 267

rectified sine wave, 454

recurrence relation, 506

reduced matrix, 578

reduction of order, 367
inverse Laplace transform, 155

regular singular point, 519

resolvent matrix, 652

resonance, 264, 324, 478, 481
asymptotically stable, 327

restoring force, 254

Riccati equation, 91

right continuous, 408

right inverse, 593

root, 725

row echelon form, 578

row expansion, 606

row reduced echelon form, 578

row reduces, 579

Ry, 168

S

saddle, 694

sawtooth function, 453

second translation principle, 405
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separable differential equation, 27 total impulse, 434

separable variables, 27 total response, 315

sign matrix, 606 [t],, 454

similar, 682 (t), 453

Simmons, G.F., 89 trajectories, 18, 681

simple exponential polynomials, 179 transform derivative principle, 121
simple harmonic motion, 258 transform function, 111

simple rational function, 153 transform integral principle, 357

singular, 593
singular point, 505

sliding window, 440 U

slope field, see direction field U, 511

slug, 256 undamped forced motion, 262

solution, 569, 634 undamped free motion, 258
exists, 85 undamped motion, 258
unique, 85 periodic impulses, 478
zero-state, 446 periodic input, 473

solution set, 569 underdamped system, 260

span, 171 uniform convergence, 90

spanning set, 171 unit impulse response function, 315, 319, 445

special functions, 331 unit step function, 401

spring constant, 254 units of measurement, 256

spring-body-mass system, 253 unstable, 318, 695

square-wave function, 456 unstable node, 694

SWe, 456 unstable spiral node, 696

stability, 318 unstable star node, 695

stable, 695

stable node, 694

stable spiral node, 696 v

stable star node, 695
staircase function, 454
standard basis, 171
standard fundamental matrix, 706
star node, 695
summary
classification of critical points, 697
linear dependence, 224
linear independence, 224
superposition principle, 241
linear systems, 637
system diagram, 313
system of linear equations, 569

variable matrix, 569

variation of parameters, 373
vector space, 112

Verhulst population equation, 37

W

Weierstrass approximation theorem, 723
Widder, David, 111

Wronskian, 222, 343

‘Wronskian matrix, 222, 343, 374

V/
T zero-input response, 315
Taylor Series, 498 zero-input solution, 446
test function, 237, 239, 293 zero-state, 446
T,, 511 zero-state response, 315

Torricelli’s law, 13 zero-state solution, 446
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