Appendix 1
Extension of a Probability Measure

In this appendix we will prove Carathéodory’s theorem, which was used in Sect. 2.1.

Let A be an algebra of subsets of £2 on which a probability measure P, i.e., a real-
valued function satisfying conditions P1-P3 of Chap. 2, is given. Let P denote the
class of all subsets of £2. For any A € P, there always exists a sequence {A,}7°
of disjoint sets from A such that U,foz 1 Ap D A (it suffices to take Aj = £2 and
A, =@, n>2). Denote by y(A) the class of all such sequences and introduce on
P the real-valued function

P*(A) :=inf} D P(An): {Aa) € ¥ (A) |-

n=1

This function (the outer measure on P induced by the measure P on A) has the
following properties:

(1) P*(A) <P*(B) < 1if A C B.
(2) P*(UsZ  An) =X 02 P(A,) if the sets A, € A, n=1,2,..., are disjoint.
3) P, An) < 300, P*(A,) forany Ay, As, ... € P,

Property (1) is obvious. Property (2) is established by the following argument.
Let {B,} be any sequence from y (A), where A = 52 A,. Since | Jor_| An By =
A, € A, one has P(A,) =Y~ P(A, By,). Therefore,

D P(A) =) > P(ABy)=)_ > P(A,By).

n=I n m=1n=1
But, for each N < o0,
N
> _P(A,By) <P(By).
n=1
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620 1 Extension of a Probability Measure

Hence this equality holds for N = oo as well and, for any sequence {B,};"_ €y (A),

N
D P(A,) <P(By).

n=1
This implies that P*(A) > ZZO:I P(A,). Because the converse inequality is obvious,
we have P*(A) =72 | P(Ap).

Proof of property (3) Consider, for some & > 0, sequences {Ax}72; € ¥ (A,) such
that

o0

&
D P <PH(An) + oo
k=1

The sequence of sets { Ak }szl clearly contains (_J A, and therefore

P(UJan) =D Y P = D PHA) +e.
nok n=1

Since ¢ is arbitrary, property (3) is proved. g

Introduce now the binary operation of symmetric difference @ on arbitrary sets
A and B from P by means of the equality

A®B:=ABUAB.
It is not hard to see that

AGB=B®A=A®BCAUB, ADA=0,
AP =A, (A®DB)®C=ADBDC).

With the help of this operation and the function P*, we introduce on P a distance p
by putting, for any A, B € P,

o(A, B) :=P*(A @ B).

This construction is quite similar to the one used in Sect. 3.4 (we considered there
the distance d(A, B) = P(A @ B) between measurable sets A and B). The properties
of the distance p are the same as in (3.4.2). We will need the following properties:

(1) p(A, B) = p(B, A) > 0, p(A, A) =0,
(2) p(A,B)=p(A, B),

(3) p(AB,CD) <p(A,C)+p(B, D),
@ p(UAk, UB) <X p(Ak, Bp).

We also note that
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(5) |P*(A) — P*(B)| < p(A, B), and therefore P*(-) is a uniformly continuous
function with respect to p.

Properties (1)—(3) were listed in (3.4.2); in the present context, they are proved in
exactly the same way based on the properties of the measure P*. Property (4) follows
from property (3) of the measure P* and the relation (we put here A = J A, and

B=JB))
AeBc| @, @B,

because

A®B= [(UA,,) n (ﬂE,,)] U [(ﬂZ,,) n <UB")}
c [U Anﬁn} U [U BnZn} =J@,B, UA,By) = JAn @ By

Property (5) follows from the fact that
ACBU(A® B), BCAU(A® B) (AL.1)
and therefore
P*(A) —P*(B) <P*(A® B) = p(A, B),
P*(B) —P*(A) <P*(A® B) = p(A, B).

Similarly to the terminology adopted in Sect. 3.4 we call a set A € P approximable
if there exists a sequence A, € A for which p(A, A,) — 0. The totality of all ap-
proximable sets we denote by 2(. This is clearly the closure of A with respect to p.

Lemma Al.1 2 is a o-algebra.

Proof We verify that 2 satisfies properties A1, A2’ and A3 of o -algebras of Chap. 2.
Property Al: £2 € 2 is obvious, for A € 2. Property A3 (A € 2 if A € ) follows
from the fact that, for A € 2, there exist A,, € A such that, as n — o0,

Finally, consider property A2’. We show first thatif A, € A, then A = J A, € 2.
Indeed, we can assume without loss of generality that the A, are disjoint. Then,
by virtue of the properties of the measure P*, for any ¢ > 0,

D P(AY) <PF(R) =1,

p(A,UAk)zP*( U Ak>= > Py <e
k=1

k=n+1 k=n+1

for n large enough.
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Now let A, € A. We have to show that

o
A=UA,1te.

n=1

Let {B,} be a sequence of sets from A such that p(A,, B,) < &/2". Then one has
B = B, € 2 and, by property (4) of the distance p,

p(A,B) <) p(An By) <.

n=1
The lemma is proved. O

Now we can prove the main assertion. !

Theorem Al.1 The probability P can be extended from the algebra A to some
probability P given on the o -algebra 2.
Proof For A € 2, put

P(A) :=P*(A).

It is evident that P(A) = P(A) for A € A, and P(2) = 1. To verify that Pisa
probability we just have to prove the countable additivity of P. We first prove the
finite additivity. It suffices to prove it for two sets:

P*(AU B) = P*(A) + P*(B), (A1.2)

where A, Beand ANB=J.Let A, € Aand B, € Abesuchthat p(A, A,;) - 0
and p(B, B;) — 0 as n — oo. Then

[P*(AUB) —P*(A, UB,)| < p(AUB, A, UB,) < p(A, Ay) + p(B, By) — 0,

P*(An UB,) =P(A,UB,) =P(A,) +P(B,) — P(A, By). (A1.3)
Here

P(A,) — P*(A), P(B,) — P*(B),

I The theorem on the extension of a measure to the minimum o -algebra containing A was obtained
by C. Carathéodory. The metrisation of normed Boolean algebras A by the distance p(A, B) =
P(A @ B) was used by many authors (see, e.g., the talk by A.N. Kolmogorov at the 6th Polish
Mathematical Congress in 1948 and Halmos [19]).

It was L.Ya. Savel’ev who suggested the use of the continuity properties of the measure with
respect to the distance p(A, B) = P*(A @ B) in order to extend it.
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P(A,B,) <P*(A,B) +P*(B,B)
<P*(A,A) +P*(B,B) < p(A, Ay) + p(B, By) — 0.

Hence (A1.3) implies (A1.2).
We now prove countable additivity. Let A, € 2 be disjoint. Then, putting

we obtain from the finite additivity of P that

P(A) = Zl_’(Ak) +1_>( U Ak).

k=1 k=n+1
Therefore

— s J—

P(A) = ) P(Ap).

k=1
On the other hand,
P(A)=P*(A) <) P (A) =Y _P(Ay).
k=1 k=1

The theorem is proved. O

Theorem A1.2 The extension of the probability P from the algebra A to the o-
algebra U is unique.

Proof Assume that there exists another probability Py on 2, which coincides with
P on A and is such that, for some A € 2,

Pi(A) #P(A).

Suppose first that ¢ = P(A) — P(A) > 0. Consider a sequence {B,} € y(A) such
that

Y P(B,) - P(A) < g

n=1

Then

P (A) =P(A) + ¢ > ZP(B,,) +¢/2

n=1
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which contradicts the assumption that A C |32 By,. Therefore
Pi(A) <P(A), Aeq.

Since P is p-continuous at the point &, it follows that P is also p-continuous at the
point &, and hence at any “point” A € 2. Indeed, by virtue of (Al.1),

[P1(A) —Pi(B)| <Pi(A® B) <P(A® B) - 0
if only p(A, B) = P(A @ B) — 0. Hence, for A € 2,

P(A) = lim P(B)= lim P;(B) =P;(A).
B—A B—A
Bel Bel

The theorem is proved. 0

Let 2* = o (A) be the o-algebra generated by A. Since A C 2, we have 2* € 2,
and the next statement follows in an obvious way from the above assertions.

Corollary Al.1 The probability P can be uniquely extended from the algebra A to
the o -algebra A* generated by A.

Remark Al.1 The o-algebra 2l defined above as the closure of the algebra A with
respect to the introduced distance p is in many cases wider than the o -algebra 20* =
o (A) generated by A. This fact is closely related to the concept of the completion of
a measure. To explain the concept, we assume from the very beginning that A = §
is a o-algebra. Then the measure P can be constructed in a rather simple way. To
do this we extend the measure P from (£2, §) to a o -algebra which is wider than §
and is constructed as follows. We will say that a subset N of £2 belongs to the class
N if there exists an A = A(N) € § such that N C A and P(A) = 0. It is not hard to
see that the class of all sets of the form B U N, where B € § and N € N, also forms
a o-algebra. Denote it by Fy. Putting P(B U N) := P(B) we obtain an extension of
P to (£2, §). Such a measure is said to be complete, and the above operation itself
is called the completion of the measure P.

Now we can say that the measure P constructed in Theorem Al.1 is complete,
and the o-algebra 2{ coincides with §o.

If, for example, 2 = [0, 1] and A is the algebra generated by the intervals, then
A* = o (A) will, as we already know, be the Borel o-algebra, and 2 will be the
Lebesgue extension of 2* consisting of all “Lebesgue measurable” sets.



Appendix 2
Kolmogorov’s Theorem on Consistent
Distributions

In this appendix we will prove the Kolmogorov theorem asserting that consistent
distributions define a unique probability measure such that the consistent distribu-
tions are its projections. We used this theorem in Sect. 5.5 and in some other places,
where distributions on infinite-dimensional spaces were considered.

Let T be an index set and, for each t € T, R, be the real line (—o0, 00). Let
N €T be a finite subset of 7. Then the product space

nthRN

teT

is a Euclidean space of dimension equal to the number n of elements in N, spanned
on n axes of the space

RT:HR,.

teT

Assume that, for any finite subset N C T, a probability measure Py is given on
(RN BNy where BY is the o -algebra of Borel subsets of RY . Thereby a family of
measures is given on R” . The family is said to be consistent if, for any L C N and
any Borel set B from RE,

P.(B)=Py(B x RN71).

The measure P is said to be the projection of Py onto RE. A set from R” that
can be represented in the form B x RT-N_ where B € BY and N is a finite set, is
called a cylinder set in RT . The set B is said to be the base of the cylinder.

Denote by B7 the o-algebra of sets from R generated by all cylinder sets.

Theorem A2.1 (Kolmogorov) Ifa consistent family of probability measures is given
on RT | then there exists a unique probability measure P on (RT BT such that, for
any N, the measure Py coincides with the projection of P onto RN .
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Proof The cylinder subsets of R” form an algebra. We show that, for B € B, the
relations

P(B x R""N) =Py (B) (A2.1)

define a measure on this algebra. First of all, by consistency of the measures Py,
this definition of probability on cylinder sets is consistent (we mean the cases when
B = B; x R¥N~L for B, € $BL; then the left-hand side of (A2.1) will also be equal
to P(B; x RT_L)). Further, the thus defined probability is additive. Indeed, let B x
RT=N1 and B, x RT~M2 be two disjoint cylinder sets. Then, putting N = N; U Na,
we will have

P((B) x RT™M) U (B, x RT™M2))
=P({(B1 x RV ™M) U (B, x RN"M)} x RT—N)
=Py ([(Br BV U (B2 BV )
=Py (B] X RN_N') + Py (Bz X RN_NZ)
=P(B; x RT™M) 4 P(B, x RT™™2).

To verify that P is countably additive, we make use of the equivalence of prop-
erties P3 and P3’ (see Chap. 2). By this equivalence, it suffices to show that if B,
n=1,2,...,1s a decreasing sequence of cylinder sets and, for some ¢ > 0, we
have P(B) > ¢, n=1,2,..., then B = ﬂ;’lozl B, is not empty. Since the B, are

enclosed in all the preceding sets, in the representation B, = B, x RT =M one has
N, C Ny41 and By N RM:  B,. Without loss of generality, we will assume that

the number of elements in the set N, = {#1, ..., t,} is equal to n, and denote by x;
(with various superscripts) the coordinates in the space R;,.
Thus, let

P(B,) =Py, (B,) > >0.
We prove that the intersection
o0
B=(")Bn
n=1

is non-empty. For any Borel set B, C RV, there exists a compactum K, such that

KnCBn, PNn(B”_Kn)<W'

Setting K, := K, x RT=M"_ we obtain

&

P(Bn -X,) = PN,l(Bn - K,) < W
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Introduce the sets D), := (;_; K. It is easy to see that D,, C B, are also cylinders.
Because

n n
By — [ Kk € [)(Br — Kn),
k=1 k=1
we have

P(B, — D,) sP(ﬂ(Bk —9<k>> <Y PB—Kp) < g;

k=1 k=1
e _ ¢
P(D,) = P(B,) - 325

It follows that D, is a decreasing sequence of non-empty cylinder sets. Denote by
X" = (x?, x’21, ..., x}) an arbitrary point of the base

n
D, = ﬂ Ky x RNn—Nk
k=1

of the cylinder D,,. The point specifies a cylinder subset X of R” . Since the sets D,

decrease, we have (x?‘”, xé"”, ..., X7y € K, for any r > 0. By compactness of

K,, we can choose a subsequence n1; such that x;’”‘ — x1 as k — oo. From this

subsequence, one can choose a subsequence nyy such that x;’” — X7, and so on.
Now consider the diagonal sequence of the points (or, more precisely, cylinder
sets) X"k = (x{*, x3%, ..., x,k). It is clear that

XM X = (x1,%x2,...)
(component-wise) as k — oo, and that
(xf"k,x;kk, ) ..,x,’flk") — (X1,...,xm) € Ky,
for any m. This means that, for the set X corresponding to the point X, one has
X:={y®) eR" :y(t1) =x1,y(t2) =x2,...} C K C By,

for any m, and therefore

o0
X () B
m=1

Thus B is non-empty, and the countable additivity of P on the algebra of cylinder
sets is proved. Hence P is a measure, and it remains to make use of the theorem
on the extension of a measure from an algebra to the o-algebra generated by that
algebra.

The theorem is proved. O



Appendix 3
Elements of Measure Theory and Integration

In this appendix, the properties of integrals with respect to a measure are presented
in more detail than in Chaps. 4 and 6. We also prove the basic theorems on decom-
position of measure and on convergence of sequences of measures.

3.1 Measure Spaces

Let (£2, §) be a measurable space. We will say that a measure space (§2,F, p) is
given if p is a nonnegative countably additive set function on §, i.e. a function
having the following properties:

€))] lL(Uj Aj) = Zj i(A;) for any countable collection of disjoint sets A; € §
(o -additivity);

(2) u(A) =0forany A €5;

(3) m(2) =0, where @& is the empty set.

The value u(A) is called the measure of the set A. We will only consider finite
and o -finite measures. In the former case one assumes that u(£2) < oo. In the latter
case there exists a partition of £2 into countably many sets A ; such that u(A;) < oo.

A probability space is an example of a space with a finite (unit) measure. The
space (R, B, u), where R is the real line, B is the o -algebra of Borel sets, and p is
the Lebesgue measure, is an example of a space with a o -finite measure.

We can also consider such set functions u(A) that satisfy conditions (1) and (3)
only, but are not necessarily nonnegative. Such functions are called signed measures.
Any finite signed measure (i.e., such that sup, u(A) < 0o and infg u(A) > —o0)
can be represented as a difference of two nonnegative measures (the Hahn decompo-
sition theorem, see Sect. 3.5 of the present appendix). We will need signed measures
in Sect. 3.5 only. Everywhere else, unless otherwise specified, by measures we will
understand set functions possessing properties (1)—(3).

In the same manner as when establishing the simplest properties of probability,
one easily establishes the following properties of measures:

A.A. Borovkov, Probability Theory, Universitext, 629
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(1) n(A)=p(B)if ACB,

@ wU;A) <X, p(A)) forany 4;,

(3) if A, CApqrand |, A, = A then u(A,) — p(A), or, which is the same,
(3" if Ay D Aps1, [, An = A, and u(Ay) < oo then p(A,) — r(A).

Consider further measurable functions on (£2, §), i.e., functions & (w) having the
property {w : £(w) € B} € § for any Borel subset B of the real line.

The notions of convergence in measure and convergence almost everywhere are
introduced similarly to the case of probability measure.

We will say that a sequence of measurable functions &, converges to & almost
everywhere (a.e.): &, £y & asn — oo if §,(w) - &(w) for all w except from a set
of measure 0.

We will say that the &, converge to & in measure: &, N & if, for any ¢ > 0, as
n— 0o,

n({l& —&1>¢})—0.

Now we turn to the construction of integrals and the study of their properties.
First we consider finite measures assuming them without loss of generality to be
probability measures. In that case we will write P(A) instead of uw(A). We will turn
to integrals with respect to arbitrary measures in Sect. 3.4.

3.2 The Integral with Respect to a Probability Measure

3.2.1 The Integrals of a Simple Function

A measurable function £ (w) is said to be simple if its range is finite. The indicator
of a set F € § is the simple function

1, ifwekF,

Ir@)= {0, ifwéF.

Clearly, any simple function & (w) can be written in the form

E)=)_ xlp (o),

k=1

where xi, k =1,2,...,n, are values assumed by &, and Fy; = {w : £(w) = xx}. The
sets Fj € § are disjoint, and UZ:] Fy = §2. The integral of the simple function & (w)
with respect to a measure P is defined as the quantity

/gdP:/g(w)dP(w)=Zka(Fk)=Eg.
k=1
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The integral of the simple function & (w) over a set A € § is defined as

/Aészfé(a))IA(a))dP(a)).

That these definitions are consistent (the partitions into sets Fjy may be different)
can be verified in an obvious way.

3.2.2 The Integrals of an Arbitrary Function

Lemma A3.2.1 Let £(w) > 0. There exists a sequence &,(w) of simple functions
such that &,(w) 1 £E(w) as n — oo forall w € S2.

Proof Partition the segment [0, n] into n2" equal intervals. Let
x0=0, x1=27", ..., xum=n,
denote the partition points, so that x; 1 —x; =27". Put
F = {a):x,- <&(w) <x,-+1}, i=1,2,...,n2" — 1;

n2"—1

Fo={0<é@) <xi}U{@ =n}, &)=Y xlg@) <£@).

i=0
The function &, (w) is clearly simple, &, (w) < &,+1(w) < &(w) for all w, and has the
property that if n > £(w) at a point w € £2 then

1
0<é(w) —én(w) < TR
The lemma is proved. O

Lemma A3.2.2 Let &, 1 & > 0 and n, t &€ > 0 be sequences of simple functions.
Then

lim [ & dP= lim / 1in dP.
n—oo

n—o00

Proof We verify that, for any m,
/ EndP < lim [ n,dP.
n—oQ

The function &, is simple. Therefore it is bounded by some constant: &, < c,.
Hence, for any integer n and ¢ > 0,

Em—1n<cm- I{émznnJre} +e.
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This implies that
E&y <cnP{&n =m0 + e} +e+En,.

The probability on the right-hand side vanishes as n — oo:
Pl >nn +e} <P{E>n, +e} >0,

because 7, converges almost surely (and hence in probability) to &. Therefore
E¢,, <&+ lim,_  En,. Since ¢ is arbitrary,

lim E&, < lim En,.
n—>0oo n—>oo

Swapping {&,} and {n,}, we obtain the converse inequality.
The lemma is proved. 0

The assertions of Lemmas A3.2.1 and A3.2.2 make the following definitions
consistent.

The integral of a nonnegative measurable function & (w) (with respect to measure
P) is the quantity

/sdpz lim [ &,dP, (A3.2.1)

n—0o0

where &, is a sequence of simple functions such that &, 1 & as n — oo.

The integral [ &dP will also be denoted by E&. We will say that the integral
[ & dP exists and § is integrable if E§ < oco.

The integral of an arbitrary function (assuming values of both signs) & (w) (with
respect to measure P) is the quantity

E¢ =E¢T —E&~, &7 :=max(0, £§),

which is defined when at least one of the values E£¥ is finite. Otherwise E£ is
undefined. The integral E£ exists if and only if E|€| < oo exists (for |§| = £ +£7).
If E£ exists then

E(;A) = / §dP =E&Iy
A
exists for any A € § as well.

Lemma A3.2.3 IfE¢ exists and B,, € § is a sequence of sets such that P(B,) — 0
as n — oo, then

E¢; B,) — 0.
Proof For any sequence |&,,| 1 |§] of simple functions and A,, := {|§| < m} one has

El§| = lim E[§[ls, = lim E[§,|l4, =E[§],
m—0o0 m—0o0
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since |£,|14,, 1 1&]. This implies that
Elg|= lim E[§[l4, = lim E()§]; || <m),
m— 00 m— 00
and hence, for any ¢ > 0, there exists an m(¢) such that

El§| —E(§]; 1§l <m) <¢
for m > m(¢e). Consequently, for such m, one has
E(€[; B.) =E(I§]; {I§] <m}B.) +E(&]; {I€] > m}B,) <mP(B,) +¢,

and hence

limsupE(|§|; Bn) <e.

n—o0

The lemma is proved. 0
Note that Lemma 6.1.2 somewhat extends Lemma A3.2.3.

Corollary A3.2.1 If E¢ is well-defined (the values 00 not being excluded) and
B, € § is a sequence of sets such that P(B,) — 1 as n — oo, then

E(; B,) — E§.

Proof 1f E£ exists then the required assertion follows from Lemma A3.2.3.
Now let E£ = co. Then E&~ < oo and EET = oo, where £* = max(0, ££). It
follows that E(¢§7; B,,) > E&™ as n — co. We show that

E(£*; B,) — oo. (A3.2.2)

Let Ay :={& e [2571,2)), k =1,2,...; px :=P(Ar). We can assume with-
out loss of generality that all p; > 0 (if this is not the case we can consider a
subsequence k; such that all py; > 0). Since EET <14 372, 2% pr, we have
Z,fil kak = oo. For a given N > 1, choose n large enough such that P(B, Ay) >
pi/2 for all k < N. Then

N

E(ET:B) =) 2y,

k=1

where the right-hand side can be made arbitrarily large by an appropriate choice
of N. This proves (A3.2.2). Since £ = €1 — £, the required convergence is proved.
The case E£ = —o0 can be dealt with in the same way. The corollary is proved. [
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3.2.3 Properties of Integrals

I1. If sets Aj € § are disjoint and Uj Aj =2 then
/gdP:Z/ £dP. (A3.2.3)
~ JA;
J J

Proof 1t suffices to prove this relation for £(w) > 0. For simple functions equal-
ity (A3.2.3) is obvious, because

[EaP =35 =x0 = 3 3 e =i ).
k ik
In the general case, using definition (A3.2.1) one gets
/édP: lim /éndP: lim Z/ &, dP
= Z lim / £,dP = Z/ £dP. (A3.2.4)
—~/n—>00 f 4. - A
J / J /
Swapping summation and passage to the limit is justified here, for by Lemma A3.2.3

o0 oo o

Z/ «sndP=E<sn; U A,-) 5E<s; U A,-) —0

Jj=N"Aj =N =N

as N — oo uniformly in n. 0

/(§+n)dP=/§dP+/ndP.

Proof For simple functions this property is obvious. Hence, for £ > 0 and n > 0,
this property follows from the additivity of the limit.
In the general case we have (* and n* are defined here as before)

/(S+n)dP=/(§++n+)dP—/(E_+n_)d1’

=/g+dp_/g—dp+/n+dp—/n—dpzfgdPJr/ndP. 0

13. If c is an arbitrary constant, then

fcsszc/gdP.

