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Character tables were introduced to chemistry through the pioneering work of
Robert Mulliken [1]. The book on “Chemical Applications of Group Theory” by
F. Albert Cotton has been instrumental in disseminating their use in chemistry [2].
Atkins, Child, and Phillips [3] produced a handy pamphlet of the point group char-

acter tables.!

'In the tables the columns on the right list representative coordinate functions that transform ac-
cording to the corresponding irrep. The symbols Ry, Ry, R, stand for rotations about the Cartesian

directions.
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192 A Character Tables

A.1 Finite Point Groups
C1 and the Binary Groups Cg, C;, C;

Ci E

A 1

Cs E &

A’ 1 1 x,y, R, x2,y2, 2%, xy
A" | -1 Z, Re, Ry Yz, X2

G E 7

Ag 1 Ry, Ry, R, x%,y?, 2%, yz,xz, xy
Ay 1 -1 X,¥,2

G E 3

A 1 Z R, x2,v2, 22, xy
B 1 -1 x,y, Ry, Ry yZ,XZ

The Cyclic Groups C,, (n=3,4,5,6,7,8)

C; E C3 c? € =exp(2i/3)
A 1 1 1 Z R, x2 4+ y2, 22
1 € €
E { 1 E € ('x7 Y)(R)mRy) (x2_y21xy)(yz7'xZ)
Cy E 64 éz éi’
A 1 1 1 Z, R, x> +y% 2

—1. 1 —1 x2—y2 xy

T @)RGR) ()

|
e e,
—
~
(I
—_——




A.1  Finite Point Groups 193
Cs E 6'5 ég ég’ ég‘ € =exp(2mi/5)
A 1 1 1 1 1 Z, R, x2 42, 22
1 € €2 2 é
£y _ N 5 (x, )(Rx, Ry) (yz, x2)
1 € € € €
1 €2 € € 2
E, (x2 —y%, xy)
1 2 € € €2 you
C¢6 E Co G G CF (] e=exp(2ni/6)
A 1 1 1 1 1 1 2z, R, x2 42, 22
B 1 —1 1 -1 1 -1
1 € —€ —1 —€ €
E, _ _ (x, Y)(Ry, Ry) (yz,xz)
1 € —€ —1 —€ €
1 —€ —€ 1 —€ —€
Es © - (x? =y, xy)
1 —€ —€ 1 —€ —€
Cy E 6’7 6'72 CA? CA';t é‘; 6'76 € =exp2mi/T)
A 1 1 1 1 1 1 1 2zR, x2 4 y2 72
1 e €& & &8 & ¢
E; (x, Y)(Ry, Ry) (yz,x2)
1 € &2 = e3 €2 € YRS By Y
1 e & e e & &
E, (x? = y%, xy)
1 &2 & € € &3 €2 Yoy
1 & & e & ¢ el [x(x? — 3y?),
Es = 2 2 2_ 2
1 & ¢ é € € e3 y(Bx© —y9)]
Cg E ég 6'4 6'2 CA‘;? ég’ ég ég € =exp(2mi/8)
A 1 1 1 1 1 1 1 1 zR, x2+y% 2
B 1 -1 1 1 1 -1 -1 -1
1 € i -1 —i —€ —e¢ €
Evy |\ 2 i Z1 i —e —z (x. )Ry, Ry)  (yz.x2)
1 i -1 1 =1 =i i =i 5
L I T T T e "= y% xy)
1 — i -1 —i & e —¢ [x(x? —3y?),
Es - . . _
1 —e —i -1 i € € —¢ y(3x2 — y2)]
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The Dihedral Groups D, (n =2,3,4,5,6)

D, E 3 ¢ C3

A 1 1 1 1 x2,y%, 72
By 1 1 -1 -1 Z, R; xy

B> 1 -1 1 -1 ¥, Ry Xz

B3 1 —1 —1 1 X, Ry vz

Ds E 2@3 3¢,

A 1 1 1 x4+ y2, 72

Ay 1 1 -1 Z. R,

E 2 1 0 (x, »)(Ry, Ry) (xz, y2) (x> — y%, xy)
Dy E 204 G (=ChH 20, 20)

A1 1 1 1 1 x+y% 22
Ay 1 1 1 —1 ~1 2z, R,

B 1 -1 1 1 -1 x? —y?
B, 1 -1 1 —1 1 xy

E 2 0 _2 0 0 (-xa y)(R)hRy) (xz, yZ)
Ds E 2@5 2@52 Séé

Al 11 1 1 x?+y?%, 22
Ay 1 1 1 —1  z, R,

Ei 2 2cos(2m/5)  2cos(4r/5) 0 (xR, Ry) (xz,¥2)

Ex 2 2cos(dmw/5) 2cos(27/5) 0 (x2 = y2,xy)
De E 2Cs 203 G 3C, 3CY

A1 1 1 1 1 1 x?4+y2, 22
Ay 1 1 1 1 -1 =1 2zR.

By 1 -1 1 =1 1 -1 x(x2 —3y?)
B, 1 -1 1 -1 -1 1 y(3x2 —y?)
El 2 1 -1 =2 0 0 (x,)(Rx,Ry)  (x2,y2)

E2 2 -1 -1 2 0 0 (x2 =y, xy)
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The Conical Groups C,,, (n =2,3,4,5,6)
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Cy

Ay
A;
B
B>

—_— = =

X, Ry
yaR)C

x2,y2, 72
Xy
Xz
vz

C3v

Al
A
E

R,
(x, Y)(Rx,

x2+y2,22

R,)

(x? =y, xy)(xz, y2)

C4v

264

Ay
As
B
B>

DN = = =

x2 4 y2’ ZZ

x2 _ yz
Xy
(xz, y2)

C5v

&

2@5

2C2

NN = =

1
1
2cos(2m/5)
2cos(4m/S)

1
1
2cos(4mr/5)
2cos(2/5)

R,
()C, y)(R)Cv Ry)

2 4 y2’ 22

(xz,y2)
(x2 - y27 -xy)

266 263

N

C, 30,

364

DO D = et

1
1
—1
—1
1 —
—1

b ek ek ek

—1 1
—1

O O = = =

(x, ¥)(Rx, Ry)

X242, 22

x(x2 —3y?)
y(3x? = y?)
(xz, y2)

(2 —y%, xy)
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The C,j, Groups (n=2,3,4,5,6)

Cop

>

=
o

|3V
a” o
ENIEN
N
==

-

S+
woa
KRR o=

exp(2mi/3)

€

Q2
S3

2432 2

(xz _y2vxy)

(xz, y2)

Y|

Cap

A
o=
2929 -~
>~ o~ M
+ | -
(SIS ﬂ
=R~
-
=
R ~
- BN
v RX N
R ~— [\¥) (X\

€ =exp(2mi/5)

Q9
SS

3
5

S

q7
SS

A2 A3 A4 A Q
5 G5 G5 o S5

Cs C

A

E

Csp,

2 4 y2’ Z2

R,

~
N
=
Q)]
BN w
| °
(o} &
= =
N N
[N
-~
~ R
2 3
B v 2
W vV a = v wva
R R
(SIS vl o— A wolw
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(o I o I APRERR PRI IS R o I ISR )
v o LYY T
vIiva & — v a A
vy
— o o e e e e
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v v a o — v v A
v w v w
(SIS wvOlw o— A wolw
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vivae a4 9 — v lva o
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Coh E Co C3 C2 C3 C3 1 85 8 61 S6 85 e=expni/6)
Ag 1111 1 1 1 1R, x24y2, 2
B, -1 1 -1 1 -1 -1 1 -1 1 -

€
€ (R)C? Ry) ()’Za .XZ)

M M N = =

|

(Y}

|

—

|

m

m
e

1
1
1
1
1
1
A, 1 1 1 1 1 1-1-1-1-1-1-17¢ x2 4+ y2, 22
1
1
1
1
1

|
™
—_
|
™
|
™
|
—_
™
YRR S Y
|
—_
LY
™

E2u

S4 E Sy Gy Si
A 1 1 1 1 R, ¥ +y% 2
B 1 -1 1 -1 z x2—y2 xy
1 —1 —i
E { 1 —i -1 i (x, y)(Ry, Ry) (xz, yz)
Se E Cs 6‘32 r Ag Se e= exp(2mi/3)
A, 1 11 11 1 R, x2+y% 2
1 € € 1 € €
Eg { 1 & e 1 c ¢ (Ru,Ry) (2 —y3 xy)(yz, x2)
A, 1 1 1 =1 =1 -1 z
1 € € -1 —-e —€
Eu{ 1 & e -1 —& — ®©Y
L Q A o3 A o5 3 o7 _ .
Ss E S Ci 8 G 8§ CF 8] e=expmi/8)
A 1 1 1 1 1 1 1 1 R, x?+y% 2
B 1 =1 1 -1 1 -1 1 -1 ¢
1 € i —€ -1 —e —i €
Ei Y |z i e 1 e i e GoNRGRY
1 l —1 —l 1 l —1 —1 2 2
LT I T T G S (%= y%, xy)
1 —€ —i e —1 € i —¢
Bl 1 —« i @ -1 e —i - (xz, yz)
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The Prismatic Groups Dy, (n=2,3,4,5,6,8)

Dy E ¢ & & i by G 6y

Ag 1 1 1 1 1 1 1 1 x2,y2, 2
By 1 1 -1 -1 1 1 -1 -1 R, «xy

By 1 -1 1 -1 1 -1 1 -1 R, xz

By, 1 -1 -1 1 1 -1 -1 1 R, yz

Ay 1 1 1 1 —1 —1 —1 —1 xyz
B, 1 1 -1 -1 -1 -1 1 1z

Bn 1 -1 1 -1 -1 1 -1 1y

B, 1 -1 -1 1 -1 1 1 -1 x

D3y, E 263 3C, o, 25’3 36,

A1 1 1 1 1 24y
Al 1 1 —1 1 1 -1 R,

E’ 2 -1 0 2 -1 0 (x,y) (x2 =2, xy)
AY 1 1 -1 -1 -1

A 1 1 -1 -1 -1 1z

E" 2 —1 0o -2 1 0 (R, Ry  (xz,y2)
Dy, E 2@4 éz Zéé Zéé/ 7 2§4 on 20, 204

A 1 11 1 1 1 1 1 1 1 x2 4+ y2, 22
Ay 11 1 -1 -1 1 1 1 -1 —1 R,

B, 1 -1 1 1 -1 1 -1 1 1 -1 x2—y?
By 1 -1 1 -1 1 1 -1 1 -1 1 Xy

Ec 2 0 -2 0 0 2 0 -2 0 0 (R,R) (xz,2)
A, 1 1 1 1 1 -1 =1 =1 —1 -

Ay 11 1 -1 -1 -1 -1 -1 1 1 z

B, 1 -1 1 1 -1 -1 1 -1 -1 1

By 1 -1 1 -1 1 -1 1 -1 1 -1

E, 2 0-2 0 0-2 0 2 0 0 (x,y

Dsy E 2Cs 2C2 5C, 6, 285 253 56, a=cos(2w/5) B =cos(dn/5)
A1 1111 1 11 x2+y% 2
A, 111 =11 1 1 -1 R,

El 2 2a 28 0 2 20 28 0 (x,y)

E, 2 28 2 0 2 28 2« O (x2—y2,xy)
A T N R e N I

A1 11 -1 -1 -1 -1 1z

Ef 2 20 28 0 -2 —20 —28 0 (R Ry)

E] 2 28 2« 0 -2 =28 -2« O (xz, yz2)
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Al

364 36,

o

A

P28 28

A N

A

A

Do E 2C¢ 2G5 Gy 3C) 3Cy

N

N
[S¥4
o
-
lT
o N4
= X
— p— p—
(.
— ]
|
— p— p—
|
— p— p—
— e ]
|
— o p—
— ]
(.
— p— p—
|
— — p—
I
— o p—]
— ]
I
— e ]
Nl
< <R

I -1 -1

-1 -2

—1

0 (Ry, Ry)(xz,y2)
0 (x2— yz, Xy)
-1

0
0

—1

1

2

0

2
-1 -1
-1 -1
—1

—1
—1

1 -1
-1 -1
-1 -1

1
—1

—1

1 x(x2— 3y2)

1 =1 y3x2—y?

