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Foreword

The present edition of the book differs substantially from the previous one. Over the
period of time since the publication of the previous edition the author has accumu-
lated quite a lot of ideas concerning possible improvements to some chapters of the
book. In addition, some new opportunities were found for an accessible exposition
of new topics that had not appeared in textbooks before but which are of certain
interest for applications and reflect current trends in the development of modern
probability theory. All this led to the need for one more revision of the book. As
a result, many methodological changes were made and a lot of new material was
added, which makes the book more logically coherent and complete. We will list
here only the main changes in the order of their appearance in the text.

• Section 4.4 “Expectations of Sums of a Random Number of Random Variables”
was significantly revised. New sufficient conditions for Wald’s identity were added.
An example is given showing that, when summands are non-identically distributed,
Wald’s identity can fail to hold even in the case when its right-hand side is well-
defined. Later on, Theorem 11.3.2 shows that, for identically distributed summands,
Wald’s identity is always valid whenever its right-hand side is well-defined.

• In Sect. 6.1 a criterion of uniform integrability of random variables is con-
structed, which simplifies the use of this notion. For example, the criterion directly
implies uniform integrability of weighted sums of uniformly integrable random vari-
ables.

• Section 7.2, which is devoted to inversion formulas, was substantially expanded
and now includes assertions useful for proving integro-local theorems in Sect. 8.7.

• In Chap. 8, integro-local limit theorems for sums of identically distributed ran-
dom variables were added (Sects. 8.7 and 8.8). These theorems, being substantially
more precise assertions than the integral limit theorems, do not require additional
conditions and play an important role in investigating large deviation probabilities
in Chap. 9.
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vi Foreword

• A new chapter was written on probabilities of large deviations of sums of ran-
dom variables (Chap. 9). The chapter provides a systematic and rather complete
exposition of the large deviation theory both in the case where the Cramér condition
(rapid decay of distributions at infinity) is satisfied and where it is not. Both integral
and integro-local theorems are obtained. The large deviation principle is established.

• Assertions concerning the case of non-identically distributed random variables
were added in Chap. 10 on “Renewal Processes”. Among them are renewal theo-
rems as well as the law of large numbers and the central limit theorem for renewal
processes. A new section was written to present the theory of generalised renewal
processes.

• An extension of the Kolmogorov strong law of large numbers to the case
of non-identically distributed random variables having the first moment only was
added to Chap. 11. A new subsection on the “Strong law of large numbers for gen-
eralised renewal processes” was written.

• Chapter 12 on “Random walks and factorisation identities” was substantially
revised. A number of new sections were added: on finding factorisation components
in explicit form, on the asymptotic properties of the distribution of the suprema of
cumulated sums and generalised renewal processes, and on the distribution of the
first passage time.

• In Chap. 13, devoted to Markov chains, a section on “The law of large numbers
and central limit theorem for sums of random variables defined on a Markov chain”
was added.

• Three new appendices (6, 7 and 8) were written. They present important aux-
iliary material on the following topics: “The basic properties of regularly varying
functions and subexponential distributions”, “Proofs of theorems on convergence to
stable laws”, and “Upper and lower bounds for the distributions of sums and maxima
of sums of independent random variables”.

As has already been noted, these are just the most significant changes; there are
also many others. A lot of typos and other inaccuracies were fixed. The process of
creating new typos and misprints in the course of one’s work on a book is random
and can be well described mathematically by the Poisson process (for the defini-
tion of Poisson processes, see Chaps 10 and 19). An important characteristic of the
quality of a book is the intensity of this process. Unfortunately, I am afraid that in
the two previous editions (1999 and 2003) this intensity perhaps exceeded a certain
acceptable level. Not renouncing his own responsibility, the author still admits that
this may be due, to some extent, to the fact that the publication of these editions took
place at the time of a certain decline of the publishing industry in Russia related to
the general state of the economy at that time (in the 1972, 1976 and 1986 editions
there were much fewer such defects).



