Appendix on Set Notation

Consider a set S. The notation € S means z is an element of
S; we might also say “x belongs to S” or “z is in S.” The notation
x ¢ S signifies z is some element but x does not belong to S. By
T C S we mean each element of T" also belongs to S, i.e., x € T
implies 2 € S. Thus we have 1 € N, 17€ N, =3¢ N, 1 ¢ N, V2 ¢ N,
%EQ,%ER,\/§€R,\/ﬁgé(@,andﬂeR.AlsowehaveNgR,
QCR,and R CR.

Small finite sets can be listed using braces { }. For example,
{2,3,5,7} is the four-element set consisting of the primes less than
10. Sets are often described by properties of their elements via the
notation

{: r

Before the colon the variable [n or x, for instance] is indicated and
after the colon the properties are given. For example,

{n:n €N and n is odd} (1)

represents the set of positive odd integers. The colon is always read
“such that,” so the set in (1) is read “the set of all n such that n is
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366 Appendix on Set Notation

in N and n is odd.” Likewise
{r:zeRand1<x<3} (2)

represents the set of all real numbers greater than or equal to 1 and
less than 3. In §4 this set is abbreviated [1, 3). Note that 1 € [1,3) but
3 ¢ [1,3). Just to streamline notation, the expressions (1) and (2)
may be written as

{neN:nisodd} and {zeR:1<xz<3}.

The first set is then read “the set of all n in N such that n is odd.”

Another way to list a set is to specify a rule for obtaining its
elements using some other set of elements. For example, {n? : n € N}
represents the set of all positive integers that are the square of other
integers, i.e.,

{n?:neN}={meN:m=n? for some n € N} = {1,4,9,16,25,...}.

Similarly {sin % : n € N} represents the set obtained by evaluating
sin “f for each positive integer n. Actually this set is finite:

{sin%:nEN}:{ﬁ 1,0 —ﬁ,—l}.

2 b A 2

The set in (1) can also be written as {2n — 1 : n € N}. One more
example: {23 : x > 3} is the set of all cubes of all real numbers
bigger than 3 and of course equals {y € R : y > 27}, i.e., (27,00) in
the notation of §5.

For sets S and T', S\ T signifies the set {x € S : x ¢ T}. For
a sequence (A,) of sets, the union UA,, and intersection NA,, are
defined by

UA" = {z: 2 € A, for at least one n},
ﬂAn ={z:2 € A, for all n}.

The empty set & is the set with no elements at all. Thus, for example,
neN:2<n<3}=0,{reQ:rm=2}=0, {reR:2?<
0} =@, and [0,2]N[5,00) = 2.

For functions f and g, the notation f+g, fg, fog, etc. is explained
on page 128.

The end of a proof is indicated by a small black box. This replaces
the classical QED.



Selected Hints and Answers

Notice. These hints and answers should be consulted only after serious
attempts have been made to solve the problems. Students who ignore this
advice will only cheat themselves.

Many problems can be solved in several ways. Your solution need not
agree with that given here. Often your solution should be more elaborate.

1.1 Hint: The following algebra is needed to verify the induction step:

nn+1)2n+1)
6

2n% +n

+(n+1)2:(n+1)[ +n+1]=---

(n+1)(n+2)(2n+3)
5 .
1.3 Hint: Suppose the identity holds for n. Then work on the right side
of the equation with n+1 in place of n. Since (z+y)? = 22+ 22y +y?,

142+ +n+n+1)=(1+2+ +n)
+2(n+1)(1+2+---n) + (n+ 1)

Use Example 1 to show the second line has sum (n + 1)3; hence
(1424 - +(n+1))? = (1424 - -n)?+(n+1)3 = 124234 . 4 (n+1)3.

1.5 Hint: 2 — 3= + 5 = 2 — 5y

1.7 Hint: 7" —6(n+1) —1=7(7" — 6n — 1) + 36n.
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1.9 (a) n>5and alson = 1.

(b) Clearly the inequality holds for n = 5. Suppose 2" > n? for
some n > 5. Then 2" = 2.2" > 2p% so 2" > (n 4 1)2
provided 2n? > (n+ 1)2 or n? > 2n+1 for n > 5. In fact, this
holds for n > 3, which can be verified using calculus or directly:
n?>3n=2n+n>2n+1.

1.11 (a) Hint: If n®+5n+11is even, then sois (n+1)2+5(n+1)+1=
n?+5n+ 1+ [2n+6].

(b) P, is false for all n. Moral: The basis for induction (I;) is crucial
for mathematical induction.

2.1 Hint: Imitate Example 3. You should, of course, verify your asser-

tions concerning nonsolutions. Note there are 16 rational candidates

for solving 2% — 24 = 0.

2.3 Hint: /2 + /2 is a solution of 24 — 422 + 2 = 0.

2.5 Hint: [3 + /2]?/3 is a solution of 2% — 2223 449 = 0.

2.7 (a) Showax =4+ 2v/3 — /3 satisfies the quadratic equation 22 +
203 —1—2v3 = 0. Alternatively, start with the observation
(VA+2V3)2=4+2V/3=1+2/3+3=(1+3)2

(b) 2.

3.1 (a) A3 and A4 hold for a € N, but 0 and —a are not in N. Like-
wise M4 holds for @ € N, but a~! is not in N unless a = 1.
These three properties fail for N since they implicitly require
the numbers 0, —a and a~! to be in the system under scrutiny,
namely N in this case.

(b) M4 fails in the sense discussed in (a).

3.3 (iv) Apply (iii), DL, A2, A4, (ii) and A4 again to obtain

(=a)(=b) + (=a)b=(—a)[(=b) + ]
(—a)[b+ (=b)]=(—a) -0=0=ab+ (—ab).

(—a)(=b) + (—ab)

Now by (i) we conclude (—a)(—b) = ab.
(v) Suppose ac = bc and ¢ # 0. By M4 there exists ¢~! such that
c-c ' = 1. Now (supply reasons)

a=a-l=a(cc )= (ac)e™! = (bc)e ™ =blc-c) =b-1=b.

3.5 (a) If |b| < a, then —a < —|b, s0o —a < —]b] < b < |b| < a. Now
suppose —a < b < a. If b > 0, then |b] = b < a. If b < 0, then
|b] = —b < a; the last inequality holds by Theorem 3.2(i) since
—a <b.
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(b) By (a), it suffices to prove —|a — b| < |a| — |b] < |a — b|. Each
of these inequalities follows from the triangle inequality: |b] =
[(b—a)+a| <|b—a|+|a] = |a—b|+ |a| which implies the first
inequality; |a| = |(a — b) + b] < |a — b| 4 |b| which implies the
second inequality.

3.7 (a) Imitate the answer to Exercise 3.5(a).

(b) By (a), |a —b] < ¢ if and only if —¢ < a — b < ¢, and this
obviously holds [see O4] if and only if b—c < a < b+ c.

4.1 If the set is bounded above, use any three numbers > supremum of
the set; see the answers to Exercise 4.3. The sets in (h), (k) and (u)
are not bounded above. Note the set in (i) is simply [0, 1].

4.3 (a) L; (c) 7; (e) 1; (g) 3; (i) 1; (k) No sup; (m) 2; (o) 0; (q) 16;
(s) 3; (u) No sup; (w) 3§ In (s), note 1 is not prime.

4.5 Proof Since sup S is an upper bound for S, we have supS > s
for all s € S. Also sup S € S by assumption. Hence sup S is the
maximum of S, i.e., sup S = max S.

4.7 (a) Suppose S C T. Since supT > t for all ¢ € T we obviously

have supT > s for all s € S. So sup7 is an upper bound for
the set S. Hence sup T is > the least upper bound for S, i.e.,
supT > sup S. A similar argument shows inf 7" < inf S; give it.

(b) Since S € SUT, supS < sup(S UT) by (a). Similarly
supT < sup(SUT), so max{supS,sup T} < sup(SUT). Since
sup(S U T) is the least upper bound for S U T, we will have
equality here provided we show: max{sup S,sup T} is an up-
per bound for the set S U7T. This is easy. If z € S, then
x < supS < max{supS,supT} and if z € T, then x <
supT < max{supS,supT}. That is, x < max{sup S,sup T}
forallz € SUT.

4.9 (1) If s € S, then —s € —S, so —s < s9. Hence we have s > —s

by Theorem 3.2(i).

(2) Suppose t < s for all s € S. Then —t > —s for all s € S, i.e.,
—t > x for all z € —S. So —t is an upper bound for the set —S.
So —t > sup(—S). That is, —t > so and hence t < —s.

4.11 Proof By 4.7 there is a rational r; such that a < r;1 < b. By 4.7
again, there is a rational ro such that a < re < r1. We continue by
induction: If rationals 71, ..., r, have been selected so that a < r,, <
Tp—1 < -++ < 1o <rp, then 4.7 applies to a < r, to yield a rational
rn+1 such that a < r,41 < r,. This process yields an infinite set
{r1,re,...} in QN (a,d).
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Alternative Proof Assume QN/(a,b) is finite. The set is nonempty
by 4.7. Let ¢ = min(Q N (a,bd)). Then a < ¢, so by 4.7 there is a
rational r such that a < r < ¢. Then r belongs to QN (a,b), so ¢ <7,
a contradiction.

4.13 By Exercise 3.7(b), we have (i) and (ii) equivalent. The equivalence
of (ii) and (iii) is obvious from the definition of an open interval.

4.15 Assume a < b+% for all n € N but a > b. Then a — b > 0, and
by the Archimedean property 4.6 we have ng(a — b) > 1 for some
ng € N. Then a > b+ % contrary to our assumption.

5.1 (a) (—00,0); (b) (—00,2); (¢) [0,00); (d) (—V8,V8).

