
Appendix 1
Extension of a Probability Measure

In this appendix we will prove Carathéodory’s theorem, which was used in Sect. 2.1.
Let A be an algebra of subsets of Ω on which a probability measure P, i.e., a real-

valued function satisfying conditions P1–P3 of Chap. 2, is given. Let P denote the
class of all subsets of Ω . For any A ∈ P, there always exists a sequence {An}∞n=1
of disjoint sets from A such that

⋃∞
n=1 An ⊃ A (it suffices to take A1 = Ω and

An = ∅, n ≥ 2). Denote by γ (A) the class of all such sequences and introduce on
P the real-valued function

P∗(A) := inf

{ ∞∑

n=1

P(An); {An} ∈ γ (A)

}

.

This function (the outer measure on P induced by the measure P on A) has the
following properties:

(1) P∗(A) ≤ P∗(B) ≤ 1 if A ⊂ B .
(2) P∗(

⋃∞
n=1 An) = ∑∞

n=1 P(An) if the sets An ∈ A, n = 1,2, . . . , are disjoint.
(3) P∗(

⋃∞
n=1 An) ≤ ∑∞

n=1 P∗(An) for any A1,A2, . . . ∈ P.

Property (1) is obvious. Property (2) is established by the following argument.
Let {Bn} be any sequence from γ (A), where A = ⋃∞

n=1 An. Since
⋃∞

m=1 AnBm =
An ∈ A, one has P(An) = ∑∞

m=1 P(AnBm). Therefore,

∞∑

n=1

P(An) =
∑

n

∑

m

P(AnBm) =
∞∑

m=1

∞∑

n=1

P(AnBm).

But, for each N < ∞,

N∑

n=1

P(AnBm) ≤ P(Bm).
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620 1 Extension of a Probability Measure

Hence this equality holds for N = ∞ as well and, for any sequence {Bm}∞m=1∈γ (A),

N∑

n=1

P(An) ≤ P(Bm).

This implies that P∗(A) ≥ ∑∞
n=1 P(An). Because the converse inequality is obvious,

we have P∗(A) = ∑∞
n=1 P(An).

Proof of property (3) Consider, for some ε > 0, sequences {Ank}∞k=1 ∈ γ (An) such
that

∞∑

k=1

P(Ank) ≤ P∗(An) + ε

2n
.

The sequence of sets {Ank}∞n,k=1 clearly contains
⋃

An and therefore

P∗(⋃
An

)
≤

∑

n

∑

k

P(Ank) ≤
∞∑

n=1

P∗(An) + ε.

Since ε is arbitrary, property (3) is proved. �

Introduce now the binary operation of symmetric difference ⊕ on arbitrary sets
A and B from P by means of the equality

A ⊕ B := AB ∪ AB.

It is not hard to see that

A ⊕ B = B ⊕ A = A ⊕ B ⊂ A ∪ B, A ⊕ A =∅,

A ⊕∅= A, (A ⊕ B) ⊕ C = A ⊕ (B ⊕ C).

With the help of this operation and the function P∗, we introduce on P a distance ρ

by putting, for any A,B ∈ P,

ρ(A,B) := P∗(A ⊕ B).

This construction is quite similar to the one used in Sect. 3.4 (we considered there
the distance d(A,B) = P(A⊕B) between measurable sets A and B). The properties
of the distance ρ are the same as in (3.4.2). We will need the following properties:

(1) ρ(A,B) = ρ(B,A) ≥ 0, ρ(A,A) = 0,
(2) ρ(A,B) = ρ(A,B),
(3) ρ(AB,CD) ≤ ρ(A,C) + ρ(B,D),
(4) ρ(

⋃
Ak,

⋃
Bk) ≤ ∑

k ρ(Ak,Bk).

We also note that
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(5) |P∗(A) − P∗(B)| ≤ ρ(A,B), and therefore P∗(·) is a uniformly continuous
function with respect to ρ.

Properties (1)–(3) were listed in (3.4.2); in the present context, they are proved in
exactly the same way based on the properties of the measure P∗. Property (4) follows
from property (3) of the measure P∗ and the relation (we put here A = ⋃

An and
B = ⋃

Bn)

A ⊕ B ⊂
⋃

(An ⊕ Bn),

because

A ⊕ B =
[(⋃

An

)

∩
(⋂

Bn

)]

∪
[(⋂

An

)

∩
(⋃

Bn

)]

⊂
[⋃

AnBn

]

∪
[⋃

BnAn

]

=
⋃

(AnBn ∪ AnBn) =
⋃

(An ⊕ Bn).

Property (5) follows from the fact that

A ⊂ B ∪ (A ⊕ B), B ⊂ A ∪ (A ⊕ B) (A1.1)

and therefore

P∗(A) − P∗(B) ≤ P∗(A ⊕ B) = ρ(A,B),

P∗(B) − P∗(A) ≤ P∗(A ⊕ B) = ρ(A,B).

Similarly to the terminology adopted in Sect. 3.4 we call a set A ∈ P approximable
if there exists a sequence An ∈ A for which ρ(A,An) → 0. The totality of all ap-
proximable sets we denote by A. This is clearly the closure of A with respect to ρ.

Lemma A1.1 A is a σ -algebra.

Proof We verify that A satisfies properties A1, A2′ and A3 of σ -algebras of Chap. 2.
Property A1: Ω ∈ A is obvious, for A ∈ A. Property A3 (A ∈ A if A ∈ A) follows
from the fact that, for A ∈A, there exist An ∈A such that, as n → ∞,

ρ(A,An) → 0, ρ(A,An) = ρ(A,An) → 0.

Finally, consider property A2′. We show first that if An ∈A, then A = ⋃
An ∈ A.

Indeed, we can assume without loss of generality that the An are disjoint. Then,
by virtue of the properties of the measure P∗, for any ε > 0,

∑
P(Ak) ≤ P∗(Ω) = 1,

ρ

(

A,

n⋃

k=1

Ak

)

= P∗
( ∞⋃

k=n+1

Ak

)

=
∞∑

k=n+1

P(Ak) < ε

for n large enough.
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Now let An ∈ A. We have to show that

A =
∞⋃

n=1

An ∈A.

Let {Bn} be a sequence of sets from A such that ρ(An,Bn) < ε/2n. Then one has
B = ⋃

Bn ∈A and, by property (4) of the distance ρ,

ρ(A,B) ≤
∞∑

n=1

ρ(An,Bn) < ε.

The lemma is proved. �

Now we can prove the main assertion.1

Theorem A1.1 The probability P can be extended from the algebra A to some
probability P given on the σ -algebra A.

Proof For A ∈ A, put

P(A) := P∗(A).

It is evident that P(A) = P(A) for A ∈ A, and P(Ω) = 1. To verify that P is a
probability we just have to prove the countable additivity of P. We first prove the
finite additivity. It suffices to prove it for two sets:

P∗(A ∪ B) = P∗(A) + P∗(B), (A1.2)

where A,B ∈ A and A∩B = ∅. Let An ∈ A and Bn ∈A be such that ρ(A,An) → 0
and ρ(B,Bn) → 0 as n → ∞. Then

∣
∣P∗(A ∪ B) − P∗(An ∪ Bn)

∣
∣ ≤ ρ(A ∪ B,An ∪ Bn) ≤ ρ(A,An) + ρ(B,Bn) → 0,

P∗(An ∪ Bn) = P(An ∪ Bn) = P(An) + P(Bn) − P(AnBn). (A1.3)

Here

P(An) → P∗(A), P(Bn) → P∗(B),

1The theorem on the extension of a measure to the minimum σ -algebra containing A was obtained
by C. Carathéodory. The metrisation of normed Boolean algebras A by the distance ρ(A,B) =
P(A ⊕ B) was used by many authors (see, e.g., the talk by A.N. Kolmogorov at the 6th Polish
Mathematical Congress in 1948 and Halmos [19]).

It was L.Ya. Savel’ev who suggested the use of the continuity properties of the measure with
respect to the distance ρ(A,B) = P∗(A ⊕ B) in order to extend it.
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P(AnBn) ≤ P∗(AnB) + P∗(BnB)

≤ P∗(AnA) + P∗(BnB) ≤ ρ(A,An) + ρ(B,Bn) → 0.

Hence (A1.3) implies (A1.2).
We now prove countable additivity. Let An ∈ A be disjoint. Then, putting

A =
∞⋃

n=1

An,

we obtain from the finite additivity of P that

P(A) =
n∑

k=1

P(Ak) + P

( ∞⋃

k=n+1

Ak

)

.

Therefore

P(A) ≥
∞∑

k=1

P(Ak).

On the other hand,

P(A) = P∗(A) ≤
∞∑

k=1

P∗(Ak) =
∞∑

k=1

P(Ak).

The theorem is proved. �

Theorem A1.2 The extension of the probability P from the algebra A to the σ -
algebra A is unique.

Proof Assume that there exists another probability P1 on A, which coincides with
P on A and is such that, for some A ∈A,

P1(A) �= P(A).

Suppose first that ε = P1(A) − P(A) > 0. Consider a sequence {Bn} ∈ γ (A) such
that

∞∑

n=1

P(Bn) − P(A) <
ε

2
.

Then

P1(A) = P(A) + ε ≥
∞∑

n=1

P(Bn) + ε/2
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which contradicts the assumption that A ⊂ ⋃∞
n=1 Bn. Therefore

P1(A) ≤ P(A), A ∈A.

Since P is ρ-continuous at the point ∅, it follows that P1 is also ρ-continuous at the
point ∅, and hence at any “point” A ∈A. Indeed, by virtue of (A1.1),

∣
∣P1(A) − P1(B)

∣
∣ ≤ P1(A ⊕ B) ≤ P(A ⊕ B) → 0

if only ρ(A,B) = P(A ⊕ B) → 0. Hence, for A ∈ A,

P(A) = lim
B→A
B∈A

P(B) = lim
B→A
B∈A

P1(B) = P1(A).

The theorem is proved. �

Let A∗ = σ(A) be the σ -algebra generated by A. Since A ⊂ A, we have A∗ ∈ A,
and the next statement follows in an obvious way from the above assertions.

Corollary A1.1 The probability P can be uniquely extended from the algebra A to
the σ -algebra A∗ generated by A.

Remark A1.1 The σ -algebra A defined above as the closure of the algebra A with
respect to the introduced distance ρ is in many cases wider than the σ -algebra A∗ =
σ(A) generated by A. This fact is closely related to the concept of the completion of
a measure. To explain the concept, we assume from the very beginning that A = F

is a σ -algebra. Then the measure P can be constructed in a rather simple way. To
do this we extend the measure P from 〈Ω,F〉 to a σ -algebra which is wider than F

and is constructed as follows. We will say that a subset N of Ω belongs to the class
N if there exists an A = A(N) ∈ F such that N ⊂ A and P(A) = 0. It is not hard to
see that the class of all sets of the form B ∪ N , where B ∈ F and N ∈ N, also forms
a σ -algebra. Denote it by FN. Putting P(B ∪ N) := P(B) we obtain an extension of
P to 〈Ω,FN〉. Such a measure is said to be complete, and the above operation itself
is called the completion of the measure P.

Now we can say that the measure P constructed in Theorem A1.1 is complete,
and the σ -algebra A coincides with FN.

If, for example, Ω = [0,1] and A is the algebra generated by the intervals, then
A∗ = σ(A) will, as we already know, be the Borel σ -algebra, and A will be the
Lebesgue extension of A∗ consisting of all “Lebesgue measurable” sets.



Appendix 2
Kolmogorov’s Theorem on Consistent
Distributions

In this appendix we will prove the Kolmogorov theorem asserting that consistent
distributions define a unique probability measure such that the consistent distribu-
tions are its projections. We used this theorem in Sect. 5.5 and in some other places,
where distributions on infinite-dimensional spaces were considered.

Let T be an index set and, for each t ∈ T , Rt be the real line (−∞,∞). Let
N ∈ T be a finite subset of T . Then the product space

∏

t∈T

Rt =R
N

is a Euclidean space of dimension equal to the number n of elements in N , spanned
on n axes of the space

R
T =

∏

t∈T

Rt .

Assume that, for any finite subset N ⊂ T , a probability measure PN is given on
〈RN,BN 〉, where BN is the σ -algebra of Borel subsets of RN . Thereby a family of
measures is given on R

T . The family is said to be consistent if, for any L ⊂ N and
any Borel set B from R

L,

PL(B) = PN

(
B ×R

N−L
)
.

The measure PL is said to be the projection of PN onto R
L. A set from R

T that
can be represented in the form B × R

T −N , where B ∈ BN and N is a finite set, is
called a cylinder set in R

T . The set B is said to be the base of the cylinder.
Denote by BT the σ -algebra of sets from R

T generated by all cylinder sets.

Theorem A2.1 (Kolmogorov) If a consistent family of probability measures is given
on R

T , then there exists a unique probability measure P on 〈RT ,BT 〉 such that, for
any N , the measure PN coincides with the projection of P onto R

N .
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626 2 Kolmogorov’s Theorem on Consistent Distributions

Proof The cylinder subsets of RT form an algebra. We show that, for B ∈ BN , the
relations

P
(
B ×R

T −N
) = PN(B) (A2.1)

define a measure on this algebra. First of all, by consistency of the measures PN ,
this definition of probability on cylinder sets is consistent (we mean the cases when
B = B1 × R

N−L for B1 ∈ BL; then the left-hand side of (A2.1) will also be equal
to P(B1 ×R

T −L)). Further, the thus defined probability is additive. Indeed, let B1 ×
R

T −N1 and B2 ×R
T −N2 be two disjoint cylinder sets. Then, putting N = N1 ∪ N2,

we will have

P
((

B1 ×R
T −N1

) ∪ (
B2 ×R

T −N2
))

= P
({(

B1 ×R
N−N1

) ∪ (
B2 ×R

N−N2
)} ×R

T −N
)

= PN

({(
B1 ×R

N−N1
) ∪ (

B2 ×R
N−N2

)})

= PN

(
B1 ×R

N−N1
) + PN

(
B2 ×R

N−N2
)

= P
(
B1 ×R

T −N1
) + P

(
B2 ×R

T −N2
)
.

To verify that P is countably additive, we make use of the equivalence of prop-
erties P3 and P3′ (see Chap. 2). By this equivalence, it suffices to show that if Bn,
n = 1,2, . . . , is a decreasing sequence of cylinder sets and, for some ε > 0, we
have P(B) > ε, n = 1,2, . . . , then B = ⋂∞

n=1 Bn is not empty. Since the Bn are
enclosed in all the preceding sets, in the representation Bn = Bn ×R

T −Nn one has
Nn ⊂ Nn+1 and Bn+1 ∩R

Nn ⊂ Bn. Without loss of generality, we will assume that
the number of elements in the set Nn = {t1, . . . , tn} is equal to n, and denote by xi

(with various superscripts) the coordinates in the space Rti .
Thus, let

P(Bn) = PNn(Bn) ≥ ε > 0.

We prove that the intersection

B =
∞⋂

n=1

Bn

is non-empty. For any Borel set Bn ⊂R
Nn , there exists a compactum Kn such that

Kn ⊂ Bn, PNn(Bn − Kn) <
ε

2n+1
.

Setting Kn := Kn ×R
T −Nn , we obtain

P(Bn −Kn) = PNn(Bn − Kn) <
ε

2n+1
.
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Introduce the sets Dn := ⋂n
k=1 Kk . It is easy to see that Dn ⊂ Bn are also cylinders.

Because

Bn −
n⋂

k=1

Kk ⊂
n⋂

k=1

(Bk −Kk),

we have

P(Bn −Dn) ≤ P

(
n⋂

k=1

(Bk −Kk)

)

≤
n∑

k=1

P(Bk −Kk) ≤ ε

2
;

P(Dn) ≥ P(Bn) − ε

2
≥ ε

2
.

It follows that Dn is a decreasing sequence of non-empty cylinder sets. Denote by
Xn = (xn

1 , xn
2 , . . . , xn

n) an arbitrary point of the base

Dn =
n⋂

k=1

Kk ×R
Nn−Nk

of the cylinder Dn. The point specifies a cylinder subset X of RT . Since the sets Dn

decrease, we have (xn+r
1 , xn+r

2 , . . . , xn+r
n ) ∈ Kn for any r ≥ 0. By compactness of

Kn, we can choose a subsequence n1k such that x
n1k

1 → x1 as k → ∞. From this
subsequence, one can choose a subsequence n2k such that x

n2k

2 → x2, and so on.
Now consider the diagonal sequence of the points (or, more precisely, cylinder

sets) Xnkk = (x
nkk

1 , x
nkk

2 , . . . , x
nkk
nkk

). It is clear that

Xnkk → X = (x1, x2, . . .)

(component-wise) as k → ∞, and that
(
x

nkk

1 , x
nkk

2 , . . . , xnkk
m

) → (x1, . . . , xm) ∈ Km

for any m. This means that, for the set X corresponding to the point X, one has

X := {
y(t) ∈ R

T : y(t1) = x1, y(t2) = x2, . . .
} ⊂ Km ⊂ Bm

for any m, and therefore

X ⊂
∞⋂

m=1

Bm.

Thus B is non-empty, and the countable additivity of P on the algebra of cylinder
sets is proved. Hence P is a measure, and it remains to make use of the theorem
on the extension of a measure from an algebra to the σ -algebra generated by that
algebra.

The theorem is proved. �



Appendix 3
Elements of Measure Theory and Integration

In this appendix, the properties of integrals with respect to a measure are presented
in more detail than in Chaps. 4 and 6. We also prove the basic theorems on decom-
position of measure and on convergence of sequences of measures.

3.1 Measure Spaces

Let 〈Ω,F〉 be a measurable space. We will say that a measure space 〈Ω,F,μ〉 is
given if μ is a nonnegative countably additive set function on F, i.e. a function
having the following properties:

(1) μ(
⋃

j Aj ) = ∑
j μ(Aj ) for any countable collection of disjoint sets Aj ∈ F

(σ -additivity);
(2) μ(A) ≥ 0 for any A ∈ F;
(3) μ(∅) = 0, where ∅ is the empty set.

The value μ(A) is called the measure of the set A. We will only consider finite
and σ -finite measures. In the former case one assumes that μ(Ω) < ∞. In the latter
case there exists a partition of Ω into countably many sets Aj such that μ(Aj ) < ∞.

A probability space is an example of a space with a finite (unit) measure. The
space 〈R,B,μ〉, where R is the real line, B is the σ -algebra of Borel sets, and μ is
the Lebesgue measure, is an example of a space with a σ -finite measure.

We can also consider such set functions μ(A) that satisfy conditions (1) and (3)
only, but are not necessarily nonnegative. Such functions are called signed measures.
Any finite signed measure (i.e., such that supA μ(A) < ∞ and infA μ(A) > −∞)
can be represented as a difference of two nonnegative measures (the Hahn decompo-
sition theorem, see Sect. 3.5 of the present appendix). We will need signed measures
in Sect. 3.5 only. Everywhere else, unless otherwise specified, by measures we will
understand set functions possessing properties (1)–(3).

In the same manner as when establishing the simplest properties of probability,
one easily establishes the following properties of measures:
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(1) μ(A) ≤ μ(B) if A ⊂ B ,
(2) μ(

⋃
j Aj ) ≤ ∑

j μ(Aj ) for any Aj ,
(3) if An ⊂ An+1 and

⋃
n An = A then μ(An) → μ(A), or, which is the same,

(3′) if An ⊃ An+1,
⋂

n An = A, and μ(A1) < ∞ then μ(An) → μ(A).

Consider further measurable functions on 〈Ω,F〉, i.e., functions ξ(ω) having the
property {ω : ξ(ω) ∈ B} ∈ F for any Borel subset B of the real line.

The notions of convergence in measure and convergence almost everywhere are
introduced similarly to the case of probability measure.

We will say that a sequence of measurable functions ξn converges to ξ almost

everywhere (a.e.): ξn
a.e.−→ ξ as n → ∞ if ξn(ω) → ξ(ω) for all ω except from a set

of measure 0.
We will say that the ξn converge to ξ in measure: ξn

μ−→ ξ if, for any ε > 0, as
n → ∞,

μ
({|ξn − ξ | > ε

}) → 0.

Now we turn to the construction of integrals and the study of their properties.
First we consider finite measures assuming them without loss of generality to be
probability measures. In that case we will write P(A) instead of μ(A). We will turn
to integrals with respect to arbitrary measures in Sect. 3.4.

3.2 The Integral with Respect to a Probability Measure

3.2.1 The Integrals of a Simple Function

A measurable function ξ(ω) is said to be simple if its range is finite. The indicator
of a set F ∈ F is the simple function

IF (ω) =
{

1, if ω ∈ F,

0, if ω /∈ F.

Clearly, any simple function ξ(ω) can be written in the form

ξ(ω) =
n∑

k=1

xkIFk
(ω),

where xk , k = 1,2, . . . , n, are values assumed by ξ , and Fk = {ω : ξ(ω) = xk}. The
sets Fk ∈ F are disjoint, and

⋃n
k=1 Fk = Ω . The integral of the simple function ξ(ω)

with respect to a measure P is defined as the quantity

∫

ξ dP =
∫

ξ(ω)dP(ω) =
n∑

k=1

xkP(Fk) = Eξ.
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The integral of the simple function ξ(ω) over a set A ∈ F is defined as
∫

A

ξ dP =
∫

ξ(ω)IA(ω)dP(ω).

That these definitions are consistent (the partitions into sets Fk may be different)
can be verified in an obvious way.

3.2.2 The Integrals of an Arbitrary Function

Lemma A3.2.1 Let ξ(ω) > 0. There exists a sequence ξn(ω) of simple functions
such that ξn(ω) ↑ ξ(ω) as n → ∞ for all ω ∈ Ω .

Proof Partition the segment [0, n] into n2n equal intervals. Let

x0 = 0, x1 = 2−n, . . . , xn2n = n,

denote the partition points, so that xi+1 − xi = 2−n. Put

Fi := {
ω : xi ≤ ξ(ω) < xi+1

}
, i = 1,2, . . . , n2n − 1;

F0 := {
0 ≤ ξ(ω) < x1

} ∪ {
ξ(ω) ≥ n

}
, ξn(ω) :=

n2n−1∑

i=0

xiIFi
(ω) ≤ ξ(ω).

The function ξn(ω) is clearly simple, ξn(ω) ≤ ξn+1(ω) ≤ ξ(ω) for all ω, and has the
property that if n > ξ(ω) at a point ω ∈ Ω then

0 ≤ ξ(ω) − ξn(ω) ≤ 1

2n
.

The lemma is proved. �

Lemma A3.2.2 Let ξn ↑ ξ ≥ 0 and ηn ↑ ξ ≥ 0 be sequences of simple functions.
Then

lim
n→∞

∫

ξn dP = lim
n→∞

∫

ηn dP.

Proof We verify that, for any m,
∫

ξm dP ≤ lim
n→∞

∫

ηn dP.

The function ξn is simple. Therefore it is bounded by some constant: ξm ≤ cm.
Hence, for any integer n and ε > 0,

ξm − ηn ≤ cm · I{ξm≥ηn+ε} + ε.
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This implies that

Eξm ≤ cmP{ξm ≥ ηn + ε} + ε + Eηn.

The probability on the right-hand side vanishes as n → ∞:

P{ξm ≥ ηn + ε} ≤ P{ξ ≥ ηn + ε} → 0,

because ηn converges almost surely (and hence in probability) to ξ . Therefore
Eξm ≤ ε + limn→∞ Eηn. Since ε is arbitrary,

lim
n→∞ Eξn ≤ lim

n→∞ Eηn.

Swapping {ξn} and {ηn}, we obtain the converse inequality.
The lemma is proved. �

The assertions of Lemmas A3.2.1 and A3.2.2 make the following definitions
consistent.

The integral of a nonnegative measurable function ξ(ω) (with respect to measure
P) is the quantity

∫

ξ dP = lim
n→∞

∫

ξn dP, (A3.2.1)

where ξn is a sequence of simple functions such that ξn ↑ ξ as n → ∞.
The integral

∫
ξ dP will also be denoted by Eξ . We will say that the integral∫

ξ dP exists and ξ is integrable if Eξ < ∞.
The integral of an arbitrary function (assuming values of both signs) ξ(ω) (with

respect to measure P) is the quantity

Eξ = Eξ+ − Eξ−, ξ± := max(0,±ξ),

which is defined when at least one of the values Eξ± is finite. Otherwise Eξ is
undefined. The integral Eξ exists if and only if E|ξ | < ∞ exists (for |ξ | = ξ+ + ξ−).
If Eξ exists then

E(ξ ;A) :=
∫

A

ξ dP = Eξ IA

exists for any A ∈ F as well.

Lemma A3.2.3 If Eξ exists and Bn ∈ F is a sequence of sets such that P(Bn) → 0
as n → ∞, then

E(ξ ;Bn) → 0.

Proof For any sequence |ξm| ↑ |ξ | of simple functions and Am := {|ξ | ≤ m} one has

E|ξ | ≥ lim
m→∞ E|ξ |IAm ≥ lim

m→∞ E|ξm|IAm = E|ξ |,
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since |ξm|IAm ↑ |ξ |. This implies that

E|ξ | = lim
m→∞ E|ξ |IAm = lim

m→∞ E
(|ξ |; |ξ | ≤ m

)
,

and hence, for any ε > 0, there exists an m(ε) such that

E|ξ | − E
(|ξ |; |ξ | ≤ m

)
< ε

for m > m(ε). Consequently, for such m, one has

E
(|ξ |;Bn

) = E
(|ξ |;{|ξ | ≤ m

}
Bn

) + E
(|ξ |;{|ξ | > m

}
Bn

) ≤ mP(Bn) + ε,

and hence

lim sup
n→∞

E
(|ξ |;Bn

) ≤ ε.

The lemma is proved. �

Note that Lemma 6.1.2 somewhat extends Lemma A3.2.3.

Corollary A3.2.1 If Eξ is well-defined (the values ±∞ not being excluded) and
Bn ∈ F is a sequence of sets such that P(Bn) → 1 as n → ∞, then

E(ξ ;Bn) → Eξ.

Proof If Eξ exists then the required assertion follows from Lemma A3.2.3.
Now let Eξ = ∞. Then Eξ− < ∞ and Eξ+ = ∞, where ξ± = max(0,±ξ). It

follows that E(ξ−;Bn) → Eξ− as n → ∞. We show that

E
(
ξ+;Bn

) → ∞. (A3.2.2)

Let Ak := {ξ ∈ [2k−1,2k)}, k = 1,2, . . . ; pk := P(Ak). We can assume with-
out loss of generality that all pk > 0 (if this is not the case we can consider a
subsequence kj such that all pkj

> 0). Since Eξ+ ≤ 1 + ∑∞
k=1 2kpk , we have

∑∞
k=1 2kpk = ∞. For a given N > 1, choose n large enough such that P(BnAk) >

pk/2 for all k ≤ N . Then

E
(
ξ+;Bn

) ≥
N∑

k=1

2k−2pk,

where the right-hand side can be made arbitrarily large by an appropriate choice
of N . This proves (A3.2.2). Since ξ = ξ+ − ξ−, the required convergence is proved.

The case Eξ = −∞ can be dealt with in the same way. The corollary is proved. �



634 3 Elements of Measure Theory and Integration

3.2.3 Properties of Integrals

I1. If sets Aj ∈ F are disjoint and
⋃

j Aj = Ω then

∫

ξ dP =
∑

j

∫

Aj

ξ dP. (A3.2.3)

Proof It suffices to prove this relation for ξ(ω) ≥ 0. For simple functions equal-
ity (A3.2.3) is obvious, because

∫

ξ dP =
∑

k

xkP(ξ = xk) =
∑

j

∑

k

xkP(ξ = xk;Aj).