Foreword vii

Before starting to work on the new edition, I asked my colleagues from our lab-
oratory at the Sobolev Institute of Mathematics and from the Chair of Probability
Theory and Mathematical Statistics at Novosibirsk State University to prepare lists
of any typos and other inaccuracies they had spotted in the book, as well as sug-
gested improvements of exposition. I am very grateful to everyone who provided
me with such information. I would like to express special thanks to I.S. Borisov,
V.I. Lotov, A.A. Mogul’sky and S.G. Foss, who also offered a number of method-
ological improvements.

I am also deeply grateful to T.V. Belyaeva for her invaluable assistance in type-
setting the book with its numerous changes. Without that help, the work on the new
edition would have been much more difficult.

A.A. Borovkov



Foreword to the Third and Fourth Editions

This book has been written on the basis of the Russian version (1986) published
by “Nauka” Publishers in Moscow. A number of sections have been substantially
revised and several new chapters have been introduced. The author has striven to
provide a complete and logical exposition and simpler and more illustrative proofs.
The 1986 text was preceded by two earlier editions (1972 and 1976). The first one
appeared as an extended version of lecture notes of the course the author taught
at the Department of Mechanics and Mathematics of Novosibirsk State University.
Each new edition responded to comments by the readers and was completed with
new sections which made the exposition more unified and complete.

The readers are assumed to be familiar with a traditional calculus course. They
would also benefit from knowing elements of measure theory and, in particular,
the notion of integral with respect to a measure on an arbitrary space and its basic
properties. However, provided they are prepared to use a less general version of
some of the assertions, this lack of additional knowledge will not hinder the reader
from successfully mastering the material. It is also possible for the reader to avoid
such complications completely by reading the respective Appendices (located at the
end of the book) which contain all the necessary results.

The first ten chapters of the book are devoted to the basics of probability theory
(including the main limit theorems for cumulative sums of random variables), and it
is best to read them in succession. The remaining chapters deal with more specific
parts of the theory of probability and could be divided into two blocks: random
processes in discrete time (or random sequences, Chaps. 12 and 14–16) and random
processes in continuous time (Chaps. 17–21).

There are also chapters which remain outside the mainstream of the text as indi-
cated above. These include Chap. 11 “Factorisation Identities”. The chapter not only
contains a series of very useful probabilistic results, but also displays interesting re-
lationships between problems on random walks in the presence of boundaries and
boundary problems of complex analysis. Chapter 13 “Information and Entropy” and
Chap. 19 “Functional Limit Theorems” also deviate from the mainstream. The for-
mer deals with problems closely related to probability theory but very rarely treated
in texts on the discipline. The latter presents limit theorems for the convergence

ix



x Foreword to the Third and Fourth Editions

of processes generated by cumulative sums of random variables to the Wiener and
Poisson processes; as a consequence, the law of the iterated logarithm is established
in that chapter.

The book has incorporated a number of methodological improvements. Some
parts of it are devoted to subjects to be covered in a textbook for the first time (for
example, Chap. 16 on stochastic recursive sequences playing an important role in
applications).

The book can serve as a basis for third year courses for students with a rea-
sonable mathematical background, and also for postgraduates. A one-semester (or
two-trimester) course on probability theory might consist (there could be many vari-
ants) of the following parts: Chaps. 1–2, Sects. 3.1–3.4, 4.1–4.6 (partially), 5.2 and
5.4 (partially), 6.1–6.3 (partially), 7.1, 7.2, 7.4–7.6, 8.1–8.2 and 8.4 (partially), 10.1,
10.3, and the main results of Chap. 12.

For a more detailed exposition of some aspects of Probability Theory and the
Theory of Random Processes, see for example [2, 10, 12–14, 26, 31].

While working on the different versions of the book, I received advice and
help from many of my colleagues and friends. I am grateful to Yu.V. Prokhorov,
V.V. Petrov and B.A. Rogozin for their numerous useful comments which helped
to improve the first variant of the book. I am deeply indebted to A.N. Kolmogorov
whose remarks and valuable recommendations, especially of methodological char-
acter, contributed to improvements in the second version of the book. In regard to
the second and third versions, I am again thankful to V.V Petrov who gave me his
comments, and to P. Franken, with whom I had a lot of useful discussions while the
book was translated into German.