5.3 Hint: The unbounded sets are in (h), (k), (1), (o), (t) and (u).

5.5 Proof Select so € S. Then infS < s5 < supS whether these

symbols represent oo or not.

5.7 Use Exercise 5.4 and the fact —(A + B) = (—A) + (—B).

6.1 (a) If s <t, then clearly s* C t*. Conversely, assume s* C t* but
that s > t. Then t € s* but t ¢ t*, a contradiction.

(b) s =t if and only if both s < ¢t and ¢ < s if and only if both
s* Ct* and t* C s* if and only if s* = t*.

6.3 (a) If r € o and s € 0, then r+s < r, so r +s € a. Hence
a+ 0" C a. Conversely, suppose r € a. Since « has no largest
element, there is a rational ¢t € « such that t < r. Then r —t is
in 0%, so r =t+ (r —t) € a4 0*. This shows oo C o + 0*.

(b) —a={reQ:s¢ « for some rational s < —r}.

6.5 (b) No; it corresponds to v/2.

(c) This is the Dedekind cut corresponding to v/2.

7.1 (a) _7 77 T{)aﬁa?
() 3% 5 50 253

7.3 (a) converges to 1; (c) converges to 0; (e) does not converge; (g)
does not converge; (i) converges to 0; (k) does not converge; (m)
converges to 0 [this sequence is (0,0,0,...)]; (o) converges to 0; (q)
converges to 0 [see Exercise 9.15]; (s) converges to 3.

7.5 (a) Has limit 0 since s, = 1/(vVn2 + 14 n).

(c) V4n? +n—2n=n/(vV4n?+n+2n) and this is close to 57—
for large n. So limit appears to be %; it is.

8.1 (a) Formal Proof Lete > 0.Let N = 1. Then n > N implies

1L =1 ce

(b) Discussion. We want n=/% < e or £ < € or 1/e3 < n. So
for each € > 0, let N = 1/€3. You should write out the formal
proof.
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(c)

(d)

2n—1 2

. . .

Discussion. We want |5i—5 — 5[ < € or |—(3n+2)_3| < € or

3(3Z+2) <eor s <3n+2o0r & — 2 < n Soset N equal
T2

to 9¢ — 3°

Discussion. We want (n + 6)/(n? — 6) < ¢; we assume n > 2
so that absolute values can be dropped. As in Example 3 we
observe n + 6 < Tn and n? — 6 > %n2 provided n > 3. So
it suffices to get Tn/(3n?) < € [for n > 3] or £ < n. So try

N = max{3, 1}

8.3 Discussion. We want /s,, < € or 5, < €2. But s, — 0, so we can get
sp < €2 for large n.
Formal Proof Let e > 0. Since €2 > 0 and lim s,, = 0, there exists
N so that |s, — 0] < €* for n > N. Thus s, < € for n > N, so
V/Sn < € for n > N. That is, |\/s, — 0| < € for n > N. We conclude

lim /s, = 0.

8.5 (a)

(b)

8.7 (a)

(b)

Let € > 0. Our goal is to show s — e < s, < s+ € for large
n. Since lima, = s, there exists N so that |a, — s| < € for
n > Nj. In particular,

n > Ny implies s—e€ < ay,. (1)
Likewise there exists Na so that |b, — s| < e for n > Na, so
n > Ny implies b, < s+e. (2)
Now
n > max{Ny, No} implies s—e<a, < s, <b, <s+e¢

hence |s — s, | < €.

It is easy to show lim(—t,) = 0 if lim¢,, = 0. Now apply (a) to
the inequalities —t,, < s, < ty,.

Assume lim cos(%5") = a. Then there exists N such that n > N
implies |cos(5*) — a| < 1. Consider n > N and n + 3 where
n is a multiple of 6; substituting these values in the inequality

gives |1 —a| < 1 and | — 1 — a| < 1. By the triangle inequality
2=|1-a)—(-1=a)|<|l—a|+|-1—-a|]<1+1=2,

a contradiction.

Assume lim(—1)"n = a. Then there exists N such that n > N
implies [(—1)"n —a| < 1. For an even n > N and for n + 2 this
tells us [n—a| < 1and [n4+2—al < 1.S02 = |n+2—a—(n—a)| <
[n+2 —a| +|n —a| <2, a contradiction.
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8.9

9.1

9.3

9.5
9.7

(c) Note the sequence takes the values :|:32§ for large n. Assume

limsin(**) = a. Then there is N such that

3
n> N implies |sin (%) —a| < %

Substituting suitable n > N, we obtain ‘%g — a‘ < ‘/75 and

=
()

5~ —a| < ‘/75 By the triangle inequality

al +

a contradiction.

(a) Hint: There exists Ny in N such that s, > a for n > Nj.
Assume s = lim s,, and s < a. Let ¢ = a — s and select N > N,
so that |s, — s| < e for n > N. Show s,, < a for n > N; a
picture might help.

(a) lim(™H) =lim(1+ 1) =lim1 +lim< = 1+ 0 = 1. The sec-
ond equality is justified by Theorem 9.3 and the third equality
follows from Theorem 9.7(a).

(b) lim(3n + 7)/(6n — 5) = lm(3 + 7/n)/(6 — 5/n) = Lm(3 +
7/n)/lim(6—>5/n) = (lim 3+7-lim(1/n))/(lim 6—5-lim(1/n)) =
(347-0)/(6—5-0) = £. The second equality is justified by The-
orem 9.6, the third equality follows from Theorems 9.3 and 9.2,
and the fourth equality uses Theorem 9.7(a).

First we use Theorem 9.4 twice to obtain lima? = lim a,, - lim a2

a-lime? = a-lima, -lima, = a-a-a = a3 By Theorems 9.3
and 9.2, we have lim(a3 + 4a,) = lima3 + 4 - lima, = a® + 4a.
Similarly lim(b2 + 1) = lim by, - lim b,, + 1 = b? + 1. Since b* + 1 # 0,
Theorem 9.6 shows lim s, = (a® + 4a)/(b* + 1).

Hint: Let t = limt,, and show t = (# 4+ 2)/2t. Then show t = /2.
It has been shown that s, < /2/(n — 1) for n > 2, and we need to
prove lim s,, = 0.

Discussion. Let ¢ > 0. We want s, < €, so it suffices to get
V2/(n—1)<eor2/(n—1)<eor2e?+1<n.

Formal Proof. Let ¢ > 0 and let N = 2¢2+41. Then n > N implies

sn < /2/(n—1)</2/2c2+1—1)=¢.
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9.9

9.11

9.13

9.15

9.17

10.1
10.3

10.7

10.9

(a) Let M > 0. Since lim s,, = +00 there exists N > Ny such that
sp, > M for n > N. Then clearly ¢, > M for n > N, since
sp < t, for all n. This shows lim¢, = +oo.

(c) Parts (a) and (b) take care of the infinite limits, so assume
(sp) and (t,) converge. Since t, — s, > 0 for all n > Np,
lim (¢, — s,) > 0 by Exercise 8.9(a). Hence lim¢,, —lims,, > 0
by Theorems 9.3 and 9.2.

(a) Discussion. Let M > 0 and let m = inf{t,, : n € N}. We want
Sp + tn, > M for large n, but it suffices to get s, + m > M or
Sp > M — m for large n. So select N so that s, > M — m for
n > N.

(b) Hint: If lim¢,, > —oo, then inf{¢,, : n € N} > —o0. Use part (a).
If |a|] < 1, then lima™ = 0 by Theorem 9.7(b). If @ = 1, then
obviously lima™ = 1.

Suppose a > 1. Then + < 1, so lim(1/a)" = 0 as above. Thus
lim1/a™ = 0. Theorem 9.10 [with s,, = a”] now shows lima" = +0c0.
[This case can also be handled by applying Exercise 9.12.]

Suppose a < —1 and assume lim a™ exists. For even n, a” > 1 and
for odd n, a™ < —1. Clearly lima™ = 400 and lima™ = —oo are
impossible. Assume lim a™ = A for a real number A. There exists NV
such that |a™ — A] < 1 for n > N. For even n this implies A > 0 and
for odd n this implies A < 0, a contradiction.

Apply Exercise 9.12 with s, = a"/n!. Then L = lim |sp41/8n| =
lim nLH =0, so lims, = 0.

Discussion. Let M > 0. We want n2 > M or n > v/ M. So let
N =M.
increasing: (c¢); decreasing: (a), (f); bounded: (a), (b), (d), (f).

The equality in the hint can be verified by induction; compare
Exercise 1.5. Now by (1) in Discussion 10.3 we have

dy dp, 9 9
- K+ —=—4+. .+ —— < K4+ —4+ i+ — < K+1.
Sn +10+ +10n_ +10+ +10n< +
Let t =supS. For eachn € N, ¢t — % is not an upper bound for S,
so there exists s, satisfying ¢ — % < sp < t. Now apply the squeeze

lemma in Exercise 8.5.

(a) 822%,532%,84=ﬁ.

(b) First we prove

0<spr1 <8, <1 forall n>1. (1)
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(c)

10.11 (a)
(b)

11.1 (a)
(b)

11.3 (b)

(c)

(d)
(e)

This is obvious from part (a) for n = 1,2,3. Assume (1) holds
for n. Then s,4+1 < 1, so

n—+1 o2 n—+1
Sn42 = —2 ntl — m8n+1 Sn+1 < Sp41

since ("E)snﬂ < 1. Since s,41 > 0 we also have s, 42 > 0.

Hence 0 < sp42 < $p+1 < 1 and (1) holds by induction.
Assertion (1) shows (s, ) is a bounded monotone sequence, so
(sn) converges by Theorem 10.2.

