
Appendix A
Review of Basic Material

A.1 Tensor Products of Vector Spaces

Given two vector spaces V1 and V2 overC, the tensor product is a new vector
space V1⊗V2, together with a bilinear “product” map ⊗ : V1×V2 → V1⊗V2.
If V1 and V2 are finite dimensional with bases {uj} and {vk}, then V1 ⊗ V2
is finite dimensional with {uj⊗vk} forming a basis for V1⊗V2. In the finite-
dimensional case, we could simply define the tensor product by this basis
property, but then we would have to worry about whether the construction
is basis independent. Instead, we define V1 ⊗ V2 by a “universal property.”

Definition A.1 Suppose V1 and V2 are vector spaces over a field F. Then
a tensor product of V1 and V2 is a vector space W over F together with
a bilinear map T : V1 ×V2 →W having the following “universal property”:
If U is any vector space over F and Φ : V1 × V2 → U is a bilinear map,
then there exists a unique linear map Φ̃ : W → U such that the following
diagram commutes:

V1 × V2
T−→ W

Φ ↓ ↙ Φ̃
U

.

Proposition A.2 For any two vector spaces V1 and V2, a tensor product
of V1 and V2 exists and is unique up to “canonical isomorphism.” That is,
for two tensor products (W1, T1) and (W2, T2), there is a unique invertible
linear map Ψ :W1 →W2 such that T2 = Ψ ◦ T1.
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In light of the uniqueness result, we may speak of “the” tensor product of
V1 and V2. We choose any one tensor product and we denote it by V1 ⊗V2.
We also denote the linear map T : V1 × V2 → V1 ⊗ V2 as (u, v) �→ u⊗ v. In
this notation, the universal property reads as follows: Given any bilinear
map Φ of V1 × V2 into a vector space U, there exists a unique linear map
Φ̃ : V1 ⊗ V2 → U such that

Φ̃(u ⊗ v) = Φ(u, v).

Proposition A.3 If V1 and V2 are finite-dimensional vector spaces with
bases {uj}n1

j=1 and {vk}n2

k=1, then V1 ⊗ V2 is finite dimensional and the set
of elements of the form uj ⊗ vk, 1 ≤ j ≤ n1, 1 ≤ k ≤ n2, forms a basis for
V1 ⊗ V2. In particular,

dim(V1 ⊗ V2) = (dim V1)(dim V2).

It should be emphasized that, in general, not every element of V1 ⊗ V2
is of the form u ⊗ v with u ∈ V1 and v ∈ V2. All we can say is that each
element of V1 ⊗ V2 can be decomposed as a linear combination of elements
of the form u⊗ v. This decomposition, furthermore, is far from canonical;
even in the finite-dimensional case, it depends on a choice of bases for V1
and V2. Nevertheless, the universal property of the tensor product tells us
that we can define linear maps from V1 ⊗ V2 to any vector space U, simply
by defining them on elements of the form u ⊗ v. Provided that Φ(u, v) is
bilinear in u and v, the universal property tells us that there is a unique
linear map Φ̃ on V1 ⊗V2 such that on element of the form u⊗ v, Φ̃ is equal
to Φ(u, v). A representative application of the universal property is in the
following result.

Proposition A.4 If A ∈ End(V1) and B ∈ End(V2), there exists a unique
linear map A⊗B : V1 ⊗ V2 → V1 ⊗ V2 such that

(A⊗B)(u ⊗ v) = (Au)⊗ (Bv).

For A1, A2 ∈ End(V1) and B1, B2 ∈ End(V2), we have

(A1 ⊗B1)(A2 ⊗B2) = (A1A2)⊗ (B1B2).