12.
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14. Iféfn,thenf&defndP.

The proof of properties I3 and 14 is obvious. Since

/SdP:EE,

we can write down properties 11-14 in terms of expectations as follows:

I1. E¢ = Zj E(; A)) if A; are disjoint and Uj Aj=2.
12. E(¢ +n) =E& + En.

13. Ea¢ = aEE.

4. Bt <Ep,if& <n.

Note also the following properties of integrals which easily follow from I1-14.
I5. |[E§| <E|§].

16. If c1 <& <o, thenc; <E& <cs.
17. If £ >0 and E§ =0, then P(§ =0) = 1.

This property follows from the Chebyshev inequality: P(§ > ¢) < E& /¢ =0 for
any ¢ > 0.

I8. If P(§ =n) =1 and E£ exists then E€ = En.
Indeed,

Ey = lim E(n; [n| <n) = lim E(¢;§] <n) = E¢.
n— 00 n—o00

3.3 Further Properties of Integrals

3.3.1 Convergence Theorems

A number of convergence theorems were proved in Sect. 6.1. One of them was the
dominated convergence theorem (Corollary 6.1.3):

If &, N &asn— ooand |§,| <n,En < oo, then the expectation E& exists and
E&, — E&.

Now we will present some further useful assertions concerning convergence of
integrals.

Theorem A3.3.1 (Monotone convergence) If 0 <&, 1 &, then E€ = lim,_,  E&,.

Proof In addition to Corollary 6.1.3, here we only need to prove that E§, — oo
if E€ = 0o. Put &N := min(&,, N) and £V := min(&, N). Then clearly &N 1 &V as
n — oo, and E&N 1 E£V. Therefore the value E£N < E&, can be made arbitrarily
large by choosing appropriate n and N. The theorem is proved. g
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These theorems can be generalised in the following way. To make the extension
of the convergence theorems to the case of integrals with respect to signed measures
in Sect. 3.4 more convenient, we will now write E£ in the form of the integral

[EdP.

Theorem A3.3.2 (Fatou—Lebesgue) Let n and ¢ be integrable. If &, < n then

limsup/&l deflimsupén dP. (A3.3.1)
n—00 n—oo
If &, > ¢ then
liminf/E,, sz/liminfE,, dP. (A3.3.2)
n—oo n—oo

et Eand &, > ¢, orEy =5 & and £ <&, <, then
lim [ & dP= / £ dP. (A3.3.3)

Proof We prove for instance (A3.3.2). Assume without loss of generality that { = 0.
In this case, as n — 00,

§ >y = inf & 1 liminf&, 7, >0,
k>n k—00

and by the monotone convergence theorem

liminf/é,,sz lim /nn dP:/liminfSn dP.
n—oo n—oo n—oQo

Applying (A3.3.2) to the sequence 1 — &, we obtain (A3.3.1); (A3.3.3) follows from
the previous theorems. The theorem is proved. 0

3.3.2 Connection to Integration with Respect to a Measure on the
Real Line

Let g(x) be a Borel function given on the real line R (if ®B is the o -algebra of Borel
sets on the line and B € B, then {x : g(x) € B} € B). If £ is a random variable
then 1 := g(£(w)) will clearly also be a random variable. As we saw in Sect. 3.2,
a random variable £ induces the probability space (R, B, F¢) with measure Fg on
the line such that Fg¢ (B) = P(§ € B). Therefore one can speak about integrals with
respect to that measure.

Theorem A3.3.3 If n = g(§(w)) and En exists, then

Br= [ ndp= [ goFean)
2 R

(on the right-hand side we used a somewhat different notation for f gdFy).
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Proof Let first g(x) = Ig(x) be the indicator of a set B € 8. Then n = g(§(w)) =
Iicepy(w) and En =P(§ € B). Therefore

/mn&wm=/3mw&wn=Fam=P@em=En

Using the properties of the integral it is easy to establish that the assertion of the
theorem holds for simple functions g. Passing to the limit extends that assertion to
bounded functions. Now let g > 0. If the function g(§)I5(§) = n(w)ligep)(w) is
bounded, then

/ gx)Fz(dx) =E(n;§ € B).
B
Therefore

/ gdFz: =EQ@;n <n).

{g=n}
Passing to the limit as n — co we get the assertion of the theorem. Considering the
case when g takes values of both signs does not create any difficulties. The theorem
is proved. g

Introducing the notation
Fe(x) =P(§ <x),

we can also consider, along with the integral just discussed,

/ g(x)Fe(dx), (A3.3.4)
R

the Riemann—Stieltjes integral

fg(x)dFs (x), (A3.3.5)

the definition of which was given in Sect. 3.6. It was also shown there that, for con-
tinuous functions g(x), these integrals coincide. Moreover, we discussed in Sect. 3.6
some other conditions for these integrals to coincide.

Also recall that if

&m:f o) di

and the functions g(x) and fg(x) are Riemann integrable, then integrals (A3.3.4)
and (A3.3.5) coincide with the Riemann integral

/g(X)fg(X)dX-
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3.3.3 Product Measures and Iterated Integrals

Consider a two-dimensional random variable ¢ = (£, ) given on (£2, §, P). The
random variables £ and 5 induce a sample probability space (R?, B2, F¢ ;) with the
measure F¢ ;, given on elements of the o -algebra B2 of Borel sets on the plane (the
o -algebra generated by rectangles) and such that

F:,(Ax B)=P(&c A, neB).

Here A x B is the set of points (x, y) for which x € Aand y € B. If g(x,y) isa
Borel function ({(x, y) : g(x, y) € B} € B2 for each B € B), then it easily follows
from the above that

Eg(t.n) = /R 80 Fe p(dxdy), (A3.3.6)

since both integrals are equal to fR xFg(dx) for 0 = g(&,n).
Now let £ and n be independent random variables, i.e.

P c A, neB)=PE c A)P(ne B)

forany A, B € ‘B.

Theorem A3.3.4 (Fubini’s theorem on iterated integrals) If g(x, y) > 0 is a Borel
function and & and n are independent, then

Eg(5,m) =E[Eg(x, n)li=¢].

For arbitrary Borel functions g(x, y) the above equality holds if Eg(&, n) exists.

This very assertion we stated in Chap. 3 in the form

/g(x, WFe (dxdy) = /[/ g(x, y)Fn(dy)}Fs (dx). (A3.3.7)
We will need the following.
Lemma A3.3.1 1. The section
By :={y: (x,y) € B}

of any set B € B2 is measurable: By € B.

2. The section g,(y) = g(x,y) of any Borel function g (B>-measurable) is a
Borel function.

3. The integral

/ g(x, y)F,(dy) (A3.3.8)

of a Borel function g is a Borel function of x.
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Proof 1. Let X be the class of all sets from 282 of which all x-sections are measur-
able. It is evident that X contains all rectangles B = B(1y x B(2), where B(j) € ‘B
and B() € ‘B. Moreover, X is a o-algebra. Indeed, consider for example the set
B=\J,B ®) where B®) € XK. The operation |_J on the sets B%®) leads to the same

operation on their sections, so that By = [, B;k) € B. For the other operations
(N and taking complements) the situation is similar. Thus, X is a o-algebra con-
taining all rectangles. This means that B2 C K.

2. For B € B, one has

g (B)={y:g:(v) e B} ={y:g(x.y) € B}
={y:x.neg ' B)=[g'(B)], B.

3. Integral (A3.3.8) is, as a function of x, the result of passing to the limit in
a sequence of measurable functions, and hence is measurable itself. The lemma is
proved. g

Proof of Theorem A3.3.4 First we prove (A3.3.7) in the case where g(x,y) =

Ip(x, y), so that the theorem turns into the formula for consecutive computation
of the measure of the set B € B2

P((S, n) € B) = /Fn((x, y) € B)Fg (dx) = / F,(B)Fz(dx). (A3.3.9)
We introduce the set function
Q(B) ZZan(Bx)Fg(dX)-

Clearly, Q(B) > 0 and Q(@) = 0. Further, if B = [ J, B® and B® are disjoint,
then B, =, B;k) and B,Ek) are also disjoint, and

Q(B) =/F,7<UB§k>>Fg(dx)=Zan(B)gk))Fg(dx)=ZQ(B<’<>).
k k k

This means that Q(B) is a measure.
The measure Q(B) coincides with F¢ ,(B) = P((§, n) € B) on rectangles B =
B(1y x B(2). Indeed, for rectangles,

Bp) forx e B,
B, =
& for x ¢ By,

and
P((€,n) € B) =F:(B1))F,(B)

- /B Fy (B Fe(dn) = [ By (BOFe(dn) = Q8.
(1)
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This means that the measures Q and F¢ ;, coincide on the algebra generated by
rectangles. By the measure extension theorem we obtain that Q = F¢ .

We have proved (A3.3.9). This implies that Fubini’s theorem holds for simple
functions gy = Z?]:l chAj, because

N
Egy(&.n) = c;Ela; (€ n)

j=1
N

= ch/EIAj (x. n)Fe (dx) =/EgN(x,n)Fg(dx)(A&S.lO)
j=1

Now if g > 0 is an arbitrary Borel function then there exists a sequence of simple
functions gy 1 g and, as in (A3.2.1), it remains to pass to the limit:

Egé.n) = Nli_r)nooEgN(E, n)
= ngnoo f Egn (&, nF:(dx) = f Egn (&, n)Fe(dx).

For an arbitrary function g one has to use the representation g = g™ — g, g7 >0,
g~ > 0. The theorem is proved. OJ

Remark A3.1 We see from the proof of the theorem that the random variables & and
n do not need to be scalar. The assertion remains true in a more general form (see
property 5A in Sect. 4.8) and, in particular, for vector-valued £ and 7.

3.4 The Integral with Respect to an Arbitrary Measure

If 1 is a finite measure on (£2, §), n(§2) < oo, then the definition of the integral
f & dp with respect to the measure p does not differ from that of the integral with
respect to a probability measure (one could just put f A&dpn=pn(82) f 4 & dP, where
P(B) = n(B)/u(82) is a probability distribution). If u is o-finite and p(£2) = oo,
then the situation is somewhat more complicated, although it can still be reduced to
the already used constructions. First we will make several preliminary remarks.

Let (£2, §, P) be a probability space and f = f(w) > 0 an a.e. finite nonnegative
measurable function (i.e., a random variable). Consider the set function

n(A) :=/ fdP. (A34.1)
A

If f is integrable (n(§2) < oo) then w(A) is a finite o -additive measure (see prop-
erty I1) satisfying conditions (1)—(3) of Sect. 3.1 of the present appendix. In other
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words, @ is a finite measure on (£2, §). Butif f is not integrable, then u is a o -finite
measure, which immediately follows from the representation

u(A)—Z/ ap

{k— 1<f<k}

(the integrals in the sum that are equal to [ 4 Jlk—1< f <k) dP are clearly finite mea-
sures).

Thus, the integral of the form (A3.4.1) is a measure for any distribution P and
function f > 0. It turns out that the following assertion, converse in a certain sense
to the above, also holds.

Lemma A3.4.1 For any measure L on (§2,35), there exists a distribution P on that
space and a measurable function f > 0 such that representation (A3.4.1) holds.

Thus, any measure can be represented as an integral with respect to a probability
measure (i.e., in the form E(f; A) for the respective function f and distribution P).

Proof Let p be a o-finite measure on (§2, §), and sets B; € §, j =1, 2, ..., possess
the properties U?’;l Bj=$2,B;Bj =@ fori# j,and u(B;) < co. Put

o0
w(ABy)
P(A):=) %2, (A3.4.2)
; 2k (By)
Obviously, P(£2) = 1 and P is a measure. Further, if A C By then
1(A) = 2" u(BOP(A).

This means that we should put f(w) := 2% u(By) for € By. Then the set function

)»(A) sz fdP:/ fIAdP
A 2

will coincide with p(A):

M(A) =) 2 p(BOP(ABY)
k=1

]

=3 2ku( )Z"(Ai; ;) 3 W(ABY) = r(A).
k=1

The lemma is proved. g

Besides the required assertion, we also obtain that in representation (A3.4.1) the
range of values of the function f can be assumed without loss of generality to be
countable.
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The function f for which equality (A3.4.1) holds is called the density of the
measure u with respect to P (or Radon—Nikodym derivative of the measure g with
respect to P) and is denoted by du/dP. It is evident that alteration of the function
f =dup/dP on a set of zero P-measure leaves the equality (A3.4.1) unchanged.

Now let u and P be two given arbitrary measures. The question of under what
conditions these two measures . and P could be related by (A3.4.1) and whether
the function f is determined uniquely thereby (up to values on a set of zero P-
measure) is rather important for probability theory. (We stress that, in the preceding
considerations, the measure P was constructed in a special way from the measure
I, or vice versa.) Answers to these questions are given by the Radon—Nikodym
theorem to be discussed in the next section.

Now, using the simple assertion of Lemma A3.4.1 we have just proved, we will
give the definition of the integral with respect to an arbitrary measure .

Let p be an arbitrary o-finite measure on (§2,§) and £ > 0 a F-measurable
function.

The integral [ 4 &dp over aset A € § of the function & > 0 with respect to the

measure p is the integral
dp
dp = — | dP A3.43
[ean=[(c5%) (A3.43)

with respect to any distribution P satisfying equality (A3.4.1) (for example, with
respect to measure (A3.4.2)).

This definition is consistent because it does not depend on the choice of P. In-
deed, for simple functions & (&(w) = xi for w € Fy),

dp du
Edp = xk/ — I, dP = xk/ —dP= xrm(ABy).
Jiean= 3 [ qptmar=3n ], Gpir=X

If now & > 0 is an arbitrary function, then by the monotone convergence theorem
the integral [, & dp is equal to

d
lim /5(”)—’LdP= lim /s(”)du,
n—oo J 4 dP n—o0 4

where £ 4 £ is a sequence of simple functions which converge monotonically to
& (see Lemma A3.2.1). In both cases, the result does not depend on the choice of P.

The integral
[ edn
A

of an arbitrary measurable function & is defined by

/Aédu=/A§+du—/Aé_du,
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when both expressions on the right-hand side are finite. (In that case one says
that the integral f 4 & dp exists.) Here, as before, & T =max(0,£) >0 and £~ =
max(0, —£) > 0,sothat § =&+ — £,

Thus we see that the above definition of the integral with respect to an arbitrary
measure is essentially equivalent to the construction used in Sect. 3.2 of the present
appendix. However, the definition in the form (A3.4.3) saves us from the necessity
of repeating what we have already done (and now in a more complex setting) and
enables one to transfer all the properties of the integrals [ & dP to the general case.
We will list the basic properties preserving the existing numeration.

I1. fédu,zzijde;LifAj are disjointand | J; A; = £2.

2. [E+mdu=[Edu+ [ndp.

13. fa%‘du:aféd;l,.

4. £dp < [ndpif & <n.

I5. | [€dul < [|]dp.

I6. If c; <&(w) <cp forw € A, then ciu(A) ffAédlLfcz;L(A).
7. If§ >0and [ §dp =0, then u(§ > 0) =0.

8. If u(§ #n) =0, then [Edp = [ndp.

It is clear that all the convergence theorems remain valid as well.

Theorem A3.4.1 (The dominated convergence theorem) Let |§,| <1 and [ndp

exist. If &, oor &, — & a.e.as n — oo then

/Endu—>/édu-

Theorem A3.4.2 (The monotone convergence theorem) If 0 <&, 1 & as n — o0

then
/é‘ndu—> /Sdu-

Theorem A3.4.3 (Fatou—Lebesgue) The statement and proof of this theorem is ob-
tained from those of Theorem A3.3.2 by replacing P with w.

In conclusion we note that if 2 =R = (—00, 00), § =B is the o-algebra of
Borel sets, u is the Lebesgue measure, and the function g(x) is continuous, then

the integral f[ a.b] g(x)dp(x) coincides with the Riemann integral f ab g(x)dx. This
follows from the preceding remarks in part 2 of Sect. 3.3 of this appendix.

3.5 The Lebesgue Decomposition Theorem and the
Radon-Nikodym Theorem

We return to a question that has already been asked in the previous section. Un-
der what conditions on measures g and A given on (2, §) can the measure u be
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represented as

IL(A)Z/ fdr?
A

We do not assume here that A is a probability measure.

Definition A3.5.1 A measure u is said to be absolutely continuous with respect to
a measure A (we write u < A) if, for any A such that A(A) =0, one has u(A) =0.

Definition A3.5.2 A set N, is said to be a support' of measure pu if
12 —Ny)=0.

Definition A3.5.2 specifies a rather wide class of sets which can be called the
support of the measure g when p is concentrated on a part of the space £2. If 2 =R
is the real line (and in some other cases as well), one can use another definition
which specifies a unique set for each measure. Consider the collection of all intervals
(a, b) C R with rational endpoints ¢ and b. This collection is countable. Remove
from §2 = R all such intervals for which u((a, b)) = 0. The remaining set (which is
measurable) is called the support of the measure .

Definition A3.5.3 One says that a measure p is singularwith respect to A if there
exists a support Ny of the measure A such that w(N,) = 0. Or, which is the same, if
there exists a support N, of the measure g such that A(N,) =0.

The last definition, in contrast to Definition A3.5.1, is symmetric, so one can
speak about mutually singular measures g and A (this relation is often written as
n L),

Theorem A3.5.1 (Radon-Nikodym) A necessary and sufficient condition for
the absolute continuity . < A is that there exists a function f unique up to A-
equivalence (i.e., up to values on a set of zero A-measure) such that*

w(A) = f £ da.
A

As we have already noted, the function f is called the Radon—Nikodym derivative
dp/d\ of the measure p with respect to A (or density of u with respect to A).

Since sufficiency in the assertion of the theorem is obvious, we will obtain the
Radon—Nikodym theorem as a consequence of the following Lebesgue decomposi-
tion theorem.

The conventional definition of support refers to the case when §2 is a topological space. Then the
support of u is the smallest closed set such that its complement is of g-measure zero.

2This equality is sometimes adopted as a definition of absolute continuity.
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Theorem A3.5.2 (Lebesgue) Let i and A be two o -finite measures given on ($2, §).
There exists a unique decomposition of the measure J into two components L, and
Jtg such that

Ry <A, ne LA

Moreover, there exists a function f, unique up to h-equivalence, such that
Ha(A) = f fdx.
A

It is obvious that if u < A then u; = 0, and the Lebesgue theorem then implies
the Radon—-Nikodym theorem.

Proof Since p and A are o-finite, there exist increasing sequences of sets £
and 22} such that

p(RF) <oo, AR} <00, |Jet=02 |[Jer=<o.
n

n
Putting £2, := 2} N .Q,)l‘ we obtain a sequence of sets increasing to £2 for which
r(£2,) < 00, A(£2,) < o0.

If we prove the decomposition theorem for restrictions of the measures g and A
to (By, §n), where B, = §2,41 — §2,, and §, is formed by sets B, A, A € §, we will
thereby prove it for the whole £2. It will suffice to take u, and u, to be the sums of
the respective components for each of the restrictions. This remark means that we
can consider the case of finite measures only.

Thus let g and A be finite measures.

(a) Let F be the class of functions f > 0 such that

/ fdi<u(A) forallAeF (A3.5.1)
A

(the class F is non-empty, for the function f = 0 belongs to F). Set

o= sup/ fdr<u(2) <o
fexF I

and choose a sequence f; such that, as n — oo,

/fndx—m.

Put fAn := max(f1,..., fn). Then clearly fAn 0 f:: sup f,, and by the monotone
convergence theorem

/f?dkﬁffdk (A35.2)
A A
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We now show that fe F,ie., th/a\t (A3.5.1) holds for f To this end, it suffices
by Virtuf of (A3.5.2) to notice that f, € F. Let Ag, k =1,..., n be disjoint sets on
which f, = fi. Then | J;_, Ax = £2 and

[Rar=Y [ par=y wan=u.
A k=1 AAk k=1

Thus, for the “maximum” element f’ of &F, (A3.5.1) also holds.
(b) Putting

Ra(A) = /A fdx,  p,=p-—p, (A3.5.3)

we prove that u, is singular with respect to A. We will need the following asser-
tion about the decomposition of an arbitrary signed measure (for the definition, see
Sect. 3.3.1 of this appendix).

Theorem A3.5.3 (The Hahn theorem on decomposition of a measure) For any
signed finite measure y, there exist disjoint sets DT € § and D~ € § such that, for
any A € §,

y(AD+) >0, y(AD_) <0.

Proof We first prove that there exists a set D € § on which y(A) attains its upper
bound.

Let B, € § be a sequence such that y(B,) — I" = sup, ¥(A) as n — o0.
Put B := Uk By, and consider, for a fixed n, the decomposition of T into 2" sets
Bum,m=1,...,2", of the form (;_, B;, where B, = By or B — By, k < n. For
n < N, each B, ,, is a finite union of sets By y, 1 <M < 2N Denote by D, the
sum of all B, ,, for which y (B, ;,) > 0. Then y(B,) <y (D).

On the other hand, for N > n, each By j either belongs to D), or is disjoint with
it. Therefore

y(D,) <y(Dy + Dyy1 +---+ Dy).

This implies that, for the set D = lim U,fin Dy, one has y(B,) <y(D), I' <
y (D). Recalling the definition of I", we obtain that y (D) =TI

Thus we have proved the existence of a set D on which y (D) attains its max-
imum. We now show that, for any A € §, one has y(A D) >0 and y(A 5) <0,
where D = 2 — D. Indeed, assuming, for instance, that y (AD) < 0, we come to a
contradiction, for in that case

y(D—AD)=y(D) —y(AD) > y(D).
Similarly, assuming that y (AD) > 0, we would get
(D + AD) =y (D) +y(AD) > y(D).

It remains to put D := D, D™ := D. The theorem is proved. g
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Corollary A3.5.1 Any finite signed measure y can be representedasy =y —y~,
where y* are finite nonnegative measures.

To prove the corollary, it suffices to put
y*(A):=+y(AN D*),
where D* are the sets from the Hahn decomposition theorem. 0

We return to the proof of the fact that the measure p, in equality (A3.5.3) is
singular. Let D, be the set in the Hahn decomposition of the signed measure

1
Yy =pg — —A.
n
Put N =, D, . Then N =, D, and, forall n and A € g,

1
0 <y (AN) < —A(AN).
n

From here, lettiﬂg n — oo, we obtain u;(AN) =0 and hence pu (A) = pg (AN).
That is, the set N is a support of the measure ;.
Further, because

Ra(A) = R(A) — py(AN) < w(A) — ny(AD),

we have

~ 1 1
/ (f + ;ID"+> dh= 1y (A) + ~A(AD]) < p(A) = v (AD]) < p(A).
A
. ~ 1
This means that f + —I,+ € F and hence
n n

~ 1 1 n
az/ f+=IpH+ dl=a+—k(Dn).
n “n n

This implies A(D;})=0and A(N) =0, so that ju, is singular with respect to A since
N is a support of ;. U

Uniqueness of the decomposition p = u, + ft, can be established as follows.
Assume that g = p), + g} is another decomposition. Then y := u/, — p, = g — ps.
By singularity, there exist sets N and N’ such that ju,(N) =0, A(N) =0, p,(N') =
0, and A(N") = 0. Clearly, (D) =0, where D = N U N'. If we assumed that y =
", — g = g — 1 # 0, then there would exist an A € § such that y(A) # 0.
Therefore, either ¥ (AD) # 0 or y(AD) # 0. However, the former is impossible,
for (D) = 0 implies ), (D) = p,(D) = 0. The latter is also impossible, since D=
NN’ and hence ws(D) = pl.(D) =0.
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Uniqueness of the function f (up to A-equivalence) follows from the observation
that the equalities

m = [ rar= [ ran [ (r-ryn=o

for all A imply the equality f — f' = 0 a.e. Assuming, say, that A(A) > 0 for
A={w: f — f' > ¢} would yield for such A the relation fA(f — f)dk > 0. The
theorem is proved. g

One of the most important applications of the Radon—Nikodym theorem is the
proof of existence and uniqueness of conditional expectations.