Let s = lim s,,. Using limit theorems we find s = lims,,+; =
lim 2= lim s2 = 2. Consequently s=1lors=0.Buts=1
is 1mp0551ble since s, < = for n>2.S0s=0.

Show (t,,) is a bounded monotone sequence.

The answer is not obvious! It turns out that lim¢, is a Wallis
product and has value % which is about 0.6366. Observe how
much easier part (a) is than part (b).

1,51,51,5 1,5

Let o(k) = ny = 2k. Then (ay,, ) is the sequence that takes the
single value 5. [There are many other possible choices of o.]
For (sy,), the set S of subsequential limits is {—1, —3, 5,1}. For
(tn), S ={0}. For (u,), S = {0}. For (v,), S ={-1,1}.
limsups, = 1, liminfs, = —1, limsupt, = liminft, =
limt, = 0, limsup u,, = liminf u,, = limu,, = 0, limsup v, =1,
liminf v, = —1.

(t) and (uy) converge.

(sn), (tn), (un) and (v,) are all bounded.

11.5 (a) [0,1]; (b) limsup g, = 1, liminf ¢, = 0.
11.7 Apply Theorem 11.2.

11.9 (a)

(b)

To show [a, b] is closed, we need to consider a limit s of a con-
vergent sequence (s,,) from [a, b] and show s is also in [a, b]. But
this was done in Exercise 8.9.

No! (0,1) is not closed, i.e., (0,1) does not have the property
described in Theorem 11.9. For example, ¢, = % defines a
sequence in (0, 1) such that ¢ = lim¢,, does not belong to (0, 1).

11.11Let t = supS. There are several ways to prove the result. (1)

Provide an inductive definition where s; > max{sy_1,t — ¢} for
all k. (2) Apply Theorem 11.2 directly. (3) Use the sequence (s;)
obtained in Exercise 10.7, and show ¢,, = max{si, ..., s,} defines an
increasing sequence (t,) in S converging to ¢.
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12.1 Let uy = inf{s, : n > N} and wy = inf{t,, : n > N}. Then (un)
and (wy) are increasing sequences and uy < wy for all N > Nj.
By Exercise 9.9(c), liminf s, = limuy < limwy = liminf¢,. The
inequality limsup s, < limsupt, can be shown in a similar way or
one can apply Exercise 11.8.

12.3 (a) 0; (b) 1; (c) 2; (d) 3; (e) 4; (f) 0; (g) 2.

12.5 By Exercise 12.4, limsup(—s,, — t,,) < limsup(—s,,) + limsup(—t,),
so —limsup(—(s, + t)) > —limsup(—s,) + [— limsup(—t,)]. Now
apply Exercise 11.8.

12.7 Let (s,,) be a subsequence of (s,) such that lim; ., s,; = 400. [We
used j here instead of k to avoid confusion with the given k& > 0.]
Then lim; o ks,; = +oo by Exercise 9.10(a). Since (ksy;) is a
subsequence of (ks, ), we conclude limsup(ks,) = +oo.

12.9 (a) Since liminf¢, > 0, there exists Ny such that m = inf{t,, : n >

N1} > 0. Now consider M > 0. Since lim s,, = +00, there exists
Ny such that s, > % for n > Ny. Then n > max{Ny, Na}
implies s, t, > (%)tn > (%)m = M. Hence lim s,t,, = +00.
12.11 Partial Proof Let M = liminf |s,,1/s,| and 8 = liminf|s,,|*/™.
To show M < f3, it suffices to prove M; < 3 for all My < M. Since

s s
liminf |22 | = lim inf{ Zntl :n>N} > My,
Sn N —o00 Sn
there exists N such that
s
inf{ Zntl :n>N} > M;.
Sn

Now imitate the proof in Theorem 12.2; but note that many of the
inequalities will be reversed.

12.13 Proof of sup A = liminfs,. Consider N in N and observe uy
inf{s, : n > N} is a number in A, since {n € N : s, < uy}
{1,2,...,N}.So un < sup A for all N and consequently lim inf s,,

N

limuy < sup A.
Next consider a € A. Let Ny = max{n € N : s, < a} < oco. Then
S$n > a for n > Ny. Thus for N > Ny we have uy = inf{s, :
n > N} > a. It follows that liminf s, = limuy > a. We have just
shown that liminfs, is an upper bound for the set A. Therefore
liminf s, > sup A.

13.1 (a) It is clear that dy and dy satisfy D1 and D2 of Definition 13.1.

If ¢, y,z € R¥, then for each j = 1,2,...,k,

|z — 25| <oy —yil + |y — 2| < di(,y) + di(y, 2),
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so di(x,z) < di(x,y) + di(y, z). So d; satisfies the triangle
inequality and a similar argument works for dg; give it.

(b) For the completeness of di we use Theorem 13.4 and the
inequalities

dy(x,y) < d(z,y) < Vkd(z,y).

In fact, if (x,) is Cauchy for dy, then the second inequality
shows (x,,) is Cauchy for d. Hence by Theorem 13.4, for some
x € R¥ we have limd(zx,,z) = 0. By the first inequality, we
also have lim d; (z,,, ) = 0, i.e., (x,) converges to « in the met-
ric dy. For d3, use the completeness of d; and the inequalities
dl(wvy) < d2($ay) < kdl(wvy)

13.3 (b) No, because d*(x,y) need not be finite. For example, consider
the elements @ = (1,1,1,...) and y = (0,0,0,...).

13.7 Outline of Proof Consider an open set U C R. Let (g,) be an

enumeration of the rationals in U. For each n, let

ap, =inf{la € R: (a,q,] CU}, b, =sup{beR:[q,,b) CU}.
Show (an,b,) C U for each n and U = |J,_, (an, by,). Show
(an,bn) N (am,bm) # <2  implies  (an,bn) = (am,bm).

Now either there will be only finitely many distinct [and disjoint] in-
tervals or else a subsequence {(an, , b, )}72; of {(an, by)} will consist
of disjoint intervals for which (J,~ (an,,bn,) = U.

13.9 (a) {% :n € N}U{0}; (b) R; (c) [-V2,V2].

13.11 Suppose E is compact, hence closed and bounded by Theorem 13.12.
Consider a sequence (x,,) in E. By Theorem 13.5, a subsequence of
() converges to some  in R¥. Since E is closed,  must be in F;
see Proposition 13.9(b).
Suppose every sequence in E has a subsequence converging to a
point in E. By Theorem 13.12, it suffices to show FE is closed and
bounded. If E were unbounded, E would contain a sequence ()
where lim d(2,,0) = 400 and then no subsequence would converge
at all. Thus E is bounded. If E were nonclosed, then by Proposi-
tion 13.9 there would be a convergent sequence (x,) in E such that
x = lima, ¢ E. Since every subsequence would also converge to
x ¢ E, we would have a contradiction.
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13.13 Assume, for example, that sup £ ¢ E. The set F is bounded, so by
Exercise 10.7, there exists a sequence (s,,) in E where lim s,, = sup E.

Now Proposition 13.9(b) shows sup E € E, a contradiction.
13.15 (a) F is bounded because d(x,0) < 1 for all z € F' where 0 =
(0,0,0,...). Toshow Fis closed, consider a convergent sequence
(™) in F. We need to show & = lim :B((”)) is in F'. For each

J =12,..., it is easy to see lim, ,0c z; = = ;. Since each

zgn) belongs to [—1, 1], z; belongs to [—1, 1] by Exercise 8.9. It
follows that € F.
(b) For the last assertion of the hint, observe
™ 2™ in U(x) implies d(z™, z™) < dx™, x) +
d(x,z("™) < 2 while d(x™,2(™) = 2 for m # n. Now show
no finite subfamily of U can cover {z(™ : n € N}.
14.1 (a), (b), (c) Converge; use Ratio Test.
(d) Diverges; use Ratio Test or show nth terms don’t converge to
0 [see Corollary 14.5].
(e) Compare with Y 1/n%
(f) Compare with ) L.
14.3 All but (e) converge.

14.5 (a) We assume the series begin with n = 1. Let s, = Z?Zl a;
and t, = Z?Zl bj. We are given lims, = A and limt, = B.

Hence lim(s, + t,) = A+ B by Theorem 9.3. Clearly s, +
tn = > i—1(a; +b;) is the nth partial sum for 3>(a, + by), so
> (an + by) = lim(s, +t,) = A+ B.

(¢) The conjecture is not even reasonable for series of two terms:
a1b1 + a2b2 7& (a1 + ag)(bl + b2)

14.7 By Corollary 14.5, there exists N such that a,, < 1 for n > N. Since
p>1, a5 =a,ab™" < a, for n > N. Hence Y ° ., a? converges
by the Comparison Test, so > aP, also converges.

14.9 Hint: Let Ng = max{n € N : a,, # by} < oco. If n > m > Ny, then
ZZ:m ak = ZZ:m bk‘

14.11 Assume a,1/a, = r for n > 1. Then ay = ra;, az = r2as, etc.
A simple induction argument shows a, = " 'a; for n > 1. Thus
S an, = > arr™ ! is a geometric series.