—1

1

0 (x,y)

0 0-2 -1 1

-1 -2

1

46, 464

283 28 284 &

)

~ ~ ~
"
2

2C4 Cy 4C, 4C

E 2Cs 203 2C

Dgy,

0

-2
-1 -1
-1 -1
-1 -1
-1 -1

0

V2
-1
-1

0

2 V2

—1

—1

-1
—1

-1 -1

-1

-1

1

1
V2
0
V2 =2

1

-1 -1

-1
0
0

I -1

1
0 -2 -2
0 -2 0
0

-1
0
0

0

-2

The Antiprismatic Groups D3 (n =2,3,4,5,6)

¢, 20, 264

284

D3y

X242, 22

1
1
1

A

x2_y2

Xy

B

B>

(xz,y2)

(x, ¥)(Ry, Ry)

0
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A

D3y E 263 3C, 1 2S¢ 304

A 1 1 1 1 1 1 x2+y% 22

Ay 1 1 -1 1 1 -1 R,

E, 2 -1 0 2 -1 0 (R, Ry (x2—y% xy)(xz,y2)
A 1 1 -1 -1 -1

Ay 1 -1 -1 -1 1z

E, 2 -1 0o =2 1 0 (x,y)

D4y E 2§8 26‘4 ZSS éz 4C§ 464

Ay 1 1 1 1 1 1 1 x2+y% 22
A1 1 1 1 1 -1 -1 R,

B 1 —1 1 -1 1 1 -1

B> 1 —1 1 —1 1 -1 1z

E; 2 2 0 —vV2 =2 0 0 (x,)

E> 2 0 -2 0o 2 0 0 (x2 =2, xy)
E3 2 =2 0 V2 =2 0 0 (Ry,Ry) (xz,y2)

Dsy E 2Cs 2C2 5C,  § 283, 2810 564 a=cos(27/5) B =cos(dn/S)

Ag 11 1 1 1 1 1 1 x?+y2, 2
Axg 1 1 -1 1 1 1 -1 R,

Eig 2 2¢ 28 0 2 2a 28 0 (Ri.Ry (xz,y2)
Eyg 2 28 22 0 2 28 2« O (x2 =2, xy)
A, 1 1 1 1 -1 -1 -1 -1

Ay 11 1 -1 -1 -1 —1 1z

Eww 2 20 28 0 -2 —2a -—-28 0 (x,y)

Exw 2 2 2« 0 —2 =28 -2« O

Degq E 23‘12 266 2§4 263 23?2 éz 6éé 664

A 1 11 1 1 1 1 1 1 x24y%, 22
Ay 1 11 1 1 1 1 -1 —1 R,

Bp 1 -1 1 -1 1 =1 1 1 -1

B, 1 -1 1 -1 1 -1 1 -1 1z

Eir 2 V3 1 0 -1 =V/3 =2 0 0 (x,y)

E, 2 1 -1 =2 -1 1 2 0 0 (x2 =2, xy)
Ez 2 0o -2 0 2 0 -2 0 0

Es 2 -1 -1 2 -1 -1 2 0 0

Es 2 —/3 1 0 -1 /3 -2 0 0 (Ry,Ry) (xz,y2)
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The Tetrahedral and Cubic Groups

T E 4C3 4C2 3G, e=exp(2ni/3)

A 1 1 1 1 x24+y2 422
E 1 € € 1 Q72 —x2 —y2,x2 —y?)
1 € € 1
T 3 0 0 =1 (Ry,Ry,R)(x,y,2) (xz,yx,xYy)
T, E 8C; 3C, 684 664
A 1 1 1 1 1 x2 4+ y2 472
A 1 1 1 -1 -1
E 2 -1 2 0 (22 —x2—y2,x2—y?)
7 3 0 -1 1 —1 (R, Ry, Ry
T 3 0o -1 -1 I (x,y,2) (xz,yz,xy)
T, E 4C3 4C3 3C, 1 48] 48 36, e=exp2ni/3)
A, 1 1 1 1 1 1 1 1 x2+y? 422
A, 1 1 1 1 -1 -1 -1 -1
£ 1 € € 1 1 € € 1 (277 — x> —y?,
fFl1 e e 11 & € 1 x2 —y?)
1 e & 1 -1 — —& -1
E
“{ 1 é e 1 -1 —& — -1
T, 3 0 0 —1 3 0 0 —1 (R,Ry,R)  (xz,yz,xy)
T, 3 0 0 -1 -3 0 0 1 (x,y,2
0 E 6Cs 3C(=C} 8C3 6Cy
A1 1 1 1 1 x4y + 22
A 1 —1 1 1 -1
E 2 0 2 -1 0 (272 —x% —y2,
x2—y%)
T] 3 1 _1 0 _1 (R)CvRvaZ)(x’y?Z)

n 3 -1 -1 0 1 (xz,yz,xy)
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0, E 8C; 6C, 6C4 3C, 1 684 856 363, 664

A, 11 1 1 1 1 1 1 1 1 X2+ yr 472

Ay 11 =1 =1 1 1 -1 1 1 -1

Ec 2 -1 0 0 2 2 0-1 2 0 (222 —x* =2,
x?—y?)

Tig 3 0 =1 1 —1 3 1 0 =1 —1 (R,Ry,Ry)

e 3 0 1 -1 -1 3 -1 0 -1 1 (xz,yz, xy)

A, 1 1 1 1 1-1-1-1-1 -1

A 11 =1 =1 1-1 1-1 -1 1

E, 2 -1 0 0 2-2 0 1-2 0

Tiu 3 0 -1 1 -1 -3 -1 0 1 1 (x,y,2)

Tow 3 0 1 -1 -1-3 1 0 1 —1

The Icosahedral Groups

I E 1205 12C} 20C; 15C; ¢=(1++5)/2

A 11 1 1 1 x4 yr 472

3 ¢ —¢! 0 =1 (Re, Ry, R)(x,y,2)

7, 3 —¢' ¢ 0 -1

G 4 -1 —1 1 0

H 5 0 0 -1 1 (222 —x2 —y2,
X2 —y2,
(xz, yz, xy)

I, E 1205 12C2 2005 15C, @ 1289 1285, 2086 156 ¢=(1++/5)/2

Ag 1 1 1 1 11 1 1 11 x24y? 422

Ti, 3 ¢ —¢! 0 -1 3 —¢! @ 0 —1 (R:,Ry, R,

Ty 3 —¢7! 0o -1 3 ¢ —¢! 0 -1

G, 4 —1 -1 1 0 4 -1 -1 1 0

Hy 5 0 0o -1 15 0 0 -1 1 @2-x*—)%
xz_yz’
XZ,¥Z,Xy)

A, 1 1 1 1 1 -1 -1 -1 -1 -1

T, 3 ¢ —¢! 0 -1 =3 ¢' — 0 1 (xy02

Ty 3 —¢! 0 -1 -3 —¢ ¢! 0 1

G, 4 -1 -1 1 0 —4 1 1 -1 0

H, 5 0 0 -1 1 -5 0 0 1 -1
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A.2 Infinite Groups

203

Cylindrical Symmetry
o E GG
b)) 1 1 1 z x?+y% 22
1 -1 exp(ie)
I X, Xz,
{ ) 4 exp(—id) (x,y) (xz,yz)
A { 1 1 eXP(21¢.) (2 — 2, xy)
1 1 exp(—2i¢)
1 —1 eXp(3l¢) 2 2 2 2
[ x(x° —3y), y(3x~ —
{ | ) exp(_3id) [x( ¥, ¥( ¥l
Cow E G 2C, 008,
=t 1 11 1z x2+y? 22
- 1 11 -1 R,
I 2 -2 2cos(¢) 0 (x, y)(Ry, Ry) (xz, y2)
A 2 2 2cos(2¢) 0 (x2— y2, Xy)
o) 2 -2 2cos(3¢) 0
Cooh E 62 é¢ 7 §¢ op,
z 1 11 11 1 x2+y?, 22
m, 1 -1 exp(zq).) 1 - exp(qu.) -1 (xz.y2)
I —1 exp(—i¢g) 1 —exp(—i¢) -1
A, 1 1 exp(21¢.) 1 exp(2z</>.) 1 (x2 _ y2, )
1 1 exp(—2i¢) 1 exp(—2i¢) 1
@ 1 —1 expQi¢g) 1 —expBig) —1
& 1 —1 exp(=3i¢) 1 —exp(=3ip) -1
>, 11 1 -1 -1 -1 z 3
1 -1 ] -1 ]
1, exP(l@ eXp(l¢.) (x,y)  (xz%,yz%)
1 —1 exp(—i¢) —1  exp(—i¢p)
A 11 expQig) —1 —expRig) 1 (x> =)z,
“I 1 1 exp(=2i¢) —1 —exp(=2ip) -1 xyz)
@ 1 —1 expQBi¢) —1 expGi¢) 1
! 1 —1 exp(—=3i¢g) —1 exp(—3i¢) 1
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Doon E éé 2é¢ 000y r 2§¢ ooCA‘j-
o1 1 11 1 1 x2 42,72
zy 1 1 1 -1 1 1 -1 R,
I, 2 —2 2cos(¢) 0 2 —2cos(¢) 0 (Ry,Ry) (xz,¥y2)
Ay 2 2 2cos(29) 0 2 2cos(29) 0 (x2 =2, xy)
P, 2 —2 2cos(3¢) 0 2 —2cos(3¢) 0
R B | 1 1 -1 —1 -1 z
X, 1 1 1 -1 -1 -1 1
mn, 2 =2 2cos(¢) 0 -2 2cos(¢) 0 (x,5)
Ay 2 2 2cos(2¢) 0 —2 —2cos(2¢) 0
D, 2 —2 2cos(3¢) 0 —2 2cos(3¢) 0
Spherical Symmetry
S03) E 0o CP?
S 1 1 x2 4y 472
P 3 14+ 2cosa (X,y,Z)(R)m Rya Rz)
D 5 1 +2cosa + 2cos2u (222 —x2 —y2,
x2—y%, xz,yz,xy)
sin(L+%)a
L 2L+1 sin%c(
03) E coC? 7 006 0oSe?
Se 1 1 1 11 x2+y?+ 22
Py 3 1+2cosa 3 —1 1 —2cosax (Rx, Ry, R;)
D, 5 1+2cosa 5 1 1 —2cosa d-orbitals
+ 2cos2ax + 2cos2ux
. 1 _1\L 1
Lg 2L +1 sm(.L-il-z)a 2L +1 (—l)L (-1) cosl(L+2)a
sin 70( COs 70{
Sy 1 1 -1 -1 -1
P, 3 14 2cosax -3 1 —142cosax p-orbitals
D, 5 14+ 2cosa -5 —1 —1+2cosa
+ 2 cos2a — 2cos2a
. 1 _1\L+1 1
Lu 2L +1 sm(L-il-z)oz —(ZL + 1) (—1)L+l (-1 co]s(L+2)a