Proof Let §o be a o-subalgebra of § and £ a random variable on (£2, §, P) such
that E£ exists. In Sect. 4.8 we defined the conditional expectation E(§ | §o) of the
variable & given §o as an §p-measurable random variable n for which

E(n; B) =E(¢; B) (A3.5.4)

for any B € §. We can assume without loss of generality that £ > 0 (an arbitrary
function & can be represented as a difference of two positive functions). Then
the right-hand side of (A3.5.4) will be a measure on (2, §o). Since E(¢; B) =0
if P(B) = 0, this measure will be absolutely continuous with respect to P. This
implies, by the Radon—Nikodym theorem, the existence of a unique (up to P-
equivalence) measurable function n on (£2, §o) such that, for any B € Jo,

E(§;B)=/ ndp.
B

This relation is clearly equivalent to (A3.5.4). It establishes the required existence
and uniqueness of the conditional expectation. O

Another consequence of the assertions proved in the present section was men-
tioned in Sect. 3.6 and is related to the Lebesgue theorem stating that any distribu-
tion P on the real line R = (—o00, 00) (or the respective distribution function) has a
unique representation as a sum of the three components P =P, + Ps; + P, where
the component P, is absolutely continuous with respect to Lebesgue measure:

P.(A) = /A fx)dx;

P; is the discrete component concentrated on an at most countable set of points
X1, X2, ... such that P({xx}) > 0, and the component P, has a support of Lebesgue
measure zero and a continuous distribution function. This is an immediate conse-
quence of the Lebesgue decomposition theorem. One just has to extract the dis-
crete part from the singular (with respect to Lebesgue measure L) component of P,
first removing all the points x for which P({x}) > 1/2, then all points x for which
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P({x}) > 1/3, and so on. It is clear that in this way we will get at most a countable
set of xs, and that this process determines uniquely the discrete component Pj.

All the aforesaid clearly also applies to distributions in n-dimensional Euclidean
spaces R".

3.6 Weak Convergence and Convergence in Total Variation of
Distributions in Arbitrary Spaces

3.6.1 Weak Convergence

In Sects. 6.2 and 7.6 we studied weak convergence of distributions of random vari-
ables and vectors, i.e., weak convergence of distributions in Rk, k > 1. Now we
want to introduce the notion of weak convergence in more general spaces X. As the
definitions given in Sect. 6.2 show, we will need continuous functions f(x) on X.
This is possible only if the space X is endowed with a topology. For simplicity’s
sake, we restrict ourselves to the case where the space X is endowed with a met-
ric p(x, y). Thus, assume we are given a measurable space (X, 28) with a metric p
which is “consistent” with the o -algebra *B, i.e., all open (with respect to the met-
ric p) sets from X belong to B (cf. Sect. 16.1), so that any continuous (with respect
to p) functional will be B-measurable. This means that if a distribution Q is given
on (X, B) (i.e., a probability space (X, B, Q) is given), then {x : f(x) <t} € B for
any ¢, and the probabilities of these sets are defined.

Now let (£2,§,P) be the basic probability space. A measurable mapping
& = &(w) of the space (£2,F) to (X, B) is called an X-valued random element.
If (£2, §) = (X, *B), the mapping £ may be the identity mapping. The space (X, ‘B)
is said to be the sample or state space of the random element £&. When a functional
f is continuous, f (&) is a random variable in (R, 23).

Definition A3.6.1 Let a distribution P and a sequence of distributions P, be given

on the space (X, B). The sequence P, is said to converge weakly to P: P,, = P as
n — oo if, for any bounded continuous functional f (f € Cp(X)),

/f(x)dPn(x)—>/f(x)dP(x). (A3.6.1)

If &, and & are random elements having the distributions P, and P, respectively,
then (A3.6.1) is equivalent to

Ef (&) —>Ef($). (A3.6.2)

This, in turn, for any continuous functional f (f € C (X)), is equivalent to

fE) = fE). (A3.6.3)
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Indeed, (A3.6.3) means that, for any bounded continuous function g (g € Cp(R)),

Eg(f (&) - Eg(f (). (A3.6.4)

which is equivalent to (A3.6.2).

If X = X(T) is the space of real-valued functions x(¢), t € T, given on a paramet-
ric set T', and a measurable mapping & (w) of the basic probability space (2, §, P)
into (X, B) is given, then the random element &(w) = & (w, t) will be a random pro-
cess (see Sect. 18.1) if {x : x(t) < u} € B for all ¢, u. In that case (A3.6.1)-(A3.6.4)
will refer to the weak convergence of the distributions of random processes which
has already been studied in Chap. 20.

In the metric space X, for any A € X, one can define its boundary

A =[A] = (A),

where [A] is the closure of A, (A) being its interior ((A) = X — [A], where A is the
complement of A).

Definition A3.6.2 A set A is said to be a continuity set of the distribution P (or
P-continuous set) if P(0A) = 0. We will denote the class of all P-continuous sets
by D P.

The following criterion of weak convergence of distributions holds true.

Theorem A3.6.1 The following four conditions are equivalent:

(i) P, =P,

(i1) lim,— o Py (A) =P(A) forall A € Dp,
(iii) limsup,_, ., P, (F) <P(F) for all closed F C X,
@iv) liminf,— - P,(G) > P(G) for all open G C X.

Observe that if P, = P, then convergence (A3.6.1)-(A3.6.3) takes place for
a wider class of functionals than C;(X) (C(X)), namely, for the so-called P-
continuous functionals (or functionals continuous with P-probability 1). We will
call so the functionals f for which f(x,) — f(x) as p(x,,x) — Onot forall x € X,
but only for x € A, P(A) = 1. The class of P-continuous functionals will be denoted
by Cp(X).

The classes Dp and Cp(X), and also the classes of all closed and open sets par-
ticipating in Theorem A3.6.1, are very wide which makes verifying the conditions
of Theorem A3.6.1 rather difficult and cumbersome. These classes can be substan-
tially restricted if we consider not arbitrary but only relatively compact sequences
P, (from any subsequence P}, one can choose a convergent subsequence; this ap-
proach was already used in Sect. 6.3).

Definition A3.6.3 A class D of sets from ‘B is said to determine the measure P if,
for a measure Q, the equalities P(A) = Q(A) for all A € DDp imply Q =P.
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A class D determines the measure P if D is an algebra and o (DDp) = By
(condition o (D) = B is insufficient (see e.g. [4])).

In a similar way we introduce the class J of functionals f determining the distri-
bution P of a random element & = £”: for any Q, the coincidence of the distributions
of f(£P) and f(£9) forall f € FCp(X) implies P = Q.

Theorem A3.6.2 A necessary and sufficient condition for convergence P,, = P is
that:

(1) the sequence Py, is relatively compact; and
(2) there exists a class of sets D C B determining the measure P and such that
P,(A) - P(A) forany A € DDp.

An alternative to condition (2) is the existence of a class of functionals & which
determines the measure P and is such that P(f(§,) <t) = P(f (&) < t) for all
feFCp(X).

The following notion of tightness plays an important role in establishing the com-
pactness of {P,}.

Definition A3.6.4 A family of distributions {P,} on (X, *B) is said to be tight if,
for any ¢ > 0, there exists a compact set K = K, C X such that P,(K) > 1 — ¢ for
all n.

Theorem A3.6.3 (Prokhorov) If {P,} is a tight family of distributions then it is
relatively compact. If X is a complete separable space, the converse assertion is
also true.

Since, for many functional spaces (in particular, for spaces C (0, T)) and D(0, T)),
there exist simple explicit criteria for compactness of sets, one can now establish
conditions ensuring convergence P, = P in these spaces. It is well known, for ex-
ample, that in the above-mentioned spaces compacta are, roughly speaking, of the
form {x : wa(x) < &(A)}, where wa(x) is the so-called “modulus of continuity”
(in the space C or D, respectively) of the element x, and £(A) > 0 is an arbitrary
function vanishing as A | 0.

The proofs of Theorems A3.6.1-A3.6.3 can be found, for example, in [1]. We do
not present them here as they are somewhat beyond the scope of this book and, on
the other hand, the theorems themselves are not used in the body of the text. We use
only the special cases of these theorems given in Sects. 6.2 and 6.3.

The invariance principle of Sect. 20.1 is a theorem about weak convergence of
distributions in the space C(0, 1). In order to use Theorems A3.6.2 and A3.6.3 to
prove this result, one has to choose the class D to be the class of cylinder sets.
Convergence of P, to P on sets from this class D is the convergence of finite-
dimensional distributions of processes s,(¢) generated by sums of random vari-
ables (see Sect. 20.1). Since the increments of s, (f) are essentially independent,
the demonstration of that part of the theorem reduces to proving asymptotic normal-
ity of these increments, which follows immediately from the central limit theorem.
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The condition of compactness of the family of distributions in C (0, 1) requires, ac-
cording to Theorem A3.6.3, a proof that the modulus of continuity of the trajectory
s, (1) converges to zero in probability (for more details, see e.g. [1]). This could be
proved using the Kolmogorov inequality from Corollary 11.2.1.

3.6.2 Convergence in Total Variation

So, to consider weak convergence of distributions in spaces (X, 23) of a general
nature, one has to introduce a topology in the space, which is not always convenient
and feasible. There exists another type of convergence of distributions on (X, B)
which does not require the introduction of topologies. This is convergence in total
variation.

Definition A3.6.5 Let y be a finite signed measure on (X, B). The total variation
of p (or the total variation norm ||y ||) is the quantity

lyll= sup , (A3.6.5)

filfl=1

/f(X)dJ/(X)

where the supremum is taken over the class of all B-measurable functions f(x)
such that | f(x)| <1 for all x € X.

The supremum in (A3.6.5) is clearly attained on such functions f for which,
roughly speaking, f(x) =1 at points x such that dy(x) > 0, and f(x) = —1 at
points x for which dy (x) < 0. Therefore (A3.6.5) can be written in the form

Iyl = / |dy (x)|. (A3.6.6)

An exact meaning to this expression can be given using the Hahn decomposition
theorem (see Corollary A3.5.1), which implies

lyll=y*0) +y~ (X). (A3.6.7)
The right-hand side of this equality may be taken as a definition of [ |dy (x)].
Lemma A3.6.2 If y (X) =0, then ||y|| = 2supgegs ¥ (B).

Proof From (A3.6.5) it follows that, for any B (B is the complement of B, y (B) U
y(B)=0),

Iyl = [y(B)| + [y (B)| =2|y(B)].
Therefore ||y || > 2supgegs [V (B)I.
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To obtain the converse inequality, we will make use of Corollary A3.5.1 of the
Hahn decomposition theorem. As we have already noted, according to that theorem
(for the definition of the set D* see the Hahn theorem),

Iyll=y* X0 +p~ (X)) =y* (D) +p (DY)

=y(D*)—y(D¥)=2p(D") <2 sup y (B).
Be

The lemma is proved. g

Definition A3.6.6 Let P be a distribution and P,, n = 1,2, ..., a sequence of dis-
tributions given on (X, B). We will say that P, converges to P in total variation:

P, -5 P,if |[P, — P|| — 0 as n — oo.

Convergence in total variation is a very strong form of convergence. If (X, 2B) is

a metric space and P,, ﬂ) P, then P, = P. Indeed, since any functional f € Cp(X)
is bounded: | f(x)| < b, we have

‘/f(dPn —dP)

< b/ |d(®, —P)| =b|P, —P|| — 0.

/fdP,,—)/fdP

even without assuming the continuity of f.

Thus in that case

The converse assertion about convergence P, ﬂ) P if P, = P is not true.
Let, for example, X = [0, 1], P,, be the uniform distribution on the set of n + 1
points {0, 1/n,...,n/n}, and P = Uy ;. It is clear that all P, are concentrated on
the countable set N of all rational numbers. Therefore P,(N) =1, P(N) = 0, and
IP, —P|| =P, (N) + P(X \ N) = 2. At the same time, clearly P,, = P.

Now let the distribution P have a density p with respect to a measure u (one
could take, in particular, p = P, in which case p(x) = 1). Denote by p, the density
(with respect to u) of the absolutely continuous (with respect to ) component P
of the distribution P,,.

. o TV .
Theorem A3.6.4 A necessary and sufficient condition for convergence P, — P is
that p, converges to p in measure W, i.e., for any & > 0,

u{x:’pn(x)—p(x)’ >8} —0 asn— oo.

Proof We have

3

/|d(Pn _p)|= /lpnm )| ldx) + [P

where P; is the singular component of P,, with respect to the measure .
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Let |P, — P|| = 0. Then
/ |pn — pldm — 0, (A3.6.8)
and hence
wi{x: |pa(x) — p()| > e} <& / |pn — pldp— 0.
Now let pj, LN p. Put
Bo={x:px)=e},  Aye={x:|p.(x) = px)] <},
Then

1
12/ pdr=en(B). mBo) = -

/|p,, —p|dﬂ=[ +/ . (A3.6.9)
BeAne JBiAn.

Here the first integral on the right-hand side does not exceed ¢. Since

Consider

lim pdpu— 1,
e—~>0Jp,

we will have, for a given § > 0 and sufficiently small ¢, the inequality

/ pdp>1-35
B

and, for n large enough,
/ pdp>1-—26, / pndp >1—736. (A3.6.10)
BEAH.E BﬂA)l.S

It follows from these two inequalities that the second integral in (A3.6.9) does not
exceed 58, which proves (A3.6.8). Furthermore, (A3.6.10) implies that |P¢|| > 1 —
36 and ||P} || < 38. The theorem is proved. O

The theorem implies that if P, TV, P then the absolutely continuous with respect
to u =P component P¢ of the distribution P,, has a density p, (x) 2 LPY(X) — L



Appendix 4
The Helly and Arzela—Ascoli Theorems

In this appendix we will prove Helly’s theorem and the Arzela—Ascoli theorem. The
former theorem was used in Sect. 6.3, and both theorems will be used in the proof
of the main theorem of Appendix 9.

Let F be the class of all distribution functions, and G the class of functions G
possessing properties F1 and F2 from Sect. 3.2 (monotonicity and left continuity),
and the properties G(—00) > 0 and G(c0) < 1. We will write G, = G as n — 00,
G € G, if G, (x) = G(x) at all points of continuity of the function G.

Theorem A4.1 (Helly) Any sequence F,, € F contains a convergent subsequence
F.,= Feg.

We will need the following.

Lemma A4.1 A sufficient condition for convergence F,, = F € G is that
F,(x)—> F(x), xeD,
as n — oo on some everywhere dense set D of the reals.

Proof Let x be an arbitrary point of continuity of F(x). For arbitrary x’,x” € D
such that x’ <x < x”, one has

Fu(x') < Fy(x) < Fu (x”).
Consequently,

lim F,(x") <liminf F,(x) <limsup F, (x) < lim F,(x").
n—00 n—00 11— 00 n—00

From here and the conditions of the lemma we obtain

F(x') < liminf F, (x) < limsup F, (x) < F(x").

n— 00 n—>00

A.A. Borovkov, Probability Theory, Universitext, 655
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013
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Letting x” 4 x and x” | x along the set D and taking into account that x is a point
of continuity of F, we get

lingo F,(x) = F(x).

The lemma is proved. 0

Proof of Theorem A4.1 Let D = {x,} be an arbitrary countable everywhere dense
set of real numbers. The numerical sequence {F),(x1)} is bounded and hence con-
tains a convergent sequence { F1,(x1)}. Denote the limit of this sequence by F(x1).
Consider now the numerical sequence {Fi,(x2)}. It also contains a convergent sub-
sequence { F>,(x2)} with a limit F(x,). Moreover,

lim F5,(x1) = F(x1).
n—00

Continuing this process, we will obtain, for any number &, k sequences
{Fnx)}, i=1,..k,

such that lim,,— oo Fin (x;) = F(x;).

Consider the diagonal sequence of the distribution functions {F;,(x)}. For any
Xxr € D, only k — 1 first elements of the numerical sequence {Fy,(xx)} may not
belong to the sequence Fy, (xx). Therefore

lim F, (xk) = F(xp).
n—00

It is clear that F(x) is a non-decreasing bounded function given on D. It can
easily be extended by continuity from the left to a non-decreasing function on the
whole real line. Now we see that the sequence {F;,,,} and the function F satisfy the
conditions of Lemma A4.1. The theorem is proved. g

The conditions of Helly’s theorem can be weakened. Namely, instead of I we
could consider a wider class H of non-decreasing left continuous (i.e., satisfy-
ing properties F1 and F3) functions H majorised by a fixed function: for any x,
|H(x)| < N(x) < oo, where N is a given function characterising the class 3. We
do not exclude the case when | H (x)| (or N (x)) grow unboundedly as x| — co. The
following generalised version of Helly’s theorem is true.

Theorem A4.2 (Generalised Helly theorem) Any sequence H,, € F contains a sub-
sequence Hy, which converges to a function H € J{ at each point of continuity
of H.

The Proof repeats the above proof of Helly’s theorem. O

To each function H, € H{ we can associate a measure p,, by putting

iy ([a, b)) = Hy(b) — Hy(a).
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The generalised Helly theorem will then mean that, for any sequence of measures p,,
generated by functions from J{, there exists a subsequence p,, converging weakly
on each finite interval of which the endpoints are not atoms of the limiting mea-
sure [,,.

We give one more analogue of Helly’s theorem which refers to a collection of
equicontinuous functions g,. Recall that a sequence of functions {g,} is said to be
equicontinuous if, for any & > 0, there exists a § > 0 such that |x; — x2| < § implies
18n(x1) — gn(x2)| <& for all n.

Theorem A4.3 (Arzela—Ascoli) Let {g,} be a sequence of uniformly bounded and
equicontinuous functions of a real variable. Then there exists a subsequence gy,
converging to a continuous limit g uniformly on each finite interval.

Proof Choose again a countable everywhere dense subset {x,} of the real line, and
a subsequence {g,, } converging at the points x1, x7, ... Denote its limit at the point
x; by g(x;). We have

|8 () = gn, ()| < |80y (¥) — gy (X))] + | gn, () — g, (x))]
+ | g (X)) — gn, (x)]. (A4.1)

By assumption, the last term on the right-hand side tends to 0 as ny — oo, n, — 0.
By virtue of equicontinuity, for any point x there exists a point x; such that, for
all n,

|gn(x) — gn(x))| <e. (A4.2)

In any given finite interval / there exists a finite collection of points x; such that
(A4.2) will hold for all points x; € I. This implies that the right-hand side of (A4.1)
will be less than 3¢ for all sufficiently large ny, n, uniformly over x; € I. Thus there
exists the limit g(x) = lim g, (x), for which by (A4.2) we have |g(x) — g(x;)| <&,
which implies that g is continuous. The theorem is proved. 0



Appendix 5
The Proof of the Berry—Esseen Theorem

In this appendix we prove the following assertion stated in Sect. 8.5.

Theorem AS.1 (Berry—Esseen) Let & be independent identically distributed ran-
dom variables,

n
E& =0,  VarG) =1, p=EgP <o, S=) &  L=—1.
k=1

Then, for all n,

Ay = sup|P(§n <Xx)— ¢(x)| < &

NG

where @ is the standard normal distribution function and c is an absolute constant.

Proof We will make use of the composition method. As in Sect. 8.5, we will bound
A, based on estimates of smallness of Eg(¢,) — Eg(n), n € ®,1, for smooth g.
To get a bound for A, in Sect. 8.5, we chose g to be a function constant outside a
small interval. The next lemma shows that such a choice is not obligatory. Let G be
a distribution function and y & G be independent of ¢, and n. Put

() :=G(x_z>,
£

Eg(¢,) =EG<X jf”) =P(y < %) — P, ey <),

Eg(n) =P(n+ey <x).

x— X —
ro() —wo(*22)
& &
A.A. Borovkov, Probability Theory, Universitext, 659
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so that

Set

Ay g i=sup
X
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=sup|P({, + ey <x) —P(n+ey <x)|

= sup /dG(y)[P(Cn <x—ey) =P <x—ey)]|

Clearly, A, < A,. Our aim will be to obtain a converse inequality for A,,.

Lemma AS.1 Let v > 0 be such that G(v) — G(—v) > 3/4. Then, for any ¢ > 0,
3ve
2 ’

Proof Assume that the sup, in the definition of A, is attained on a positive value
Ay (x) = F,(x) — @ (x) (the case of a negative value A, (x) is similar) and that, for
a given § > 0, the value x; is such that

Ap < 2An,e +

Ap(xs) = Fu(xs) — @ (xs) = Ay — 8,

where F,, is the distribution function of ¢,. When the argument increases, the value
of A, (xs) varies little in the following sense. Let |y| < v. Then v — y > 0 and

An(xs+e(—y)) = Fu(xs +e—y) — D (xs +e(v—y))
> Fu(xs) — @ (xs) — [@ (x5 +e(v — ) — D (x5)].

Here the difference in the brackets does not exceed £(v — y)®’(0) < 2ve/+/27, and
hence

2ve

An(xs+ew—y) =4, —68— Nrd

Therefore

Ane z/dG(y)An(xs+sv—sy>=/ +/
[yl<v [y|=v

>3 A 5 2ue lA _A,, 3 5+ 2ue
—4\" Vr) 47" 2 4 V)

Since § is arbitrary, the assertion of the lemma follows. O

Corollary A5.1 For G = @ (y € ®9.1) the value v = 6/5 satisfies the condition of
Lemma A5.1, and

Ay Sz(An,a +¢€). (A5.1)

At the next stage of the proof we bound A, ., and it is at that stage where the
composition method will be used. Put

u(n) :=max Ay —, o en.
k<n 12
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By letters ¢ (with or without indices) we will denote absolute constants, not neces-
sarily the same ones.