14.13 (a) 2 and —2.
(b) Note
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since the intermediate fractions cancel out. Hence lim s,, = 1.
(d) 2.
15.1 (a) Converges by Alternating Series Theorem.
(b) Diverges; note lim(n!/2") = 400 by Exercise 9.12(b).
15.3 Hint: Use integral tests. Note

n 1 logn
lim —————dr = lim — du.
n—e J3 :C(lOg:C)p =0 Jlog 3 up
15.5 There is no smallest py > 1, so there is no single series Y 1/nP° with
which all series > 1/n? [p > 1] can be compared.
15.7 (a) Proof Let ¢ > 0. By the Cauchy criterion, there exists N
such that n > m > N implies | Y ax| < 5. In particular,
n >N implies anq1+ - +a, < %
So n > N implies
€
(n—N)a, <any1+-+a, < 3
If n > 2N, then n < 2(n — N), so na, < 2(n — N)a, < €. This
proves lim(na,) = 0.
16.1 (a) In other words, show

24+7-107 441072 +) "9-1077 =247-1071+5-10% = =
=3 4
The series is a geometric series; see Example 1 of §14.
(b) 2.750
16.3 Let A and B denote the sums of the series. By Exercise 14.5, we have
B—A=> (b, —ayp). Since b, — a, > 0 for all n, and b, — a, >0
for some n, we clearly have B — A > 0.
16.5 (a) .1250 and .1249; (c) .6; (e) .54
16.7 No.
16.9 (a) v —Ynt1 = f:“ t=1dt — n;ﬂ > 0 since nLH <t !foralltin
[n,n+1).

(b) For any n, v, <1 = 1. Also

n 1 k+1 L
n > - — tTdt | >0.
w3 /k

(¢) Apply Theorem 10.2.
17.1 (a) dom(f+g) = dom(fg) = (—00,4], dom(fog) = [—2,2], dom(go
£) = (~o0,4].
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(b) fog(0)=2,90f(0) =4, fog(1) = V3, g0 f(1) =3, fog(2) =0,
go f(2) =2.

(¢) No!

(d) fog(3)is not, but go f(3) is.

17.3 (a) We are given f(z) = cosz and g(z) = 2* [p = 4] are continu-
ous. So g o f is continuous by Theorem 17.5, i.e., the function
go f(x) = cos?
tically 1 is continuous [if you do not find this obvious, check
it]. Hence 1+ cos* z is continuous by Theorem 17.4(i). Finally
log,(1 + cos*x) is continuous by Theorem 17.5 since this is
h o k(x) where k(x) = 1+ cos* z and h(z) = log, .

(b) Since we are given sinx and z? are continuous, Theorem 17.5
6

x is continuous. Obviously the function iden-

x is continuous. Hence
sin?  + cos® z is continuous by Theorem 17.4(i). Since sin? z +
cos®z > 0 for all x and since 2™ is given to be continuous for
x > 0, we use Theorem 17.5 again to conclude [sin? & + cos® 2™
is continuous.

shows sin? z is continuous. Similarly, cos

(e) We are given sinx and cosx are continuous at each 2 € R. So

Theorem 17.4(iii) shows S = tanz is continuous wherever
cosx # 0, i.e., for x # odd multiple of 5.
17.5 (a) Remarks. An e proof can be given based on the identity

™ — ym — (x — y)(xmfl + $m72y I J:ym72 + ymfl).

Or the result can be proved by induction on m, as fol-
lows. It is easy to prove g(z) = x is continuous on R. If
f(x) = 2™ is continuous on R, then so is (fg)(z) = z™*!
by Theorem 17.4(ii).

(b) Just use (a) and Theorems 17.4(i) and 17.3.

17.9 (a) Discussion. Let € > 0. We want |22 —4| < ¢ for [z —2| small, i.e.,
we want |z — 2| |z + 2| < e for |z — 2| small. If |z — 2| < 1, then
|z +2[ < 5, so it suffices to get |z —2[-5 < e. Set 6 = min{1, £}.

(c) For e >0, let 6 = e and observe
JON
zsin| — | — 0| <e.
x

17.111f f is continuous at g and if (x,,) is a monotonic sequence in dom( f)
converging to xg, then we have lim f(x,,) = f(xo) by Definition 17.1.

|x — 0] <6 implies




380

Selected Hints and Answers

Now assume
if (z,,) is monotonic in dom(f) and limx,, = xo,

then lim f(x,) = f(xo), (1)

but f is discontinuous at xg. Then by Definition 17.1, there exists
a sequence (z,) in dom(f) such that limz, = z¢ but (f(z,)) does
not converge to f(xg). Negating Definition 17.1, we see there exists
€ > 0 such that

for each N there is n > N satisfying |f(z,) — f(zo)| > €. (2)
It is easy to use (2) to obtain a subsequence (z,, ) of (z,) such that
If (zn,) — f(xo)] = € forall k. (3)

Now Theorem 11.4 shows (2, ) has a monotonic subsequence (:cnkj ).
By (1) we have limj f(:cnk]) = f(zo), but by (3) we have
|f(xnkj) — f(xg)| > € for all j, a contradiction.

17.13 (a) Hint: Let x € R. Select a sequence (z,) such that limz, =

xr, x, is rational for even n, and x, is irrational for odd n.
Then f(x,) is 1 for even n and 0 for odd n, so (f(x,)) cannot
converge.

17.15 We abbreviate

18.3

18.5

18.7
18.9

(i) f is continuous at xq,

(ii) lim f(x,) = f(xo) for every sequence (z,) in dom(f) \ {zo}
converging to xg.

From Definition 17.1 it is clear that (i) implies (ii). Assume (ii)
holds but (i) fails. As in the solution to Exercise 17.11, there is a
sequence (x,) in dom(f) and an ¢ > 0 such that limz, = xo and
|f(xn) — f(z0)] > € for all n. Obviously z,, # zo for all n, i.e., (z,)
is in dom(f) \ {zo}. The existence of this sequence contradicts (ii).
This exercise was deliberately poorly stated, as if f must have a
maximum and minimum on [0,5); see the comments following The-
orem 18.1. The minimum of f on [0,5) is 1 = f(0) = f(3), but f has
no mazimum on [0,5) though sup{f(x):z € [0,5)} = 21.

(a) Let h = f—g. Then h is continuous [why?] and h(b) < 0 < h(a).

Now apply Theorem 18.2.

(b) Use the function g defined by g(x) = « for = € [0, 1].

Hint: Let f(x) = xe®; f is continuous, f(0) =0 and f(1) =e.

Let f(x) = ag + a1z + -+ + ana™ where a,, # 0 and n is odd. We
may suppose a, = 1; otherwise we would work with (1/a,)f. Since
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19.1

f is continuous, Theorem 18.2 shows it suffices to show f(z) < 0
for some x and f(z) > 0 for some other z. This is true because
lim, o0 f(z) = 400 and lim,,_ f(x) = —co [remember a,, = 1],
but we can avoid these limit notions as follows. Observe

ap +a1w + -+ ap_1a" !
flo) =a" |14+ === : : (1)

:En

Let ¢ =1+ |ag| + |a1| + -+ + |an—1]. If |2| > ¢, then
lao +arz+---+ap12" ] < (Jaol +lar|+- - Flap—a )|z < |z,

so the number in brackets in (1) is positive. Now if = > ¢, then
2™ > 0, so f(z) > 0. And if # < —¢, then 2™ < 0 [why?], so
f(z) <0.

Hints: To decide (a) and (b), use Theorem 19.2. Parts (c), (e), (f)
and (g) can be settled using Theorem 19.5. Theorem 19.4 can also be
used to decide (e) and (f); compare Example 6. One needs to resort
to the definition to handle (d).

19.3 (a) Discussion. Let ¢ > 0. We want

X y <
- — €
r+1 y+1

L=y
T <

for |z — y| small, z, y € [0,2]. Since z +1 >1landy+1>1
for z, y € [0,2], it suffices to get |z — y| < €. So we let § = e.
Formal Proof Let ¢ > 0 and let 6 = €. Then z, y € [0, 2] and
|z —y| < § = e imply

r—y

|f(z) = f(y)| = CESOES))

‘§|:c—y|<e.

(b) Discussion. Let ¢ > 0. We want |g(z) —g(y)| = |T12%| <
efor |z—y|small,z > 1,y > 1.Forz,y > 1, we have 22 —1 > 1
and 2y — 1 > 1, so it suffices to get |5y —5x| < e. Solet § = £

You should write out the formal proof.

19.5 (a) tanwz is uniformly continuous on [0, 7] by Theorem 19.2.

(b) tanz is not uniformly continuous on [0, §) by Exercise 19.4(a),
since the function is not bounded on that set.

(c) Let h be as in Example 9. Then (sinz)h(z) is a continuous
extension of (1)sin®« on (0, 7]. Apply Theorem 19.5.

(e) -1 is not uniformly continuous on (3,4) by Exercise 19.4(a),

so it is not uniformly continuous on (3, c0) either.
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19.7

19.9

(f) Remark. Tt is easy to give an e proof that %73 is uniformly
continuous on (4,00). It is even easier to apply Theorem 19.6.
(a) We are given f is uniformly continuous on [k,00), and f is
uniformly continuous on [0, & + 1] by Theorem 19.2. Let € > 0.

There exist d; and do so that

|z —y| <61, x,y € [k,00) imply |f(z)— f(y)| <e,

|z —y| < d2, z,y € [0,k+1] imply |[f(x)— f(y)|<e

Let § = min{1,d1, 62} and show

|z —y| <90, x,y €[0,00) imply |f(x)— f(y)l <e

(c) This is tricky, but it turns out that f is uniformly contin-
uous on R. A simple modification of Exercise 19.7(a) shows
it suffices to show f is uniformly continuous on [1,00) and
(—o00,—1]. This can be done using Theorem 19.6. Note we
cannot apply Theorem 19.6 on R because f is not differentiable
at = 0; also f’ is not bounded near z = 0.

19.11 As in the solution to Exercise 19.9(c), it suffices to show h is

20.1

20.3

20.5

20.7

20.9

uniformly continuous on [1, c0) and (—oo, —1]. Apply Theorem 19.6.

limg oo f(z) = lim, o+ f(2) = 15 lim, 4o~ f(z) = lims o
f(z) = —=1; lim; 0 f(z) does NOT EXIST.
lim, oo f(2) = limgy_o f(z) = 0; lim,_o+ f(z) = lim,_,o-

f(z) =limg_o f(z) = 1.

