Solutions to Exercises

In the book of life, the answers aren’t in the back

Charlie Brown.

Chapter 1

Exercise 1.1

1,2

(page 20)

, 4,6, 7 and 8 are statements, while 3 and 5 are not.

Note that 7 refers to some unspecified utterance by Felix, upon which

the

truth of this statement depends. Statement 8 however is more compli

cated: if the sentence it refers to is itself, then there is no consistent way to
determine its truth value: if what it says is true, then it must be false; and
if what it says is false, then it must be true.

Exercise 1.2

1

(page 20)

. This is not a valid deduction. There may be some other reason that
everyone is leaving the building, e.g., it may be closing for the night.

. Ideally this would be true, but it is not a valid deduction. It would
be valid to deduce that everyone must leave the building; however,
saying someone (or something) must behave in a particular fashion
does not make it so; for example, some people may ignore fire alarms,
considering fire alarm testing to be a nuisance.

. This is not a valid deduction. The conclusion is no doubt true, as
there is surely a rule that states that a train must wait at a red signal;
but this rule is not provided in the argument. It might be that the
rules for the railway in question do not state that trains must wait at
a red light.

. This is not a valid deduction. The conclusion is true, but not for the
reasons provided in the two premises.

. This is not a valid deduction. The rook that has already moved might
not be the one involved in the castling.
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Exercise 1.3

. A judgement as to the validity of this deduction cannot be made on
purely logical grounds, due to the ambiguity of the language of the
city by law. Specifically, what is the status of the conjunction “and”
in the by law? As Charles does not keep any cats, and certainly no
more than three, it could be argued that it is within his rights to keep
five (or even fifty) dogs on his property. Even worse, the “more than”
in “more than three dogs and three cats” might only apply to dogs
and not cats, thereby making the keeping of, say, five dogs and any
number of cats allowed except when there are exactly three cats.

(page 21)
. This is a valid deduction.

. This is a valid deduction. The conclusion that Epimenides is a liar
follows from the premises, as a truth telling Cretan cannot say that all
Cretans (including himself) are liars.

. This is not a valid deduction. It may be that all Cretans are liars; or
it may be that Epimenides is the only liar. Also, from the previous
deduction we already know that Epimenides is a liar based on the
given premises, so the conclusion being precisely what Epimenides
claims, must be false.

. This is a valid deduction. We know that the premises imply that
Epimenides is a liar, so his claim that all Cretans are liars must be
false.

. This is not a valid deduction. Aristotle may be a liar.

Exercise 1.4 (page 23)

. “The earth does not revolve around the sun.”
. “I have at least one daughter.”

. 24+2>4.

Exercise 1.5 (page 24)

1.

This is true, as the second disjunct is true (although the first disjunct
is false).

. This is false, as neither disjunct is true.

. This is true, as both disjuncts are true.

Exercise 1.6 (page 24)

1

. Inclusive. This statement implies that Joel could not have come in
last place if he beat both Felix and Oskar, so he must have lost to one
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of them; but he may well have lost to both of them.

2. Exclusive. It is impossible for a light to be both on and off at the same
time.

3. Exclusive. The server no doubt intends to offer the guest only one of
the beverages. However, if the guest is so odd as to ask for a cup of
both (either one cup with a mix of coffee and tea; or two cups, one
with coffee and the other with tea), the server will no doubt reluctantly
oblige.

Exercise 1.7 (page 25)

1. This is false, as only the second conjunct is true (the first conjunct is
false).

2. This is false, as neither conjunct is true.

3. This is true, as both conjuncts are true.

Exercise 1.8 (page 26)

1. AmandaHappy = JoelHappy.
2. JoelHappy = AmandaHappy.
3. AmandaHappy = JoelHappy.

Exercise 1.9 (page 26)

It may well be true that barking dogs don’t bite (i.e., Bark = —Bite), but
this says nothing about the habits of dogs that don’t bark; they may bite,
or they might not.

Exercise 1.10 (page 29)
Lplg = =(pnag).
2.plq = ~(pVva).
3. g<dp>r = (pAgQ) V (CpAT).
Exercise 1.12 (page 31)
1. P= @ ¢ @ = P has the following syntax tree:
/ “ \
= =
VRN VRN
P Q Q P
It would be sensible in this example to include redundant parentheses
for readability, and to write the formula as (P = Q) < (Q = P)
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2. This is not a well formed formula.
3. (PV Q) A P has the following syntax tree:
V
/ \
% Q

VAN
P

Due to the precedence rules, the parentheses are not redundant; P Vv
Q@ A P would be interpreted as PV (Q A P).

4. This is not a well formed formula.

5. PVQAR < PV QA(PVR) has the following syntax tree:

/ N\
Q R

/ \
e
Q

\

N\
R

\
/
P

In this case, only one pair of parentheses is redundant; however, it
would be sensible to avoid confusion by including all of the redundant
parentheses.

Exercise 1.14 (page 33)

This example hints at the many complicated ways that English (or any
natural language) can be used to express simple facts. We can draw the
conclusion that Lewis Carroll is after by making clear what each of the
above assumptions is saying.

Firstly, we introduce propositional variables to represent the different
atomic propositions that appear in the argument.

Love: “Amos Judd loves cold mutton.”
Police: “Amos Judd is a policeman on this beat.”
Sup:  “Amos Judd sups with our cook.”
Long: “Amos Judd has long hair.”
Poet: “Amos Judd is a poet.”
Prison: “Amos Judd has been to prison.”

Cousin:  “Amos Judd is our cook’s cousin.”
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We wish to deduce, formally and logically, the truth of the atomic proposi
tion Love, which asserts that “Amos Judd loves cold mutton.” Notice that
we modelled the problem by instantiating the properties of all men to apply
only to Amos Judd, as he is the only man in whom we have any interest.

The seven assumptions above then translate into the following proposi
tional formulae:

1. Police = Sup.
2. Long = Poet.
3. —Prison.

4. Cousin = Love.
5. Poet = Police.
6. Sup = Cousin.

7. —Prison = Long.

You should think carefully about each of these translations, and make sure
that you understand why they are correct. Assumptions 5 and 6 are partic
ularly tricky. For example, when 5 says that “None but policemen on this
beat are poets,” it is asserting that in order to be a poet you must be a
policeman on this beat. Thus, if Amos Judd is a poet (Poet), then Amos
Judd must be a policeman on this beat (Police): Poet = Police. Also, when
7 says that “Men with short hair have all been in prison,” it is asserting
that anyone who has not been to prison must have long hair; thus if Amos
Judd has not been to prison (—Prison), then Amos Judd must have long hair
(Long): —Prison = Long.

We can finally work out the logic, step by step, behind the claim that
“Amos Judd loves cold mutton” (Love):

=Prison (by 3).
Thus Long (by 7, —Prison = Long).
Thus Poet (by 2, Long = Poet).
Thus Police  (by 5, Poet = Police).
Thus Sup (by 1, Police = Sup).
Thus Cousin  (by 6, Sup = Cousin).
Thus Love (by 4, Cousin = Love).

The last line is the conclusion that we sought. (Along the way, we also
deduced that Amos Judd has long hair; he is a poet; he is a policeman on
this beat; he sups with our cook; and he is a cousin of the cook.)
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Exercise 1.15 (page 34)

The first clause states that the right to castle with a particular rook (either
the left rook or the right rook) has been lost if either the king or the rook
in question has already moved:
KingMoved V LeftRookMoved
= —RightToCastleLeft.

KingMoved Vv RightRookMoved
= —RightToCastleRight.

The second clause states that the player may not castle with a particular
rook if the right to do so has been lost, or if there is a piece between the
king and the rook in question, or if the square on which the king stands, or
the square which it must cross, or the square which it is to occupy is under

attack:
—RightToCastleLeft —RightToCastleRight
V PieceBetweenLeft V PieceBetweenRight
Vv  KingAttack Vv  KingAttack
V  LeftSquareAttack V RightSquareAttack
Vv KingMoveleftAttack Vv KingMoveRightAttack
= —MayCastleLeft = —MayCastleRight

Exercise 1.16 (page 35)

1. We need to express the property that the piece of paper held by each
boy has exactly one of the other’s names on it, and that each name is
written on a piece of paper held by exactly one other boy.

The following proposition p expresses that the piece of paper held by
each boy has exactly one of the other’s names on it:
(FonJ v OonlJ) A (—=FonJ v —Oonl)
A (JonF Vv OonF) A (—JonF Vv —-OonF)
A (JonO V FonO) A (—JonO Vv —=FonO).

p

For succinctness, we could have used the exclusive or connective:
p = (FonJ @ OonJ) A (JonF & OonF) A (JonO & FonO).

The following proposition g expresses that each name is written on a
piece of paper held by exactly one other bay:
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(JonF Vv JonO) A (—JonF Vv =JonO)
(FonJ v FonO) A (—=FonJ Vv —FonO)
(OonJ v OonF) A (—=OonJ v —OonF).

Q
Il

N
A
Again this could be expressed more succinctly:

p = (JonF @ JonO) A (FonJ @ FonO) A (OonJ @ OonF).

The formula we seek is then p A q.

2. From OonJ we can deduce —FonJ from p, from which we can deduce
FonO from ¢, from which we can deduce —JonO from p, from which we
can deduce JonF from gq.

In summary, we have “Oskar” on Joel’s piece of paper, “Joel” on Felix’s
piece of paper, and “Felix” on Oskar’s piece of paper.

Exercise 1.19 (page 40)

If you answer this question quickly, you might conclude that I would reject
the white circle. However, this would be wrong if, for example, I had the
white square in mind.

In fact, you cannot conclude that I will reject any particular symbol
(though you can conclude that I will reject one of them, you just cannot
determine which).

Exercise 1.20 (page 40)

Nine.
The point of this old joke is that four and five are nine irrespective of
the premise of the conditional statement.

Exercise 1.21 (page 42)
Define the following atomic propositions.

U = You understand implication.
P = You pass the exam.

The statement translates to U = P which has the following truth table:
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Exercise

Exercise

The only scenario in which the above statement can be considered false is
if U is true and P is false that is, if you do not pass the exam despite
understanding induction.

1.22 (page 44)

Each new variable doubles the number of combinations of truth values.
Thus, a truth table involving four propositional variables will have 16 rows,
and one involving five variables will have 32 rows. In general, a truth table
involving n propositional variables will have 2" rows.

Truth tables grow very quickly with the number of propositional vari
ables. Building truth tables for propositions with many variables, such as
in the Amos Judd example (Exercise 1.14), can therefore be frustrating or
even infeasible.

1.23 (page 44)

1.
PQ -~ (P& - Q
FF|T F F TF
FT F FTFT
TF F T T TF
TT T T F FT
2.
PQ (P ANQ YV (=P A= Q
FF FFF T TFTTF
FT FFTF TFFFT
TF TFF F FTFTF
TT T TTTFTFFT
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P AQ = (- RV 8\
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Exercise 1.24 (page 44)

Sl = W =
Mk e w
) TR TR
QUL WL - -

Sl = W =

QL L - -

Exercise 1.25 (page 46)

1. pV (—p A q) is neither a tautology nor a contradiction:

2. (pAg)AN—(pVq) is a contradiction:

- (p VvV g )

F F T FFF
FFT FF FTT
F FF TTF
TTT FF TTT

F
F
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3. (p = —p) & —p is a tautology:

| (

4. (p = ¢) = p is neither a tautology nor a contradiction:

-1

- s
mnH
M |
- N
m |
- ns

p gl (@ = g = 0p
FF| FTF FF
FT| FTT FF
T F T F F T T
T T T T T TT
5. p = (¢ = p) is a tautology:
p g | p = (g = p
FF |  FT F TF
FT|FT T FF
T F T T FTT
TT T T T T1TT

Exercise 1.26 (page 47)

The following is a truth table for these three propositions:

ﬁressure Height Land

*

*

i B B B B B B B
4T A4 AT
e B B e B By B B TS
i B B B B B B |1
\i-n-l'n-|'n—|-ly

4444

o

The formula p representing the original program code is not equivalent to
the formula g representing the first optimisation, as there are interpretations
of the atomic propositions which give rise to different truth values for p and
g, highlighted in the third and fifth rows of the above truth table.

However, the formulee p and g are equivalent, as the truth values of
these formula are the same under all interpretations, and hence the second
optimisation is valid.
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Exercise 1.27 (page 50)

1.pA(pVy)

< (pA—D) V (pAq) (Distributivity)
< false V (pAgq) (Ezcluded Middle)
< (pAg) A false (Commutativity)
& pAg (Tautology)

2. 2(p = q)

& —(-pVg)  (Implication)
& ——p A g (De Morgan)

& pA—g (Double Negation)

3.p= (gVvr)
< pV(gVvr) (Implication)
< (-pVv-p) Vv (gvr) (Idempotence)
< (-pVvq) V (-pVr) (Associativity, Commutativity)
< (p=q VvV (p=>r1) (Implication)

4. p = (gAr)
< p Vo (gAT) (Implication)
& (-pVvayg) A (mpVvrT) (Distributivity)

< (p=9 A=) (Implication)

5. (pAg) = 7
< —(pAg) VvV r (Implication)
< ((pv—q) Vr (De Morgan)
& (-pVv-g) V (rvr)  (Idempotence)
< (pVvr)V (ngVr) (Associativity, Commutativity)
Sa

p=>r1)V (g=r1) (Implication)

6. (pvg) = r
< —(pvg) vV r (Implication)
< (-pA—Q) VT (De Morgan)
< (-pVvr) A (-pVvr) (Distributivity)

& (p=r)A(g=T) (Implication)
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Chapter 2

Exercise 2.1 (page 59)

1. {1,3,5,7}.
2. { Tuesday, Thursday, Friday, Saturday }.

3. {Catherine of Aragon, Anne Boleyn, Jane Seymour,
Anne of Cleves, Catherine Howard, Catherine Parr }.

4. {Sean Connery, George Lazenby, Roger Moore,
Timothy Dalton, Pierce Brosnan, Daniel Craig }.
Exercise 2.2 (page 60)
1. {2,4,6,8,10}.
2. {1,2}.

Exercise 2.3 (page 60)

1, 3 and 5 are true, while 2 and 4 are false.

Exercise 2.4 (page 60)

A=F and C=D.

Exercise 2.5 (page 62)

1 is true, while 2 and 3 are false.

Exercise 2.7 (page 65)

If R € R, then by definition of R we would have R ¢ R, which cannot be
true. Therefore we must have that R ¢ R.

This is no longer a problem, as R ¢ R now means that either R ¢ A or
R € R; since we know that R ¢ R, this simply means that R ¢ A.

Exercise 2.15 (page 69)

The Venn diagram is depicted in Figure 15.2
.AnC = {5,7,9}.

.(AnB)uC = {3,5,6,7,8,9}.

. An(BuC) = {3,5,7,9}.

. (AuB)\C = {1,3,4}.
.(AuB)nC = {6, 8}.

oo W N
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4 N
- /
Figure 15.2: Venn diagram for Exercise 2.15.

Exercise 2.16 (page 69)
You can use Venn diagrams to verify these properties.

1.TfAC B, then AUB =B and AN B = A.
2. If AC B, then BC A.

3. A=A

4. 1fCC Aand C C B, then C C AN B.

5.1f AC Cand BC C, then AUBC C.