Lemma AS5.2 Fora >1,

M) (A5.2)

1
Ape <cul —+
e = “(ﬁ a/n
Proof Set H, := Y }_; Nk, where ng € ®¢ 1 are independent of each other and of
H, and y. The composition method is based on the following identity (cf. Theo-
rem 8.5.1 and identity (8.5.3), n € ®¢,1):

Pty +ey <x)—P(+ey <x)=P(S, +ay <xv/n) —P(H, +ay <x+/n)
= Z[P(Smfl + (Hy — Hy) + & +ay <x\/’;)

_P(Sm—l + (Hy — Hy) + 0 +ay <x\/ﬁ)]-

Since for y € ®¢,; one has H, — Hy +ay € ®,,_,,142, the last sum is equal to
> —1 D, where

(M) o)
= E[q)(T —fl_z> —<p<Tm - Z_:)}

x\/_— Sm_1
dm '

2. 2 .
dyy ' =n—m+a”, Ty =

To bound D,, we will adopt the same approach as in Lemma 8.5.1. Because the
first two moments of &, and 7, coincide, expanding @ into a series yields

21 "
| D | < d_3 supE¢" (T, + 1),
t

m

where ¢ (x) = ®'(x) and ¢ = @"”. Since the function ¢” is bounded,

cu
|Dp| < &3 (A5.3)

We will also need another bound for D,,. To obtain it, consider the quantity

R, = sup’Eqb”(Tm + t)‘
t

4

(AS.4)

m

<sup|E[¢" (T +1) — ¢" (Vi +1)]
t
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where V,, is defined in the same way as T;, but with S,,_; replaced by H,_1.
Integrating by parts yields

[E[¢" (T +1) = ¢" (Vi +1]| = ‘ / ¢" U+ 1) d[P(Ty <u) —P(Vyy <u)]

= ’/qﬁ”’(u —|—t)[P(Tm <u)—PV, < u)] du

< Am-i /|¢”’(u>|du =cAp-1,

since |P(T,,, <u) — P(V,, <u)| < A,_1 (the variables T,, and V,, are obtained
from S,,,—1/+/m — 1 and H,,_1/+/m — 1, respectively, by one and the same linear
transformation).

To bound the second summand on the right-hand side of (AS5.4), note that

7 " 1 u—dam

E¢" (Vi +t)=/¢ (M~I-t)—¢( )du, (A5.5)
'm 'm
where
N [ m—1

= -, 14 = _—s,

fm == dn " n—m+a?
so that ¢( ) is the density of V,, (x[ m=1) . Integrating the right-hand

side of (AS 5) tw1ce by parts, we obtain

(u +z)¢”(”:;"’”) du

=

1
‘E(b”(Vm —I—l‘)‘ ==
Tin

c
3
T'in

Thus,

Ru<c(a ! Dy < epf A= !
m=C m—l+% s m = CU d% +(m_1)3/2 :

The bounds derived for D,, do not depend on x. Therefore, using the bound just
obtained for m > n/2, and bound (A5.3) for m < n/2 (the latter bound implies then
that | D,,| < cu/n3/?), we get

An,SSC,Uv|: Z -3/2 4 Z Ap— 1 Z m} (A5.6)

m<n/2 m>n/2 1 m>n/2

Here the first sum does not exceed (n/2)n=3/2 =1/ (24/n) and the last sum does

not exceed
/ n ds c
nj2—1$ 372 = NG
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It remains to bound the middle sum. Setting (1 (n) := max <, (Ak\/i )/m), we have

n

Am 2 & 1
Z d3 <Mu(”_1)[2 —(n—m+(x2)3/2'

m>n/2 m>n/2

The last sum does not exceed

i;<i+/‘”L_i+l<i
ka3 Tty (+a?) @ 2072

provided that & > 1. Collecting (A5.6) and the above estimates together, we obtain
the assertion of the lemma. U

We now turn directly to the proof of the theorem. By virtue of (A5.1) and (A5.2),

Ay 20 2cpuu(n — 1 2a
‘/_<—\/—An8+_<2 %4_;

v(n) =

Put here @ := max(4cu, 1). Then (u > 1)

un—+1)

<
v(n) <ci+ 5

This implies that u(n) < 2c¢; for all n. To verify this, we make use of induction.
Clearly, u(1) = v(1) <1 <2cy. Let u(n — 1) <2cj. Then v(n) <2c; and u(n) =
max(v(n), u(n — 1)) <2cy. The theorem is proved. [l



Appendix 6
The Basic Properties of Regularly Varying
Functions and Subexponential Distributions

The properties of regularly varying functions and subexponential distributions were
used in Sects. 8.8, 9.4-9.6 and 12.7 and will be used in Appendices 7 and 8.

6.1 General Properties of Regularly Varying Functions

Definition A6.1.1 A positive measurable function L(¢) is called a slowly varying
Sfunction (s.v.f.) as t — oo if, for any fixed v > 0,

L(vt)

L(t)

—1 ast— oo. (A6.1.1)

A function V(¢) is called a regularly varying function (r.v.f.) (with exponent
—pB € R) as t — oo if it can be represented as

vi)=t"PL@), (A6.1.2)
where L(¢) is an s.v.f. as t — co. We will denote the class of all r.v.f.s by R.

The definitions of an s.v.f. and r.v.f. as ¢ | O are quite similar. In what follows,
the term s.v.f. (r.v.f.) will (unless specified otherwise) always refer to a slowly (reg-
ularly) varying function at infinity.

It is easy to see that, similarly to (A6.1.1), a characteristic property of regularly
varying functions is the convergence, for any fixed v > 0,

Ve g
— vV
V()

ast — oo. (A6.1.3)

Thus, an s.v.f. is an r.v.f. with exponent zero.
Typical representatives of the class of s.v.f.s are the logarithmic function and its
powers In” ¢, y € R, their linear combinations, multiple logarithms, functions with

A.A. Borovkov, Probability Theory, Universitext, 665
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the property L(#) — L = const # 0 as t — 0o, etc. As an example of a bounded
oscillating s.v.f. one can give

Lo(t) =2 +sin(Inlnt), > 1.
We will need the following two basic properties of s.v.f.s.

Theorem A6.1.1 (Uniform convergence theorem) If L(¢t) is an s.v.f. as t — 00
then convergence (A6.1.1) holds uniformly in v on any segment [v, v2], 0 < v] <
vy < 0.

The theorem implies that the uniform convergence (A6.1.1) on the segment
[1/M, M] also takes place in the case when, as t — oo, the quantity M = M(¢)
grows unboundedly slowly enough.

Theorem A6.1.2 (Integral representation) A function L(t) is an s.v.f. ast — oo if
and only if, for some ty > 0, one has

" e(u)
L(t) =c(t)exp —duy, t>rh, (A6.1.4)
Io u
where the functions c(t) and &(t) are measurable and such that c(t) — ¢ € (0, 00)

and e(t) > 0ast — 0.

For instance, for L(¢) = Int representation (A6.1.4) is valid with c(¢) = 1,fg =e
and e(f) = (Int)~ L.

Proof of Theorem A6.1.1 Put
h(x) :=lnL(ex). (A6.1.5)

Then property (A6.1.1) of s.v.f.s is equivalent, for each u € R, to the condition that
the convergence

h(x+u)—h(x)—0 (A6.1.6)

takes place as x — oo. To prove the theorem, we need to show that this convergence
is uniform in u € [uy, us] for any fixed u; € R. In order to do that, it suffices to
verify that convergence (A6.1.6) is uniform on the segment [0, 1]. Indeed, from the
obvious inequality

|h(x +u1 +uz) — h(x)| < |h(x +uy +uz) — h(x +up)| + |h(x +up) — h(x)|
(A6.1.7)

we have

A+ 1) = h(0)] < (2 =y +1) sup [h(x+y) —h(x)], uelur,uzl.
y€l0,1]
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For a given € € (0, 1) and an x > 0, set I, := [x, x + 2],
Li={uel o |h@) —hx)|>e/2}, I, ={uel:|h(x+u)—hx)|=>e/2}.

Clearly, the sets I;F and I& ., are measurable and differ from each other by a transla-
tion by x, so that u(I) = [L(I&x), where u is the Lebesgue measure. By (A6.1.6)
the indicator function of the set I({ .. converges, at each point u € Iy, to 0 as x — oo.
Therefore, by the dominated convergence theorem, the integral of this function, be-
ing equal to [L(Iék’x), converges to 0, so that p(I;) < /2 for x > xg, where xo is
large enough.

Further, for s € [0, 1], the segment I, N I+ =[x+, x +2] haslength2 —s > 1,
so that, for x > xq, the set

(Ix N Ix+s) \ (1;: U I:+s)

has measure > 1 — ¢ > 0 and hence is non-empty. Let y be a point from this set.
Then

|h(x +5) —h(x)| < |h(x +5) —h()|+|h(y) —h(x)| <e/2+e/2=¢

for x > xp, which proves the required uniformity on [0, 1] and hence on any fixed
segment. The theorem is proved. 0

Proof of Theorem A6.1.2 The fact that the right-hand side of (A6.1.4) is an s.v.f. is
almost obvious: for any fixed v # 1,

L) _cv) exp{/” Mdu}, (A6.1.8)
L) c(t) ' u
where c(vt)/c(t) - ¢/c=1and, as t — oo,
vt vt
/ G =0(/ dl) = o(Inv) = o(1). (A6.1.9)
, u ru

We now prove that any s.v.f. admits the representation (A6.1.4). The required rep-
resentation in terms of the function (A6.1.5) is equivalent (after substituting ¢ = e*)
to the relation

X

h(x) =d(x) +/ s(y)dy, (A6.1.10)
X0

where d(x) =Inc(e®) - d € R and §(x) = g(e*) — 0 as x — o0, xo = Inty.

Therefore it suffices to establish representation (A6.1.10) for the function 4 (x).
First of all note that 4 (x) (as well as L(z)) is a “locally bounded” function. In-

deed, Theorem A6.1.1 implies that, for x( large enough and all x > xg,

sup Ih(x +y)— h(x)| <1.
0=<y=1
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Hence, for any x > x(, we have by virtue of (A6.1.7) the bound

|h(x) — h(xo)| <x —xo+ 1.
Further, the local boundedness and measurability of the function & mean that it is

locally integrable on [x(, 0o) and hence can be represented for x > xq as

X

x0+1 1
h<x>=/ h(y)dy+f0 (h<x>—h<x+y))dy+f (h(y + 1) — h(») dy.

0 X0
(A6.1.11)
The first integral in (A6.1.11) is a constant, which will be denoted by d. The second
integral, by virtue of Theorem A6.1.1, converges to zero as x — 00, so that

1
d(x):=d +/ (h(x) —h(x +y))dy —d, x— o0.
0
As for the third integral in (A6.1.11), by the definition of an s.v.f., the integrand
satisfies
(y):=h(y+1)—h(y) >0

as y — oo, which completes the proof of representation (A6.1.10). 0

6.2 The Basic Asymptotic Properties

In this section we will obtain a number of consequences of Theorems A6.1.1 and
A6.1.2 that are related to the asymptotic behaviour of s.v.f.s and r.v.f.s.

Theorem A6.2.1 (i) If L1 and L, are s.v.f.s then L1+ Ly, L1L>, L’f and L(t) :=
Li(at +b), where a > 0 and b € R, are also s.v.f.s
@ii) If L is an s.v.f. then, for any § > 0, there exists a ts > 0 such that

S <L@)y<t® forallt>1s. (A6.2.1)

In other words, L(t) = 1°D as t — oco.
(iii) If L is an s.v.f. then, for any § > 0 and vo > 1, there exists a ts > 0 such that,
forallv>vyandt>ts,

_5<L(Ut)<v3.
STo S

(iv) (Karamata’s theorem) If an r.v.f. V in (A6.1.2) has exponent —f3, B > 1, then

(A6.2.2)

vig) .= /oo V() du ~ ;V—(? ast — oo. (A6.2.3)
t _
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If B <1 then
t
Vi) ::/ V(u)du ~ th_(t) ast — oo. (A6.2.4)
0 _
If B=1 then
Vi(t) =tV({t)L1(t) (A6.2.5)
and
VIiy=tv)Lr@t) if /00 V(u)du < oo, (A6.2.6)
0

where L;(t) — oo ast — 00,i = 1,2, are s.vf.s.
(v) For an rv.f. V with exponent —f < 0, put

b(t):=VED/) =influ: V@) < 1/t}.
Then b(t) is an r.v.f. with exponent 1/8:
b)) =t"PL,1), (A6.2.7)
where Ly, is an s.v.f. If the function L possesses the property
L(tL'P(6)) ~ L(t) (A6.2.8)
ast — oo then

Ly(t) ~ LYP(¢1/F). (A6.2.9)

Similar assertions hold for functions slowly/regularly varying as ¢ | 0.

Note that Theorem A6.1.1 and inequality (A6.2.2) imply the following property
of s.v.f.s: for any § > 0 there exists a ts > 0 such that, for all t and v satisfying the
inequalities t > ty and vt > t5, we have

- LL((vt)) < (1+8) max{v’, v} (A6.2.10)

(1 — &) minfv’, v} <

Proof of Theorem A6.2.1 Assertion (i) is evident (just note that, in order to prove
the last part of (i), one needs Theorem A6.1.1).
(ii) This property follows immediately from representation (A6.1.4) and the

bound
In
/ S(M) ' (f td—u)—f—o(/t d_u) =o(Int)
fo u Int U

ast — oo.
(iii) In order to prove this property, notice that on the right-hand side of (A6.1.8),
for any fixed § > 0 and vg > 1 and all ¢ large enough, we have

lnt

Int

— c(vt
032 < =32 . € )<v5/2<v‘5/2,

< < < < v = Vg,
(1) 0
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vt
/ €W 1l <
t u

(by virtue of (A6.1.9)). This implies (A6.2.2).

(iv) By the dominated convergence theorem, we can choose an M = M(t) — oo
as t — oo such that the convergence in (A6.1.1) will be uniform in v € [1, M].
Changing the variable u = vt, we obtain

M 00
1% (r)—z—/f‘“L(t)/ —ﬁL(vt)) —t—ﬁ“L(t)[/ +f } (A6.2.11)
1 M

and

If B > 1 then, as t — oo,

whereas by property (iii), for § = (8 — 1)/2, we have

o0 o0 o0
/ </ v7ﬂ+‘sdv=/ v B2 4y 5 0.
M M M

These relations together imply

vig~"

The case B < 1 can be treated quite similarly, but taking into account the uniform
inv € [1/M, 1] convergence in (A6.1.1) and the equality

! 1
/ v Pdyv= ——.
0 1-8

If B =1 then the first integral on the right-hand side of (A6.2.11) is

M M
/ ~/ v_ldvzlnM,
1 1

so that if
o0
/ V(u)du < oo (A6.2.12)
0
then
V’(t) > (1 +0(1))L(t)lnM > L(t) (A6.2.13)
and hence

vi ) Vi)
V(@) L@)

Ly(t) :=

— 00 ast — 00.
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Note now that, by property (i), the function Ly will be an s.v.f. whenever V! (t) is
an s.v.f. But, forv > 1,

vt
VI(t)=VI(vt)+/ V(u)du,
t

where the last integral clearly does not exceed (v — 1) L(#)(1 + o(1)). By (A6.2.13)
this implies that V/(vt)/VI(t) - 1 as t+ — oo, which completes the proof
of (A6.2.6).

That relation (A6.2.5) is true in the subcase when (A6.2.12) holds is almost ob-
vious, since

t oo
V/(I):IV(I)L](t)=L(t)L](t)=/ V(u)du—>/ V(u)du,
0 0

so that, firstly, L1 is an s.v.f. by property (i) and, secondly, L(f) — oo because
L(t) - 0 by (A6.2.13).

Now let 8 =1 and fooo V(u)du = oo. Then, as M = M (t) — oo slowly enough,
similarly to (A6.2.11) and (A6.2.13), by the uniform convergence theorem we have

1 1

Vi) =f v L(vt)dv > / v 'L(vt)dv~ L@t)InM > L(1).
0 /M

Therefore Li(¢) := V;(t)/L(t) — oo as t — oo. Further, also similarly to the

above, we have, as v € (0, 1),

t

V1(t)=V1(vt)+/ V(u)du,

vt

where the last integral does not exceed (1 —v)L(#)(1+o0(1)) < V; (), so that V;(¢)
(as well as L1(¢) by virtue of property (i)) is an s.v.f. This completes the proof of

property (iv).
(v) Clearly, by the uniform convergence theorem the quantity b = b(¢) is a solu-
tion to the “asymptotic equation”

1
V(b)) ~ " ast — o0 (A6.2.14)

(where the symbol ~ can be replaced by the equality sign if the function V is
continuous and monotonically decreasing). Substituting ¢'/# L, (¢) for b, we obtain
an equivalent relation

L LB L) ~1, (A6.2.15)
where clearly

tl/ﬁLb—>oo ast — oo. (A6.2.16)
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Fix an arbitrary v > 0. Substituting vt for ¢ in (A6.2.15) and setting, for brevity’s
sake, Lo = Lo (t) := Ly (vt), we get the relation

Ly L(1VPLy) ~ 1, (A6.2.17)

since LBt /BLy) ~ L(tV/PLy) by virtue of (A6.2.16) (with Lj, replaced
with Ly). Now we will show by contradiction that (A6.2.15)—(A6.2.17) imply that
Ly ~ Ly as t — 0o, which obviously means that Lj, is an s.v.f.

Indeed, the contrary assumption means that there exist vg > 1 and a sequence
t, — oo such that

up:=Lo(t,)/Lp(ty) >v9, n=1,2,... (A6.2.18)

(the possible alternative case can be dealt with in the same way). Clearly, ¢ :=

1P Ly (t,) — 00 by (A6.2.16), s0 we obtain from (A6.2.15)~(A6.2.16) and property
(iii) with 8 = /2 that

—B 1/B
L2 &)L, La(t,)) _ -B L(Mnt;;) < M—ﬂ/2 - v—ﬂ/z -

1~ =Uu <
L oL@ Lyayy " L) T o

1.

We get a contradiction.

Note that the above argument proves the uniqueness (up to asymptotic equiva-
lence) of the solution to Eq. (A6.2.14).

Finally, relation (A6.2.9) can be proved by a direct verification of (A6.2.14) for
b:=t"BLYB(t1/B): using (A6.2.8), we have

L(tl/ﬁLl/ﬂ(tl/ﬁ)) L(tl/ﬂ) B 1
tL(t1/P) tL(tV/B) t°

Vb)y=b"PLb)=

The required assertion follows now by the aforementioned uniqueness of the solu-
tion to the asymptotic equation (A6.2.14). Theorem A6.2.1 is proved. 0

6.3 The Asymptotic Properties of the Transforms of R.V.F.s
(Abel-Type Theorems)

For an r.v.f. V (¢), its Laplace transform

V(L) = /Ooe_MV(t)dt <00
0

is defined for all A > 0. The following asymptotic relations hold true for the trans-
form.

Theorem A6.3.1 Assume that V(t) € R (i.e. V(t) has the form (A6.1.2)).
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1) IfBel0,1) then

ra-g
()~ =V (1/2) as kL0, (A6.3.1)

(i) If B=1and [,° V(t)dt = oo then
Y~ Vi(1/x) asi |0, (A6.3.2)

where Vi (t) = fé V(u)du — oo is an s.v.f. such that Vi (t) > L(t) as t — 00.
>iii) In any case, Yy (A) 1 Vi(00) = fooo V()dt <ocoas i |O.

Assertions (i) and (ii) are called Abelian theorems.
If we resolve relation (A6.3.1) for V then we obtain

v/
tr'(1—p)

Relations of this type will also be valid in the case when, instead of the regularity
of the function V, one requires the monotonicity of V' and assumes that ¥ (}) is an
r.v.f. as A | 0. Statements of such type are called Tauberian theorems. We will not
need these theorems and so will not dwell on them.

V)~ ast — oQ.

Proof of Theorem A6.3.1 (i) For any fixed ¢ > 0 we have

e/ 00
vor=[ [
0 e/

where, for the first integral on the right-hand side, for 8 < 1, by virtue of (A6.2.4)
we have the following relation

e/r e/ Vv A
f MV (1) dt < / viydr~ YEM ol (A6.3.3)
0 0 Al —p)
Changing the variable At = u, we can rewrite the second integral in the above rep-
resentation for (1) as

00 00 2 *©
/ :va/x)/ o L/ dM:V(l/A)[/ +/ ] (A6.3.4)
P | L(1/%) v LTk

Each of the integrals on the right-hand side converges, as A | 0, to the corresponding
integral of e “u~#: the former integral converges by the uniform convergence the-
orem (the convergence L(u/A)/L(1/A) — 1 is uniform in u € [¢, 2]), and the latter
converges by virtue of (A6.1.1) and the dominated convergence theorem, since by
Theorem A6.2.1(iii), for all A small enough, we have L(u/A)/L(1/X) < u foru > 2.

Therefore,

VAN [

/ ~ (/)f uPBe ™ du. (A6.3.5)
e/ A e
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Now note that, as A | 0,

8V(8/A)/V(1/A) _ I8 Le/») -
N L(1/%) '

Since ¢ > (0 can be chosen arbitrarily small, this relation together with (A6.3.3) and
(A6.3.5) completes the proof of (A6.3.1).

(ii) Integrating by parts and changing the variable At = u, we obtain, for § =1
and M > 0, that

V0 = / e a1 = — / Vi) de
0 0

0 1/M M oo
= / Vi(u/A)e “du = / + / + / . (A6.3.6)
0 0 /M M

By Theorem A6.2.1(iv), V;(z) > L(¢) is an s.v.f. as t — oco. Therefore, by the
uniform convergence theorem, for M = M (L) — oo slowly enough as A — 0, the
middle integral on the right-hand side of (A6.3.6) is

Mviw/n
1ym Vi(1/2)
The remaining two integrals are negligibly small: since V;(¢) is an increasing func-

tion, the first integral does not exceed V;(1/AM)/M = o(V;(1/))), while for the
last integral we have by Theorem A6.2.1(iii) that

M
Vi(1/2) du~ Vi (1/x) /I/M edu~ Vi(1/X).

Vi/2) R
Vi(1/n )/ VI(T/)») du <v,(1/x)fM ue™du = o(Vi(1/3)).

Hence (ii) is proved. Assertion (iii) is evident. Il

6.4 Subexponential Distributions and Their Properties

Let &, &1, &, ... be independent identically distributed random variables with distri-
bution F, and let the right tail of this distribution

Fy(t):=F([r,00) =P >1), 1€R,

be an r.v.f. as r — oo of the form (A6.1.2), which we will denote by V (¢). Recall
that we denoted the class of all such distributions by R.

In this section we will introduce one more class of distributions, which is sub-
stantially wider than R.

Let ¢ € R be a random variable with distribution G: G(B) = P(¢ € B) for any
Borel set B (recall that in this case we write { & G). Denote by G (¢) the right tail
of the distribution of the random variable ¢:

G(t):=P( >1), teR.
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The convolution of tails G (¢) and G(¢) is the function
G1#Gat) = - [ Gt~ 1462 = [ Gi(t = NGatay) =PZa 2 1),

where Z> = ¢ + ¢ is the sum of independent random variables §; € G;, i =1, 2.
Clearly, G x G2(t) = G2 % G1(t). Denote by GZ*(t) := G * G(t) the convolution
of the tail G (¢) with itself and put G*+V*(1) := G % G™*(t), n > 2.

Definition A6.4.1 A distribution G on [0, co0) belongs to the class S of subexpo-
nential distributions on the positive half-line if

G¥*(t) ~2G() ast— oo. (A6.4.1)

A distribution G on the whole line (—o0, 00) belongs to the class 8 of subexponen-
tial distributions if the distribution GT of the positive part ¢ = max{0, ¢} of the
random variable { € G belongs to S. A random variable is called subexponential
if its distribution is subexponential.

As we will see below (Theorem A6.4.3), the subexponentiality property of a dis-
tribution G is essentially the property of the asymptotics of the tail G(¢) as t — o©.
Therefore we can also speak about subexponential functions.

A nondecreasing function G1(¢) on (0, 00) is called subexponential if a distri-
bution G with the tail G(t) ~ cG(t) as t — oo with some ¢ > 0 is subexpo-
nential. (For example, distributions with the tails G(¢) = G1(t)/G1(0) or G(¢) =
min(1, G1(t))).