sin jo CoS 7
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Symmetry Breaking by Uniform Linear Electric
and Magnetic Fields

Contents
B.1  Spherical Groups . .........c.uiuitti e e 205
B.2  Binary and Cylindrical Groups ............coiuiiiiiiiiiiiiiiiiiiiann.. 205

B.1 Spherical Groups

G B E

T Csz, Cy, Cy Csz, Cp, Cy

Tq S4,C3,C2, Cs, Cy C3p, Coy, Cs, €1

T, Se, Can, Ci C3,C2, G5, Cy

(0] Cy4,C3,Cr,Cy Cy4,C3,Cr, Cy

Oh Can, Se, Con, Ci Cap, C3y, C2y, G5, Cy
1 Cs,C3,Cr, Cy Cs,C3,Ch, Cy

Iy S$10, S6, Can, Ci Csy, C3y, Coy, G5, Cy

B.2 Binary and Cylindrical Groups

The || notation refers to a field oriented along the principal cylindrical axis; in the
1 direction several symmetry breakings are possible: C, symmetry implies that the
field coincides with the C, axis; a magnetic field perpendicular to a symmetry plane
or an electric field in a symmetry plane will conserve at least C; symmetry.

A.J. Ceulemans, Group Theory Applied to Chemistry, Theoretical Chemistry and 205
Computational Modelling, DOI 10.1007/978-94-007-6863-5,
© Springer Science+Business Media Dordrecht 2013
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206 B Symmetry Breaking by Uniform Linear Electric and Magnetic Fields

G B E

l 1 I 1
Ci Ci Ci
Cs Cl Cs Cs Cl
G (6)) Ci G Ci
Cn Cn Cl Cn C]
Dy, C G2, Cq C G, C
Cnv Cn Cm Cl Cnv Cs’ Cl
Conn Conn Ci Cop Cs
Con+n Con+h Ci Con+1 Cs
San San Ci Coy Ci
San+2 San+2 Ci Cont1 Ci
Donp Conn Cop, Ci Cony Coy, Cs
Dont1yn Cant1)n G, Cs, Cy Contiy C, G
D2nd S4n CZ’ CS9 Cl Cva C2s CS? Cl

D@ni1yd Sant2 Cop, C; Contiyw G, G, Cy
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Subduction and Induction
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C.1 Subduction G | H

Cév Cs cy, cy, Ca
2C3,36, 2C3, 364

A1 A A1 A] Al

A2 A A2 A2 A2

B B Al Ap B

B B Ar Al B

Eq Eq E E B+ B

E> E> E E AL+ Ay
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C Subduction and Induction

Do Du cw o o
C3,2C},264 (5,26, (5,260 Ch6u,60  CY,6n,64

Ay Ay A, Ay Ay Ay A

A Aj Ag An Ar B B

Big B, B, Al Ap Ay B

B B> B, A Al B A

E, E E B+ B> B+ B, Ay + B Ay + By

A B Ay Az Az Az Ar

Ay B Ay Aj Aj B B

B, Al B, Ar Ay Ar B

Bo, A By, Ay Aj B> Ap

E, E E B+ B> B+ B> A1+ By A1+ By

D3y Se Csy Cop

Ay A, Al Ag

A A, Ap B,

E, E, E Ag + By

Ay Ay A Ay

A2u Au Al B,

E, E, E Ay + By

Ty Doq C3y Dy Coy S4

Ay Ay Ay A Ay A

Aj B Ar A An B

E Al + By E 2A A+ A A+ B

T A+ E A+ E B+ By + B3 A+ B+ By A+ E

T> B+ E A1+ E By + By + B3 Al+ B+ B B+ E

Tj Do, Se Coy Cop

Ag A, A, Ay A,

Au Au Au A2 Au

E, 24, E, 2A1 24,

E, 2A, E, 2A, 2A,

T, Big + Byg + Bsg Ag +E, A+ B+ B A, +2B,

T, By + Bou + B3y Ay +E, A1+ B+ B Ay +2B,
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Oy Tqs Dy D3y Ty Déh D/2h

A, AL Ay A A, Ag A,

Ay Ay By, A A, Ag Big

E, E A+ B, E; E, 24, Ag + Byg

T, T\ Ayp+eE, Ag+E;, T, Big+ Byg+ B3z Big+ By, + B3,

Ty T» By+E, A +E;, Ty, Big+Byg+ B3z Ag+ By + Bsg

Ay Ay Ay Ay Ay Ay Ay

Aoy Aj Biu Ay Ay Ay By

E, E Au+Bu Ey E, 244 Ay + By

T T» Aw+E, Axy+E, T, Biuu+Bu+B3w B+ Bu+ B

Iy T Bu+Ey, Aw+Ey T, B+ Bu+Bw Au+ Bu+ B3y

In  Th Dsq D3q Dop Coy

Ag Ag Ay Alg A, A

Ty, T, Axg +Eig  Azg+ E; Big+ By +Bsg A+ Bi+ B>

T T, Axg + Ezg Apg+E; Big+By+Bs, Ax+Bi+ B

G, Ag+T, Ejg+Ey Ajgz+Ay A;+Bj A1+ Ay + B

+E, + Byg + B3, + B>

H, E;+T;, Aig+E, Ai+2E;, 2A;+ By, 2A1+ A>+ By
+ Eg + Byg + Bsg + B>

Au Au Alu A]u Au A2

T, T, Aw+Ew Aw+E, Bu+Bu+Bw Ai+B+B

Iy T, Ay +Ey Ay +E, Buu+Bu+Bw Ai+Bi+ B

Gy Au+Ty Ew+Ew Auw+Au Ayt Bu A1+ Az + By

+ Ey + Bou + B3y + B

H, E,+T, Au+Ew Aw+2E, 2A,+Bu A1 +2A2+ By

+ Eoy + Bou + B3y + B




C Subduction and Induction

SO@3) 1 (0]

l

0(S) A Al

1(P) T T

2 (D) H E+T

3(F) I+ G Ar+T + T

4(G) G+H A+ E+TT 4T

5 h+T,+H E+2T1 + T,

6 A+T1+G+H Al+A+E+ T +21
7 '+h+G+H Ay + E 42T 4+ 2T,

8 Th+G+2H Al +2E + 2T + 2T,

9 "+1»+2G+H A1+ A+ E+3T +2T5

A+Ti+Th+G+2H
2T+ T +G+2H
A+T+T,+2G+2H

A+ Ay +2E + 2T 4+ 315
Ay +2E 43T +31»
A1+Freg
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Ascent in symmetry tables have been provided by Boyle [4]. Fowler and Quinn
have listed the irreps that are induced by o-, -, and é-type orbitals on molecu-
lar sites [5]. These tables are reproduced below. They are useful for the construc-
tion of cluster orbitals. I, always denotes the regular representation. I, corre-
sponds to the positional representation. The mechanical representation is the sum

Is+ 17,

G H $ I, Iy Iy

Dy C; 2 A+ B 2By +2Bj3 2r,

Ds C 3 A1+ E 2A,+2E 2r,

Dy Cy 2 A1+ Ay 2FE 2By +2B>
Cé 4 Ai+B1+E 2A72 + 2By +2E 2l
Cé/ 4 A+ B+ E 2A>, 4+ 2B +2E 20,

Ds Cs 2 A+ A 2E 2E,
Cy 4 Al+E+ Ey 2A>, +2E1 +2E> 20,

Dg Cq 6 A+ Ay 2E 2E,
Cé 4 Ai+Bi+E{+Ey 2A,+2B,+2E{+2Ey, 2,
Cg 4 Ail+By+E{+Ey 2A+2B|+2E|+2E, 2,