To construct A ⊗B, we apply the universal property with U = V1 ⊗ V2
and Φ(u, v) = (Au)⊗ (Bv). Since A and B are linear and ⊗ is bilinear, Φ
is bilinear. The linear map Φ̃ : V1 ⊗ V2 → V1 ⊗ V2 is then the map that we
denote A⊗B.
The tensor product, as we have defined it in this section, applies to

all vector spaces, whether finite dimensional or infinite dimensional. The
construction, however, is purely algebraic; if there is a topology on V1 and
V2, the tensor product takes no account of that topology. In the Hilbert
space setting, then, we will have to refine the notion of the tensor product
so that the tensor product of two Hilbert spaces will again be a Hilbert
space. See Sect. A.4.5.
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A.2 Measure Theory

It is assumed that the reader is familiar with the basic notions of measure
theory, including the concepts of σ-algebras, measures, measurable func-
tions, and the Lebesgue integral. A triple (X,Ω, μ), consisting of a set X , a
σ-algebra Ω of subsets of X, and a (non-negative) measure μ on Ω is called
a measure space. A measurable function ψ : X → C is said to be integrable
if
∫
X |ψ| dμ <∞. The σ-algebra generated by any collection of subsets of a

set X is the smallest σ-algebra of subsets of X containing that collection.
We assume those parts of measure theory that are entirely standard: the

monotone convergence and dominated convergence theorems, Lp spaces,
and Fubini’s theorem. We briefly review a few other topics that might not
be as familiar.
A measure μ on a measurable space (X,μ) is said to be σ-finite if X can

be written as a countable union of measurable sets of finite measure.

Definition A.5 Suppose μ and ν are two σ-finite measures on a measure
space (X,Ω). Then we say that μ is absolutely continuous with respect
to ν if for all E ∈ Ω, if ν(E) = 0 then μ(E) = 0. We say that μ and ν
are equivalent if each measure is absolutely continuous with respect to the
other.

Theorem A.6 (Radon–Nikodym) Suppose μ and ν are two σ-finite
measures on a measure space (X,Ω) and that μ is absolutely continuous
with respect to ν. Then there exists a non-negative, measurable function ρ
on X such that

μ(E) =

∫
E

ρ dν,

for all E ∈ Ω. The function ρ is called the density of μ with respect to ν.

Definition A.7 A collection M of subsets of a set X is called a mono-
tone class if M is closed under countable increasing unions and countable
decreasing intersections.

A countable increasing union means the union of a sequence Ej of sets
where Ej is contained in Ej+1 for each j, with a similar definition for
countable decreasing intersections.

Theorem A.8 (Monotone Class Lemma) Suppose M is a monotone
class of subsets of a set X and suppose M contains an algebra A of subsets
of X. Then M contains the σ-algebra generated by A.
Corollary A.9 Suppose μ and ν are two finite measures on a measure
space (X,Ω). Suppose μ and ν agree on an algebra A ⊂ Ω. Then μ and ν
agree on the σ-algebra generated by A.
Note that in general, the collection of sets on which two measures agree

is not a σ-algebra, nor even an algebra.
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Theorem A.10 Suppose μ is a measure on the Borel σ-algebra in a locally
compact, separable metric space X. Suppose also that μ(K) < ∞ for each
compact subset K of X. Then the space of continuous functions of compact
support on X is dense in Lp(X,μ), for all p with 1 ≤ p <∞.

A word of clarification is in order here. If ψ is a continuous function on
X with compact support, then

∫
X |ψ|p dμ is finite, since ψ is bounded and

μ is finite on compact sets. Thus, we can define a map from Cc(X) into
Lp(X,μ) by mapping a continuous function ψ of compact support to the
equivalence class [ψ]. The theorem is asserting, more precisely, that the
image of Cc(X) under this map is dense in Lp(X,μ). It should be noted,
however, that the map ψ �→ [ψ] need not be injective. After all, if there
is a nonempty open set U inside X with μ(U) = 0, then for any ψ with
support contained in U, the equivalence class [ψ] will be the zero element of
Lp(X,μ). Nevertheless, we will allow ourselves a small abuse of terminology
and say that Cc(X) is dense in Lp(X,μ).

A.3 Elementary Functional Analysis

In this section, we briefly review some of the results from elementary func-
tional analysis that we make use of the text. Most of these results can be
found in the book of Rudin [32].