Remark A6.4.1 Since we obviously always have

(G0 =P +& =) = P({tf = u e =1))
=P =2)+P=t)—Pl1 =1, >1)
=2G(t) — G*(1) =2GT (1) (1 +0(1))

as t — oo, subexponentiality is equivalent to the following property:

+\ 2%
lim sup SO < (A6.4.2)

t—00 Gt ~

Note also that, since relation (A6.4.1) makes sense only when G () > O forall e R,
the support of any subexponential distribution is unbounded from the right.
We show that regularly varying distributions are subexponential, i.e., that R C 8.
Let Fe R and P(§ > 1) = V(¢) be r.v.f.s. We need to show that

PE +6>x)=V>*@) =V V()

- —/ Vx—1)dV(t) ~2V(x). (A6.4.3)

—00
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In order to do that, we introduce events A := {§; + & > x} and B; := {§; < x/2},
i =1, 2. Clearly,

P(A) =P(AB)) + P(ABy) — P(AB; B,) + P(ABB>),

where P(AB1By) = 0, P(AB|B3) = P(B1B2) = V*(x/2) (here and in what fol-
lows, B denotes the event complementary to B) and

x/2
P(AB)) =P(AB») =[ V(x —1)F(dt).
Therefore
x/2
VH(x) =2 / V(x —0)Fdt) + V(x/2). (A6.4.4)

(The same result can be obtained by integrating the convolution in (A6.4.3) by
parts.) It remains to note that V2(x/2) = o(V(x)) and

x/2 -M M x/2
/ V(x —t)F(dt) = / + f + / , (A6.4.5)
—00 —00 -M M

where, as one can easily see, for any M = M (x) — oo as x — oo such that M =

o(x), we have
-M
/ ~V(x) and / / o(V(x)),

which proves (A6.4.3).
The same argument is valid for distributions with a right tail of the form

Foit)y=e"LO ge(0,1), (A6.4.6)

where L(t) is an s.v.f. as t — oo satisfying a certain smoothness condition (for
instance, that L is differentiable with L'(t) = o(L(t)/1) as t — 00).

One of the basic properties of subexponential distributions G is that their tails
G (t) are asymptotically locally constant in the following sense.

Definition A6.4.2 We will call a function G(¢) > 0 (asymptotically) locally con-
stant (1.c.) if, for any fixed v,

M —1 ast— oo. (A6.4.7)
G(r)

In the literature, distributions with l.c. tails are often referred to as long-tailed
distributions; however, we feel that the term “locally constant function” better re-
flects the meaning of the concept. Denote the class of all distributions G with I.c.
tails G(¢) by L.

For future reference, we will state the basic properties of 1.c. functions as a sepa-
rate theorem.
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Theorem A6.4.1 (i) For an l.c. function G(t) the convergence in (A6.4.7) is uni-
form in v on any fixed finite interval.

(i) A function G (t) is l.c. if and only if, for some to > 0, it admits a representation
of the form

t
G(t)=c(t)exp{/ 8(u)du}, t> 1, (A6.4.8)
fo

where the functions c(t) and &(t) are measurable and such that c(t) — ¢ € (0, 00)
and e(t) = 0 as t — oo.

(1ii) If G1(t) and G,(t) are L.c. functions then G1(t) + G2(t), G1(t)G2 (1), Gll’ (),
and G(t) := G(at + b), where a >0 and b € R, are also l.c.

@v) If G(¢) is an l.c. function then, for any € > 0,

e'G(t) > 00 ast— 00.
In other words, any l.c. function G(t) can be represented as
GH=eD, 1t)y=0@) ast— oco. (A6.4.9)
(V) Let
o
G (1) :=/ G(u)du < oo
'

and at least one of the following conditions be satisfied:

(a) G(¢) isanl.c. function; or
(b) G'(t) isan l.c. function and G (t) is monotone.

Then
G(t)=0o(G'(t)) ast— oco. (A6.4.10)
(Vi) If G € £ then G**(t) ~ (GT)?*(t) as t — oo.

Remark A6.4.2 Assertion (i) of the theorem implies that the uniform convergence
in (A6.4.7) on the interval [—M, M] persists in the case when, as t — oo, M = M (t)
grows unboundedly slowly enough.

Proof of Theorem A6.4.1, (i)—(iii) It is clear from Definitions A6.4.1 and A6.4.2
that G(¢) is L.c. if and only if L(¢) := G(In¢) is an s.v.f. Having made this observa-
tion, assertion (i) follows directly from Theorem A6.1.1 (on uniform convergence
of s.v.f.s), while assertions (ii) and (iii) follow from Theorems A6.1.2 and A6.2.1(i),
respectively.

Assertion (iv) follows from the integral representation (A6.4.8).

(v) If (a) holds then, for any M > 0 and all r large enough,

+M 1
Gl () >/ Gu)du > EMG(:).
t
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Since M is arbitrary, G (t) > G (t). Further, if (b) holds then

t Iy
G < ! / Gu)du = 7(; =1 —1—>0
t—1

Gl(t) ~ Gl@) Gl ()

ast — oo.
(vi) Let ¢1 and &> be independent copies of a random variable ¢, Z := &1 + {2,
Z§+) = §1+ + §2+ . Clearly, ¢; < g“l.+, so that

G*()=P(Zy > 1) <P(2{" = 1) = (G*) ™). (A6.4.11)

On the other hand, for any M > 0,

2
GH*N)=P(Zy=1.01>0,0>0)+ Y P(Zy>1.5 €[-M.0]),

i=1

where the first term on the right-hand side is equal to P(Z§+) >t, §1+ >0, §2+ > 0),
and the last two terms can be bounded as follows: since G € £, then, for any ¢ > 0
and M and ¢ large enough,

G M
=Gm—%%rqmasm—ma<—Mﬂ

> (1-e)GOP(¢) =0) =1 —e)P(Z" =1, ¢ =0).
Thus we obtain for G2*(¢) the lower bound
2
GH*0) = P(ZY 21,0 > 0.5 >0)+ (1 —) Y P(Z{" = 1.5 =0)
i=1
> (1—e)P(ZP > 1) =1 —)(G*) ).
Therefore (vi) is proved, as ¢ can be arbitrarily small. The theorem is proved. [

We return now to our discussion of subexponential distributions. First of all, we
turn to the relationship between the classes 8§ and L.

Theorem A6.4.2 We have S C L, and hence all the assertions of Theorem A6.4.1
are valid for subexponential distributions as well.

Remark A6.4.3 The coinage of the term “subexponential distribution” was appar-
ently due mostly to the fact that the tail of such a distribution decreases as t — co
slower than any exponential function e~%’, as shown in Theorems A6.4.1(iv) and
A6.4.2.
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Remark A6.4.4 In the case when the distribution G is not concentrated on [0, 00),
the tails’ additivity condition (A6.4.1) alone is not sufficient for the function G (¢)
to be l.c. (and hence for ensuring the “subexponential decay” of the distribution tail,
cf. Remark A6.4.3). This explains the necessity of defining subexponentiality in the
general case in terms of condition (A6.4.1) on the distribution G of the random
variable ¢ . Actually, as we will see below (Corollary A6.4.1), the subexponential-
ity of a distribution G on R is equivalent to the combination of conditions (A6.4.1)
(on G itself) and G € L.

The next example shows that, for random variables assuming values of both
signs, condition (A6.4.1), generally speaking, does not imply the subexponential
behaviour of G(¢).

Example A6.4.1 Let u > 0 be fixed and the right tail of the distribution G have the
form

G(t) =e MV (1), (A6.4.12)

where V (¢) is an r.v.f. vanishing as t — oo and such that

g () = / " Gy < oo.

Similarly to (A6.4.4) and (A6.4.5), we have
12
G*(1)=2 / G(t —y)G(dy) + G*(t/2),
—0oQ

where

/2 t/2
/ G(it—y)Gdy) =e ‘”[ eV (t — y) G(dy)

L]

One can easily see that, for M = M (t) — oo slowly enough as t — oo, we have

M -M
/Mel”’V(t—y)G(dy)Ng(M)V(t), / / o(G)),

while
G*(t/2) = e MV2(t/2) < ce M V3(1) = 0(G(1)).
Thus, we obtain
G™ (1) ~2g(we ™V (1) =28 (WG (1), (A6.4.13)

and it is clear that we can always find a distribution G (with a negative mean) such
that g() = 1. In that case relation (A6.4.1) from the definition of subexponentiality
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will be satisfied, although G (#) decreases exponentially fast and hence is not an l.c.
function.

On the other hand, note that the class of distributions satisfying relation (A6.4.1)
only is an extension of the class 8. Distributions in the former class possess many
of the properties of distributions from 8.

Proof of Theorem A6.4.2 'We have to prove that § C £. Since the definitions of both
classes are given in terms of the right distribution tails, we can assume without loss
of generality, that G € 8, (or just consider the distribution G™). For independent
(nonnegative) {; € G we have, for t > 0,

G =Pl +o>1)=P >0 +Pl+>1,0 <1)
t
=G(1) +/ G(t — y)G(dy). (A6.4.14)
0

Since G (t) is non-increasing and G (0) = 1, it follows that, for r > v > 0,

G2 (1) /” G(it—y) /t G(t—y)
=1 —— 222G ——22 G
co 't Ten ST e @

Gt —v)

>1+[1-GWw]+ 6o

[Gv) - G®)].
Therefore, for ¢ large enough (such that G(v) — G(¢) > 0),

Gt —v) 1 [G2* Q)
< <
- Gt ~ G -Go| G

-2+ G(v)} )
Since G € 84, the right-hand side of the last formula converges as t — oo to the

quantity G(v)/G(v) = 1 and hence G € L. The theorem is proved. O

The next theorem contains several important properties of subexponential distri-
butions.

Theorem A6.4.3 Ler G € 8.
1) IfGi(t)/G(t) > ciast —>00,¢; >0,i=1,2,c1+cp >0, then

G1xGa(t) ~G1(1) + G2(t) ~ (c1 + 2)G (7).

(i) If Go(t) ~cG(t) ast — 0o, ¢ > 0, then Gg € 8.
(iii) For any fixed n > 2,

G () ~nG(@) ast— oo. (A6.4.15)

(iv) For any ¢ > 0 there exists a b = b(g) < oo such that

G"* (l)

G0 <b(l1+e¢)

foralln>2andt.
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In addition to assertions (i) and (ii) of the theorem, we can also show thatif G € §
and the function m(¢) € £ possesses the property

O<mp <m(t) <my <00

then G1(t) =m(1)G(t) € 8.

Theorems A6.4.1(vi), A6.4.2 and A6.4.3(iii) imply the following simple state-
ment elucidating the subexponentiality condition for random variables taking values
of both signs.

Corollary A6.4.1 A distribution G belongs to 8 if and only if G € £ and G¥*(t) ~
2G(t) ast — oo.

Remark A6.4.5 Evidently the asymptotic relation G1(¢) ~ G2(t) as t — 00 is an
equivalence relation on the set of distributions on R. Theorem A6.4.3(ii) means
that the class 8 is closed with respect to that equivalence. One can easily see that in
each of the equivalence subclasses of the class 8 with respect to this relation there
is always a distribution with an arbitrarily smooth tail G (t).

Indeed, let p(¢) be an infinitely differentiable probability density on R vanishing
outside [0, 1] (we can take, e.g., p(x) =c - e~ V/&U=9) if x € (0,1) and p(x) =0
if x ¢ (0, 1)). Now we “smooth” the function /(t) := —In G (¢), G € 8, putting

lo() := / p(t —w)l(u)du, andlet Go(r) :=e 00, (A6.4.16)

Clearly, Go(¢) is an infinitely differentiable function and, since /(¢) is nondecreasing
and we actually integrate over [t — 1,¢] only, one has I(t — 1) < ly(t) <I(¢) and
hence by Theorem A6.4.2

- Go(t) - Git—-1)
- G@) T G@)

—1 ast— o0.

Thus, the distribution Gy is equivalent to the original G. A simpler smoothing pro-
cedure leading to a less smooth asymptotically equivalent tail consists of replacing
the function /(¢) with its linear interpolation with nodes at points (k, /(k)), k being
an integer.

Therefore, up to a summand o(1), we can always assume the function /(¢) =
—InG(t), G € 8, to be arbitrarily smooth.

The aforesaid is clearly applicable to the class £ as well: it is also closed with
respect to the introduced equivalence, and each of its equivalence subclass contains
arbitrarily smooth representatives.

Remark A6.4.6 Theorem A6.4.3(ii) and (iii) immediately implies that if G € § then
also G"™* € 8, n=2,3,.... Moreover, if we denote by G"V the distribution of the
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maximum of independent identically distributed random variables ¢y, ..., ¢, € G,
then the evident relation

G™(t)=1-(1-G®)" ~nG(t) ast— oo (A6.4.17)

and Theorem A6.4.3(ii) imply that G"" also belongs to 8.

Relations (A6.4.17) and (A6.4.15) show that, in the case of a subexponential
G, the tail G™*(¢) of the distribution of the sum of a fixed number n of indepen-
dent identically distributed random variables ¢{; € G is asymptotically equivalent
(as t — 00) to the tail GV () of the maximum of these random variables, i.e., the
“large” values of this sum are mainly due to by the presence of one “large” term ¢;
in the sum. It is easy to see that this property is characteristic of subexponentiality.

Remark A6.4.7 Note also that an assertion converse to what was stated at the be-
ginning of Remark A6.4.6 is also valid: if G"™* € § for some n > 2 then G € §
as well. That G € 8 implies G € § evidently follows from (A6.4.17) and Theo-
rem A6.4.3(ii).

Proof of Theorem A6.4.3 (i) First assume that cjc> > 0 and that both distributions
G; are concentrated on [0, 00). Fix an arbitrary ¢ > 0 and choose M large enough
tohave G;(M) <¢,i=1,2,and G(M) < ¢, and such that, forr > M,
Gi(1) . Gt —M)
I—-e)ci<——<{U+¢e), i=1,2, l—e<——<1+4¢
G(1) G(1)

(A6.4.18)
(the last inequality holds by virtue of Theorem A6.4.2).

Let { € G and ¢ € Gy, i = 1,2, be independent random variables. Then, for
t > 2M, we have the representation

G1xGy(t)=P1+ Py + P3+ Py, (A6.4.19)
where
P :=P(51 =1 — 0.0 €[0. M),
Py:=P(La=1—101, 51 €0, M)),
Py:=P(r=t—01, 81 €M, 1 — M),
Py:=Pa>M, 51>t —M)

(see Fig. A.1).

We show that the first two terms on the right-hand side of (A6.4.19) are asymp-
totically equivalent to ¢1 G (¢) and c2G(¢), respectively, while the last two terms are
negligibly small compared with G(¢). Indeed, for P; we have the obvious two-sided
bounds
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Fig. A.1 Illustration to the [0
proof of Theorem A6.4.3,
showing the regions P;, P,
i=1,2,3,4 t
t— M4 Py
P,
ML
: P
0 M t-M t G

(1-8)%c1G(1) < G1(0)(1 = G2 (M) =P(¢1 = 1, ©2 € [0, M)
<P <P =1 =M)=Gi(t = M) < (1+6)>c1G(1)
by (A6.4.18); the term P> can be bounded in a similar way. Further,
Py=P( > M, § >t — M) =G(M)G(t — M) <e(1+)>c2G(1).

It remains to estimate P3 (note that it is here that we will need the condition G € §;
so far we have only used the fact that G € £). We have

Ps =/ Ga(t =) Gi1(dy) = (1 +8)02/ Gt =) Gi(dy),
[M,t—M) [

M,1—M)
(A6.4.20)
where it is clear that, by (A6.4.18), the last integral is equal to

P+ =1, 01€[M1—M))
=P(¢=t—M, 5 eMi—M)+Pl+5=t¢0€[Mt—M)

:G(t—M)Gl([M,t—M))+/

Gi(t —y)G(dy)
[M,t—M)

<e(l+e)Gt)+ (A +¢e) / Gt —y)G(dy). (A6.4.21)

[M,t—M)
Now note that similarly to the above argument we can easily obtain (setting
G1=Gr=0G) that

G (1) = (1 + 61£)2G (1) +/

G(t — y)G(dy) +&(1 +626)G(2),
[M,t—M)

where |6;| < 1, i = 1, 2. Since G**(t) ~ 2G(¢) by virtue of G € 8, this equality
means that the integral on the right-hand side is o(G(#)). Now (A6.4.21) immedi-
ately implies that also P3 = 0(G(¢)), and hence the required assertion is established
for the case G € 8.
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To extend the desired result to the case of distributions G; on R, it suffices to
repeat the argument from the proof of Theorem A6.4.1(vi).

The case when one of the ¢; can be zero can be reduced to the case cicy > 0,
which has alread~y been considered. If, say, c; = 0 and ¢ > 0, then we can introduce
the distribution G| := (G| + G)/2, for which clearly G(t)/G(t) — ¢} = 1/2, and
hence by the already proved assertion, as t — 00,

L, G1%Gy(t) G %Ga(t) + G *Gat)
Z ey~ =
22 G@) 2G(1)

_Gl*Gz(t) 1+c¢;
=360 +(1+0(1))—2 ,

sothat G| * G2(t)/G(t) = cp =c1 + 2.

(i1) Denote by Gg the distribution of the random variable ;J , where ¢y € Gy.
Since G (t) = Go(t) for ¢ > 0, it follows immediately from (i) with G| = G, = G
that (G{)* (1) ~2G{ (1), i.e. Gy € 8.

(iii) If G € 8 then by Theorems A6.4.1(vi) and A6.4.2 we have, as t — o0,

G¥ (1) ~ (GM) ™ (1) ~2G ().

Now relation (A6.4.15) follows immediately from (i) by induction.
(iv) Similarly to (A6.4.11), we have G"*(t) < G*(t), n > 1. Therefore it is clear
that it suffices to consider the case G € 8. Put

oy = su .
" tzg G(@)

Similarly to (A6.4.14), for n > 2, we have

t
G"™ (1) =G({t) + / G V¥t — y)G(dy),
0

and hence, for each M > 0,

t G(nfl)* t—
ap <1+ sup / #G(dy)
0<t<M JO G()

t (=D, _
+Sup/ G (rt—y) G y)G(dy)
0

>M Gt —y) G()

1 G* (1) — G(1)
<l+—+4a,_ysup ———
G(M) g TS

Since G € 8, for any ¢ > 0 there exists an M = M (¢) such that

G (1) — G(@)

su <1l+e¢
oy GO
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and hence
ap <bp+a,_1(1+¢), by:=14+1/GM), a;=1.

This recurrently implies

n—1
b
on <bo+bo(l+e) +ana(l+e)? < <by Y (I1+e) < ?0(1 +e).
j=0

The theorem is proved. O



Appendix 7
The Proofs of Theorems on Convergence
to Stable Laws

In this appendix we will prove Theorems 8.8.1-8.8.4.

7.1 The Integral Limit Theorem

In this section we will prove Theorem 8.8.1 on convergence of the distributions of
normalised sums S, = 22’:] & to stable laws. Recall the basic notation:

Fy(0):=PE¢ =1), F_(1):=P& < —1),
Fo(t) := FL.(t) + F_(1) =P(§ ¢ [—1,1)).
The main condition used in the theorem has this form:

[Rg,p] The total tail Fo(x) = F_(x) + Fy(x) is a rvf. as x — 00, i.e., can be
represented as

Fo)=1"PLR,(0), B e(0.2], (A7.1.1)

where L, (x) is an s.v.f., and there exists the limit

L FW _
o+ .:xli)rrolo Fo) €[0, 1], p:=2p4 — L. (A7.1.2)
In the case 8 < 2 we put
b(n):= F(1/n), (A7.1.3)
while for 8 =2 we set

b(n) =YV /n), (A7.1.4)

where
t
Y(@®) :=2z—2/ yFo(y)dy=tT?E(§% —t <& <t)=1*Ly(t),  (AT.L5)
0

A.A. Borovkov, Probability Theory, Universitext, 687
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Ly (¢) is an s.v.f., so that (see Theorem A6.2.1(v) of Appendix 6)
b(n) =n""*Ly(n), Ly isans.v.f.

In the case when F. (t) and F_(¢) are regularly varying functions (for instance,
when condition [Rg ,] is satisfied and p = 0), we will denote these functions
by V (¢) and W (¢), respectively, and put

t o0
Vi) = fo vdy, Vi) = / V() dy:
t

the same notational convention will be used for W.

If Fi(t) =o0(Fy(t)) ast — oo (p = —1), then F,(¢) is not necessarily a regu-
larly varying function, but everything we say below regarding the sums V (¢) + W (¢)
and V! (t) 4+ W!(t) remains valid if we understand by their first summands quantities
negligibly small compared to the second summands (the first summands can also be
replaced by zeros). This is also true for the sums V;j(r) + W;(¢), except for the case
when Emax (0, £) exists and V;(¢) has to be replaced by E(&; £ > 0) + o(1).

Theorem A7.1.1 Let condition [Rg ,] be satisfied and ¢, = %

(1) For B €(0,2), B # 1, and scaling factor (A7.1.3), as n — o0,
i = ¢ PP), (A7.1.6)

where the distribution Fg ,, of the random variable ¢ (B:P) depends on the parameters
B and p only and has ch.f.

e 1) =K " =explIt/P B(B. p. ). (A7.17)
where ¥ = signt,
. . B Br
B(B,p,9) =T —p)|ipv smT —COST (A7.1.8)

and, for B € (1,2), we assume that ’'(1 — ) =T 2 — B)/(1 — B).

(ii) When B = 1, for the sequence &, with scaling factor (A7.1.3) to converge to
a limiting law the former, generally speaking, needs to be centred. More precisely,
we have, as n — 00,

G — Ay = 1P, (A7.1.9)

where
Ay i=—
" b(n)
C ~0.5772 is the Euler constant, and

[Vi(b(m)) — W (b(m))] — pC, (A7.1.10)

i t
P (1) = Eeitt"” =exp{—¥ — ipf1n|f|}- (A7.1.11)
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If n[Vi(b(n)) — W (b(n))] = o(b(n)), then p =0 and we can put A, = 0.
If there exists E€ = 0 then

n
Ay = M[W’(b(n)) —Vi(bm)] - pC.

IfE§ =0 and p #0 then pA, - —00 asn — 0.
(iii) For B = 2 and scaling factor (A7.1.4), as n — 00,

o= ;(2,;0)’ (p(lp)(t) — Rl — e—z2/27
so that £ %P) has the standard normal distribution which does not depend on p.

Proof We will use the same approach as in the proof of the central limit theorem
using relation (8.8.1). We will study the asymptotic properties of the ch.f. ¢(¢) =
E¢'’ in the vicinity of zero (more precisely, the asymptotics of

w
<"(m)‘1*°

as b(n) — o00) and show that, under condition [Rg ,], for each u € R, we have

n<¢,<L) _ 1) S Ine®P () as n— oo (A7.1.12)
b(n)

(or some modification of this relation, see (A7.1.48)). This will imply that, for ¢, =
S(n)/b(n), as n — 00, there holds the relation (cf. Lemma 8.3.2)

0, (1) = PP (). (A7.1.13)

Indeed,

Y
0, (W) =@ (b(n)>-

Since ¢(t) — 1 as t — 0, one has

Ingg, (1) =nln¢($>

oo o) -] )

where |R,| < nlo(un/b(n)) —1|* forall n large enough, and hence R, — 0 by virtue
of (A7.1.12). It follows that (A7.1.12) implies (A7.1.13).