In the general case, using definition (A3.2.1) one gets
∫

ξ dP = lim
n→∞

∫

ξn dP = lim
n→∞

∑

j

∫

Aj

ξn dP

=
∑

j

lim
n→∞

∫

Aj

ξn dP =
∑

j

∫

Aj

ξ dP. (A3.2.4)

Swapping summation and passage to the limit is justified here, for by Lemma A3.2.3

∞∑

j=N

∫

Aj

ξn dP = E

(

ξn;
∞⋃

j=N

Aj

)

≤ E

(

ξ ;
∞⋃

j=N

Aj

)

→ 0

as N → ∞ uniformly in n. �

I2.
∫

(ξ + η)dP =
∫

ξ dP +
∫

η dP.

Proof For simple functions this property is obvious. Hence, for ξ ≥ 0 and η ≥ 0,
this property follows from the additivity of the limit.

In the general case we have (ξ± and η± are defined here as before)
∫

(ξ + η)dP =
∫

(
ξ+ + η+)

dP −
∫

(
ξ− + η−)

dP

=
∫

ξ+ dP −
∫

ξ− dP +
∫

η+ dP −
∫

η− dP =
∫

ξ dP +
∫

η dP. �

I3. If c is an arbitrary constant, then
∫

cξ dP = c

∫

ξ dP.
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I4. If ξ ≤ η, then
∫

ξ dP ≤ ∫
η dP.

The proof of properties I3 and I4 is obvious. Since
∫

ξ dP = Eξ,

we can write down properties I1–I4 in terms of expectations as follows:

I1. Eξ = ∑
j E(ξ ;Aj) if Aj are disjoint and

⋃
j Aj = Ω .

I2. E(ξ + η) = Eξ + Eη.
I3. Eaξ = aEξ .
I4. Eξ ≤ Eη, if ξ ≤ η.

Note also the following properties of integrals which easily follow from I1–I4.

I5. |Eξ | ≤ E|ξ |.
I6. If c1 ≤ ξ ≤ c2, then c1 ≤ Eξ ≤ c2.
I7. If ξ ≥ 0 and Eξ = 0, then P(ξ = 0) = 1.

This property follows from the Chebyshev inequality: P(ξ ≥ ε) ≤ Eξ/ε = 0 for
any ε > 0.

I8. If P(ξ = η) = 1 and Eξ exists then Eξ = Eη.

Indeed,

Eη = lim
n→∞ E

(
η; |η| ≤ n

) = lim
n→∞ E

(
ξ ; |ξ | ≤ n

) = Eξ.

3.3 Further Properties of Integrals

3.3.1 Convergence Theorems

A number of convergence theorems were proved in Sect. 6.1. One of them was the
dominated convergence theorem (Corollary 6.1.3):

If ξn
p−→ ξ as n → ∞ and |ξn| ≤ η, Eη < ∞, then the expectation Eξ exists and

Eξn → Eξ .
Now we will present some further useful assertions concerning convergence of

integrals.

Theorem A3.3.1 (Monotone convergence) If 0 ≤ ξn ↑ ξ , then Eξ = limn→∞ Eξn.

Proof In addition to Corollary 6.1.3, here we only need to prove that Eξn → ∞
if Eξ = ∞. Put ξN

n := min(ξn,N) and ξN := min(ξ,N). Then clearly ξN
n ↑ ξN as

n → ∞, and EξN
n ↑ EξN . Therefore the value EξN

n ≤ Eξn can be made arbitrarily
large by choosing appropriate n and N . The theorem is proved. �
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These theorems can be generalised in the following way. To make the extension
of the convergence theorems to the case of integrals with respect to signed measures
in Sect. 3.4 more convenient, we will now write Eξ in the form of the integral∫

ξ dP.

Theorem A3.3.2 (Fatou–Lebesgue) Let η and ζ be integrable. If ξn ≤ η then

lim sup
n→∞

∫

ξn dP ≤
∫

lim sup
n→∞

ξn dP. (A3.3.1)

If ξn ≥ ζ then

lim inf
n→∞

∫

ξn dP ≥
∫

lim inf
n→∞ ξn dP. (A3.3.2)

If ξn ↑ ξ and ξn ≥ ζ , or ξn
a.e.−→ ξ and ζ ≤ ξn ≤ η, then

lim
n→∞

∫

ξn dP =
∫

ξ dP. (A3.3.3)

Proof We prove for instance (A3.3.2). Assume without loss of generality that ζ ≡ 0.
In this case, as n → ∞,

ξ ≥ ηn := inf
k≥n

ξk ↑ lim inf
k→∞ ξk, ηn ≥ 0,

and by the monotone convergence theorem

lim inf
n→∞

∫

ξn dP ≥ lim
n→∞

∫

ηn dP =
∫

lim inf
n→∞ ξn dP.

Applying (A3.3.2) to the sequence η−ξn we obtain (A3.3.1); (A3.3.3) follows from
the previous theorems. The theorem is proved. �

3.3.2 Connection to Integration with Respect to a Measure on the
Real Line

Let g(x) be a Borel function given on the real line R (if B is the σ -algebra of Borel
sets on the line and B ∈ B, then {x : g(x) ∈ B} ∈ B). If ξ is a random variable
then η := g(ξ(ω)) will clearly also be a random variable. As we saw in Sect. 3.2,
a random variable ξ induces the probability space 〈R,B,Fξ 〉 with measure Fξ on
the line such that Fξ (B) = P(ξ ∈ B). Therefore one can speak about integrals with
respect to that measure.

Theorem A3.3.3 If η = g(ξ(ω)) and Eη exists, then

Eη =
∫

Ω

ηdP =
∫

R

g(x)Fξ (dx)

(on the right-hand side we used a somewhat different notation for
∫

g dFξ ).
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Proof Let first g(x) = IB(x) be the indicator of a set B ∈ B. Then η = g(ξ(ω)) =
I{ξ∈B}(ω) and Eη = P(ξ ∈ B). Therefore

∫

g(x)Fξ (dx) =
∫

IB(x)Fξ (dx) = Fξ (B) = P(ξ ∈ B) = Eη.

Using the properties of the integral it is easy to establish that the assertion of the
theorem holds for simple functions g. Passing to the limit extends that assertion to
bounded functions. Now let g ≥ 0. If the function g(ξ)IB(ξ) = η(ω)I{ξ∈B}(ω) is
bounded, then

∫

B

g(x)Fξ (dx) = E(η; ξ ∈ B).

Therefore
∫

{g≤n}
g dFξ = E(η;η ≤ n).

Passing to the limit as n → ∞ we get the assertion of the theorem. Considering the
case when g takes values of both signs does not create any difficulties. The theorem
is proved. �

Introducing the notation

Fξ (x) = P(ξ < x),

we can also consider, along with the integral just discussed,
∫

R

g(x)Fξ (dx), (A3.3.4)

the Riemann–Stieltjes integral
∫

g(x)dFξ (x), (A3.3.5)

the definition of which was given in Sect. 3.6. It was also shown there that, for con-
tinuous functions g(x), these integrals coincide. Moreover, we discussed in Sect. 3.6
some other conditions for these integrals to coincide.

Also recall that if

Fξ (x) =
∫ x

−∞
fξ (t) dt

and the functions g(x) and fξ (x) are Riemann integrable, then integrals (A3.3.4)
and (A3.3.5) coincide with the Riemann integral

∫

g(x)fξ (x) dx.
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3.3.3 Product Measures and Iterated Integrals

Consider a two-dimensional random variable ζ = (ξ, η) given on 〈Ω,F,P〉. The
random variables ξ and η induce a sample probability space 〈R2,B2,Fξ,η〉 with the
measure Fξ,η given on elements of the σ -algebra B2 of Borel sets on the plane (the
σ -algebra generated by rectangles) and such that

Fξ,η(A × B) = P(ξ ∈ A,η ∈ B).

Here A × B is the set of points (x, y) for which x ∈ A and y ∈ B . If g(x, y) is a
Borel function ({(x, y) : g(x, y) ∈ B} ∈ B2 for each B ∈ B), then it easily follows
from the above that

Eg(ξ, η) =
∫

R2
g(x, y)Fξ,η(dx dy), (A3.3.6)

since both integrals are equal to
∫
R

xFθ (dx) for θ = g(ξ, η).
Now let ξ and η be independent random variables, i.e.

P(ξ ∈ A, η ∈ B) = P(ξ ∈ A)P(η ∈ B)

for any A,B ∈B.

Theorem A3.3.4 (Fubini’s theorem on iterated integrals) If g(x, y) ≥ 0 is a Borel
function and ξ and η are independent, then

Eg(ξ, η) = E
[
Eg(x, η)|x=ξ

]
.

For arbitrary Borel functions g(x, y) the above equality holds if Eg(ξ, η) exists.

This very assertion we stated in Chap. 3 in the form
∫

g(x, y)Fξ,η(dx dy) =
∫ [∫

g(x, y)Fη(dy)

]

Fξ (dx). (A3.3.7)

We will need the following.

Lemma A3.3.1 1. The section

Bx := {
y : (x, y) ∈ B

}

of any set B ∈ B2 is measurable: Bx ∈ B.
2. The section gx(y) = g(x, y) of any Borel function g (B2-measurable) is a

Borel function.
3. The integral

∫

g(x, y)Fη(dy) (A3.3.8)

of a Borel function g is a Borel function of x.
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Proof 1. Let K1 be the class of all sets from B2 of which all x-sections are measur-
able. It is evident that K1 contains all rectangles B = B(1) × B(2), where B(1) ∈ B

and B(2) ∈ B. Moreover, K1 is a σ -algebra. Indeed, consider for example the set
B = ⋃

k B(k) where B(k) ∈ K1. The operation
⋃

on the sets B(k) leads to the same

operation on their sections, so that Bx = ⋃
k B

(k)
x ∈ B. For the other operations

(∩ and taking complements) the situation is similar. Thus, K1 is a σ -algebra con-
taining all rectangles. This means that B2 ⊂ K1.

2. For B ∈ B, one has

g−1
x (B) = {

y : gx(y) ∈ B
} = {

y : g(x, y) ∈ B
}

= {
y : (x, y) ∈ g−1(B)

} = [
g−1(B)

]
x

∈B.

3. Integral (A3.3.8) is, as a function of x, the result of passing to the limit in
a sequence of measurable functions, and hence is measurable itself. The lemma is
proved. �

Proof of Theorem A3.3.4 First we prove (A3.3.7) in the case where g(x, y) =
IB(x, y), so that the theorem turns into the formula for consecutive computation
of the measure of the set B ∈B2:

P
(
(ξ, η) ∈ B

) =
∫

Fη

(
(x, y) ∈ B

)
Fξ (dx) =

∫

Fη(Bx)Fξ (dx). (A3.3.9)

We introduce the set function

Q(B) :=
∫

Fη(Bx)Fξ (dx).

Clearly, Q(B) ≥ 0 and Q(∅) = 0. Further, if B = ⋃
k B(k) and B(k) are disjoint,

then Bx = ⋃
k B

(k)
x and B

(k)
x are also disjoint, and

Q(B) =
∫

Fη

(⋃

k

B(k)
x

)

Fξ (dx) =
∑

k

∫

Fη

(
B(k)

x

)
Fξ (dx) =

∑

k

Q
(
B(k)

)
.

This means that Q(B) is a measure.
The measure Q(B) coincides with Fξ,η(B) = P((ξ, η) ∈ B) on rectangles B =

B(1) × B(2). Indeed, for rectangles,

Bx =
{

B(2) for x ∈ B(1),

∅ for x /∈ B(1),

and

P
(
(ξ, η) ∈ B

) = Fξ (B(1))Fη(B(2))

=
∫

B(1)

Fη(B(2))Fξ (dx) =
∫

Fη(Bx)Fξ (dx) = Q(B).
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This means that the measures Q and Fξ,η coincide on the algebra generated by
rectangles. By the measure extension theorem we obtain that Q = Fξ,η .

We have proved (A3.3.9). This implies that Fubini’s theorem holds for simple
functions gN = ∑N

j=1 cj IAj
, because

EgN(ξ, η) =
N∑

j=1

cj EIAj
(ξ, η)

=
N∑

j=1

cj

∫

EIAj
(x, η)Fξ (dx) =

∫

EgN(x, η)Fξ (dx).(A3.3.10)

Now if g ≥ 0 is an arbitrary Borel function then there exists a sequence of simple
functions gN ↑ g and, as in (A3.2.1), it remains to pass to the limit:

Eg(ξ, η) = lim
N→∞ EgN(ξ, η)

= lim
N→∞

∫

EgN(ξ, η)Fξ (dx) =
∫

EgN(ξ, η)Fξ (dx).

For an arbitrary function g one has to use the representation g = g+ − g−, g+ ≥ 0,
g− ≥ 0. The theorem is proved. �

Remark A3.1 We see from the proof of the theorem that the random variables ξ and
η do not need to be scalar. The assertion remains true in a more general form (see
property 5A in Sect. 4.8) and, in particular, for vector-valued ξ and η.

3.4 The Integral with Respect to an Arbitrary Measure

If μ is a finite measure on 〈Ω,F〉, μ(Ω) < ∞, then the definition of the integral∫
ξ dμ with respect to the measure μ does not differ from that of the integral with

respect to a probability measure (one could just put
∫
A

ξ dμ = μ(Ω)
∫
A

ξ dP, where
P(B) = μ(B)/μ(Ω) is a probability distribution). If μ is σ -finite and μ(Ω) = ∞,
then the situation is somewhat more complicated, although it can still be reduced to
the already used constructions. First we will make several preliminary remarks.

Let 〈Ω,F,P〉 be a probability space and f = f (ω) ≥ 0 an a.e. finite nonnegative
measurable function (i.e., a random variable). Consider the set function

μ(A) :=
∫

A

f dP. (A3.4.1)

If f is integrable (μ(Ω) < ∞) then μ(A) is a finite σ -additive measure (see prop-
erty I1) satisfying conditions (1)–(3) of Sect. 3.1 of the present appendix. In other
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words, μ is a finite measure on 〈Ω,F〉. But if f is not integrable, then μ is a σ -finite
measure, which immediately follows from the representation

μ(A) =
∞∑

k=1

∫

A∩{k−1≤f <k}
f dP

(the integrals in the sum that are equal to
∫
A

f I(k−1≤f <k) dP are clearly finite mea-
sures).

Thus, the integral of the form (A3.4.1) is a measure for any distribution P and
function f ≥ 0. It turns out that the following assertion, converse in a certain sense
to the above, also holds.

Lemma A3.4.1 For any measure μ on 〈Ω,F〉, there exists a distribution P on that
space and a measurable function f > 0 such that representation (A3.4.1) holds.

Thus, any measure can be represented as an integral with respect to a probability
measure (i.e., in the form E(f ;A) for the respective function f and distribution P).

Proof Let μ be a σ -finite measure on 〈Ω,F〉, and sets Bj ∈ F, j = 1,2, . . . , possess
the properties

⋃∞
j=1 Bj = Ω , BiBj = ∅ for i �= j , and μ(Bj ) < ∞. Put

P(A) :=
∞∑

k=1

μ(ABk)

2kμ(Bk)
. (A3.4.2)

Obviously, P(Ω) = 1 and P is a measure. Further, if A ⊂ Bk then

μ(A) = 2kμ(Bk)P(A).

This means that we should put f (ω) := 2kμ(Bk) for ω ∈ Bk . Then the set function

λ(A) :=
∫

A

f dP =
∫

Ω

f IA dP

will coincide with μ(A):

λ(A) =
∞∑

k=1

2kμ(Bk)P(ABk)

=
∞∑

k=1

2kμ(Bk)

∞∑

j=1

μ(ABkBj )

2jμ(Bj )
=

∞∑

k=1

μ(ABk) = μ(A).

The lemma is proved. �

Besides the required assertion, we also obtain that in representation (A3.4.1) the
range of values of the function f can be assumed without loss of generality to be
countable.
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The function f for which equality (A3.4.1) holds is called the density of the
measure μ with respect to P (or Radon–Nikodym derivative of the measure μ with
respect to P) and is denoted by dμ/dP. It is evident that alteration of the function
f = dμ/dP on a set of zero P-measure leaves the equality (A3.4.1) unchanged.

Now let μ and P be two given arbitrary measures. The question of under what
conditions these two measures μ and P could be related by (A3.4.1) and whether
the function f is determined uniquely thereby (up to values on a set of zero P-
measure) is rather important for probability theory. (We stress that, in the preceding
considerations, the measure P was constructed in a special way from the measure
μ, or vice versa.) Answers to these questions are given by the Radon–Nikodym
theorem to be discussed in the next section.

Now, using the simple assertion of Lemma A3.4.1 we have just proved, we will
give the definition of the integral with respect to an arbitrary measure μ.

Let μ be an arbitrary σ -finite measure on 〈Ω,F〉 and ξ ≥ 0 a F-measurable
function.

The integral
∫
A

ξ dμ over a set A ∈ F of the function ξ ≥ 0 with respect to the
measure μ is the integral

∫

A

ξ dμ =
∫

A

(

ξ
dμ

dP

)

dP (A3.4.3)

with respect to any distribution P satisfying equality (A3.4.1) (for example, with
respect to measure (A3.4.2)).

This definition is consistent because it does not depend on the choice of P. In-
deed, for simple functions ξ (ξ(ω) = xk for ω ∈ Fk),

∫

A

ξ dμ =
∑

k

xk

∫

A

dμ

d P
IBk

dP =
∑

k

xk

∫

ABk

dμ

d P
d P =

∑

k

xkμ(ABk).

If now ξ ≥ 0 is an arbitrary function, then by the monotone convergence theorem
the integral

∫
A

ξ dμ is equal to

lim
n→∞

∫

A

ξ(n) dμ

dP
dP = lim

n→∞

∫

A

ξ(n)dμ,

where ξ (n) ↑ ξ is a sequence of simple functions which converge monotonically to
ξ (see Lemma A3.2.1). In both cases, the result does not depend on the choice of P.

The integral
∫

A

ξ dμ

of an arbitrary measurable function ξ is defined by

∫

A

ξ dμ =
∫

A

ξ+dμ −
∫

A

ξ−dμ,
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when both expressions on the right-hand side are finite. (In that case one says
that the integral

∫
A

ξ dμ exists.) Here, as before, ξ+ = max(0, ξ) ≥ 0 and ξ− =
max(0,−ξ) ≥ 0, so that ξ = ξ+ − ξ−.

Thus we see that the above definition of the integral with respect to an arbitrary
measure is essentially equivalent to the construction used in Sect. 3.2 of the present
appendix. However, the definition in the form (A3.4.3) saves us from the necessity
of repeating what we have already done (and now in a more complex setting) and
enables one to transfer all the properties of the integrals

∫
ξ dP to the general case.

We will list the basic properties preserving the existing numeration.

I1.
∫

ξ dμ = ∑
j

∫
Aj

ξ dμ if Aj are disjoint and
⋃

j Aj = Ω .

I2.
∫
(ξ + η)dμ = ∫

ξ dμ + ∫
η dμ.

I3.
∫

aξ dμ = a
∫

ξ dμ.
I4. ξ dμ ≤ ∫

η dμ if ξ ≤ η.
I5. | ∫ ξ dμ| ≤ ∫ |ξ |dμ.
I6. If c1 ≤ ξ(ω) ≤ c2 for ω ∈ A, then c1μ(A) ≤ ∫

A
ξ dμ ≤ c2μ(A).

I7. If ξ ≥ 0 and
∫

ξ dμ = 0, then μ(ξ > 0) = 0.
I8. If μ(ξ �= η) = 0, then

∫
ξ dμ = ∫

η dμ.

It is clear that all the convergence theorems remain valid as well.

Theorem A3.4.1 (The dominated convergence theorem) Let |ξn| ≤ η and
∫

η dμ

exist. If ξn
μ−→ or ξn → ξ a.e. as n → ∞ then

∫

ξn dμ →
∫

ξ dμ.

Theorem A3.4.2 (The monotone convergence theorem) If 0 ≤ ξn ↑ ξ as n → ∞
then

∫

ξn dμ →
∫

ξ dμ.

Theorem A3.4.3 (Fatou–Lebesgue) The statement and proof of this theorem is ob-
tained from those of Theorem A3.3.2 by replacing P with μ.

In conclusion we note that if Ω = R = (−∞,∞), F = B is the σ -algebra of
Borel sets, μ is the Lebesgue measure, and the function g(x) is continuous, then
the integral

∫
[a,b] g(x)dμ(x) coincides with the Riemann integral

∫ b

a
g(x) dx. This

follows from the preceding remarks in part 2 of Sect. 3.3 of this appendix.

3.5 The Lebesgue Decomposition Theorem and the
Radon–Nikodym Theorem

We return to a question that has already been asked in the previous section. Un-
der what conditions on measures μ and λ given on 〈Ω,F〉 can the measure μ be
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represented as

μ(A) =
∫

A

f dλ?

We do not assume here that λ is a probability measure.

Definition A3.5.1 A measure μ is said to be absolutely continuous with respect to
a measure λ (we write μ ≺ λ) if, for any A such that λ(A) = 0, one has μ(A) = 0.

Definition A3.5.2 A set Nμ is said to be a support1 of measure μ if
μ(Ω − Nμ) = 0.

Definition A3.5.2 specifies a rather wide class of sets which can be called the
support of the measure μ when μ is concentrated on a part of the space Ω . If Ω = R

is the real line (and in some other cases as well), one can use another definition
which specifies a unique set for each measure. Consider the collection of all intervals
(a, b) ⊂ R with rational endpoints a and b. This collection is countable. Remove
from Ω = R all such intervals for which μ((a, b)) = 0. The remaining set (which is
measurable) is called the support of the measure μ.

Definition A3.5.3 One says that a measure μ is singularwith respect to λ if there
exists a support Nλ of the measure λ such that μ(Nλ) = 0. Or, which is the same, if
there exists a support Nμ of the measure μ such that λ(Nμ) = 0.

The last definition, in contrast to Definition A3.5.1, is symmetric, so one can
speak about mutually singular measures μ and λ (this relation is often written as
μ ⊥ λ).

Theorem A3.5.1 (Radon–Nikodym) A necessary and sufficient condition for
the absolute continuity μ ≺ λ is that there exists a function f unique up to λ-
equivalence (i.e., up to values on a set of zero λ-measure) such that2

μ(A) =
∫

A

f dλ.

As we have already noted, the function f is called the Radon–Nikodym derivative
dμ/dλ of the measure μ with respect to λ (or density of μ with respect to λ).

Since sufficiency in the assertion of the theorem is obvious, we will obtain the
Radon–Nikodym theorem as a consequence of the following Lebesgue decomposi-
tion theorem.

1The conventional definition of support refers to the case when Ω is a topological space. Then the
support of μ is the smallest closed set such that its complement is of μ-measure zero.
2This equality is sometimes adopted as a definition of absolute continuity.
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Theorem A3.5.2 (Lebesgue) Let μ and λ be two σ -finite measures given on 〈Ω,F〉.
There exists a unique decomposition of the measure μ into two components μa and
μs such that

μa ≺ λ, μs ⊥ λ.

Moreover, there exists a function f , unique up to λ-equivalence, such that

μa(A) =
∫

A

f dλ.

It is obvious that if μ ≺ λ then μs = 0, and the Lebesgue theorem then implies
the Radon–Nikodym theorem.

Proof Since μ and λ are σ -finite, there exist increasing sequences of sets Ω
μ
n

and Ωλ
n such that

μ
(
Ωμ

n

)
< ∞, λ

(
Ωλ

n

)
< ∞,

⋃

n

Ωμ
n = Ω,

⋃

n

Ωλ
n = Ω.

Putting Ωn := Ω
μ
n ∩ Ωλ

n we obtain a sequence of sets increasing to Ω for which

μ(Ωn) < ∞, λ(Ωn) < ∞.

If we prove the decomposition theorem for restrictions of the measures μ and λ
to 〈Bn,Fn〉, where Bn = Ωn+1 − Ωn and Fn is formed by sets BnA, A ∈ F, we will
thereby prove it for the whole Ω . It will suffice to take μa and μs to be the sums of
the respective components for each of the restrictions. This remark means that we
can consider the case of finite measures only.

Thus let μ and λ be finite measures.
(a) Let F be the class of functions f ≥ 0 such that

∫

A

f dλ ≤ μ(A) for all A ∈ F (A3.5.1)

(the class F is non-empty, for the function f = 0 belongs to F). Set

α := sup
f ∈F

∫

Ω

f dλ ≤ μ(Ω) < ∞

and choose a sequence fn such that, as n → ∞,
∫

fn dλ → α.

Put f̂n := max(f1, . . . , fn). Then clearly f̂n ↑ f̂ := supfn and by the monotone
convergence theorem

∫

A

f̂n dλ →
∫

A

f̂ dλ. (A3.5.2)
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We now show that f̂ ∈ F, i.e., that (A3.5.1) holds for f̂ . To this end, it suffices
by virtue of (A3.5.2) to notice that f̂n ∈ F. Let Ak , k = 1, . . . , n be disjoint sets on
which f̂n = fk . Then

⋃n
k=1 Ak = Ω and

∫

A

f̂n dλ =
n∑

k=1

∫

AAk

fk dλ ≤
n∑

k=1

μ(AAk) = μ(A).

Thus, for the “maximum” element f ′ of F, (A3.5.1) also holds.
(b) Putting

μa(A) :=
∫

A

f̂ dλ, μs = μ − μa (A3.5.3)

we prove that μs is singular with respect to λ. We will need the following asser-
tion about the decomposition of an arbitrary signed measure (for the definition, see
Sect. 3.3.1 of this appendix).

Theorem A3.5.3 (The Hahn theorem on decomposition of a measure) For any
signed finite measure γ , there exist disjoint sets D+ ∈ F and D− ∈ F such that, for
any A ∈ F,

γ
(
AD+) ≥ 0, γ

(
AD−) ≤ 0.

Proof We first prove that there exists a set D ∈ F on which γ (A) attains its upper
bound.

Let Bn ∈ F be a sequence such that γ (Bn) → Γ = supA γ (A) as n → ∞.
Put B := ⋃

k Bk and consider, for a fixed n, the decomposition of T into 2n sets
Bn,m, m = 1, . . . ,2n, of the form

⋂n
k=1 B ′

k , where B ′
k = Bk or B − Bk , k ≤ n. For

n < N , each Bn,m is a finite union of sets BN,M , 1 ≤ M ≤ 2N . Denote by Dn the
sum of all Bn,m for which γ (Bn,m) ≥ 0. Then γ (Bn) ≤ γ (Dn).

On the other hand, for N > n, each BN,M either belongs to Dn or is disjoint with
it. Therefore

γ (Dn) ≤ γ (Dn + Dn+1 + · · · + DN).

This implies that, for the set D = lim
⋃∞

k=n Dk , one has γ (Bn) ≤ γ (D), Γ ≤
γ (D). Recalling the definition of Γ , we obtain that γ (D) = Γ .

Thus we have proved the existence of a set D on which γ (D) attains its max-
imum. We now show that, for any A ∈ F, one has γ (AD) ≥ 0 and γ (AD) ≤ 0,
where D = Ω − D. Indeed, assuming, for instance, that γ (AD) < 0, we come to a
contradiction, for in that case

γ (D − AD) = γ (D) − γ (AD) > γ (D).

Similarly, assuming that γ (AD) > 0, we would get

γ (D + AD) = γ (D) + γ (AD) > γ (D).