Coy C;CZ 2 A1+ By Freg Freg

Czy Cy 3 A+ E Teg g

Cy C! 4 Ail+B1+E Teg Feg
c! 4 A +B+E Treg Treg

Csy Cs 5 A+ E+E Freg Freg

Cev C;J 6 Al+B +E +E Freg Freg
C? 6 AI+BZ+E1+E2 Freg Freg

Cy, (o 2 A, + Ay 2B, + 2B, 2I,
Cy 2 Ag + By Teg Teg

Cyp  C3 2 A+ A E' +E" E'+E”
Cs 3 A+ E' Teg Teg

Cap Cy 2 Ag + Ay E;+E, 2B; + 2B,
Cs 4 Ag+ Bg + Ey Teg Feg

Csp, Cs 2 A4+ A7 E| +EY E,+E]
Cs 5 A+ Ei + Eé Teg Feg

Con Co 2 Ag+Ay Eig+ Eqy Eye + Epy
Cs 6 Ag + By + Eng Teg Feg

+E1u
Sy C 2 A+ B 2F 21,
Se C3 2 Ag + Ay E,+ E, E, + Ey
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G H g, Iy Iy
Dy, Cév 2 Ag+Blu B2g+32u+B3g Ag+Au+B1g
+ B3y + Bl
C;cy 4 Ag + Blg + Boy Freg Freg
+ B3y
Dy, C3y 2 Ay +AY E'+E E'+E"
Cn 3 A+E A+ AT+ E +E" Al +A]+E +E”
Cy 6 A\ +AJ+HE +E" Ty Treg
Dap Cap 2 Alg+ Az, Eg; + E, Big + B1y + Bag
+ Boy
Cév 4 Aig+ Big + E, Agg + Agy + Bag A + A1y + Big
+ By +Eg+E, +Bi+E,+E,
Cé/v 4 Ag + Bog + Ey Agg + Agy + Big Ag + Ay + Bog
+ B+ Eg + Ey + Bou + Eg + Ey
Cfl 8 A1g+A2g+Blg Freg Freg
+ Byg +2E,
C;) 8 Alg+A2u+B]g Freg Freg
+B2u +Eg+Eu
Cf 8 Alg + Aoy + By Freg Freg
+B2g+Eg+Eu
Dsy Cs, 2 Aj+Aj E|+E] E)+ E}
Ca 5 A\ +E|+E) A+ AL+ |+ E] Al + Al +E| +EJ
+ Ej+ E + Ej+ E
Cl 10 A\ + Ay +2E| +2E) Ty Treg
CY 10 A\ + A+ E|+E] T g
+E)+ Ej}
Dep Cop 2 Ajg+ Any Eig+ E Eyg + Eny
C,, 6 Aig+ B+ Ew Ay + Az +Byg  Alg+ A+ Big
+E2g +B2u+Elg+Elu + By +E1g
+E2g+E2u + Eqy +E2g+E2u
Cy, 6 Aig+ By + Eyy Axg+ Az +Big  Aig+ A+ By
+E2g +Blu+E1g+E1u + By +E1g
+E2g + Ey + Eqy +E2g+E2u
Cl 12 Ajg+ Asg + By e Treg
+ By +2E1, +2E,
CSU 12 A1g+A2u+Blg Freg Freg
+B2u+Elg+Elu
+E2g+E2u
C? 12 Aig+ Ay + By Treg Treg

+ BZL[ + Elg + Elu
+ Epe + Epy
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G H %Fa Iy T
Dy C5,2 A1+ B 2E A+ A+ B+ B
C, 4 A +B+E 2A,+2B> +2FE 2I,
Cs 4 A+By+E Teg Teg
D3g C3y 2 Arg+ Ay E, +E, E, +E,
Cr 6 Ag+Au+Eg+E, 2A2, +2A, 20y
+2E, +2E,
Cs A]g+A2u+Eg+Eu Freg Freg
Dyg Cqp 2 A1+ By E|+ E3 2E,
Cé 8 A +B +E +Ey 2A,+2B,+2E; 20,
+ E3 +2E, +2E;3
Cs 8 A1 +By+E1+Ey T Teg
+ E3
Dsg Csy 2 Ajg+ Ay E, + Eqy Ere + Epy
C, 10 Ag+An +Eqg 2A25 +2A0, +2E1; 215
+Ewu+Exy+Ey +2E1, +2Ey
+2Ey,
Cs 10 A]g+A2u+E1g Freg Freg
+E1u+E2g+E2u
D¢q Cep 2 A1+ B2 E| + Es Er + E4
C, 12 Ai+B +E +E, 2A+2B)+2E; 2r,
+ E3+ Eqs+ Es +2E,+2E3
+2E4+2E;5
Cs 12 A1+32+E1+E2 Freg Freg
+ E3+Es+ Es
T C3 4 A+T E +2T Iy
C, 6 A+E+T 4T 2T,
T, C3w 4 A+T E+Ti+T, Iy
Cynp 6 AI+E+T 2T + 21, A1+ Ay +2F
+T1+T»
Cy 12 Ai+E+TI+2T, T g
T, C3 Ag+Ay+T,+T, Eg+E,+2T,+2T, I
Cp 6 Ag+E;+T, 2T, + 2T, Ag+ A, + E;
+E, 4+ T, + T,
Csy 12 Ag+E,+T,+2T, T Teq
O C4 6 AI+EA+T 2T 4+ 2T, 2A, +2E + 2T,
C; 8 Ai+A+T+T 2E+2T1 421 Iy
Cy 12 A1+ E+T1+2T, 2A2 +2E 4+ 4T, 4+ 2T, 21,
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G H 4, Iy I
Op Cap 6 Ay +E;+Thy Tig + T+ Tog + Toy Azg+ Az + E;
+Eu+T2g+T2u
C3y 8 Ajg+Ay+T, Eq+E +Tg+T Ix
+ T + Thg + T2y
Coy 12 Ajg+E,+ Ty Ag+ Ay +Eg+E, Alg +A+E,
+ T2g + Ty + 2Tlg + 2T, +E, + Tlg + Thu
+ T + Ty + 2T, +2T,
Cl 24 Ajg+Asg +2E;, Ty Treg
+ T +2T, + Ty
+2T2u
Cl 24 Aig+Aw +E, Treg Treg
+ E, + Tig + 2T,
+ 2T, + 1oy
I Cs 12 A+Th+T»+ H 2T +2G +2H 2T, +2G +2H
Cy 20 A+T1+T1T» 2T + 2T, + 2G I
+2G+H +4H
Cr, 30 A+T1+ T, 4T, +4T, + 4G 2I,
+2G +3H +4H
In Csy 12 Ag+ Ty +Toy + Hg Tig+Tiw + Gy T + Ty + G,
+G,+ H, + H, + G, + H, + H,
C3y 20 Ag+ Ty + 1oy Tig+ Ty + Tog Iy
+Gy+G,+H, +T,+G,+G,
+2H, +2H,
Coy 30 Ag+ Ty +Tou+Gg 2T + 2T, +2Thy Ay +Au+Tig+ Ty
+Gy+2H, + H,  +2T +2G, + Tog + Tou +2G,
+2G, +2H, +2G, +3H, +3H,
+2H,
Cs 60 Ag+ T +2Tyy Feg Teg

+ Tag + 2T +2G,
+2G, +3H, +2H,




Appendix D
Canonical-Basis Relationships

The importance of canonical-basis relationships was demonstrated by Griffith in his
monumental work on the theory of transition-metal ions [6]. The icosahedral basis
sets were defined by Boyle and Parker [7].

Ds D(C3) D(C5)
1 _ 3
|E), |Ey) +; _; (é _01>
D, D(C3) D(C3)
|EL), |Ey) (? _01) ((1) _01>
Ds D(CE) D(C})
Eu B (Snmr) o)) (b %)
B2 ) (S ) (b %)
Dy D(C?) D(C3)
1 _\3
|Ev). |Eny) +2§ ; (é _01>
|E2x), | E2y) _jg _? ((]) —01>
5 2
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re:

D, setting D, setting

Fig. D.1 Octahedron with x, y, z coordinates in D4 and D3 setting

O (D4 basis) D(C3) D(C3™)
1 NE)
10 1 T2
o), |Eo) ( )

0 -1 V3 1

7 2

0 —1 0 00 1

|T1x>’|T1y)a|le> 1 0 0 1 00
0 0 1 01 0

0 1 0 00 1

0 0 —1 010

(See Fig. D.1.) Transformation to trigonal basis set:

1
|E0> = dzz = ﬁ(—dx/z_yrz — \/Edy/z/)
1

|E€> deZ_yZ = ﬁ(dx/y, =+ \/de/z/)

1
|Tiq) = %(mx) +1Tiy) + |T12)) = py

1
|Twg) = EOT]X) — |T1y)) = py

1
|Tie) = %(mx) +T1y) = 2IT1;)) = pyr
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Fig. D.2 Icosahedron with é
. . r s 4z
X, y, z coordinates in D, i
setting & CD
B
1
|T2a>:%(|TZS>+|T277>+|T2§))=dz/2
1 1
|Tag) = %(ma + [Tay) — 2|Tx)) = ﬁ(\/idx/z_y/z —dyy)
Toe) = —=(1Tog) — |T56)) = —=(—v/2dyrys + dyz)
V2 V3 ‘
O (D3 basis) D(C3) D(CY)
I V3
-2 7 1 0
|Eo). |E.) 2 72 ( _)
o0 10 0
[T1a), | T10), | T1e) 0 -7 =% 0 1 0
0 +£ _1 0O 0 -1
2 2
Lo Oﬁ 10 0
|T2a>7|T29>7|T2€) 0 _j _T O 1 0
0 +£ _1 0 0 -1
2 2
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I (D, basis, Fig. D.2) D(Cs) D(C3™) D(C3)
1 —¢ ¢! 001 -1 00
|Tie), | Tiy), 1 Tiz) s o 07! 1 100 0 -10
o~ 1 ¢ 010 0 0 1
1 ¢! —¢ 001 -1 00
|Tax). 1 T2y). | Toz) s[—o7"' -0 —1 100 0 -10
—¢ 1 —¢! 010 0 01
—1 =555\ 1000\ /1 0 0 0
N VA T S | 0001 0-100
:g";’m”"Gy)’ V51 -1 03 0100 00 —10
z -5 -1 -3 1 0001 00 01
I |HO),|He),|HE), |Hn), |H)
D(Cs) D(C3™) D(C3)
1 V31 1 1
BRI —1 _Booo 100 00
3 1 3 3
% 1 —x5 0 -5 ?—%ooo 01 0 00
- B 0 § 3 0 0 001 00-100
% o -+ 1 o0 0 0 100 000 -10
1 Loy 1L 0 0 010 00 0 01
N 2

It is important to note that in the Boyle and Parker basis the |H0) and |He)
components do not denote components that transform like the functions d,> and
do_ 25 but refer to linear combinations of these:

3 5
|HO) =,/ <sd2+ —dxz_yz
5 /3
|He) = —\/jdzz +/ gd_y2

Griffith has presented the subduction of spherical |J M) states to point-group
canonical bases for the case of the octahedral group. Similar tables for subduc-
tion to the icosahedral canonical basis have been published by Qiu and Ceulemans
[8]. Extensive tables of bases in terms of spherical harmonics for several branching
schemes are also provided by Butler [9].



Appendix E
Direct-Product Tables

Extensive direct-product tables are provided by Herzberg [10]. Antisymmetrized
and symmetrized parts of direct squares are indicated by braces and brackets, re-

spectively.