A.3.1 The Stone–Weierstrass Theorem

The Weierstrass theorem states that every continuous, real-valued function
on an interval can be uniformly approximated by polynomials. A substan-
tial generalization of this was obtained by Stone. If X is a compact metric
space, let C(X ;R) and C(X ;C) denote the space of continuous real- and
complex-valued continuous functions, respectively. A subset A of C(X ;F)
is called an algebra if it is closed under pointwise addition, pointwise mul-
tiplication, and multiplication by elements of F, where F = R or C. An
algebra A is said to separate points if for any two distinct points x and y
in X, there exists f ∈ A such that f(x) 
= f(y). We use on C(X ;F) the
supremum norm, given by

‖f‖sup := sup
x∈X

|f(x)| ,

and C(X,F) is complete with respect to the associated distance function,
d(f, g) = ‖f − g‖sup .
Theorem A.11 (Stone–Weierstrass, Real Version) Let X be a com-
pact metric space and let A be an algebra in C(X ;R). If A contains the
constant functions and separates points, then A is dense in C(X ;R) with
respect to the supremum norm.
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Theorem A.12 (Stone–Weierstrass, Complex Version) Let X be a
compact metric space and let A be an algebra in C(X ;C). If A contains the
constant functions, separates points, and is closed under complex conjuga-
tion, then A is dense in C(X ;C) with respect to the supremum norm.

A consequence of the complex version of the Stone–Weierstrass theorem
is the following: If K is a compact subset of C, then every continuous,
complex-valued function on K can be uniformly approximated by polyno-
mials in z and z̄.

A.3.2 The Fourier Transform

We now describe the Fourier transform on R
n, in various forms.

Definition A.13 For any ψ ∈ L1(Rn), define the Fourier transform of

ψ to be the function ψ̂ on R
n given by

ψ̂(k) = (2π)−n/2
∫ ∞

−∞
e−ik·xψ(x) dx.

Proposition A.14 For any ψ ∈ L1(Rn), the Fourier transform ψ̂ of ψ has

the following properties: (1)
∣∣∣ψ̂(k)∣∣∣ ≤ (2π)−n/2 ‖ψ‖L1 , (2) ψ̂ is continuous,

and (3) ψ̂(k) tends to zero as |k| tends to ∞.

The bound on ψ̂ is obvious and the continuity of ψ̂ follows from dom-
inated convergence. To show that ψ̂ tends to zero at infinity, we first es-
tablish this on a dense subspace of L1(Rn) (e.g., the Schwartz space; see
below) and then take uniform limits.

Definition A.15 The Schwartz space S(Rn) is the space of all C∞ func-
tions ψ on R

n such that

lim
x→±∞

∣∣xj∂kψ(x)
∣∣ = 0

for all n-tuples of non-negative integers j and k. Here if j = (j1, . . . , jn)
then xj = xj11 · · ·xjnn and

∂j =

(
∂

∂x1

)j1
· · ·

(
∂

∂xn

)jn
.

An element of the Schwartz space is called a Schwartz function.

Proposition A.16 If ψ belongs to S(Rn), then ψ̂ also belongs to S(Rn).
The proof of this result hinges on the behavior of the Fourier transform

under differentiation and under multiplication by x, results which are of
interest in their on right.
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Proposition A.17 If ψ is a Schwartz function, the following properties
hold

1. We have
∂̂ψ

∂xj
(k) = ikjψ̂(k). (A.1)

2. The function ψ̂ is differentiable at every point and the Fourier trans-
form of the function xjψ(x) is given by

x̂jψ(k) = i
∂

∂kj
ψ̂(k). (A.2)

The first point is proved by integration by parts and the second by dif-
ferentiation under the integral in the definition of ψ̂.

Theorem A.18 (Fourier Inversion and Plancherel Formula, I) The
Fourier transform on S(Rn) has the following properties.