It remains to put D+ := D, D− := D. The theorem is proved. �
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Corollary A3.5.1 Any finite signed measure γ can be represented as γ = γ + −γ −,
where γ ± are finite nonnegative measures.

To prove the corollary, it suffices to put

γ ±(A) := ±γ
(
A ∩ D±)

,

where D± are the sets from the Hahn decomposition theorem. �

We return to the proof of the fact that the measure μs in equality (A3.5.3) is
singular. Let D+

n be the set in the Hahn decomposition of the signed measure

νn = μs − 1

n
λ.

Put N = ⋂
n D−

n . Then N = ⋃
n D+

n and, for all n and A ∈ F,

0 ≤ μs(AN) ≤ 1

n
λ(AN).

From here, letting n → ∞, we obtain μs(AN) = 0 and hence μs(A) = μs(AN).
That is, the set N is a support of the measure μs .

Further, because

μa(A) = μ(A) − μs(AN) ≤ μ(A) − μs

(
AD+

n

)
,

we have
∫

A

(

f̂ + 1

n
ID+

n

)

dλ = μa(A) + 1

n
λ
(
AD+

n

) ≤ μ(A) − νn

(
AD+

n

) ≤ μ(A).

This means that f̂ + 1

n
ID+

n
∈ F and hence

α ≥
∫ (

f̂ + 1

n
ID+

n

)

dλ = α + 1

n
λ
(
D+

n

)
.

This implies λ(D+
n ) = 0 and λ(N) = 0, so that μs is singular with respect to λ since

N is a support of μs . �

Uniqueness of the decomposition μ = μa + μs can be established as follows.
Assume that μ = μ′

a +μ′
s is another decomposition. Then γ := μ′

a −μa = μs −μ′
s .

By singularity, there exist sets N and N ′ such that μs(N) = 0, λ(N) = 0, μ′
s(N

′
) =

0, and λ(N ′) = 0. Clearly, λ(D) = 0, where D = N ∪ N ′. If we assumed that γ =
μ′

a − μa = μs − μ′
s �= 0, then there would exist an A ∈ F such that γ (A) �= 0.

Therefore, either γ (AD) �= 0 or γ (AD) �= 0. However, the former is impossible,
for λ(D) = 0 implies μ′

a(D) = μa(D) = 0. The latter is also impossible, since D =
N N

′
and hence μs(D) = μ′

s(D) = 0.
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Uniqueness of the function f (up to λ-equivalence) follows from the observation
that the equalities

μa(A) =
∫

A

f dλ =
∫

A

f ′dλ,

∫

A

(
f − f ′)dλ = 0

for all A imply the equality f − f ′ = 0 a.e. Assuming, say, that λ(A) > 0 for
A = {ω : f − f ′ > ε} would yield for such A the relation

∫
A
(f − f ′) dλ > 0. The

theorem is proved. �

One of the most important applications of the Radon–Nikodym theorem is the
proof of existence and uniqueness of conditional expectations.

Proof Let F0 be a σ -subalgebra of F and ξ a random variable on 〈Ω,F,P〉 such
that Eξ exists. In Sect. 4.8 we defined the conditional expectation E(ξ |F0) of the
variable ξ given F0 as an F0-measurable random variable η for which

E(η;B) = E(ξ ;B) (A3.5.4)

for any B ∈ F. We can assume without loss of generality that ξ ≥ 0 (an arbitrary
function ξ can be represented as a difference of two positive functions). Then
the right-hand side of (A3.5.4) will be a measure on 〈Ω,F0〉. Since E(ξ ;B) = 0
if P(B) = 0, this measure will be absolutely continuous with respect to P. This
implies, by the Radon–Nikodym theorem, the existence of a unique (up to P-
equivalence) measurable function η on 〈Ω,F0〉 such that, for any B ∈ F0,

E(ξ ;B) =
∫

B

η dP.

This relation is clearly equivalent to (A3.5.4). It establishes the required existence
and uniqueness of the conditional expectation. �

Another consequence of the assertions proved in the present section was men-
tioned in Sect. 3.6 and is related to the Lebesgue theorem stating that any distribu-
tion P on the real line R = (−∞,∞) (or the respective distribution function) has a
unique representation as a sum of the three components P = Pa + Ps + P∂ , where
the component Pa is absolutely continuous with respect to Lebesgue measure:

Pa(A) =
∫

A

f (x)dx;

P∂ is the discrete component concentrated on an at most countable set of points
x1, x2, . . . such that P({xk}) > 0, and the component Ps has a support of Lebesgue
measure zero and a continuous distribution function. This is an immediate conse-
quence of the Lebesgue decomposition theorem. One just has to extract the dis-
crete part from the singular (with respect to Lebesgue measure λ) component of P,
first removing all the points x for which P({x}) ≥ 1/2, then all points x for which
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P({x}) ≥ 1/3, and so on. It is clear that in this way we will get at most a countable
set of xs, and that this process determines uniquely the discrete component P∂ .

All the aforesaid clearly also applies to distributions in n-dimensional Euclidean
spaces Rn.

3.6 Weak Convergence and Convergence in Total Variation of
Distributions in Arbitrary Spaces

3.6.1 Weak Convergence

In Sects. 6.2 and 7.6 we studied weak convergence of distributions of random vari-
ables and vectors, i.e., weak convergence of distributions in R

k , k ≥ 1. Now we
want to introduce the notion of weak convergence in more general spaces X. As the
definitions given in Sect. 6.2 show, we will need continuous functions f (x) on X.
This is possible only if the space X is endowed with a topology. For simplicity’s
sake, we restrict ourselves to the case where the space X is endowed with a met-
ric ρ(x, y). Thus, assume we are given a measurable space 〈X,B〉 with a metric ρ

which is “consistent” with the σ -algebra B, i.e., all open (with respect to the met-
ric ρ) sets from X belong to B (cf. Sect. 16.1), so that any continuous (with respect
to ρ) functional will be B-measurable. This means that if a distribution Q is given
on 〈X,B〉 (i.e., a probability space 〈X,B,Q〉 is given), then {x : f (x) < t} ∈B for
any t , and the probabilities of these sets are defined.

Now let 〈Ω,F,P〉 be the basic probability space. A measurable mapping
ξ = ξ(ω) of the space 〈Ω,F〉 to 〈X,B〉 is called an X-valued random element.
If 〈Ω,F〉 = 〈X,B〉, the mapping ξ may be the identity mapping. The space 〈X,B〉
is said to be the sample or state space of the random element ξ . When a functional
f is continuous, f (ξ) is a random variable in 〈R,B〉.

Definition A3.6.1 Let a distribution P and a sequence of distributions Pn be given
on the space 〈X,B〉. The sequence Pn is said to converge weakly to P: Pn ⇒ P as
n → ∞ if, for any bounded continuous functional f (f ∈ Cb(X)),

∫

f (x)dPn(x) →
∫

f (x)dP(x). (A3.6.1)

If ξn and ξ are random elements having the distributions Pn and P, respectively,
then (A3.6.1) is equivalent to

Ef (ξn) → Ef (ξ). (A3.6.2)

This, in turn, for any continuous functional f (f ∈ C(X)), is equivalent to

f (ξn) ⇒ f (ξ). (A3.6.3)
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Indeed, (A3.6.3) means that, for any bounded continuous function g (g ∈ Cb(R)),

Eg
(
f (ξn)

) → Eg
(
f (ξ)

)
, (A3.6.4)

which is equivalent to (A3.6.2).
If X =X(T ) is the space of real-valued functions x(t), t ∈ T , given on a paramet-

ric set T , and a measurable mapping ξ(ω) of the basic probability space 〈Ω,F,P〉
into 〈X,B〉 is given, then the random element ξ(ω) = ξ(ω, t) will be a random pro-
cess (see Sect. 18.1) if {x : x(t) < u} ∈ B for all t, u. In that case (A3.6.1)–(A3.6.4)
will refer to the weak convergence of the distributions of random processes which
has already been studied in Chap. 20.

In the metric space X, for any A ∈X, one can define its boundary

∂A = [A] − (A),

where [A] is the closure of A, (A) being its interior ((A) =X− [A], where A is the
complement of A).

Definition A3.6.2 A set A is said to be a continuity set of the distribution P (or
P-continuous set) if P(∂A) = 0. We will denote the class of all P-continuous sets
by DP .

The following criterion of weak convergence of distributions holds true.

Theorem A3.6.1 The following four conditions are equivalent:

(i) Pn ⇒ P,
(ii) limn→∞ Pn(A) = P(A) for all A ∈DP ,

(iii) lim supn→∞ Pn(F ) ≤ P(F ) for all closed F ⊂X,
(iv) lim infn→∞ Pn(G) ≥ P(G) for all open G ⊂X.

Observe that if Pn ⇒ P, then convergence (A3.6.1)–(A3.6.3) takes place for
a wider class of functionals than Cb(X) (C(X)), namely, for the so-called P-
continuous functionals (or functionals continuous with P-probability 1). We will
call so the functionals f for which f (xn) → f (x) as ρ(xn, x) → 0 not for all x ∈X,
but only for x ∈ A, P(A) = 1. The class of P-continuous functionals will be denoted
by CP (X).

The classes DP and CP (X), and also the classes of all closed and open sets par-
ticipating in Theorem A3.6.1, are very wide which makes verifying the conditions
of Theorem A3.6.1 rather difficult and cumbersome. These classes can be substan-
tially restricted if we consider not arbitrary but only relatively compact sequences
Pn (from any subsequence P′

n one can choose a convergent subsequence; this ap-
proach was already used in Sect. 6.3).

Definition A3.6.3 A class D of sets from B is said to determine the measure P if,
for a measure Q, the equalities P(A) = Q(A) for all A ∈DDP imply Q = P.
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A class D determines the measure P if D is an algebra and σ(DDP ) = BX

(condition σ(D) =BX is insufficient (see e.g. [4])).
In a similar way we introduce the class F of functionals f determining the distri-

bution P of a random element ξ = ξP : for any Q, the coincidence of the distributions
of f (ξP ) and f (ξQ) for all f ∈ FCP (X) implies P = Q.

Theorem A3.6.2 A necessary and sufficient condition for convergence Pn ⇒ P is
that:

(1) the sequence Pn is relatively compact; and
(2) there exists a class of sets D ⊂ BX determining the measure P and such that

Pn(A) → P(A) for any A ∈ DDP .

An alternative to condition (2) is the existence of a class of functionals F which
determines the measure P and is such that P(f (ξn) < t) ⇒ P(f (ξ) < t) for all
f ∈ FCP (X).

The following notion of tightness plays an important role in establishing the com-
pactness of {Pn}.

Definition A3.6.4 A family of distributions {Pn} on 〈X,B〉 is said to be tight if,
for any ε > 0, there exists a compact set K = Kε ⊂ X such that Pn(K) > 1 − ε for
all n.

Theorem A3.6.3 (Prokhorov) If {Pn} is a tight family of distributions then it is
relatively compact. If X is a complete separable space, the converse assertion is
also true.

Since, for many functional spaces (in particular, for spaces C(0, T ) and D(0, T )),
there exist simple explicit criteria for compactness of sets, one can now establish
conditions ensuring convergence Pn ⇒ P in these spaces. It is well known, for ex-
ample, that in the above-mentioned spaces compacta are, roughly speaking, of the
form {x : ω�(x) ≤ ε(�)}, where ω�(x) is the so-called “modulus of continuity”
(in the space C or D, respectively) of the element x, and ε(�) ≥ 0 is an arbitrary
function vanishing as � ↓ 0.

The proofs of Theorems A3.6.1–A3.6.3 can be found, for example, in [1]. We do
not present them here as they are somewhat beyond the scope of this book and, on
the other hand, the theorems themselves are not used in the body of the text. We use
only the special cases of these theorems given in Sects. 6.2 and 6.3.

The invariance principle of Sect. 20.1 is a theorem about weak convergence of
distributions in the space C(0,1). In order to use Theorems A3.6.2 and A3.6.3 to
prove this result, one has to choose the class D to be the class of cylinder sets.
Convergence of Pn to P on sets from this class D is the convergence of finite-
dimensional distributions of processes sn(t) generated by sums of random vari-
ables (see Sect. 20.1). Since the increments of sn(t) are essentially independent,
the demonstration of that part of the theorem reduces to proving asymptotic normal-
ity of these increments, which follows immediately from the central limit theorem.
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The condition of compactness of the family of distributions in C(0,1) requires, ac-
cording to Theorem A3.6.3, a proof that the modulus of continuity of the trajectory
sn(t) converges to zero in probability (for more details, see e.g. [1]). This could be
proved using the Kolmogorov inequality from Corollary 11.2.1.

3.6.2 Convergence in Total Variation

So, to consider weak convergence of distributions in spaces 〈X,B〉 of a general
nature, one has to introduce a topology in the space, which is not always convenient
and feasible. There exists another type of convergence of distributions on 〈X,B〉
which does not require the introduction of topologies. This is convergence in total
variation.

Definition A3.6.5 Let γ be a finite signed measure on 〈X,B〉. The total variation
of γ (or the total variation norm ‖γ ‖) is the quantity

‖γ ‖ = sup
f :|f |≤1

∣
∣
∣
∣

∫

f (x)dγ (x)

∣
∣
∣
∣, (A3.6.5)

where the supremum is taken over the class of all B-measurable functions f (x)

such that |f (x)| ≤ 1 for all x ∈X.

The supremum in (A3.6.5) is clearly attained on such functions f for which,
roughly speaking, f (x) = 1 at points x such that dγ (x) > 0, and f (x) = −1 at
points x for which dγ (x) < 0. Therefore (A3.6.5) can be written in the form

‖γ ‖ =
∫

∣
∣dγ (x)

∣
∣. (A3.6.6)

An exact meaning to this expression can be given using the Hahn decomposition
theorem (see Corollary A3.5.1), which implies

‖γ ‖ = γ +(X) + γ −(X). (A3.6.7)

The right-hand side of this equality may be taken as a definition of
∫ |dγ (x)|.

Lemma A3.6.2 If γ (X) = 0, then ‖γ ‖ = 2 supB∈B γ (B).

Proof From (A3.6.5) it follows that, for any B (B is the complement of B , γ (B) ∪
γ (B)=0),

‖γ ‖ ≥ ∣
∣γ (B)

∣
∣ + ∣

∣γ (B)
∣
∣ = 2

∣
∣γ (B)

∣
∣.

Therefore ‖γ ‖ ≥ 2 supB∈B |γ (B)|.



3.6 Convergence in Arbitrary Spaces 653

To obtain the converse inequality, we will make use of Corollary A3.5.1 of the
Hahn decomposition theorem. As we have already noted, according to that theorem
(for the definition of the set D± see the Hahn theorem),

‖γ ‖ = γ +(X) + γ −(X) = γ +(
D+) + γ −(

D+)

= γ
(
D+) − γ

(
D+) = 2γ

(
D+) ≤ 2 sup

B∈B
γ (B).

The lemma is proved. �

Definition A3.6.6 Let P be a distribution and Pn, n = 1,2, . . . , a sequence of dis-
tributions given on 〈X,B〉. We will say that Pn converges to P in total variation:

Pn
T V−→ P, if ‖Pn − P‖ → 0 as n → ∞.

Convergence in total variation is a very strong form of convergence. If 〈X,B〉 is

a metric space and Pn
T V−→ P, then Pn ⇒ P. Indeed, since any functional f ∈ Cb(X)

is bounded: |f (x)| < b, we have
∣
∣
∣
∣

∫

f (dPn − dP)

∣
∣
∣
∣ ≤ b

∫
∣
∣d(Pn − P)

∣
∣ = b‖Pn − P‖ → 0.

Thus in that case
∫

f dPn →
∫

f dP

even without assuming the continuity of f .

The converse assertion about convergence Pn
T V−→ P if Pn ⇒ P is not true.

Let, for example, X = [0,1], Pn be the uniform distribution on the set of n + 1
points {0,1/n, . . . , n/n}, and P = U0,1. It is clear that all Pn are concentrated on
the countable set N of all rational numbers. Therefore Pn(N) = 1, P(N) = 0, and
‖Pn − P‖ = Pn(N) + P(X \N) = 2. At the same time, clearly Pn ⇒ P.

Now let the distribution P have a density p with respect to a measure μ (one
could take, in particular, μ = P, in which case p(x) ≡ 1). Denote by pn the density
(with respect to μ) of the absolutely continuous (with respect to μ) component Pa

n

of the distribution Pn.

Theorem A3.6.4 A necessary and sufficient condition for convergence Pn
T V−→ P is

that pn converges to p in measure μ, i.e., for any ε > 0,

μ
{
x : ∣∣pn(x) − p(x)

∣
∣ > ε

} → 0 as n → ∞.

Proof We have
∫

∣
∣d(Pn − P)

∣
∣ =

∫
∣
∣pn(x) − p(x)

∣
∣μ(dx) + ∥

∥Ps
n

∥
∥,

where Ps
n is the singular component of Pn with respect to the measure μ.
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Let ‖Pn − P‖ → 0. Then
∫

|pn − p|dμ → 0, (A3.6.8)

and hence

μ
{
x : ∣∣pn(x) − p(x)

∣
∣ > ε

} ≤ ε−1
∫

|pn − p|dμ → 0.

Now let pn
μ−→ p. Put

Bε = {
x : p(x) ≥ ε

}
, An,ε = {

x : ∣∣pn(x) − p(x)
∣
∣ ≤ ε2}.

Then

1 ≥
∫

Bε

p dμ ≥ εμ(Bε), μ(Bε) ≤ 1

ε
.

Consider
∫

|pn − p|dμ =
∫

BεAn,ε

+
∫

BεAn,ε

. (A3.6.9)

Here the first integral on the right-hand side does not exceed ε. Since

lim
ε→0

∫

Bε

p dμ → 1,

we will have, for a given δ > 0 and sufficiently small ε, the inequality
∫

Bε

p dμ > 1 − δ

and, for n large enough,
∫

BεAn,ε

p dμ > 1 − 2δ,

∫

BnAn,ε

pn dμ > 1 − 3δ. (A3.6.10)

It follows from these two inequalities that the second integral in (A3.6.9) does not
exceed 5δ, which proves (A3.6.8). Furthermore, (A3.6.10) implies that ‖Pa

n‖ > 1 −
3δ and ‖Ps

n‖ < 3δ. The theorem is proved. �

The theorem implies that if Pn
T V−→ P then the absolutely continuous with respect

to μ = P component Pa
n of the distribution Pn has a density pn(x)

p→ 1, Pa
n(X) → 1.



Appendix 4
The Helly and Arzelà–Ascoli Theorems

In this appendix we will prove Helly’s theorem and the Arzelà–Ascoli theorem. The
former theorem was used in Sect. 6.3, and both theorems will be used in the proof
of the main theorem of Appendix 9.

Let F be the class of all distribution functions, and G the class of functions G

possessing properties F1 and F2 from Sect. 3.2 (monotonicity and left continuity),
and the properties G(−∞) ≥ 0 and G(∞) ≤ 1. We will write Gn ⇒ G as n → ∞,
G ∈ G, if Gn(x) → G(x) at all points of continuity of the function G.

Theorem A4.1 (Helly) Any sequence Fn ∈ F contains a convergent subsequence
Fnn ⇒ F ∈ G.

We will need the following.

Lemma A4.1 A sufficient condition for convergence Fn ⇒ F ∈ G is that

Fn(x) → F(x), x ∈ D,

as n → ∞ on some everywhere dense set D of the reals.

Proof Let x be an arbitrary point of continuity of F(x). For arbitrary x ′, x′′ ∈ D

such that x′ ≤ x ≤ x′′, one has

Fn

(
x′) ≤ Fn(x) ≤ Fn

(
x′′).

Consequently,

lim
n→∞Fn

(
x′) ≤ lim inf

n→∞ Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ lim
n→∞Fn

(
x′′).

From here and the conditions of the lemma we obtain

F
(
x′) ≤ lim inf

n→∞ Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ F
(
x′′).
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Letting x′ ↑ x and x′′ ↓ x along the set D and taking into account that x is a point
of continuity of F , we get

lim
n→∞Fn(x) = F(x).

The lemma is proved. �

Proof of Theorem A4.1 Let D = {xn} be an arbitrary countable everywhere dense
set of real numbers. The numerical sequence {Fn(x1)} is bounded and hence con-
tains a convergent sequence {F1n(x1)}. Denote the limit of this sequence by F(x1).
Consider now the numerical sequence {F1n(x2)}. It also contains a convergent sub-
sequence {F2n(x2)} with a limit F(x2). Moreover,

lim
n→∞F2n(x1) = F(x1).

Continuing this process, we will obtain, for any number k, k sequences
{
Fkn(xi)

}
, i = 1, . . . , k,

such that limn→∞ Fkn(xi) = F(xi).
Consider the diagonal sequence of the distribution functions {Fnn(x)}. For any

xk ∈ D, only k − 1 first elements of the numerical sequence {Fnn(xk)} may not
belong to the sequence Fkn(xk). Therefore

lim
n→∞Fnn(xk) = F(xk).

It is clear that F(x) is a non-decreasing bounded function given on D. It can
easily be extended by continuity from the left to a non-decreasing function on the
whole real line. Now we see that the sequence {Fnn} and the function F satisfy the
conditions of Lemma A4.1. The theorem is proved. �

The conditions of Helly’s theorem can be weakened. Namely, instead of F we
could consider a wider class H of non-decreasing left continuous (i.e., satisfy-
ing properties F1 and F3) functions H majorised by a fixed function: for any x,
|H(x)| ≤ N(x) < ∞, where N is a given function characterising the class H. We
do not exclude the case when |H(x)| (or N(x)) grow unboundedly as |x| → ∞. The
following generalised version of Helly’s theorem is true.

Theorem A4.2 (Generalised Helly theorem) Any sequence Hn ∈ F contains a sub-
sequence Hnn which converges to a function H ∈ H at each point of continuity
of H .

The Proof repeats the above proof of Helly’s theorem. �

To each function Hn ∈ H we can associate a measure μn by putting

μn

([a, b)
) = Hn(b) − Hn(a).
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The generalised Helly theorem will then mean that, for any sequence of measures μn

generated by functions from H, there exists a subsequence μnn converging weakly
on each finite interval of which the endpoints are not atoms of the limiting mea-
sure μn.

We give one more analogue of Helly’s theorem which refers to a collection of
equicontinuous functions gn. Recall that a sequence of functions {gn} is said to be
equicontinuous if, for any ε > 0, there exists a δ > 0 such that |x1 − x2| < δ implies
|gn(x1) − gn(x2)| < ε for all n.

Theorem A4.3 (Arzelà–Ascoli) Let {gn} be a sequence of uniformly bounded and
equicontinuous functions of a real variable. Then there exists a subsequence gnk

converging to a continuous limit g uniformly on each finite interval.

Proof Choose again a countable everywhere dense subset {xn} of the real line, and
a subsequence {gnk

} converging at the points x1, x2, . . . Denote its limit at the point
xj by g(xj ). We have

∣
∣gnk

(x) − gnr (x)
∣
∣ ≤ ∣

∣gnk
(x) − gnk

(xj )
∣
∣ + ∣

∣gnr (x) − gnr (xj )
∣
∣

+ ∣
∣gnk

(xj ) − gnr (xj )
∣
∣. (A4.1)

By assumption, the last term on the right-hand side tends to 0 as nk → ∞, nr → ∞.
By virtue of equicontinuity, for any point x there exists a point xj such that, for
all n,

∣
∣gn(x) − gn(xj )

∣
∣ < ε. (A4.2)

In any given finite interval I there exists a finite collection of points xj such that
(A4.2) will hold for all points xj ∈ I . This implies that the right-hand side of (A4.1)
will be less than 3ε for all sufficiently large nk , nr uniformly over xj ∈ I . Thus there
exists the limit g(x) = limgnk

(x), for which by (A4.2) we have |g(x) − g(xj )| ≤ ε,
which implies that g is continuous. The theorem is proved. �



Appendix 5
The Proof of the Berry–Esseen Theorem

In this appendix we prove the following assertion stated in Sect. 8.5.

Theorem A5.1 (Berry–Esseen) Let ξk be independent identically distributed ran-
dom variables,

Eξk = 0, Var(ξk) = 1, μ = E|ξk|3 < ∞, Sn =
n∑

k=1

ξk, ζn = Sn√
n
.

Then, for all n,

Δn := sup
x

∣
∣P(ζn < x) − Φ(x)

∣
∣ <

cμ√
n
,

where Φ is the standard normal distribution function and c is an absolute constant.

Proof We will make use of the composition method. As in Sect. 8.5, we will bound
Δn based on estimates of smallness of Eg(ζn) − Eg(η), η ⊂= �0,1, for smooth g.
To get a bound for Δn in Sect. 8.5, we chose g to be a function constant outside a
small interval. The next lemma shows that such a choice is not obligatory. Let G be
a distribution function and γ ⊂= G be independent of ζn and η. Put

g(z) := G

(
x − z

ε

)

,

so that

Eg(ζn) = EG

(
x − ζn

ε

)

= P
(

γ <
x − ζn

ε

)

= P(ζn + εγ < x),

Eg(η) = P(η + εγ < x).

Set

Δn,ε := sup
x

∣
∣
∣
∣EG

(
x − ζn

ε

)

− EG

(
x − η

ε

)∣
∣
∣
∣
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= sup
x

∣
∣P(ζn + εγ < x) − P(η + εγ < x)

∣
∣

= sup
x

∣
∣
∣
∣

∫

dG(y)
[
P(ζn < x − εy) − P(η < x − εy)

]
∣
∣
∣
∣.

Clearly, Δn,ε ≤ Δn. Our aim will be to obtain a converse inequality for Δn.

Lemma A5.1 Let v > 0 be such that G(v) − G(−v) ≥ 3/4. Then, for any ε > 0,

Δn ≤ 2Δn,ε + 3vε√
2π

.

Proof Assume that the supx in the definition of Δn is attained on a positive value
Δn(x) := Fn(x) − Φ(x) (the case of a negative value Δn(x) is similar) and that, for
a given δ > 0, the value xδ is such that

Δn(xδ) = Fn(xδ) − Φ(xδ) ≥ Δn − δ,

where Fn is the distribution function of ζn. When the argument increases, the value
of Δn(xδ) varies little in the following sense. Let |y| < v. Then v − y > 0 and

Δn

(
xδ + ε(v − y)

) = Fn

(
xδ + ε(v − y)

) − Φ
(
xδ + ε(v − y)

)

≥ Fn(xδ) − Φ(xδ) − [
Φ

(
xδ + ε(v − y)

) − Φ(xδ)
]
.

Here the difference in the brackets does not exceed ε(v − y)Φ ′(0) ≤ 2vε/
√

2π , and
hence

Δn

(
xδ + ε(v − y)

) ≥ Δn − δ − 2vε√
2π

.

Therefore

Δn,ε ≥
∫

dG(y)Δn(xδ + εv − εy) =
∫

|y|<v

+
∫

|y|≥v

≥ 3

4

(

Δn − δ − 2vε√
2π

)

− 1

4
Δn = Δn

2
− 3

4

(

δ + 2vε√
2π

)

.

Since δ is arbitrary, the assertion of the lemma follows. �

Corollary A5.1 For G = Φ(γ ⊂= �0,1) the value v = 6/5 satisfies the condition of
Lemma A5.1, and

Δn ≤ 2(Δn,ε + ε). (A5.1)

At the next stage of the proof we bound Δn,ε , and it is at that stage where the
composition method will be used. Put

u(n) := max
k≤n

Δk

√
k

μ
, α2 := ε2n.
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By letters c (with or without indices) we will denote absolute constants, not neces-
sarily the same ones.