Exercise 2.17 (page 71)
Letting D = Daniel, E = Ella, M = Mia, R = Rhodri and Z = Zoe, we get
P({D, E,M, R, Z})
= {0,
{DhLA{E}L {M}, {R}, {2},
{D, B}, {D, M}, {D, R}, {D, Z},

{8, M}, {B, R}, {B, Z},
{M,R}, {M,Z}, {R, Z},

{D,E, M}, {D,E, R}, {D,E, Z},
{D,M,R}, {D,M,Z} {D,R, Z},
{E,M,R}, {E,M,Z}, {E,R,Z}, {M, R, Z},

{D,E, M,R}, {D, E, M, Z}, {D, E, R, Z},
{D,M,R, 2z}, {E, M, R, Z},

{D,E,M,R, Z}}.

More specifically, there are the following subsets:
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e one subset with no elements (the empty set);

e five singleton subsets (one for each element in the set);

o ten subsets with two elements (one for each pair);

e ten subsets with three elements (one for each pair left out);

e five subsets with four elements (one for each element left out); and

e one subset with five elements (the whole set itself).

Exercise 2.18 (page 71)

1. A=P(0) = {0} contains 1 element.
2. B="P(A)={0, {0}} contains 2 elements.
3. C=P(B)={0, {0}, {{0}}, {0, {0}}} contains 4 elements.

Exercise 2.19 (page 71)
P(A)ND = 0 and P(A)N{0} = {0}

Exercise 2.20 (page 73)

N Psn (A) = 0 and UPs, (4) = A.

Note that the union of infinitely many finite sets may well be infinite,
although the union of finitely many finite sets will of course be finite.
Exercise 2.23 (page 75)

(p,q) + (r,8) = (ps+gr,qs) and (p,q) x (r,8) = (pr,qs).

Exercise 2.24 (page 76)

Consider the following sets of people:
Love = the set of people who love cold mutton.
Police = the set of policemen on this beat.

the set of people who sup with our cook.

Sup
Long = the set of long haired people.
Poet = the set of poets.
NoPrison = the set of people who have never been to prison.

Cousin = the set of cousins of our cook.

The above seven assumptions then translate to the following set inclusions:

1. Police C Sup.
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. Long C Poet.

. Amos € NoPrison.

2
3
4. Cousin C Love.
5. Poet C Police.
6. Sup C Cousin.
7

. NoPrison C Long.

We can then conclude that Amos € LovVE, that is, that Amos Judd loves
cold mutton, as follows:

Amos € NoPrison  (by 3).
by 7, NoPrison C Long).
by 2, Long C Poet).

(
Thus Amos € Long (
(

Thus Amos € Police (by 5, Poet C Police).
(
(
(

Thus Amos € Poet
Thus Amos € Sup by 1, Police C Sup).

by 6, Sup C Cousin).
by 4, Cousin C Love).

Thus Amos € Cousin
Thus Amos € Love

The last line is the conclusion that we sought. (Again, along the way, we
also deduced that Amos Judd has long hair; he is a poet; he is a policeman
on this beat; he sups with our cook; and he is a cousin of the cook.)

Exercise 2.25 (page 77)

Let B stand for the set of all babies, I for the set of all illogical persons, D
for the set of despised persons and C for the set of those persons who can
manage a crocodile. Then the premises become :

BCI, CnD=0, and ICD

which are reflected in the following Venn diagram:

[@e

It is clear from this that no baby can manage a crocodile, as a baby would
be illogical (B C I) and hence despised (I C D); and no despised person,
such as this baby, could manage a crocodile.
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AU(BNnC) = (AUB)N(AuC) An(BUuC) = (AnB)U(ANCQ)

Figure 15.3: Venn diagram for Exercise 2.27.

Exercise 2.26 (page 77)

Consider the following Venn diagram:

u

7 P F' = things full of water
.’ O = oceans
P = ponds

The first premise in the argument says that O C F'; and the second premise
in the argument says that PN O = 0. These premises are satisfied by the
above Venn diagram. However, the conclusion of the argument says that
PN F =0, which is not (necessarily) satisfied by the above Venn diagram.

The argument is thus not valid, as the above Venn diagram suggests a
counter example to the argument: there may well be ponds which are not
oceans yet are nonetheless full of water.

Exercise 2.27 (page 80)

The two Venn diagrams are depicted in Figure 15.3.

Exercise 2.28 (page 80)

AN (AuB) = (AnA) U (AN B) (Distributive Law)
= QU (AnB) (Complement Law)
= (AnB)Nn?® (Commutative Law)

ANB (Empty Set Law)
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Exercise

Exercise

Exercise

Exercise

2.29 (page 81)

e By Associativity, Commutativity and Idempotence, (AN B)N A =
ANB.

e Letting X = AN B and Y = A, this says that X NnY = X.
e This means that X C Y’; that is, that An B C A.

2.30 (page 83)
1. AC B if, and only if, B C A.
2. A= B if, and only if, (AC B) A (B C A).

2.31 (page 83)
We might naively translate the law
(P=Q) & PA-Q

into A B if, and only if, AN B = U. This law for sets is blatantly false:
AN B =U can only be true if A =1 and B = (; and this is certainly not
the only situation in which we can have A ¢ B.

The problem arises from attempting to translate the negation of an im
plication. To get a correct law for sets corresponding to the given law for
propositions, we first simplify the law by negating both sides:

P=Q & —(PAQ)

Translating P = @ into A C B, and expressing -(PA—=Q) as PA—-Q < F
gives rise to the following valid law for sets:

A C B if, and only if, AN B = 0.

Chapter 3

3.3 (page 89)

It is straightforward, if a bit tedious, verifying that each of these laws holds
for every combination of values of z, y and z. For example, to verify that
the first Distributivity Law

2+ (yxz) = (a+y) x (z+2)

is true, we need only use the tables defining + and x to check the following
eight equations are true (one for each of the eight combinations of values for
z, y and 2):
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0+ (0x0) = (0+0) x (0+0) 14 (0x0) = (1+0) x (140)
0+ (0x1) = (04+0) x (0+1) 1+ (0x1) = (140) x (1+1)
0+ (1x0) = (0+1) x (0+0) 1+ (1x0) = (141) x (1+0)
0+ (1x1) = (0+1) x (0+1) 14 (1x1) = (1+41) x (141)

The details are omitted.

Exercise 3.9 (page 92)

Since 04+1 = 1 (by Identl) and 0x1 = 0 (by Ident2), the Uniqueness of
Complement Theorem 3.8 says that 0' = 1.

But then 1’ = (0')' = 0 by the Involution Law (Theorem 3.9).

An alternative proof which avoid the use of the Uniqueness of Comple
ment Theorem is as follows:

0 = 0'+0 (Ident1) 1 =1-1 (Ident2)
=0+0 (Comm1) =1-1 (Comm2)
=1 (Compl1) =0 (Compl2)

Exercise 3.10 (page 93)

1. (zy+2'y) = (@ +y)(z+y) (De Morgan, Involution)

zz' +zy' + 'y + yy' (Distr, Comm, Assoc)

zy' +z'y (Compl, Ident,
Comm, Assoc)

2. Assume that z+y =z +2 and z'+y=2'+ 2. Then
zy = zz' + Ty (Compl2, Ident1, Comm1)

z(z' +y) (Dzistr2)

z(z' + z) (Assumption 2)

zz' + z2 (Dzistr2)
= 2z (Compl2, Ident1, Comm1)
Thus, with Assumption 1, we have from Theorem 3.7 that y = z.
3.Ifz+y=0thenz'=z+y+2' =(z+z)+y=1+y=1,s0z=0.
By similar reasoning, if £ + y = 0 then y = 0.
4. If z = 0 then 2’ = 1 and thus y = 0y’ + 1y = zy' + z'y.

Conversely, if y = zy' + z'y for all y, then taking y = 0, and thus
Yy =1 wegetthat 0 =zy'+2'y=21+20=1=z.
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Exercise 3.11 (page 94)

S oW

Exercise 3.14 (page 99)

We start by expressing = @ y in terms of the three basic operations:
zTOY

The circuit for this is then as follows:

= (z+y)(zy)

Exercise 3.15 (page 99)

T —a

Y —a

JIf zy=1 then z=y=1.

(@) (E+y) = (@) (@ +y).

2. If zy = zz and z'y = 2’z then y = 2.

.z =1 if and only if, y = (z+y')(z'+y) for all y.

2=y

We start by annotating the diagram with variables for all of the intermediate

values which are computed:

We can then calculate the intermediate and final values by considering their
Boolean expressions:

TN 8 g e

bl

a+ u
b+ v

az
y+ 2

a b c u v w z Yy z T
000 11 11 00 0
0 01 1 0 1 0 10 1
010 01 01 00 0
011 00 01 00 0
1 00 11 11 01 1
101 10 10 10 1
110 01 11 01 1
111 00 11 11 1
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Exercise 3.16 (page 99)

The output R to be computed is given by the formula R = M(B' + C"),
which by De Morgan’s Law can be rewritten as R = M(BC)'. Thus either
of the following two Boolean circuits will give a valid implementation.

%DED

M(B'+C") R = M(BC)

Exercise 3.17 (page 102)

29 4+ 22 = b1.

Chapter 4

Exercise 4.2 (page 111)

1. {z : Even(z)} = {z€Z : = is even}
={..., 6 4 20,246, ...}

2. {z : EvenPrime(z)} = {2}.

3. {z : DeadlySin(z)} = {lust, gluttony, greed,
sloth, wrath, envy, pride}.

4. {z : Sum(z,y,2)} = {(z,9,2)€Z® :z+y=2z2}

5. {z : Sum(u,5,v)} = {(u,v) €Z2: u+5=v}

={...(32),(23),( 14,
(0,5), (1,6), (2,7), (3,8), ... }.
Exercise 4.5 (page 115)
1. Vavy (B(z) A F(y) = L(z,y)).
2. VzVy (B(z) A L(z,y) = F(y)).
3. vzvy (F(y) A L(z,y) = B(z)).

Exercise 4.7 (page 117)
1. Vz (Male(m) ® Female(z)).

2. V;E(Hy Mother(z,y) = Parent(z,y) A Female(ac)).
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3. VzIm3fVy ((Mother(y,:z:) < y=m) A (Father(y,z) & y:f)).
4. Vz Vy (Sibling(a:, y) = Vz(Parent(z,z) < Parent(z,y) ))

5. Vz Vy ( Cousin(z,y) =
Ju Jv ( Parent(u,z) A Parent(v,y) A Sibling(u, v))).

Exercise 4.8 (page 117)
The premise of the argument translates into
Vh( Horse(h) = Animal(h) )

which says that any thing A which is a horse is an animal.

The conclusion of the argument translates into

Vm(ﬂh(Horse(h) A Head(z,h)) =
Ja(Animal(a) A Head(z, a)))

which says that any thing z which is the head of some horse A is the head
of some animal a.

This argument is valid: for suppose z is the head of some horse A (Black
Beauty, say). Since the premise says that all horses are animals, this par

ticular horse h (Black Beauty) is an animal; and hence this thing z is the
head of some animal a, namely h (Black Beauty).

Exercise 4.9 (page 120)

1. e (T(Alice,c) N T(Bob,c))
2. dq (T(Alice, ¢1) A T(Bob,ci)
A ey (T(Alice,c2) A T(Bob,cz) A ¢ #cz))

Exercise 4.10 (page 121)
1. Jdz LikesMaths(z), where LikesMaths(z) = “z likes maths”.
Its negation is (b).

(a) 3z ~LikesMaths(z).
(b) Vz —LikesMaths(z).
(c) Vz LikesMaths(z).

2. Vo (Fur(z) A Tail(z)), where Fur(z) = “z has fur” and Tail(z) =
“z has a tail”.

Its negation is (c).

(a) =3z ( Fur(z) A Tail(z)).
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(b) 3z (=Fur(z) A = Tail(z)).
(c) 3z (—~Fur(z) Vv —Tail(z)).

3. Vz (—~Vaccinated(z) = Sick(z)), where Vaccinated(z) = “z has
been vaccinated” and Sick(z) = “z got Sick”.

Its negation is (c).

(a) Vz ( Vaccinated(z) = —Sick(z)).
(b) 3z ( Vaccinated(z) A Sick(z)).
(c) 3z (—Vaccinated(z) A —Sick(z)).

Exercise 4.12 (page 125)

Let Loves(z,y) = “z loves y”, where the universe of discourse is the set of
people.

1. Everybody loves somebody: Vz 3y Loves(z,y).
Somebody is loved by everybody: 3JzVy Loves(y, ).

These English statements are ambiguous, as each may be interpreted
as saying precisely what the other is saying. However, the likely inter
pretation for each is as formalised in predicate logic above.

This argument is mot valid. For example, perhaps Alice only loves
herself, but everyone else loves Bob (including Bob himself); in this
scenario, the premise is true, but the conclusion is false.

2. Somebody loves everybody: dzVy Loves(z,y).
Everybody is loved by somebody: Vz Iy Loves(y, z).

This argument is valid. The premise of the argument says that there
is some person Theresa say who loves everybody. This means that
the conclusion of the argument must be true as well: everybody is
loved by someone, in particular by Theresa.

Exercise 4.13 (page 127)

2/9 8|1 3 5|4 67
4/1 718 9 6|2 3|5
36 5|2 7 4]9 81
7 4915 2 3|6 1|8
82 3|9 6 1|7 5 4
6 5 1|7 4 8|3 9|2
1 3416 8 7|5 2|9
5/7 2|3 19|84 6
9/8 6]4 5 2|17 3
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Chapter 5

Exercise 5.2 (page 134)

Fact 15.14

AUBCC = ACC A BCC.

Proof: Assume that AU B C C; we must show that AC C A B CC.
This means that we must show both A C C and B C C.

We consider A C C first. By the definition of the set inclusion A C C,
we choose an arbitrary element z € A and we show that z € C. Since z € A,
it is thus also the case that 2 € A U B. Hence, by our assumption, z € C.
We have thus shown that A C C.

The proof that B C C' is very similar. O

Exercise 5.3 (page 136)

Fact: If a and b are both odd integers, then ab is an odd integer.
Proof: Assume that a and b are odd integers.
An odd integer is one more than twice an integer.
Thus a = 2p+1 and b = 2¢+1 for some integers p and gq.
Hence ab = (2p+1)(2¢+1) = 4pg+2p+2g+1
202pg +p+q)+1
= 2k+1 for the integer k = 2pg + p + gq.

Therefore, ab is an odd integer. O

Exercise 5.5 (page 138)

If the sum of the digits of a number is divisible by 3, then that number itself
is divisible by 3.

e The sum of the digits of 45 is 4+5 = 9, which is divisible by 3; so by
modus ponens, 45 itself is divisible by 3.

e The sum of the digits of 9839 853 is 9+-8+3+9+8+5+3 = 45, which is
divisible by 3; so by modus ponens, 9839 853 itself is divisible by 3.

Exercise 5.9 (page 141)

Fact: There is no smallest positive rational number.
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Proof: Assume to the contrary that a > 0 is the smallest rational number.

Then b = a/2 is a positive rational number which is smaller than a,
contradicting our assumption that a is the smallest such number.

Hence there cannot be a smallest positive rational number. a

Exercise 5.10 (page 142)

Fact: Every integer greater than 1 can be written as a product of prime
numbers.

Proof: Assume to the contrary that not all integers greater than 1 can be
written as a product of prime numbers,

Let n be the smallest such integer; thus, every smaller integer greater
than 1 can be written as a product of primes.

By assumption, n cannot be prime, so n = pq where p and ¢ are two
smaller integers greater than 1.

Since p and ¢ are smaller than n, they must themselves each be a
product of primes.

But then n must be a product of primes as well. namely the product
of those primes making up p and g, contradicting the definition of n.