D; Al Ap E

Ay Ay A E

Ay Ay Al E

E E E [A1 + E]+ {As}
Dy Al Ao B By E

Ay A Ar B B> E

As Ay Aq By B, E

B B B, Ay Ay E

B> B By Ay A E

E E E E E [A1 + Bi + Bl + {A2}
Ds Ay Az E; E>

Al Al Ap Eq E>

A A Al Eq E>

E E E| [A1 + Ex] + {Az} Ei+E;

Ep Ep Ep E\+E [A; + E1] + {A2}
D¢ Al A B B Eq E>

Al Al A B B E E>

Ap Ap Al B B Eq E

B B B> Al Ar E> E;

B> B> B A Al E> E;

E E E E> E> [A1 + E2] + {A2} By + By + E;

E, E, E, E; E; Bi+ By + E; [A1 + Ez2]+{A2)
A.J. Ceulemans, Group Theory Applied to Chemistry, Theoretical Chemistry and 219

Computational Modelling, DOI 10.1007/978-94-007-6863-5,
© Springer Science+Business Media Dordrecht 2013


http://dx.doi.org/10.1007/978-94-007-6863-5

220

E Direct-Product Tables

T, Ay Ay E T T
A A Ay E T T
Ay Ay A E T T1
E E E J[AI+E]+{A) Ti+T T+ T
n nn h T+T [At+ E+Dl+{Th} A2+E+Ti+T
n T, T +T A+E+Ti+T [A| + E + 2] + {T1}
O A A, E T, T
Al A A, E Ti T
A Ay A E T T,
E E E [A1+ E]+{A} T+ T T+ 71>
n n T Th+Th [Ai+E+D]+{T} A+E+Ti+D
L Th T '+T A+E+Ti+D [Ai + E+ D] +{T1)
I A T T G H
A A T T G H
n T [A+H]+{Th} G+H Hh+G+H Ti+T+G+H
n T» G+H [A+ H]+{h} T'+G+H Ti+Th+G+H
G G THh+G+H ' +G+H [A+G+H] Th+Th+G+2H
+{T1 + T2}
H H T1+1h+G '+ +G '+ +G [A+G+2H]
+ H +H +2H +{T1 + T, + G}




Appendix F

Coupling Coefficients

Coupling coefficients are denoted as 31" symbols: (I, ¥, pyp|I"y). Their symme-
try properties were given in Sect. 6.3. Octahedral coefficients have been listed by
Griffith. Icosahedral coefficients are taken from the work of Fowler and Ceulemans

[11].
Ds
Ay x E
X y
a x 0 —1
a 'y 1 0
D3
ExE Al Az
ai as X y
1 1
X X ? 0 —? 0
1 1
y X 0 -7 0 Wil
Dy
ExE ﬂ A> B &
ai a b by
1 1
X X —= 0 —— 0
v v
1 1
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Ds

o™
53]

Q
<8
<|s
)

X
)

© g

5y e ©
|

® 2 e

e

Xy
y X

Ds

P
3
=
<|§
<ls
o
53]
X
o™
=

S gy

5152 S

S gy
|

gy S ©

Ds

E;

E,

E1 x Ey

S © gy

gy e ©
|

S © g-g
|

gy S ©

C

D¢

E

E| x Eq

as

ai

S S gy

5SS S

= 2 HsHs
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X X
Yy
Xy
y X
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F Coupling Coefficients

D¢

Ey

A1 A2

Ey x Ey

az

ai

S gy

He-g e ©
|

S gy
|

oS ©

D¢

E;

B

B

E| x Ep

® ° e

L S

= 2SS

oS ©

X C
ys
X S
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E Ar x Ty T Ay x Th T,

Ay x E
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a x

a 6
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ay 7
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ExE
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(0]
T x T» T1 T
X y z & n ¢
1 1
X n 0 10 _\_fZ 0 10 _Tj
X é' 0 _E ]O 0 E 10
yé l0 0 -7 l0 0 -
7 & 0 -7 0 0 ) 0
z —% 0 0 % 0 0

In the icosahedral tables, ¢ denotes the golden number (1 + +/5)/2, and
a=3¢p—1, =3¢ " +1.

1
Ty x Ty A T, H
X y z 0 € & n 0
uE o ! o
X X 7 0 0 1O > WG] 0 0 10
Xy 0 0 1O - 0 0 0 10 >
X Z 0 0 —ﬁ 10 0 0 0 ﬁ 10
y X 0 0 0 -7 0 0 0 0 i
L 0 0 0o ¢ £ o0 0 0
yy V3 | 2 243 |
yz 0 7 1O 0 0 0 G 1O 0
7 X 0 l0 WG 0 0 0 1O 7 0
zy 0 v 0 0 0 fO G 0 0
1 1 5
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Appendix G
Spinor Representations
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Extensive character tables for double groups were provided by Herzberg. The
R symbol in the present table corresponds to the Bethe rotation through an angle
of 2m. Spin-orbit coupling coefficients for the icosahedral double group have been
listed by Fowler and Ceulemans [12]. The notation p1, p2 for conjugate components
follows Griffith. The single-valued irreps in Appendix A also represent the double
groups. The rotation through 25 leaves these irreps invariant. Their characters under

R and R R are thus the same.

G.1 Character Tables

D3 E R 265 263 263
Ev2(1I5) 2 -2 0 0 0
D; E R 2@3 2&63 362 3&62
E12(Ty) 2 -2 1 -1 0 0
E3p p1 1 —1 -1 1 i —i
02 1 -1 -1 1 —i i
A.J. Ceulemans, Group Theory Applied to Chemistry, Theoretical Chemistry and 235

Computational Modelling, DOI 10.1007/978-94-007-6863-5,
© Springer Science+Business Media Dordrecht 2013


http://dx.doi.org/10.1007/978-94-007-6863-5

236 G Spinor Representations
D} E R 2C4 MGy 26, (=CH  4C,  4CY
E1/2(I%) 2 -2 V2 -2 0 0 0
E3n(I7) 2 -2 -2 V2 0 0 0
D} E & 2Cs 28Cs  2C2  2RC? 5C,  SRCG
Eyp 2 =2 o] - ¢ —¢! 0 0
E3p 2 =2 -t 9t ¢ ¢ 0 0
Esp» p1 1 -1 -1 1 1 -1 i —i
o 1 -1 —1 1 1 —1 —i i
D} E R 2Cs 2RCe 205 28C3 20, 6C, 6CY
Eip(y) 2 =2 NEIEWVE] —1 0 0 0
Es/2(I3) 2 -2 -3 V3 -1 0 0 0
Esp(ly) 2 =2 0 0o -2 2 0 0 0
T* E R 4C; 4RC; 4C7 4RC? 6Cr e =exp(2mi/3)
Eip 2 =2 1 -1 —1 1 0
G3)2 E" 2 =2 € —€ —€ € 0
E” 2 =2 é —€ —€ € 0
Tj E R 8@3 8&@3 662 63‘4 &3‘4 1264
o* E R 8C; 88C; 6C,  6Cs  6RCy  12C
E12(T%) 2 2 1 -1 0 V2o V20
Es)p () 2 =2 1 —1 0 -2 V20
G3/2(13) 4 —4 -1 1 0 0 0 0
I* E & 12€s 128Cs 12€2 128C? 2003 20RCs3  30C;
Eip(ls) 2 -2 ¢ -9 ¢! —¢! 1 -1.0
Ep(Iy) 2 =2 —¢7' ¢t —¢ ¢ 1 -1.0
G3p(lg) 4 —4 1 -1 -1 1 —1 1 0
Is2(I9) 6 —6 -1 1 1 -1 0 0 0
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G.2 Subduction

SO3) 1 o0

J

1/2 Eip Eip

3/2 G3/2 G3/2

5/2 Is) Espp+Gsp

7/2 E7p+Isp Eipp+ Esp+Gsp
9/2 G3p+Is)2 E12+2G3)2

11/2 Eyp+G3p+1sp Eipp+ Esp+2Gsp
13/2 Eip+ E72+G3p+ 15 E1j2+2E5+2G3p2
15/2 G +2Isp Eip+Esp+3G3p
17/2 E7/2 4 G320+ 2152 2E1p+ Es;p +3G3p2
19/2 Evpp+ E72+ G3pp + 2152 2E1/2+2E52 +3G3)»

G.3 Canonical-Basis Relationships

D3 D(C3) D(¢3)
1-iv/3 0 —i
|E1p200), |E1/2) (2) I+ <—i 0 >
|E3/201) (=D ()
|E3/202) (=D (=0
D} D(C3) D(¢3)
= 0 —i
|E1j200), |E1/28) < %E 1i2 (—i Ol>
—14i 0 —i
|E3p0), |E32pB') ( ‘(/)z —1-i (—i 0 >

The components of the fourfold-degenerate Gz, irrep in O* and I* are la-
beled as «, X, u, and v. For a quartet spin, these labels correspond to Mg =
+3/2,+1/2,—1/2, and —3/2, respectively.

O*

D(C3)

|E1200), | E128)

|Esppa’), |EsjB')

G (1-i 0
2\ 0 1+i
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o* |G3/2k), |G324)|G3/210), |G3/2V)
D(C)
—1—-i 0 0 0
0 0 1—i 0 0
V2 0 0 1+ 0
0 0 0 —1+i
D(C3™)
—1—i  NB(=1+i) 3(1+i) 1—i
| V31— =14 —1—i 3(=1410)
A 3(=1—1) 1—i —1—i 3=
—1—i V3 —i) B+ —l+i
I* D(Cs) D(C37%)
i ¢o—i —igp7! 1 (1—i —1—i
|E1)200), |E1/2) 2(—1‘(1)‘1 ¢>+i> 2(1—1‘ 4

|E7/20"), | E7/2B')

1—i —1—-1i
1—i 141

D=

—p ' —i i¢
i¢ ¢! +i

D=

I*

|G32k), 1G320)|G3 o), |G3joav)

D(Cs)
—¢ ! —ig?* —V3@2+1i)
1 —V3Q2+1i) 34+0+iG—¢h
S -3 —ip™  —id+9¢7Y)
i¢~ V3@ +ip™?)
—V3( ' —ip™?) i¢~?

—i(4+¢73) V3@ +ip7)
34¢0+i3—09% V32 =)

V32 —i) ¢~ +ig*
D(C3%)
—1—i  V3=1+i) 31+ 1—i
| V31— =14 —1—i  3(=14i0)
N V3(=1-1) 1—i —1—i V31 =10)

1= V3 —i) N3A+i) —1+i
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I"I52:15/2),13/2)11/2),1-1/2),1-3/2),1-5/2)

D(Cs)

—7—i—¢(0+5i0)
V54—
| V103 +ig?)
2 /109722 +1)

V57 —ig™h

—igp™

V5973 +igp™)

V10p72(2 + 1)
V2@ +2¢+i—3i¢p)

—2i(8 +¢)

2¢° +2i¢p?