Let S = (0,00). Then f(x) =1 for all x € S. So for any sequence
(xn) in S we have lim f(x,) = 1. It follows that lim,_,os f(z) =
lim, s f(z) = 1, i.e., imy,_,g+ f(2) = lim,— o f(z) = 1. Like-
wise if S = (—00,0), then lim,_,gs f(x) = lim,_,_s f(z) = —1,
so lim,_,g- f(z) = lim,,_ f(z) = —1. Theorem 20.10 shows
lim, o f(z) does not exist.

If (x,) is a sequence in (0,00) and limx, = +oo, then lim(1/zy)
= 0. Since (sinz,) is a bounded sequence, we conclude lim(sin x,,)/

xn, = 0 by Exercise 8.4. Hence lim,_,o f(z) = 0. Similarly
lim, o f(z) = 0. The remaining assertion is lim,_,o Si’;z =1
which is discussed in Example 9 of §19.

hmz—)oc f(l') = —00; hHlm—)O+ f((E) = +OO7 Hmm—>0* f(LL') = —O

lim, o f(z) = 4005 lim, o f(x) does NOT EXIST.

20.11 (a) 2a; (c) 3a®.
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20.13 First note that if lim,_,,s f(x) exists and is finite and if k¥ € R, then
lim, ,,s(kf)(x) = k-lim,_,,s f(z). This is Theorem 20.4(ii) where
f1 is the constant k£ and fo = f.
(a) The remark above and Theorem 20.4 show

lim [3(2) +g(2)?] = 3 lim /() + [lim g(2)]* = 33427 =13,

(c) As in (a), lim,—4[3f(x) + 8¢g(x)] = 25. There exists an open
interval J containing a such that f(z) > 0 and g(z) > 0 for z €
J\{a}. Theorem 20.5 applies with S = J\{a}, 3f+8¢ in place
of f and with g(z) = x to give lim, 4 \/3f(z) + 8¢g(z) =
V25 = 5.

20.15 Let (z,,) be a sequence in (—oo,2) such that limz, = —oco. We
contend

lim(x, —2)7% = 0. (1)

We apply Exercises 9.10 and 9.11 and Theorems 9.9 and 9.10 to
conclude lim(—x,) = +oo, im(2 — z,,) = 400, lim(2 — x,,)3 = +o0,
lim(2 — z,,) = = 0, and hence (1) holds.

Now consider a sequence (z,) in (2,00) such that limz, = 2. We
show

lim(z, —2)™% = +oo0. (2)

0 and each x, — 2 > 0, Theorem 9.10 shows

Since lim(z, — 2) =
—2)7! = 400 and (2) follows by an application of

we have lim(z,,
Theorem 9.9.

20.17 Suppose first that L is finite. We use (1) in Corollary 20.8. Let €>0.
There exist §; > 0 and d3 > 0 such that

a<xz<a+d; implies L—e< fi(z)<L+e
and

a<z<a+d; implies L—e< f3(z)<L+e.
If 6 = min{d1, d3}, then

a<xz<a+d implies L—e< falx)<L+e

So by Corollary 20.8 we have lim,_, .+ f2(z) = L.
Suppose L = +oo. Let M > 0. In view of Discussion 20.9, there
exists § > 0 such that

a<z<a+d implies fi(z)> M.
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Then clearly
a<xz<a+d implies fo(z)> M,

and this shows lim,_,,+ f2(x) = +00. The case L = —oc is similar.

20.19 Suppose Ly = lim,_,,s f(x) exists with S = (a, bs). Consider a se-

21.1

21.3

21.5

21.7

21.9

quence (z,,) in (a, by) with limit a. Then (z,,) is a sequence in (a, ba)
with limit a, so lim f(x,) = L. This shows lim,_,,s f(x) = Ly with
S = (a, bl)

Suppose Ly = lim,_,,s f(x) exists with S = (a,b;1), and consider a
sequence (z,,) in (a,be) with limit a. There exists N so that n > N
implies z,, < b1. Then (x,)9° 5 is a sequence in (a, by) with limit a.
Hence lim f(x,) = L; whether we begin the sequence at n = N or
n = 1. This shows lim,_,,s f(z) = L; with S = (a, bs).

Let € > 0. For j =1,2,...,k, there exist §; > 0 such that

. €
s,t e R and [s—t] <d; imply |f;(s)— fi(t)] < 7
Let 6 = min{d1,d2,...,dx}. Then by (1) in the proof of Propo-
sition 21.2,

z,t €ER and |s—t|<d imply d*(y(s),7(t)) <e.
Hint: Show |d(s, so) — d(t, so)| < d(s,t). Hence if € > 0, then
s,t €S and d(s,t) <e imply |f(s)— f(t)]<e.

(b) By part (a), there is an unbounded continuous real-valued func-
tion f on E. Show h = 1‘+fllf‘ is continuous, bounded and does
not assume its supremum 1 on F.

(b) ~ is continuous at ty if for each ¢y € [a, b] and € > 0 there exists

6 > 0 such that

t€la,b] and [t—to| <d imply d*(v(t),7(to)) <e.

Note: If ~ is continuous at each ty € [a, ], then ~ is uniformly
continuous on [a, b] by Theorem 21 4.

(a) Use f(x1,22) = a1, say.

(b) This is definitely not obvious, but there do exist continuous
mappings of [0, 1] onto the unit square. Such functions must be
“wild” and are called Peano curves [after the same Peano with
the axioms]; see [16, §5.5] or [55, §6.3].
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21.11 If Q@ were equal to N2 ,U,,, where each U, is open, then NS ; N

Nreg(R \ {r}) would be an intersection of a sequence of open sets
that is equal to the empty set, contrary to Theorem 21.7(a).

21.13 Suppose wy(x) = 0. Given € > 0, there is § > 0 so that

22,1

22.3

22.5

22.9

sup{[f(y) = f(2)] 19,2 € (x =4,z +0)} <e.

Then |f(z) — f(y)] < eforall y € (x — 0,z +9), Le., |t —y| < ¢
implies |f(x) — f(y)] < €. So f is continuous at x. The proof that
continuity of f at z implies wy(z) = 0 is similar.

(a) [0,1] is connected but [0,1] U [2,3] is not. See Theorem 22.2.
Alternatively, apply the Intermediate Value Theorem 18.2.

Assume F is connected but E~ is not. Then there exist open sets

Uy and U, that separate E~ as in Definition 22.1(a). Show that U;

and Us separate E, which is a contradiction. Since E satisfies (1) in

Definition 22.1(a), it suffices to show ENU; # @ and ENUs # @.

In fact, if ENU; = &, then E~ N (S \ Uy) would be a closed set

containing F, and it is smaller than E~ since E~ NU; # @. This

contradicts the definition of £~ in Definition 13.8, so ENU; # .

Likewise ENU; # @.

(a) Assume open sets U; and U, separate £ U F as in Defini-
tion 22.1(a). Consider x € E N F; x belongs to one of the
open sets, say x € U;. Select y in (E'U F) N Us,. Then y is in
Eor F,sayy € E. Since x € ENU; and y € E N Us, these
sets are nonempty. Thus U; and U, separate E, and E is not
connected, a contradiction.

(b) No such example exists in R [why?], but many exist in the
plane.

Discussion. Given € > 0, we need § > 0 so that

s,t€R and [s—t]<d imply d(F(s), F(t)) <e (1)
Now

d(F(s), F(£)) = supf[sf(z) + (1 - s)g(z) — tf(z) — (1 - )g(a)| : x € 5}
— sup{[sf(x) — tf(x) — sg(x) + tg(a)| : € 5}
< s — t] -sup{|f(@)] + lg(a)| : 2 € ).

Since f and g are fixed, the last supremum is a constant M. We may

assume M > 0, in which case § = 57 will make (1) hold.
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22.11 (a) Let (f,) be a convergent sequence in €. By Proposition 13.9(b),
it suffices to show f =lim f, is in &. For each x € S,

[f(@)] < |f(2) = fa(@)] + [fn(@)] < d(f, fn) + 1.

Since lim d(f, f,) = 0, we have |f(z)| < 1.
(b) It suffices to show C(S) is path-connected. So use
Exercise 22.9.
23.1 Intervals of convergence: (a) (—1,1); (c) [-3, 3); (¢) R; (8) [-3.3)-
23.3 (—V/2, V/2).
23.5 (a) Since |a,| > 1 for infinitely many n, we have sup{|a,|'/" :
n > N} > 1 for all N. Thus 8 = limsup |a,|'/™ > 1; hence
R=4 <L
(b) Select ¢ so that 0 < ¢ < limsup |a,|. Then sup{|a,| : n >
N} > ¢ for all N. A subsequence (ay,) of (a,) has the
property that |a,, | > ¢ for all k. Since |a,, |"/™ > (¢)*/™ and
limy, 5o /™ = 1 [by Theorem 9.7(d)], Theorem 12.1 shows
limsup |a,, |*/™ > 1. It follows that 8 = limsup |a,|'/™ > 1
[use Theorem 11.8]. Hence R = % <1
23.9 (a) Obviously lim f,(0) = 0. Consider 0 < & < 1 and let s, =
nz™. Then spi1/sn = (“h)z, so lim|spq1/sn] = 2 < 1.
Exercise 9.12(a) shows 0 = lim s, = limnz™ = lim f,(x).
24.1 Discussion. Let € > 0. We want |f,(z) — 0| < e for all 2 and for

large n. It suffices to arrange for \/iﬁ < € for large n. So consider

n>9/e?=N.
24.3 (a) f(z) =1for 0 <z < 1; f(1) = 3; f(z) =0 for z > 1. See
Exercise 9.13.
(b) (fn) does not converge uniformly on [0, 1] by Theorem 24.3.
24.5 (a) f(z) =0 for x < 1 and f(x) = 1 for z > 1. Note f,(z) =
1/(14+n/2™) and lim,_,oc n/z™ = 0 for x > 1 by Exercise 9.12
or 9.14.
(b) fn — 0 uniformly on [0,1]. Hint: Show |f,(z)] < + for x €
[0,1].
(c) Hint: Use Theorem 24.3.
24.7 (a) Yes. f(z) =z for x < 1 and f(1) =0.
(b) No, by Theorem 24.3 again.
24.9 (a) f(z) = 0 for z € [0,1]. For x < 1, lim,, ;oo na™ = 0 as in
Exercise 23.9(a).
(b) Use calculus to show f, takes its maximum at —f5. Thus