In conclusion I want to express my sincere gratitude to V.V. Yurinskii, A.I. Sakha-
nenko, K.A. Borovkov, and other colleagues of mine who also gave me their com-
ments on the manuscript. I would also like to express my gratitude to all those who
contributed, in one way or another, to the preparation and improvement of the book.

A.A. Borovkov



For the Reader’s Attention

The numeration of formulas, lemmas, theorems and corollaries consists of three
numbers, of which the first two are the numbers of the current chapter and section.
For instance, Theorem 4.3.1 means Theorem 1 from Sect. 3 of Chap. 4. Section 6.2
means Sect. 2 of Chap. 6.

The sections marked with an asterisk may be omitted in the first reading.
The symbol � at the end of a paragraph denotes the end of a proof or an important

argument, when it should be pointed out that the argument has ended.
The symbol :=, systematically used in the book, means that the left-hand side is

defined to be given by the right-hand side. The relation =: has the opposite meaning:
the right-hand side is defined by the left-hand side.

The reader may find it useful to refer to the Index of Basic Notation and Subject
index, which can be found at the end of this book.
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Introduction

1. It is customary to set the origins of Probability Theory at the 17th century and
relate them to combinatorial problems of games of chance. The latter can hardly be
considered a serious occupation. However, it is games of chance that led to prob-
lems which could not be stated and solved within the framework of the then existing
mathematical models, and thereby stimulated the introduction of new concepts, ap-
proaches and ideas. These new elements can already be encountered in writings by
P. Fermat, D. Pascal, C. Huygens and, in a more developed form and somewhat
later, in the works of J. Bernoulli, P.-S. Laplace, C.F. Gauss and others. The above-
mentioned names undoubtedly decorate the genealogy of Probability Theory which,
as we saw, is also related to some extent to the vices of society. Incidentally, as it
soon became clear, it is precisely this last circumstance that can make Probability
Theory more attractive to the reader.

The first text on Probability Theory was Huygens’ treatise De Ratiociniis in Ludo
Alea (“On Ratiocination in Dice Games”, 1657). A bit later in 1663 the book Liber
de Ludo Aleae (“Book on Games of Chance”) by G. Cardano was published (in
fact it was written earlier, in the mid 16th century). The subject of these treatises
was the same as in the writings of Fermat and Pascal: dice and card games (prob-
lems within the framework of Sect. 1.2 of the present book). As if Huygens foresaw
future events, he wrote that if the reader studied the subject closely, he would no-
tice that one was not dealing just with a game here, but rather that the foundations
of a very interesting and deep theory were being laid. Huygens’ treatise, which is
also known as the first text introducing the concept of mathematical expectation,
was later included by J. Bernoulli in his famous book Ars Conjectandi (“The Art
of Conjecturing”; published posthumously in 1713). To this book is related the no-
tion of the so-called Bernoulli scheme (see Sect. 1.3), for which Bernoulli gave a
cumbersome (cf. our Sect. 5.1) but mathematically faultless proof of the first limit
theorem of Probability Theory, the Law of Large Numbers.

By the end of the 19th and the beginning of the 20th centuries, the natural sci-
ences led to the formulation of more serious problems which resulted in the develop-
ment of a large branch of mathematics that is nowadays called Probability Theory.
This subject is still going through a stage of intensive development. To a large extent,

xiii



xiv Introduction

Probability Theory owes its elegance, modern form and a multitude of achievements
to the remarkable Russian mathematicians P.L. Chebyshev, A.A. Markov, A.N. Kol-
mogorov and others.

The fact that increasing our knowledge about nature leads to further demand for
Probability Theory appears, at first glance, paradoxical. Indeed, as the reader might
already know, the main object of the theory is randomness, or uncertainty, which is
due, as a rule, to a lack of knowledge. This is certainly so in the classical example
of coin tossing, where one cannot take into account all the factors influencing the
eventual position of the tossed coin when it lands.