V22 —i)(5¢ —2)

—/5¢ (4 - 3i)

3i) —5-3i+6¢"1 —7i¢p
—V2Q+i)(5¢ —2)

V23 +2¢ +i —3ip)

V5973 —ip™)

V103 +ig?)
—V2Q+i)(5¢ —2)
2¢° — 2ig?
—2i(8+ ¢)

—V23 +2¢ —i +3i¢)

—V10p72(2 — i)
_i¢—5
V33 +igp™)

—V2B+2¢—i+3i¢p) —/100722 —1i)
V22 -i)(5¢ —2)
—543i+60"1 +7i¢

V10(p 73 —ig?)
V3¢ (4 +30)

V10(¢p~3 —i¢?) V564 + 3i) —T4i—¢(10 —5i)

D(C3)

—14i V5(1+1i) —V/10(1 +1i)

—V5(1—i)  3(14i) V2(1410)
| VIO -0 V231 40) 2(1+1i)
8| —V10(1 —i) —v2(1 +1i) —2(1+1)

—V5(1—i)  =3(141) —V2(1 +1i)

—1+i —/5(1+1) V10(1 + i)

—/3(1 =) 1+i

31—i)  —/50+10)

—V2(1—i) /1001 +1i)

—V2(1—i) —~/10(1+1i)

3(1—10) V51 41)

—/5(1 =) —1—i
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G.4 Direct-Product Tables

G Spinor Representations

D3 Eip p1 02
Al Eip o1 02
Az Eip 02 o1
E Eip+ Esp Ep Eip
Eip [Ay + ET+{A1} E E
P£1 E A2 Al
02 E Al A2
Dy Eip E3p

Ay Eip E3p

As Eip Esp

By E3p Eip

B E3p Eip

E Eip+ E3p Eipp+ Esp

Eip [A2 + ET+{A1} Bi+B+E

Esp Bi+B,+FE [A2+ ET+{A1}

D3 Eip E3p o1 02
Al Eip E3p o1 P2
As Eip E3p 02 P1
E; Eip+E;3p Ei+ Esp E3p E3p
E; E3pp+ Esp Eipp+ E3p Ei Eip
Eip [A2 + E1]+{A1} Ei+ E> E> E,
E3p E\+E [A2 + E2] + {A1} E E;
o1 E; E; As Ay
02 E, E, Ay Ap
D¢ E1p(I7) Es;p(I3) E3/2(19)

Al Eip Esp E3p

As Eip Esp E3p

B Esp Eip E3p

B Esp» Eip E3p

E; Eipp+ E3p Es;p+ E3p Eipp+ Esp

E; Es;+ E3p Eip+ E3p Eip+ Esp

Eip [A2 + E1]+{A1) By + By + E» Ei1+E>

Esp B+ B+ E; [Ar+ E1]+{Ay} Ei+E;

E3)2 Ei+E> E\+E [A2 + B + B2l +{A1}
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o* Eip Es; G32

Aq E Es; Gip

A Esp E\ ) Gip

E G3p Gip E\p+ Esp+Gsp

T Eip+Gap Es;p+ Gapo E1p+ Espp +2Gsp

T Espp+Gspo Eipp+Gap Eipp+ Esp +2Gs3p

Eip [Th]+{A1} Ay + T E4+T+T

Es)» Ary+ T [Th]+{A} E+T+T

G3p2 E+Ti+T E+Ti+T [A2 +2T1 + T2] + {A1 + E + T2}

I* Eip E7p G3p2 Is)

A Eip E7p G3p2 Is)

T Eip+Gsp Isp Eip+Gsp+ilsp  E7p+Gsp+2isp

p) Is) E7p4+G3pp Ep+Gsp+1sp  Eyp+Gip+2lsp

G Eip+isp Eip+ilsp  Gip+2sp Eipp+ E70+2G3)2

+ 215

H Gip+1Isp Gip+Ispp Evp+E72+Gsp Eip+E72+2G3p
+ 215, + 315,

Eip  [Th]+{A} G T\ +H h+G+H

E1p G [T2]+{A} L+ H h+G+H

Gsp Th+H T+ H [T7 + T2 + G] '+T+2G+2H
+{A+ H}

Isp Th+G+H T1'+G+H Ti+T+2G+2H [2T1+25+ G+ H]

+{A+G+2H}

G.5 Coupling Coefficients

o* o*
Ay X G32 Gip E x Eip G3)2

K A w v K A " v
a K 0 0 1 0 0 o 0 -1 0 0
a A 0 0 0 -1 68 0 0 1 0
ay | -1 0 0 0 €a 0 0 0 -1
a v 0 1 0 0 € B 1 0 0 0
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O*
E x Espp Gip
K A % v

0 o 0 0 0 -1
0 B 1 0 0 0
€ a 0 1 0 0
e p 0 0 -1 0
0*
E x G3/2 Es) G3/2

o B a’ B’ K A " v

L €1

(s 1() 0 0 7 7 1O 0 0
0 A 7 lO 0 0 0 -7 l0 0
0 un 0 7 10 0 0 0 -7 10
0 v 0 1O - 0 0 0 10 7
€ Kk 0 7 l0 0 0 0 7 l0
€ A 0 0 Wil 1O 10 0 0 Wil
€U 0 0 0 -7 7 0 0 0
€v % 0 0 0 0 % 0 0

Canonical complex 77 and 75 basis functions:

T :

T

1 .
|1>=ﬁ[—|T1x>—z|T1y>]

10) =1T12)

1
|=1) = 2[|T1x>_i|le)]

S

|1)_L[—|T ) —i|T2y)]
_\/E 2x L1 12y

0) =1T2;)

|—1) = —=[1Tax) — i|T2y)]

Sl -



243

G.5 Coupling Coefficients
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Solutions to Problems

1.1 The diagram for the product C’; 7 is the same as in Fig. 1.1, except for the
intermediate point P», which should be denoted by a circle instead of a cross,
since it is now below the gray disc. However, the end point P3 remains the same,
irrespective of the order of the operators. This implies that their commutator
vanishes.

1.2 Represent the rotation of the coordinates by the rotational matrix D as given by

X2 X1 cosa —sino X1
y2 =0 yi ]~ \sina cosa yi

cosa  sina
(x2 y2)=(x yl)DTZ(Xl yl)(—sina COSO[)

Express the sum x% + y% as the scalar product of the coordinate row with the
coordinate column and verify that this scalar product remains invariant under
the matrix transformation.

1.3 In general, the radius does not change if D is orthogonal, i.e., if

DT xD=TI

1.4 Apply the general rule that a displacement of the function corresponds to an op-
posite coordinate displacement. As a result of the transformation, the function
acquires an additional phase factor:

T eikx _ eik(x—a) _ e—ikaeikx
p = =

1.5 The action of a rotation about the z-axis can be expressed by a differential
operator as

O(a) ! + i + si i i

o) =cosa|x— — sino| y— —x—

ax Y dy Y ox dy

The unit element corresponds to & = 0, and hence,

P 9 9
E=00)=(x—+y—
© <x3x+y3y)
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The angular momentum operator is given by

L;=xpy— ypx

h( 9 9
= -1 X— — —_—
iy ox

ho. O —E
=—— lim ———

1 a—0 o

The angular momentum operator thus is proportional to an infinitesimal rotation
in the neighborhood of the unit element.

2.1 The condition that C be unitary gives rise to six equations:

1=lal*+ |b|?
1=lal*+ |c?
1=1b]*+|d|?
1=lc]> +|d|?

0=lacle! @) + |bd|e! =D
0=lable!®P + |cd|e! VD

From these equations it is clear that |a| = |d| and |b| = |c|. The phase relation-
ships may be reduced to

G BHY) — _ia+d)
With the help of these results the four matrix entries can be rewritten as

|a|eiol — |a|el’(ol+5)/26i(0175)/2
|d|ei5 — |a|ei(a+8)/2€7i(a78)/2

Iblelf = |ble!@FD)/24il — oty
lclel? = —|b|e!@+/2il=F+52]

The general U (2) matrix may thus be rewritten as

[ ; a+d
U oieros2( laled@d72  |pleilb=*3"]
—|b|ei[_ﬁ+°‘zﬁ] lale—i@=9)/2

with |a|? + |b|> = 1. Note that a general phase factor has been taken out. The
remaining matrix has determinant 41 and is called a special unitary matrix (see
further in Chap. 7).

2.2 The relevant integrals are given by

2 . .
/ e ek g = 913" =2m
0

2
/ g e:|:2ik¢d¢ — 1 [e:t2ik¢]27f -0
0 +2ik 0
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23

3.1

32

The normalized cyclic waves are thus given by

| k)= Leﬁ’“ﬁ‘
V2r
and these waves are orthogonal: (—k|k) = 0.
The combination of transposition and complex conjugation is called the adjoint
operation, indicated by a dagger. A Hermitian matrix is thus self-adjoint. An
eigenfunction of this matrix, operating in a function space, may be expressed as
a linear combination

W) =D il fi)

k

We may arrange the expansion coefficients as a column vector ¢. This is called
the eigenvector. Its adjoint, ¢', is then the complex-conjugate row vector. The
corresponding eigenvalue is denoted as E,,. Now start by writing the eigenvalue
equation and multiply left and right with the adjoint eigenvector:

He = E,;¢
¢He=E m ce
Now take the adjoint and use the self-adjoint property of H:
c'Hfe = En ce
¢'He=E,c'¢c

A comparison of both results shows that the eigenvalue must be equal to its
complex conjugate and hence be real. If H is skew-symmetric, a similar argu-
ment shows that the eigenvalue must be imaginary.

The table is a valid multiplication table of a group that is isomorphic to D;. The
element C is the unit element. There are six ways to assign the three twofold
axes to the letters A, B, D.

Any nonlinear triatomic molecule with three different atoms has only Cs sym-
metry, e.g., a water molecule with one hydrogen replaced by deuterium. C»
symmetry requires a nonplanar tetra-atomic molecule, such as H>O;. In the
free state the dihedral angle of this molecule is almost a right angle (see the
figure). To realize C; symmetry, one needs at least six atoms. Since three atoms
are always coplanar, the smallest molecule with no symmetry at all has at least
four atoms.
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34

3.5

3.6
3.7

H Solutions to Problems

There are only three regular tesselations of the plane: triangles, squares, and
hexagons.

The rotation generates points that are lying on a circle, perpendicular to the ro-
tation. If the rotational angle is not a rational fraction of a full angle, every time
the rotation is repeated, a new point will be generated. To obtain an integer or-
der, the additional requirement is to be added that the original point is retrieved
after one full turn.