+1
sup{|fn(z)| : z € [0,1]} = fu(347) = (nLH)"H. As in Exam-
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ple 8, it turns out lim f,(;;57) = 1/e. So Remark 24.4 shows

(fn) does not converge uniformly to 0.
1 n 1
(©) fo fol@)dr = sy = 0= [, f(z)dx
24.15 (a) f(0) =0 and f(z) =1 for 2 > 0. (b) No. (c) Yes.
24.17 Hint: Use | fn(zn) — f(2)] < [fu(2n) = f(2n)| + [f (2n) = f(2)]-
25.3 (a) Since f,,(z) = (14 (cosz)/n)/(2+ (sin® z)/n), we have f,, — 3
pointwise. To obtain uniform convergence, show

3
~ 2(2n)

<e€

1 2cosx — sin?
fn(x) — 5= )
2(2n + sin” x)

2

for all real numbers x and all n > %.

(b) f27 2 dx = 5, by Theorem 25.2.

25.5 Since f, — f uniformly on S, there exists N € N such that n > N
implies |fn(z) — f(x)] < 1 for all x € S. In particular, we have
|fns1(z) — f(x)] < 1for x € S. If M bounds |fy41] on S [i.e., if
[fns1(z)] < M f or x € S], then M + 1 bounds |f| on S [why?].

25.7 Let gn(x) = n=2cosnz. Then we have |g,(z)] < n~2 for € R and
S n2 < 00. So Y g, converges uniformly on R by the Weierstrass
M-Test 25.7. The limit function is continuous by Theorem 25.5.

25.9 (a) The series converges pointwise to 1 on (—1,1) by (2) of Ex-

ample 1 in §14. The series converges uniformly on [—a, a] by the
Weierstrass M-Test since |z"| < a™ for x € [—a,a] and since
da < .

(b) Omne can show directly that the sequence of partial sums
sn(z) =Y p_ooF = (1 —2""1)/(1 — z) does not converge uni-
formly on (—1,1). It is easier to observe the partial sums s,, are
each bounded on (—1, 1), and hence if (s,) converges uniformly,
then the limit function is bounded by
is not bounded on (—1,1).

25.11 (b) Hint: Apply the Weierstrass M-Test to > h,,, where h,(z) =

()" gn(2)-

25.13 The series > g and > hy are uniformly Cauchy on S and it suffices
to show Y (gr + hi) is also; see Theorem 25.6. Let € > 0. There exist
N7 and N3 such that

n

> gr(x)

k=m

n>m > N; implies

<§ for ze8, (1)

n

Z hk(ac)

k=m

n>m > Ny implies < for zeS. (2

DN
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Then

n > m > max{N1, N2} implies

n

> gk + hi)(2)

k=m

<e for z€b.

25.15 (a) Note f,(x) > 0 for all z and n. Assume (f,,) does not converge

(b)

26.3 (a)

(b)

to 0 uniformly on [a, b]. Then there exists € > 0 such that

for each N there exists n > N and z € [a, b]
such that f,,(z) >e.

(1)
We claim
for each n € N there is z,, € [a,b] where f,(z,) >€e.  (2)

If not, there is ng € N such that f,,(x) < € for all x € [a,b].
Since (fn(z)) is decreasing for each x, we conclude fy(z) < €
for all « € [a,b] and n > ng. This clearly contradicts (1). We
have now established the hint.

Now by the Bolzano-Weierstrass theorem, the sequence (z;,)
given by (2) has a convergent subsequence (x,,): Zn, — To.
Since lim f,(x9) = 0, there exists m such that f,,(x0) <e.
Since z,, — zo and f, is continuous at xzp, we have
limg oo frn(2n,) = fm(zo) < €. So there exists K such that

k> K implies fi,(x,,) <e.
If £k > max{K,m}, then ny >k > m, so

fnk(xnk> < fm(xnk) < €.

But f,(x,) > € for all n, so we have a contradiction.

Hint: Show part (a) applies to the sequence g, where g, =
f=Jn

Let f(z) = Y02 na™ = z/(1 — x)? for |z| < 1. Then by
Theorem 26.5

therefore > 7 n?z" = (z + 2?)(1 — z) 3.
6 and %

26.5 Hint: Apply Theorem 26.5.
26.7 No! The power series would be differentiable at each x € R, but
f(z) = |z| is not differentiable at x = 0.
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27.1 Let ¢ be as in the hint. By Theorem 27.4, there is a sequence (gy,)
of polynomials such that ¢, — f o ¢ uniformly on [0, 1]. Note ¢ is
one-to-one and ¢~ (y) = 4==. Let p,, = gn 0 ¢~ . Then each p, is a
polynomial and p,, — f uniformly on [a, b].

27.3 (a) Assume a polynomial p satisfies |p(x) —sinz| < 1 for all z € R.

Clearly p cannot be a constant function. But if p is nonconstant,
then p is unbounded on R and the same is true for p(x) —sin x,
a contradiction.

(b) Assume |e* — ZZ;& apz®| < 1 for all z € R. For z > 0 we have

n—1 1 n—1
e’ — E apzk > —a" = E lag|z"
n!
k=0 k=0

and for large = the right side will exceed 1.
27.5 (a) B,f(z) ==z for all n. Use (2) in Lemma 27.2.
(b) Bnf(z) =2*+ L2(1 — ). Use (4) in Lemma 27.2.
28.1 (a) {0}; (b) {0}: (¢) {nm < n € Z}; (d) {0,1}; (e) {—1,1}; ()
{2}.
28.3 (b) Since x —a = (/3 — a'/3)(x?/3 4 a3 /3 4 a?/3),

/ : 2/3 , 1/3.1/3 | 2/3\-1 2/3v-1 _ L o3

f(a):;ﬂ(z/ + a3t 4 6?37 = (34%/?) =3 /
for a # 0.

(c) f is not differentiable at = = 0 since the limit lim, ,oz/3/2
does not exist as a real number. The limit does exist and equals
+00, which reflects the geometric fact that the graph of f has
a vertical tangent at (0,0).

28.5 (c) Let

g9(f(x)) — 9(f(0))
fl@)—f0) -

According to Definition 20.3(a), for lim,_,o h(z) to be mean-
ingful, h needs to be defined on J \ {0} for some open interval
J containing 0. But the calculation in (b) shows h is undefined
at (7n)~! for n = £1,42,....

28.7 (d) f’is continuous on R, but f’ is not differentiable at x = 0.

28.9 (b) f(z)=z*+ 13z and g(y) = y”. Then

P'(z) =g (f(zx)) - f'(z) = T(z* +132)° - (423 + 13).

28.11 With the stated hypotheses, h o g o f is differentiable at a and (h o
go f)(a) =h'(go f(a))-g'(f(a))- f'(a). Proof By 284, go fis

h(z) =
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differentiable at a and (g o f) (a) = ¢'(f(a)) - f'(a). Again by 28.4,

(ho(gof))(a)="n((gof)a)) (gof)(a).
28.13 There exist positive numbers d; and € so that f is defined on the
interval (a — d1,a 4 61) and g is defined on (f(a) — ¢, f(a) + €). By
Theorem 17.2, there exists do > 0 so that

x €dom(f) and |z —a| <dy imply |[f(z)— f(a)] <e.

If |z — a| < min{éi, d2}, then « € dom(f) and |f(z) — f(a)| <, so
f(z) € dom(g), i.e., x € dom(go f).
29.1 (a) z =3
(c) If f(x) = |z|, then f'(x) = £1 except at 0. So no x satisfies the
equation f/(z) = %1_)—12 = % Missing hypothesis: f is not
differentiable on (—1,2), since f is not differentiable at = = 0.

(e) z=+3

29.3 (a) Apply Mean Value Theorem to [0, 2].

(b) By the Mean Value Theorem, f’(y) = 0 for some y € (1,2).
In view of this and part (a), Theorem 29.8 shows f’ takes all
values between 0 and %

29.5 For any a € R we have |W| < |z—al. It follows easily that f/(a)
exists and equals 0 for all @ € R. So f is constant by Corollary 29.4.

29.7 (a) Applying 29.4 to f', we find f’(x) = a for some constant a. If

g(x) = f(x) — az, then ¢'(x) = 0 for x € I, so by 29.4 there is
a constant b such that g(z) =b for z € I.

29.9 Hint: Let f(x) = e® — ex for x € R. Use f’ to show f is increasing
on [1,00) and decreasing on (—oo, 1]. Hence f takes its minimum at
=1

29.13 Let h(x) = g(z) — f(z) and show h(z) > 0 for = > 0.

29.15 As in Example 2, let g(x) = 2/™. Since dom(g) = [0, c0) if n is even
and dom(g) = R if n is odd, we have dom(g) = dom(h) U {0}. Also
h = g™. Use the Chain Rule to calculate h'(z).