Hence every integer greater than 1 can be written as a product of prime
numbers. O

Exercise 5.13 (page 145)

Fact: If a and b are integers and ab is even, then either a is even or b is even.

Proof: Assume that a and b are integers and that ab is even. That is,
ab = 2p for some integer p.

Suppose that a is odd; that is, suppose that a = 2¢+1 for some integer gq.

Then ab = (2¢+1)b = 2¢b + b; and since ab = 2p, this means that
2p =2¢gb+b, and thus that b=2p 2gb=2(p g¢b).

Since p  ¢b is an integer, this means that b must be even.

Thus, if a is not even, then b must be even; that is, either a or b is even.
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Exercise 5.14 (page 146)

Fact: If A C B then eitherz ¢ Aorz € B.

Proof: Assume that A C B.

Suppose that z € A; that is, that it is not the case that z ¢ A.
Then since A C B, we must have that z € B.

Thus, either z ¢ A, or z € B.

Exercise 5.15 (page 147)

Fact: For real numbers a and b, |a + b < |a| + [b].

Proof: Since |a+b| = |b+al, we can assume without any loss of generality
that |a| > |b|.
e Hither a and b have the same sign that is, they are both nonnegative
(i.e., greater than or equal to 0) or they are both negative;

e or a and b have opposite signs that is, one is nonnegative and the
other is negative.

We shall consider these two cases in turn.

e If o and b have the same sign, then |a +b] = |a| + [b] < |a| + |b].
e If o and b have opposite signs, then |[a +b| = |a| |b] < |a|+ |b].
In either case, the result is true. O

Exercise 5.16 (page 147)

Fact: If n is an integer, then the final digit of n2is 0, 1, 4, 5, 6 or 9.

Proof: We can prove this by breaking down the problem into cases de
pending on the final digit of n:

o If the final digit of n is 0, then the final digit of n? will be 0.
e If the final digit of m is 1 or 9, then the final digit of n? will be 1.
If the final digit of n is 2 or 8, then the final digit of n? will be 4.
o If the final digit of m is 3 or 7, then the final digit of n? will be 9.
If the final digit of n is 4 or 6, then the final digit of n? will be 6.
o If the final digit of n is 5, then the final digit of n? will be 5.

This exhausts all possibilities for the final digit of n, and hence the result
must be true. |
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Exercise 5.17 (page 147)

Saying that it is not the case that ¢ # 7 and y # 8 means that either z =7
or y = 8, not that both of these equalities holds.

Exercise 5.18 (page 149)

Fact: If A and B\ C are disjoint then AN B C C.

Proof: Assume that A and B\ C are disjoint. From this assumption, we
need to prove that AN B C C; that is, that for any z, if z € AN B then
zeC:

Vz(z € ANB = z€C).
To this end, let a be an arbitrary value.

To show that a € AN B = a € C, we assume that a € AN B and
prove from this assumption that a € C.
Assume then that a € AN B; that is, that a € A and a € B.

Since A and B\ C are disjoint (from a premise of the proposition) and
a € A, we must have that a ¢ B\ C.

But since a € B, a ¢ B\ C means we must have that a € C. O

Exercise 5.19 (page 151)

Fact: Vz>03y(y(y+1) =z).
Proof: Let > 0 be arbitrary, and let y = %( 1+ \/1+4m).

Theny(y+1) = 3( 1++v1+4z) (3( 1+vi+dz)+1)
= 1(Vitdz 1)(VItdz +1)
— %((14—47,) 1) %(41 = z O

Where did this value of y come from? Given z>0, we want a value y
satisfying y(y+1) = z, or in other words, by expanding and rewriting this
equation, a solution y to the quadratic equation

¥’+y z =0

The quadratic formula tells us that the two values for y which solve this
equation are

y = 1+ /1+4z
= —3—.
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Only one of these two solutions is positive as required, namely

y=3%( 1+V1+4z).

Exercise 5.20 (page 152)
Fact: dz (P(z) \Y Q(m)) & Jz P(z) v 3z Q(z).
Proof: (=) Suppose Jz (P(:c) Y Q(a:)).
Then P(a) Vv Q(a) holds for some a.
For this value a, either P(a) holds or @(a) holds.

— If P(a) holds, then 3z P(z), and thus 3z P(z) Vv Iz Q(z).
— If Q(a) holds, then 3z Q(z), and thus Iz P(z) Vv Iz Q(z).
In either case, 3z P(z) Vv Jz Q(z).
(<) Suppose 3z P(z) Vv Jz Q(z).
Then either 3z P(z) holds, or 3z Q(z) holds.
— If 3z P(z) holds, then P(a) holds for some value a.
For this a, P(a) vV Q(a) holds, and so 3z (P(m) \Y Q(m))
— If 3z Q(z) holds, then Q(a) holds for some value a.
For this a, P(a) vV Q(a) holds, and so 3z (P(:z:) \Y Q(z)).

Thus, in either case, 3z (P(m) \Y Q(a})) O

Exercise 5.22 (page 153)

Fact: There is a unique set A such that, for every set B, AU B = B.

Proof: To show existence of such a set, we simply note that the empty set
0 clearly has the desired property, as § U B = B for every set B.

To show that @ is the only set with this property, assume that some
set A satisfies this property; in particular, taking B = 0, this means that
AUQ=0. But then A= AU0 = 0. O

Chapter 6

Exercise 6.2 (page 158)

1. range(score) = {46, 54, 59, 64, 68, 75, 78, 88, 92, 100 }.
2. score '({n € N : n >70}).
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Exercise 6.3 (page 158)

1.

Mother is a function as every person has one and exactly one (biolog
ical) mother.

. Parent is not a function as people have two parents not one.
. Child is not a function as a person may have any number of children.

. FurstBornChild is not a function as a person may have no children.

Exercise 6.4 (page 160)

graph(f) = {(176): (270‘)! (37C) }

Exercise 6.5 (page 161)

1.

The function score is not one to one as, for example, score(Collins) =
score(Parker). Also, score(Evans) = score(Williams).

. The function f : R — R defined by f(z) = z2 is not one to one as, for

example, f( 1) = f(1). (In fact, f(z) = f( z) for any value z € R.)

. The function f: N — N defined by f(z) = z? is one to one.

Exercise 6.6 (page 161)

. The function score is not onto as, for example, no one has scored 0.

. The function f: R — R defined by f(z) = z? is not onto as f(z) >0

for all z € R so, for example, for no z € R do we have 2 = 1.

. The function f : N — N defined by f(z) = z? is not onto as, for

example, for no £ € N do we have z2 = 3.

Exercise 6.7 (page 161)

f1 is one to one but not onto, as there is an element of the codomain
(the third element from the top) which is not in the range of the
function.

f2 is onto but not one to one, as f» maps two elements of the domain
(the top and bottom elements) to the same element of the codomain
(the middle of the three elements).

f3 is not one to one, as it maps two elements of the domain (the first
two elements) to the same element of the codomain (the third element
from the top); nor is f; onto, as there is an element of the codomain
(the second element from the top) which is not in the range of the
function.

fa is both one to one and onto,
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Exercise 6.8 (page 163)

a b ¢ d e f 9 hn i J k I m
r 717 v 17 v+ 1717171771 °7v 7171
T 1 e p d t o v V4 S b m ]
n o] p q T S t u v w T Yy z
T 1T 717 7V 70T 0T T T
w r ¢ n u f ¢ h I 9 Y a k
Exercise 6.9 (page 164)
gof

Exercise 6.10 (page 165)

If f: A— Bandg: B — C are both bijections, then they are both one to
one and onto. Therefore, go f : A — C is both one to one (by Theorem 6.9)
and onto (by Theorem 6.10), and thus it is a bijection.

Exercise 6.11 (page 165)

Let a € A be arbitrary. By the definition of the inverse of a bijection,
Definition 6.7 (page 162), if f !(f(a)) = z then f(z) = f(a). Since f is
one to one, this means that z = a. Hence f !(f(a)) = a for any a € 4; that
is, f Yo f = ida.

Let b € B be arbitrary. Again by Definition 6.7, if f(f (b)) = y then
y = b. Hence f(f (b)) =b for any b € B; that is, fo f ! =idp.

Exercise 6.12 (page 166)
(ho(go f))(@) =h((go ) = h(g(f(z)))
= (hog)(f(z)) = ((hog)o f)(a).

Exercise 6.14 (page 170)

. 2n 1, if n>0;
fin) = :
2n, if n<0
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Exercise 6.15 (page 170)

Take h = go f ! which, by Exercise 6.10, is guaranteed to be a bijection.

Exercise 6.16 (page 172)

Given the bijection f : N — Q* from Example 6.15, the function ¢ : N — Q
defined by

0, if n=0,

g(n) = f (Ll) , if m>0isodd,

2
f (%) , if m > 0is even,
is a bijection.

Exercise 6.17 (page 173)

Consider any element a € A.

e If a € B then by definition of B, a ¢ f(a), so B # f(a).

e If a ¢ B then by definition of B, a € f(a), so again B # f(a).
We thus have that B # f(a) for every a € A, that is, f cannot be onto.

Exercise 6.18 (page 174)
Let S={1,2}, and let f: P(S) — P(S) be defined by:

f0) = f{1}) = {1} and f({2}) = f(S) = {2}
The subsets {1} and {2} are clearly fixed points of f, and are the only fixed
points of f. As {1} ¢ {2} and {2} Z {1}, these are neither greatest nor
least fixed points.

Exercise 6.20 (page 176)
1. If S C T, then

F(8)={0}u{n+2 : ne S}
C{0}u{n+2 :neT} = f(T)

2. f(@)=A0} FN) =N\{1}
fA0)={0,2} fA(N)=N\{1,3}
fs(m):{01214} fS(N):N\{113:5}

0 =102 ...,2n 2}  f(N)=N\{1,3,...,2n 1}
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3.L =G ={0,2,4,6,... }.

Chapter 7

Exercise 7.1 (page 180)

1. Q = {r € BondFilms : r was directed by Lewis Gilbert }
= {r03, r06, r07 }.
2. Q = {r € BondFilms : r was released in the 1970s }

{r05, r06, r07 }.

Exercise 7.3 (page 183)

StarsIn = {(Sean Connery, Dr. No),
(Sean Connery, Thunderball),
(Sean Connery, You Only Live Twice),
(George Lazenby, On Her Majesty’s Secret Service),
(Sean Connery, Diamonds Are Forever),
(Roger Moore, The Spy Who Loved Me),
(Roger Moore, Moonraker),
(Roger Moore, For Your Eyes Only),
(Sean Connery, Never Say Never Again),
(Roger Moore, Octopussy),
(Roger Moore, A View to a Kill),
(Timothy Dalton, The Living Daylights),
(Timothy Dalton, Licence to Kill),
(Pierce Brosnan, Golden Eye),
(Pierce Brosnan, Tomorrow Never Dies),
(Pierce Brosnan, The World Is Not Enough),
(Pierce Brosnan, Die Another Day),
(Daniel Craig, Casino Royale),
(Daniel Craig, Quantum of Solace),
(Daniel Craig, Skyfall) }.

Exercise 7.5 (page 184)

Letting SC, GL, TD, PB, and DC stand for Sean Connery, George Lazenby,
Roger Moore, Timothy Dalton, Pierce Brosnan and Daniel Craig, respec
tively, the binary relation Before consists of the following pairs:

Before = { (SC,SC), (SC,GL), (SC, RM), (SC, TD),
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(sC, PB), (SC,DC), (GL,SC), (GL, RM),
(GL, TD), (GL, PB), (GL, DC), (RM, SC),
(RM, RM), (RM, TD), (RM, PB), (RM, DC),
(TD, TD), (TD, PB), (TD, DC), (PB, PB),
(PB, DC), (DC, DC) }.

This binary relation can be visualised as follows:

(3

RM

TD—>PB

The binary relation FirstBefore consists of the following pairs:

FirstBefore = { (SC, GL), (SC, RM), (SC, TD),
(SC, PB), (SC, DC), (GL, RM),
(GL, TD), (GL, PB), (GL, DC),
(RM, TD), (RM, PB), (RM, DC),
(TD, PB), (TD, DC), (PB, DC) }.

This binary relation can be visualised as follows:

e

Exercise 7.6 (page 185)

Child = {(Donald, Quackmore), (Donald, Hortense),
(Della, Quackmore), (Della, Hortense),
(Huey, Della), (Louis, Della), (Dewey, Della) }
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Brother = {(Scrooge, Hortense), (Donald, Della),
(Huey, Louis), (Huey, Dewey), (Louis, Huey),
(Louis, Dewey), (Dewey, Huey), (Dewey, Louis) }
Sister = {(Hortense, Scrooge), (Della, Donald) }
Sibling = {(Scrooge, Hortense), (Hortense, Scrooge),
(Donald, Della), (Della, Donald),
(Huey, Louis), (Louis, Huey),
(Huey, Dewey), (Dewey, Huey),
(Louis, Dewey), (Dewey, Louis) }

The Chald relation can be visualised as follows.

Quackmore Hortense Scrooge
Donal>< Della
Huey Louis Dewey

Exercise 7.7 (page 187)

1. R1 U Rg == R3.
2. R3 n R2 = R1 .
3. R3 \ Rl == Rg.

Exercise 7.8 (page 188)

Sibling ' = Sibling.

Exercise 7.9 (page 189)

e Uncle = Parento Brother (an uncle is a brother of a parent).
In the case of the Duck family, we have:

Uncle = { (Scrooge, Donald), (Scrooge, Della),
(Donald, Huey), (Donald, Louis), (Donald, Dewey) }.

The first two pairs arise from the fact that Scrooge is a brother of
Hortense, who is a parent of Donald and Della.

The final three pairs arise from the fact that Donald is a brother of
Della, who is a parent of Huey, Louis and Dewey.
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Exercise

Exercise

Exercise

Exercise

e Nephew = Sibling o Son (a nephew is a son of a sibling).

In the case of the Duck family, we have:

Nephew = { (Donald, Scrooge), (Huey, Donald),
(Louis, Donald), (Dewey, Donald) }.

The first pair arises from the fact that Donald is a son of Hortense,
who is a sibling of Scrooge.

The final three pairs arise from the fact that Huey, Louis and Dewey
are sons of Della, who is a sibling of Donald.

7.10 (page 190)

This follows easily from property (%) of Theorem 7.6.

7.11 (page 191)

The relation Before is not reflexive, as George Lazenby is not related to
himself by this relation. (Having starred in only one film, he could not have
appeared in one film before starring in another film.)

The relation Before is also not irreflexive, as all of the other actors who
have played James Bond have done so on more than one occasion, so each
of them is related to himself by the Before relation.

The relation FirstBefore is irreflexive (and thus it is not reflexive), as an
actor could not have starred as James Bond before starring as James Bond.

7.12 (page 191)

The relation Before is not symmetric; for example, it contains the pair
(SC,TD) but not the pair (TD,SC). Nor is it antisymmetric; for example, it
contains the pairs (SC,GL) and (GL,SC), and SC#GL.

The relation FirstBefore is not symmetric; for example, it contains the
pair (SC,GL) but not the pair (GL,SC). However, it is antisymmetric: given
two James Bond actors, one of the two will not have starred as James Bond
before the other.

7.13 (page 192)

The relation Before is not transitive; for example, it contains the pairs
(RM,SC) and (SC,GL), but not the pair (RM,GL).