Lemma A5.2 For α ≥ 1,

Δn,ε ≤ cμ

(
1√
n

+ μu(n − 1)

α
√

n

)

. (A5.2)

Proof Set Hn := ∑n
k=1 ηk , where ηk ⊂= �0,1 are independent of each other and of

Hn and γ . The composition method is based on the following identity (cf. Theo-
rem 8.5.1 and identity (8.5.3), η ∈ �0,1):

P(ζn + εγ < x) − P(η + εγ < x) = P(Sn + αγ < x
√

n ) − P(Hn + αγ < x
√

n )

=
n∑

m=1

[
P
(
Sm−1 + (Hn − Hm) + ξm + αγ < x

√
n

)

− P
(
Sm−1 + (Hn − Hm) + ηm + αγ < x

√
n

)]
.

Since for γ ⊂= �0,1 one has Hn − Hm + αγ ⊂= �0,n−m+α2 , the last sum is equal to∑n
m=1 Dm, where

Dm := E
[

Φ

(
x
√

n − Sm−1 − ξm

dm

)

− Φ

(
x
√

n − Sm−1 − ηm

dm

)]

= E
[

Φ

(

Tm − ξm

dm

)

− Φ

(

Tm − ηm

dm

)]

,

d2
m := n − m + α2, Tm := x

√
n − Sm−1

dm

.

To bound Dm we will adopt the same approach as in Lemma 8.5.1. Because the
first two moments of ξm and ηm coincide, expanding Φ into a series yields

|Dm| ≤ 2μ

d3
m

sup
t

Eφ′′(Tm + t),

where φ(x) = Φ ′(x) and φ′′ = Φ ′′′. Since the function φ′′ is bounded,

|Dm| ≤ cμ

d3
m

. (A5.3)

We will also need another bound for Dm. To obtain it, consider the quantity

Rm := sup
t

∣
∣Eφ′′(Tm + t)

∣
∣

≤ sup
t

∣
∣E

[
φ′′(Tm + t) − φ′′(Vm + t)

]∣
∣ + sup

t

∣
∣Eφ′′(Vm + t)

∣
∣, (A5.4)
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where Vm is defined in the same way as Tm but with Sm−1 replaced by Hm−1.
Integrating by parts yields

∣
∣E

[
φ′′(Tm + t) − φ′′(Vm + t)

]∣
∣ =

∣
∣
∣
∣

∫

φ′′(u + t) d
[
P(Tm < u) − P(Vm < u)

]
∣
∣
∣
∣

=
∣
∣
∣
∣

∫

φ′′′(u + t)
[
P(Tm < u) − P(Vm < u)

]
du

∣
∣
∣
∣

≤ Δm−1

∫
∣
∣φ′′′(u)

∣
∣du = cΔm−1,

since |P(Tm < u) − P(Vm < u)| ≤ Δm−1 (the variables Tm and Vm are obtained
from Sm−1/

√
m − 1 and Hm−1/

√
m − 1, respectively, by one and the same linear

transformation).
To bound the second summand on the right-hand side of (A5.4), note that

Eφ′′(Vm + t) =
∫

φ′′(u + t)
1

rm
φ

(
u − am

rm

)

du, (A5.5)

where

am = x

√
n

dm

, rm =
√

m − 1

n − m + α2
,

so that 1
rm

φ(
u − am

rm
) is the density of Vm = (x

√
n−Hm−1)

dm
. Integrating the right-hand

side of (A5.5) twice by parts, we obtain

∣
∣Eφ′′(Vm + t)

∣
∣ = 1

r3
m

∣
∣
∣
∣

∫

φ(u + t)φ′′
(

u − am

rm

)

du

∣
∣
∣
∣ ≤ c

r3
m

.

Thus,

Rm ≤ c

(

Δm−1 + 1

r3
m

)

, Dm ≤ cμ

(
Δm−1

d3
m

+ 1

(m − 1)3/2

)

.

The bounds derived for Dm do not depend on x. Therefore, using the bound just
obtained for m > n/2, and bound (A5.3) for m ≤ n/2 (the latter bound implies then
that |Dm| ≤ cμ/n3/2), we get

Δn,ε ≤ cμ

[
∑

m≤n/2

n−3/2 +
n∑

m>n/2

Δm−1

d3
m

+
n∑

m>n/2

1

(m − 1)3/2

]

. (A5.6)

Here the first sum does not exceed (n/2)n−3/2 = 1/(2
√

n ) and the last sum does
not exceed

∫ n

n/2−1

ds

s3/2
≤ c√

n
.
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It remains to bound the middle sum. Setting (u(n) := maxk≤n (Δk

√
k )/μ), we have

n∑

m>n/2

Δm−1

d3
m

≤ μu(n − 1)

√
2

n

n∑

m>n/2

1

(n − m + α2)3/2
.

The last sum does not exceed

∞∑

k=0

1

(k + α2)3/2
≤ 1

α3
+

∫ ∞

0

dt

(t + α2)3/2
= 1

α3
+ 1

2α
≤ 3

2α
,

provided that α ≥ 1. Collecting (A5.6) and the above estimates together, we obtain
the assertion of the lemma. �

We now turn directly to the proof of the theorem. By virtue of (A5.1) and (A5.2),

v(n) := Δn

√
n

μ
≤ 2

μ

√
nΔn,ε + 2α

μ
≤ 2c + 2cμu(n − 1)

α
+ 2α

μ
.

Put here α := max(4 cμ,1). Then (μ ≥ 1)

v(n) ≤ c1 + u(n + 1)

2
.

This implies that u(n) ≤ 2c1 for all n. To verify this, we make use of induction.
Clearly, u(1) = v(1) ≤ 1 ≤ 2c1. Let u(n − 1) ≤ 2c1. Then v(n) ≤ 2c1 and u(n) =
max(v(n),u(n − 1)) ≤ 2c1. The theorem is proved. �



Appendix 6
The Basic Properties of Regularly Varying
Functions and Subexponential Distributions

The properties of regularly varying functions and subexponential distributions were
used in Sects. 8.8, 9.4–9.6 and 12.7 and will be used in Appendices 7 and 8.

6.1 General Properties of Regularly Varying Functions

Definition A6.1.1 A positive measurable function L(t) is called a slowly varying
function (s.v.f.) as t → ∞ if, for any fixed v > 0,

L(vt)

L(t)
→ 1 as t → ∞. (A6.1.1)

A function V (t) is called a regularly varying function (r.v.f.) (with exponent
−β ∈R) as t → ∞ if it can be represented as

V (t) = t−βL(t), (A6.1.2)

where L(t) is an s.v.f. as t → ∞. We will denote the class of all r.v.f.s by R.

The definitions of an s.v.f. and r.v.f. as t ↓ 0 are quite similar. In what follows,
the term s.v.f. (r.v.f.) will (unless specified otherwise) always refer to a slowly (reg-
ularly) varying function at infinity.

It is easy to see that, similarly to (A6.1.1), a characteristic property of regularly
varying functions is the convergence, for any fixed v > 0,

V (vt)

V (t)
→ v−β as t → ∞. (A6.1.3)

Thus, an s.v.f. is an r.v.f. with exponent zero.
Typical representatives of the class of s.v.f.s are the logarithmic function and its

powers lnγ t , γ ∈ R, their linear combinations, multiple logarithms, functions with
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666 6 Regularly Varying Functions

the property L(t) → L = const �= 0 as t → ∞, etc. As an example of a bounded
oscillating s.v.f. one can give

L0(t) = 2 + sin(ln ln t), t > 1.

We will need the following two basic properties of s.v.f.s.

Theorem A6.1.1 (Uniform convergence theorem) If L(t) is an s.v.f. as t → ∞
then convergence (A6.1.1) holds uniformly in v on any segment [v1, v2], 0 < v1 <

v2 < ∞.

The theorem implies that the uniform convergence (A6.1.1) on the segment
[1/M,M] also takes place in the case when, as t → ∞, the quantity M = M(t)

grows unboundedly slowly enough.

Theorem A6.1.2 (Integral representation) A function L(t) is an s.v.f. as t → ∞ if
and only if, for some t0 > 0, one has

L(t) = c(t) exp

{∫ t

t0

ε(u)

u
du

}

, t ≥ t0, (A6.1.4)

where the functions c(t) and ε(t) are measurable and such that c(t) → c ∈ (0,∞)

and ε(t) → 0 as t → ∞.

For instance, for L(t) = ln t representation (A6.1.4) is valid with c(t) = 1, t0 = e

and ε(t) = (ln t)−1.

Proof of Theorem A6.1.1 Put

h(x) := lnL
(
ex

)
. (A6.1.5)

Then property (A6.1.1) of s.v.f.s is equivalent, for each u ∈ R, to the condition that
the convergence

h(x + u) − h(x) → 0 (A6.1.6)

takes place as x → ∞. To prove the theorem, we need to show that this convergence
is uniform in u ∈ [u1, u2] for any fixed ui ∈ R. In order to do that, it suffices to
verify that convergence (A6.1.6) is uniform on the segment [0,1]. Indeed, from the
obvious inequality
∣
∣h(x + u1 + u2) − h(x)

∣
∣ ≤ ∣

∣h(x + u1 + u2) − h(x + u1)
∣
∣ + ∣

∣h(x + u1) − h(x)
∣
∣

(A6.1.7)

we have
∣
∣h(x + u) − h(x)

∣
∣ ≤ (u2 − u1 + 1) sup

y∈[0,1]

∣
∣h(x + y) − h(x)

∣
∣, u ∈ [u1, u2].
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For a given ε ∈ (0,1) and an x > 0, set Ix := [x, x + 2],
I ∗
x := {

u ∈ Ix : ∣∣h(u) − h(x)
∣
∣ ≥ ε/2

}
, I ∗

0,x := {
u ∈ I0 : ∣∣h(x + u) − h(x)

∣
∣ ≥ ε/2

}
.

Clearly, the sets I ∗
x and I ∗

0,x are measurable and differ from each other by a transla-
tion by x, so that μ(I ∗

x ) = μ(I ∗
0,x), where μ is the Lebesgue measure. By (A6.1.6)

the indicator function of the set I ∗
0,x converges, at each point u ∈ I0, to 0 as x → ∞.

Therefore, by the dominated convergence theorem, the integral of this function, be-
ing equal to μ(I ∗

0,x), converges to 0, so that μ(I ∗
x ) < ε/2 for x ≥ x0, where x0 is

large enough.
Further, for s ∈ [0,1], the segment Ix ∩Ix+s = [x +s, x +2] has length 2−s ≥ 1,

so that, for x ≥ x0, the set

(Ix ∩ Ix+s) \ (
I ∗
x ∪ I ∗

x+s

)

has measure ≥ 1 − ε > 0 and hence is non-empty. Let y be a point from this set.
Then

∣
∣h(x + s) − h(x)

∣
∣ ≤ ∣

∣h(x + s) − h(y)
∣
∣ + ∣

∣h(y) − h(x)
∣
∣ < ε/2 + ε/2 = ε

for x ≥ x0, which proves the required uniformity on [0,1] and hence on any fixed
segment. The theorem is proved. �

Proof of Theorem A6.1.2 The fact that the right-hand side of (A6.1.4) is an s.v.f. is
almost obvious: for any fixed v �= 1,

L(vt)

L(t)
= c(vt)

c(t)
exp

{∫ vt

t

ε(u)

u
du

}

, (A6.1.8)

where c(vt)/c(t) → c/c = 1 and, as t → ∞,

∫ vt

t

ε(u)

u
du = o

(∫ vt

t

du

u

)

= o(lnv) = o(1). (A6.1.9)

We now prove that any s.v.f. admits the representation (A6.1.4). The required rep-
resentation in terms of the function (A6.1.5) is equivalent (after substituting t = ex )
to the relation

h(x) = d(x) +
∫ x

x0

δ(y) dy, (A6.1.10)

where d(x) = ln c(ex) → d ∈ R and δ(x) = ε(ex) → 0 as x → ∞, x0 = ln t0.
Therefore it suffices to establish representation (A6.1.10) for the function h(x).

First of all note that h(x) (as well as L(t)) is a “locally bounded” function. In-
deed, Theorem A6.1.1 implies that, for x0 large enough and all x ≥ x0,

sup
0≤y≤1

∣
∣h(x + y) − h(x)

∣
∣ < 1.
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Hence, for any x > x0, we have by virtue of (A6.1.7) the bound

∣
∣h(x) − h(x0)

∣
∣ ≤ x − x0 + 1.

Further, the local boundedness and measurability of the function h mean that it is
locally integrable on [x0,∞) and hence can be represented for x ≥ x0 as

h(x) =
∫ x0+1

x0

h(y)dy +
∫ 1

0

(
h(x) − h(x + y)

)
dy +

∫ x

x0

(
h(y + 1) − h(y)

)
dy.

(A6.1.11)
The first integral in (A6.1.11) is a constant, which will be denoted by d . The second
integral, by virtue of Theorem A6.1.1, converges to zero as x → ∞, so that

d(x) := d +
∫ 1

0

(
h(x) − h(x + y)

)
dy → d, x → ∞.

As for the third integral in (A6.1.11), by the definition of an s.v.f., the integrand
satisfies

δ(y) := h(y + 1) − h(y) → 0

as y → ∞, which completes the proof of representation (A6.1.10). �

6.2 The Basic Asymptotic Properties

In this section we will obtain a number of consequences of Theorems A6.1.1 and
A6.1.2 that are related to the asymptotic behaviour of s.v.f.s and r.v.f.s.

Theorem A6.2.1 (i) If L1 and L2 are s.v.f.s then L1 + L2, L1L2, Lb
1 and L(t) :=

L1(at + b), where a ≥ 0 and b ∈R, are also s.v.f.s
(ii) If L is an s.v.f. then, for any δ > 0, there exists a tδ > 0 such that

t−δ ≤ L(t) ≤ tδ for all t ≥ tδ. (A6.2.1)

In other words, L(t) = to(1) as t → ∞.
(iii) If L is an s.v.f. then, for any δ > 0 and v0 > 1, there exists a tδ > 0 such that,

for all v ≥ v0 and t ≥ tδ ,

v−δ ≤ L(vt)

L(t)
≤ vδ. (A6.2.2)

(iv) (Karamata’s theorem) If an r.v.f. V in (A6.1.2) has exponent −β , β > 1, then

V I (t) :=
∫ ∞

t

V (u)du ∼ tV (t)

β − 1
as t → ∞. (A6.2.3)
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If β < 1 then

VI (t) :=
∫ t

0
V (u)du ∼ tV (t)

1 − β
as t → ∞. (A6.2.4)

If β = 1 then

VI (t) = tV (t)L1(t) (A6.2.5)

and

V I (t) = tV (t)L2(t) if
∫ ∞

0
V (u)du < ∞, (A6.2.6)

where Li(t) → ∞ as t → ∞, i = 1,2, are s.v.f.s.
(v) For an r.v.f. V with exponent −β < 0, put

b(t) := V (−1)(1/t) = inf
{
u : V (u) < 1/t

}
.

Then b(t) is an r.v.f. with exponent 1/β:

b(t) = t1/βLb(t), (A6.2.7)

where Lb is an s.v.f. If the function L possesses the property

L
(
tL1/β(t)

) ∼ L(t) (A6.2.8)

as t → ∞ then

Lb(t) ∼ L1/β
(
t1/β

)
. (A6.2.9)

Similar assertions hold for functions slowly/regularly varying as t ↓ 0.
Note that Theorem A6.1.1 and inequality (A6.2.2) imply the following property

of s.v.f.s: for any δ > 0 there exists a tδ > 0 such that, for all t and v satisfying the
inequalities t ≥ tδ and vt ≥ tδ , we have

(1 − δ)min
{
vδ, v−δ

} ≤ L(vt)

L(t)
≤ (1 + δ)max

{
vδ, v−δ

}
. (A6.2.10)

Proof of Theorem A6.2.1 Assertion (i) is evident (just note that, in order to prove
the last part of (i), one needs Theorem A6.1.1).

(ii) This property follows immediately from representation (A6.1.4) and the
bound

∣
∣
∣
∣

∫ t

t0

ε(u)

u
du

∣
∣
∣
∣ =

∣
∣
∣
∣

∫ ln t

t0

+
∫ t

ln t

∣
∣
∣
∣ = O

(∫ ln t

t0

du

u

)

+ o

(∫ t

ln t

du

u

)

= o(ln t)

as t → ∞.
(iii) In order to prove this property, notice that on the right-hand side of (A6.1.8),

for any fixed δ > 0 and v0 > 1 and all t large enough, we have

v−δ/2 ≤ v
−δ/2
0 ≤ c(vt)

c(t)
≤ v

δ/2
0 ≤ vδ/2, v ≥ v0,
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and
∣
∣
∣
∣

∫ vt

t

ε(u)

u
du

∣
∣
∣
∣ ≤ δ

2
lnv

(by virtue of (A6.1.9)). This implies (A6.2.2).
(iv) By the dominated convergence theorem, we can choose an M = M(t) → ∞

as t → ∞ such that the convergence in (A6.1.1) will be uniform in v ∈ [1,M].
Changing the variable u = vt , we obtain

V I (t) = t−β+1L(t)

∫ ∞

1
v−β L(vt)

L(t)
dv = t−β+1L(t)

[∫ M

1
+

∫ ∞

M

]

. (A6.2.11)

If β > 1 then, as t → ∞,

∫ M

1
∼

∫ M

1
v−β dv → 1

β − 1
,

whereas by property (iii), for δ = (β − 1)/2, we have
∫ ∞

M

<

∫ ∞

M

v−β+δ dv =
∫ ∞

M

v−(β+1)/2 dv → 0.

These relations together imply

V I (t) ∼ t−β+1

β − 1
L(t) = tV (t)

β − 1
.

The case β < 1 can be treated quite similarly, but taking into account the uniform
in v ∈ [1/M,1] convergence in (A6.1.1) and the equality

∫ 1

0
v−βdv = 1

1 − β
.

If β = 1 then the first integral on the right-hand side of (A6.2.11) is

∫ M

1
∼

∫ M

1
v−1 dv = lnM,

so that if
∫ ∞

0
V (u)du < ∞ (A6.2.12)

then

V I (t) ≥ (
1 + o(1)

)
L(t) lnM � L(t) (A6.2.13)

and hence

L2(t) := V I (t)

tV (t)
= V I (t)

L(t)
→ ∞ as t → ∞.
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Note now that, by property (i), the function L2 will be an s.v.f. whenever V I (t) is
an s.v.f. But, for v > 1,

V I (t) = V I (vt) +
∫ vt

t

V (u)du,

where the last integral clearly does not exceed (v − 1)L(t)(1 + o(1)). By (A6.2.13)
this implies that V I (vt)/V I (t) → 1 as t → ∞, which completes the proof
of (A6.2.6).

That relation (A6.2.5) is true in the subcase when (A6.2.12) holds is almost ob-
vious, since

VI (t) = tV (t)L1(t) = L(t)L1(t) =
∫ t

0
V (u)du →

∫ ∞

0
V (u)du,

so that, firstly, L1 is an s.v.f. by property (i) and, secondly, L1(t) → ∞ because
L(t) → 0 by (A6.2.13).

Now let β = 1 and
∫ ∞

0 V (u)du = ∞. Then, as M = M(t) → ∞ slowly enough,
similarly to (A6.2.11) and (A6.2.13), by the uniform convergence theorem we have

VI (t) =
∫ 1

0
v−1L(vt) dv ≥

∫ 1

1/M

v−1L(vt) dv ∼ L(t) lnM � L(t).

Therefore L1(t) := VI (t)/L(t) → ∞ as t → ∞. Further, also similarly to the
above, we have, as v ∈ (0,1),

VI (t) = VI (vt) +
∫ t

vt

V (u)du,

where the last integral does not exceed (1−v)L(t)(1+o(1)) � VI (t), so that VI (t)

(as well as L1(t) by virtue of property (i)) is an s.v.f. This completes the proof of
property (iv).

(v) Clearly, by the uniform convergence theorem the quantity b = b(t) is a solu-
tion to the “asymptotic equation”

V (b) ∼ 1

t
as t → ∞ (A6.2.14)

(where the symbol ∼ can be replaced by the equality sign if the function V is
continuous and monotonically decreasing). Substituting t1/βLb(t) for b, we obtain
an equivalent relation

L
−β
b L

(
t1/βLb

) ∼ 1, (A6.2.15)

where clearly

t1/βLb → ∞ as t → ∞. (A6.2.16)
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Fix an arbitrary v > 0. Substituting vt for t in (A6.2.15) and setting, for brevity’s
sake, L2 = L2(t) := Lb(vt), we get the relation

L
−β

2 L
(
t1/βL2

) ∼ 1, (A6.2.17)

since L(v1/β t1/βL2) ∼ L(t1/βL2) by virtue of (A6.2.16) (with Lb replaced
with L2). Now we will show by contradiction that (A6.2.15)–(A6.2.17) imply that
Lb ∼ L2 as t → ∞, which obviously means that Lb is an s.v.f.

Indeed, the contrary assumption means that there exist v0 > 1 and a sequence
tn → ∞ such that

un := L2(tn)/Lb(tn) > v0, n = 1,2, . . . (A6.2.18)

(the possible alternative case can be dealt with in the same way). Clearly, t∗n :=
t
1/β
n Lb(tn) → ∞ by (A6.2.16), so we obtain from (A6.2.15)–(A6.2.16) and property

(iii) with δ = β/2 that

1 ∼ L
−β

2 (tn)L(t
1/β
n L2(tn))

L
−β
b (tn)L(t

1/β
n Lb(tn))

= u−β
n

L(unt
∗
n )

L(t∗n )
≤ u

−β/2
n < v

−β/2
0 < 1.

We get a contradiction.
Note that the above argument proves the uniqueness (up to asymptotic equiva-

lence) of the solution to Eq. (A6.2.14).
Finally, relation (A6.2.9) can be proved by a direct verification of (A6.2.14) for

b := t1/βL1/β(t1/β): using (A6.2.8), we have

V (b) = b−βL(b) = L(t1/βL1/β(t1/β))

tL(t1/β)
∼ L(t1/β)

tL(t1/β)
= 1

t
.

The required assertion follows now by the aforementioned uniqueness of the solu-
tion to the asymptotic equation (A6.2.14). Theorem A6.2.1 is proved. �

6.3 The Asymptotic Properties of the Transforms of R.V.F.s
(Abel-Type Theorems)

For an r.v.f. V (t), its Laplace transform

ψ(λ) :=
∫ ∞

0
e−λtV (t) dt < ∞

is defined for all λ > 0. The following asymptotic relations hold true for the trans-
form.

Theorem A6.3.1 Assume that V (t) ∈ R (i.e. V (t) has the form (A6.1.2)).
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(i) If β ∈ [0,1) then

ψ(λ) ∼ Γ (1 − β)

λ
V (1/λ) as λ ↓ 0. (A6.3.1)

(ii) If β = 1 and
∫ ∞

0 V (t) dt = ∞ then

ψ(λ) ∼ VI (1/λ) as λ ↓ 0, (A6.3.2)

where VI (t) = ∫ t

0 V (u)du → ∞ is an s.v.f. such that VI (t) � L(t) as t → ∞.
(iii) In any case, ψ(λ) ↑ VI (∞) = ∫ ∞

0 V (t) dt ≤ ∞ as λ ↓ 0.

Assertions (i) and (ii) are called Abelian theorems.
If we resolve relation (A6.3.1) for V then we obtain

V (t) ∼ ψ(1/t)

tΓ (1 − β)
as t → ∞.

Relations of this type will also be valid in the case when, instead of the regularity
of the function V , one requires the monotonicity of V and assumes that ψ(λ) is an
r.v.f. as λ ↓ 0. Statements of such type are called Tauberian theorems. We will not
need these theorems and so will not dwell on them.

Proof of Theorem A6.3.1 (i) For any fixed ε > 0 we have

ψ(λ) =
∫ ε/λ

0
+

∫ ∞

ε/λ

,

where, for the first integral on the right-hand side, for β < 1, by virtue of (A6.2.4)
we have the following relation

∫ ε/λ

0
e−λtV (t) dt ≤

∫ ε/λ

0
V (t) dt ∼ εV (ε/λ)

λ(1 − β)
as λ ↓ 0. (A6.3.3)

Changing the variable λt = u, we can rewrite the second integral in the above rep-
resentation for ψ(λ) as

∫ ∞

ε/λ

= V (1/λ)

λ

∫ ∞

ε

e−uu−β L(u/λ)

L(1/λ)
du = V (1/λ)

λ

[∫ 2

ε

+
∫ ∞

2

]

. (A6.3.4)

Each of the integrals on the right-hand side converges, as λ ↓ 0, to the corresponding
integral of e−uu−β : the former integral converges by the uniform convergence the-
orem (the convergence L(u/λ)/L(1/λ) → 1 is uniform in u ∈ [ε,2]), and the latter
converges by virtue of (A6.1.1) and the dominated convergence theorem, since by
Theorem A6.2.1(iii), for all λ small enough, we have L(u/λ)/L(1/λ) < u for u ≥ 2.
Therefore,

∫ ∞

ε/λ

∼ V (1/λ)

λ

∫ ∞

ε

u−βe−u du. (A6.3.5)
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Now note that, as λ ↓ 0,

εV (ε/λ)

λ

/
V (1/λ)

λ
= ε1−β L(ε/λ)

L(1/λ)
→ ε1−β.

Since ε > 0 can be chosen arbitrarily small, this relation together with (A6.3.3) and
(A6.3.5) completes the proof of (A6.3.1).

(ii) Integrating by parts and changing the variable λt = u, we obtain, for β = 1
and M > 0, that

ψ(λ) =
∫ ∞

0
e−λtdVI (t) = −

∫ ∞

0
VI (t) de−λt

=
∫ ∞

0
VI (u/λ)e−udu =

∫ 1/M

0
+

∫ M

1/M

+
∫ ∞

M

. (A6.3.6)

By Theorem A6.2.1(iv), VI (t) � L(t) is an s.v.f. as t → ∞. Therefore, by the
uniform convergence theorem, for M = M(λ) → ∞ slowly enough as λ → 0, the
middle integral on the right-hand side of (A6.3.6) is

VI (1/λ)

∫ M

1/M

VI (u/λ)

VI (1/λ)
e−udu ∼ VI (1/λ)

∫ M

1/M

e−udu ∼ VI (1/λ).

The remaining two integrals are negligibly small: since VI (t) is an increasing func-
tion, the first integral does not exceed VI (1/λM)/M = o(VI (1/λ)), while for the
last integral we have by Theorem A6.2.1(iii) that

VI (1/λ)

∫ ∞

M

VI (u/λ)

VI (1/λ)
e−udu ≤ VI (1/λ)

∫ ∞

M

ue−udu = o
(
VI (1/λ)

)
.

Hence (ii) is proved. Assertion (iii) is evident. �

6.4 Subexponential Distributions and Their Properties

Let ξ, ξ1, ξ2, . . . be independent identically distributed random variables with distri-
bution F, and let the right tail of this distribution

F+(t) := F
([t,∞)

) = P(ξ ≥ t), t ∈R,

be an r.v.f. as t → ∞ of the form (A6.1.2), which we will denote by V (t). Recall
that we denoted the class of all such distributions by R.

In this section we will introduce one more class of distributions, which is sub-
stantially wider than R.