29.17 Suppose f(a) = g(a). Then

. W) —ha) _ . @) — W) _
Jm = 9@ and lim o = fa). (1)
If also f’(a) = ¢'(a), then Theorem 20.10 shows h/(a) exists and, in
fact, h'(a) = f'(a) = ¢'(a).
Now suppose h is differentiable at a. Then h is continuous at a and
so f(a) = limy,_,,— f(z) = lim,_,,— h(z) = h(a) = g(a). Hence (1)
holds. But the limits in (1) both equal 4/(a), so f'(a) = ¢'(a).
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30.1 (a) 2; (b) 3; (c) 0; (d) 1. Sometimes L’Hospital’s rule can be
avoided. For example, for (d) note that

\/l—i—x—\/l—x_ 2

T Vitz+V/1-z
30.3 (a) 0; (b) 1; (c) +oo (d) —3.
30.5 (a) % (b) €% (c) e.
31.1 Differentiate the power series for sinz term-by-term and cite
Theorem 26.5.
31.3 The derivatives do not have a common bound on any interval
containing 1.
31.5 (a) g(x) = f(2?) for z € R where f is as in Example 3. Use in-
duction to prove there exist polynomials px,, 1 < k < n, so
that

g™ (z) = Zf(k) () prn(z) for ze€R,n>1.
k=1

31.9 Use z, = xp_1 — %’;&51) To six places, the answer is
0.739085. As always, use radians.

31.11 For some C > 0, we have | f'(x)| < C for « in (a,b). Then | f(z,-1)] <
|€n — Xp—1| - C for all n. Let n — oo.

32.1 Use the partition P in Example 1 to calculate U(f, P) = b*n?(n +
1)2/(4n*) and L(f, P) = b*(n — 1)?n?/(4n*). Conclude U(f) = b*/4
and L(f) = b*/4.

32.3 (a) The upper sums are the same as in Example 1, so U(g) = b/3.

Show L(g) = 0.
(b) No.

32.5 S is all the numbers L(f, P), and T is all U(f, P).

32.7 Assume f(x) =0 for all x € [a, b]. A simple induction shows we may
assume g(z) = 0 except at one point u € [a, b]. Clearly all lower sums
L(g,P) =0, so L(g) = 0. Since u belongs to at most two intervals
of any partition P, we have

U(g, P) < 2|g(u)| In]fm[t;C — tr—1].

Infer U(g) = 0; hence f:g =0= f: f.

33.1 If f is decreasing on [a,b], then —f is increasing on [a,b], so —f is
integrable as proved in Theorem 33.1. Now apply Theorem 33.3 with
c=—1.

33.3 (b) 44+ 6B
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33.7 (a) For any set S C [a,b] and xo, yo € S, we have

F@0)® = f(y0)* < |f(wo) + f(yo)| - |F (o) = f(yo)l
< 2B|f(z0) — f(yo)| < 2B[M(f,8) —m(f,5)].

It follows that M(f2%,S) —m(f?,S) < 2B[M(f,S) —m(f,9)].
Use this to show U(f?, P) — L(f?,P) < 2B[U(f,P) — L(f, P)].
(b) Use Theorem 32.5 and part (a).
33.9 Select m € N so that |f(x) — fi(z)| < 30=ay forall z € [a,b]. Then
for any partition P

_g < L(f = fm: P) SU(f = fm, P) <

Select a partition Py so that U(fm, Po) — L(fm, Po) < §. Since f =
(f = fm)+ fm, we can use inequalities from the proof of Theorem 33.3
to conclude U(f, Py) — L(f, Py) < e. Now Theorem 32.5 shows f
is integrable. To complete the exercise, proceed as in the proof of
Theorem 25.2.

33.11 (a) and (b): Show f is neither continuous nor monotonic on any

NN g}

interval containing 0.
(c) Let € > 0. Since f is piecewise continuous on [, 1], there is a
partition Py of [£,1] such that U(f, P1) — L(f, P1) < §. Like-
wise there is a partition P, of [~1,—&] such that U(f, P2) —
L(f,P;) < §. Let P = Py U P», a partition of [~1,1]. Since

€ € € € € € €
pr(rl55l) -mlr 555 =5
we conclude U(f, P) — L(f, P) < e. Now Theorem 32.5 shows
f is integrable.
33.13 Apply Theorem 33.9 to f — g.
34.3 (a) F(z)=0forz <0; F(z)=22/2for 0 <2 <1; F(z) =42 — %
for x > 1.
(c) F is differentiable except possibly at 2 = 1 by Theorem 34.3.
To show F' is not differentiable at x = 1, use Exercise 29.17.
34.5 F'(z) = f(x+1) — f(x — 1).
34.9 Use a =0, b= § and g(z) = sinz.
35.3 (a) 21; (b) 14; (c) 0.
35.5 (a) Everyupper sum is F'(b)—F(a) and every lower sum is 0. Hence
Ur(f) = F(b) = F(a) # 0 = Lr(f).
35.7 (a) Imitate solution to Exercise 33.7.
(b) and (c): Use hints in Exercise 33.8.
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35.9 (a) Let m and M be the [assumed] minimum and maximum of f
on [a,b]. Then ['mdF < [’ fdF < [*MdF or m < [F(b) —

F(a)]™t f:de < M. Apply Theorem 18.2.
(b) Consider f and g as in Exercise 33.14, and let F' be as in
Exercise 35.8. By part (a), for some « € [a,b] we have

[ sw@a= [ gar = s@ee - r@l = 1@ [ o0
35.11 Let € > 0 and select a partition
P={a=ty<t; <---<t,=0>}
satisfying Up(f, P) — Lr(f, P) < €. Let up, = ¢~ (t) and
Q={c=u<u < <wu,=d}.

Show Ug(9,Q) = Up(f,P) and Lg(9,Q) = Lp(f,P). Then
Ua(g,Q) — La(g,Q) < ¢, so g is G-integrable. The equality of the
integrals follows easily.

36.1 Hint: If B bounds |f], then

/adf(:p)d:c/abf(z)d:c

36.3 (b) Use part (a) and Examples 1 and 2.
36.7 (a) It suffices to show floo e~ dr < co. But e~ * <e%forx>1

o0 —
and [ e Idac:%.

< B(b—d).

(b) The double integral equals | ffooo e~ dz)?, and it also equals

o) 27 [e%s)
/ / e " rdfdr = 27T/ e rdr =T.
o Jo 0

36.9 (a) Hint: Use Theorem 35.13.
(b) 1; (¢) +o0; (d) \/2/m; (e) 0.

36.13 Claim: If f is continuous on R and ffooo |f|dF < oo, then f is F-
integrable. Proof Since 0 < f + |f|, the integral ffooo [f + |fl]dF
exists, and since f + |f| < 2|f], this integral is finite, i.e., f + |f]
is F-integrable. Since —|f| is F-integrable, Exercise 36.10 shows the
sum of f + |f| and —|f] is F-integrable.

36.15 (a) For example, let f,(z) = L for z € [0,n] and fu(z) = 0

elsewhere.

(b) Outline of Proof First, f is F-integrable on each [a,b] by
Exercise 35.6. An elaboration of Exercise 25.5 shows there is
a common bound B for |f| and all |f,|. Consider any b > 0
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such that 1 — F'(b) < 5%. There exists a number N so that
|y fdF — [} fndF| < & for n > N. Then

/Obde/OocfndF

In particular, m,n > N implies | [~ fn dF — [[° fm dF| < 2¢,
so ( fooo fndF)nen is a Cauchy sequence with a finite limit L.

From (1) it follows that
b
/ fdF — L
0

so limp_yeo fobde = L. Hence fooode exists, is finite,
and equals lim, .~ fooc fndF. A similar argument handles

I°_fdF.
vz ] v ve ]
[ g [ qa= [ g
Lt Lt , t

37.1 Hint:
37.7 (a) B(x) = E(xL(b)), so by the Chain Rule, we have B'(z) =
E(xzL(b)) - L(b) = L(b)b” = (log, b)b™.
37.9 (a) log,y=L(y)= [/ tdt<y-1<y.
38.3 Apply the Fundamental Theorem of Calculus 34.3 to a continuous
nowhere-differentiable function f.

n > N implies <e. (1)

1-F(b) < - implies

<
2B =6

A Guide to the References

There are many books with goals similar to ours, including: Bran-
nan [12], Clark [16], and Pedrick [51]. Zorn [73] is a gentle, well
written introduction with a strong first chapter on “numbers, sets
and proofs.” Lay [41] also starts with sections on logic and proofs,
and provides good answers. Abbott [1] appears to be a fine book,
though lots of the text is left to the exercises. Bauldry [3] is a nice
book designed for a last course in real analysis for those intending
to go into teaching. Morgan [47] gives a concise introduction to the
key concepts.

Beardon [6] gives a coherent treatment of limits by defining the
notion just once, in terms of directed sets. Bressoud [13] is a wonder-



Selected Hints and Answers 395

ful book that introduces analysis through its history. Gardiner [23]
is a more challenging book, though the subject is at the same level;
there is a lot about numbers and there is a chapter on geometry.
Hijab [32] is another interesting, idiosyncratic and challenging book.
Note many of these books do not provide answers to some of the
exercises, though [32] provides answers to all of the exercises.

Rotman [61] is a very nice book that serves as an intermediate
course between the standard calculus sequence and the first course in
both abstract algebra and real analysis. I always shared Rotman’s
doubts about inflicting logic on undergraduates, until I saw Wolf’s
wonderful book [70] that introduces logic as a mathematical tool in
an interesting way.