The relation FirstBefore is transitive: if one actor starred as James Bond
before a second actor, who in turned starred as James Bond before a third
actor, then the first actor will naturally have starred as James Bond before
the third actor.
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Exercise 7.14 (page 192)
The 2s an ancestor of relation is
e not reflexive, but in fact irreflexive, as a person cannot be their own
ancestor;

e not symmetric, but in fact antisymmetric, as a person cannot be an
ancestor of their own ancestor; and

e transitive, as an ancestor of an ancestor is again an ancestor.
The 2s married to relation is

e not reflexive, but in fact irreflexive, as a person cannot be married to
themselves;

e symmetric, and not antisymmetric, as the person you are married to
is of course married to you; and

e not transitive, as otherwise a married person, by symmetry, would
then have to be married to themselves.

Exercise 7.18 (page 194)

1. This is a partial order but not a total order; and it is an equivalence
relation.

2. This is not a partial order (it is not antisymmetric), and hence not a
total order; but it is an equivalence relation.

3. This is not a partial order (it is not antisymmetric), and hence not a
total order; but it is an equivalence relation.

Exercise 7.19 (page 194)

R, is an equivalence relation, as it is clearly reflexive (a student takes all
the same courses as themselves), symmetric (if z takes all the same courses
as y then y takes all the same courses as z) and transitive (if z takes all the
same courses as y and y takes all the same courses as z then z takes all the
same courses as z).

R, is not an equivalence relation, as it is not transitive (though it is
reflexive and symmetric). For example, Alice and Bob might take the same
Mathematics course, and Bob and Carol might take the same Computing
course, while Alice and Carol do not take any of the same courses.

Exercise 7.21 (page 195)

The finest partition of a set A consists of singletons: {{a} : a € A}.

The coarsest partition of a set A consists of one set: { A}.
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Exercise 7.23 (page 196)

The equivalence relation defined by the finest partition of a set A is the
identity relation: I, = {(a,a) : a€ A}.

The equivalence relation defined by the coarsest partition of a set A is the
universal relation: Uy = {(a,b) : a,b€e A}

Exercise 7.24 (page 196)

The relation R partitions the set A into the following 18 equivalence classes:

1] ={1} 2] ={24,8,16} 3] ={3,09,27}

5] = {5, 25} 6]={6,12,18,24}  [7]={7}

[10]={10,20} [11]={11} [13] = {13}

[14] ={14,28}  [15]={15} 17 ={17}

[19] = {19} [21] = {21} [22] = {22}

23] = {23} [26] = {26} [29] = {29}
Chapter 8

Exercise 8.1 (page 203)

4 € N: By clause (1), 0 € N, so by clause (2), 1 € N; so by clause (2), 2 € N;
so by clause (2), 3 € N; and so finally by clause (2), 4 € N.

4.5 ¢ N: Since 4.5 # 0, clause 1 does not apply, so we could only infer that
4.5 € N from clause (2), and thus from first inferring that 3.5 € N;
but by a similar reasoning we could only infer this by first inferring
that 2.5 € N; which we could only infer by first inferring that 1.5 € N;
which we could only infer by first inferring that 0.5 € N; which we
could only infer by first inferring that 0.5 € N; which we could only
infer by first inferring that 1.5 € N; et cetera ad infinitum. This
process would never “bottom out”, so we could never infer that any
of these were in N.

Alternatively, we can easily see that the set {0, 1, 2, 3, 4, ...} satisfies
clauses (1) and (2) of the definition; and since N is being defined to be
the smallest set satisfying these clauses, N must be a subset of this;
since this set does not contain 4.5, 4.5 ¢ N.
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Exercise

Exercise

Exercise

Exercise

Exercise

Exercise

8.2 (page 204)

ODD is defined to be the smallest set satisfying the two clauses. The fact
that N satisfies these two clauses only implies that Opp C N; that is, N is
not necessarily (and in fact is not) the smallest such set.

8.3 (page 204)

PoweRs OF 2 is the smallest set satisfying the following:

1. 1 € POWERS OF 2.

2. If n € POwWERS OF 2 then 2n € POWERS OF 2.

8.4 (page 205)
Given a set A, the smallest set P(A) satisfying:

1. 0 € P(A); and
2. if X € P and a € A then X U {a} € P(A)

is the set of all finite subsets of A. This is the same as the powerset P(A)
of A only in the case when A is a finite set.
8.5 (page 207)

PosDecIMALNUMBERS is inductively defined as the smallest set satisfying
the following:

1. 1,2,3,4,5,6,7,8,9 € PosDECIMALN UMBERS;

2. If w € PosDECIMALNUMBERS and z € DECIMALDIGITS

then wz € POosDECIMALNUMBERS.
8.6 (page 208)
The following is a BNF equation for formulz of predicate logic.

D,q = true|false | P(zi,...,2,)

|-p | pVa | pAg | p=>q | psq | Vzp | Tzp

Here, P(z1,...,2,) is taken to range over the set of predicates with free
variables taken from z,,...,z, and z is taken to range over all variables.
8.7 (page 212)

The dictionary data structure can be defined using the following BNF equa
tion:
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d = % ‘ N(’w,dl,dz)

where w ranges over words (representing names). That is, a dictionary is
either a leaf (if it is empty), or it consists of a name along with two sub
dictionaries d; and d,. (Note that the semantic understanding of a dictio
nary, i.e., the property that the stored names are ordered lexicographically
throughout the dictionary, is not reflected in this data structure definition,
only its syntactic structure.)

Exercise 8.8 (page 213)

es1 — s+ 21 1=042 1=1
o5y = s +22 1=1+4 1=4
o553 =5 +23 1=446 1=09
o5, =53 +24 1=09+8 1=16
ess = ss+25 1=164+10 1 = 25
s =55+ 26 1=25+12 1 = 36

It would appear (though it is as yet uncertain) that s, = n?.

Exercise 8.9 (page 213)

We could readily compute
H = 1+3+1+1+1+% =2 = 245
However, by the inductive definition we would proceed as follows:
o H = Hy+}=0+1=1
oH, = H+5=1+3=3 =15
o Hy=Hy+3=3+3 =13 ~ 183

2735 %
e Hy = Hi+ % = M1 - 2% ~ 2083
e Hy — H+% = 541 - 137 503

o Hy = Hs+g = 8111 =43 — 245

Exercise 8.10 (page 214)

At the start of month n you will have f, pairs of rabbits, where f, is the
nth Fibonacci number.

e For a start, at the start of month 1 you have 1 pair, and at the start
of month 2 you still have just the 1 pair. At the start of month 3,
though, you will have 2 pairs, and at the start of month 4 you will
have 3 pairs.
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e In general, at the start of month » you will have f, = fn 1+ fn 1
pairs of rabbits, as you will have as many pairs as you had at the start
of month n 1, namely f, 1, plus a new pair for each pair you had at
the start of month n 2, namely f, ».

Exercise 8.11 (page 215)
mult(m,0) =0; and

mult(m, s(n)) = add(mult(m, n), m).

Exercise 8.12 (page 215)

sum([]) = 0
sum(n: L) = n+ sum(L)
Thus for example,
sum([6,2,5]) = 6+ sum([2,5])
= 6+ 2+ sum([5])

= 6+2+5+ sum([])

=6+2+54+0
= 13.
Exercise 8.13 (page 215)
H-H—Lz = Lo

(h:L)+ Ly = h:(L+ Ly).

Exercise 8.14 (page 216)
fu(true) = fu(false) = 0
fu(P(z1,...,2,)) = {Z1,.-,Zn }
fu(=p) = fu(p)
fulpva) = fulpng) = fulp=14q) = fulpq) = fu(p) U fu(q)
fu(Vzp) = fu(3zp) = fu(p)\{z}

Exercise 8.15 (page 216)

By definition, f(n) = n 10 for each n > 100. Thus we need only consider
the value of f(n) for each n from 0 to 100 and verify that f(n) = 91 in each
case. We can do this starting from n = 100 and working down, using the
values we calculate along the way.
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e £(100) = f(f(111)) = f(101) = oL.

e £(99) = F(f(110)) = f(100) =
o £(98) = £(f(109)) = f(99) = oL.
e £(91) = F(f(102)) = f(92) = oL
e 7(90) = F(f(101)) = f(o1) = o1.
o 7(89) = F(f(100)) = f(o1) = oL
. £(88) = (f(%9)) = f(o1) =

e 7(1) = F(f(12)) = f(o1) = oL

o f(0) = f(F(11)) = f(91) =

Exercise 8.16 (page 218)
(inserta) [ ] = [a]

(inserta) (b: L) = ifa<b thena:(b:L) else b: ((inserta) L)

Exercise 8.17 (page 220)
Moving a pyramid of n discs can be done as follows.
1. If n=1 then simply move the single disc to the new peg. Otherwise do
the following.

2. Move the pyramid of n 1 discs sitting on top of the largest disc to a
different peg.

3. Move the largest disc to the other empty peg.
4. Move the pyramid of n 1 discs onto the disc holding the largest disc.
Note the two recursive calls in steps 2 and 4.

Carried out on a tower of five discs, this would require 31 individual
moves.

Chapter 9

Exercise 9.1 (page 226)

It would appear that the number of regions doubles every time a new spot is
added, so it is tempting to guess that 32 regions will be created by connecting
6 spots. In general, our intuition is suggesting that 2" ! regions are created
by connecting n spots, based on the evidence with n =1, 2, 3, 4 and 5.
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Exercise

Exercise

Unfortunately for our intuition, this guess is wrong: no matter how hard
you try, you can only create 31 regions by connecting 6 spots.

In fact, the formula for the number of regions created by connecting n
spots is not 2" !, but the following rather astonishing formula:

n* 6nd+ 2:%22 18n + 24

Where does this formula come from? Starting with no lines, the circle
has just one region. Each time you draw a new line across the circle, you
increase the number of regions by 1 more than the number of existing lines
which this new line crosses. Thus the number of regions is one more than
the total number of lines added to the total number of intersections.

The number of lines you can draw using n spots is n(n 1)/2, which is
just the number of pairs of endpoints you can choose for the line; and the
number of intersections is n(n 1)(n 2)(n 3)/24, which is the number of
pairs of endpoints of two intersecting lines you could choose. The number
of regions created is thus

14 n(n2 1) " n(n 1)(754 2)(n 3)

which simplifies to the formula given above.

9.2 (page 228)

She would assume that the 26th child would confirm that the first 26 num
bers add up to 26%27, and from this show that the first 27 numbers add

27x28
2

up to as follows:

142434 --+27 = 14243+ -+ 26+ 27

27><(22—6 +1)

7 (%)
— 27x28
2

9.3 (page 228)

Young Gauss is reputed to have carried out the following calculation, all in

his head:
X 1+ 24+ 3+ -+~ + 48 + 49 + 50

+ 100 + 99 + 98 + --- + b3 + 52 + 51

101 + 101 + 101 + --- + 101 + 101 + 101

50 x 101 = 5050
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That is, he had noted that the sum consists of 50 pairs of numbers, where
each pair sums to 101.
There are many stories about the prodigious Young Gauss; however
without taking away from his greatness as a mathematician his biographers

do note that these stories are mostly attributed to Old Gauss.

Exercise 9.4 (page 231)

1. For all n > 0,

Base Case:

Induction Step:

5 5 5 2 _ n(n+l)(2n+1)
1P+ 2% + 3 + -+ n? = et
Proof: By induction on n.
We note that
12 £ 22 432 4+ ... 402 = 0 w
We assume that, for some k,
2 2 2 2 k(k+1)(2k+1)
12 + 2243 + -+ k T

2. For all n > 0,

and from this inductive hypothesis we prove that

124+ 22 4 32 + - 4 K + (k+1)2

(k+1)(k-ié2)(2k+3)

That is, we demonstrate that if the statement of the theorem is
true when n = k, then it must also be true when n = k+1.

12 4+ 22 + 3% + ...

+ K+ (k+1)°

k(k+1)(2k+1) gy

(k+1

—

.
(k 2k+1)+ 6 k+1))
57

2k + Tk + 6))

-|—c'>

k

1) ((k+2)(2k+3)>
(k+1)(k-|(—32)(2lc+3)

1+3+5+ -+ (2n 1)

Proof: By induction on n.

Base Case:

Induction Step: We assume that, for some k,

We note that
1+3+5+ -+ (20) 1)

14345+ -+ (26 1)

(by the inductive hypothesis)

n2.
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and from this inductive hypothesis we prove that
1+3+5+4+---+ (2(k+1) 1) = (k+1)%

That is, we demonstrate that if the statement of the theorem is
true when n = k, then it must also be true when n = k+1.

1+3+5+ -+ (2 1)+ <2(k+1) 1)

k? + (2(k+1) 1) (by the inductive hypothests)
=k +2 +1

(k+1)? |

3. Forallm >0,

12 4 23 4+ 34 + - + n(ns1) = MOEED)

Proof: By induction on n.

Base Case: We note that

12 4 23 + 34 + - + 004+1) = 0 = 2ACH)(OF2)
Induction Step: We assume that, for some k,

12 4 23 + 34 + o+ k(k+1) = FEE)(ESD)

and from this inductive hypothesis we prove that

124234 34 + o+ (k1) (ks2) = FFDEIDEES)

That is, we demonstrate that if the statement of the theorem is
true when n = k, then it must also be true when n = k+1.

12 + 23 + 34 + - + k(k+1) + (k+1)(k+2)

— w + (k+1)(k+2) (by the inductive
hypothesis)

= (r)(E42) g )

_ Mgz)(m) m

Exercise 9.5 (page 232)

Foralln >0, Fyx Fy x ---x F, = F,,; 2, where F, = 22" +1.

Proof: By induction on n.
Base Case: For the base case (n=0), we note that

F0:3:5 2:F1 2.
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Induction Step: For the induction step, we assume that, for some k,
FoxFyx-- - xFy = Fryp 2
and from this assumption (the “inductive hypothesis”) we prove that
Fox Fy X -+ X Fypy = Frio 2.

That is, we demonstrate that if the statement of the theorem is true
when n = k, then it must also be true when n = k+1.

Fo x Fy X Fy X -+ X Fyy X Fii1

I

(Frs1  2) X Fra (by the inductive hypothesis)
=27 1)x (@ +1)
=2 1 = F, 2 O
Exercise 9.6 (page 232)
For any real number r # 1,
T+r+r 4+ 4 = 5y

for all n > 0.

Proof: By induction on n.

Base Case: For the base case (n=0), we note that

lrr+r 4+ 4+ =1 = 3

Induction Step: For the induction step, we assume that, for some k,
L+r 4+ 4+ 4k = 2T

and from this assumption (the “inductive hypothesis”) we prove that
147 4+ 72 4 93 4 oo 4 ptl = 17"‘

That is, we demonstrate that if the statement of the theorem is true
when n = k, then it must also be true when n = k+1.

By the inductive hypothesis we can rewrite the left hand side of this
equation that we want to prove true as

k+1
11 Tr + pktl

which we can successively rewrite as
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Exercise

Exercise

1 7kl (1 r)rMtl o pRHL L gl k2 k2
1 r + 1 r - 1 r - 1 r
which is the result we seek. O

9.7 (page 233)

Drawing n>1 circles so that any two intersect at two points but no three
intersect at any point divides the plane into n? 7 + 2 regions.

Proof: By induction on n.
Base Case: One circle divides the plane into 12 142 = 2 regions.

Induction Step: For the induction step, we assume that & circles divides
the plane into k2 k42 regions, and show that adding a (k+1)st circle
results in (k+1)2 (k+1) + 2 regions.