Let ζ ∈ R be a random variable with distribution G: G(B) = P(ζ ∈ B) for any
Borel set B (recall that in this case we write ζ ⊂= G). Denote by G(t) the right tail
of the distribution of the random variable ζ :

G(t) := P(ζ ≥ t), t ∈R.
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The convolution of tails G1(t) and G2(t) is the function

G1 ∗ G2(t) := −
∫

G(t − y)dG2(y) =
∫

G1(t − y)G2(dy) = P(Z2 ≥ t),

where Z2 = ζ1 + ζ2 is the sum of independent random variables ζi ⊂= Gi , i = 1,2.
Clearly, G1 ∗ G2(t) = G2 ∗ G1(t). Denote by G2∗(t) := G ∗ G(t) the convolution
of the tail G(t) with itself and put G(n+1)∗(t) := G ∗ Gn∗(t), n ≥ 2.

Definition A6.4.1 A distribution G on [0,∞) belongs to the class S+ of subexpo-
nential distributions on the positive half-line if

G2∗(t) ∼ 2G(t) as t → ∞. (A6.4.1)

A distribution G on the whole line (−∞,∞) belongs to the class S of subexponen-
tial distributions if the distribution G+ of the positive part ζ+ = max{0, ζ } of the
random variable ζ ⊂= G belongs to S+. A random variable is called subexponential
if its distribution is subexponential.

As we will see below (Theorem A6.4.3), the subexponentiality property of a dis-
tribution G is essentially the property of the asymptotics of the tail G(t) as t → ∞.
Therefore we can also speak about subexponential functions.

A nondecreasing function G1(t) on (0,∞) is called subexponential if a distri-
bution G with the tail G(t) ∼ cG1(t) as t → ∞ with some c > 0 is subexpo-
nential. (For example, distributions with the tails G(t) = G1(t)/G1(0) or G(t) =
min(1,G1(t))).

Remark A6.4.1 Since we obviously always have

(
G+)2∗

(t) = P
(
ζ+

1 + ζ+
2 ≥ t

) ≥ P
({

ζ+
1 ≥ t

} ∪ {
ζ+

2 ≥ t
})

= P(ζ1 ≥ t) + P(ζ2 ≥ t) − P(ζ1 ≥ t, ζ2 ≥ t)

= 2G(t) − G2(t) = 2G+(t)
(
1 + o(1)

)

as t → ∞, subexponentiality is equivalent to the following property:

lim sup
t→∞

(G+)2∗(t)
G+(t)

≤ 2. (A6.4.2)

Note also that, since relation (A6.4.1) makes sense only when G(t) > 0 for all t ∈R,
the support of any subexponential distribution is unbounded from the right.

We show that regularly varying distributions are subexponential, i.e., that R ⊂ S.
Let F ∈ R and P(ξ ≥ t) = V (t) be r.v.f.s. We need to show that

P(ξ1 + ξ2 ≥ x) = V 2∗(x) := V ∗ V (x)

= −
∫ ∞

−∞
V (x − t) dV (t) ∼ 2V (x). (A6.4.3)
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In order to do that, we introduce events A := {ξ1 + ξ2 ≥ x} and Bi := {ξi < x/2},
i = 1,2. Clearly,

P(A) = P(AB1) + P(AB2) − P(AB1B2) + P(AB1B2),

where P(AB1B2) = 0, P(AB1B2) = P(B1B2) = V 2(x/2) (here and in what fol-
lows, B denotes the event complementary to B) and

P(AB1) = P(AB2) =
∫ x/2

−∞
V (x − t)F(dt).

Therefore

V 2∗(x) = 2
∫ x/2

−∞
V (x − t)F(dt) + V 2(x/2). (A6.4.4)

(The same result can be obtained by integrating the convolution in (A6.4.3) by
parts.) It remains to note that V 2(x/2) = o(V (x)) and

∫ x/2

−∞
V (x − t)F(dt) =

∫ −M

−∞
+

∫ M

−M

+
∫ x/2

M

, (A6.4.5)

where, as one can easily see, for any M = M(x) → ∞ as x → ∞ such that M =
o(x), we have

∫ M

−M

∼ V (x) and
∫ −M

−∞
+

∫ x/2

M

= o
(
V (x)

)
,

which proves (A6.4.3).
The same argument is valid for distributions with a right tail of the form

F+(t) = e−tβL(t), β ∈ (0,1), (A6.4.6)

where L(t) is an s.v.f. as t → ∞ satisfying a certain smoothness condition (for
instance, that L is differentiable with L′(t) = o(L(t)/t) as t → ∞).

One of the basic properties of subexponential distributions G is that their tails
G(t) are asymptotically locally constant in the following sense.

Definition A6.4.2 We will call a function G(t) > 0 (asymptotically) locally con-
stant (l.c.) if, for any fixed v,

G(t + v)

G(t)
→ 1 as t → ∞. (A6.4.7)

In the literature, distributions with l.c. tails are often referred to as long-tailed
distributions; however, we feel that the term “locally constant function” better re-
flects the meaning of the concept. Denote the class of all distributions G with l.c.
tails G(t) by L.

For future reference, we will state the basic properties of l.c. functions as a sepa-
rate theorem.
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Theorem A6.4.1 (i) For an l.c. function G(t) the convergence in (A6.4.7) is uni-
form in v on any fixed finite interval.

(ii) A function G(t) is l.c. if and only if, for some t0 > 0, it admits a representation
of the form

G(t) = c(t) exp

{∫ t

t0

ε(u)du

}

, t ≥ t0, (A6.4.8)

where the functions c(t) and ε(t) are measurable and such that c(t) → c ∈ (0,∞)

and ε(t) → 0 as t → ∞.
(iii) If G1(t) and G2(t) are l.c. functions then G1(t)+G2(t), G1(t)G2(t), Gb

1(t),
and G(t) := G1(at + b), where a ≥ 0 and b ∈ R, are also l.c.

(iv) If G(t) is an l.c. function then, for any ε > 0,

eεtG(t) → ∞ as t → ∞.

In other words, any l.c. function G(t) can be represented as

G(t) = e−l(t), l(t) = o(t) as t → ∞. (A6.4.9)

(v) Let

GI (t) :=
∫ ∞

t

G(u)du < ∞
and at least one of the following conditions be satisfied:

(a) G(t) is an l.c. function; or
(b) GI (t) is an l.c. function and G(t) is monotone.

Then

G(t) = o
(
GI (t)

)
as t → ∞. (A6.4.10)

(vi) If G ∈L then G2∗(t) ∼ (G+)2∗(t) as t → ∞.

Remark A6.4.2 Assertion (i) of the theorem implies that the uniform convergence
in (A6.4.7) on the interval [−M,M] persists in the case when, as t → ∞, M = M(t)

grows unboundedly slowly enough.

Proof of Theorem A6.4.1, (i)–(iii) It is clear from Definitions A6.4.1 and A6.4.2
that G(t) is l.c. if and only if L(t) := G(ln t) is an s.v.f. Having made this observa-
tion, assertion (i) follows directly from Theorem A6.1.1 (on uniform convergence
of s.v.f.s), while assertions (ii) and (iii) follow from Theorems A6.1.2 and A6.2.1(i),
respectively.

Assertion (iv) follows from the integral representation (A6.4.8).
(v) If (a) holds then, for any M > 0 and all t large enough,

GI(t) >

∫ t+M

t

G(u)du >
1

2
MG(t).
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Since M is arbitrary, GI (t) � G(t). Further, if (b) holds then

G(t)

GI (t)
≤ 1

GI (t)

∫ t

t−1
G(u)du = GI (t − 1)

GI (t)
− 1 → 0

as t → ∞.
(vi) Let ζ1 and ζ2 be independent copies of a random variable ζ , Z2 := ζ1 + ζ2,

Z
(+)
2 := ζ+

1 + ζ+
2 . Clearly, ζi ≤ ζ+

i , so that

G2∗(t) = P(Z2 ≥ t) ≤ P
(
Z

(+)
2 ≥ t

) = (
G+)2∗

(t). (A6.4.11)

On the other hand, for any M > 0,

G2∗(t) ≥ P(Z2 ≥ t, ζ1 > 0, ζ2 > 0) +
2∑

i=1

P
(
Z2 ≥ t, ζi ∈ [−M,0]),

where the first term on the right-hand side is equal to P(Z
(+)
2 ≥ t, ζ+

1 > 0, ζ+
2 > 0),

and the last two terms can be bounded as follows: since G ∈ L, then, for any ε > 0
and M and t large enough,

P
(
Z2 ≥ t, ζ1 ∈ [−M,0]) ≥ P

(
ζ2 ≥ t + M, ζ1 ∈ [−M,0])

= G(t)
G(t + M)

G(t)

[
P(ζ1 ≤ 0) − P(ζ1 < −M)

]

≥ (1 − ε)G(t)P
(
ζ+

1 = 0
) = (1 − ε)P

(
Z

(+)
2 ≥ t, ζ+

1 = 0
)
.

Thus we obtain for G2∗(t) the lower bound

G2∗(t) ≥ P
(
Z

(+)
2 ≥ t, ζ+

1 > 0, ζ+
2 > 0

) + (1 − ε)

2∑

i=1

P
(
Z

(+)
2 ≥ t, ζ+

i = 0
)

≥ (1 − ε)P
(
Z

(+)
2 ≥ t

) = (1 − ε)
(
G∗)2∗

(t).

Therefore (vi) is proved, as ε can be arbitrarily small. The theorem is proved. �

We return now to our discussion of subexponential distributions. First of all, we
turn to the relationship between the classes S and L.

Theorem A6.4.2 We have S ⊂ L, and hence all the assertions of Theorem A6.4.1
are valid for subexponential distributions as well.

Remark A6.4.3 The coinage of the term “subexponential distribution” was appar-
ently due mostly to the fact that the tail of such a distribution decreases as t → ∞
slower than any exponential function e−εt , as shown in Theorems A6.4.1(iv) and
A6.4.2.
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Remark A6.4.4 In the case when the distribution G is not concentrated on [0,∞),
the tails’ additivity condition (A6.4.1) alone is not sufficient for the function G(t)

to be l.c. (and hence for ensuring the “subexponential decay” of the distribution tail,
cf. Remark A6.4.3). This explains the necessity of defining subexponentiality in the
general case in terms of condition (A6.4.1) on the distribution G+ of the random
variable ζ+. Actually, as we will see below (Corollary A6.4.1), the subexponential-
ity of a distribution G on R is equivalent to the combination of conditions (A6.4.1)
(on G itself) and G ∈L.

The next example shows that, for random variables assuming values of both
signs, condition (A6.4.1), generally speaking, does not imply the subexponential
behaviour of G(t).

Example A6.4.1 Let μ > 0 be fixed and the right tail of the distribution G have the
form

G(t) = e−μtV (t), (A6.4.12)

where V (t) is an r.v.f. vanishing as t → ∞ and such that

g(μ) :=
∫ ∞

−∞
eμyG(dy) < ∞.

Similarly to (A6.4.4) and (A6.4.5), we have

G2∗(t) = 2
∫ t/2

−∞
G(t − y)G(dy) + G2(t/2),

where
∫ t/2

−∞
G(t − y)G(dy) = e−μt

∫ t/2

−∞
eμyV (t − y)G(dy)

= e−μt

[∫ −M

−∞
+

∫ M

−M

+
∫ t/2

M

]

.

One can easily see that, for M = M(t) → ∞ slowly enough as t → ∞, we have

∫ M

−M

eμyV (t − y)G(dy) ∼ g(μ)V (t),

∫ −M

−∞
+

∫ t/2

M

= o
(
G(t)

)
,

while

G2(t/2) = e−μtV 2(t/2) ≤ ce−μtV 2(t) = o
(
G(t)

)
.

Thus, we obtain

G2∗(t) ∼ 2g(μ)e−μtV (t) = 2g(μ)G(t), (A6.4.13)

and it is clear that we can always find a distribution G (with a negative mean) such
that g(μ) = 1. In that case relation (A6.4.1) from the definition of subexponentiality



680 6 Regularly Varying Functions

will be satisfied, although G(t) decreases exponentially fast and hence is not an l.c.
function.

On the other hand, note that the class of distributions satisfying relation (A6.4.1)
only is an extension of the class S. Distributions in the former class possess many
of the properties of distributions from S.

Proof of Theorem A6.4.2 We have to prove that S⊂ L. Since the definitions of both
classes are given in terms of the right distribution tails, we can assume without loss
of generality, that G ∈ S+ (or just consider the distribution G+). For independent
(nonnegative) ζi ⊂= G we have, for t > 0,

G2∗(t) = P(ζ1 + ζ2 ≥ t) = P(ζ1 ≥ t) + P(ζ1 + ζ2 ≥ t, ζ1 < t)

= G(t) +
∫ t

0
G(t − y)G(dy). (A6.4.14)

Since G(t) is non-increasing and G(0) = 1, it follows that, for t > v > 0,

G2∗(t)
G(t)

= 1 +
∫ v

0

G(t − y)

G(t)
G(dy) +

∫ t

v

G(t − y)

G(t)
G(dy)

≥ 1 + [
1 − G(v)

] + G(t − v)

G(t)

[
G(v) − G(t)

]
.

Therefore, for t large enough (such that G(v) − G(t) > 0),

1 ≤ G(t − v)

G(t)
≤ 1

G(v) − G(t)

[
G2∗(t)
G(t)

− 2 + G(v)

]

.

Since G ∈ S+, the right-hand side of the last formula converges as t → ∞ to the
quantity G(v)/G(v) = 1 and hence G ∈L. The theorem is proved. �

The next theorem contains several important properties of subexponential distri-
butions.

Theorem A6.4.3 Let G ∈ S.
(i) If Gi(t)/G(t) → ci as t → ∞, ci ≥ 0, i = 1,2, c1 + c2 > 0, then

G1 ∗ G2(t) ∼ G1(t) + G2(t) ∼ (c1 + c2)G(t).

(ii) If G0(t) ∼ cG(t) as t → ∞, c > 0, then G0 ∈ S.
(iii) For any fixed n ≥ 2,

Gn∗(t) ∼ nG(t) as t → ∞. (A6.4.15)

(iv) For any ε > 0 there exists a b = b(ε) < ∞ such that

Gn∗(t)
G(t)

≤ b(1 + ε)n

for all n ≥ 2 and t .
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In addition to assertions (i) and (ii) of the theorem, we can also show that if G ∈ S

and the function m(t) ∈L possesses the property

0 < m1 ≤ m(t) ≤ m2 < ∞

then G1(t) = m(t)G(t) ∈ S.
Theorems A6.4.1(vi), A6.4.2 and A6.4.3(iii) imply the following simple state-

ment elucidating the subexponentiality condition for random variables taking values
of both signs.

Corollary A6.4.1 A distribution G belongs to S if and only if G ∈ L and G2∗(t) ∼
2G(t) as t → ∞.

Remark A6.4.5 Evidently the asymptotic relation G1(t) ∼ G2(t) as t → ∞ is an
equivalence relation on the set of distributions on R. Theorem A6.4.3(ii) means
that the class S is closed with respect to that equivalence. One can easily see that in
each of the equivalence subclasses of the class S with respect to this relation there
is always a distribution with an arbitrarily smooth tail G(t).

Indeed, let p(t) be an infinitely differentiable probability density on R vanishing
outside [0,1] (we can take, e.g., p(x) = c · e−1/(x(1−x)) if x ∈ (0,1) and p(x) = 0
if x /∈ (0,1)). Now we “smooth” the function l(t) := − lnG(t), G ∈ S, putting

l0(t) :=
∫

p(t − u)l(u) du, and let G0(t) := e−l0(t). (A6.4.16)

Clearly, G0(t) is an infinitely differentiable function and, since l(t) is nondecreasing
and we actually integrate over [t − 1, t] only, one has l(t − 1) ≤ l0(t) ≤ l(t) and
hence by Theorem A6.4.2

1 ≤ G0(t)

G(t)
≤ G(t − 1)

G(t)
→ 1 as t → ∞.

Thus, the distribution G0 is equivalent to the original G. A simpler smoothing pro-
cedure leading to a less smooth asymptotically equivalent tail consists of replacing
the function l(t) with its linear interpolation with nodes at points (k, l(k)), k being
an integer.

Therefore, up to a summand o(1), we can always assume the function l(t) =
− lnG(t), G ∈ S, to be arbitrarily smooth.

The aforesaid is clearly applicable to the class L as well: it is also closed with
respect to the introduced equivalence, and each of its equivalence subclass contains
arbitrarily smooth representatives.

Remark A6.4.6 Theorem A6.4.3(ii) and (iii) immediately implies that if G ∈ S then
also Gn∗ ∈ S, n = 2,3, . . . . Moreover, if we denote by Gn∨ the distribution of the



682 6 Regularly Varying Functions

maximum of independent identically distributed random variables ζ1, . . . , ζn ⊂= G,
then the evident relation

Gn∨(t) = 1 − (
1 − G(t)

)n ∼ nG(t) as t → ∞ (A6.4.17)

and Theorem A6.4.3(ii) imply that Gn∨ also belongs to S.
Relations (A6.4.17) and (A6.4.15) show that, in the case of a subexponential

G, the tail Gn∗(t) of the distribution of the sum of a fixed number n of indepen-
dent identically distributed random variables ζi ⊂= G is asymptotically equivalent
(as t → ∞) to the tail Gn∨(t) of the maximum of these random variables, i.e., the
“large” values of this sum are mainly due to by the presence of one “large” term ζi

in the sum. It is easy to see that this property is characteristic of subexponentiality.

Remark A6.4.7 Note also that an assertion converse to what was stated at the be-
ginning of Remark A6.4.6 is also valid: if Gn∗ ∈ S for some n ≥ 2 then G ∈ S

as well. That Gn∨ ∈ S implies G ∈ S evidently follows from (A6.4.17) and Theo-
rem A6.4.3(ii).

Proof of Theorem A6.4.3 (i) First assume that c1c2 > 0 and that both distributions
Gi are concentrated on [0,∞). Fix an arbitrary ε > 0 and choose M large enough
to have Gi(M) < ε, i = 1,2, and G(M) < ε, and such that, for t > M ,

(1 − ε)ci <
Gi(t)

G(t)
< (1 + ε)ci, i = 1,2, 1 − ε <

G(t − M)

G(t)
< 1 + ε

(A6.4.18)

(the last inequality holds by virtue of Theorem A6.4.2).
Let ζ ⊂= G and ζi ⊂= Gi , i = 1,2, be independent random variables. Then, for

t > 2M , we have the representation

G1 ∗ G2(t) = P1 + P2 + P3 + P4, (A6.4.19)

where

P1 := P
(
ζ1 ≥ t − ζ2, ζ2 ∈ [0,M)

)
,

P2 := P
(
ζ2 ≥ t − ζ1, ζ1 ∈ [0,M)

)
,

P3 := P
(
ζ2 ≥ t − ζ1, ζ1 ∈ [M, t − M)

)
,

P4 := P(ζ2 ≥ M,ζ1 ≥ t − M)

(see Fig. A.1).
We show that the first two terms on the right-hand side of (A6.4.19) are asymp-

totically equivalent to c1G(t) and c2G(t), respectively, while the last two terms are
negligibly small compared with G(t). Indeed, for P1 we have the obvious two-sided
bounds
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Fig. A.1 Illustration to the
proof of Theorem A6.4.3,
showing the regions Pi ,
i = 1,2,3,4

(1 − ε)2c1G(t) < G1(t)
(
1 − G2(M)

) = P
(
ζ1 ≥ t, ζ2 ∈ [0,M)

)

≤ P1 ≤ P(ζ1 ≥ t − M) = G1(t − M) ≤ (1 + ε)2c1G(t)

by (A6.4.18); the term P2 can be bounded in a similar way. Further,

P4 = P(ζ2 ≥ M, ζ1 ≥ t − M) = G2(M)G1(t − M) < ε(1 + ε)2c2G(t).

It remains to estimate P3 (note that it is here that we will need the condition G ∈ S;
so far we have only used the fact that G ∈L). We have

P3 =
∫

[M,t−M)

G2(t − y)G1(dy) ≤ (1 + ε)c2

∫

[M,t−M)

G(t − y)G1(dy),

(A6.4.20)
where it is clear that, by (A6.4.18), the last integral is equal to

P
(
ζ + ζ1 ≥ t, ζ1 ∈ [M, t − M)

)

= P
(
ζ ≥ t − M, ζ1 ∈ [M, t − M)

) + P
(
ζ + ζ1 ≥ t, ζ ∈ [M, t − M)

)

= G(t − M)G1
([M, t − M)

) +
∫

[M,t−M)

G1(t − y)G(dy)

≤ ε(1 + ε)G(t) + (1 + ε)c1

∫

[M,t−M)

G(t − y)G(dy). (A6.4.21)

Now note that similarly to the above argument we can easily obtain (setting
G1 = G2 = G) that

G2∗(t) = (1 + θ1ε)2G(t) +
∫

[M,t−M)

G(t − y)G(dy) + ε(1 + θ2ε)G(t),

where |θi | ≤ 1, i = 1,2. Since G2∗(t) ∼ 2G(t) by virtue of G ∈ S+, this equality
means that the integral on the right-hand side is o(G(t)). Now (A6.4.21) immedi-
ately implies that also P3 = o(G(t)), and hence the required assertion is established
for the case G ∈ S+.
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To extend the desired result to the case of distributions Gi on R, it suffices to
repeat the argument from the proof of Theorem A6.4.1(vi).

The case when one of the ci can be zero can be reduced to the case c1c2 > 0,
which has already been considered. If, say, c1 = 0 and c2 > 0, then we can introduce
the distribution G̃1 := (G1 + G)/2, for which clearly G̃1(t)/G(t) → c̃1 = 1/2, and
hence by the already proved assertion, as t → ∞,

1

2
+ c2 ∼ G̃1 ∗ G2(t)

G(t)
= G1 ∗ G2(t) + G ∗ G2(t)

2G(t)

= G1 ∗ G2(t)

2G(t)
+ (

1 + o(1)
)1 + c2

2
,

so that G1 ∗ G2(t)/G(t) → c2 = c1 + c2.
(ii) Denote by G+

0 the distribution of the random variable ζ+
0 , where ζ0 ⊂= G0.

Since G+
0 (t) = G0(t) for t > 0, it follows immediately from (i) with G1 = G2 = G+

0
that (G+

0 )2∗(t) ∼ 2G+
0 (t), i.e. G0 ∈ S.

(iii) If G ∈ S then by Theorems A6.4.1(vi) and A6.4.2 we have, as t → ∞,

G2∗(t) ∼ (
G+)2∗

(t) ∼ 2G(t).

Now relation (A6.4.15) follows immediately from (i) by induction.
(iv) Similarly to (A6.4.11), we have Gn∗(t) ≤ Gn∗+ (t), n ≥ 1. Therefore it is clear

that it suffices to consider the case G ∈ S+. Put

αn := sup
t≥0

Gn∗(t)
G(t)

.

Similarly to (A6.4.14), for n ≥ 2, we have

Gn∗(t) = G(t) +
∫ t

0
G(n−1)∗(t − y)G(dy),

and hence, for each M > 0,

αn ≤ 1 + sup
0≤t≤M

∫ t

0

G(n−1)∗(t − y)

G(t)
G(dy)

+ sup
t>M

∫ t

0

G(n−1)∗(t − y)

G(t − y)

G(t − y)

G(t)
G(dy)

≤ 1 + 1

G(M)
+ αn−1 sup

t>M

G2∗(t) − G(t)

G(t)
.

Since G ∈ S, for any ε > 0 there exists an M = M(ε) such that

sup
t>M

G2∗(t) − G(t)

G(t)
< 1 + ε
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and hence

αn ≤ b0 + αn−1(1 + ε), b0 := 1 + 1/G(M), α1 = 1.

This recurrently implies

αn ≤ b0 + b0(1 + ε) + αn−2(1 + ε)2 ≤ · · · ≤ b0

n−1∑

j=0

(1 + ε)j ≤ b0

ε
(1 + ε)n.

The theorem is proved. �



Appendix 7
The Proofs of Theorems on Convergence
to Stable Laws

In this appendix we will prove Theorems 8.8.1–8.8.4.

7.1 The Integral Limit Theorem

In this section we will prove Theorem 8.8.1 on convergence of the distributions of
normalised sums Sn = ∑n

k=1 ξk to stable laws. Recall the basic notation:

F+(t) := P(ξ ≥ t), F−(t) := P(ξ < −t),

F0(t) := F+(t) + F−(t) = P
(
ξ /∈ [−t, t)

)
.

The main condition used in the theorem has this form:

[Rβ,ρ] The total tail F0(x) = F−(x) + F+(x) is a r.v.f. as x → ∞, i.e., can be
represented as

F0(x) = t−βLF0(x), β ∈ (0,2], (A7.1.1)

where LF0(x) is an s.v.f., and there exists the limit

ρ+ := lim
x→∞

F+(x)

F0(x)
∈ [0,1], ρ := 2ρ+ − 1. (A7.1.2)

In the case β < 2 we put

b(n) := F
(−1)
0 (1/n), (A7.1.3)

while for β = 2 we set

b(n) := Y (−1)(1/n), (A7.1.4)

where

Y(t) := 2t−2
∫ t

0
yF0(y) dy = t−2E

(
ξ2;−t ≤ ξ < t

) = t−2LY (t), (A7.1.5)

A.A. Borovkov, Probability Theory, Universitext,
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013
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LY (t) is an s.v.f., so that (see Theorem A6.2.1(v) of Appendix 6)

b(n) = n1/αLb(n), Lb is an s.v.f.

In the case when F+(t) and F−(t) are regularly varying functions (for instance,
when condition [Rβ,ρ] is satisfied and ρ = 0), we will denote these functions
by V (t) and W(t), respectively, and put

VI (t) :=
∫ t

0
V (y)dy, V I (t) :=

∫ ∞

t

V (y) dy;

the same notational convention will be used for W .
If F+(t) = o(F0(t)) as t → ∞ (ρ = −1), then F+(t) is not necessarily a regu-

larly varying function, but everything we say below regarding the sums V (t)+W(t)

and V I (t)+WI(t) remains valid if we understand by their first summands quantities
negligibly small compared to the second summands (the first summands can also be
replaced by zeros). This is also true for the sums VI (t) + WI(t), except for the case
when E max(0, ξ) exists and VI (t) has to be replaced by E(ξ ; ξ ≥ 0) + o(1).

Theorem A7.1.1 Let condition [Rβ,ρ] be satisfied and ζn := Sn

b(n)
.

(i) For β ∈ (0,2), β �= 1, and scaling factor (A7.1.3), as n → ∞,

ζn ⇒ ζ (β,ρ), (A7.1.6)

where the distribution Fβ,ρ of the random variable ζ (β,ρ) depends on the parameters
β and ρ only and has ch.f.

ϕ(β,ρ)(t) := Eeitζ (β,ρ) = exp
{|t |βB(β,ρ,ϑ)

}
, (A7.1.7)

where ϑ := sign t ,

B(β,ρ,ϑ) := Γ (1 − β)

[

iρϑ sin
βπ

2
− cos

βπ

2

]

(A7.1.8)

and, for β ∈ (1,2), we assume that Γ (1 − β) = Γ (2 − β)/(1 − β).
(ii) When β = 1, for the sequence ζn with scaling factor (A7.1.3) to converge to

a limiting law the former, generally speaking, needs to be centred. More precisely,
we have, as n → ∞,

ζn − An ⇒ ζ (1,ρ), (A7.1.9)

where

An := n

b(n)

[
VI

(
b(n)

) − WI

(
b(n)

)] − ρC, (A7.1.10)

C ≈ 0.5772 is the Euler constant, and

ϕ(1,ρ)(t) := Eeitζ (1,ρ) = exp

{

−π |t |
2

− iρt ln |t |
}

. (A7.1.11)
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If n[VI (b(n)) − WI(b(n))] = o(b(n)), then ρ = 0 and we can put An = 0.
If there exists Eξ = 0 then

An = n

b(n)

[
WI

(
b(n)

) − V I
(
b(n)

)] − ρC.