More encyclopedic real analysis books that are presented at the
same level with great detail and numerous examples are: Lewin and
Lewin [43], Mattuck [46] and Reed [56]. I find Mattuck’s book [46]
very thoughtfully written; he shares many of his insights (acquired
over many years) with the reader.

There are several superb texts at a more sophisticated level:
Beals [4], Bear [5], Hoffman [33], Johnsonbaugh and Pfaffen-
berger [34], Protter and Morrey [53], Rudin [62] and Stromberg [65].
Any of these books can be used to obtain a really thorough
understanding of analysis and to prepare for various advanced
graduate-level topics in analysis. The possible directions for study
after this are too numerous to enumerate here. However, a reader
who has no specific needs or goals but who would like an introduc-
tion to several important ideas in several branches of mathematics
would enjoy and profit from Garding [24].
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Symbols Index

[positive integers], 1
[rational numbers], 6
[real numbers], 14
[all integers], 6

NZBO Z

B, f [Bernstein polynomial], 218

C(S), 184

C*((a, B)), 352

d [a metric], 84

dist(a, b), 17

dom(f) [domain], 123

F-mesh(P), 320

JF(f,P),UF(f,P),LF(f,P), 300

Jy [jump function at w], 301

lim,_,,s f(z), 153

limgq f(:E), lim, 4+ f(:E),
lim, o f(2), etc., 154

lims,, s, — s, 35,51

limsup sy, liminf s,,, 60,78

M(f,S),m(f,S), 270

max S, min .S, 20

max(f, g), min(f,g), 128
mesh(P), 275

n! [factorial], 6

(}) [binomial coefficients], 6
R, (z) [remainder], 250
sgn(z) [signum function], 132
sup S,inf S, 22,29

U(f), L(f), 270
U(f, P), L(f, P), 270
Ur(f), Lr(f), 301

E°, 87

E-, 88,171

f! [derivative of f], 224

f [extension of f], 146
1 [inverse function], 137
f+a.f9.f/g9,fog, 128
F(t™), F(t1), 299

fn — f pointwise, 193

fn — f uniformly, 194
F18 5 8%, 164

Sp —> S, 35

(Sn, ) [subsequence], 66
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> ap [summation], 95 [a,b], (a,b), [a,b), (a,b], 20
12 f= [ f(x)de, 270, 331 [a,00), (a, 20), (=00, ], etc., 28
[P fdF = [* f(x) dF(z), 301 +00, —00, 28

[ far, 334 & [empty set], 366



Index

Abel’s theorem, 212

absolute value, 17

absolutely convergent series, 96
algebraic number, 8
alternating series theorem, 108
Archimedean property, 25
associative laws, 14

Baire Category Theorem, 172,173
basic examples, limits, 48
basis for induction, 3
Bernstein polynomials, 218
binomial series theorem, 255
binomial theorem, 6
Bolzano-Weierstrass theorem, 72
for R*, 86
boundary of a set, 88
bounded function, 133
bounded sequence, 45
bounded set, 21
in R*, 86
in a metric space, 94

Cantor set, 89
Cauchy criterion

for integrals, 274,275

for series, 97

for series of functions, 205
Cauchy principal value, 333
Cauchy sequence, 62

in a metric space, 85

uniformly, 202
Cauchy’s form of the remainder of

a Taylor series, 254

cell in R¥, 91
chain rule, 227
change of variable, 295, 330
closed interval, 20, 28
closed set, 75

in a metric space, 88,171
closure of a set, 88,171
coefficients of a power series, 187
commutative laws, 14
compact set, 90
comparison test

for integrals, 336

for series, 98
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complete metric space, 85
completeness axiom, 23
composition of functions, 128
connected set, 179
continuous function, 124,164

piecewise, 286

uniformly, 140, 164
convergence, interval of, 189
convergence, radius of, 188
convergent improper integral, 332
convergent sequence, 35

in a metric space, 85
convergent series, 95
converges absolutely, 96
converges pointwise, 193
converges uniformly, 194
convex set, 182
cover, 90
curve, 165

Darboux integrals, 270
Darboux sums, 270
Darboux-Stieljtes sums, 300
Darboux-Stieltjes integrable
function, 301
Darboux-Stieltjes integrals, 301
decimal expansions, 58,109, 114
decreasing function, 108,235
decreasing sequence, 56
Dedekind cuts, 31
definition by induction, 69
deMorgan’s laws, 93
dense set in a metric space, 171
denseness of Q, 25
density function, 335
derivative, 223
diameter of a k-cell, 91
differentiable function, 223
Dini’s theorem, 208
disconnected set, 178
discontinuous function, 126
distance between real numbers, 17

distance function, 84

distribution function, 334

distributive law, 14

divergent improper integral, 332

divergent sequence, 35

divergent series, 95

diverges to +o0o or —oo, 51, 95

divides, 9

division algorithm, 117

domain of a function, 123

dominated convergence theorem,
288

e, 37,344

is irrational, 117
equivalent properties, 27
Euclidean k-space, 84
Euler’s constant, 120
exponentials, a definition, 345
extension of a function, 146

factor, 9
factorial, 6
field, 14
ordered, 14
F-integrable function, 301, 334
fixed point of a function, 135
fixed point theorem, 240
floor function, 112
F-mesh of a partition, 320
formal proof, 39
function, 123
fundamental theorem of calculus,
292, 294

generalized mean value theorem,
241

geometric series, 96

greatest lower bound, 22
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half-open interval, 20
Heine-Borel theorem, 90
helix, 166

improper integral, 331
converges, 332
increasing function, 235
increasing sequence, 56
indeterminate forms, 241
induction step, 3
induction, mathematical, 2
inductive definition, 69
infimum of a set, 22
infinite series, 95
infinitely differentiable function,
256
infinity +o00, —00, 28
integers, 6
integrable function, 270,277, 291
on R, 334
integral tests for series, 107
integration by parts, 293,316
integration by substitution, 295
interior of a set, 87,171
intermediate value property,
134,183
intermediate value theorem, 134
for derivatives, 236
for integrals, 287,290
interval of convergence, 189
intervals, 20, 28
inverse function
continuity of, 137
derivative of, 237
irrational numbers, 27
m, 118
e, 117

jump of a function, 299

k-cell, 91
k-dimensional FEuclidean space, 84

L’Hospital’s rule, 242
least upper bound, 22
left-hand limit, 154
Leibniz’ rule, 232
lim inf, lim sup, 60, 78
limit of a function, 153
limit of a sequence, 35,51
limit theorems
for functions, 156
for sequences, 46,52
for series, 104
limits of basic examples, 48
logarithms, a definition, 345
long division, 110
lower bound of a set, 21
lower Darboux integral, 270
lower Darboux sum, 270
lower Darboux-Stieltjes integral,
301
lower Darboux-Stieltjes sum, 300

maps, 177
mathematical induction, 2
maximum of a set, 20
mean value theorem, 233
generalized, 241
mesh of a partition, 275
metric, metric space, 84
minimum of a set, 20
monic polynomial, 10
monotone convergence theorem,
288
monotone or monotonic sequence,
56
monotonic function, 280
piecewise, 286

natural domain of a function, 123
Newton’s method, 12,259
nondegenerate interval, 175
normal density, 335

normal distribution, 335
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nowhere dense
subset of a metric space, 171
nowhere-differentiable continuous
function, 348, 350,361

open cover, 89

open interval, 20,29

open set in a metric space, 87
order properties, 14

ordered field, 14

oscillation function, 175

partial sums, 95

partition of [a, b], 270

parts, integration by, 293,316

path, 165,180

path-connected set, 180

Peano Axioms, 2

perfect set, 174

7 is irrational, 118

piecewise continuous function, 286

piecewise linear function, 357

piecewise monotonic function, 286

pointwise convergence, 193

polynomial approximation
theorem, 218, 220

polynomial function, 131

positive integers, 1

postage-stamp function, 133

power series, 187

prime number, 26

product rule for derivatives, 226

proof, formal, 39

quadratic convergence, 265
quotient rule for derivatives, 226

radius of convergence, 188
ratio test, 99
rational function, 131

rational numbers, 6
as decimals, 115
denseness of, 25
rational zeros theorem, 9
real numbers, 14
real-valued function, 123
recursive definition, 57,69
remainder of Taylor series, 250
Cauchy’s form, 254
repeating decimals, 114
rhomboid, 361
Riemann integrable function, 277
Riemann integral, 271,277
Riemann sum, 276
Riemann-Stieltjes integral, 321
Riemann-Stieltjes sum, 321
right continuous function, 310
right-hand limit, 154
Rolle’s theorem, 233
root test, 99
roots of numbers, 136

secant method, 12,259
selection function o, 66
semi-open interval, 20
sequence, 33
series, 95

of functions, 203
signum function, 132
squeeze lemma, 44,163
step function, 289
Stieltjes integrals, 301,321
strictly decreasing function, 235
strictly increasing function,

136,235

subcover, 90
subsequence, 66
subsequential limit, 72
substitution, integration by, 295
successor, 1
summation notation, 95
supremum of a set, 22
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Taylor series, 250
Taylor’s theorem, 250,253
topology, 87

of pointwise convergence, 186
transitive law, 14
triangle inequality, 18,84
two-sided limit, 154

unbounded intervals, 29

uniform convergence, 184,194

uniformly Cauchy sequence,
184,202

uniformly continuous function,
140, 164

uniformly convergent series of
functions, 203

upper bound of a set, 21

upper Darboux integral, 270

upper Darboux sum, 270

upper Darboux-Stieltjes integral,
301

upper Darboux-Stieltjes sum, 300

van der Waerden’s example, 348

Weierstrass M-test, 205
Weierstrass’s approximation
theorem, 218, 220
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