1. The Fourier transform maps the Schwartz space onto the Schwartz
space.

2. For all ψ ∈ S(Rn), the function ψ can be recovered from its Fourier
transform by the Fourier inversion formula:

ψ(x) = (2π)−n/2
∫ ∞

−∞
eik·xψ̂(k) dk.

3. For all ψ ∈ S(Rn), we have the Plancherel theorem:∫
Rn

|ψ(x)|2 dx =

∫
Rn

|ψ̂(k)|2 dk.

Since the Schwartz space is dense in L2(Rn), the BLT theorem and Theo-
rem A.18 imply that the Fourier transform extends uniquely to an isometric
map of L2(Rn) onto L2(Rn).

Theorem A.19 (Fourier Inversion and Plancherel Theorem, II)
The Fourier transform extends to an isometric map F of L2(Rn) onto
L2(Rn). This map may be computed as

F(ψ)(k) = (2π)−n/2 lim
A→∞

∫
|x|≤A

e−ik·xψ(x) dx, (A.3)

where the limit is in the norm topology of L2(Rn). The inverse map F−1

may be computed as

(F−1f
)
(x) = (2π)−n/2 lim

A→∞

∫
|x|≤A

eik·xf(k) dk.
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If ψ belongs to L1(Rn) ∩ L2(Rn), then by dominated convergence, the
limit in coincides with the L1 Fourier transform in Definition A.13.

Definition A.20 For two measurable functions φ and ψ, define the con-
volution φ ∗ ψ of φ and ψ by the formula

(φ ∗ ψ)(x) =
∫
Rn

φ(x − y)ψ(y) dy,

provided that the integral is absolutely convergent for all x.

Proposition A.21 Suppose that φ and ψ belong to L1(Rn)∩L2(Rn). Then
φ ∗ ψ is defined and belongs to L1(Rn) ∩ L2(Rn) and we have

(2π)−n/2F(φ ∗ ψ) = F(φ)F(ψ).

This result is proved by plugging φ ∗ ψ into the definition of the Fourier
transform, writing e−ik·x as e−ik·ye−ik·(x−y), and using Fubini’s theorem.
We will have occasion to use the following Gaussian integral.

Proposition A.22 For all a > 0 and b ∈ C, we have

1√
2π

∫ ∞

−∞
e−x

2/(2a)ebx dx =
√
aeab

2/2.

Taking b = ik in the last part of the proposition gives us the Fourier
transform of the Gaussian function e−x

2/(2a). Taking b = 0 allows us to
determine the proper normalization of the Gaussian probability density.

A.3.3 Distributions

In this section we give a brief account of the theory of distributions—what
physicists call “generalized functions”—including the notion of “derivative
in the distribution sense.”
The idea is that we study functions by studying their integral against

some class of very nice “test functions.” Consider, for example, a locally
integrable function f and consider integrals of the form∫

Rn

χ(x)f(x) dx, (A.4)

where χ belongs to C∞
c (Rn), the space of smooth, compactly supported

functions. We might think, for example, that χ is positive, has integral
equal to 1, and is supported near some point a ∈ R

n. In that case, the
integral (A.4) is an approximation to the value of f at a, what physicists
describe as a “smeared out” version of f(a).
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Proposition A.23 Suppose f1 and f2 are locally integrable functions on
R
n. If ∫

Rn

χ(x)f1(x) dx =

∫
Rn

χ(x)f2(x) dx

for all χ ∈ C∞
c (Rn), then f1(x) = f2(x) for almost every x.

The idea now is that we allow objects that do not have values at points,
but for which something like (A.4) makes sense. Mathematically, we think
of (A.4) as a linear functional on C∞

c (Rn).

Definition A.24 A sequence χm ∈ C∞
c (Rn) is said to converge to χ ∈

C∞
c (Rn) if (1) there exists a single compact set K containing the support

of all the χn’s, (2) χm converges uniformly to χ, and (3) each derivative
of χm converges uniformly to the corresponding derivative of χ.