If Eξ = 0 and ρ �= 0 then ρAn → −∞ as n → ∞.
(iii) For β = 2 and scaling factor (A7.1.4), as n → ∞,

ζn ⇒ ζ (2,ρ), ϕ(2,ρ)(t) := Eeitζ = e−t2/2,

so that ζ (2,ρ) has the standard normal distribution which does not depend on ρ.

Proof We will use the same approach as in the proof of the central limit theorem
using relation (8.8.1). We will study the asymptotic properties of the ch.f. ϕ(t) =
Eeitξ in the vicinity of zero (more precisely, the asymptotics of

ϕ

(
μ

b(n)

)

− 1 → 0

as b(n) → ∞) and show that, under condition [Rβ,ρ], for each μ ∈ R, we have

n

(

ϕ

(
μ

b(n)

)

− 1

)

→ lnϕ(β,ρ)(μ) as n → ∞ (A7.1.12)

(or some modification of this relation, see (A7.1.48)). This will imply that, for ζn =
S(n)/b(n), as n → ∞, there holds the relation (cf. Lemma 8.3.2)

ϕζn(μ) → ϕ(β,ρ)(μ). (A7.1.13)

Indeed,

ϕζn(μ) = ϕn

(
μ

b(n)

)

.

Since ϕ(t) → 1 as t → 0, one has

lnϕζn(μ) = n lnϕ

(
μ

b(n)

)

= n ln

[

1 +
(

ϕ

(
μ

b(n)

)

− 1

)]

= n

[

ϕ

(
μ

b(n)

)

− 1

]

+ Rn,

where |Rn| ≤ n|ϕ(μ/b(n))−1|2 for all n large enough, and hence Rn → 0 by virtue
of (A7.1.12). It follows that (A7.1.12) implies (A7.1.13).

So first we will study the asymptotics of ϕ(t) as t → 0 and then estab-
lish (A7.1.12).
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(i) First let β ∈ (0,1). We have

ϕ(t) = −
∫ ∞

0
eitx dV (x) −

∫ ∞

0
e−itx dW(x). (A7.1.14)

Consider the former integral

−
∫ ∞

0
eitx dV (x) = V (0) + it

∫ ∞

0
eitxV (x) dx, (A7.1.15)

where the substitution |t |x = y, |t | = 1/m yields

I+(t) := it

∫ ∞

0
eitxV (x) dx = iϑ

∫ ∞

0
eiϑyV (my)dy, (A7.1.16)

ϑ = sign t (we will henceforth exclude the trivial case t = 0).
Assume for the present that ρ+ > 0. Then V (x) is an r.v.f. as x → ∞ and, for

each y, by virtue of the properties of s.v.f.s we have, as |m| → 0,

V (my) ∼ y−βV (m).

Therefore it is natural to expect that, as |t | → 0,

I+(t) ∼ iϑV (m)

∫ ∞

0
eiϑyy−β dy = iϑV (m)A(β,ϑ), (A7.1.17)

where

A(β,ϑ) :=
∫ ∞

0
eiϑyy−β dy. (A7.1.18)

Assume that relation (A7.1.17) holds and similarly (in the case when ρ− > 0)

−
∫ ∞

0
e−itx dW(x) = W(0) + I−(t), (A7.1.19)

where

I−(t) := −it

∫ ∞

0
e−itxW(x)dx ∼ −iϑW(m)

∫ ∞

0
e−iϑyy−β dy

= −iϑW(m)A(β,−ϑ). (A7.1.20)

Since V (0) + W(0) = 1, relations (A7.1.14)–(A7.1.20) mean that, as t → 0,

ϕ(t) = 1 + F0(m)iϑ
[
ρ+A(β,ϑ) − ρ−A(β,−ϑ)

](
1 + o(1)

)
. (A7.1.21)

We can find an explicit form of the integral A(β,ϑ). Observe that the integral
along the boundary of the positive quadrant (closed as a contour) in the complex
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plane of the function eizz−β , which, as |t | → 0, is equal to zero. From this it is not
hard to obtain that

A(β,ϑ) = Γ (1 − β)eiϑ(1−β)π/2, β > 0. (A7.1.22)

(Note also that (A7.1.18) is a table integral and its value can be found in handbooks,
see, e.g., integrals 3.761.4 and 3.761.9 in [18].)

Thus, in (A7.1.21) one has

iϑ
[
ρ+A(β,ϑ) − ρ−A(β,−ϑ)

] = iϑ Γ (1 − β)

[

ρ+ cos
(1 − β)π

2

+ iϑρ+ sin
(1 − β)π

2
− ρ− cos

(1 − β)π

2
+ iϑρ− sin

(1 − β)π

2

]

= Γ (1 − β)

[

iϑ(ρ+ − ρ−) cos
(1 − β)π

2
− sin

(1 − β)π

2

]

= Γ (1 − β)

[

iϑρ sin
βπ

2
− cos

βπ

2

]

= B(β,ρ,ϑ),

where B(β,ρ,ϑ) is defined in (A7.1.8). Hence, as t → 0,

ϕ(t) − 1 = F0(m)B(β,ρ,ϑ)
(
1 + o(1)

)
. (A7.1.23)

Putting t = μ/b(n) (so that m = b(n)/|μ|), where b(n) is defined in (A7.1.3), and
taking into account that F0(b(n)) ∼ 1/n, we obtain

n

[

ϕ

(
μ

b(n)

)

− 1

]

= nF0

(
b(n)

|μ|
)

B(β,ρ,ϑ)
(
1 + o(1)

) ∼ |μ|βB(β,ρ,ϑ).

(A7.1.24)
We have established the validity of (A7.1.12) and therefore that of assertion (i) of
the theorem in the case β < 1, ρ+ > 0.

If ρ+ = 0 (ρ− = 0) then, as was already mentioned, the above argument remains
valid if we replace V (m) (W(m)) by zero. This follows from the fact that in this
case F+(t) (F−(t)) admits a regularly varying majorant V ∗(t) = o(W(t)) (W ∗(t) =
o(V (t))).

It remains only to justify the asymptotic equivalence in (A7.1.17). To do that, it
is sufficient to verify that the integrals

∫ ε

0
eiϑyV (my)dy,

∫ ∞

M

eiϑyV (my)dy (A7.1.25)

can be made arbitrarily small compared to V (m) by choosing appropriate ε and M .
Note first that by Theorem A6.2.1(iii) of Appendix 6 (see (A6.1.2) in Appendix 6),
for any δ > 0, there exists an xδ > 0 such that, for all v ≤ 1 and vx ≥ xδ , we have

V (vx)

V (x)
≤ (1 + δ)v−β−δ.
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Therefore, for δ < 1 − β and x > xδ ,

∫ x

0
V (u)du ≤ xδ +

∫ x

xδ

V (u)du = xδ + xV (x)

∫ 1

xδ/x

V (vx)

V (x)
dv

≤ xδ + xV (x)(1 + δ)

∫ 1

0
v−β−δdv

= xδ + xV (x)(1 + δ)

1 − β − δ
≤ cxV (x) (A7.1.26)

since xV (x) → ∞ as x → ∞. It follows that
∣
∣
∣
∣

∫ ε

0
eiϑyV (my)dy

∣
∣
∣
∣ ≤ 1

m

∫ εm

0
V (u)du ≤ cεV (εm) ∼ cε1−βV (m).

Since ε1−β → 0 as ε → 0, the first assertion in (A7.1.25) is proved. The second
integral in (A7.1.25) is equal to

∫ ∞

M

eiϑyV (my)dy = 1

iϑ
eiϑyV (my)

∣
∣
∣
∣

∞

M

− 1

iϑ

∫ ∞

M

eiϑydV (my)

= − 1

iϑ
eiϑMV (mM) − 1

iϑ

∫ ∞

mM

eiϑu/mdV (u),

so its absolute value does not exceed

2V (mM) ∼ 2M−βV (m) (A7.1.27)

as m → ∞. Hence the value of the second integral in (A7.1.25) can also be made ar-
bitrarily small compared to V (m) by choosing an appropriate M . Relation (A7.1.17)
together with the assertion of the theorem in the case β < 1 are proved.

Let now β ∈ (1,2) and hence there exist a finite expectation Eξ which, according
to our condition, will be assumed to be equal to zero. In this case,

ϕ(t) − 1 = ϑ

∫ |t |

0
ϕ′(ϑu)du, ϑ = sign t, (A7.1.28)

and we have to find the asymptotic behaviour of

ϕ′(t) = −i

∫ ∞

0
xeitxdV (x) + i

∫ ∞

0
xe−itxdW(x) =: I (1)

+ (t) + I
(1)
− (t) (A7.1.29)

as t → 0. Since x dV (x) = d(xV (x)) − V (x)dx, integration by parts yields

I
(1)
+ (t) := −i

∫ ∞

0
xeitxdV (x) = −i

∫ ∞

0
eitxd

(
xV (x)

) + i

∫ ∞

0
eitxV (x) dx

= −t

∫ ∞

0
xV (x)eitx dx + iV I (0) − t

∫ ∞

0
V I (x)eitx dx
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= iV I (0) − t

∫ ∞

0
Ṽ (x)eitx dx, (A7.1.30)

where, by Theorem A6.2.1(iv) of Appendix 6, both functions

V I (x) :=
∫ ∞

x

V (u)du ∼ xV (x)

β − 1
as x → ∞, V I (0) < ∞,

and

Ṽ (x) := xV (x) + V I (x) ∼ βxV (x)

β − 1

are regularly varying.
Letting, as before, m = 1/|t |, m → ∞ (cf. (A7.1.16), (A7.1.17)), we get

−t

∫ ∞

0
Ṽ (x)eitx dx = −ϑṼ (m)

∫ ∞

0
Ṽ (my)eiϑy dy

∼ −ϑ

∫ ∞

0
y−β+1eiϑy dy = − βV (m)

t (β − 1)
A(β − 1, ϑ),

I
(1)
+ (t) = iV I (0) − βρ+F0(m)

t (β − 1)
A(β − 1, ϑ)

(
1 + o(1)

)
, (A7.1.31)

where the function A(β,ϑ) defined in (A7.1.18) is equal to (A7.1.22).
Similarly,

I
(1)
− (t) := i

∫ ∞

0
te−itx dW(x)

= −t

∫ ∞

0
xW(x)e−itx dx − iWI (0) − t

∫ ∞

0
WI(x)e−itx dx

= −iWI (0) − t

∫ ∞

0
W̃ (x)e−itx dx,

where

WI(x) :=
∫ ∞

x

W(u)du, W̃ (x) := xW(x) + WI(x) ∼ βxW(x)

β − 1
,

and

−t

∫ ∞

0
W̃ (x) e−itx dx ∼ − βW(m)

t (β − 1)
A(β − 1,−ϑ).

Therefore

I
(1)
− (t) = iWI (0) − βρ−F0(m)

t (β − 1)
A(β − 1,−ϑ)

(
1 + o(1)

)
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and hence, by virtue of (A7.1.29), (A7.1.31), and the equality V I (0) − WI(0) =
Eξ = 0, we have

ϕ′(t) = − βF0(m)

t (β − 1)

[
ρ+A(β − 1, ϑ) + ρ−A(β − 1,−ϑ)

](
1 + o(1)

)
.

We return now to relation (A7.1.28). Since

∫ |t |

0
u−1 F0

(
u−1)du ∼ β−1F0

(|t |−1) = β−1F0(m)

(see Theorem A6.2.1(iii) of Appendix 6), we obtain, again using (A7.1.22) and an
argument similar to the one in the proof for the case β < 1, that

ϕ(t) − 1 = − 1

β − 1
F0(m)

[
ρ+A(β − 1, ϑ) + ρ−A(β − 1,−ϑ)

](
1 + o(1)

)

= −Γ (2 − β)

β − 1
F0(m)

[

ρ+
(

cos
(2 − β)π

2
+ iϑ sin

(2 − β)π

2

)

+ ρ−
(

cos
(2 − β)π

2
− iϑ sin

(2 − β)π

2

)]
(
1 + o(1)

)

= Γ (2 − β)

β − 1
F0(m)

[

cos
βπ

2
− iϑρ sin

βπ

2

]
(
1 + o(1)

)

= F0(m)B(β,ρ,ϑ)
(
1 + o(1)

)
. (A7.1.32)

We arrive once again at relation (A7.1.23) which, by virtue of (A7.1.24), implies the
assertion of the theorem for β ∈ (1,2).

(ii) Case β = 1. In this case, the computation is somewhat more complicated. We
again follow relations (A7.1.14)–(A7.1.16), according to which

ϕ(t) = 1 + I+(t) + I−(t). (A7.1.33)

Rewrite expression (A7.1.16) for I+(t) as

I+(x) = iϑ

∫ ∞

0
eiϑyV (my)dy = iϑ

∫ ∞

0
V (my) cosy dy −

∫ ∞

0
V (my) siny dy,

(A7.1.34)
where the first integral on the right-hand side can be represented as the sum of two
integrals:

∫ 1

0
V (my)dy +

∫ ∞

0
g(y)V (my)dy, (A7.1.35)

g(y) =
{

cosy − 1 if y ≤ 1,

cosy if y > 1.
(A7.1.36)
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Note that (see, e.g., integral 3.782 in [18]) the value of the integral

−
∫ ∞

0
g(y)y−1 dy = C ≈ 0.5772 (A7.1.37)

is the Euler constant. Since V (ym)/V (m) → y−1 as m → ∞, similarly to the above
argument we obtain for the second integral in (A7.1.35) the relation

∫ ∞

0
g(y)V (my)dy ∼ −CV (m). (A7.1.38)

Consider now the first integral in (A7.1.35):

∫ 1

0
V (my)dy = m−1

∫ m

0
V (u)du = m−1VI (m), (A7.1.39)

where

VI (x) :=
∫ t

0
V (u)du (A7.1.40)

can easily be seen to be an s.v.f. in the case β = 1 (see Theorem A6.2.1(iv) of
Appendix 6). Here if E|ξ | = ∞ then VI (x) → ∞ as x → ∞, and if E|ξ | < ∞ then
VI (x) → VI (∞) < ∞.

Thus, for the first term on the right-hand side of (A7.1.34) we have

Im I+(t) = ϑ
(−CV (m) + m−1VI (m)

) + o
(
V (m)

)
. (A7.1.41)

Now we will determine how VI (vx) depends on v as x → ∞. For any fixed v > 0,

VI (vx) = VI (x) +
∫ vx

x

V (u)du = VI (x) + xV (x)

∫ v

1

V (yx)

V (x)
dy.

By Theorem A6.2.1 of Appendix 6,

∫ v

1

V (yx)

V (x)
dy ∼

∫ v

1

dy

y
= lnv,

so that

VI (vx) = VI (x) + (
1 + o(1)

)
xV (x) lnv =: AV (v, x) + xV (x) lnv, (A7.1.42)

where evidently

AV (v, x) = VI (x) + o
(
xV (x)

)
as x → ∞ (A7.1.43)

and VI (x) � xV (x) by Theorem A6.2.1(iv) of Appendix 6.
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Therefore, for t = μ/b(n) (so that m = b(n)/|μ| and hence V (m) ∼ ρ+|μ|/n),
we obtain from (A7.1.41) and (A7.1.42) (where one has to put x = b(n), v = 1/|μ|)
that the following representation is valid as n → ∞:

Im I+(t) = −C
ρ+μ

n
+ μ

b(n)

[

AV

(|μ|−1, b(n)
) − ρ+μ

n
ln |μ|

]

+ o
(
n−1)

= μ

b(n)
AV

(|μ|−1, b(n)
) − ρ+μ

n

(
C + ln |μ|) + o

(
n−1). (A7.1.44)

For the second term on the right-hand side of (A7.1.34) we have

Re I+(t) = −
∫ ∞

0
V (my) siny dy ∼ −V (m)

∫ ∞

0
y−1 siny dy.

Because siny ∼ y as y → 0, the last integral converges. Since Γ (γ ) ∼ 1/γ as γ →
0, the value of this integral can be found to be (see (A7.1.22) and (A7.1.22))

lim
γ→0

Γ (γ ) sin
γπ

2
= π

2
. (A7.1.45)

Thus, for t = μ/b(n),

Re I+(t) = −π |μ|
2n

+ o
(
n−1). (A7.1.46)

In a similar way we can find an asymptotic representation for the integral I−(t)

(see (A7.1.14)–(A7.1.20)):

I−(t) := −iϑ

∫ ∞

0
W(my)e−iϑy dy

= −iϑ

∫ ∞

0
W(my) cosy dy −

∫ ∞

0
W(my) siny dy.

Comparing this with (A7.1.34) and the subsequent computation of I+(t), we can
immediately conclude that, for t = μ/b(n) (cf. (A7.1.44), (A7.1.46)),

Im I−(t) = −−μAW(|μ|−1, b(n))

b(n)
+ ρ−μ

n

(
C + ln |μ|) + o

(
n−1),

Re I−(t) = −π |μ|ρ−
2n

+ o
(
n−1).

(A7.1.47)

Thus we obtain from (A7.1.33), (A7.1.44) and (A7.1.46) that (A7.1.47) imply

ϕ

(
μ

b(n)

)

− 1 = −π |μ|
n

− iρμ

n

(
C + ln |μ|)

+ iμ

b(n)

[
AV

(|μ|−1, b(n)
) − AW

(|μ|−1, b(n)
)] + o

(
n−1).
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It follows from (A7.1.43) that the penultimate term here is equal to

iμ

b(n)

[
VI

(
b(n)

) − WI

(
b(n)

)] + o
(
n−1),

so that finally,

ϕ

(
μ

b(n)

)

− 1 = −π |μ|
2n

− iρμ

n
ln |μ| + iμ

An

n
+ o

(
n−1), (A7.1.48)

where

An = n

b(n)

[
VI

(
b(n)

) − WI

(
b(n)

)] − ρC.

Therefore, similarly to (A7.1.12) and (A7.1.13), we obtain

ϕζn−An(μ) = e−iμAnϕ n

(
μ

b(n)

)

= exp

{

−iμAn + n ln

[

1 +
(

ϕ

(
μ

b(n)

)

− 1

)]}

= exp

{

−iμAn + n

(

ϕ

(
μ

b(n)

)

− 1

)

+ nO

(∣
∣
∣
∣ϕ

(
μ

b(n)

)

− 1

∣
∣
∣
∣

2)}

.

As, for β = 1, by Theorem A6.2.1(iv) of Appendix 6, the functions VI and WI are
slowly varying, by (A7.1.48) one has

n

∣
∣
∣
∣ϕ

(
μ

b(n)

)

−1

∣
∣
∣
∣

2

≤ c

(
1

n
+ A2

n

n

)

≤ c1

(
1

n
+ 1

b(n)

[
VI

(
b(n)

)2 +WI

(
b(n)

)2]
)

→ 0.

Since clearly

−iμAn + n

(

ϕ

(
μ

b(n)

)

− 1

)

→ −π |μ|
2

− iρμ ln |μ|,

we have

ϕζn−An(μ) → exp

{

−π |μ|
2

− iρμ ln |μ|
}

,

so relation (A7.1.9) is proved. The subsequent assertions regarding the centring se-
quence {An} are evident. �

(iii) It remains to consider the case β = 2. We will follow representations
(A7.1.28)–(A7.1.30), according to which we have to find, as m = 1/|t | → ∞, the
asymptotics of

ϕ′(t) = I
(1)
+ (t) + I

(1)
− (t), (A7.1.49)

where

I
(1)
+ (t) := iV I (0) − t

∫ ∞

0
Ṽ (x)eitx dx = iV I (0) − ϑ

∫ ∞

0
Ṽ (my)eiϑy dy

(A7.1.50)
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and, by Theorem A6.2.1(iv) of Appendix 6,

V I (x) =
∫ ∞

x

V (y) dy ∼ xV (x), Ṽ (x) = xV (x) + V I (x) ∼ 2xV (x) (A7.1.51)

as x → ∞. Further,
∫ ∞

0
Ṽ (my) eiϑydy =

∫ ∞

0
Ṽ (my) cosy dy + ϑ

∫ ∞

0
Ṽ (my) siny dy. (A7.1.52)

Here the second integral on the right-hand side is asymptotically equivalent, as
m → ∞, to (see (A7.1.45))

Ṽ (m)

∫ ∞

0
y−1 siny dy = π

2
Ṽ (m).

The first integral on the right-hand side of (A7.1.52) is equal to

∫ 1

0
Ṽ (my)dy +

∫ ∞

0
g(y)Ṽ (my)dy,

where the function g(y) was defined in (A7.1.35), and

∫ 1

0
Ṽ (my)dy = 1

m

∫ m

0
Ṽ (u) du = 1

m
ṼI (m),

ṼI (x) := ∫ x

0 Ṽ (u) du being an s.v.f. by (A7.1.51). Since

∫ x

0
uV (u)du = x2V (x)

2
− 1

2

∫ x

0
u2dV (u),

∫ x

0
V I (u)du = xV I (x) +

∫ x

0
uV (u)du

and V I (x) ∼ xV (x), we have

ṼI (x) =
∫ x

0

(
uV (u) + V I (u)

)
du

= xV I (x) + x2V (x) −
∫ x

0
u2 dV (u)

= −
∫ x

0
u2 dV (y) + O

(
x2V (x)

)
, (A7.1.53)

where the last term is negligibly small, because
∫ x

0
uV (u)du � x2V (x)

(see Theorem A6.2.1(iv) of Appendix 6).
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It is also clear that, as x → ∞,

ṼI (x) → ṼI (∞) = E
(
ξ2; ξ > 0

) ∈ (0,∞].

As a result, we obtain (see also (A7.1.38))

I
(1)
+ (t) = iV I (0) − iπ

2
Ṽ (m) − t ṼI (m) + ϑCṼ (m) + o

(
Ṽ (m)

)

= iV I (0) − t ṼI (m)
(
1 + o(1)

)

since ṼI (x) � t Ṽ (x).
Quite similarly we get

I
(1)
− (t) = −iWI (0) − tW̃I (m)

(
1 + o(1)

)
,

where W̃I is an s.v.f. which is obtained from the function W in the same way as ṼI

from V . Since V I (0) = WI(0), relation (A7.1.49) now yields that

ϕ′(t) = −t
[
ṼI (m) + W̃I (m)

](
1 + o(1)

)
.

Hence from (A7.1.28) we obtain the representation

ϕ(t) − 1 = ϑ

∫ 1/m

0
ϕ′(ϑu)du = −

∫ 1/m

0
u
[
ṼI (1/u) + W̃I (1/u)

]
du

∼ − 1

2m2

[
ṼI (m) + W̃I (m)

] ∼ − 1

2m2
E

(
ξ2; −m ≤ ξ < m

)

by virtue of (A7.1.53) and a similar relation for W̃I . Turning now to the definition
of the function Y(x) = x−2LY (x) in (A7.1.5) and putting

b(n) := Y (−1)(1/n), t = μ/b(n),

we get

n
(
ϕ(t) − 1

) ∼ −n

2
Y

(
b(n)/|μ|) ∼ −nμ2

2
Y

(
b(n)

) → −μ2

2
.

The theorem is proved. �

7.2 The Integro-Local and Local Limit Theorems

In this section we will prove Theorems 8.8.2–8.8.4. We will begin with the integro-
local theorem.
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Theorem A7.2.1 (Integro-local Stone’s theorem) Let ξ be a non-lattice random
variable and the conditions of Theorem A7.1.1 be satisfied. Then, for each fixed
Δ > 0,

P
(
Sn ∈ Δ[x)

) = Δ

b(n)
f (β,ρ)

(
x

b(n)

)

+ o

(
1

b(n)

)

as n → ∞,

where the remainder term o( 1
b(n)

) is uniform in x.

Proof of Theorem A7.2.1 The Proof is analogous to the proof of Theorem 8.7.1. We
will again use the smoothing approach and consider, along with the sums Sn, the
sums

Zn = Sn + θη,

where θ = const and η is chosen so that its ch.f. is equal to 0 outside a fi-
nite interval. For instance, we can choose η as in Sect. 8.7.3, i.e., with the ch.f.
ϕη(t) = max(0, 1 − |t |). Then equality (8.7.19) will still be valid with the same de-
composition of the integral on its right-hand side into the subintegral I1 over the
domain |t | < γ and I2 over the domain γ ≤ |t | ≤ 1/θ . Here estimating I2 can be
done in the same way as in Theorem 8.7.1.

For the sake of brevity, put ϕ̂(t) := ϕηΔ(t)ϕθη(t). Then, for the integral I1 with
x = vb(n), we have

I1 =
∫

|t |<γ

e−itxϕn(t)ϕ̂(t) dt = 1

b(n)

∫

|u|<γb(n)

e−iuvϕn

(
u

b(n)

)

ϕ̂

(
u

b(n)

)

du.

(A7.2.1)

As was shown in the proof of Theorem 8.1.1, for each u we have

ϕn

(
u

b(n)

)

→ ϕ(β,ρ)(u) as n → ∞,

and, moreover, for some c > 0 and γ > 0 small enough, by, virtue of, say, (A7.1.23)
and (A7.1.32), we have

Re
(
ϕ(t) − 1

) ≤ −cF0

(
1

|t |
)

,

and, for any ε > 0 and all n large enough,

nRe

(

ϕ

(
u

b(n)

)

− 1

)

≤ −cnF0

(
b(n)

|u|
)

≤ −c |u|β−ε.

Here we used the properties of the r.v.f. F0. Moreover,

ϕ̂

(
u

b(n)

)

→ 1 as n → ∞,
∣
∣ϕ̂(u)/b(n)

∣
∣ ≤ 1.
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The above also implies that, for all u such that |u| < γb(n),
∣
∣
∣
∣ϕ

n

(
u

b(n)

)∣
∣
∣
∣ ≤ e−c |u|β−ε

. (A7.2.2)

The obtained relations mean that we can use the dominated convergence theorem
in (A7.2.1) which implies

lim
n→∞b(n)I1 =

∫

e−iuvϕ(β,ρ)(u) du (A7.2.3)

uniformly in v, since the right-hand side of (A7.2.1) is uniformly continuous in v.
On the right-hand side of (A7.2.3) is the result of the application of the inversion
formula (up to the factor 1/2π ) to the ch.f. ϕ(α,ρ). This means that

lim
n→∞b(n)I1 = 2πf (β,ρ)(v).

We have established that, for x = vb(n), as n → ∞,

P
(
Zn ∈ Δ[x)

) = Δ

b(n)
f (β,ρ)

(
x

b(n)

)

+ o

(
1

b(n)

)

uniformly in v (and hence in x).
To prove the theorem it remains to use Lemma 8.7.1.
The theorem is proved. �

The proofs of the local Theorems 8.8.3 and 8.8.4 can be obtained by an obvious
similar modification of the proofs of Theorems 8.7.2 and 8.7.3 under the conditions
of Theorem 8.8.1.



Appendix 8
Upper and Lower Bounds for the Distributions
of the Sums and the Maxima of the Sums
of Independent Random Variables

Let ξ, ξ1, ξ2, . . . be independent identically distributed random variables,

Sn =
n∑

i=1

ξi, Sn = max
1≤k≤n

Sk.

