Appendix A: Derivation of the Exact Functions
and the Equations of the Asymptotes for
Multibasic Acids

A1. Derivation of the Functions log ¢; = f(pH)
for Dibasic Acids

Protolysis equilibria:

H,B + H,O = HB™ + H3;0™ (A.1)
HB~ +H,0 = B~ +H;0" (A.2)
Laws of mass action:
CHB-C
Ko = CHB™“H;0° (A.3)
CH,B
Ko = B> “H;0" (A.4)
Cup-
Amount balance:
Chip = CH,B + Cpy- + Cp- (A5)

The following functions need to be derived:

1. log cu,g = f(pH) (A.6)
2. logcug- = f(pH) (A7)
3. logcg- = f(pH) (A.8)
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114 Appendix A: Derivation of the Exact Functions. ..

A1.1 logcy,g = f(pH)

Equations need to be found for the concentrations cyg- and cp2- which have as
unknown concentrations only cy,g and cy,o+. This can be done by rearranging
Egs. (A.3) and (A.4):

K¢
P RalCH,B (A.9)
CH;O*
K. K,
Cpp = —HS2CHE (A.10)
CH,0t

and insertion in Eq. (A.5) gives:

K. KK, K. KK
C]CL)] 5 = Cip + alCH,B + al8a2CH,B —cnpl 14 al + alfla2 (A.11)
2 . 2 2 S 2
CH30+ CH30+ CH30+ CH30+

Rearrangement gives:

o
CHz B

b = Ka  Kuk.
<1+ al + ;l a2>

CH30+ CH3O+

(A.12)

Ka 10— PKai 1Ko 10~ PKai —PKa2

= 10PH—PKu gnd K;

With = _ 102pH—pKa|—pKuz
! CH30+ 107PH CH;O* 1072pH
follows:
log cp,p = log Cy 5 — log(1 4 10PHPKar 4 1 02PH-PKa—pKe) (A.13)

A1.2 logcypg- = f(pH)

Equations need to be found for the concentrations cy,p and cg2- which have as
unknown concentrations only cyp- and cy,o+. This can be done by rearranging
Egs. (A.3) and (A.4):

CHB-C +
Cipp =~ ':30 (A.14)
a
K » _
cgr = —2HB” (A.15)
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and insertion in Eq. (A.5) gives:

CHB~ CH.O* K.ocus- CH.O+ K.
CI(_)IZB _ HB™ CH;0 +oup- + a2CHB = CHp- <1 + H;0 + a2 ) (A16)
Kal CH3O+ Kal CH3O+

Rearrangement gives:

CO
CHB~ = c HaB e (A.17)
+
(1 + H;0 + a2 )
Kal CH3O+
o+ 107PH K, 10~ PK=
With 89" _ — 10 PHIPKu gpg 222 27 _ (oPH-PK2 follows:
K, 107PKa Cuor  107PH
log cyp- = log Cy 5 — log (1 + 107PHHPKur . jopHi=pie) (A.18)

A1.3 logcg: = f(pH)

Equations need to be found for the concentrations cy,g and cyg-, which have as
unknown concentrations only cg>- and cy,o+. This can be done by rearranging
Egs. (A.3) and (A.4):

C Cr2-
Cp- = “273 (A.19)
a2
C2H 0+CBZ’
CH,B = —_— (A20)
KalKaZ

and insertion in Eq. (A.5) gives:

2 2

CH,0t (B> | CH,0+Cp2- CH0t | CH;0"

CO _ _H0 4+ 4+l = | 1+ =2 8 A.21)
LB KalKaZ Ka2 B B KalKaZ Ka2 (

Rearrangement gives:

(]
CHz B

Cg2>- = >
c + CH,0t
140 4 507
< KalKaZ Ka2

(A22)
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- 2 —2pH
. Cpot 107PH Ko pH ‘H,0* 107 —2pH +pKar +pK,
With —— = =10Pt2"P d ——= =10 PR TPRaTPRR
! Ka2 1O_pKa2 an KalKa2 IO_PKal_PKaZ
follows:
log cge- = log Cy  — log (1 + 107 2PHHPRatpke y jo=pHpKe) (A.23)

A2. Derivation of the Functions log ¢; = f(pH)
for a Tribasic Acid

Protolysis equilibria:

H;B + H,O = H,B™ + H;0" (A.24)
H,B~ + H,O = HB?>™ + H;0™ (A.25)
HB?>~ + H,0 = B* + H;0° (A.26)
Laws of mass action:
Ky = 1B CH07 (A27)
CH;B
K, — HB CH:0" (A.28)
CH2B7
K, = B 0" (A.29)
CHp>
Amount balance:
Cii,p = CH;B + CHB- + Cype + Cp- (A.30)

The following functions need to be derived:
1. logcu,s = f(pH) (A.31)

2. logcy,- = f(pH) (A.32)
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3. log cypz- =f(pH) (A.33)

4. logcg- = f(pH) (A.34)

A2.1 logcy,g = f(pH)

For the concentrations cy,p-, cygz- and cg3- one can derive equations by rearranging
Eqgs. (A.27), (A.28) and (A.29):

K
Cpyp- = 2B (A.35)

CH30+

KuK,
Cugr =~ 2B (A.36)

‘0"

KaKoKaacn,

Cpy- = —MT2TaOCB (A37)

CHy0*
and insertion in Eq. (A.30) gives:

Kiicu,s n K.Kocns  KaKoKascn,s
2 3

O
CH3B = CH;B

CH,0* ‘mor* CH;0t
Kal KalKaZ KalKaZKaS
= CH;B 1+ + > + 3 (A38)
CHo* Cior Chot
CO
H;B
CH;B = 2 (A39)
1+ Ka +K§1Ka2 +Ka1{(azKa3
‘H0t  Cyor “Hy0t
—pK, —pKa1—pK.
. Ka 107PAa pH—pK,| K.Ko 107 PRar PR 2pH—pK,1 —pKa
With = To—oh =10 ’ 5 = o0 =10 -
CH,0° 10-p Ch,0* 10—2p
KuKnKy  107PKa—PKa—pKa
and ——% = e = 10°PH-PKu—PK2 PR folows
CH,0t

log CHB = log CE B— log(l + IOPH*PKM =+ 102PH*PK;,|*PK;\2 + 1O3PH*pKa1*pKueru3)

(A.40)



118 Appendix A: Derivation of the Exact Functions. ..

A2.2 log cy,g- = f(pH)

Rearranging Eq. (A.27), (A.28), and (A.29) gives:

c - CH3O+CHZB*
H:B = — o —
Kal
c _ Kupcn,p-
HBY* — — .
CH30+
~ KoKupenp-
BT T
H;0*
and insertion in Eq. (A.30) gives:
o _ ‘H0tCHB | Kocmp- | KoKacn,s-
Cup = Kk, + ¢+ + 5
al CH3O+ CH3O+
cyyot |, Ko | KaKa
=cmp | 1 +——+ +—
K ot Cpot
CO
H;B
CH,B~ — :
.0+
1+ l'[‘éo + L.Kaz + K;zKa}
al H3O+ Cl_hoJr
Crr. o+ 10—PH K 10~ PKa
With 29— — 1o PR 22
— > —
Ka  107PKa cuor  107PH
—PKa2—pKa3
Ka2Ka3 _ 10 _ 102pH—pKaz—pKa3 foll .
5 10-2eH ollows:
“hy0*

— 1QPH-PKa

(A41)

(A.42)

(A.43)

(A.44)

(A.45)

and

log ey, = log CI?I3B _ log(l + 10 PH+PKa | oPH—PK2 | 102PH*pKaeru3)

A2.3 log ¢, g2 = f(pH)

Rearranging Eqgs. (A.27), (A.28), and (A.29) gives:

2 )
CH3 o+ CHB2-

CH;B =
} KalKaZ

(A.46)

(A.47)
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C +CyRp2—
CHB = H3°K42HB (A.48)
a.
K3cpne-
cgs- = —LCHB (A.49)
CH3O+
and insertion in Eq. (A.30) gives:
2
Ca,0tCHB*  CH,0+CHR?- Kazcppe-
Cig = Ut + = + Ccyp2- +—m—
HB KalKaZ KaZ HB CH,0*
2
‘ot |, ‘mo+ |, Kus
=cpp- | 1 +—"—+—"—+ (A.50)
HB ( KKy K CHy0t
CO
Cyp- = > 1B P (A.51)
+ C +
|4 mo" | CHmor  Aa
KalKaZ KaZ CH30+
- 2 ~2pH
With CH370+: 107P" — 10~ PH+pKa CH30+ _ 107 _ 1072pH+pKa1+mez
Ko 10—PKa2 > KaKa 10—PKa—pKo2
K 10— PKa
and —2 = = 10PHPKs follows:

CH3 O+ 1 0 7pH

log g2 = log C&B _ log(l + 10~ 2PHHPKa+pKe | (- PHAPK lopH*pKas)

(A.52)
A2.4 logcg:- = f(pH)
Rearranging Egs. (A.27), (A.28), and (A.29) gives:
CH,‘OJrCB}—
Crpy. = —22 2 A.53
HB? Ko ( )
6‘2 Cp3-
H;0" "B
o= O A.54
CHsB KaZKaS ( )
C3 4+ CRp3-
cp = 02 (A.55)

KalKaZKaB
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and insertion in Eq. (A.30) gives:

3 2
CO _ CH_;OJr Cpi- + CH;OJr Cp- + CH}OJr Cp3- 4 s
H;B — B~
} KalKaZKaS KaZKaS Ka3

=cp- | 1+ Ci]30+ + Ca30+ +CH30+ (A.56)
B KalKaZKaS KaZKa3 Ka3 '

(o)
CH3 B

cpr = 3 2 (A.57)
C +
<1+K H;0" + H;0" + H;O)

alKaZKa3 KaZKaS Ka3

2
—pH c —2pH
With CHsO+ _ 10 — —pH+pKa3 H;0* _ 10 _ 1072pH+pKﬂ2+pKu3
K 10—PKa3 KoKas 10—PKa2—pKa3
3 —3pH
c p
and — 19" 10 = 107 PHPKa PR tpKas fi5]1ows:

KaKoKqs  10~PKu—PK2—pKis

log cgs- = log C&B

_ log(l + 10~ PH+PKa + 10~ 2PH+pKa2 +pKas + 1073PH+pKu1+pKﬂz+pKﬂ3)

(A.58)
A3. Derivation of the Functions log ¢; = f(pH)
for Tetrabasic Acids
Protolysis equilibria:
H4B + H,0 = H3;B~ + H;0% (A.59)
H;B™ + H,0 = H,B*™ + H;0" (A.60)
H,B*>" + H,0 = HB*” + H;0" (A.61)
HB*" + H,0 = B* + H;0" (A.62)
Laws of mass action:
Ky = B G107 (A.63)

CH,B
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. CHZBzf CH3O+

Ks» (A.64)
CH;B~
Ky = (HBCH:0" (A.65)
CHZBZ’
Ksy = B 10" (A.66)
Cyp3-
Amount balance:
Ch.p = CHB + B~ + Crypr + Cppr- + Cpoe (A.67)
The following functions need to be derived:
1. logcp,s = f(pH) (A.68)
2. logey,p- = f(pH) (A.69)
3. logcy,p> = f(pH) (A.70)
4. logcyg- =f(pH) (A.71)
5. logcg+- =f(pH) (A.72)
A3.1 logcy,g = f(pH)
Rearranging Egs. (A.63), (A.64), (A.65), and (A.66) gives:
K N
CH;B~ = TalfHB (A.73)
CH30+
K.iK.
Cp = — B (A74)
Ch,o+
K. K»K.
O = —A—2ma3CHLB (A.75)

CH,0t
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K KoK 3Kq4c
- = al a24a3 a4CH,B (A.76)

CH,0*

and insertion in Eq. (A.67) gives:

Kiicns | KaKocns | KaKoKacns  KaKaoKi3Kaach,s
+ 3 + 3 + 7

O j— .
CH4B =cyB +

CH3O+ CH30+ CH30+ CH3O+
CO = CH,B 1+ Kai +Ka1Ka2 +Ka1Ka2Ka3 +KalKa2Ka3Ka4
H4B c 2 3 4
H;0" CH30+ CH;O i CH3O+
(A7)
CO
CHB = b (A78)
1+ Kal +K21K212 +Kalfa2K33 +K31K22Ka3Ka4
‘0t Chot ‘Hy0" ‘0