The (k+1)st circle must intersect the other k circles at 2k points,
meaning that 2k regions are divided into two. Thus, 2k new regions
are created, giving a total of k* k+2+2k = (k+1)® (k+1)+2
regions, which is as we needed to demonstrate. O

A Venn diagram depicting 4 sets would have to divide the plane into 16
regions. Therefore, it could not be drawn using circles, as by the above
result 4 circles would only divide the plane into 42 4+2 = 14 regions.

9.8 (page 234)

0, if n=0

= n? f ln >0 h =
f(n) = n? for all n > 0, where f(n) {f(n )ton 1, ifn>o0.

Proof: By induction on n.
Base Case: For the base case (n=0), we simply note that f(0) = 0= 02
Induction Step: For the induction step, we assume that, for some k,
flk 1) = (k1)
and from this assumption (the “inductive hypothesis”) we prove that
k) = ¥

That is, we demonstrate that if the statement of the theorem is true
when n = k& 1, then it must also be true when n = k.
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f(k) = f(k 1) + 2k 1 (by definition)

(k 1)2 + 2k 1 (by the inductive hypothesis)

k2. O

Exercise 9.9 (page 235)

Every n > 1 is either prime or a product of primes.

Proof: By strong induction on n. Suppose that n>1, and that for every
integer k£ with 1<k<mn, k is either prime or the product of primes. If n itself
is prime then we have nothing to prove, so suppose that n = ab with 1<a<n
and 1<b<n. By the inductive hypothesis, each of a and b is either prime or
a product of primes; but then since n = ab, n itself is a product of primes.

Exercise 9.10 (page 236)

Forallm>1landalln>m, H, H, > Z2-™M

Proof: We assume that m > 1 is fixed, and we prove the result by induction

on n.
_ . _ 0

Base Case (n=m): H, Hp, = 0> 5.

Induction Step: (n > m):

H, H, = H,; H, + %

> (n nl) I L % (by inductive hypothesis)
~(n D)n mn+(n 1)
- (n 1)n
> (n 1)(7;'2 17)nnn +m (since n 1>m)
—_n m I

Exercise 9.11 (page 236)

Fact: (fo)’ +(f1)*+ (f2)* + - (fa)’ = fufasforalln>0.

Proof: By induction on n.

Base Case (n = 0):
(o + (AP + ()2 + -+ (fo)? = (o)) = 0 = 0x1 = fofs.
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Induction Step (n > 0):
(fo? + (1) + (f2)* + -+ + (F2)* + (Far1)?
= fafnsr + (fas1)? (by the inductive hypothesis)
:fn+1(fn+fn+1) = fn+1fn+2 O

Exercise 9.12 (page 238)

Fact: The quadratic equation y> zy z° = +1 is satisfied by the pair
(2,9) = (fa, fay1) for any n > 0.

Proof: By induction on n.
Base Case (n =0): With (z,y) = (fo, f1) = (0,1) we have
¥ zy 22 =12 0-1 1° = 1.

Induction Step (n > 0): Assuming that (z,y) = (a,b) solves this equa
tion, that is,

b ab a2 = +1

it suffices to show that (z,y) = (a+b, b) also solves this equation; this
is because if (a,b) = (fn, far1) then (fri1, fai2) = (a+b,b).
(a+b)?  (a+b)b b = a®+2ab+b ab b B

=a’+ab b

= (¥ ab a*) = Fl. O

Exercise 9.13 (page 238)

Fact: The positive integer solutions (z,y) to
y? zy 2% = 41

are of the form (fn, fni1) for some n > 0.

Proof: By induction on z+y. We first note that since z and y are positive,
we must have that z < y. If z = y then we would have that 22 = +1, in
which case we must have that z=y=1, so (z,y) = (f1, f2)-

We now assume that 1 < z < y and that ¥> zy 22 = +1, and note
that the pair (a,b) = (y z,z) also satisfies the equation:

2 ab a? =12 (y )z (y z)°

=z? zy+z? Y421y I°

- @ zy @) - T

By induction, (a,b) = (fn, fnt1) for some n, from which we get
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z =b = fn1 and
Y =0+2 = fot far1 = foio

50 (zry) = (fn+1xfn+2)' O

Exercise 9.14 (page 239)

n

Fact: f2,, fafate = ( 1)® forallm>o0.

Proof: By induction on n.
Base Case (n =0): f2 fofe = 1> 0-1 =1 = ( 1)°

Induction Step (n > 0):
f721+1 frnfnie = fari(fa+ fa 1) fa(fos1 + fn) (by definition)

- fn+1fn + fn+1fn 1 fnfn+1 f721
(f721 fn 1fn+1)

= (1) (by the inductive hypothesis)

= (" O

Exercise 9.15 (page 239)

The edges that supposedly make up the diagonal of the rectangle do not in
fact line up. Drawn more carefully, a gap (or overlap) is discovered in the
middle with an area of one unit.

/
/
/Il
/.

Exercise 9.17 (page 243)

The induction argument cannot be applied when n=2: if S’ and S” are
overlapping sets which together make up S, then either S’ = S or S = S,
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in which case you cannot apply induction to this set, as you can only apply
induction to sets smaller than S.

Exercise 9.20 (page 246)

Fact: length(Li;+Ls) = length(Ly) + length(L,) for all lists Ly and L.

Proof: By induction on the structure of L;.

Base Case (L; = []):
length([ |++Ly) = length(Ly) = length([]) + length(Ls).

Induction Step (L; = h: L):
length ((h : L)-+Ly)

= length (h: (LHLs)) (by definition)

= 1 + length(L++L,)

= 1 + length(L) + length(Ly) (by the inductive hypothesis)

length(h : L) + length(Ls). O

Chapter 10

Exercise 10.1 (page 257)

1. By brute force reasoning, we get the following table:

n 1]2[3]4 5/6[7[8][9]10
fry 1]2]3[L 1 2[3[L[1 2

f(n) represents the number of coins the first player should take when
there are n coins in the pile; we write f(n) = L (meaning f(n) is
undefined) in the cases in which the second player has the winning
strategy.

2. If the first player takes z coins, the second player can respond by
taking (4 z) coins, leaving the first player a pile of (n 4) coins when
starting from a pile of n coins. This gives a winning strategy for the
second player in a game starting with n=4k coins, that is, a number
of coins divisible by 4.

In all other cases, starting with n = 4k+2 coins (where z is 1, 2, or 3),
the first player puts the second player in a losing position by taking z
coins and leaving 4k coins.
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3. The first player is in a losing position if the number of coins n is
divisible by (k+1); the second player wins by responding to every move
of the first player by taking (k+1) z coins, where z is the number of
coins that the first player takes.

If the number of coins n is not divisible by (k+1), then the first player
wins by taking n mod (k+1) coins, leaving the second player in a losing
position.

4. The goal in the Misére game is to leave your opponent with one coin.
Thus, the second player has a winning strategy when there are 4k+1
coins, using the same strategy as the normal game.

Exercise 10.2 (page 258)

1. The second player can always place the first two noughts on adjacent
sides. (The first nought can be placed on a side which has both ad
jacent sides empty, and one of these will still be empty after the first
player places the second cross.)

The third nought can then always be placed so that it is aligned with
at most one of the first two noughts (i.e., not in the centre square nor
in the corner between the two noughts). This is true because there are
five such squares, and only three of them can be occupied by crosses.

The fourth and final nought can then be placed safely, as there can
only be at most one square which could create a line of three noughts,
yet there will be two empty squares available to chose from.

2. Suppose the first player places the first cross in the centre and then
places all subsequent crosses directly opposite the squares on which the
second player places noughts. If a line of three crosses should arise, it
clearly could not include the centre square, and in fact would imply
that there is a line of three noughts already in place directly opposite
the line of three crosses.

Exercise 10.3 (page 258)
Following on from the reasoning started in the question:

e 9 o’clock is a winning position (by moving 3 hours ahead to 12 o’clock),
and
10 o’clock is a winning position (by moving 2 hours ahead to 12 o’clock);

e 7 o'clock is a losing position (as you can only move to a winning posi
tion: either 2 hours ahead to 9 o’clock or 3 hours ahead to 10 o’clock);

e 4 o’clock is a winning position (by moving 3 hours ahead to 7 o’clock),

and
5 o’clock is a winning position (by moving 2 hours ahead to 7 o’clock);
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e 2 o'clock is a losing position (as you can only move to a winning posi
tion: either 2 hours ahead to 4 o’clock or 3 hours ahead to 5 o’clock);

e 11 o’clock is a winning position (by moving 3 hours ahead to 2 o’clock),
and
12 o’clock is a winning position (by moving 2 hours ahead to 2 o’clock);

e 8 o'clock is a losing position (as you can only move to a winning posi
tion: either 2 hours ahead to 10 o’clock or 3 hours ahead to 11 o’clock);

e 6 o’clock is a winning position (by moving 2 hours ahead to 8 o’clock);
and

e 3 o'clock is a losing position (as you can only move to a winning posi

tion: either 2 hours ahead to 5 o’clock or 3 hours ahead to 6 o’clock).

This is summarised as follows, where the hours on the clock are annotated
with the winning move if one is available.

The symbol X indicates that the position is a losing position; and a prime
means that the token will pass through the 12 o’clock position once before
landing on it the second time around (assuming the losing player uses a
particular strategy).

To see that this annotation is correct, it suffices to note that

e every valid move from an hour labelled X (i.e., forward by either two
or three hours) leads to a position labelled 2 or 3, neither with a prime,
without passing through 12 o’clock;

e every valid move from an hour labelled X' leads to a position labelled
2 or 3, (at least) one of which is primed, without passing through
12 o’clock;

e an hour labelled 2 (respectively 3) by moving forward by 2 (respec
tively 3) hours leads either to 12 o’clock, or without passing through
12 o’clock to an hour labelled by X;
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Exercise

Exercise

Exercise

e an hour labelled 2’ (respectively 3') by moving forward by 2 (respec
tively 3) hours leads either to an hour labelled by X' without passing
through 12 o’clock, or by first passing through 12 o’clock to an hour
labelled by X.

10.4 (page 259)
In this game:

e 9 is a losing position, as the other player will have won by having
moved the counter there.

e 8 is a winning position, as a move of 1 takes the counter to the losing
position 9.

e 7 is not a legal position, as it is at the head of a snake.

e 6 is a losing position, as moves of 1 and 2 take the counter to the
winning positions 4 and 8, respectively.

e 5 is not a legal position, as it is at the foot of a ladder.

e 4 is a winning position, as a move of 1 takes the counter to the losing
position 9.

e 3 is not a legal position, as it is at the foot of a ladder.

e 2 is a winning position, as a move of 1 takes the counter to the losing
position 6.

e 1is a winning position, as a move of 2 takes the counter to the losing
position 6.

10.5 (page 262)

If we ignore one of the piles and consider the column parity of the remaining
n 1 piles, this indicates what size the final pile would have to be in order to
balance the position. (For example, if the n 1 piles are balanced, then the
final pile would have to be empty; and if all n piles are balanced, then the
column parity of any n 1 piles would equal the size of the omitted pile.)

Thus, for each pile, there is at most one winning move involving that pile,
which consists of leaving the number of coins equal to the column parity of
the remaining n 1 piles.

Therefore, there are at most n different winning moves possible from a
N1iM position with n piles.

10.6 (page 262)

If the position is initially unbalanced, then the first player need not use this
new move in order to win; the first player already has the winning strategy
in the original game.
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If, on the other hand, the position is initially balanced, then this new
move will still not help, as it will produce an unbalanced position, as does
any normal move.

Hence this new rule gives the first player no new advantage.

There is another way to see that this new move is obviously of no help to
the first player: the second player can respond to this new move by removing
all of the coins in the new pile, thus putting the first player back into the
same position as before the new move was made.

Exercise 10.7 (page 264)

Forn = fo,+ feo, + - -+ fr. > 0 with 0k koL - - KK, let pu(n) = fi,; that

is, u(n) is the smallest Fibonacci number appearing in the representation of

n in the Fibonacci number system. Also, for convenience, define u(0) = oo.
Consider the following two lemmas.

Lemma 1. If n>0 then u(n p(n)) > 2u(n).

This says that if you take p(n) coins on your turn from a pile of n coins
which, in particular, the first person may do on their first move if,
and only if, n is not a Fibonacci number, that is, u(n) # n  then
your opponent will be unable to do this in response; that is, they will
be faced with some number m = n u(n) of coins and the most coins
they can take, namely 2u(n), will be less than u(m) = pu(n wu(n)).

Lemma 2. If 0 <m < u(n) then u(n m) <2m.

This says that if you take fewer than p(n) coins on your turn from
a pile of n coins  which, in particular, the first person must do on
their first move if, and only if, n ¢s a Fibonacci number then your
opponent will be able to take u(n m) coins from the pile of n m
coins they are faced with, as u(n m) will be no more than than twice
the number m of coins that you have taken.

Theorem 10.7 follows directly from these two lemmas. Given a pile of n;
coins, if you take u(m;) coins then either you will have taken all coins and
won the game, or you will leave some number n, of coins from which, by
Lemma 1, your opponent cannot take u(n,) coins, and in particular cannot
take all of the remaining coins; and by Lemma 2 your opponent will be
forced to leave you with some number n; of coins from which you can once
again use the strategy of taking u(ns3) coins; the play will continue in this
fashion until you succeed in taking all remaining coins.
It remains only to prove these two lemmas.

Proof of Lemma 1. Let n = fi, + fx, + -+ fr, be the Fibonacci number
system representation of n.
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The result is immediate if n is a Fibonacci number (that is, if r=1),
as then n = p(n), so u(n p(n)) = u(0) =0 > n = u(n).

Assume, then, that n is not a Fibonacci number (that is, 7>2). Then

i (asn p(n)=fo, + + fi.)

frra2 (as k1<kks)

Fro + frata

Jir + fu

2fi

2u(n). O

p(n o p(n))

v 1 v

I

Proof of Lemma 2. Assume that 0 < m < u(n). Let the Fibonacci num
ber system representations of n and m be
n = fr, + fx, + -+ fr, and
m = fo + fo+ -+ fo.

By assumption, m < u(n) = fi,, s0 fr, m > 0. Let the Fibonacci
number system representations of fr, m be

flc1 m = fm + fug + -+ fut'

In particular, f,,<fx,, so u:<k;<k2, and hence u;<k,.
Then
nm= (fiu m) + fr, + fas + -+ + fr
= fur + fus + 0+ fu + fro + S o+

and since u; KUK -+ KU Ly L k3L - - - Lk,, this is the Fibonacci
number system representation of n m.

Thus u(n m) = fu,.
Note that

fki

m+fu1 +fuz + o fU:
= fl1 + fl: + -+ fls + ful + fu2 + -+ fut'

Therefore we must have that £, &« u,, that is, u; < £;+1, as otherwise
we would have two different Fibonacci number system representations
for fi,. Thus f,, < fs,+1, and hence

w(n m) = fu, < fop1 = fo. 1+ fo. <2f, <2m. |
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Exercise

Exercise

10.12 (page 270)

Assume to the contrary that the second player has successfully created a
path connecting the top border to the bottom border. At some point this
path must cross the main diagonal, either horizontally or vertically.

As this path approaches the main diagonal from above, a downwards
move cannot turn towards the left border, and a rightwards move cannot
turn upwards. Hence this path must continuously travel downwards and to
the right. Therefore, it must reach the main diagonally vertically and thus
cross it horizontally; it cannot cross the diagonal vertically.

On the other hand, as this path approaches the main diagonal from be
low, an upwards move cannot turn towards the right border, and a leftwards
move cannot turn downwards. Hence this path must continuously travel up
wards and to the left. Therefore, it must reach the main diagonally vertically
and thus cross it vertically; that is, it cannot cross it horizontally.