The main goal of this appendix is to obtain upper and lower bounds for the proba-
bilities P(Sn ≥ x) and P(Sn ≥ x). These bounds were used in Sect. 9.5 to find the
asymptotics of the probabilities of large deviations for Sn and Sn.

8.1 Upper Bounds Under the Cramér Condition

In this section we will assume that the following one-sided Cramér condition is met:

[C] There exists a λ > 0 such that

ψ(λ) = Eeλξ < ∞. (A8.1.1)

The following analogue of the exponential Chebyshev inequality holds true for
P(Sn ≥ x).

Theorem A8.1.1 For all n ≥ 1, x ≥ 0 and λ ≥ 0, we have

P(Sn ≥ x) ≤ e−λx max
(
1,ψn(λ)

)
. (A8.1.2)

Proof As η(x) := inf{k ≥ 1 : Sk ≥ x} ≤ ∞ is a Markov time, the event {η(x) = k}
is independent of the random variables Sn − Sk . Therefore

ψn(λ) = E eλSn ≥
n∑

k=1

E
(
eλSn;η(x) = k

) ≥
n∑

k=1

E
(
eλ(x+Sn−Sk);η(x) = k

)

A.A. Borovkov, Probability Theory, Universitext,
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013

703

http://dx.doi.org/10.1007/978-1-4471-5201-9


704 8 Bounds for Sums and Maximum of Sums

= eλx
n∑

k=1

ψn−k(λ)P
(
η(x) = k

) ≥ eλx min
(
1,ψn(λ)

)
P(Sn ≥ x).

This immediately implies (A8.1.2). The theorem is proved. �

If ψ(λ) ≥ 1 for λ ≥ 0 (this is always the case if there exists E ξ ≥ 0) then the
right-hand side of (A8.1.2) is equal to e−λxψn(λ), and the equality (A8.1.2) itself
can also be obtained as a consequence of the well-known Kolmogorov–Doob in-
equality for submartingales (see Theorem 15.3.4, where one has to put Xn := Sn).

Thus, if Eξ ≥ 0 then

P(Sn ≥ x) ≤ e−λx+n lnψ(λ).

Choosing the best possible value of λ we obtain the following inequality.

Corollary A8.1.1 If Eξ ≥ 0 then, for all n ≥ 1 and x ≥ 0, we have

P(Sn ≥ x) ≤ e−nΛ(α),

where

α := x

n
, Λ(α) := sup

λ

(
λα − lnψ(λ)

)
.

The function Λ(α) is the rate function introduced in Sect. 9.1. Its basic proper-
ties were stated in that section. In particular, for E ξ = 0 and E ξ2 = σ 2 < ∞, the

asymptotic equivalence Λ(α) ∼ α2

2σ 2 as α → 0 takes place, which yields that, for
x = o(n),

P(Sn ≥ x) ≤ exp

{

− x2

2nσ 2

(
1 + o(1)

)
}

. (A8.1.3)

8.2 Upper Bounds when the Cramér Condition Is Not Met

In this section we will assume that

Eξ = 0, Eξ2 = σ 2 < ∞. (A8.2.1)

For simplicity’s sake, without losing generality, in what follows we will put σ = 1.
The bounds will be obtained for the deviation zone x >

√
n which is adjacent to the

zone of “normal deviations” where

P(Sn ≥ x) ∼ 1 − Φ

(
x√
n

)

(A8.2.2)
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(uniformly in x ∈ (0,Nn

√
n), where Nn → ∞ slowly enough as n → ∞; see

Sect. 8.2). Moreover, it was established in Sect. 19.1 that, in the normal deviations
zone,

P(Sn ≥ x) ∼ 2

(

1 − Φ

(
x√
n

))

. (A8.2.3)

To derive upper bounds in the zone x >
√

n when the Cramér condition [C]
is not met, we will need additional conditions on the behaviour of the right tail
F+(t) = P(ξ ≥ t) of the distribution F.

Namely, we will assume that the following condition is satisfied.

[<] For the right tail F+(t) = P(ξ ≥ t) there exists a regularly varying (see
Appendix 6) majorant V (t):

F+(t) ≤ V (t) := t−βL(t) for all t > 0,

where β > 2 and L is a slowly varying function (s.v.f., see Appendix 6).

By virtue of (A8.2.2) and (A8.2.3), for deviations x < Nn

√
n, n → ∞, it would

be natural to expect upper bounds with an exponential right-hand side e−x2/(2n)

(cf. (A8.1.3)). On the other hand, Theorem A6.4.3(iii) of Appendix 6 implies that,
for F+(t) = V (t) ∈ R and any fixed n we have, as x → ∞,

P(Sn ≥ x) ∼ nV (x). (A8.2.4)

This relation clearly holds true if n → ∞ slowly enough (as x → ∞).
The asymptotics (A8.2.2) and (A8.2.4) merge with each other remarkably as

follows:

P(Sn ≥ x) ∼
(

1 − Φ

(
x√
n

))

+ nV (x) (A8.2.5)

as n → ∞ for all x >
√

n (for more details see, e.g., [8] and the bibliography
therein). Relation (A8.2.5) allows us to “guess” the threshold values of x = b(n)

for which asymptotics (A8.2.2) changes to asymptotics (A8.2.4). To find such x it
suffices to equate the logarithms of the right-hand sides of (A8.2.2) and (A8.2.4):

−x2

2n
= lnnV (x) = lnn − β lnx + o(lnx).

The main part b(n) of the solution to this equation, as it is not hard to see, has the
form

b(n) = √
(β − 2)n lnn

(we exclude the trivial case n = 1).
In what follows, we will represent deviations x as x = sb(n). Based on the above,

it is natural to expect (and it can be easily verified) that the first term will dominate
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on the right-hand side of (A8.2.5) if s < 1, while the second will dominate if s > 1.
Accordingly, for small s (but such that x >

√
n), we will have the above-mentioned

exponential bounds for P(Sn ≥ x), while for large s there will hold bounds of the
form nV (x) (note that nV (x) → 0 for x > b(n) and β > 2).

The above claim is confirmed by the assertions below. Along with x introduce
deviations

y = x

r
,

where r ≥ 1 is fixed, and put

Bj := {ξj < y}, B :=
n⋂

j=1

Bj .

Theorem A8.2.1 Let conditions (A8.2.1) and [<] be satisfied.
(1) For any fixed h > 1, s0 > 0, x = sb(n), s ≥ s0 and all Π := nV (x) small

enough, we have

P := P(Sn ≥ x;B) ≤ er

(
Π(y)

r

)r−θ

, (A8.2.6)

where

Π(y) := nV (y), θ := hr2

4s2

(

1 + b
ln s

lnn

)

, b := 2β

β − 2
.

(2) For any fixed h > 1, τ > 0, for x = sb(n) >
√

n, s2 < (h − τ)/2, and all n

large enough, we have

P ≤ e−x2/(2nh). (A8.2.7)

Corollary A8.2.1 (a) If s → ∞ then

P(Sn ≥ x) ≤ nV (x)
(
1 + o(1)

)
. (A8.2.8)

(b) If s2 ≥ s2
0 for some fixed s0 > 1 then, for all nV (x) small enough,

P(Sn ≥ x) ≤ cnV (x), c = const. (A8.2.9)

(c) For any fixed h > 1, τ > 0, for s2 < (h − τ )/2, x >
√

n, and all n large
enough,

P(Sn ≥ x) ≤ e−x2/(2nh). (A8.2.10)

Remark A8.2.1 It is not hard to verify (see the proofs of Theorem A8.2.1 and Corol-
lary A8.2.1) that there exists a function ε(t) ↓ 0 as t ↑ ∞ such that one has, along
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with (A8.2.8), the relation

sup
x:s≥t

P(Sn > x)

nV (x)
≤ 1 + ε(t).

Proof of Corollary A8.2.1 The proof is based on the inequality

P(Sn > x) ≤ P(B) + P(Sn ≥ x; B) ≤ nV (y) + P. (A8.2.11)

Since θ → 0 as s → ∞, we see that, for any fixed ε > 0 and all Π = nV (x) small
enough, we have P ≤ c(nV (y))r−ε . Putting r := 1 + 2ε, we obtain from (A8.2.11)
and (A8.2.6) that

P(Sn ≥ x) ≤ nV (y) + c
(
nV (y)

)1+ε ∼ n(1 + 2ε)−βV (x).

Since the left-hand side of this inequality does not depend on ε, relation (A8.2.8)
follows.

We now prove (b). If s → ∞ then (b) follows from (a). If s is bounded then
necessarily n → ∞ (since nV (x) → 0) and hence

r − θ = r − hr2

4s2

(

1 + b
ln s

lnn

)

= ψ(r, s) + o(1),

where the function

ψ(r, s) := r − hr2

4s2

attains its maximum ψ(r0, s) = s2/h in r at the point r0 = 2s2/h. Moreover, ψ(r, s)

strictly decreases in s. Therefore, for r0 = 2s2/h, we obtain

ψ(r0, s) = s2

h
, (A8.2.12)

r0 − θ ≥ s2

h
+ o(1) as n → ∞. (A8.2.13)

Choose h so close to 1 and τ > 0 so small that h + τ ≤ s2
0 . Putting r := r0, for

s2 ≥ s2
0 ≥ h + τ and as n → ∞, we get from (A8.2.6), (A8.2.12) and (A8.2.13) that

P(Sn ≥ x) ≤ nV (y) + c
(
nV (y)

)1+τ/2 ∼ nV

(
x

r0

)

∼ r
β

0 nV (x).

This proves (b).
Relation (c) for y = x follows from the inequality (see (A8.2.7) and (A8.2.11))

P(Sn ≥ x) ≤ nV (x) + e−x2/(2nh), (A8.2.14)
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where, for s2 < (h − τ )/2,

e−x2(2nh) > exp

{

− (h − τ)

2

(β − 2)n lnn

2nh

}

> n−(β−2)/4.

On the other hand, we have x >
√

n,

nV (x) ≤ nV (
√

n) = n−(β−2)/2L∗(n),

where L∗ is a s.v.f. Therefore the second term dominates on the right-hand side
of (A8.2.14). Slightly changing h if necessary, we obtain (c). Corollary A8.2.1 is
proved. �

Remark A8.2.2 One can see from the proof of the corollary that the main contribu-
tion to the bound for the probability P(Sn ≥ x) under the conditions of assertions
(a) and (b) comes from the event B = {maxj≤n ξj ≥ y} with y close to x, so that
the most probable trajectory of {Sk}nk=1 that reaches the level x contains at least one
jump ξj of size comparable to x.

Proof of Theorem A8.2.1 In our case, the Cramér condition [C] is not met. In order
to use Theorem A8.1.1 in such a situation, we introduce “truncated” random vari-
ables with distributions that coincide with the conditional distribution of ξ given
{ξ < y} for some level y the choice of which will be at our disposal. Namely, we
introduce independent identically distributed random variables ξ

(y)
j , j = 1,2, . . . ,

with the distribution function

P
(
ξ

(y)
j < t

) = P(ξ < t | ξ < y) = P(ξ < t)

P(ξ < y)
, t ≤ y,

and put

S
(y)
n :=

n∑

j=1

ξ
(y)
j , S

(y)

n := max
k≤n

S
(y)
k .

Then

P = P(Sn ≥ x,B) = (
P(ξ < y)

)nP
(
S

(y)

n ≥ x
)
. (A8.2.15)

Applying Theorem A8.1.1 to the variables ξ
(y)
j , we obtain that, for any λ ≥ 0,

P
(
S

(y)

n ≥ x
) ≤ e−λx

[
max

{
1,E eλξ(y)}]n

.

Since

Eeλξ(y) = R(λ,y)

F (y)
, where R(λ,y) :=

∫ y

∞
eλtF(dt),

we arrive at the following basic inequality. For x, y, λ ≥ 0,

P = P(Sn ≥ x,B) ≤ e−λx
[
max

{
P(ξ < y),R(λ, y)

}]n
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≤ e−λx max
{
1,Rn(λ, y)

}
. (A8.2.16)

Thus, the main problem is to bound the integral R(λ,y). Put

M(v) := v

λ

and represent R(λ,y) as

R(λ,y) = I1 + I2,

where, for a fixed ε > 0,

I1 :=
∫ M(ε)

−∞
eλtF(dt) =

∫ M(ε)

−∞

(

1 + λ t + λ2t2

2
eλθ(t)

)

F(dt), 0 ≤ θ(t)

t
≤ 1.

(A8.2.17)

Here
∫ M(ε)

−∞
F(dt) = 1 − V

(
M(ε)

) ≤ 1,

∫ M(ε)

−∞
tF(dt) = −

∫ ∞

M(ε)

tF(dt) ≤ 0, (A8.2.18)

∫ M(ε)

−∞
t2eλθ(t)F(dt) ≤ eε

∫ M(ε)

−∞
t2F(dt) ≤ eε =: h. (A8.2.19)

Therefore,

I1 ≤ 1 + λ2h

2
. (A8.2.20)

Estimate now

I2 := −
∫ y

M(ε)

eλt dF+(t) ≤ V
(
M(ε)

)
eε + λ

∫ y

M(ε)

V (t)eλt dt. (A8.2.21)

First consider, for M(ε) < M(2β) < y, the subintegral

I2,1 := λ

∫ M(2β)

M(ε)

V (t)eλt dt.

For t = v/λ, as λ → 0, we have

V (t)eλt = V

(
v

λ

)

ev ∼ V

(
1

λ

)

f (v), (A8.2.22)

where the function

f (v) := v−βev
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is convex on (0,∞). Therefore

I2,1 ≤ λ

2

(
M(2β)−M(ε)

)
V

(
1

λ

)
(
f (ε)+f (2β)

)(
1+o(1)

) ≤ cV

(
1

λ

)

. (A8.2.23)

We now proceed to estimating the remaining subintegral

I2,2 := λ

∫ y

M(2β)

V (t)eλt dt.

For brevity’s sake, put M(2β) =: M . We will choose λ so that

μ = λy → ∞ (y � 1/λ) (A8.2.24)

as x → ∞. Substituting the variable (y − t)λ =: u we obtain

λI2,2 = eλyV (y)

∫ (y−M)λ

0
V

(

y − u

λ

)

V −1(y)e−u du. (A8.2.25)

Consider the integral on the right-hand side of (A8.2.25). Since 1/λ � y, the inte-
grand

ry,λ(u) := V (y − u/λ)

V (y)

converges to 1 for each fixed u. In order to use the dominated convergence theorem
which implies that the integral on the right-hand side of (A8.2.25) converges, as
y → ∞, to

∫ ∞

0
e−u du = 1, (A8.2.26)

it remains to estimate the growth rate of the function ry,λ(u) as u increases. By the
properties of r.v.f.s (see Theorem A6.2.1(iii) in Appendix 6), for all λ small enough
(or M large enough; recall that y −u/λ ≥ M in the integrand in (A8.2.25)), we have

ry,λ(u) ≤
(

1 − u

λy

)−2β/2

=: g(u).

Since g(0) = 1 and λy − u ≥ Mλ = 2β , in this domain

(
lng(u)

)′ = 3β

2(λy − u)
≤ 3β

4β
= 3

4
,

lng(u) ≤ 3u

4
, ry,λ(u) ≤ e3u/4.

This means that the integrand in (A8.2.25) is dominated by the exponential e−u/4,
and the use of the dominated convergence theorem is justified. Therefore, due to the
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convergence of the integral in (A8.2.25) to the limit (A8.2.26), we obtain

λI2,2 ∼ eλyV (y)

∫ ∞

0
eu du = eμV (y),

and it is not hard to find a function ε(μ) ↓ 0 as μ ↑ ∞ such that

λI2,2 ≤ eλyV (y)
(
1 + ε(μ)

)
. (A8.2.27)

Summarising (A8.2.20)–(A8.2.23) and (A8.2.27), we obtain

R(λ,y) ≤ 1 + λ2h

2
+ cV

(
1

λ

)

+ V (y)eλy
(
1 + ε(μ)

)
, (A8.2.28)

Rn(λ, y) ≤ exp

{
nλ2h

2
+ cnV

(
1

λ

)

+ nV (y)eλy
(
1 + ε(μ)

)
}

. (A8.2.29)

First take λ to be the value

λ = 1

y
lnT

that “almost minimises” the function −λx + nV (y)eλy , where T := r
nV (y)

, so

that μ = lnT . Note that, for such a choice of μ (or of λ = y−1 ln(r/Π(y))), for
Π(y) → 0 we have that μ = λy ∼ − lnΠ(y) → ∞ and hence that the assumption
y � 1/λ we made in (A8.2.24) holds true. For such λ,

Rn(λ, y) ≤ exp

{
nλ2h

2
+ cnV

(
1

λ

)

+ r
(
1 + ε(μ)

)
}

, (A8.2.30)

where, by the properties of r.v.f.s,

nV

(
1

μ

)

∼ nV

(
y

lnT

)

∼ cnV

(
y

| lnnV (y)|
)

≤ cnV (y)
∣
∣lnnV (y)

∣
∣β+δ → 0,

δ > 0, (A8.2.31)

as nV (y) → 0. Therefore

lnP ≤ −r lnT + r + nh

2y2
ln2 T + ε1(T )

=
[

−r + nh

2y2
lnT

]

lnT + r + ε1(T ), (A8.2.32)

where ε1(T ) ↓ 0 as T ↑ ∞. If x = sb(n), b(n) = √
(β − 2)n lnn, and nV (x) → 0

then

lnT = − lnnV (x) + O(1) = − lnn + β ln s + β

2
lnn + O

(
lnL

(
sσ (n)

)) + O(1)
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= β − 2

2
lnn

[

1 + b
ln s

lnn

]
(
1 + o(1)

)
, (A8.2.33)

where b = 2β
β−2 (the term o(1) in the last equality appears because in our case either

n → ∞ or s → ∞.) Hence, by (A8.2.32),

nh

2y2
lnT = hr2

4s2

[

1 + b
ln s

lnn

]
(
1 + o(1)

)
,

lnP ≤ r −
[

r − h′r2

4s2

(

1 + b
ln s

lnn

)]

lnT

for any h′ > h > 1 and nV (x) small enough. This proves the first assertion of the
theorem.

We now prove the second assertion of the theorem for “small” values of s such
that, for some τ > 0,

s2 <
h − τ

2
.

Since we always assume that x >
√

n, we also have

s = x

b(n)
>

1√
(β − 2) lnn

and we can assume that s2 ≥ n−γ for some γ > 0 to be chosen below. This corre-
sponds to the following domain of the values of x2:

cn1−γ lnn < x2 <
(h − τ)(β − 2)

2
n lnn. (A8.2.34)

For such x, as will be shown below, the main contribution to the exponent on the
right-hand side of (A8.2.29) comes from the quadratic term nλ2h/2, and we will set

λ := x

nh
.

Then, for y = x (r = 1, μ = x2/(nh)),

lnP ≤ −λx + nλ2h

2
+ cnV

(
1

λ

)

+ nV (y)eλy
(
1 + ε(μ)

)

= − x2

2nh
+ cnV

(
nh

x

)

+ nV (x)e
x2
nh

(
1 + ε(μ)

)
. (A8.2.35)

We show that the last two terms on the right-hand side are negligibly small as
n → ∞. Indeed, by the second inequality in (A8.2.34),

nV

(
nh

x

)

≤ cnV

(√
n

lnn

)

→ 0 as n → ∞.
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Further, by the first inequality in (A8.2.34),

nV (x) ≤ n(2−β)/2+γ ′
,

where we can choose γ ′. Moreover, by (A8.2.34),

x2

nh
≤ (h − τ)(β − 2) lnn

2h
=

[
β − 2

2
− τ(β − 2)

2h

]

lnn.

Therefore

nV (x)ex2/(nh) ≤ n−τ(β−2)/(2h)+γ ′ → 0

for γ ′ < τ(β−2)
2h

as n → ∞.
Thus,

lnP ≤ − x2

2nh
+ o(1).

Since x2/n > 1, the term o(1) in the last relation can be omitted by slightly chang-
ing h > 1. (Formally, we proved that, for any h > 1 and all n large enough, inequal-
ity (A8.2.7) is valid with the h on its right-hand side replaced with h′ > h, where we
can take, for instance, h′ = h + (h − 1)/2. Since h′ > 1 can also be made arbitrarily
close to 1 by the choice of h, the obtained relation is equivalent to the one from
Theorem A8.2.1.) This proves (A8.2.7).

The theorem is proved. �

Comparing the assertions of Theorem A8.2.1 and Corollary A8.1.1, we see that,
roughly speaking, for s < 1/2 and for s > 1 one can obtain quite satisfactory and, in
a certain sense, unimprovable upper bounds for the probabilities P and P(Sn > x).

8.3 Lower Bounds

In this section we will again assume that conditions (A8.2.1) are satisfied. The lower
bounds for P(Sn ≥ x) (they will clearly hold for P(Sn ≥x) as well) can be obtained
in a much simpler way than the upper bounds and need essentially no assumptions.

Theorem A8.3.1 Let E ξj = 0 and Eξ2
j = 1. Then, for y = x + t

√
n − 1,

P(Sn ≥ x) ≥ nF+(y)

[

1 − t−2 − n − 1

2
F+(y)

]

. (A8.3.1)

Proof Put Gn := {Sn ≥ x} and Bj := {ξj < y}. Then

P(Sn ≥ x) ≥ P

(

Gn;
n⋃

j=1

Bj

)

≥
n∑

j=1

P(GnBj ) −
∑

i<j≤n

P(GnBiBj )
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≥
n∑

j=1

P(GnBj ) − n(n − 1)

2
F 2+(y).

Here, for y = x + t
√

n − 1,

P(GnBj ) =
∫ ∞

y

P(Sn−1 ≥ x − u)F(du) ≥ P(Sn−1 ≥ x − y)F+(y)

= P(Sn−1 ≥ −t
√

n − 1 )F+(y) = (
1 − P(Sn−1 < −t

√
n − 1 )

)
F+(t),

where, by the Chebyshev inequality,

P(Sn−1 < −t
√

n − 1 ) ≤ t−2.

As a result we get

P(Sn ≥ x) ≥ nF+(t)
(
1 − t−2) − n(n − 1)

2
F 2+(t),

which is equivalent to (A8.3.1).
The theorem is proved. �

Corollary A8.3.1 If x → ∞ and x � √
n then, as t → ∞,

P(Sn ≥ x) ≥ nF+(y)
(
1 + o(1)

)
. (A8.3.2)

If, moreover, F+(u) ≥ V (u) ∈ R then

P(Sn ≥ x) ≥ nV (x)
(
1 + o(1)

)
.

Proof Since y ≥ x, we have

nF+(y) � ny−2 < nx−2 = o(1).

This together with (A8.3.1) implies the first assertion of the corollary as t → ∞. To
obtain the second one, in (A8.3.2) one should take t → ∞ such that t = o(x/

√
n).

Then y ∼ x and V (y) ∼ V (x).
The corollary is proved. �



Appendix 9
Renewal Theorems

The main goal of the present section is to prove Theorem 10.4.1, the key renewal
theorem in the non-arithmetic case (in the terminology of Chap. 10). We will also
consider some refinements and extensions of the theorem.

First consider positive independent identically distributed random variables

τj
d= τ with distribution function F and finite mean a := Eτ < ∞. Here it will be

more convenient to understand by the renewal function its left-continuous version

H(t) :=
∞∑

k=0

F ∗k(t), t ≥ 0,

where F ∗k is the k-fold convolution of the distribution F with itself, which is the
distribution function of the sum Tk = τ1 + · · ·+ τk . We first prove the following key
assertion.

Theorem A9.1 If g is a directly integrable function and τj are non-arithmetic (see
Chap. 10) then, as t → ∞,

∫ t

0
g(t − u)dH(u) → 1

a

∫ ∞

0
g(u)du.

The proof of the theorem mostly follows the argument suggested in [13] and will
need several auxiliary assertions.

Lemma A9.1 Let g be a bounded measurable function. The integral

G(t) =
∫ t

0
g(t − u)dH(u) =: g ∗ H(t) (A9.1)

is the unique solution of the equation

A.A. Borovkov, Probability Theory, Universitext,
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013
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G(t) = g(t) +
∫ t

0
G(t − u)dF (u) = g(t) + G ∗ F(t) (A9.2)

in the class of functions bounded on finite intervals.
The function G = H is the solution of (A9.2) when g ≡ 1. The function G ≡ 1 is

the solution of (A9.2) when g = 1 − F .

Equation (A9.2) is called the renewal equation.
As we already noted in Theorem 10.4.1, one can associate, in an obvious way,

measures H and F with the functions H and F , and write the integrals in (A9.1) and
(A9.2) as integrals with respect to the measures:

∫ t

0
g(t − u)H(du) and

∫ t

0
G(t − u)F(du),

respectively.

Proof of Lemma A9.1 Put

Hn(t) :=
n∑

k=0

F ∗k(t).

The functions Gn = g ∗ Hn satisfy the equation Gn+1 = g + Gn ∗ F and form an
increasing sequence Gn ↑ which is bounded by Lemma 10.2.3. Therefore Gn ↑ G,
and passing to the limit in the equation for Gn we obtain that G satisfies (A9.1).
To prove uniqueness note that the difference V = G(1) − G(2) of two solutions G(1)

and G(2) must satisfy the homogeneous equation V = V ∗ F and therefore also the
relations V = V ∗ (F k∗) or, which is the same,

V (t) =
∫ t

0
V (t − u)dF ∗k(u).

But F ∗k(u) → 0 as k → ∞ for u ∈ [0, t]. Since by the assumption |V (u)| < c on
[0, t], we have V (t) → 0 as k → ∞. But V does not depend on k, so that V (t) ≡ 0.
The last assertion of the lemma can be verified directly. The lemma is proved. �

Note that if we considered functions g of bounded variation, the assertion of
Lemma A9.1 would immediately follow from the equation for the Laplace–Stieltjes
transform G̃(λ) = ∫ ∞

0 e−λt dG(t) of G which follows from (A9.2):

G̃(λ) = g̃(λ) + G̃(λ)ψ(λ), (A9.3)

where

g̃(λ) :=
∫ ∞

0
e−λt dg(t), ψ(λ) :=

∫ ∞

0
e−λt dF (t).
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Indeed, it follows from (A9.3) that

G̃(λ) = g̃(λ)

1 − ψ(λ)
,

which is equivalent to (A9.1).
A point t is said to be a point of growth of the distribution function F provided

that F(t + ε) − F(t) > 0 for any ε > 0.

Lemma A9.2 Let the distribution F be non-arithmetic and Z be the set of all points
of growth of H , i.e. points of growth of the functions F,F ∗2,F ∗3, . . . . Then Z is
“asymptotically dense at infinity”, i.e., for any given ε > 0 and all x large enough,
the intersection (x, x + ε) ∩ Z is non-empty.

Proof Observe first that if t1 is a point of growth of the distribution F1 of a random
variable τ , and t2 is a point of growth of the distribution F2 of a random variable ζ

which is independent of τ , then t = t1 + t2 will be a point of growth of the distribu-
tion F1 ∗ F2 of the variable τ + ζ . Indeed,

P(t ≤ τ + ζ < t + ε) ≥ P
(

t1 ≤ τ < t1 + ε

2

)

P
(

t2 ≤ ζ < t2 + ε

2

)

.

Let, further, x < y be two points of the set Z, and Δ := y − x. The following
alternative takes place: either

(1) for any ε > 0 there exist x and y such that Δ < ε, or
(2) there exists a δ > 0 such that Δ ≥ δ for all x and y from Z.
Put In := [xn,yn]. If nΔ > x then that interval contains [nx, (n + 1)x] as a

subset, and therefore any point v > v0 = x2/Δ belongs to at least one of the intervals
I1, I2, . . . .