Consider a subgroup H C G such that |G|/|H| = 2. Then the coset expansion
of G will be limited to only two cosets:

G=H+3H

Here g is a coset generator outside H. The subgroup is normal if the right and
left cosets coincide, Since there is only one coset outside H, it is required that

gH=Hg

Suppose that this equation does not hold. Then this can only mean that there are
elements in H such that

hy8=hy
But then the coset generator must be an element of H, which contradicts the
staring assumption.
Soccer ball: Ij,. Tennis ball: D,,. Basketball: D,;,. Trefoil knot: Ds.
The figure (from Wikipedia) shows the helix function for n = 1. One full turn
is realized for  /a =27 ~ 6.283. This is a right-handed helix.
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The enantiomeric function reads:

x(t)=a cos(n—t)
a
y(t)=a sin(—n—[>
a

z(t) =t

Note that a uniform sign change of ¢ would leave the right-handed helix un-
changed. For the discrete helix, the screw symmetry consists of a translation in
the z-direction over a distance 2w a/m in combination with a rotation around
the z-axis over an angle 2zrn/m. If m is irrational, the helix will not be periodic,
and the screw symmetry is lost.

4.1 The site symmetry of a cube is 7. The cube is an invariant of its site group
and transforms as ag in T},. The set of five cubes thus spans the induced rep-
resentation: aTy, 1 I,. Applying the Frobenius theorem to the subduction (see
Sect. C.1), one obtains

aTp ? I =Ag + Gg (1)
4.2 The irreps can be obtained from the induction table in Sect. C.2, as I, C3y 1 Ty:
I7CawtTy=E+T1+ T, 2)

The SALCs shown span the tetrahedral E irrep, the one on the left is the
Ey component, and the one on the right is the E. component. Note that they
transform into each other by rotating all 7 -orbitals over 90° in the same sense
[13].

4.3 The 24 carbon atoms of coronene form three orbits: two orbits of six atoms,
corresponding to the internal hexagon and to the six atoms on the outer ring
that have bonds to the inner ring, and one orbit of the twelve remaining atoms.
The elements of the 6-orbit occupy sites of C}, symmetry, based on CA‘Q, 6n, Oy
in Dgj,. The p, orbitals on these sites transform as b;, and hence the induced
irreps are as in the case of benzene:

bICZUTD6h=B2g+A2u+E1g+E2u (3)

The remaining 12-orbit connects carbon atoms with only C; site symmetry,
the p, orbitals on these sites transforming as a”. The induced irreps read:

a"Cs 1 Deh = Big + Bog + Aty + Agy +2E 14 +2E, “4)

The Ay, and By, irreps only appear in the 12-orbit, so we can infer that the
molecular orbitals with this symmetry will entirely be localized on the 12-
orbit. The SALCs can easily be constructed, as they should be antisymmetric
with respect to the 6, planes in order not to hybridize with the SALCs based
on the 6-orbits.
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The tangential -orbitals transform as I, in the Cs, site group of 7. Accord-
ing to Sect. C.2, one has:

FJTCSUTIhZTlg+Tlu+Gg+Gu+H +Hu

When the projector that generated the component is characterized as Pk !, the
other components may be found by varying the k index.

Act with an operator S on the projector and carry out the substitution R=
ST

. .
I
SPHO:SEZR

Gl &

[

=— Y SR=—>"T=5
|G| G|
R T

Applying the inverse transformation to the SALCs of the hydrogens in ammo-
nia yields

1 1 1

(Isp2) Ispg) Ispe))=(128) 12p) 2p))| % —7% — %
1 1

O x5 =

This mode transforms as Ey. It can be written as a linear combination of a
radial and a tangent mode:

—1 rad 1 tan
=—0™y —
C=nR% t 5%
with

) 1
0y = 75 (ARs — AR)

1
0" = —RQ2A¢s — App — Adc)

7

This mode preserves the center of mass and is a genuine normal mode.
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4.9

4.10

4.11

4.12

5.1

52

Since all irreps are one-dimensional, the characters can only consist of a phase
factor:

D(Cs) =1 (5)
The fifth power of the generator will yield the unit element, and hence,
=1 (6)

This is the Euler equation. Its solutions are the characters in the table of Cs,
as given in Appendix A.

The product of inversion with a C> axis must yield a reflection plane, per-
pendicular to this axis. As an example, a product of type 7 - éé must yield a
reflection plane of 64 type, as this is perpendicular to the primed twofold axis.
For the one-dimensional irreps of Dgy,, one thus should have

xWx(C3) = x(0a) (7

This is indeed verified to be the case.

The aé/ distortion is antisymmetric with respect to 36‘2, o, and 23‘3. As a
result, when the mode is launched, all these symmetry elements will be de-
stroyed, and the symmetry reduces to the subgroup C3,. In general, the result
of a distortion will always be the maximal subgroup for which the distortion
is totally symmetric [14].

The group of this fullerene is Dgy4. The 24 atoms separate into two orbits: a 12-
orbit containing the top and bottom hexagons and another 12-orbit containing
the crown of the 12 atoms, numbered from 7 to 18. In both cases the site group
is only Cy, and hence both orbits will span the same irreps:

a'Cyt Deg = A1+ By+Ei1+ Ey+ E3+ Es+ Es

Quite remarkably, the Hiickel spectrum for this fullerene has a nonbonding
level of E4 symmetry.

Let r; and r; denote the position vectors of electrons i and j. The electron
repulsion operator contains the distance between both electrons as |r; —r;|. The
matrix D(R) expresses the transformation of the Cartesian coordinates under a
rotation. This matrix will also rotate the coordinate differences:

R X,‘—Xj Xi—Xj
Rlyi—y;j | =D [ yi—yj )]
Z,'—Zj Z,'—Zj

Exactly as in the derivation for Problem 1.2, the square of the distance between
the two electrons is then found to be invariant under any orthogonal transfor-
mation of the coordinates.

For the G irrep, it is noted from Sect. C.1 that a tetrahedral splitting field will
branch G into A + T. It thus acts as a splitting field to isolate the unique Ga
component. Symmetry adaptation to CA’é will yield two totally symmetric com-
ponents, one of which will be the Ga already obtained; the remaining one is
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then Gz. The corresponding Gx and Gy may then be found by cyclic permuta-
tion under the C;y © axis.

For the H irrep, one may make use of the CA’;C}'Z axis again. It resolves H
into A1+ 2E. This unique A; component will be the sum H¢ + Hn+ H¢. We
can project the H¢ component out of this sum by using the (Afé axis. Although
the H level subduces three totally symmetric irreps in C,, there will be no
contamination with H9 and He since these were already removed in the first
step by projecting out the trigonal Aj.

The total number of nuclear permutations and permutation-inversions for
CH3BF, is 24. This is the product of six permutations of the protons, two
permutations of the fluorine nuclei, and the binary group of the spatial inver-
sion. However, as the fluxionality of this molecule is limited to free rotations
of the methyl group, the operations should be limited to those permutations
or permutation-inversions that lead to structures that can be rotated back to
the original frame or fo a rotamer of this frame. Only half of the operations
will comply with this requirement. As an example, the odd permutations of the
protons are not allowed since the resulting structure cannot be turned into the
original one by outer rotations or by rotations of the methyl group around the
C-B bond. The results are given in [15]. The corresponding symmetry group is
isomorphic with D3j,.

Ferrocene is a molecule with two identical coaxial rotors. Its nuclear permu-
tation-inversion group consists of 100 elements. It has a halving rotational sub-
group of 50 proper permutations: for each of the cyclo-pentadienyl rings, there
are 5 cyclic permutation operations, yielding a total of 52 = 25 operations, and
this number must be doubled to account for the permutation of the upper and
lower rings. In addition, there is a coset of improper permutation-inversions
containing the other 50 elements. This coset also contains two kinds of ele-
ments. In the table we summarize the structure of the group. The carbon atoms
are numbered 1, ..., 5 in the upper ring and 6, ..., 10 in the lower ring.

Nuclear permutation-inversion group for ferrocene (# and [ refer to upper
and lower rotor)

~

R #
CY x CL (12345) 25
(ul) (16) (2,10) (39) (48) (57) 25
561 x 56 (25) (34) (7, 10) (89)* 25
(ul)* (16) (27) (38) (49) (5, 10)* 25

The (1,)* configuration gives rise to 15 states. The direct product decomposes
as follows (see Appendix D):

T x Ty = [Alé7 +E; + T2g] + {Tlg}

The symmetrized part will give rise to six singlet functions, while there are
nine triplet substates, forming a 3T ¢ multiplet. Since the 3-electron ¥ state is a
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6.2

6.3

6.4

quartet, the singlet states cannot contribute, and we need to couple the triplet to
alTy, state, resulting from a (tlu)1 configuration. The orbital part of the triplet
is obtained from the 77 x T = T} coupling table in Appendix F:

1

|Tigx) = E[—y(l)ZQ) +2(D)y(2)]
1

Tigy) = E[X(l)Z(Z) —z(Dx(2)]

1
T1g2) = E[—x(l)y(Z) +y(Hx(2)]

The coupling with the third electron can yield Ay, E,;, T1,, and T, states. Our
results is based on the A1, product. This yields

1
A= %[|T1gx>IX(3)> + | Tigy)y(3)) + |T152)12(3))]

x(1) y(1) z(1)
__ Lo yo 20
®1v3) y3) z3)

This should be multiplied by the product of the three «-spins, o 23, to obtain
the *A1, ground state of the (t1a)3 configuration.

The JT problem is determined by the symmetrized direct product of 77,. As we
have seen in the previous problem, this product contains A1, + Eg + T2,. Since
A1, modes do not break the symmetry, the JT problem is of type 71 x (e+1#).In
the linear problem only two force elements are required. The distortion matrix
is thus as follows:

Qo 0 0 0 —-0r -0y

=% 0 Qs 0 +% -0 0 -0
1o o —20 20, 0 0

The magnetic dipole operator transforms as T1,, while the direct square of e
irreps yields Ajg + Azg + E,. Since the operator irrep is not contained in the
product space, the selection rules will not allow a dipole matrix element be-
tween e, orbitals.

We first draw a simple diagram representing the R-conformation. The point
group is C». The twofold-axis is oriented along the y-direction, and the centers
of the two chromophores are placed on the positive and negative x-axes. The
dipole moments are then oriented as

o .o
Mny = /L(O, cos 5 —sm—)

H/

2

0 o | o
= ,COS —, sin —
L= ) )
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The exciton states on both chromophores are interchanged by the twofold axis
and can be recombined to yield a symmetric and an antisymmetric combination,
denoted as A and B, respectively. One has:

1
Wa) = —(1¥1) + |¥2))

/2

1
|¥g) = —(1¥1) — [¥2))

V2

The corresponding transition dipoles are oriented along the positive y- and neg-
ative z-direction, respectively:

Ma =\/§,U.<O,COS%,O>
Lo
Mg =«/§,u<0,0, —sm5>

The dipole-dipole interaction is given by
1 cosa

Vip=——
12 dre sz

€))

For o < /2, the dipole orientation is repulsive. As a result, the in-phase cou-
pled exciton state |¥4) will be at higher energy than the out-of-phase |¥p) state.
Finally, we also calculate the magnetic transition dipoles, using the expressions
from Sect. 6.8:
inv( n ) inv,uR . a(o 1.0)
my=—(I Xpn rp X py)=———nr28m-(U,1,
V2 : NG 2
inv( ) inv,uR a(o 0.1)
mp=——=(r X by —I2 X flp) = —— £12€08 = (U, U,
NG : Y2 2
These results are now combined in the Rosenfeld equation to yield the rotatory
strength of both exciton states:

Top?