Chapter 11

11.3 (page 286)

At any given moment, there must be some number 7 of missionaries and some
number j of cannibals on the left bank of the river, and 3 ¢ missionaries
and 3 7 cannibals on the right bank. If 7 then the cannibals outnumber
the missionaries on one of the banks; this would only be safe if the number
of missionaries on that bank is in fact zero. Hence the only safe states
are those in which =3 (all missionaries together on the left bank) or :=0
(all missionaries together on the right bank) or i=j (an equal number of
missionaries and cannibals on both banks). There are 10 such pairs of
numbers (%, 7).

Apart from this, the only information needed to completely describe the
state of the system is where the boat is; it may be on the left bank or the
right bank. Combined with the 10 possible placements of the missionar
ies and cannibals, this gives the system a total of 20 possible safe states.
However, four of these are not feasible. For a start, we clearly cannot have
all the people on one bank (:=35=3 or :=;j=0) and the boat on the other.
Furthermore, if the missionaries are all on one bank and the cannibals are
all on the other ({7,j} = {0,3}) then the boat must be with the cannibals;
if it were with the missionaries, then one or two of them must have just
ferried it across the river from the bank on which all three cannibals are,
which would have been an unsafe position.

The remaining 16 states are depicted in Figure 15.4, along with the possi
ble transitions between states drawn in. (To avoid clutter, the transitions are
drawn bi directionally, as they all represent reversible actions.) The groups
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ST e
L)

Figure 15.4: The LTS of the Missionaries and Cannibals Riddle.

on the two banks are depicted side by side divided by wiggly lines repre
senting the river, with the group holding the boat enclosed in parentheses.
There are five possible actions: m (a missionary crosses alone); mm (two
missionaries cross together); ¢ (a cannibal crosses alone); cc (two cannibals
cross together); and mc (a missionary and a cannibal cross together). Notice
that all of the transitions are drawn bi directionally, as every transition can
clearly be reversed.

The group start in the top left state in which the whole group is on the
left bank, and they wish to get to the bottom right state in which they are
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all on the right bank. It is not hard to find a such path through the LTS
which involves 11 crossings.

Exercise 11.4 (page 287)

A state of the system underlying this riddle consists of a pair of integers
(3,7) with 0<i<5 and 0<3j<3, representing the volume of water in the 5
gallon and 3 gallon jugs A and B, respectively. The initial state is (0, 0) and
the final state you wish to reach is (4,0).

There are six types of moves possible from any given state (¢, 7):

(i)
(i)
(i.3)
(i)
(i.3)
(i)

e 69) (if i=0)
B i3 (if j=0)
YA (0,5) (if i0)
TP (i,0) (if 7>0)
Ati>B (max(0,i+5 3),min(3,i+j)) (if :>0 and j<3)
Biog (min(5,i+7), max(0,i+j 5)) (if i<5 and j>0)

Drawing out the LTS, we identify the following 7 step solution:

(0,0) LS (5,0) 2128 (2,3) Y5 (5 0y 418 (0, 2)

T4 (5, 9) 4108 (4. 5) B (4 o).

Exercise 11.5 (page 287)

The beer mats must start in one of the following three non winning config

urations:

X: 3 one way, the 4th the other way.

Y: 2 face up and 2 face down, with diagonally opposite corners different.

Z: 2 face up and 2 face down, with diagonally opposite corners the same.

Furthermore, there are only three different moves which you may apply to
the beer mats:

a: flip one beer mat.

b: flip two adjacent beer mats.

c¢: flip two diagonally opposite beer mats.

(Flipping 3 beer mats has the same effect on the possible configurations as
flipping 1 beer mat; and flipping all four beer mats has no effect whatsoever
on the configuration.)
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In the following table, we indicate which non winning configurations we
may go to from each non winning configuration.

| o [ b | e |
x|lviz] x | x
Y| x | z | v
Z| x | v

For example, from an X configuration, an a move (flipping one beer mat)
could lead to a winning configuration, or to either a Y configuration or a
Z configuration; and from a Z configuration, a ¢ move (flipping diagonally
opposite beer mats) is guaranteed to lead to a winning configuration.

We can use a labelled transition system to keep track of which configura
tions we may be in at any given time assuming that we have never passed
through a winning configuration. The LTS looks as follows.

Here, we start in the state labelled “XY Z” signifying that we don’t know
which state X, Y or Z we are in. If we do an a move or a b move, then we
may still be in any of these states; however, if we do a ¢ move, then we will
know that we cannot be in a Z state.

From this we can see that the shortest sequence of moves which guaran
tees a win is the sequence “cbcacbc” of seven moves.

Exercise 11.6 (page 288)

1. There are six states. In the graphical presentation of the transition
system, these are represented by the following (z,y) valued pairs:

T = 246 T="T2 =12
y=174 y =30 y==6
T="T2 =12 z=0
y=174 y =30 y==6

(Of course, how the states are labelled is irrelevant.)
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2. There are two actions, namely “x:=xmody” and “y:=ymodx”.

3. There are five transitions. Labelling the states as above, these transi

tions are:
T = 246\ x:=xmody z="T2
%

y =174 y =174
= = d =
T="T2 y yﬂ)ox T="T2
y =174 y = 30
T =172 x:=xmody Tz =12
_)

y =30 y =30

= = d =

T =12 y ygox =12

y =30 y==6

=12 x:=xmody z=0
%

y==6 y==6

Exercise 11.7 (page 289)

pull
pull I
OonN

break

replace blow

pull

pull

reset

Exercise 11.8 (page 290)

tick

tick

The above process has two states: C1, and Clg; one action: tick; and two
. ick ick
transitions: C1, "5 ¢1, and €1, *¥ c1,,.

Exercise 11.9 (page 291)

As described, a state is a triple (f,d, S) where
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fedy 223 1%, 2%,2 ,3 1}
d € { open, closed}; and
S C {1,223}
There are 11 actions that the system can possibly do. Firstly, any of the
call buttons can be pressed on any of the floors:
p1: (up) button on floor 1 is pressed;
Dot up button on floor 2 is pressed;
Dot : down button on floor 2 is pressed;

p3: (down) button on floor 3 is pressed.

Next, any of the floor buttons can be pressed in the elevator:
e;: floor 1 button is pressed in the elevator;
e, : floor 2 button is pressed in the elevator;

e3: floor 3 button is pressed in the elevator.

Next, the elevator door can open or close:
op: the elevator door opens;

cl: the elevator door closes.

Finally, the elevator can move:
up: the elevator moves up;

dn: the elevator moves down.

Exactly when each of these actions can occur, and their effect on the state
of the system, is detailed as follows.

Firstly, any button can be pressed on any of the floors at any time. If
the elevator is at that floor with its door open and travelling in the right
direction, then the button press will have no effect on the state; otherwise,
the floor, tagged by the requested direction, will be added to the destination
list:

S, if f=b and d=open

d,8) ™ (f,d,S), where S' =
<f7 ] > <f7 ) >7W ere SU{b}, otherwise

Next, any button can be pressed in the elevator at any time. If the elevator
is at the floor being requested with its door open, then the button press will
have no effect on the state; otherwise, the floor being requested, tagged by
the direction to get to the requested floor (or the current direction being
travelled if the elevator is at that floor), will be added to the destination
list:

(f,d,S) = (f,d,S), where
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S, if f=1 and d=open

SU{1}, otherwise

e

=5 (f,d, S"), where
S, if f € {27,2'} and d=open

(f,d,5)

Su{2™}, if fe{1,1%,2 }
g = or f=2" and d=closed
Su{2}, if fe{3,3 ,2%}

or f=2' and d=closed

e3

— (f,d,S’), where
S, if f=3 and d=open

(£,d,5)

S U{3}, otherwise

Next, the door can either open or close at appropriate times:

cl

(f, open, S) — (f, closed, S);

(f, closed, S) z (f, open, S\ {f}), if feS;

(2", closed, S) % (2}, open, S\ {2'}), if2' € Sand2,3¢ S;
(2, closed, S) %5 (27, open, S\ {2'}), if2' € Sand2',1¢S.

Finally, the elevator can move as and when appropriate:

(1, closed, S) £ (1%, closed, S), if1¢ S and S # 0;
21, closed, {3}) % (27, closed, {3});
2%, closed, {3}) s (27, closed, {3});
Y % (17, closed, S);
Y L (21, closed, S);
)
) 3,

(

(

(17, closed, S

(1%, closed, S

( — (2%, closed, S);
(2+ up

2%, closed, S
, closed, S) — (3, closed, S);

3, closed, S) o, (3 ,closed,S), if3¢ S and S #0;

ol closed, {1}) 5 (2 , closed, {1});

(3,

( (

(27, closed, {1}) o, (2 , closed, {1});
(

(3

dn

3 ,closed, S)

dn

(3 , closed, S);
,closed, S) — (

2}, closed, S);
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[

n

(2 , closed, S) (2 , closed, S);

dn

(2 ,closed,S) — (1, closed, S);

Exercise 11.10 (page 291)

The two models for flipping coins are as follows:

heads

tails

As required, the outcome is determined in the first model already when the
coin is tossed: the system will either be in a state in which it can do a heads
action and not a tails action, or it will be in a state in which it can do a
tails action and not a heads action. In contrast to this, when the coin is
tossed in the second model, the system will be in a state in which it can do
either a heads action or a tazls action.

Which model is more realistic? We might introduce quantum mechanics
and allude to the fate of Schrodinger’s cat placed in a sealed box with a
flask of poison, a radioactive source, and a mechanism which will shatter the
flask releasing the poison and killing the cat if a Geiger counter detects
a radioactive particle; according to quantum mechanics, after a while the
cat will be simultaneously dead and alive until we open the box; only by
observing the cat will its fate be sealed. With this in mind, we might choose
the second model to be more realistic.

Barring the complexities of Schrodinger’s cat, the first model is more
realistic, in that it enforces the principle that the toss itself decides the fate
of the coin; having tossed the coin, and with it resting on the back of one
hand shielded from view by the palm of the other, no further forces can
influence the outcome of the coin flip. The coin is decidedly showing heads
or tails.

We can contrast this situation with the model of the simple vending
machine from page 282 which accepts a 50p coin and allows the user to
decide whether to press a coffee button or a tea button. Having inserted the
50p coin, the user is completely free to choose which button to press, and
thus the model for the vending machine closely resembles the second coin
flipping model above. Such a free choice is of course undesirable in a coin
flip. (It would be equally undesirable for the vending machine to eliminate



Additional Exercises 467

the user’s free choice of drinks when the 50p coin is inserted, as with the
first coin flipping model above.)

Exercise 11.11 (page 296)
By the rule for action prefix,

pull
pull BROKEN ©~ — BROKEN and

reset
reset. OFF  — OFF

Hence, by the rule for choice,

ull
pull. BROKEN + reset.OFF p—) BROKEN and

pull. BROKEN + reset.OFF regt OFF.

As BRokeN & pull. BROKEN + reset.OFF, the rule for Process Variables
gives us to infer our result:

pull
BROKEN = — BROKEN and

BROKEN regt OFF.

Exercise 11.12 (page 297)

cl, * tick.Cl, + tick.Clo.

Exercise 11.13 (page 298)

1.
15.05 + 2’10.010 + ’iQO.C’zo, if nZO;
c def dl.Cg, if n= 1;
di.C, 1 + d2.C, », if 2<n <4

di.Cy 1 + d2.Cy 5 + ds.C, 5, if 5<m < 20.

2. The transition diagram is depicted in Figure 15.5.

Exercise 11.14 (page 300)

The five states of the second vending machine are:
Va
10p.coffee.collect.V, + 10p.tea.collect.V;
coffee.collect.V;
tea.collect.V;
collect.V,
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Figure 15.5: The LTS of the change making machine.

The six states of the third vending machine are:

Vs
10p.coffee.collect.V;
10p.tea.collect.V3
coffee.collect.V;
tea.collect.V;
collect.V;

Exercise 11.15 (page 301)

No matter how we do a 10p action,
we must end up in a state in which
we may do a 10p action
and end up in a state in which

we may do a tea action.
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Figure 15.6: The LTS for Exercise 11.16.

Exercise 11.16 (page 301)

1. The transition system is depicted in Figure 15.6.

2. From state C you may do an a action and be in a state in which, no
matter how you do a b action you will either not be able to do a ¢
action or you will not be able to do a d action.

On the other hand, from state D no matter how you do an a action,
you will be able to do a b action and end up in a state in which you
can both do a ¢ action as well as a d action.
Exercise 11.17 (page 302)
The given definition of equality is:
reflexive: Clearly E = G if, and only if, B > G, so E = E.

symmetric: Suppose that £ = F. To show that ¥ = E we need to
demonstrate that # = G if, and only if, E -3 G. However, this
must be true, as this is exactly the same criterion that makes £ = F,
namely that E -5 G if, and only if, F = G.

transitive: Suppose that £ = F and F = G. To show that £ = G we
need to demonstrate that E = H if, and only if, G - H. However,

E > H if,and only if, F 5 H (since E = F)
if, and only if, G H  (since F = G).
Exercise 11.18 (page 303)

The only way to infer that A = Ay would be to first show that a.4 = a.4,,
which would require us to show that A = A;.
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Exercise

However, the only way to infer that A = A; would be to first show that
a.A = a.A,, which would require us to show that A = A,.

Likewise, the only way to infer that A = A, would be to first show that
a.A = a.Az, which would require us to show that A = As.

Continuing in this fashion, we would never finish, and so we could never
reach our goal of inferring that A = A,.

Chapter 12

12.2 (page 312)

Fact: For any games G,(E, F'), either the first player has a winning strat
egy, or the second player has a winning strategy.

Proof: By induction on n.

For the base case, the second player clearly has a winning strategy for
any game Go(E, F') of length n=0.

For the inductive case, assume that for any game G, (E', F') of length n,
either the first player has a winning strategy, or the second player has a
winning strategy. Suppose then that the following two properties hold:

e for all actions a and all states B, if E - E' then F = F' for
some state F” such that the second player has a winning strategy for
the game G, (F', F'); and

e for all actions a and all states F’, if F -3 F' then E - E' for
some state E' such that the second player has a winning strategy for
the game G,(E', F').

That is, suppose that no matter what the first player does as her first move
in the game G,.,(E,F) either a move E — E' or a move F = F'
the second player can respond in such a way that he gets into a position
in which he has a winning strategy in the game of length n. This clearly
defines a winning strategy for the second player in the game G, 1(E, F).

Hence, if the second player does mot have a winning strategy in the
game G,.1(F, F), then one of the above two properties fails to hold. That
is, either

e E % E' in such a way that whenever F = F' the second player
does not have a winning strategy in the game G,(E’, F'); but then
by the inductive hypothesis, this implies that the first player has a
winning strategy in the game G, (E’, F'), which means she can use the
E -2 E' transition as the first move in a winning strategy for the game
Gni1(E, F); or
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Exercise

Exercise

e F % F' in such a way that whenever B — E' the second player
does not have a winning strategy in the game G,(E’, F'); but then
by the inductive hypothesis, this implies that the first player has a
winning strategy in the game G, (E’, F'), which means she can use the
F % F' transition as the first move in a winning strategy for the game
Gpii(E, F). O

12.3 (page 313)

C ~y D (and hence C ~y D and C ~; D) since from either C or D you
can do an a action and nothing else, and regardless of where that takes
you, you will be able to do a b action and nothing else. Therefore the sec
ond player can obviously copy whatever two moves the first player makes
in the Bisimulation Game when the tokens start on the pair of states (C, D).