By virtue of the above observation, the n+1 points nx+kΔ = (n−k)x+ky, k =
0, . . . , n, belong to Z and divide In into n subintervals of length Δ. This means that,
for any point v > v0, the distance between v and the points from Z is at most Δ/2.

This implies the assertion of the lemma when (1) holds.
If (2) is true, we can assume that x and y are chosen so that Δ < 2δ. Then the

points of the form nx + kΔ exhaust all the points from Z lying inside In. Since the
point (n + 1)x is among these points, the value x is a multiple of Δ, and all the
points of Z lying inside In are multiples of Δ. Now let z be an arbitrary point of
growth of F . For sufficiently large n, the interval In contains a point of the form
z + kΔ, and since the latter belongs to Z, the value z is also a multiple of Δ. Thus
F is an arithmetic distribution, so that case (2) cannot take place. The lemma is
proved. �

Lemma A9.3 Let q(x) be a bounded uniformly continuous function given on
(−∞,∞) such that, for all x, q(x) ≤ q(0) for all x, and

q(x) =
∫ ∞

0
q(x − y)dF (y). (A9.4)

Then q(x) ≡ q(0).
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Proof Equation (A9.4) means that q = q ∗ F = · · · = q ∗ F ∗k for all k ≥ 1. The
right-hand side of (A9.4) does not exceed q(0), and hence, for x = 0, the equality
(A9.4) is only possible if q(−y) = q(0) for all y ∈ Zk , where Zk is the set of points
of growth of F ∗k , and therefore q(−y) = q(0) for all y ∈ Z. By Lemma A9.2 and
the uniform continuity of q this means that q(−y) → q(0) as y → ∞. Further,
for an arbitrarily large N we can choose k such that q(x) will be arbitrarily close
to

∫ ∞
N

q(x − y)dF ∗k(y), since F ∗k(N) → 0 as k → ∞. This means, in turn, that
q(x) will be close to q(0). Since q(x) depends neither on N nor on k, we have
q(x) = q(0). The lemma is proved. �

Lemma A9.4 Let g be a continuous function vanishing outside segment [0, b]. Then
the solution G of the renewal equation (A9.2) is uniformly continuous and, for
any u,

G(x + u) − G(x) → 0 (A9.5)

as x → ∞.

Proof By virtue of Lemma 10.2.3,

∣
∣G(x + δ) − G(x)

∣
∣ =

∣
∣
∣
∣

∫ x+δ

x−b

(
g(x + δ − y) − g(x − y)

)
dH(y)

∣
∣
∣
∣

≤ max
0≤x≤b+δ

∣
∣g(x + δ) − g(x)

∣
∣
(
c1 + c2(b + δ)

)
. (A9.6)

This means that the uniform continuity of g implies that of G.
Now assume that g has a continuous derivative g′. Then G′ exists and satisfies

the renewal equation

G′(x) = g′(x) +
∫ x

0
G′(x − y)dF (y).

Therefore the derivative G′ is bounded and uniformly continuous. Let

lim sup
x→∞

G′(x) = s.

Choose a sequence tn → ∞ such that G′(tn) → s. The family of functions qn de-
fined by the equalities

qn(x) = G′(tn + x)

is equicontinuous, and

qn(x) = g′(tn + x)+
∫ x+tn

0
qn(x − y)dF (y) = g′(tn + x)+

∫ ∞

0
qn(x − y)dF (y).

(A9.7)
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By the Arzelà–Ascoli theorem (see Appendix 4) there exists a subsequence tnr

such that qnr converges to a limit q . From (A9.7) it follows that this limit satis-
fies the conditions of Lemma A9.3, and therefore q(x) = q(0) = s for all x. Thus
G′(tnr +x) → s for all x, and hence

G(tnr + x) − G(tnr ) → sx.

Since the last relation holds for any x and the function g is bounded, we get s = 0.
We have proved the lemma for continuously differentiable g. But an arbitrary

continuous function g vanishing outside [0, b] can be approximated by a continu-
ously differentiable function g1 which also vanishes outside that interval. Let G1

be the solution of the renewal equation corresponding to the function g1. Then
|g −g1| < ε implies |G−G1| < cε, c = c1 +c2b (see Lemma 10.2.3), and therefore

∣
∣G(x + u) − G(x)

∣
∣ < (2c + 1)ε

for all sufficiently large x. This proves (A9.5) for arbitrary continuous functions g.
The lemma is proved. �

Proof of Theorem A9.1 Consider an arbitrary sequence tn → ∞ and the measures
μn generated by the functions

H(n)(u) = H(tn + u) − H(tn)
(
μn

([u,v)
) = H(n)(v) − H(n)(u)).

These functions satisfy the conditions of the generalised Helly theorem (see Ap-
pendix 4). Therefore there exists a subsequence tnn, the respective subsequence of
measures μnn, and the limiting measure μ such that μnn converges weakly to μ on
any finite interval as n → ∞.

Now let g be a continuous function vanishing outside [0, b]. Then

G(tnn + x) =
∫ 0

−b

g(−u)dH(tnn + x + u)

=
∫ 0

−b

g(−u)d
(
H(tnn + x + u) − H(tnn)

) →
∫ b

0
g(u)μ(x + du).

By Lemma A9.4, the sequence G(tnn +y) will have the same limit. This means that
the measure μ(x+du) does not depend on x, and therefore μ([u,v)) is proportional
to the length of the interval (u, v):

μ
(
(u, v)

) = c(v − u), μ(du) = c du.

Thus, we have proved that

G(tnn + x) → c

∫ ∞

0
g(u)du (A9.8)
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for any continuous function g vanishing outside [0, b]. But for any Riemann inte-
grable function g on [0, b] and given ε > 0 there exist continuous functions g1 and
g2, g1 < g < g2, which are equal to 0 outside [0, b + 1] and such that

∫ b

0
(g2 − g1) du < ε.

This means that convergence (A9.8) also holds for any Riemann integrable function
vanishing outside [0, b].

Now consider an arbitrary directly integrable function g. By property (2) of such
functions (see Definition 10.4.1) one can choose a b > 0 such that for the function

g(b)(u) =
{

g(u) if u ≤ b,

0 if u > b,

the left- and right-hand sides of (A9.8) will be arbitrarily close to the respective
expressions corresponding to the original function g (for the right-hand side it is
obvious, while for the left-hand side it follows from the convergence

∣
∣
∣
∣

∫ t

0
g(t − s) dH(s) −

∫

g(b)(t − s) dH(s)

∣
∣
∣
∣

=
∣
∣
∣
∣

∫ t−b

0
g(t − s) dH(s)

∣
∣
∣
∣ ≤

∑

k>b−1

(c1 + c2)gk → 0

as b → ∞ (see Lemma 10.2.3)). Therefore (A9.8) is proved for any directly inte-
grable function g. Putting g := 1 − F we obtain from Lemma A9.1

1 = c

∫ ∞

0

(
1 − F(u)

)
du = ac, c = 1

a
.

Thus the limit in (A9.8) is one and the same for any initial sequence tn. From this it
follows that, as t → ∞,

G(t) → 1

a

∫ ∞

0
g(u)du.

The theorem is proved. �

Theorem 10.4.1 is a simple consequence of Theorem A9.1 and the argument
used in the proof of Theorem 10.2.3 that extends the key renewal theorem in the
arithmetic case was extended to the setting where τj , j ≥ 2, can assume values
of different signs, while τ1 is arbitrary. We will leave it to the reader to apply the
argument in the non-arithmetic case.

Now we will give several further consequences of Theorem A9.1. In Sect. 10.4
we obtained a refinement of the renewal theorem in the case when m2 :=
Eτ 2

j < ∞. Approaches developed while proving Theorem A9.1 enable one to obtain
an alternative proof of the following assertion coinciding with Theorem 10.4.4.



9 Renewal Theorems 721

Theorem A9.2 Let the conditions of Theorem A9.1 be met and m2 < ∞. Then

0 ≤ H(t) − t

a
→ m2

2a2
as t → ∞.

Proof The function G(t) := H(t) − t/a is the solution of the renewal equation
(A9.2) corresponding to the function

g(t) := 1

a

∫ ∞

t

(
1 − F(u)

)
du.

Since g is directly integrable, we have

G(t) → 1

a

∫ ∞

0

∫ ∞

v

(
1 − F(u)

)
dudv = m2

2a2
.

The theorem is proved. �

Theorem A9.3 (The local renewal theorem for densities) Assume that F has a den-
sity f = F ′ and this density is directly integrable. Then H has a density h = H ′,
and

h(t) → 1

a
as t → ∞.

Proof Denote by fn(x) the density of the sum Tn = τ1 + · · · + τn. We have

h(t) = H ′(t) =
∞∑

n=1

fn(t) = f (t) +
∫

h(t − u)f (u)du = f (t) + h ∗ F(t).

This means that h(t) satisfies the renewal equation with the function g = f . There-
fore by Theorem A9.1,

h(t) → 1

a

∫ ∞

0
f (u)du = 1

a
.

The theorem is proved. �

Consider now some extensions of Theorem A9.1. A function g given on the
whole line (−∞,∞) is said to be directly integrable if both functions g(t) and
g(−t), t ≥ 0, are directly integrable.

Theorem A9.4 If the conditions of Theorem A9.1 are met and g is directly inte-
grable, then

G(t) =
∫ ∞

0
g(t − u)H(du) → 1

a

∫ ∞

−∞
g(u)du as t → ∞.
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The Proof can be obtained by making several small and quite obvious modifica-
tions to the argument in the demonstration of Theorem A9.1. The main change is
that instead of functions g vanishing outside [0, b] one should now consider func-
tions vanishing outside [−b, b].

Another extension refers to the second version of the renewal function

U(t) :=
∞∑

k=0

F ∗k(t), −∞ < t < ∞,

in the case when τj can assume values of different signs.

Theorem A9.5 If g is directly integrable and Eτj = a > 0, then

G(t) =
∫ ∞

−∞
g(t − u)U(du) → 1

a

∫ ∞

−∞
g(u)du as t → ∞,

and, for any fixed u, U(t + u) − U(t) → 0 as t → ∞.

The proof is also obtained by modifying the argument proving Theorem A9.1
(see [13]).
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Index of Basic Notation

Spaces and σ -algebras
F—a σ -algebra, 14
〈Ω,F〉—a measurable space, 14
R—the real line, 17
R

n—n-dimensional Euclidean space, 18
B—the σ -algebra of Borel-measurable subsets of R, 17
Bn—the σ -algebra of Borel-measurable subsets of Rn, 18
〈Ω,F,P〉—the probability space, 17
(Note that Ω and F can take specific values, i.e. R and B, respectively.)

Distributions1

Fξ , F—the distribution of the random variable ξ , 32, 32
Ia—the degenerate distribution (concentrated at the point a), 37
Ua,b—the uniform distribution on [a, b], 37
Bp , Bn

p—the binomial distributions, 37
multinomial distributions, 47

�α,σ 2—the normal (Gaussian) distribution with parameters (α,σ 2), 37, 48
φα,σ 2(x)—the density of the normal law with parameters (α,σ 2), 41
Fβ,ρ—the stable distribution with parameters β , ρ, 231, 233
f (β,ρ)(x)—the density of the stable distribution with parameters Fβ,ρ , 235
ϕ(β,ρ)(t)—the characteristic function of distribution Fβ,ρ , 231
Kα,σ—the Cauchy distribution with parameters (α,σ ), 38
�α—the exponential distribution with parameter α, 38, 177
�α,λ—the gamma-distribution with parameters (α,λ), 176
�λ—the Poisson distribution with parameter λ, 39
χ2—the χ2-distribution, 177
Λ(α)—the large deviation rate function, 244

1(All distributions and measures are denoted by bold letters).
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Relations
:= means that the left-hand side is defined by the right-hand side, xi
=: means that the right-hand side is defined by the left-hand side, xi
∼ notation an ∼ bn (a(x) ∼ b(x)) means that limn→∞ an

bn
= 1 (limx→∞ a(x)

b(x)
= 1),

109
p→—convergence of random variables in probability, 129
a.s.−→—almost sure convergence of random variables, 130
(r)−→—convergence of random variables in the mean, 132
d=—notation ξ

d= η means that the distributions of ξ and η coincide, 144
d≤—relation ξ

d≤ γ means that P(ξ ≥ t) ≤ P(γ ≥ t) for all t , 302
d
>—relation ξ >

d
η means that P(ξ > t) ≥ P(η > t) for all t , 302

⊂=—notation ξn ⊂= F means that ξ has the distribution F, 36
ξn ⊂=⇒ F means that the distribution of ξn converges weakly to F, 144
⇒—relation Fn ⇒ F means weak convergence of the distributions Fn to F, 141,

for random variables ξn ⇒ ξ means that Fn ⇒ F, where ξn ⊂=Fn, ξ ⊂=F, 143

Conditions
[C]—the Cramér condition, 240
[Rβ,ρ]—conditions of convergence to the stable law Fβ,ρ , 229



Subject Index

A
Abelian theorem, 673
Absolutely continuous distribution, 40
Absorbing state, 393
Absorption, 391
Algebra, 14
Almost invariant

random variable, 498
set, 497

Amount of information, 448
Aperiodic Markov chain, 419
Arithmetic distribution, 40
Arzelà–Ascoli theorem, 657
Asymptotically normal sequence, 187
Atom, 419

positive, 420

B
Basic coding theorem, 455
Bayes formula, 27
Bernoulli scheme, local limit theorems for, 113
Bernstein polynomial, 109
Berry–Esseen theorem, 659
Beta distribution, 179
Binomial distribution, 37
Bochner–Khinchin theorem, 158
Borel

σ -algebra, 15
set, 15

Branching process, 180, 591
extinction of, 182

Brownian motion process, 549

C
Carathéodory theorem, 19, 622
Cauchy sequence, 132
Cauchy–Bunjakovsky inequality, 87, 97

Central limit theorem, 187
for renewal processes, 299

Central moment, 87
Chain, Markov, 390, 414
Chapman–Kolmogorov equation, 582
Characteristic function, 153

for multivariate distribution, 171
Chebyshev inequality, 89, 96

exponential, 248
Chi-squared distribution, 177
Class

of distributions
exponential, 373
superexponential, 373

of functions, distribution determining, 148
Coefficient

diffusion, 604
shift, 604

Common probability space method, 118
Communicating states, 392
Complement, 16
Completion of measure, 624
Component, factorisation, 334
Compound Poisson process, 552
Condition

Cramér, 240, 703
Cramér on ch.f., 217
[D1], 188
(D2), 199
Lyapunov, 202, 560
[Rβ,ρ ], 229, 687

Conditional
density, 100
distribution, 99
distribution function, 70
entropy, 451
expectation, 70, 92, 94, 95
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Conditional (cont.)
probability, 22, 95

Consistent distributions, 530
Continuity axiom, 16
Continuity theorem, 134, 167, 173
Converge

in measure, 630
Convergence

almost everywhere, 630
almost surely, with probability 1, 130
in distribution, 143
in measure, 630
in probability, 129
in the mean, 132
in total variation, 653
weak, 141, 173, 649

Correlation coefficient, 86
Coupling method, 118
Covariance function, 611
Cramér

condition, 240, 703
on ch.f., 217

range, 256
series, 248
transform, 473

Crossing times, 237
Cumulant, 242
Cylinder, 528

D
Defect, 290
Degenerate distribution, 37
De Moivre–Laplace theorem, 115, 124
Density

conditional, 100
of distribution, 40
of measure, 642
transition, 583

Derivative, Radon–Nikodym, 644
Deviation, standard, 83
Diffusion

coefficient, 604
process, 603

Directly integrable function, 293
Distance, total variation, 420
Distribution, 17

absolutely continuous, 40
arithmetic, 40
beta, 179
binomial, 37
chi-squared, 177
conditional, 99
consistent, 530
degenerate, 37

Erlang, 177
exponential, 38, 71, 177
finite-dimensional, 528
function, 32

conditional, 70
properties, 33

gamma, 176
Gaussian, 37
geometric, 38
infinitely divisible, 539
invariant, 404, 419
lattice, 40
Levy, 235
multinomial, 47
multivariate normal (Gaussian), 48, 173
non-lattice, 160
normal, 37
of process, 528
of random process, 529
of random variable, 32
Poisson, 26, 39
singular, 41, 325
stable, 233
stationary, 404, 419

of waiting time, 350
subexponential, 376, 675
tail of, 228
uniform, 18, 37, 325
uniform on a cube, 18

Dominated convergence theorem, 139
Donsker–Prokhorov invariance principle, 561
Doubly stochastic matrix, 410

E
Element

random, 649
Entropy, 448

conditional, 451
Equality

Parseval, 161
Equation

backward (forward) Kolmogorov, 587, 605
Chapman–Kolmogorov, 582
renewal, 716

Equivalent
processes, 530
sequences, 109

Ergodic
Markov chain, 404
sequence, 498
state, 411
transformation, 498

Erlang distribution, 177
Essential state, 392
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Event, 2
certain, 16
impossible, 16
random, xiv
renovating, 509
tail, 316

Events
disjoint (mutually exclusive), 16
independent, 22

Excess, 280
Existence

of expectation, 65
of integral, 643

Expectation, 65
conditional, 70, 92, 94, 95
existence of, 65

Exponential
Chebyshev inequality, 248
class of distributions, 373
distribution, 38, 177
polynomial, 355, 366

Extinction of branching process, 182

F
Factorisation, 334

component, 334
Fair game, 72
Finite-dimensional distribution, 528
First nonnegative sum, 336
First passage time, 278
Flow of σ -algebras, 457
Formula

Bayes, 27
total probability, 25

Function
covariance, 611
directly integrable, 293
distribution, 32

properties, 33
large deviation rate, 244
locally constant, 373
lower, 546
rate, 244
regularly varying, 266, 665
renewal, 279
sample, 528
slowly varying, 228, 665
subexponential, 376
test (Lyapunov), 430
transition, 582, 583
upper, 546

G
Gamma distribution, 176

Gaussian
distribution, 37
process, 614

Generating function, 161
Geometric distribution, 38
Gnedenko local limit theorem, 221

H
Hahn’s theorem on decomposition of measure,

646
Harris (irreducible) Markov chain, 424
Helly theorem, 655
Hölder inequality, 88
Homogeneous

Markov chain, 391, 416
Markov process, 583
process, 539
renewal process, 285

I
Identity

Pollaczek–Spitzer, 345
Wald, 469

Immigration, 591
Improper random variable, 32
Independent

classes of events, 51
events, 22
random variables, 153
trials, 24

Indicator of event, 66
Inequality

Cauchy–Bunjakovsky, 87, 97
Chebyshev, 89, 96
Chebyshev exponential, 248
Hölder, 88
Jensen, 88, 97
Kolmogorov, 478
Minkowski, 88, 133
Schwarz, 88

Inessential state, 392
Infinitely divisible distribution, 539
Information, 448

amount of, 448
Integrability, uniform, 135
Integral, 630, 632, 642

of a nonnegative measurable function, 632
over a set, 631

Integro-local theorems, 216
Invariance principle, 567
Invariant

distribution, 419
random variable, 498
set, 497



730 Subject Index

Irreducible Markov chain, 393
Iterated logarithm, law of, 545, 546, 568

J
Jensen inequality, 88, 97

K
Karamata theorem, 668
Kolmogorov

equation, backward (forward), 587, 605
inequality, 478
theorem on consistent distributions, 56, 625

L
Laplace transform, 156, 241
Large deviation

probabilities, 126
rate function, 244

Large numbers, law of, 107, 188
for renewal processes, 298
strong, 108

Lattice distribution, 40
Law

of iterated logarithm, 545, 546, 568
of large numbers, 90, 107, 188

for renewal processes, 298
strong, 108

Lebesgue theorem, 644
Legendre transform, 244
Levy distribution, 235
Limit theorems, local for Bernoulli scheme,

113
Linear prediction, 617
Local limit theorem, 219
Locally constant function, 373
Lower

function, 546
sequence, 318

Lyapunov condition, 202, 560

M
Markov

chain, 390, 414, 585
aperiodic, 419
ergodic, 404
Harris (irreducible), 424
homogeneous, 391, 416
periodic, 397, 419
reducible (irreducible), 393

process, 580
homogeneous, 583

property, 390
strong, 418

time, 75

Martingale, 457, 459
Matrix

doubly stochastic, 410
stochastic, 391
transition, 391

Mean value, 65
Measurable space, 14
Measure, 629

density of, 642
extension, 19, 622

theorem, 19, 622
outer, 619
signed, 629
singular, 644
space, 629

Measure preserving transformation, 494
Measure Space, 629
Metric transitive

sequence, 498
transformation, 498

Minkowski inequality, 88
Mixed moment, 87
Mixing transformation, 499
Modification of process, 530
Moment

central, 87
k-th order, 87
mixed, 87

Multinomial distribution, 47
Multivariate normal (Gaussian) distribution,

48, 173

N
Negatively correlated random variables, 87
Non-lattice distribution, 160
Normal distribution, 37
Null state, 394

O
Oscillating random walk, 435
Outer measure, 619
Overshoot, 280

P
Parseval equality, 161
Passage time, 336
Path, 528
Pathwise shift transformation, 496
Periodic

Markov chain, 397, 419
state of Markov chain, 394

Persistent state, 394
Poisson

distribution, 26, 39
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Poisson (cont.)
process, 297, 549
theorem, 121

Pollaczek–Spitzer identity, 345
Polynomial

Bernstein, 109
exponential, 355, 366

Positive atom, 420
Positive state, 394, 411
Positively correlated random variables, 87
Posterior probability, 28
Prediction, 616

linear, 617
Prior probability, 28
Probability, 16

conditional, 22, 95
distribution, 17
posterior, 28
prior, 28
properties of, 20
space, 17

sample, 528
wide-sense, 17

transition, 583
Process

branching, 180, 591
Brownian motion, 549
compound Poisson, 552
continuous in mean, 536
diffusion, 603
distribution of, 528, 529
Gaussian, 614
homogeneous, 539
Markov, 580
modification of, 530
Poisson, 297, 549
random (stochastic), 527, 529
regenerative, 600
regular, 532
renewal, 278

homogeneous (stationary), 285
semi-Markov, 593
separable, 535
stochastically continuous, 536, 584
strict sense stationary, 614
unpredictable, 611
Wiener, 542
with immigration, 591
with independent increments, 539

Prokhorov theorem, 651
Proper random variable, 73
Property, strong Markov, 418
Pseudomoment, 210

Q
Quantile, 43

transform, 43

R
Radon–Nikodym derivative, 642, 644
Radon–Nikodym theorem, 644
Random

element, 414, 649
event, xiv
process, 527, 529
sequence, 527
variable, 31

almost invariant, 498
complex-valued, 153
defined on Markov chain, 437
distribution of, 32
improper, 32
independent of the future, 75
invariant, 498
proper, 73
standardised, 85
subexponential, 376, 675
symmetric, 157
tail, 317

variables
independent, 153
positively (negatively) correlated, 87

vector, 44
walk, 277, 278, 335

oscillating, 435
skip-free, 384
symmetric, 400, 401
with reflection, 434

Range, Cramér, 256
Rate function, 244
Recurrent state, 394
Reflection, 391, 434
Regeneration time, 600
Regenerative process, 600
Regression line, 103
Regular process, 532
Regularly varying function, 266, 665
Renewal

equation, 716
function, 279
integral theorem, 280
local theorem, 294
process, 278

Renovating
event, 509
sequence of events, 509

Right closed martingale (semimartingale), 459
Ring, 14
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S
Sample

function, 528
probability space, 528
space, 414, 649

Schwarz inequality, 88
Semi-invariant, 242
Semi-Markov process, 593
Semimartingale, 458
Separable process, 535
Sequence

asymptotically normal, 187
Cauchy (in probability, a.s., in the mean),

132
ergodic, 498
generated by transformation, 495
lower, 318
metric transitive, 498
renovating, 509
stationary, 493
stochastic, 457
stochastic recursive, 507
tight, 148
uniformly integrable, 135
upper, 318
weakly dependent, 499

Series, Cramér, 248
Set

almost invariant, 497
invariant, 497

Shift coefficient, 604
σ -algebra, 14
Signed measure, 629
Singular

distribution, 41, 325
measure, 644

Skip-free walk, 384
Slowly varying function, 228, 665
Space

measurable, 14
measure, 629
of functions without discontinuities of the

second kind, 529
probability, 17
sample, 414, 649
sample probability, 528

Spectral measure, 556
Stable distribution, 233
Standard deviation, 83
Standardised random variable, 85
State

absorbing, 393
ergodic, 411
essential, 392

inessential, 392
periodic, 394
persistent, 394
positive, 411
recurrent, 394
transient, 394

State, null, 394
State, positive, 394
Stationary

distribution, 404, 419
of waiting time, 350

process, 614
sequence, 493

of events, 509
Stochastic

matrix, 391
process, 527, 529
recursive sequence, 507
sequence, 457

Stochastically continuous process, 536, 584
Stone–Shepp integro-local theorem, 216
Stopping time, 75, 462

improper, 466
Strong law of large numbers, 108
Strong Markov property, 418
Subexponential

distribution, 376, 675
function, 376
random variable, 376, 675

Submartingale, 458, 459
Sum, first nonnegative, 336
Superexponential class of distributions, 373
Supermartingale, 458, 459
Symmetric

random variable, 157
random walk, 401

T
Tail

event, 316
of distribution, 228
random variable, 317

Tauberian theorem, 673
Test function, 430
Theorem

Abelian, 673
Arzelà–Ascoli, 657
basic coding, 455
Berry–Esseen, 659
Bochner–Khinchin, 158
Carathéodory (measure extension), 19, 622
central limit, 187
central limit for renewal processes, 299
continuity, 134, 167, 173
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Theorem (cont.)
de Moivre–Laplace, 115, 124
dominated convergence, 139
Gnedenko local limit, 221
Hahn’s on decomposition of a measure, 646
Helly, 655
integral renewal, 280
integro-local, 216
Karamata, 668
Kolmogorov, on consistent distributions,

56, 625
Lebesgue, 644
local limit, 219
local renewal, 294
measure extension, 19, 622
Poisson, 121
Prokhorov, 651
Radon–Nikodym, 644
Stone–Shepp integro-local, 216
Tauberian, 673
two series, 322
Weierstrass, 109

Tight family of distributions, 651
Tight sequence, 148
Time

first passage, 278
Markov, 75
passage, 336
regeneration, 600
stopping, 75
waiting, 349

Total probability formula, 25, 71, 98
Total variation, 652

convergence in, 653
distance, 420

Trajectory, 528
Transform

Cramér, 473
Laplace, 156, 241
Legendre, 244
quantile, 43

Transformation
bidirectional preserving measure, 495
ergodic, 498
metric transitive, 498
mixing, 499
pathwise shift, 496
preserving measure, 494

Transient state, 394
Transition

density, 583
function, 582, 583
matrix, 391
probability, 583

Triangular array scheme, 121, 188
Two series theorem, 322

U
Undershoot, 290
Uniform distribution, 18, 37, 325
Uniform integrability, 135

right (left), 139
Unpredictable process, 611
Upper

function, 546
sequence, 318

V
Variable, random, 31
Variance, 83
Vector, random, 44

W
Waiting time, 349

stationary distribution of, 350
Wald identity, 469

fundamental, 471
Walk, random, 277, 278, 335
Weak convergence, 141, 173, 649
Weakly dependent sequence, 499
Weierstrass theorem, 109
Wiener process, 542
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