So first we will study the asymptotics of ¢(¢) as + — O and then estab-
lish (A7.1.12).
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(i) First let B € (0, 1). We have
p(t) = —/ e dv(x) — / e AW (x). (A7.1.14)
0 0
Consider the former integral
o0 . o0 .
—/ e”de(x)zV(O)—i—it/ eV (x)dx, (A7.1.15)
0 0
where the substitution |¢|x =y, || = 1/m yields
o . o .
I.(t) :=it/ e’”V(x)dx:iz?/ ¢V (my)dy, (A7.1.16)
0 0

¥ =signt (we will henceforth exclude the trivial case ¢ = 0).
Assume for the present that py > 0. Then V (x) is an r.v.f. as x — oo and, for
each y, by virtue of the properties of s.v.f.s we have, as [m| — 0,

V(my) ~y~PV(m).

Therefore it is natural to expect that, as |t| — O,
oo .
Ly(t) ~ iﬁV(m)/ e””y"3 dy =iV (m)A(B, V), (A7.1.17)
0
where

o0
A(B, D) :=/ e"y7B dy. (A7.1.18)
0

Assume that relation (A7.1.17) holds and similarly (in the case when p_ > 0)
oo .
—/ e AW (x) =W () + I_(1), (A7.1.19)
0
where
o0 ) o0 .
I_(t):= —it/ e W (x)dx ~ —iﬁW(m)/ e Yy B gy
0 0
=—ivW(m)A(B, —1). (A7.1.20)
Since V(0) + W(0) = 1, relations (A7.1.14)—(A7.1.20) mean that, as t — 0,

@) =1+ Fo(m)id [p+AB, ¥) — p—AB, —)](1 + o(1)). (A7.1.21)

We can find an explicit form of the integral A(B, ¥). Observe that the integral
along the boundary of the positive quadrant (closed as a contour) in the complex
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plane of the function ¢!*z~#, which, as || — 0, is equal to zero. From this it is not
hard to obtain that

AB, ) =T (1 —p?U=Pr/2 g~ 0. (A7.1.22)

(Note also that (A7.1.18) is a table integral and its value can be found in handbooks,
see, e.g., integrals 3.761.4 and 3.761.9 in [18].)
Thus, in (A7.1.21) one has

d—-pmr

2
+iﬁp+sinﬂ —p_c()sm _’_iﬁp_sin (1 _:8)7[:|
(1= . (1—,3)71]
— Sin
2 2

i0 [p+A(B, 9) — p_A(B, —9)] =9 I'(1 — ﬂ)[p+ cos

=I'(l- ﬁ)[iﬁ(m — p-)cos

pr

—rq 90 sin P
=TI —,3)|:z psmT—cos 2

} =B(B,p,7),
where B(S, p, ¥) is defined in (A7.1.8). Hence, as t — 0,

o) — 1= Fo(m)B(B, p. ) (1 +o(1)). (A7.1.23)

Putting # = 1 /b(n) (so that m = b(n)/|1t|), where b(n) is defined in (A7.1.3), and
taking into account that F(b(n)) ~ 1/n, we obtain

b
"[‘”( ? >_1}ZnF()(ﬂ)B(ﬂ’p’ﬁ)(“”’(l))’“lﬂlﬁB(ﬁ,p,ﬁ).

b(n) |l
(A7.1.24)
We have established the validity of (A7.1.12) and therefore that of assertion (i) of
the theorem in the case 8 < 1, p4+ > 0.

If p+ =0 (p— = 0) then, as was already mentioned, the above argument remains
valid if we replace V (m) (W (m)) by zero. This follows from the fact that in this
case Fy () (F—(t)) admits a regularly varying majorant V*(t) = o(W (t)) (W*(t) =
o(V(1))).

It remains only to justify the asymptotic equivalence in (A7.1.17). To do that, it
is sufficient to verify that the integrals

& o0
/ eV (my)dy, / eV (my)dy (A7.1.25)
0 M

can be made arbitrarily small compared to V (m) by choosing appropriate ¢ and M.
Note first that by Theorem A6.2.1(iii) of Appendix 6 (see (A6.1.2) in Appendix 6),
for any § > 0, there exists an x5 > O such that, for all v < 1 and vx > x5, we have

V(vx) —B—s
V) <1 +v .
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Therefore, for § <1 — g and x > x5,

X X 1 V (vx)
/ V(u)du §x5+/ V(u)du=xs+xV(x) dv
0 Xxs Xx5/x V(-x)

1
<xs+xV(x)1+ 8)/ v Py
0

= x5+ % <cxV(x) (A7.1.26)

since xV (x) — oo as x — oo. It follows that

& .
‘/ eV (my)dy
0

1 em
< —/ V(u)du <ceV(em) ~ce175V(m).
m Jo

Since '8 — 0 as & — 0, the first assertion in (A7.1.25) is proved. The second
integral in (A7.1.25) is equal to

00 1 . o 1 o
/ eV (my)dy = — elﬁyV(my)' - _/ YV (my)
M i u 0 Ju

1 iom [
=——0¢ V(mM)—_—/ UM AV (),
i i Jaum

so its absolute value does not exceed

2V (mM) ~2M =PV (m) (A7.1.27)
as m — oo. Hence the value of the second integral in (A7.1.25) can also be made ar-
bitrarily small compared to V (m) by choosing an appropriate M. Relation (A7.1.17)
together with the assertion of the theorem in the case § < 1 are proved.

Let now B € (1, 2) and hence there exist a finite expectation E€ which, according
to our condition, will be assumed to be equal to zero. In this case,

[z
p@)—1= 15‘/ o' (Bu)du, ¥ =signt, (A7.1.28)
0
and we have to find the asymptotic behaviour of
o' (t) = —i/ xe ¥ dV (x) + i/ xe W) = 1V 1) + 10 ¢) (A7.1.29)
0 0
ast — 0. Since xdV (x) =d(xV(x)) — V(x) dx, integration by parts yields
1) = —i / xe™dV (x) = —i/ ed(xV (x)) +i / ¢V (x)dx
0 0 0

= —zf xV (@)™ dx +iv(0) —t/ vIx)e™ dx
0 0
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o ~ .
=ivH) —t/ V(x)e'™ dx, (A7.1.30)
0
where, by Theorem A6.2.1(iv) of Appendix 6, both functions

V’(x)::/ V(u)dMN% asx — oo, VI(0) < oo,

and

BxV (x)

~ Lo
Vx):=xV(x)+ V' (x) 51

are regularly varying.
Letting, as before, m = 1/|t|, m — oo (cf. (A7.1.16), (A7.1.17)), we get

—z/ V(x)e'"™ dx = —w(m)/ V(my)e'” dy
0 0

g [yt gy o BV OV —1,9),
/Oy e dy {B—1) (B )

zin(t):,-vl(o)_%fx(ﬂ— 1, 9)(1+o(D)), (A7.1.31)

where the function A(B, ¥) defined in (A7.1.18) is equal to (A7.1.22).
Similarly,
1 R
1Y) =i / te”" AW (x)
0

OO . oo .
= —t/ xW(x)e ™ dx —iw!(0) —tf wl(x)e " dx
0 0

oo .
= —iw!(0) —t/ W(x)e "™ dx,
0

where
w! (x) :=/ Wadu, W) =xWe) + W @)~ ﬂ;Vi(f)’
and
0o . BW (m)
B w ztxd ~ A — ], —%).
t/O (x)e x [—1) (B )
Therefore
Bo—Fo(m)

1Y% =iw! () — AB —1,-9)(1+o(1))

1(B-1
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and hence, by virtue of (A7.1.29), (A7.1.31), and the equality VI(O) —w! 0) =
E£& =0, we have

_ BFo(m)
-1

We return now to relation (A7.1.28). Since

¢ (1) = [p+AB —1,9) + p—AB — 1, =D)](1 +o(1)).
It
/ w™ Fo(u™")du~ =" Fo(lt|™") = B~ Fom)
0

(see Theorem A6.2.1(iii) of Appendix 6), we obtain, again using (A7.1.22) and an
argument similar to the one in the proof for the case § < 1, that

1
0(0) = 1= = Fom) [0+AB —1,0)+ p_AB — 1, =] (1 +o(1))
= —% Fo(m)[,o+ (cos % + v sin @)
+ p— <cos % — ¥ sin W)}(l +o(D))
= % Fo(m) |:cos '37” — i¥psin %”}(1 +o(1))
= Fo(m)B(B, p. ) (1 +o(1)). (A7.1.32)

We arrive once again at relation (A7.1.23) which, by virtue of (A7.1.24), implies the
assertion of the theorem for 8 € (1, 2).

(ii) Case B = 1. In this case, the computation is somewhat more complicated. We
again follow relations (A7.1.14)—(A7.1.16), according to which

) =1+1(t)+1_(). (A7.1.33)

Rewrite expression (A7.1.16) for I (¢) as

o0 o0 o0
I (x)= il?/ eV (my)dy = il?/ V(my)cosydy — f V(my)sinydy,
0 0 0
(A7.1.34)
where the first integral on the right-hand side can be represented as the sum of two
integrals:

1 oo
/OV(my)dy+/0 g)V(imy)dy, (A7.1.35)

cosy—1 if y<1,
g =1 L= (A7.1.36)
cosy if y>1.
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Note that (see, e.g., integral 3.782 in [18]) the value of the integral

o
—f gy 'dy =C=~05772 (A7.1.37)
0

is the Euler constant. Since V (ym)/V (m) — y_1 as m — 00, similarly to the above

argument we obtain for the second integral in (A7.1.35) the relation

/0 gMV(imy)dy ~—CV(m). (A7.1.38)

Consider now the first integral in (A7.1.35):

1 m
/ V(my)dy:m_I/ V(u)du=m""Vi(@m), (A7.1.39)
0 0
where
1
Vi(x) :=/ V(u)du (A7.1.40)
0

can easily be seen to be an s.v.f. in the case B = 1 (see Theorem A6.2.1(iv) of
Appendix 6). Here if E|£| = oo then Vj(x) — 00 as x — 00, and if E|§| < oo then
Vi(x) = Vi(00) < o0.

Thus, for the first term on the right-hand side of (A7.1.34) we have

Im 1, (1) = 8 (—CV(m) +m~'Vi(m)) + o(V (m)). (A7.1.41)

Now we will determine how V;(vx) depends on v as x — oo. For any fixed v > 0,

vXx

V(yx)
V(x)

Vi(vx) =Vi(x) +/

X

Vu)du =V;(x) —l—xV(x)/U
1

By Theorem A6.2.1 of Appendix 6,

Y V(yx) vdy
dy ~ — =Inv,
1 V) 1y

Vi(x)=Vi(x)+ (1+o(1)xV(x)Inv=: Ay (v,x) +xV(x)Inv, (A7.1.42)

so that

where evidently
Av(v,x)le(x)—i—o(xV(x)) as x —> 00 (A7.1.43)

and V;(x) > xV(x) by Theorem A6.2.1(iv) of Appendix 6.
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Therefore, for t = p/b(n) (so that m = b(n)/|i| and hence V (m) ~ p4|ul|/n),
we obtain from (A7.1.41) and (A7.1.42) (where one has to put x = b(n), v =1/|u|)
that the following representation is valid as n — oo:

Prit | I - Pt -
Im1+(t):—C%+m|:AV(|u| l,b(n))—%lnmqjto(n h

__* -1 _ PrH -1
_b(n)AV(w ,b(n)) - (C+Injul)+o(n™"). (A7.1.44)

For the second term on the right-hand side of (A7.1.34) we have

o0 o
Rel, (1) = —/ V(my)sinydy ~ —V(m)/ y'sinydy.
0 0

Because siny ~ y as y — 0, the last integral converges. Since I'(y) ~1/y as y —
0, the value of this integral can be found to be (see (A7.1.22) and (A7.1.22))

lim I'(y)sin - =~ (A7.1.45)
m SiIn — = —. .
by R B
Thus, for t = u/b(n),
Re1+(t)=—%+o(n*1). (A7.1.46)
n

In a similar way we can find an asymptotic representation for the integral 7_(t)
(see (A7.1.14)—(A7.1.20)):

o
I_(t) := —iz?/ W (my)e "% dy
0

oo o0
= —il?/ W(my)cosydy—f W(my)sinydy.
0 0

Comparing this with (A7.1.34) and the subsequent computation of /. (¢), we can
immediately conclude that, for t = u/b(n) (cf. (A7.1.44), (A7.1.46)),

_ —1
Iml (1) =— “AW([L’:’l) ’b("))+p"1“(c+1nlul)+o(n—1),

(A7.1.47)

Rel (1) = —”'Z'p‘ +o(n™Y).
n

Thus we obtain from (A7.1.33), (A7.1.44) and (A7.1.46) that (A7.1.47) imply

(p( i )—1=_M PR+ 1)

b(n) noon

+ Tl;)[Av(mrl, b)) — Aw (Il b)) ]+ o(n7").
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It follows from (A7.1.43) that the penultimate term here is equal to

in _
M[v,(b(n)) — Wi (bm)] +o(n™"),
so that finally,
mlul  ipu . An -
q)(%) —l=— s = Sl +ip =+ o(n b, (A7.1.48)
where
n
Ay = %[VI(b(n)) — Wi (b(n))] - pC.

Therefore, similarly to (A7.1.12) and (A7.1.13), we obtain

=) <ol () )
2
o VA AW
_exp{ ’”A”M("’(b(n)) 1>+"0<""(b<n>> 1>}

As, for § =1, by Theorem A6.2.1(iv) of Appendix 6, the functions V; and W; are
slowly varying, by (A7.1.48) one has

()
b(n)

Since clearly

2 1 A2 1 1
< c(; + 7) <c (; ol (bm)* + Wy (b(”))z]) =0

T
—iAy +n<¢)( ad ) - 1) — —% —ipuln|ul,

b(n)
we have
Tl .
5=, (1) = expy ——— —ippln|ul ¢,
so relation (A7.1.9) is proved. The subsequent assertions regarding the centring se-
quence {A,} are evident. O

(iii) It remains to consider the case f = 2. We will follow representations
(A7.1.28)—(A7.1.30), according to which we have to find, as m = 1/|¢t| — oo, the
asymptotics of

o) =1"0)+1V0), (A7.1.49)
where
o ~ . o0 - )
1Y@ :=iv!(0) —z/ V(x)e”xdx:iV’(O)—ﬁ/ V (my)e'® dy
0 0
(A7.1.50)



698 7 The Proofs of Theorems on Convergence to Stable Laws

and, by Theorem A6.2.1(iv) of Appendix 6,
oo
vIix) :/ Viy)dy~xVx), V) =xV(x)+ vIix) ~2xV(x) (A7.1.51)
X
as x — o0o. Further,
o ~ . o ~ o ~
/ V(my)e”?ydyzf V(my)cosydy—i—z?/ V(my)sinydy. (A7.1.52)
0 0 0

Here the second integral on the right-hand side is asymptotically equivalent, as
m — 00, to (see (A7.1.45))

~ 00 T ~
V(m)/ yil sinydy = — V(m).
0 2
The first integral on the right-hand side of (A7.1.52) is equal to
L [} -
/0 V(my)dy + /O gV (my)dy,
where the function g(y) was defined in (A7.1.35), and
1 - 1 m _ 1 ~
f V(my)dy=—/ V(u)du=—Vi(m),
0 m Jo m

Vi(x) := [ V(u)du being an s.v.f. by (A7.1.51). Since

X 2 X
/ uVwm)du = V) — l/ ude(u),
0 2 2 Jo

X X
/ Vl(u)du = xVI(x) +/ uV(u)du
0 0
and VI (x) ~ xV(x), we have
X
Vi(x) = / (V@) + V' (w)du
0
X
=xVIx)+x*V(x) —/ u>dv ()
0
X
= —/ u>dv(y) + 0(x*V(x)), (A7.1.53)
0
where the last term is negligibly small, because
X
/ uVu)du > sz(x)
0

(see Theorem A6.2.1(iv) of Appendix 6).
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It is also clear that, as x — o0,
Vi(x) — Vi(c0) =E(£% £ > 0) € (0, 00].

As aresult, we obtain (see also (A7.1.38))

Wy — iyl in & 7 7 &
1@ =iv (O)—7V(m)—tVI(m)+z9CV(m)+o(V(m))
=iV!(0) — tVi(m)(1+0(D))

since V; x)> tV(x).
Quite similarly we get

1D @) = —iw! ) — t Wy (m) (1 + (1)),

where WI is an s.v.f. which is obtained from the function W in the same way as ‘71
from V. Since V/(0) = W/ (0), relation (A7.1.49) now yields that

¢/ (1) = —t[Vi(m) + W (m)] (1 + o(1)).

Hence from (A7.1.28) we obtain the representation

1/m 1/m - -
o) —1 =z9/ go’(ﬁu)du:—/ ul Vi(l/u) + Wi (1/u)] du
0 0

~ ~ 1
~ —2m—2[v1(m> + Wi(m)] ~ ‘WE@Z; —m <& <m)

by virtue of (A7.1.53) and a similar relation for VT/I. Turning now to the definition
of the function Y (x) = x 2Ly (x) in (A7.1.5) and putting

b(n):=Y "V (/n), t=p/bn),

we get

2 2
i) = 1) ~ =2 ¥ (b /lal) ~ == ¥ (bw) - £

The theorem is proved. O

7.2 The Integro-Local and Local Limit Theorems

In this section we will prove Theorems 8.8.2—8.8.4. We will begin with the integro-
local theorem.
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Theorem A7.2.1 (Integro-local Stone’s theorem) Let & be a non-lattice random
variable and the conditions of Theorem A7.1.1 be satisfied. Then, for each fixed
A >0,

_ 4 (ﬂ,m(L) <L>
P(Sn S A[x)) = b f ) +o b asn— oo,

where the remainder term O(Wln)) is uniform in x.

Proof of Theorem A7.2.1 The Proof is analogous to the proof of Theorem 8.7.1. We
will again use the smoothing approach and consider, along with the sums S, the
sums

Zy =S8, +0n,

where 6 = const and 7 is chosen so that its ch.f. is equal to O outside a fi-
nite interval. For instance, we can choose 7 as in Sect. 8.7.3, i.e., with the ch.f.
@y (t) =max(0, 1 — |¢|). Then equality (8.7.19) will still be valid with the same de-
composition of the integral on its right-hand side into the subintegral I; over the
domain |t| < y and I over the domain y < |¢f| < 1/6. Here estimating I, can be
done in the same way as in Theorem 8.7.1.

For the sake of brevity, put ¢(z) := @y, ()@ (t). Then, for the integral I; with
x =vb(n), we have

I —f e (NG df = i (L>A<L) du
st T NTm) e © Y by )\ b
(A7.2.1)

As was shown in the proof of Theorem 8.1.1, for each u we have

¢n<—b? )) — PP ) asn— oo,
n

and, moreover, for some ¢ > 0 and y > 0 small enough, by, virtue of, say, (A7.1.23)
and (A7.1.32), we have

Re(p() — 1) = —cFo(i>,

It

and, for any ¢ > 0 and all n large enough,

nRe(go(%n)) — 1) < —an()(%) <—clulf®.

Here we used the properties of the r.v.f. Fy. Moreover,

6(%) —1 asn— oo, |fﬁ(u)/b(n)| <1.
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The above also implies that, for all u such that |u| < yb(n),

nf 4%
v (b(n))

The obtained relations mean that we can use the dominated convergence theorem
in (A7.2.1) which implies

< e—cll’™ (A7.2.2)

lim b(n)I; = / e B (1) du (A7.2.3)
n—oo

uniformly in v, since the right-hand side of (A7.2.1) is uniformly continuous in v.
On the right-hand side of (A7.2.3) is the result of the application of the inversion
formula (up to the factor 1/27) to the ch.f. ¢*#). This means that

lim b(n)I; =27 f P (v).
n—oo

‘We have established that, for x = vb(n), as n — oo,

A X !
== B _—_ —
P(Zy e Al) =7 = f (b(n)> ! O(b(’”)

uniformly in v (and hence in x).
To prove the theorem it remains to use Lemma 8.7.1.
The theorem is proved. d

The proofs of the local Theorems 8.8.3 and 8.8.4 can be obtained by an obvious
similar modification of the proofs of Theorems 8.7.2 and 8.7.3 under the conditions
of Theorem 8.8.1.



Appendix 8

Upper and Lower Bounds for the Distributions
of the Sums and the Maxima of the Sums

of Independent Random Variables

Let &, &1, &, ... be independent identically distributed random variables,

n
S,,=Z§,-, S, = max Sg.
i=1

1<k<n

The main goal of this appendix is to obtain upper and lower bounds for the proba-
bilities P(S, > x) and P(S, > x). These bounds were used in Sect. 9.5 to find the
asymptotics of the probabilities of large deviations for S, and S,,.

8.1 Upper Bounds Under the Cramér Condition

In this section we will assume that the following one-sided Cramér condition is met:

[C] There exists a & > 0 such that
¥ (h) =Ee' < 0. (A8.1.1)
The following analogue of the exponential Chebyshev inequality holds true for
P(S, = x).
Theorem AS8.1.1 Foralln>1,x >0 and ) >0, we have
P(S,>x)<e ™ max(l, W‘(k)). (A8.1.2)
Proof As n(x) :=inf{k > 1: S > x} < oo is a Markov time, the event {n(x) = k}
is independent of the random variables S, — Si. Therefore
n n
Y"() =EeM > ZE (5 n(x) =k) > ZE (M550 (x) = k)
k=1 k=1

A.A. Borovkov, Probability Theory, Universitext, 703
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013
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=Y YR WP(n(x) =k) = ¢ min(1, ¥ (1)) P(S, > x).

k=1

This immediately implies (A8.1.2). The theorem is proved. g

If ¥ (A) > 1 for A > 0 (this is always the case if there exists E£ > 0) then the
right-hand side of (A8.1.2) is equal to e Y™ (1), and the equality (AS8.1.2) itself
can also be obtained as a consequence of the well-known Kolmogorov—Doob in-

equality for submartingales (see Theorem 15.3.4, where one has to put X,, := S).
Thus, if E€ > 0 then

P(En > x) < e—)\x—i-nlnl/f()u)'
Choosing the best possible value of 1 we obtain the following inequality.

Corollary A8.1.1 IfEE > O then, for all n > 1 and x > 0, we have
P(S, > x) < e @),

where

X
o=—, Ala) = sup(kot — lnw(k)).
n A

The function A() is the rate function introduced in Sect. 9.1. Its basic proper-
ties were stated in that section. In particular, for E£ =0 and E£2 = 62 < oo, the
asymptotic equivalence A(o) ~ 2‘);—22 as o — 0 takes place, which yields that, for
x=o(n),

2

P(S, >x) < eXp{ — 2:;2

(1 —i—o(l))}. (A8.1.3)

8.2 Upper Bounds when the Cramér Condition Is Not Met

In this section we will assume that
E¢ =0, E&2 =02 < 00. (A8.2.1)

For simplicity’s sake, without losing generality, in what follows we will put o = 1.
The bounds will be obtained for the deviation zone x > /n which is adjacent to the
zone of “normal deviations” where

P(S,>x)~1—® (%) (A8.2.2)
n
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(uniformly in x € (0, N,+/n), where N, — oo slowly enough as n — oo; see
Sect. 8.2). Moreover, it was established in Sect. 19.1 that, in the normal deviations

zone,
PG, zx)~2(l —q><%>>. (A8.2.3)

n

To derive upper bounds in the zone x > /n when the Cramér condition [C]
is not met, we will need additional conditions on the behaviour of the right tail
Fy(t) =P(& > 1) of the distribution F.