Ka B 10~ PKa
CH30+ - lO_PH

KalKaZKa3 107PK“1 ~PKa—pKas

KK _ 10~ PKai —pKa

2 - —2pH
Ch0* 10

With = 1QPH-PKar | — 10%PH-PKu—PKe

— 103PH*PKA1 —pKa2—pKa3 and

3 —3pH
Ch,0* 10
_pKal _chLZ _pKa3 _pKa4
K KaoKy3Kag 10 — 10*H-PKu—PK2—PKa—PKa follows:
b 10—4pH
H;0"

log cyy,p =log Cy 5 — log (1 + 10PH7PKur 4 2PH-PRu—PKe

+ 103PH*PKa1 —pKa2—pKa3 + 104PH*PKa1*PKazpru,z*PK;m) (A.79)

A3.2 log cy,g- = f(pH)

Rearranging Eqs. (A.63), (A.64), (A.65), and (A.66) gives:

C +C -
CcHB = % (A.80)
al
KaZC -
g = T*(‘;B (A.81)
3
KoKo3Cip-
Cgr- = — BB (A.82)

‘0"
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KoKuoKucns
Cpr = 2O adCHE (A.83)

CH,0t

and insertion in Eq. (A.67) gives:

C,0* CH3B~ +K32CH3B’+K32K33CH3B’ KoKa3Kaach,s-

O J—
CH4B = CH;B~ T+ 2 3

K. CH0* CiLo* Ciot
c K KoK, KKK,
Clc-)l4B = CH;B- <1 + I[—I{;OJr + a2 + ;2 a3 + 323 a3 a4> (A84)
al  CH0t Chor ‘o0t
CO
s K Hi Ky KoKk (A8
c + al a2l g a2\ a3 5,
| 4 ot 2 22 3, 23 3Ka4
K. ot Cyor Ch0¢
. CH o" IO*pH —pH+pK, Ka2 lopraZ H—pK.
With 3V — 10~ PH+PKa — — 10PH-PKa,
! K. 10—PKu ! Cry0° 10—pH
KoK 10~ PK22—PKu 2pH—pKs—pKas KoKa3Kaa 10~ PKa2—pKa3 —pKas
2 = i = 10 ‘ and 3 = 3pH
“h;0* 10 “Hy0* 10—
_ 103pH7pKﬂzpra3pra4 follows
log cyp,p- = log Cpy g — log (1 + 107PHFPKu 4 qqpH—PKe
+102pH—pKaZ_pKaS + IOSPH—pKaZ_pKa3_pKa4) (A.86)
A3.3 logcy g = f(pH)
Rearranging Egs. (A.63), (A.64), (A.65), and (A.66) gives:
e = PO CHB (A.87)
B = KalKaZ ’
& +C -
O H,B* (A.88)
a2
Kazcpy g
g = — o HeBT (A.89)

CH3O+
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K 3K 4C 2—
Ccpi- = *‘;71’123 (A.90)
‘0t
and insertion in Eq. (A.67) gives:
2
o CH;0* CH,B> CH3O+CHzBZ’ Ka3CH2B2— Ka3Ka4CHZBz—
CH4B = Cy,p>- T 2
KaZ KalKaZ CH304r CH;,O*
2
CH.0*+ .ot K3 Ki3Kay
Chp = Crppr- | 1+ 20 RO —8 S (A91)
K KK Cy,o0t CH,0t
CO
Chypr = — (A.92)
14 CH,0* n ‘H,0° n K3 +Ka3Ka4
Ka2 KalKaZ CH304r CIZ_I30+
2 _2pH —pH

. 61'1304r _ 107°P _ 1(—2pH+pKa1 +pKa2 CH;0* _ 107P __ 10—PH+pKa

With = =10 , — = =10 ,
KuK.p  10-PKa—pKa Ko 10—PKx
K, 10~ PKs KaK.y 10-PKo—PKu
a3 _ = 10PH-PKs and ;3 _ = 10%PH-PKs—PKus fo]1ows:
Cpyor 107P Chy0+ 10-2p

log ¢y, g2 = log Cpy 5 — log(1 + 107 2PHHPKutpKe y jo-pHipKe
4+ 10PH-PKw IOZPHfPKaerM)

(A.93)

A3.4logc,z = f(pH)

Rearranging Eqs. (A.63), (A.64), (A.65), and (A.66) gives:

3
CH3O+ Cyp3-
KalKaZKaS

CHB =

(A.94)

CH3B7

2
CH;O* CHB3-

A.95
Ka2Ka3 ( )

. CH;O* CHB3’
CHZBZ’ - =

e (A.96)
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Cgt- = ——— (A.97)

and insertion in Eq. (A.67) gives:

2 3
CH;0+Chp | “H;07CHB | Ch0+CHB | Kucyps-

O — v
Cyap = Cups- +

K KoK KKK CHy0"
2 3
Cy;0t |, “m0° 0+ K
Cop =Cups- | 1+ 2% 4 B O A.98
HiB e ( K3 KoKy KuKioKas CH,0t ( )
O — ey 1o C%I;o+ n Ciho* n Kaa (A.99)
HsB HE Ka3 KaZKa3 KalKaZKaS CH3OJr
3 _ 2 _
wigh w0 10 e 10 3PHPKa 4Pk pky 0" 10 i
KuKpKy  107PKa—PKa—pKa "KppKa;  10-PKe—pKa
. —pH —pK,
=10 2PH+PKa+pKa ‘0" 107 =10"PH+PKs apd K :10 ' 4leF’H*pK*“‘
’ K’d3 107PKH3 CH3O+ 107PH
follows:
log cjyps- = log CEL;B —log(1 + 10~ 3PH+PKu+pKi+pKis 1 ()= 2PH+PKaa+pKas
+107PHFPKs 4 1OPH-PKw) (A.100)
A3.5 log cgs- = f(pH)
Rearranging Eqs. (A.63), (A.64), (A.65), and (A.66) gives:
C4 Cp4-
H;0" "B
CHB=———— (A.101)
B KalKaZKaSKa4
o (- A.102
CH;B~ = m (A. )
C2 4+ CRpa—
CH,B> = 7}203 K]z (A.103)
a a
c Cpi-
_ CH0" OB (A.104)

Cyp3- =
HB
Ko
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and insertion in Eq. (A.67) gives:

4 . 3 . 2 S . .
CH30+CBA— LH30+LB4— CH30+CB4— CH,0" Cp4-
KalKa2Ka3Ka4 KaZKaSKa4 Ka3Ka4 Ka4

CO 1 C?I;OJr C%;O* CI2’I~40+ CH;OJr (A 105)
=cg |1+ : T :
HiB B KalKa2Ka3Ka4 KaZKa3Ka4 Ka3Ka4 Ka4

O —
CH4B = + cga-

CO
H4B
Cp = 4 (A.106)
C4 C3 C2
14 H;0* H;0" H;0" | CH;0"
KalKaZKa3Ka4 Ka2Ka3Ka4 Ka3Ka4 Ka4
4 —4pH
C P
. h H}O+ _ 10 _ O*4pH+pKal+PK32+pKaS+pKa4
Wit = o R = 1 ,
KalKaZKaSKa4 IO*P al —PRa2 —PRa3 —P~Rag
3 2
c —3pH c —2pH
wo- 10 0 3PH P PR P mo' 10
- Y

KaZKa3Ka4 N 10— PKa2—PKis —pKas KaSKa4 N 10— PKa3—pKaa

CH3 ot lo_pH

= 10~ 2pH+PKu3+PKu g =
Ku 107PKa

= 107PHHPKw follows:

- 54 —4pH+pKa1 +pKaz +PKu3 +PKus —3pH+pKu +pKa3 +pKas
log e = log Cip — log (14 10 +10

410~ 2PH+PK+pKas 107pH+pKu4) (A.107)

A4. Functions of the Asymptotes
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(panunuoo)

85 Sop = ) 50]

eyd — #5501 + gd = <% Foy
AN&EJrEQ\OQWOM - mNMU m0~ = m0~

eyd — 1*yd — 915 Sop + gdg = % So;