C +#3 D (and hence C £, D for all n>3) since the first player has a
strategy which will win her the game within three moves starting from the
pair of states (C, D):

e For her first move she can do C —» A, to which the second player
would have to respond with D % B; the two tokens will then be on
the pair of states (A4, B).

e For her second move she could then do B —» c.0 + d.0, to which
the second player would have to respond with either with A 2 co
or with 4 = d.0; the two tokens will then be on the pair of states
(c.0,¢.0 + d.0) or the pair of states (d.0,c.0 + d.0).

e For her third move, if the tokens are on the pair of states (c.0, c.0+d.0)
then she should do c.0 +d.0 N 0, and if the tokens are on the pair of
state (d.0, c.0 4 d.0) then she should do c.0 + d.0 - 0; in either case
the second player will not be able to respond.

12.4 (page 315)

Fact: For all n € N, and for all states F, F',and G, if E ~, Fand F ~, G
then F ~, G.

Proof: By induction on n € N.

For the base case n=0, Theorem 12.3(1) gives us that & ~¢ G.

For the induction step, we assume that £ ~,; F and F' ~,.1 G. Re
ferring to the pictorial representations of Theorem 12.3 (page 313), for the
induction step the argument will be based on the following picture:
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~n4l
~n+1 ~Snt1 .
B --1 "l g
~o _-
F
a a
a
~n ~n
, -7 T T T FI - T -=< ,
E G

Suppose that the first player makes a transition E — E'. By Theo
rem 12.3(2), since E ~,,; F' we have that F 2y F' for some F’ such that
E' ~, F'; and hence again by Theorem 12.3(2) since F' ~,,; G we have that
G % @ for some G' such that F' ~, G'. Thus, by induction E' ~, G'. In
summary,

o If E -5 F' then G > G' for some G such that B' ~,, G'.

Suppose instead that the first player makes a transition G - G’. By The
orem 12.3(2), since F' ~,.1 G we have that F 2 F' for some F' such that
F' ~, G'; and hence again by Theorem 12.3(2) since E ~,,; F' we have that
E % B for some E' such that E' ~, F'. Thus, by induction E' ~, G'. In
summary,

o If G2 G then E = E' for some E' such that E' ~, G’

These two bullet points, by Theorem 12.3(2), gives us that F ~,.; G. O

12.5 (page 315)

Fact: For alln € N, C1, ~, C1, while C1, %, Cl.

Proof: We can show the equivalence by induction on 7.
Base Case: Clp ~q C1, by Theorem 12.3(1).

Induction Step: Assuming, for some n, that C1, ~, C1l, we can conclude
from Theorem 12.3(2) that Cl,; ~piq C1

The inequivalence follows from noting that in the bisimulation game played
with the tokens on C1, and C1, after an exchange of n moves the tokens will
necessarily be on Cly and C1, and the first person will be able to make the
move C1 "% ¢1 which the second person cannot match. 0

Fact: For all n € N, Clock ~, Clock,, while Clock % Clock,.
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Proof: We can firstly note that if the first player is to have any chance
of winning the bisimulation game with the tokens on the states Clock and
Clock,, then he must start with the move Clock, ficky C1; the second player
could respond to any other opening move in such a way as to leave the two
tokens on the same state, leaving him with the obvious copycat strategy to
win. _

In response to this opening move Clock, bk, Cl, the second player
can move Clock ' Cl,; and since (from above) Cl, ~, C1 for all n, by
Theorem 12.3(2) we can deduce that Clock ~, Clock, for all n.

The inequivalence follows from the fact (from above) that Cl, %, Cl.

O

Exercise 12.6 (page 317)

To prove that R is a bisimulation relation, we need to demonstrate that the
bisimulation property from Definition 12.5 holds of each of the five pairs of
states related by R.

o (P,@1) €ER:
P, > P, is matched by Q; = Q,, and vice versa, as (P, Q1) € R.
Py % P; is matched by Q; — Qs, and vice versa, as (P;, Q3) € R.
o (P,Q2) €ER:
P, RN P; is matched by Q- N Q3, and vice versa, as (Ps, Q;) € R.
(P2, Q4) € R:
P, % P, is matched by Q. N Qs, and vice versa, as (P, Qs) € R.
(Ps,Q3) €ER:
P, LN P, is matched by Qs LN Q1, and vice versa, as (P, Q1) € R.

P; LN P, is matched by Q3 N Q4, and vice versa, as (P, Q4) € R.
(P, @s) € R:
P, % Py is matched by Qs N @1, and vice versa, as (P, Q1) € R.

P; LN P, is matched by Qs N Q-2, and vice versa, as (P, Qs) € R.

Exercise 12.7 (page 317)

Assume that R and S are bisimulation relations over the states of a labelled
transition system, and that (E,G) € R o S. This means that ESF and
FRG for some state F.

e If E > E’, then from ESF we get that F % F’ for some F' such that



474 Temporal Properties

E'SF': and thus from FRG we get that G - G’ for some G’ such
that 7RG’ and hence such that (E',G') € Ro S.

e If G % @&, then from FRG we get that FF = F' for some F' such
that F'RG’; and thus from ERF we get that B = E' for some B’
such that E'RF' and hence such that (E',G') € Ro S.

Thus R o S is a bisimulation relation.

Exercise 12.8 (page 318)

Let E <, F' (where n may be o) mean that the second player has a winning
strategy in the n round game in which the first player must always move
the token which starts on state E. Then clearly <, = <, N <.

(a) =, is an equivalence relation, as it is:

reflexive: If both tokens are on the same node, then the second
player has the obvious winning strategy of following the lead of the
first player, copying each move.

symmetric: This follows from the fact that <, = <, N <1

transitive: We first show, by induction on 7, that £ <, G whenever
E <, F and F <, G. If n = 0 then we immediately have that
E <, G, so suppose n = k+1, and suppose that the first player makes
a transition E = E’; then we must have that F - F' with B’ <, F",
and thus we have that G - G’ with F’ <,, G'; hence by induction
E <11 G.

To demonstrate that <., is transitive, we modify Definition 12.5 (page
316) to define a simulation relation to be a binary relation R over
states which satisfies the following property: if ERF then

— if E-% E' then F -5 F' for some F' such that E'RF".
We then rephrase Theorem 12.6 (page 316) as

The second player has a winning strategy in an infinite simulation
game with the tokens starting on states £ and F' if, and only
if, EFRF for some simulation relation R. Hence in particular,
R C < for any simulation relation R.

The proof of this result is completely analogous to that for Theo
rem 12.6. Our result then follows by showing that RoS is a simulation
relation whenever R and S are: this is shown as for the solution to
Exercise 12.7.

Assume then that R and S are simulation relations, and that (E,G) €
R oS. This means that ESF and FRG for some state F.
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If E % E', then from ESF we get that F — F' for some F' such that
E'SF’; and thus from FRG we get that G - G’ for some &' such
that F'RG' and hence such that (E',G') € Ro S.

Thus R o S is a simulation relation.

(b) If the second player has a winning strategy in the bisimulation game,
then he can use this same strategy to win the new game. The new
game only restricts the possible moves of the first player

(c) It is easily verified that a.b.0 %5 a.b.0 + .0, while a.b.0 <5 a.b.0+a.0.

Exercise 12.9 (page 321)

Suppose, by way of contradiction, that the first transition system of Fig
ure 12.1 is coloured with a bisimulation colouring which assigns the same
colour to the two states X and U. Since U - V, there must be an a labelled
transition out of X leading to a state with the same colour as V. This state
must be Y, and hence V and Y must have the same colour in this supposed
bisimulation colouring. But then since Y =3 Z, there must be a c labelled
transition out of V' leading to a state with the same colour as Z. However,
there is no such state, of any colour, which provides us with our desired
contradiction.

Exercise 12.10 (page 322)

Consider the first transition system of Figure 12.1.

The initial all white colouring is not a bisimulation colouring, as the white
states V' and Y have b transition to white states, whereas the other white
states U, W, X and Z do not have b transitions to white states. Hence, by
the invariant, states V' and Y cannot be equivalent to the other white states;
in any bisimulation colouring, states V and Y must each have a different
colour from states U, W, X and Z. Hence we may safely refine our colouring
by making states V and Y a different colour (gray, say).
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This is still not a bisimulation colouring, as the gray states Y has a ¢
transitions to a white, whereas the other white state V' does not. Hence, by
the invariant, states V and Y cannot be equivalent, and so we may safely
refine our colouring by making Y a different colour, say gray on black. At
the same time we can note that the white state W has a ¢ transitions to a
white, whereas the other white states U, X and Z do not, and so we can
safely make W a different colour, say gray on white.

Again this is still not a bisimulation colouring, as the white states U has
an a transitions to a gray state, whereas the other white states X and Z
do not; and the white state X has an a transition to a gray on black state,
whereas the other white states U and Z do not. Hence, we may safely refine
our colouring by making X a different colour, say black, and Z a different
colour, say black on gray.

This colouring zs a bisimulation colouring, which by construction satisfies
our invariant. That it is a bisimulation colouring is clear, since there are no
two states with the same colour.
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Exercise 12.11 (page 326)

Take:

By ® Clock Fy ¥ clock,

Bniy & tick.E,  Fou1 ™ tick.F,

By a straightforward induction argument we can show that, for each n € N,
E, ~Nwtn F, but E, ’76u+n+1 E,.

Chapter 13

Exercise 13.1 (page 336)

1.

(coffee)true says:
we may do a ‘coffee’ action and end up in a state in which
true s true.

This property will be true if it is possible to do a ‘coffee’ action.

. (coffee)false says:

we may do a ‘coffee’ action and end up in a state in which
false is true.
Such a ‘coffee’ action cannot therefore be possible, as false could not
possibly be true in any subsequent state. Therefore this property can
never be satisfied; it is equivalent to the property false.

. [coffee]true says:

no matter how we do a ‘coffee’ action, we must end up in a
state in which true is true.
This property will always be true regardless of whether or not we can
do a ‘coffee’ action as true will of course be true in any subsequent
state. This property is therefore equivalent to the property true.

. [coffee]false says:

no matter how we do a ‘coffee’ action, we must end up in a
state in which false is true.
A ‘coffee’ action must therefore not be possible, since false can never
be true in any subsequent state. This formula thus says the same thing
as —(coffee)true.

Exercise 13.2 (page 336)

—(a){a)true.

In words, this says that it is not the case that I can do an ‘a’ action and get
into a state in which I can do another ‘a’ action.
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Exercise 13.3 (page 336)

[tick]({tick)true.

In words, this says that no matter how I do a ‘tick’ action, I must end up
in a state in which I can do another ‘tick’ action. This is true of the clock
C1 but not of the clock C1,, as the latter clock may stop after just one tick.

Exercise 13.4 (page 340)

1, 4,5, 6, 7 and 10 are valid, whereas 2, 3, 8, 9, 11 and 12 are not valid.

Exercise 13.5 (page 341)

1. (pull)(pull)(break)true.
This is true only of the state ON.
2. (pull)(pull)(reset)true.
This is true only of the state BROKEN.
3. —(pull)true.
This is not true of any state; you can do a ‘pull’ action from any state.
4. (pullytrue A —(break)true A —(reset)true.
This is true only of the state OFF.

Note that this assumes that the only actions available of the process
are ‘pull’, ‘break’ and ‘reset’. We need to include a conjunct —{a)true
for every action a # pull to explicitly disallow the possibility of such
an action ‘a’ being possible.

Exercise 13.6 (page 342)

Fact: —[a]P & (a)-P

Proof: FE | —[a]P E |~ [a]P

-VF(E 5 F = FEP)
IF-(ESF = FEP)
JF(E-3F N FIEP)
JF(E>F A Fl=-P)
E = (a)-P |

KR U R R R

Exercise 13.7 (page 343)

Theorem 13.6: For any process £ and any property P of HML:



Additional Exercises 479

1. E | pos(P) if, and only if, F = P; and
2. E = neg(P) if, and only if, B P.
Proof: By induction on the structure of P. That is, we demonstrate that
1. E | pos(P) if, and only if, F = P; and
2. E |= neg(P) if, and only if, B P

under the assumption that, for any process F' and any property @ smaller
than P,

1. F | pos(Q) if, and only if, F = Q; and
2. F = neg(Q) if, and only if, F £ Q.

We thus argue by cases on the structure of P:

P = true:
1. E | pos(true)
< FE [ true [by definition of pos(true))
2. E = neg(true)
& FE |=false [by definition of neg(true)]

< E H£ true [by semantic definition for true and false

P = false:
1. E | pos(false)
& E k= false [by definition of pos(false)]
2. E E neg(false)
& E =true [by definition of neg(false)]

& E H false [by semantic definition for true and false]

P =~

L. B  pos(~Q)
& FE|=neg(Q) [by definition of pos(—Q)]
< BEHQ [by induction hypothesis 2]
< EE-Q [by semantic definition for —]

2. F = neg(~Q)
< FE Epos(Q) [by definition of neg(—Q)]
< EEQ [by induction hypothesis 1
< B -Q [by semantic definition for —|
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P=Q:1NQa:

L. B | pos(@1 A @2)
& E = pos(Q1) A pos(Q2)
< E E=pos(Q:) and E = pos(Qs2)
< EFEQ: and E = Q-
& EEFEQAQ:

by definition of pos(Q1 A Q2)]
by semantic definition for A]

[
[
[by induction hypothesis 1]
[

by semantic definition for A]

2. B = neg(Q: A Qs)

< E = neg(Q1) V neg(Q2) [by definition of neg(Q1 A Q2)]

& E Eneg(Q1) or B = neg(Q») [by semantic definition for V]

& B Q; or EH Q. [by induction hypothesis 2]

& ~(BEEQ: and E = Qo)) [by De Morgan’s Law|

& EHQIAQ, [by semantic definition for A
P=Q,v

1. E | pos(Q1 V Q)
& B = pos(Q1) V pos(Q2)
& E = pos(Q1) or E = pos(Q2)
& EFQ o EEQ,
& BEEQVQ:

by definition of pos(Q1 V @2)]
by semantic definition for V|

[
[
[by induction hypothesis 1]
[

by semantic definition for V|

2. B |= neg(Q: V Qa)

& E = neg(Q1) A neg(Q2) [by definition of neg(Q1V Q2)]
< E =neg(Q1) and E = neg(Qs) [by semantic definition for A
< EFQ: and EH Q> [by induction hypothesis 2|
o (BEEQ or E=Qs) [by De Morgan’s Law)

< EHQ1VQ: [by semantic definition for V]

P={(a

1. B | pos((a)Q)
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& B (a)pos(Q) [by definition of pos((a)Q)]
& F = pos(Q) for some F such that B = F
[by semantic definition for (a)]
& F | Q for some F such that B = F
[by induction hypothesis 1]
& EE{(a)Q [by semantic definition for (a)]

2. B |- neg((a)Q)
& B = [alneg(Q) [by definition of neg((a)Q)]
& F = neg(Q) for all F such that B = F
[by semantic definition for [a]
& FH Q for all F such that B — F
[by induction hypothesis 2]
o El# (a)Q [by semantic definition for (a)]

P=1la

1. B  pos((a)Q)
& B = [alpos(Q) [by definition of pos([a]Q)]
& F = pos(Q) for all F such that B % F
[by semantic definition for [a]]
& F | Q for all F such that £ = F
[by induction hypothesis 1]
& E=[a@ [by semantic definition for [al]

2. B |= neg([a]Q)
& B = (ayneg(Q) [by definition of neg([a]Q)]
& F |=neg(Q) for some F such that E - F
[by semantic definition for {(a)]
& FH Q for some F such that B - F
[by induction hypothesis 2]
& EH 0@ [by semantic definition for [a]]
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Exercise 13.8 (page 343)

Fact: For all modal properties P, neg(neg(P)) = P.