However, this is only an apparent paradox. In fact, there are almost no exact de-
terministic quantitative laws in nature. Thus, for example, the classical law relating
the pressure and temperature in a volume of gas is actually a result of a probabilistic
nature that relates the number of collisions of particles with the vessel walls to their
velocities. The fact is, at typical temperatures and pressures, the number of particles
is so large and their individual contributions are so small that, using conventional
instruments, one simply cannot register the random deviations from the relationship
which actually take place. This is not the case when one studies more sparse flows
of particles—say, cosmic rays—although there is no qualitative difference between
these two examples.

We could move in a somewhat different direction and name here the uncertainty
principle stating that one cannot simultaneously obtain exact measurements of any
two conjugate observables (for example, the position and velocity of an object).
Here randomness is not entailed by a lack of knowledge, but rather appears as a fun-
damental phenomenon reflecting the nature of things. For instance, the lifetime of a
radioactive nucleus is essentially random, and this randomness cannot be eliminated
by increasing our knowledge.

Thus, uncertainty was there at the very beginning of the cognition process, and
it will always accompany us in our quest for knowledge. These are rather general
comments, of course, but it appears that the answer to the question of when one
should use the methods of Probability Theory and when one should not will always
be determined by the relationship between the degree of precision we want to attain
when studying a given phenomenon and what we know about the nature of the latter.

2. In almost all areas of human activity there are situations where some exper-
iments or observations can be repeated a large number of times under the same
conditions. Probability Theory deals with those experiments of which the result (ex-
pressed in one way or another) may vary from trial to trial. The events that refer to
the experiment’s result and which may or may not occur are usually called random
events.

For example, suppose we are tossing a coin. The experiment has only two out-
comes: either heads or tails show up, and before the experiment has been carried
out, it is impossible to say which one will occur. As we have already noted, the rea-
son for this is that we cannot take into account all the factors influencing the final
position of the coin. A similar situation will prevail if you buy a ticket for each lot-
tery draw and try to predict whether it will win or not, or, observing the operation of
a complex machine, you try to determine in advance if it will have failed before or
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Fig. 1 The plot of the
relative frequencies nh/n

corresponding to the outcome
sequence htthtthhhthht in
the coin tossing experiment

after a given time. In such situations, it is very hard to find any laws when consid-
ering the results of individual experiments. Therefore there is little justification for
constructing any theory here.

However, if one turns to a long sequence of repetitions of such an experiment,
an interesting phenomenon becomes apparent. While individual results of the ex-
periments display a highly “irregular” behaviour, the average results demonstrate
stability. Consider, say, a long series of repetitions of our coin tossing experiment
and denote by nh the number of heads in the first n trials. Plot the ratio nh/n ver-
sus the number n of conducted experiments (see Fig. 1; the plot corresponds to the
outcome sequence htthtthhhthh, where h stands for heads and t for tails, respec-
tively).

We will then see that, as n increases, the polygon connecting the consecutive
points (n,nh/n) very quickly approaches the straight line nh/n = 1/2. To verify
this observation, G.L. Leclerc, comte de Buffon,1 tossed a coin 4040 times. The
number of heads was 2048, so that the relative frequency nh/n of heads was 0.5069.
K. Pearson tossed a coin 24,000 times and got 12,012 heads, so that nh/n = 0.5005.

It turns out that this phenomenon is universal: the relative frequency of a certain
outcome in a series of repetitions of an experiment under the same conditions tends
towards a certain number p ∈ [0,1] as the number of repetitions grows. It is an
objective law of nature which forms the foundation of Probability Theory.

It would be natural to define the probability of an experiment outcome to be just
the number p towards which the relative frequency of the outcome tends. How-
ever, such a definition of probability (usually related to the name of R. von Mises)
has proven to be inconvenient. First of all, in reality, each time we will be dealing
not with an infinite sequence of frequencies, but rather with finitely many elements
thereof. Obtaining the entire sequence is unfeasible. Hence the frequency (let it
again be nh/n) of the occurrence of a certain outcome will, as a rule, be different
for each new series of repetitions of the same experiment.