(oya ryaspaz—01) 301 = B B0y = o Sop

eyd + 915 8o + gd— = -8y Foy

(2rya_y3401) 501 — 15 Fop = -85 Sof
T
25 o = -8Hy 0]

tyd — mNmD So[ + Hd = -9Ho Sop

A _Jai._g\oCmB - mmmb So[ = -4H) 3o

wyd-+ 1yd+ 8 HHFor+ gz —=8°H) Soy

A yd— _@a\m&o_vmo_l memeH 9°H) Fop

EVNQ —+ m—«—n\v—rU WO_ + ZQ‘ — 9%H)H WO_
(1nya—pya01)301 — TH5 Soy = 8% Foy

g 7
4 M_D MO~ — 9Hy MO~

wydipd-01 + oydi rydypdg—01 <K 1

oyt wyd4pdg-01 + T <K wydiga-01

oryd+pd-01 + T < oydt mya+pag-01

(erydspa—0T + wvyds wydspaz—0T + 1)80] — m:mb gop = @ 3o[

rrydpd—01 + 1 < oya—paOl

Nav~n\IaO~ + _JE+I&\O~ <1

N_NvE\ImOﬁ +I1 K _anrzn\ﬁ:

ANQQ\IQE + rydipd-0T + 1)301 — muob 3o1 = -9H) 3o1

wyd—pd01 +1 KL wyd—1eyd—ydz01

eyd—rryd—pgdz0T + T < 1ryd—yd01
oryd—1ryd—pdz0T + 1wyd—pd0T K T

Am_in\_d\g\:gmoﬁ + 1yd—pd0T + :moﬁ — mmwb gof = atHy So1

Hd > @yd

ryd > jd > yd

yd > Hd

i

Hd > @yd

yd > ygd > yd

reyd > gd

_qdH

Hd > @yd

eyd > gd > 1tyd
*yd > Hd

q'H

4°H pe diseqIq I'HV



Appendix A: Derivation of the Exact Functions. ..

128

eyd + cyd + 95 Sof + gdg— = -4 Fof

AMQHTNQ?:&OCWB - mmwb So] = -8H) Zo|

eyd + mmmb So[ + gd— = -8H> 3oy

Tﬁ\maevwoﬁ - mmwb So1 = -9°H> 3o
415 30 = -85 Fof

1etyd — mmwb 3o[ + gd = -8°Ho Jog

(teydsyya_0T) 301 — EHo Sop = -85 o

eeyd 4+ ¢tyd 4 1yd 4 mmwb go[ + Hdg— = *Ho So]

€ -
Aﬁ,,%t%é@‘%mo_vmo_ — 815301 = 9'Hy o]

tyd + 1vyd 4+ mmmb So1 + gdg— = €Hy 5o]

(g reyd_pag01) 301 — & Hy oy = aHo 3op

yd + 845 8o] + gd— = 81 30]
(1nya_pa01) 301 — * §5 oy = d'Ho oy

€ €]
5301 = 9°Ho3o]

N_NMQIIn_Oﬁ + :V\n_.lu_mloﬂ + | IS @GEIN_GEIImwoﬁ

makalmkalmmwoﬁ + _stQ.TEnIA: + < Nnkmlmmoﬁ

mnv\Q\N_mv\m\IQNOﬁLﬁ N_G\n\ImOﬁ + __NvEJrIn_\Oﬁ <1

eyd— Naka\mgmoﬁn_r Nﬁka\maoﬁ +I1KL :,Mﬁrrma\oﬁ

(eryd—toyd—pdz01 + yd—pd0 T+ vydipa_01 + 1)30[ — mmwb So[ = -9°H) Sof

oryd—tvyd—pdg0 T+ ryd—pd0T + T <K eyd_oryd— eyd—pde01

eeyd—ceyd— ;Mm\mmmoﬁx_v _@MQ\:mOﬁ + 1K Ndﬁ\:kmwmmmoﬁ

m_ﬂkm\%v}_\;va\:gmoﬁn_l uxkn_\__“,v\a\InNOﬁ + | IRSS _mv\m\InO~

eyd—yd— _JEIIQmOﬁ + Nsv\nl_JEIIQNOﬁ + _skn_lImO- <1

€. -
Td\ﬂ_\ﬂka\:km\:mmoﬁ + wyd—1ryd—pdz01 + 1ryd—d01 + 1)3o1— g MU So1 = 9*Ho o1

Hd > eyd

eeyd > gd > wyd

¢yd > gd > tyd

reyd > gd

gH

Hd > €yd

€yd > pd > wyd

¢yd > gd > tyd
tyd > Hd

‘4H

4°H SPPE dIsequ], THV
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(panunuoo)

mmwb So = 95301

eeyd — mmmb So[ + pd = ) Sor
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