Namely, we will assume that the following condition is satisfied.

[<] For the right tail F;(t) = P(& > t) there exists a regularly varying (see
Appendix 6) majorant V (t):

F.(t)<V(@):=tPL@t) forallt>0,
where 8 > 2 and L is a slowly varying function (s.v.f., see Appendix 6).

By virtue of (A8.2.2) and (A8.2.3), for deviations x < N,/n, n — oo, it would
be natural to expect upper bounds with an exponential right-hand side e/
(cf. (A8.1.3)). On the other hand, Theorem A6.4.3(iii) of Appendix 6 implies that,
for F;.(t) = V(t) € R and any fixed n we have, as x — 0o,

P(S, > x) ~nV(x). (A8.2.4)

This relation clearly holds true if n — oo slowly enough (as x — 00).
The asymptotics (A8.2.2) and (A8.2.4) merge with each other remarkably as
follows:

X
P(S, > x) ~ (1 - @ (ﬁ)) +nV(x) (A8.2.5)
as n — oo for all x > /n (for more details see, e.g., [8] and the bibliography
therein). Relation (AS8.2.5) allows us to “guess” the threshold values of x = b(n)
for which asymptotics (A8.2.2) changes to asymptotics (A8.2.4). To find such x it
suffices to equate the logarithms of the right-hand sides of (A8.2.2) and (A8.2.4):

2
_;— =InnV(x)=Inn— Blnx + o(Inx).
n

The main part b(n) of the solution to this equation, as it is not hard to see, has the
form

b(n) =+ (B —2)nlnn

(we exclude the trivial case n = 1).
In what follows, we will represent deviations x as x = sb(n). Based on the above,
it is natural to expect (and it can be easily verified) that the first term will dominate
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on the right-hand side of (A8.2.5) if s < 1, while the second will dominate if s > 1.
Accordingly, for small s (but such that x > /n), we will have the above-mentioned
exponential bounds for P(S, > x), while for large s there will hold bounds of the
form nV (x) (note that nV (x) — O for x > b(n) and 8 > 2).

The above claim is confirmed by the assertions below. Along with x introduce
deviations

y=-

where r > 1 is fixed, and put
n
Bj:={$j<y}, BZ=ﬂBj.
j=1

Theorem A8.2.1 Let conditions (A8.2.1) and [ <] be satisfied.
(1) For any fixed h > 1, so > 0, x = sb(n), s > so and all IT :=nV (x) small
enough, we have

r—0
P:=P(S,>x;B)<¢ (@) , (A8.2.6)

where

T 42 Inn

hrz( lns> 28
II1(y):=nV(y), 6 : 1+b , bi=——.

(2) For any fixed h > 1, T > 0, for x = sb(n) > \/n, s2 < (h— 7)/2, and all n
large enough, we have

P <e ¥/ (A8.2.7)
Corollary A8.2.1 (a) If s — oo then
PS, >x) <nV(x)(1+o(1)). (A8.2.8)
(b) If % > sg for some fixed so > 1 then, for all nV (x) small enough,

P, >x) <cnV(x), c¢=-const. (A8.2.9)

(c) For any fixed h > 1, T > 0, for s> < (h —1)/2, x > /n, and all n large
enough,

PGS, >x) <e /), (A8.2.10)

Remark A8.2.1 Itis not hard to verify (see the proofs of Theorem A8.2.1 and Corol-
lary A8.2.1) that there exists a function &(¢) | 0 as ¢t 1 oo such that one has, along
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with (A8.2.8), the relation

PS, > x)
sup ———— < 1+¢(¢).
x:sgt nV(x) ©

Proof of Corollary A8.2.1 The proof is based on the inequality
PS, > x) <P(B)+P(S,>x; B) <nV(y) + P. (A8.2.11)

Since & — 0 as s — oo, we see that, for any fixed ¢ > 0 and all I7T = nV (x) small
enough, we have P < c(nV (y))"~¢. Putting r := 1 + 2¢, we obtain from (A8.2.11)
and (A8.2.6) that

P(S, > x) <nV(y) +c(nV () " ~n(+26) 7V (),

Since the left-hand side of this inequality does not depend on ¢, relation (A8.2.8)
follows.

We now prove (b). If s — oo then (b) follows from (a). If s is bounded then
necessarily n — oo (since nV (x) — 0) and hence

hr? Ins
r—0=r——\14+b— ) =vY(@,s)+o0(),
452

Inn

where the function

hr?

v(rs)=r——

452

attains its maximum v (rg, §) = 52 /hinr atthe pointrg = 252 / h. Moreover, ¥ (7, s)
strictly decreases in s. Therefore, for ro = 252 / h, we obtain

52
¥ (rog,s) = T (A8.2.12)
52
ro—QzZ—i-o(l) asn — oo. (A8.2.13)

Choose & so close to 1 and t > 0 so small that 7 + 7 < sg. Putting r := rg, for
52> s3> h+1 and as n — oo, we get from (A8.2.6), (A8.2.12) and (A8.2.13) that

PGS, > x) <nV(y) —i—c(nV(y))l—H/2 NnV(ri) NrgnV(x).
0

This proves (b).
Relation (c) for y = x follows from the inequality (see (A8.2.7) and (A8.2.11))

PG, > x) <nV(x) +e < /Ch) (A8.2.14)
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where, for s2 < (h — 7)/2,

2
e (2nh)

(h—1) (B—2)nlnn } s

>eXP{_ 2 2nh

On the other hand, we have x > /n,
nV(x) <nV(v/n)=n"P"22L*@),

where L* is a s.v.f. Therefore the second term dominates on the right-hand side
of (A8.2.14). Slightly changing % if necessary, we obtain (c). Corollary A8.2.1 is
proved. U

Remark A8.2.2 One can see from the proof of the corollary that the main contribu-
tion to the bound for the probability P(S, > x) under the conditions of assertions
(a) and (b) comes from the event B = {max j<n&j =y} with y close to x, so that
the most probable trajectory of {Sx};_, that reaches the level x contains at least one
jump &; of size comparable to x.

Proof of Theorem A8.2.1 In our case, the Cramér condition [C] is not met. In order
to use Theorem AR.1.1 in such a situation, we introduce “truncated” random vari-
ables with distributions that coincide with the conditional distribution of & given
{&€ < y} for some level y the choice of which will be at our disposal. Namely, we
introduce independent identically distributed random variables EJ(.y ), j=12,...,
with the distribution function

) PE <1
P <t)=PE <t <y)= , t=<y,
(f ) PE <y)
and put
. )
. (6] <O, )
S, .=Z$J~y, S, .=1]1<1<a’>l(Sky.
j=1 -
Then

P=PG, >x, B) = (P& <y)"P(5 > x). (A8.2.15)

Applying Theorem A8.1.1 to the variables E](.y ), we obtain that, for any A > 0,

P(5.” > x) < e [max{1,Ee*"}]".
Since
R, y)
F(y) ’

we arrive at the following basic inequality. For x, y, A >0,

y
Ee" = where R(, y) ::/ MF(dr),

o0

P =P, >x, B) < e ™ [max{PE < y), RO, »}]"
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<e ™M max{l, R" (X, y)}.
Thus, the main problem is to bound the integral R(A, y). Put
M@):= >
V) = —
A

and represent R(A, y) as
R, y)=1+ Iy,

where, for a fixed ¢ > 0,

M(e) M(e) )\'21‘2
I ;=/ e“F(dt):/ (1 +Ar+ T&“”)F(dt), 0<

—0o0 —0o0

Here
M(e)
f Fd)=1-V(M()) <1,
—0Q
M) 00
f tF(dt) = — / tF(dt) <0,
—00 M (¢)
M(e) M(e)
f 2 OFdr) < ef / ?F(dt) < e =: h.
—00 —00
Therefore,
L <1+ 2
1= ) .

Estimate now

y y
b= _f eMdFL (1) <V (M(e))ef +,\/ V(t)eM dt.
M(¢e)

M(¢e)
First consider, for M (¢) < M (28) < y, the subintegral
M@2p)
L= A/ V(t)eM dt.
M(e)

Fort =v/A, as A — 0, we have
vine' =v(2)e ~v (L) ro
A A ’

f):=vPe

where the function

709

(A8.2.16)

o(t)

—<1.
t

(A8.2.17)

(A8.2.18)

(A8.2.19)

(A8.2.20)

(A8.2.21)

(A8.2.22)
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is convex on (0, 0co). Therefore

Y 1 1
I =3 (M@p) —M(s))V(X>(f(s)+f(2,B))(1+0(1)) < cV(X>. (A8.2.23)

We now proceed to estimating the remaining subintegral

y
L= ,\/ V(1) dt.
MQ2p)

For brevity’s sake, put M (28) =: M. We will choose A so that
u=Ary—>o00 (y>1/1) (A8.2.24)

as x — oo. Substituting the variable (y — #)A =: u we obtain

y—M)x u
RS eAyV(y)/ V<y — X)v—l (y)e “du. (A8.2.25)
0

Consider the integral on the right-hand side of (A8.2.25). Since 1/A < y, the inte-
grand

V(y—u/d)
Vy)
converges to 1 for each fixed u. In order to use the dominated convergence theorem

which implies that the integral on the right-hand side of (AS8.2.25) converges, as
y — 00, to

ry () =

o
/ e "du=1, (A8.2.26)
0

it remains to estimate the growth rate of the function ry ; (1) as u increases. By the
properties of r.v.f.s (see Theorem A6.2.1(iii) in Appendix 6), for all A small enough
(or M large enough; recall that y —u /X > M in the integrand in (A8.2.25)), we have

u\ 2802
ryau) < (1 - —> =:g(u).
) e

Since g(0) =1 and Ay —u > M =28, in this domain

38 _38_3

(s = 56y =y = 35 = &

3
Ing(u) < 7“ ry () < &34,

This means that the integrand in (A8.2.25) is dominated by the exponential e~*/4,
and the use of the dominated convergence theorem is justified. Therefore, due to the
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convergence of the integral in (A8.2.25) to the limit (A8.2.26), we obtain
o
Mo~ V0 [ etdu= v,
0

and it is not hard to find a function e(u) | 0 as u 1 oo such that
rho < PV(1+ew). (A8.2.27)

Summarising (A8.2.20)-(A8.2.23) and (A8.2.27), we obtain

22h 1 -
R(A,y) =1+ - + cV(X) + V(e (1+e(w), (A8.2.28)

A2h 1
R"(A,y) < exp{ ”T + ch<X> +nV (e (1+ s(u))}. (A8.2.29)
First take A to be the value

1
A=—InT
y

that “almost minimises” the function —Ax + nV(y)eAy , Where T := SO

,
nV(y)’
that uw = InT. Note that, for such a choice of u (or of A = y_1 In(r/I1(y))), for
I1(y) — 0 we have that © = Ay ~ —InII(y) — oo and hence that the assumption
y > 1/) we made in (A8.2.24) holds true. For such A,

ni’h 1
R"(\,y) < eXp{T —i—ch(X) +r(1 + 8(,u))}, (A8.2.30)

where, by the properties of r.v.f.s,

1 y y B+8
Vi—)~nV|— | ~cnV|—— | <cnV InnV 0,
" </L> " (th) Cn (|1HnV(y)|>_cn UL

5> 0, (A8.2.31)

as nV(y) — 0. Therefore

nh 5
InP<—rInT+r+—In"T+¢&1(T)
2y2

h
_ [_r 2 Ti| InT 47 +e1(7), (AB2.32)
y

where ¢1(T) { 0as T 1 oo. If x =sb(n), b(n) = /(B —2)nlnn, and nV(x) - 0
then

InT =—InnV(ix)+O(1)=—Inn+ Blns + g Inn + O(IHL(SU(n))) + 0(1)
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-2 1

_ P p s (14 o(1)), (A8.2.33)
2 Inn

where b = % (the term o(1) in the last equality appears because in our case either

n — oo or s — 00.) Hence, by (A8.2.32),

nh g Pl (140(1))
—InT=— — o(1)),
2y2 452 Inn

InP < e 25 it

n r—\r—— — ) |In

- 452 Inn

for any ' > h > 1 and nV (x) small enough. This proves the first assertion of the
theorem.

We now prove the second assertion of the theorem for “small” values of s such
that, for some 7 > 0,

Since we always assume that x > /n, we also have
by 1

*Th) T JB=—DTnn

and we can assume that s2 > n~Y for some y > 0 to be chosen below. This corre-
sponds to the following domain of the values of x?:

»  (h=1)(B=2)
<————n
2

en'™Inn <x

Inn. (A8.2.34)

For such x, as will be shown below, the main contribution to the exponent on the
right-hand side of (A8.2.29) comes from the quadratic term nA%h/2, and we will set

A= —.
nh

Then, for y =x (r = 1, u = x2/(nh)),

nA2h 1 .
InP < —Ax+ 5 +cnV . +nV (e (1+e(w)

2 nh x2
=——+ cnv(7) +nV@x)en (1+¢e(w)). (A8.2.35)

We show that the last two terms on the right-hand side are negligibly small as
n — o0. Indeed, by the second inequality in (A8.2.34),

nh n
nV(—)fch( —)—>O asn — o0.
X Vinn



8.3 Lower Bounds 713

Further, by the first inequality in (A8.2.34),
nV(x) < n(z—ﬁ)/z'ﬂ/”

where we can choose y’. Moreover, by (A8.2.34),

2 (-0 -Dhn _[-2 t(B-2)
wh = = - Inn.
nh 2h ) 2
Therefore
RV (x)e /) < p=TE-D/Ch+y
fory’ < % as n — oo.
Thus,
InP <2 tot)
n —— t+o(l).
~  2nh

Since x%/n > 1, the term o(1) in the last relation can be omitted by slightly chang-
ing h > 1. (Formally, we proved that, for any # > 1 and all n large enough, inequal-
ity (A8.2.7) is valid with the % on its right-hand side replaced with 2’ > h, where we
can take, for instance, i’ = h + (h — 1) /2. Since &’ > 1 can also be made arbitrarily
close to 1 by the choice of A, the obtained relation is equivalent to the one from
Theorem AS8.2.1.) This proves (A8.2.7).

The theorem is proved. g

Comparing the assertions of Theorem A8.2.1 and Corollary A8.1.1, we see that,

roughly speaking, for s < 1/2 and for s > 1 one can obtain quite satisfactory and, in
a certain sense, unimprovable upper bounds for the probabilities P and P(S, > x).

8.3 Lower Bounds
In this section we will again assume that conditions (A8.2.1) are satisfied. The lower
bounds for P(S,, > x) (they will clearly hold for P(S,, > x) as well) can be obtained

in a much simpler way than the upper bounds and need essentially no assumptions.

Theorem A8.3.1 Let E&; =0 and Eéjz = 1. Then, fory=x +t/n—1,

P(S, >x) > nF+(y)[1 —2 - % F+(y):|. (A8.3.1)

Proof Put G, :={S, > x} and B; :={§; < y}. Then

P(S, > x) zP(Gn; LnJE,-) sz(GnEj)— > P(G,BiB))

j=1 j=1 i<j<n
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>3 PGB -~ F1(y).

j=1

Here, for y =x 4+ t4/n — 1,

(n—1)
2

P(G.B)) = / P(Sy_1 = x — )F(du) = P(Su_; = % — y)F+ ()
y

=P(Su—1 = —tvn = DFL () = (1 = P(S,—1 < —t+/n = D)) F(0),
where, by the Chebyshev inequality,
P(Su—1 <—tv/n—1)<t72
As aresult we get

nn—1)

P(S, = x) = nF(0)(1 —17%) - FL ),

which is equivalent to (A8.3.1).
The theorem is proved. 0

Corollary A8.3.1 If x — 0o and x >>> \/n then, as t — 00,
P(S, > x) = nFi(y)(1+o(1)). (A8.3.2)
If, moreover, F(u) > V(1) € R then
P(S, > x) = nV(x)(1+o(D)).

Proof Since y > x, we have

Zonx = o(1).

nFi(y) <ny~

This together with (A8.3.1) implies the first assertion of the corollary as t — oco. To

obtain the second one, in (A8.3.2) one should take t — oo such that 1 = o(x/+/n).
Then y ~ x and V(y) ~ V(x).

The corollary is proved. O



Appendix 9
Renewal Theorems

The main goal of the present section is to prove Theorem 10.4.1, the key renewal
theorem in the non-arithmetic case (in the terminology of Chap. 10). We will also
consider some refinements and extensions of the theorem.

First consider positive independent identically distributed random variables

7; = T with distribution function F’ and finite mean a := Et < 0o. Here it will be
more convenient to understand by the renewal function its left-continuous version

H(t) = Z F*@), >0,

k=0

where F*! is the k-fold convolution of the distribution F with itself, which is the
distribution function of the sum 7y = 71 + - - - 4+ . We first prove the following key
assertion.

Theorem A9.1 If g is a directly integrable function and t; are non-arithmetic (see
Chap. 10) then, as t — oo,

t o0
/g(r—umH(qu/ ) du.
0 a Jo

The proof of the theorem mostly follows the argument suggested in [13] and will
need several auxiliary assertions.

Lemma A9.1 Let g be a bounded measurable function. The integral

t
G(t):/ gt —uw)dHu) =: g H(t) (A9.1)
0

is the unique solution of the equation

A.A. Borovkov, Probability Theory, Universitext, 715
DOI 10.1007/978-1-4471-5201-9, © Springer-Verlag London 2013
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t

G(t) = g(1) + / Gt — W) dF(u) = g(t) + G % F(1) (A9.2)
0

in the class of functions bounded on finite intervals.
The function G = H is the solution of (A9.2) when g = 1. The function G = 1 is
the solution of (A9.2) when g=1—F.

Equation (A9.2) is called the renewal equation.

As we already noted in Theorem 10.4.1, one can associate, in an obvious way,
measures H and F with the functions H and F, and write the integrals in (A9.1) and
(A9.2) as integrals with respect to the measures:

t t
f g(t —u)H(du) and / Gt —uF(du),
0 0
respectively.

Proof of Lemma A9.1 Put

n
H,(t) == Z F** ).
k=0
The functions G, = g * H, satisfy the equation G+ = g + G, * F and form an
increasing sequence G, 1 which is bounded by Lemma 10.2.3. Therefore G, 1 G,
and passing to the limit in the equation for G, we obtain that G satisfies (A9.1).
To prove uniqueness note that the difference V = G — G® of two solutions G
and G® must satisfy the homogeneous equation V = V % F and therefore also the
relations V =V x (F k*) or, which is the same,

t
V() = [ Vit —u)dF* ).
0

But F*(u) — 0 as k — oo for u € [0, ¢]. Since by the assumption |V (u)| < ¢ on
[0, 7], we have V (t) — 0 as k — oco. But V does not depend on k, so that V (¢) = 0.
The last assertion of the lemma can be verified directly. The lemma is proved.  [J

Note that if we considered functions g of bounded variation, the assertion of
Lemma A9.1 would immediately follow from the equation for the Laplace-Stieltjes
transform G (1) = fooo e dG(t) of G which follows from (A9.2):

GO =F0) + Gy ™), (A9.3)

where

T = /ooe—“dg(t), v = /ooe—”dF(t).
0 0
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Indeed, it follows from (A9.3) that

G0y = (1)
Cl-y)’

which is equivalent to (A9.1).
A point ¢ is said to be a point of growth of the distribution function F provided
that F(t +¢) — F(¢) > 0 for any ¢ > 0.

Lemma A9.2 Let the distribution F be non-arithmetic and Z be the set of all points
of growth of H, i.e. points of growth of the functions F, F**, F*3 ... Then Z is
“asymptotically dense at infinity”, i.e., for any given ¢ > 0 and all x large enough,
the intersection (x,x + €) N Z is non-empty.

Proof Observe first that if #1 is a point of growth of the distribution F; of a random
variable 7, and 1, is a point of growth of the distribution F> of a random variable ¢
which is independent of 7, then t = t; + r, will be a point of growth of the distribu-
tion F x F, of the variable 7 4 ¢. Indeed,

P(t§r+§<t+£)ZP<t1§r<t1+§)l’(t2§§<t2+§>.

Let, further, x < y be two points of the set Z, and A :=y — x. The following
alternative takes place: either

(1) for any ¢ > O there exist x and y such that A < ¢, or

(2) there exists a 6 > 0 such that A > § for all x and y from Z.

Put I, := [xn, yn]. If nA > x then that interval contains [nx, (n + 1)x] as a
subset, and therefore any point v > vy = x2/A belongs to at least one of the intervals
I, Ih,....

By virtue of the above observation, the n+ 1 points nx +kA = (n —k)x+ky, k =
0,...,n,belong to Z and divide I, into n subintervals of length A. This means that,
for any point v > vy, the distance between v and the points from Z is at most A /2.

This implies the assertion of the lemma when (1) holds.

If (2) is true, we can assume that x and y are chosen so that A < 2§. Then the
points of the form nx + kA exhaust all the points from Z lying inside /,,. Since the
point (n 4+ 1)x is among these points, the value x is a multiple of A, and all the
points of Z lying inside I, are multiples of A. Now let z be an arbitrary point of
growth of F. For sufficiently large n, the interval I, contains a point of the form
7+ kA, and since the latter belongs to Z, the value z is also a multiple of A. Thus
F is an arithmetic distribution, so that case (2) cannot take place. The lemma is
proved. U

Lemma A9.3 Let q(x) be a bounded uniformly continuous function given on
(—00, 00) such that, for all x, q(x) < q(0) for all x, and

q(X)=/0 q(x —y)dF(y). (A9.4)

Then q(x) = q(0).
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Proof Equation (A9.4) means that g =g % F = --- = g % F** for all k > 1. The
right-hand side of (A9.4) does not exceed ¢ (0), and hence, for x = 0, the equality
(A9.4) is only possible if g(—y) = ¢ (0) for all y € Z;, where Zj, is the set of points
of growth of F**, and therefore g(—y) = ¢(0) for all y € Z. By Lemma A9.2 and
the uniform continuity of ¢ this means that g(—y) — ¢(0) as y — oo. Further,
for an arbitrarily large N we can choose k such that g(x) will be arbitrarily close
to f;oq(x — y)dF*(y), since F**(N) — 0 as k — oo. This means, in turn, that
q(x) will be close to g(0). Since g(x) depends neither on N nor on k, we have
q(x) = ¢q(0). The lemma is proved. Il

Lemma A9.4 Let g be a continuous function vanishing outside segment [0, b]. Then
the solution G of the renewal equation (A9.2) is uniformly continuous and, for
any u,

Gx4+u)—Gx)—0 (A9.5)

as x — OQ.

Proof By virtue of Lemma 10.2.3,

xX+6
|G(x+8)—Gx)|= / , (gx+8—y)—glx—y))dH(y)

< O§T§2(+8|g(x +4) — g(x)| (cl +cr(b+ 8)). (A9.6)

This means that the uniform continuity of g implies that of G.
Now assume that g has a continuous derivative g’. Then G’ exists and satisfies
the renewal equation

G'(x) =g'(x) +/0 G'(x — y)dF(y).

Therefore the derivative G’ is bounded and uniformly continuous. Let

limsup G’ (x) =s.
X—>00

Choose a sequence f, — oo such that G'(,) — s. The family of functions g, de-
fined by the equalities

qn(x) = G/(tn +x)

is equicontinuous, and

X+t [e%e]
qn(x)=g/(tn+x)+/0 qn(x—y)dF(y)=g’(tn+x)+/0 gn(x —y)dF(y).
(A9.7)
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By the Arzela—Ascoli theorem (see Appendix 4) there exists a subsequence t,,
such that g,, converges to a limit g. From (A9.7) it follows that this limit satis-
fies the conditions of Lemma A9.3, and therefore g(x) = ¢(0) = s for all x. Thus
G'(ty,+x) — s for all x, and hence

G(ty, +x) — G(ty,) = sx.