This fact led to intense discussions and a lot of disagreement regarding how one
should define the concept of probability. Fortunately, there was a class of phenomena
that possessed certain “symmetry” (in gambling, coin tossing etc.) for which one
could compute in advance, prior to the experiment, the expected numerical values

1The data is borrowed from [15].
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of the probabilities. Take, for instance, a cube made of a sufficiently homogeneous
material. There are no reasons for the cube to fall on any of its faces more often
than on some other face. It is therefore natural to expect that, when rolling a die a
large number of times, the frequency of each of its faces will be close to 1/6. Based
on these considerations, Laplace believed that the concept of equiprobability is the
fundamental one for Probability Theory. The probability of an event would then be
defined as the ratio of the number of “favourable” outcomes to the total number of
possible outcomes. Thus, the probability of getting an odd number of points (e.g. 1,
3 or 5) when rolling a die once was declared to be 3/6 (i.e. the number of faces with
an odd number of points was divided by the total number of all faces). If the die were
rolled ten times, then one would have 610 in the denominator, as this number gives
the total number of equally likely outcomes and calculating probabilities reduces to
counting the number of “favourable outcomes” (the ones resulting in the occurrence
of a given event).

The development of the mathematical theory of probabilities began from the in-
stance when one started defining probability as the ratio of the number of favourable
outcomes to the total number of equally likely outcomes, and this approach is nowa-
days called “classical” (for more details, see Chap. 1).

Later on, at the beginning of the 20th century, this approach was severely crit-
icised for being too restrictive. The initiator of the critique was R. von Mises. As
we have already noted, his conception was based on postulating stability of the fre-
quencies of events in a long series of experiments. That was a confusion of physical
and mathematical concepts. No passage to the limit can serve as justification for
introducing the notion of “probability”. If, for instance, the values nh/n were to
converge to the limiting value 1/2 in Fig. 1 too slowly, that would mean that no-
body would be able to find the value of that limit in the general (non-classical) case.
So the approach is clearly vulnerable: it would mean that Probability Theory would
be applicable only to those situations where frequencies have a limit. But why fre-
quencies would have a limit remained unexplained and was not even discussed.

In this relation, R. von Mises’ conception has been in turn criticised by many
mathematicians, including A.Ya. Khinchin, S.N. Bernstein, A.N. Kolmogorov and
others. Somewhat later, another approach was suggested that proved to be fruitful
for the development of the mathematical theory of probabilities. Its general features
were outlined by S.N. Bernstein in 1908. In 1933 a rather short book “Foundations
of Probability Theory” by A.N. Kolmogorov appeared that contained a complete
and clear exposition of the axioms of Probability Theory. The general construction
of the concept of probability based on Kolmogorov’s axiomatics removed all the
obstacles for the development of the theory and is nowadays universally accepted.

The creation of an axiomatic Probability Theory provided a solution to the sixth
Hilbert problem (which concerned, in particular, Probability Theory) that had been
formulated by D. Hilbert at the Second International Congress of Mathematicians
in Paris in 1900. The problem was on the axiomatic construction of a number of
physical sciences, Probability Theory being classified as such by Hilbert at that
time.

An axiomatic foundation separates the mathematical aspect from the physical:
one no longer needs to explain how and where the concept of probability comes
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from. The concept simply becomes a primitive one, its properties being described
by axioms (which are essentially the axioms of Measure Theory). However, the
problem of how the probability thus introduced is related (and can be applied) to
the real world remains open. But this problem is mostly removed by the remarkable
fact that, under the axiomatic construction, the desired fundamental property that the
frequencies of the occurrence of an event converge to the probability of the event
does take place and is a precise mathematical result. (For more details, see Chaps. 2
and 5.)2

We will begin by defining probability in a somewhat simplified situation, in the
so-called discrete case.

2Much later, in the 1960s A.N. Kolmogorov attempted to develop a fundamentally different ap-
proach to the notions of probability and randomness. In that approach, the measure of randomness,
say, of a sequence 0,1,0,0,1, . . . consisting of 0s and 1s (or some other symbols) is the complex-
ity of the algorithm describing this sequence. The new approach stimulated the development of a
number of directions in contemporary mathematics, but, mostly due to its complexity, has not yet
become widely accepted.
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