Ra= > Ripsina
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Top?

Rp=— Rizsinax
B > 12

This result predicts a normal CD sign, with a lower negative branch (B-state)
and an upper positive branch (A-state) [16]. This is a typical right-handed helix,
corresponding to a rotation of the dipoles in the right-handed sense when going
from chromophore 1 to chromophore 2 along the inter-chromophore axis. In
the S-conformation the sign of o will change, and the CD spectrum will be
inverted.

The direct square of the e-irrep in D,y yields four coupled states:

exe=A1+Ar+ B+ B (10

The corresponding coupling coefficients are given in the table below. This table
is almost the same as the table for D4 in Appendix F, but note that By and
Bj; are interchanged. Such details are important, and therefore we draw again a
simple picture of the molecule in a Cartesian system. Both in D4 and in Dy,
the By and B irreps are distinguished by their symmetry with respect to the CA‘é
axes.

Dy

E x E ﬂ A B B
ay az by by

X x % 0 0 —%
1 1

yy 7 0 0 -

x 0 L € 0

: T
y X 0 7 7 0

In the orientation of twisted ethylene, as indicated in the figure below, the direc-
tions of these axes are along the bisectors of x and y. In contrast, in the standard
orientation for D4 they are along the x and y axes, while the bisector directions
coincide with the ég axes, and hence the interchange between B and B>.

z
4

.

’
/

[

!

; P,

1

i

H

i

‘
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Note that the two-electron states are symmetrized, except the A, combination.
The symmetrized states will combine with singlet spin states, while the A, state
will be a triplet. One thus has:

TA) = \%(xu)x(z) +y(1)y(2))%(a(l)ﬂ(2) - B(DHa(2))
T(I(xoc)(xﬂ)l + |(ye) (3B)])
'B1 = (|<xa>(yﬂ)| + | (xB)])

SI

'By = — (= |(xa) xB)| + | ) (¥B)])

FAr = |(xa) (yar) |

The ! A; and ! B, states are the zwitterionic states, while the ! B; and 3 A, states
are called the diradical states. It is clear from the expressions that in both cases
the two radical carbon sites are neutral. The zwitterionic states are easily polar-
izable though.

The carbon atoms form two orbits. The p, orbital on the central atom is in
the center of the symmetry group and transforms as aj. The three methylene
orbitals are in Cy, sites, transforming as the b, irrep of the site group, i.e., they
are antisymmetric with respect to 65, and symmetric with respect to ,. The
induced representation is

byCoy + D3y =aj +e” (11)

The SALCs are entirely similar to the hydrogen SALCs in the case of am-
monia; this implies, for instance, that the component labeled x is symmetric
under the vertical symmetry plane through atom A. It will be antisymmetric
for the twofold-axis going through atom A since the relevant orbital is of p,

type:

|Wa) = (IPA>+|PB>+|PC>)

¥y) = —=(2lpa) — IpB) — |pC))

S-Sl

1
|Py) = E(IPB) —1pc))

The aj orbitals interact to yield bonding and antibonding combinations at
E =« £ +/38. Since the graph is bipartite, the remaining ¢” orbitals are neces-
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7.1

7.2

7.3

sarily nonbonding and will be occupied by two electrons. The direct square of
this irrep yields symmetrized A and E’ states and an antisymmetrized A/, state.
The expressions for these states are obtained from the coupling coefficients for
D3 in Appendix F:

oo 1
') = —(x(Hx(2) +y(1)y(2))ﬁ(a(1)/3(2) - B(Da(2))

S

1
2(|()6<>t)()€/3)| + |0 (8)))

S

B, = ()] + [ 0w (B)))
V2

E = L (L aa)ap)] + 0o 08))
Y2

3Ar = |(xa) (ya)|

Note that the distinction between zwitterionic and diradical states does not
hold in this case. Formally, TMM can be described as a valence isomer be-
tween three configurations in which one of the peripheral atoms has a dou-
ble bond to the central atom and the other two sites carry an unpaired elec-
tron.

In a cube the d-shell also splits in eg + 124, but the ordering is reversed. Explicit
calculation of the potential shows that the splitting is reduced by a factor 8/9:

8
Acybe = — § Aoctahhedron

Perform the matrix multiplication and verify that the product matrix is of
Cayley—Klein form. The multiplication is not commutative:

ar b a b aiay —bll;z a1by + arby (12)
= - X = _ = - - -
b a —by a —aiby —axby ajar — b1by
The double group D3 contains 12 elements. In Table 7.5 we have listed the six
representation matrices for the elements on the positive hemisphere. The CA’f
axis is along the x-direction, CA'ZB is at —60° and é’zc is at +60°. The derivation

of the multiplication table and the underlying class structure (see Table 7.6) is
based on a straightforward matrix multiplication.
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Multiplication table for the double group D3
Df E C3 (€} NG NG R Cp CE

C ~A ~B AC
CS RCP NCE NCES

E E C3 €2 RG RCE R OC) CF OGS RC) RCEORCS
Ci C3 €2 " RGP E  RG C Cf RCE RCS nCyCE
€2 €} RN RG E CG3 RC? RCE OGS ORGP CEORCS ¢4
NC; RC3; RC? E C3 R C3 NCS RGP CECS Cp RCE

N A A A A

NCT E G R ORGy (OGP ORCS G RCE CS O wGH

8 R RG; RCZ Gz G2 E RCY RCE ORCS ¢y CF

Cyp  Cf CEORCS RCE OGS ORGP R ORGy C2E (3 RCGZ
~B ~B ~AC ~AA L AC ~A AB A2 A A2 [ A
CB € RCS RGP CS G4 RCE G N G RCEE RG
AC AC A A ~B A A ~B AC A A2 A A2 2
C§ €S Cf CB ORCH RCE ORCS NGy RC2 R G G} E

NC) RCH RCE CS CF RCS € E O3 RCP RN RGy (2

RCS CF RC} E  RG; G n G

¢ CF OGS & 2 E RGy RCE N

The action of the spin operators on the components of a spin-triplet can
be found by acting on the coupled states, as summarized in Table 7.2. As
an example, where we have added the electron labels 1 and 2 for clar-

1ty:

Sel+1) = S[lar)|a2) ] = [Sxler) Jlea) + o1 [ Sxlea)]
h h
= E[|,31>|a2) + la1)|B2)] = EIO)
Syl =1) =—EI0)
V V2

These results can be generalized as follows:
S:|Ms) = hMs|Ms)
1
(Sx £i8y)|Ms) = h[(S F Ms)(S + My + D] |M; + 1)

The action of the spin Hamiltonian in the fictitious spin basis gives then rise to
the following Hamiltonian matrix (in units of wp):

Hze  10) |+1) -1)

(0] 0 g1 5(By+iBy) g1 5(Br—iBy)
(H1l g1 5(Ba—iBy)  gB; 0

(<11 g1g5(Ba+iBy) 0 ILE

We can now identify these expressions with the actual matrix elements in
the basis of the three D3 components, keeping in mind the relationship be-
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1.5

tween the complex and real triplet basis, as given in Eq. (7.39). One ob-
tains:

1 1
(O[Hze| + 1) = —7§(A1|H|Ex +iEy) = ﬁ[—a +d+i(=b—0)]
1 1
OHzel 1) = EWIHIEX —iEy) = ﬁ[a +d+i(b—o0)]
1

(£lHzel £1) = 5[(X|7-l|x} + (VI HIy) £i((xIH]y) = GIHIx)] =+ f

From these equations the parameters may be identified as follows:

a=0
b=—g| By
c=0
d=g1B;
e=0
/=8B

The Zeeman Hamiltonian does not include the zero-field splitting between the
Aj and E states. This can be rendered by a second-order spin operator, which
transforms as the octahedral E¢6 quadrupole component:

D, o w© w Dfw 1
—(2S§—S§—S§)——(S§—§SZ>

Hzr =3 2

One then obtains
D =3A

The action of the components of the fictitious spin operator on the I'g basis is
dictated by the general expressions for the action of the spin operators on the
S = % basis functions. It is verified that the spin-Hamiltonian that generates the
Jp part of the matrix precisely corresponds to

The fictitious spin operator indeed transforms as a 7} operator and has the
tensorial rank of a p-orbital. However, as we have shown, the full Hamil-
tonian also includes a Jy part, which involves an f-like operator. To mimic
this part by a spin Hamiltonian, one thus will need a symmetrized triple prod-
uct of the fictitious spin, which will embody an f-tensor, transforming in the
octahedral symmetry as the 7 irrep. These f-functions can be found in Ta-
ble 7.1 and are of type z(5z> — 3r%). But beware! To find the correspond-
ing spin operator, it is not sufficient simply to substitute the Cartesian vari-
ables by the corresponding spinor components, i.e., z by S’z, etc.; indeed,
while products of x,y, and z are commutative, the products of the corre-
sponding operators are not. Hence, when constructing the octupolar product
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of the spin components, products of noncommuting operators must be fully
symmetrized. For the f,3 function, this is the case for the functions 3zx? and
3xy?, which are parts of 3z7>. As an example, the operator analogue of 3zx>
reads

3zx% — 5,8: Sy + S: S Sy + S S, S;
One then has for the operator equivalent of 3z (x> + y?):

5.5eSe + 5055, + S.5e5. + 8:5,8, + §,5.5, + 5,5, 5.
= 35.(32 + 52) + iR(38, — 5,80 = 3852 + 52) — 5.
where we have used the commutation relation for the spin-operators:
SxSy — 8,8y =ihsS;
The octupolar spin operator will then be of type

- 3. - 1 5= = 3.~ 1 5=
Hf = l;_fngZ <S3 - gSZSZ+ §h2Sz> + Bx <S§ - ngS2+ ghzsx)

5 5

In order to identify the parameter correspondence, let us work out the action
of this operator on the quartet functions. As an example for a magnetic field
along the z-direction, the matrix is diagonal, and its elements (in units of @ pg)
are given by

- 3. - | .
3 2 2
+ By (Sy — 28,82+ zh sy>

3 3 3/9 45 1 3
0 M D )=ty B oo - D42 )=+ gB
< 2‘Hf‘ 2> &8s Z2(4 2o+5> 10877

1 1 9
44|+ )=F—g,B
< 2 f‘ 2> 10877

By comparing these elements to the results in Table 7.8 we can identify the
parameter correspondence as

3
Jf=_ﬁgf (13)
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