Proof: By induction on the structure of P, arguing by cases on the struc
ture of P.

P = true: neg(neg(true)) = neg(false) = true.

P = false: neg(neg(false)) = neg(true) = false.

P = Q; A Q,: By the inductive hypothesis we assume that neg(neg(Q,)) =
@ and neg(neg(Q2)) = Q2.

Then neg(neg(@: A Qs)) = neg(neg(Q:)Vneg(Q2)) = neg(neg(Q1)) A
neg(neg(Q:)) = Q1A Qs

P = Q1 V Q> By the inductive hypothesis we assume that neg(neg(Q1)) =
Q1 and neg(neg(Q2)) = Q>.

Then neg(neg(Q:V Q2)) = neg(neg(@1) Aneg(Q2)) = neg(neg(Q1))V
neg(neg(Q2)) = Q1 V Q2

P = (a)Q: By the inductive hypothesis we assume that neg(neg(Q)) = Q.
Then neg(neg({a)Q)) = neg([alneg(Q)) = (a)neg(neg(Q)) = (a)Q

P = [a]Q: By the inductive hypothesis we assume that neg(neg(Q)) = Q.

Then neg(neg([a]Q)) = neg({a)neg(Q)) = lajneg(neg(Q)) = [alQ
O

Exercise 13.9 (page 345)

The properties distinguishing between C and D were presented informally in
the solution to Exercise 11.16(b). We need simply express these properties
in the language of HML.

e From state C' you may do an ‘a’ action and be in a state in which, no
matter how you do a ‘b’ action you will either not be able to do a ‘¢’
action or you will not be able to do a ‘d’ action. Formally:

C [ (a)[b]([c|false V [d]false)
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e On the other hand, from state D no matter how you do an ‘a’ action,
you will be able to do a ‘b’ action and end up in a state in which you
can both do a ‘¢’ action as well as a ‘d’ action. Formally:

D = [a](b)({c)true A (d)true)

Note that these properties are, naturally, the negations of each other:
D = neg(C) and C = neg(D).

Exercise 13.11 (page 350)
1. Consider the formula
(a)true A [ alfalse A [ ][ ]false.
Clearly this characterises the process a.0:

e The first conjunct says that it is possible to do an a transition;

e The second conjunction says that it is not possible to do anything
other than an a transition.

e The final conjunct says that it is not possible to do two transi
tions.

2. The characteristic formula for a.(b.0 + c.0) is

(a)true A | afalse A [a]((B)true A (c)true A [ ][ Ifalse).

Exercise 13.12 (page 353)

1. |[{a)true|]| = {E, Ei, F}

2. [[{)true|| = { B, By}

3. |[{a)(a)true|| = {E, B4}

4. ||{b)(b)true|| = 0

5. ||{a)[a]false|]| = {F}

6. |[b](a)true|| = {E, E,, B>, F}

Chapter 14

Exercise 14.2 (page 360)

Let A% 0 with Sort(4) = 0, and B %' 0 with Sort(B) = {a}.

Then clearly A ~ B although Sort(A) # Sort(B).
If we let X ° 4.0 with Sort(X) = 0, then A || X ~ a.0, but B || X ~ 0.

Thus, A ~ B whereas A || X # B || X.
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Exercise 14.3 (page 362)

The relevant bisimulation relation is

{(C2,C | C), (C}, dec.C | C), (C},C|| dec.C), (C4, dec.C || dec.C) }.

Exercise 14.4 (page 365)

The safety property holds: a car may cross only if the barrier is up, and a
train may cross only if the signal is green; and the controller ensures that
the barrier is never up at the same time that the signal is green by raising
the barrier only when the signal is red and turning the signal green only
when the barrier is down.

The liveness properties, however, fail to hold as given. When a car
arrives, it is not necessarily the case that the barrier will eventually go up.
It may be the case that an endless stream of trains arrive, and that the
controller repeatedly turns the signal green to allow each of these trains to
cross the intersection without ever raising the barrier to allow the waiting
car to pass. Equally, the controller may allow an endless stream of cars to
pass, never changing the signal to green to allow a waiting train to pass.

These liveness properties can be weakened to read:

e If a car arrives, eventually the barrier may go up.

e If a train arrives, eventually the signal may turn green.

These weakened properties do hold of the system.

In reality, a barrier typically remains up, to allow cars to cross the inter
section freely, until a train arrives; the arrival of a train signals the controller,
which then lowers the barrier, then turns the signal to green, then turns the
signal to red again, and finally raises the barrier once again. If the compo
nents are built correctly following this protocol, then the original liveness
properties will hold, along with the safety properties.

Exercise 14.5 (page 368)

The only way that the system can deadlock is if every philosopher is wanting
to pick up a fork which is not available. (No philosopher would ever be
hindered from eating nor from setting a fork down on the table.) No two
philosophers can be wanting to pick up the same fork, as each one of them
must be prevented from picking it up by the other already holding it. Since
each philosopher is stopped by the absence of a different fork, every fork
must be in the hand of some philosopher, and thus each philosopher must
be in the state of having just picked up their first fork. But that would mean
that philosophers 1 and 2 are both holding fork 2, which is impossible.
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Exercise

Exercise

14.6 (page 371)

We argue that if the first process reaches the state where it is ready to
enter the critical section, then the second process will not be able to reach
the analogous state until the first process enters and then exist the critical
section. A symmetric argument shows that the second process being in the
critical section prevents the first from also being so.

e When the first process becomes ready to enter the critical section (ie,
enters state R;), then the bl process must be in the state B;t, and
either the b2 process is in the state B,f or the k processor is in the
state K;.

e Before the first process enters and exists the critical section, if the
second process is waiting to be allowed to enter the critical section (ie,
is in state W), then the b2 process must be in state Bot. Hence (from
above) the k processor is in the state K;. Thus this process will not
be able to move to state R, and enter the critical section.

14.7 (page 373)

The enhanced message passing protocol requires no change to the SENDER,
only to the RECEIVER and the MEDIUM. The acknowledgement that the
SENDER is awaiting will come from the MEDIUM rather than directly from
the RECEIVER, but this difference is not noticeable from the point of view
of the SENDER. Thus its definition remains unchanged:

Sender def in.snd.S S def ack.Sender + err.snd.S

Sort(Sender) = {snd, ack, err}

Again, its transition system is depicted thus:

in

The enhanced RECEIVER must cater for the possibility of its acknowl
edgement being lost. After receiving a message (via the “rcv” action) and
forwarding it on (via the “out” action), it will issue an auxiliary acknowl
edgement to the MEDIUM (via a “rack” action). At this point it will be ready
to receive a new message. However, it may instead receive an auxiliary er
ror message from the MEDpiuM (modelled by a “rerr” action), indicating
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that the acknowledgement was lost, in which case it will retransmit this
acknowledgement. The new definition is as follows:

. def . .
Receiver = rcv.out.rack.Receiver + rerr.rack.Receiver

Sort(Receiver) = {rcv,rack,rerr}

Its transition system is depicted thus:

Receiver

rack

Ircv

rack.Receiver

The behaviour of the MEDIUM must now interact with the RECEIVER
in delivering the acknowledgement from the RECEIVER to the SENDER of
the safe arrival of the message being delivered. After passing the message
to the RECEIVER (via the “rcv” action), the Medium awaits the auxiliary
acknowledgement from the RECEIVER (modelled by the “rack” action). It
then either passes the acknowledgement along to the SENDER (via the “ack”
action); or it may lose the acknowledgement (modelled by a “rerr” action),
and await a new acknowledgement from the RECEIVER. The new definition
is as follows:

out

Medium % snd.(rcv.rack.M + err.Medium)

M def ack.Medium + rerr.rack.M

Sort(Medium) = {snd,rcv,err}

Its transition system is depicted thus:

snd

rcv.rack.M

+
err.Medium
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in

snd.S
|| Medium
|| Receiver

Sender
|| Medium
|| Receiver

S
|| (rcv.rack.M +
err.Medium )

|| Receiver

S
| M
|| Receiver

S
|| rack.M
|| out.rack.Receiver

S
|| rack.M
|| rack.Receiver

out

Figure 15.7: The enhanced message passing system.

The symmetry reflected in the transition diagram makes clear the similarity
in the manner that the MEDIUM treats the SENDER and RECEIVER.

The complete system is again defined to be the composition of these
three components:

System % Sender | Medium | Receiver

but now the following configuration:

snd rcv 3

. ! ack rack |

in —— SENDER MEDIUM RECEIVER——out
! err rerr !
| |

The behaviour of the complete enhanced system is thus depicted by the tran
sition system depicted in Figure 15.7. The symmetry between the SENDER
and the RECEIVER is immediately noticeable in this transition system.
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Exercise 14.8 (page 377)

From the state S; || M || R; (the initial state being S, || M || Ro) the
system can do an in action and nothing else, leaving the system in the
state S, || M || R;.

From here, the system will not be able to do a further in action until
the Sender process reaches the state S; ;.

This can only happen after the Sender action synchronises with the
Medium on an ack; action, leaving the Sender in the state S; ; and the
Medium in the state M.

Until this ack; synchronisation occurs, the Sender can repeatedly al
ternate between the actions s; and ¢, so the system will not deadlock.

The Medium can only do this ack; action after it synchronises with the
Receiver on a rack; action.

The Receiver in turn can only do this rack; action after doing an out
action, and then leaves the Receiver in the state R; ;.

The system will then be in the state S; ; || M || Ry ;, from which the
above argument applies.

Chapter 15

Exercise 15.2 (page 384)

Deadlock free = [I{ )true (by definition)
= =0—( )true (since OP = —=0-P)
= [ ]false (since =( YP = [ |-P)

= -Deadlockable (by definition)

Exercise 15.3 (page 385)

Ev P asserts that P must eventually become true.

This is almost the same as @ U P which also asserts that P must even
tually become true; the only difference is the added requirement that until
P becomes true, @ must remain true.

However, this added requirement is vacuous if we take the property @

to be true, as of course true is always true anyways.
Hence, EvP = trueU P.
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Exercise 15.4 (page 386)

Fact: E }=y P if, and only if, E € | P||,.

Proof: By induction on the structure of P, arguing by cases on the struc
ture of P.

P=true: E=ytrue & E€States & E € |[[truellyx g
P=false: Eyfalse & Ee€l & EEe€|false|yy,g
P=X: EEvX & EeV(X) & Ee€|X|yx.s

P=-P: E=y~P & ERyP

& B |[Plyx.s
& B ellPlyx,s © Eel-Pllyx.sg

P=Qi1AQx: EEyQ:1NQ> El=yv Qi and E =y Q2
B € |@illyx.s and B € [|Qllyix. s
E € [Qillvixs N1Q2llvixiss

B e [|QNQallyixos

¢t 00

P=0Q:1vQy EFyQ:1VQ: E=yQ or By Q@
B e |@llyxos or B € |Qallyixos
B € [|Qillvixs Y 1Q2llvixe s

Ecl@QVv Q2||V[x»—>sj

SR DR R

P={(a)Q: El=y (a)Q < E - E'suchthat B' =, Q
& E = B such that B’ € [|Q||y,

& Ee |(a)Qllvix.s

XS]

P=[a)Q: E=y[a]Q & E-> E implies E' =y Q

& E - B implies B' € |Qllyx,.s

& Be@Qlxs o

Exercise 15.5 (page 388)

(@)X lyix..q = {E € States : E = B’ for some B' €0} = 0.
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Exercise

Exercise

15.6 (page 389)

By Exercise 15.5, the empty set S = 0 satisfles S = [|{a) X | (x.. 5 and hence
must be the least fixed point of the function f(S) = ||(a)XHV[XHS].

Let A= {E € Statess : E 5 - -5 . 5 ....} be the set of states
which we intended to capture in Example 15.4 with the recursive property
X = (a)X. As demonstrated in Example 15.4, this set is a fixed point; we
shall demonstrate that A must in fact be the greatest fixed point.

To this end, suppose that S is any fixed point:

S = f(S)= H<a>XHV[X>—)S]
= {E € States : E -5 E' for some E' € S}

and suppose further that £ € S. We need to show that £ € A.

e Since E € S, E = E' for some E' € S.

a

e Since B' € S, E' — E" for some E" € S.

e Since E" € S, E" % E" for some E" € S.

Continuing in this fashion, it becomes clear that F € S.

As for a fixed point of the function f(S) = [[(a)X|ly(x, s Which is neither
the least nor greatest fixed point, consider the process with two states A and
B and two transitions A — A and B — A. Then 0, {A} and { 4, B} are
all fixed points of this function.

15.7 (page 392)

We prove this by induction and arguing by cases on the structure of P.
However, we only present the three cases which don’t appear in the proof
of the analogous result for HML (Theorem 13.6, page 343).

P=X:
Elgneg(X) & Ey X & EcV(X) & E¢V(X) & Efv X

P=uXQ:
E |y neg(pX.Q) & B l=yvX.neg(Q)
& IS CStates: BE€ Sand VF € S: F [=ypx g neg(Q)
& S CStates: E¢ SandVF ¢ S: F Eyzg neg(Q)
< IS CStates: E¢ SandVF ¢ S: F}#V[XHS] Q

& By uX.Q

P=vX.
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EEyneg(vX.Q) & E =y upX.neg(Q)
& VS C States: if B ¢ S then 3F ¢ S such that F =y, 5 neg(Q)
& VS C States : if B € S then 3F € S such that F =yz-g neg(Q)
& VS C States : if F € S then 3F € S such that F FEyix..g @
& By vX.Q O

Exercise 15.12 (page 399)

1. With a least fixed point, we cannot be allowed to unroll the recursive
equation infinitely often in verifying that the property P is true in
every state.

At every state we reach, the property P must hold. But we must
eventually have nowhere to go; that it, the process must eventually
deadlock.

Thus this property is true as long as P is true in every state of the
process and every run of the process deadlocks.

2. With a greatest fixed point, we are allowed to unroll the recursive
property infinitely often in our search for a state in which P is true.

At each state, either the property P must hold, or it must be possible
to make a transition and continue the search for a state in which P
holds; however, we need never complete this search.

Thus this property is true if P is true in some state, or if there is an
infinite path through the process.

3. With a greatest fixed point, we are allowed to unroll the recursive
property infinitely often in our search for a state in which @ is true.

Thus the property is true if P is true for as long as @ is not true, but
until @ becomes true if ever it must be possible to do something.

Exercise 15.13 (page 401)

1. P almost always holds along some a“ path.

In order for this property to hold, there must be a state reachable by
a sequence of a transitions from which an a“ path exists along which
P is always true.

We have already seen how to express the property that P always holds
along some a“ path:

® = vX.P A (a)X.

We need only find a state satisfying this property which can be reached
by a sequence of a transitions:
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uX.® v (a)X.

Writing this out in full by substituting in the formula for & whilst
at the same time changing one of the variables to avoid confusion we
get the following:

,uZ.(uX.P A (a)X) Vv {(a)Z.

2. P holds infinitely often along some a” path.

In order for this property to be true, we must be able to reach a state
by doing a sequence of a transitions in which P holds, and then to
repeat this forever.

We will, therefore, have a least fixed point construction to allow us
to look for the state in which P holds embedded within a greatest
fixed point construction to allow us to repeat this search over and
over again forever.

vZ.uX.(P A (a)Z) V (a)X.
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