Since the last relation holds for any x and the function g is bounded, we get s = 0.

We have proved the lemma for continuously differentiable g. But an arbitrary
continuous function g vanishing outside [0, b] can be approximated by a continu-
ously differentiable function g; which also vanishes outside that interval. Let G
be the solution of the renewal equation corresponding to the function g;. Then
|g —g1| < ¢ implies |G — G| < ce, c = c1 +c2b (see Lemma 10.2.3), and therefore

|G(x +u) — G(x)| < 2c+ De

for all sufficiently large x. This proves (A9.5) for arbitrary continuous functions g.
The lemma is proved. O

Proof of Theorem A9.1 Consider an arbitrary sequence f, — oo and the measures
It,, generated by the functions

Hyy(w) =H @, +u) — H(,) (1, ([, v)) = Hiny (v) — Hny ().

These functions satisfy the conditions of the generalised Helly theorem (see Ap-
pendix 4). Therefore there exists a subsequence t,,, the respective subsequence of
measures i, , and the limiting measure g such that u,,, converges weakly to u on
any finite interval as n — oo.

Now let g be a continuous function vanishing outside [0, »]. Then

0

G(tyn +x)=/ g(—u)dH (ty, +x +u)
b

0 b
2/ g(—w)d(H (twn +x +u) — H(tan)) —>/ gup(x +du).
b 0

By Lemma A9.4, the sequence G (t,, + y) will have the same limit. This means that
the measure ft(x +du) does not depend on x, and therefore u([u, v)) is proportional
to the length of the interval (u, v):

[L((u, v)) =c(v—u), pn(du)=cdu.

Thus, we have proved that

Gty +x) —> C/OO g(u)du (A9.8)
0
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for any continuous function g vanishing outside [0, b]. But for any Riemann inte-
grable function g on [0, b] and given ¢ > 0 there exist continuous functions g; and
g2, 81 < & < g2, which are equal to O outside [0, b 4 1] and such that

b
/ (g2 —g1)du <e.
0

This means that convergence (A9.8) also holds for any Riemann integrable function
vanishing outside [0, b].

Now consider an arbitrary directly integrable function g. By property (2) of such
functions (see Definition 10.4.1) one can choose a b > 0 such that for the function

W) g(u) ifu<b,
u)—=
E® 0  ifu>b,

the left- and right-hand sides of (A9.8) will be arbitrarily close to the respective
expressions corresponding to the original function g (for the right-hand side it is
obvious, while for the left-hand side it follows from the convergence

t
‘/0 g(t—S)dH(S)—fg(b)(t—S)dH(S)

=< Z (c1+c2)gk —> 0
k>b—1

t—b
= ‘f g(t—s5)dH(s)
0

as b — oo (see Lemma 10.2.3)). Therefore (A9.8) is proved for any directly inte-
grable function g. Putting g := 1 — F we obtain from Lemma A9.1

e 1
1:cf (l—F(u))du:ac, c=—.
0 a
Thus the limit in (A9.8) is one and the same for any initial sequence t,,. From this it
follows that, as t — oo,

1 o
G(t) —> —/ gw)du.
aJo
The theorem is proved. g

Theorem 10.4.1 is a simple consequence of Theorem A9.1 and the argument
used in the proof of Theorem 10.2.3 that extends the key renewal theorem in the
arithmetic case was extended to the setting where 7;, j > 2, can assume values
of different signs, while 7 is arbitrary. We will leave it to the reader to apply the
argument in the non-arithmetic case.

Now we will give several further consequences of Theorem A9.1. In Sect. 10.4
we obtained a refinement of the renewal theorem in the case when mj, =
Erjg < 00. Approaches developed while proving Theorem A9.1 enable one to obtain
an alternative proof of the following assertion coinciding with Theorem 10.4.4.
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Theorem A9.2 Let the conditions of Theorem A9.1 be met and m < 0o. Then

t my
0<H@)—-—> 5 ast—>o0.
a 2a

Proof The function G(¢) := H(t) — t/a is the solution of the renewal equation

(A9.2) corresponding to the function

1 o0
g() = —/ (1 - F(u)) du.
aJi

Since g is directly integrable, we have

1 [ [ m
G(t)—);/o fv (l—F(u))dudv:ﬁ.

The theorem is proved. O

Theorem A9.3 (The local renewal theorem for densities) Assume that F has a den-
sity f = F’ and this density is directly integrable. Then H has a density h = H’,
and

1
h(t) > — ast— oo.
a

Proof Denote by f,(x) the density of the sum 7,, =t + - - - + 7,,. We have

h(t) =H’(t)=2fn(t) =f(t)+fh(t —u) f(w)du= f(t) +hx*F(2).

n=1

This means that /(¢) satisfies the renewal equation with the function g = f. There-
fore by Theorem A9.1,

h(t)—)l/oof(u)duzl
aJo

P
The theorem is proved. 0

Consider now some extensions of Theorem A9.1. A function g given on the
whole line (—o00, 00) is said to be directly integrable if both functions g(¢) and
g(—t), t > 0, are directly integrable.

Theorem A9.4 If the conditions of Theorem A9.1 are met and g is directly inte-
grable, then

oo

G(I)Z/oog(t—u)H(du)ﬁ é/ gw)du ast— oo.
0

—0o0
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The Proof can be obtained by making several small and quite obvious modifica-
tions to the argument in the demonstration of Theorem A9.1. The main change is
that instead of functions g vanishing outside [0, ] one should now consider func-
tions vanishing outside [—b, b].

Another extension refers to the second version of the renewal function

o0
U(t) = Z F*(1), —oo<t<o0,
k=0

in the case when 7; can assume values of different signs.

Theorem A9.5 If g is directly integrable and Etj = a > 0, then

o0 1 o0
G(1) =/ gt —uw)U(du) — —/ gu)du ast— oo,
—60 aJ-«
and, for any fixed u, U(t +u) — U (t) —> 0 as t — oo.

The proof is also obtained by modifying the argument proving Theorem A9.1
(see [13]).
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Index of Basic Notation

Spaces and o -algebras
§—a o-algebra, 14
(£2, §)—a measurable space, 14
R—the real line, 17
R"”—n-dimensional Euclidean space, 18
$B—the o -algebra of Borel-measurable subsets of R, 17
$B"—the o -algebra of Borel-measurable subsets of R, 18
(£2, §, P)—the probability space, 17
(Note that £2 and § can take specific values, i.e. R and *B, respectively.)

Distributions'
F¢, F—the distribution of the random variable &, 32, 32
I,—the degenerate distribution (concentrated at the point @), 37
U, p—the uniform distribution on [a, b], 37
B,, B’I',—the binomial distributions, 37
multinomial distributions, 47
®,, ,2>—the normal (Gaussian) distribution with parameters (c, 0?), 37,48
¢4.52(x)—the density of the normal law with parameters (o, 0?), 41
Fg ,—the stable distribution with parameters 8, p, 231, 233
fB-P) (x)—the density of the stable distribution with parameters Fg,, 235
@'#+P) (t)—the characteristic function of distribution Fg ,, 231
Ky s—the Cauchy distribution with parameters (¢, o), 38
I' ,—the exponential distribution with parameter v, 38, 177
I'y ,—the gamma-distribution with parameters (o, A), 176
IT,—the Poisson distribution with parameter A, 39
x2—the x2-distribution, 177
A(a)—the large deviation rate function, 244

1(All distributions and measures are denoted by bold letters).
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726 Index of Basic Notation

Relations

:= means that the left-hand side is defined by the right-hand side, xi

=: means that the right-hand side is defined by the left-hand side, xi

~ notation a, ~ b, (a(x) ~ b(x)) means that lim, .o 2 =1 (lim,_ e % =1),
109

—p>—c0nvergence of random variables in probability, 129

a.s. .
—>—almost sure convergence of random variables, 130

ﬂ>—convergence of random variables in the mean, 132

2__potation & 4 n means that the distributions of & and 7 coincide, 144
é—relation & % y means that P(§ >¢) <P(y >1¢) forall ¢, 302
i—relation & ; n means that P(§ > ¢) > P(n > 1) forallz, 302

&—notation &, € F means that £ has the distribution F, 36

&, & F means that the distribution of §, converges weakly to F, 144

=—relation F,, = F means weak convergence of the distributions F, to F, 141,
for random variables &, = & means that F,, = F, where &, €F,, £ €F, 143

Conditions
[C]—the Cramér condition, 240
[Rg, p]—conditions of convergence to the stable law Fg ,, 229



Subject Index

A
Abelian theorem, 673
Absolutely continuous distribution, 40
Absorbing state, 393
Absorption, 391
Algebra, 14
Almost invariant

random variable, 498

set, 497
Amount of information, 448
Aperiodic Markov chain, 419
Arithmetic distribution, 40
Arzela—Ascoli theorem, 657
Asymptotically normal sequence, 187
Atom, 419

positive, 420

B
Basic coding theorem, 455
Bayes formula, 27
Bernoulli scheme, local limit theorems for, 113
Bernstein polynomial, 109
Berry—Esseen theorem, 659
Beta distribution, 179
Binomial distribution, 37
Bochner—Khinchin theorem, 158
Borel
o-algebra, 15
set, 15
Branching process, 180, 591
extinction of, 182
Brownian motion process, 549

C

Carathéodory theorem, 19, 622

Cauchy sequence, 132
Cauchy-Bunjakovsky inequality, 87, 97

A.A. Borovkov, Probability Theory, Universitext,

Central limit theorem, 187

for renewal processes, 299
Central moment, 87
Chain, Markov, 390, 414
Chapman—Kolmogorov equation, 582
Characteristic function, 153

for multivariate distribution, 171
Chebyshev inequality, 89, 96

exponential, 248
Chi-squared distribution, 177
Class

of distributions

exponential, 373
superexponential, 373

of functions, distribution determining, 148
Coefficient

diffusion, 604

shift, 604
Common probability space method, 118
Communicating states, 392
Complement, 16
Completion of measure, 624
Component, factorisation, 334
Compound Poisson process, 552
Condition

Cramér, 240, 703

Cramér on ch.f., 217

[Dy], 188

(Dy), 199

Lyapunov, 202, 560

[Rg,0], 229, 687
Conditional

density, 100

distribution, 99

distribution function, 70

entropy, 451

expectation, 70, 92, 94, 95
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728 Subject Index

Conditional (cont.) Erlang, 177

probability, 22, 95 exponential, 38, 71, 177
Consistent distributions, 530 finite-dimensional, 528
Continuity axiom, 16 function, 32
Continuity theorem, 134, 167, 173 conditional, 70
Converge properties, 33

in measure, 630 gamma, 176
Convergence Gaussian, 37

almost everywhere, 630 geometric, 38

almost surely, with probability 1, 130 infinitely divisible, 539

in distribution, 143 invariant, 404, 419

in measure, 630 lattice, 40

in probability, 129 Levy, 235

in the mean, 132 multinomial, 47

in total variation, 653 multivariate normal (Gaussian), 48, 173

weak, 141, 173, 649 non-lattice, 160
Correlation coefficient, 86 normal, 37
Coupling method, 118 of process, 528
Covariance function, 611 of random process, 529
Cramér of random variable, 32

condition, 240, 703 Poisson, 26, 39

on ch.f., 217 singular, 41, 325

range, 256 stable, 233

series, 248 stationary, 404, 419

transform, 473 of waiting time, 350
Crossing times, 237 subexponential, 376, 675
Cumulant, 242 tail of, 228
Cylinder, 528 uniform, 18, 37, 325

uniform on a cube, 18

D Dominated convergence theorem, 139
Defect, 290 Donsker—Prokhorov invariance principle, 561
Degenerate distribution, 37 Doubly stochastic matrix, 410
De Moivre-Laplace theorem, 115, 124
Density E

conditional, 100 Element

of distribution, 40 random, 649

of measure, 642 Entropy, 448

transition, 583 conditional, 451
Derivative, Radon—Nikodym, 644 Equality
Deviation, standard, 83 Parseval, 161
Diffusion Equation

coefficient, 604 backward (forward) Kolmogorov, 587, 605

process, 603 Chapman—Kolmogorov, 582
Directly integrable function, 293 renewal, 716
Distance, total variation, 420 Equivalent
Distribution, 17 processes, 530

absolutely continuous, 40 sequences, 109

arithmetic, 40 Ergodic

beta, 179 Markov chain, 404

binomial, 37 sequence, 498

chi-squared, 177 state, 411

conditional, 99 transformation, 498

consistent, 530 Erlang distribution, 177

degenerate, 37 Essential state, 392



Subject Index

Event, 2
certain, 16
impossible, 16
random, xiv
renovating, 509
tail, 316
Events
disjoint (mutually exclusive), 16
independent, 22
Excess, 280
Existence
of expectation, 65
of integral, 643
Expectation, 65
conditional, 70, 92, 94, 95
existence of, 65
Exponential
Chebyshev inequality, 248
class of distributions, 373
distribution, 38, 177
polynomial, 355, 366
Extinction of branching process, 182

F
Factorisation, 334
component, 334
Fair game, 72
Finite-dimensional distribution, 528
First nonnegative sum, 336
First passage time, 278
Flow of o -algebras, 457
Formula
Bayes, 27
total probability, 25
Function
covariance, 611
directly integrable, 293
distribution, 32
properties, 33
large deviation rate, 244
locally constant, 373
lower, 546
rate, 244
regularly varying, 266, 665
renewal, 279
sample, 528
slowly varying, 228, 665
subexponential, 376
test (Lyapunov), 430
transition, 582, 583
upper, 546

G
Gamma distribution, 176

Gaussian

distribution, 37

process, 614
Generating function, 161
Geometric distribution, 38
Gnedenko local limit theorem, 221

H

729

Hahn’s theorem on decomposition of measure,

646

Harris (irreducible) Markov chain, 424

Helly theorem, 655
Holder inequality, 88
Homogeneous
Markov chain, 391, 416
Markov process, 583
process, 539
renewal process, 285

I

Identity
Pollaczek—Spitzer, 345
Wald, 469

Immigration, 591
Improper random variable, 32
Independent
classes of events, 51
events, 22
random variables, 153
trials, 24
Indicator of event, 66
Inequality
Cauchy—Bunjakovsky, 87, 97
Chebyshev, 89, 96
Chebyshev exponential, 248
Holder, 88
Jensen, 88, 97
Kolmogorov, 478
Minkowski, 88, 133
Schwarz, 88
Inessential state, 392
Infinitely divisible distribution, 539
Information, 448
amount of, 448
Integrability, uniform, 135
Integral, 630, 632, 642

of a nonnegative measurable function, 632

over a set, 631
Integro-local theorems, 216
Invariance principle, 567
Invariant

distribution, 419

random variable, 498

set, 497
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Irreducible Markov chain, 393
Iterated logarithm, law of, 545, 546, 568

J
Jensen inequality, 88, 97

K

Karamata theorem, 668

Kolmogorov
equation, backward (forward), 587, 605
inequality, 478

theorem on consistent distributions, 56, 625

L
Laplace transform, 156, 241
Large deviation
probabilities, 126
rate function, 244
Large numbers, law of, 107, 188
for renewal processes, 298
strong, 108
Lattice distribution, 40
Law
of iterated logarithm, 545, 546, 568
of large numbers, 90, 107, 188
for renewal processes, 298
strong, 108
Lebesgue theorem, 644
Legendre transform, 244
Levy distribution, 235
Limit theorems, local for Bernoulli scheme,
113
Linear prediction, 617
Local limit theorem, 219
Locally constant function, 373
Lower
function, 546
sequence, 318
Lyapunov condition, 202, 560

M
Markov
chain, 390, 414, 585
aperiodic, 419
ergodic, 404
Harris (irreducible), 424
homogeneous, 391, 416
periodic, 397, 419
reducible (irreducible), 393
process, 580
homogeneous, 583
property, 390
strong, 418
time, 75

Subject Index

Martingale, 457, 459
Matrix
doubly stochastic, 410
stochastic, 391
transition, 391
Mean value, 65
Measurable space, 14
Measure, 629
density of, 642
extension, 19, 622
theorem, 19, 622
outer, 619
signed, 629
singular, 644
space, 629
Measure preserving transformation, 494
Measure Space, 629
Metric transitive
sequence, 498
transformation, 498
Minkowski inequality, 88
Mixed moment, 87
Mixing transformation, 499
Modification of process, 530
Moment
central, 87
k-th order, 87
mixed, 87
Multinomial distribution, 47
Multivariate normal (Gaussian) distribution,
48,173

N

Negatively correlated random variables, 87
Non-lattice distribution, 160

Normal distribution, 37

Null state, 394

(0]

Oscillating random walk, 435
Outer measure, 619
Overshoot, 280

P
Parseval equality, 161
Passage time, 336
Path, 528
Pathwise shift transformation, 496
Periodic
Markov chain, 397, 419
state of Markov chain, 394
Persistent state, 394
Poisson
distribution, 26, 39



Subject Index

Poisson (cont.)
process, 297, 549
theorem, 121
Pollaczek—Spitzer identity, 345
Polynomial
Bernstein, 109
exponential, 355, 366
Positive atom, 420
Positive state, 394, 411
Positively correlated random variables, 87
Posterior probability, 28
Prediction, 616
linear, 617
Prior probability, 28
Probability, 16
conditional, 22, 95
distribution, 17
posterior, 28
prior, 28
properties of, 20
space, 17
sample, 528
wide-sense, 17
transition, 583
Process
branching, 180, 591
Brownian motion, 549
compound Poisson, 552
continuous in mean, 536
diffusion, 603
distribution of, 528, 529
Gaussian, 614
homogeneous, 539
Markov, 580
modification of, 530
Poisson, 297, 549
random (stochastic), 527, 529
regenerative, 600
regular, 532
renewal, 278
homogeneous (stationary), 285
semi-Markov, 593
separable, 535
stochastically continuous, 536, 584
strict sense stationary, 614
unpredictable, 611
Wiener, 542
with immigration, 591
with independent increments, 539
Prokhorov theorem, 651
Proper random variable, 73
Property, strong Markov, 418
Pseudomoment, 210

731

Q
Quantile, 43
transform, 43

R
Radon—Nikodym derivative, 642, 644
Radon-Nikodym theorem, 644
Random
element, 414, 649
event, xiv
process, 527, 529
sequence, 527
variable, 31
almost invariant, 498
complex-valued, 153
defined on Markov chain, 437
distribution of, 32
improper, 32
independent of the future, 75
invariant, 498
proper, 73
standardised, 85
subexponential, 376, 675
symmetric, 157
tail, 317
variables
independent, 153
positively (negatively) correlated, 87
vector, 44
walk, 277, 278, 335
oscillating, 435
skip-free, 384
symmetric, 400, 401
with reflection, 434
Range, Cramér, 256
Rate function, 244
Recurrent state, 394
Reflection, 391, 434
Regeneration time, 600
Regenerative process, 600
Regression line, 103
Regular process, 532
Regularly varying function, 266, 665
Renewal
equation, 716
function, 279
integral theorem, 280
local theorem, 294
process, 278
Renovating
event, 509
sequence of events, 509

Right closed martingale (semimartingale), 459

Ring, 14



732

S
Sample
function, 528
probability space, 528
space, 414, 649
Schwarz inequality, 88
Semi-invariant, 242
Semi-Markov process, 593
Semimartingale, 458
Separable process, 535
Sequence
asymptotically normal, 187
Cauchy (in probability, a.s., in the mean),
132
ergodic, 498
generated by transformation, 495
lower, 318
metric transitive, 498
renovating, 509
stationary, 493
stochastic, 457
stochastic recursive, 507
tight, 148
uniformly integrable, 135
upper, 318
weakly dependent, 499
Series, Cramér, 248
Set
almost invariant, 497
invariant, 497
Shift coefficient, 604
o-algebra, 14
Signed measure, 629
Singular
distribution, 41, 325
measure, 644
Skip-free walk, 384
Slowly varying function, 228, 665
Space
measurable, 14
measure, 629
of functions without discontinuities of the
second kind, 529
probability, 17
sample, 414, 649
sample probability, 528
Spectral measure, 556
Stable distribution, 233
Standard deviation, 83
Standardised random variable, 85
State
absorbing, 393
ergodic, 411
essential, 392

Subject Index

inessential, 392

periodic, 394

persistent, 394

positive, 411

recurrent, 394

transient, 394
State, null, 394
State, positive, 394
Stationary

distribution, 404, 419

of waiting time, 350
process, 614
sequence, 493
of events, 509

Stochastic

matrix, 391

process, 527, 529

recursive sequence, 507

sequence, 457
Stochastically continuous process, 536, 584
Stone—Shepp integro-local theorem, 216
Stopping time, 75, 462

improper, 466
Strong law of large numbers, 108
Strong Markov property, 418
Subexponential

distribution, 376, 675

function, 376

random variable, 376, 675
Submartingale, 458, 459
Sum, first nonnegative, 336
Superexponential class of distributions, 373
Supermartingale, 458, 459
Symmetric

random variable, 157

random walk, 401

T
Tail
event, 316
of distribution, 228
random variable, 317
Tauberian theorem, 673
Test function, 430
Theorem
Abelian, 673
Arzela—Ascoli, 657
basic coding, 455
Berry—Esseen, 659
Bochner—Khinchin, 158
Carathéodory (measure extension), 19, 622
central limit, 187
central limit for renewal processes, 299
continuity, 134, 167, 173
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Theorem (cont.) Transformation
de Moivre-Laplace, 115, 124 bidirectional preserving measure, 495
dominated convergence, 139 ergodic, 498
Gnedenko local limit, 221 metric transitive, 498
Hahn’s on decomposition of a measure, 646 mixing, 499
Helly, 655 pathwise shift, 496
integral renewal, 280 preserving measure, 494
integro-local, 216 Transient state, 394
Karamata, 668 Transition
Kolmogorov, on consistent distributions, density, 583
56, 625 function, 582, 583
Lebesgue, 644 matrix, 391
local limit, 219 probability, 583
local renewal, 294 Triangular array scheme, 121, 188
measure extension, 19, 622 Two series theorem, 322
Poisson, 121
Prokhorov, 651 U
Radon-Nikodym, 644 Undershoot, 290
Stone—Shepp integro-local, 216 Uniform distribution, 18, 37, 325
Tauberian, 673 Uniform integrability, 135
two series, 322 right (left), 139
Weierstrass, 109 Unpredictable process, 611
Tight family of distributions, 651 Upper
Tight sequence, 148 function, 546
Time sequence, 318
first passage, 278
Markov, 75 A%
passage, 336 Variable, random, 31
regeneration, 600 Variance, 83
stopping, 75 Vector, random, 44
waiting, 349
Total probability formula, 25, 71, 98 W
Total variation, 652 Waiting time, 349
convergence in, 653 stationary distribution of, 350
distance, 420 Wald identity, 469
Trajectory, 528 fundamental, 471
Transform ‘Walk, random, 277, 278, 335
Cramér, 473 Weak convergence, 141, 173, 649
Laplace, 156, 241 Weakly dependent sequence, 499
Legendre, 244 Weierstrass theorem, 109

quantile, 43 Wiener process, 542
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