Definition A.25 A distribution on R
n is a linear map T : C∞

c (Rn) → C

having the following continuity property: If χm converges to χ in the sense
of Definition A.24, T (χm) converges to T (χ).

The continuity condition on T should be regarded as a technicality, in
that any functional that is well defined and linear on all of C∞

c (Rn) and is
obtained in a reasonably constructive fashion will satisfy this property.

Example A.26 The Dirac δ-“function” is the distribution δ defined by

δ(χ) = χ(0).

Definition A.27 If T is a distribution and f is a locally integrable func-
tion, the expression “T is equal to f” or “T is given by f” means that

T (χ) =

∫
Rn

χ(x)f(x) dx

for all χ ∈ C∞
c (Rn).

Definition A.28 If T is a distribution, define the distribution ∂T/∂xj by
the formula

∂T

∂xj
(χ) = −T

(
∂χ

∂xj

)
.

It is easy to verify that if T has the continuity property in Definition
A.25, then so does ∂T/∂xj . Furthermore, if T is given by a continuously
differentiable function, then the derivative of T is in the distribution sense
coincides with the derivative of T in the classical sense, as can easily be
shown using integration by parts. If T is a distribution, we may define ΔT
by repeated applications of Definition A.28, with the result that

(ΔT )(χ) = T (Δχ).
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Proposition A.29 If φ and ψ are L2 functions, the equation ∂ψ/∂xj = φ
holds in the distribution sense if and only if

−
〈
∂χ

∂xj
, ψ

〉
= 〈χ, φ〉

for all χ ∈ C∞
c (Rn). Similarly, the equation Δψ = φ holds in the distribu-

tion sense if and only if

〈Δχ, ψ〉 = 〈χ, φ〉
for all χ ∈ C∞

c (Rn).

Proposition A.30 If T is a distribution on R and dT/dx is the zero dis-
tribution, then T is a constant, meaning that there is some constant c such
that

T (χ) =

∫ ∞

−∞
χ(x)c dx. (A.5)

Suppose, in particular, that if T is given by a locally integrable function f,
and the derivative of T is zero. Then Proposition A.30 tells us that for some
constant c, we have

∫∞
−∞ χ(x)(f(x) − c) dx = 0 for all χ ∈ C∞

c (R). Then
Proposition A.23 tells us that f(x) = c almost everywhere. This means that
if the derivative of f is zero, even in the weak (or distributional) sense, then
f must be constant.

A.3.4 Banach Spaces

In this section, we define Banach spaces and describe some of their elemen-
tary properties.

Definition A.31 A norm on a vector space V over F (F = R or C) is a
map from V into R, denoted ψ �→ ‖ψ‖ , with the following properties.

1. For all ψ ∈ V, ‖ψ‖ ≥ 0, with equality if and only if ψ = 0.

2. For all ψ ∈ V and c ∈ F, we have ‖cψ‖ = |c| ‖ψ‖ .
3. For all φ, ψ ∈ V, we have ‖φ+ ψ‖ ≤ ‖φ‖ + ‖ψ‖ .

If ‖·‖ is a norm on V, then we can define a distance function d on V by
setting d(φ, ψ) = ‖ψ − φ‖ .
Definition A.32 A normed vector space is said to be a Banach space
if it is complete with respect to the associated distance function. A Banach
space is said to be separable if contains a countable dense subset.

One important class of examples of Banach spaces are the Lp spaces.
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Definition A.33 An infinite series,
∑∞

n=1 ψn, with values in normed space
V, is said to converge if there exists some L ∈ V such that

lim
N→∞

‖Sn − L‖ = 0,

where SN =
∑N
n=1 ψn.

Proposition A.34 If V is a Banach space, then absolute convergence im-
plies convergence in V . That is, if

∞∑
n=1

‖ψn‖ <∞,

then
∑∞

n=1 ψn converges in V.

Definition A.35 If V1 and V2 are normed spaces, a linear map T : V1 →
V2 is bounded if

sup
ψ∈V1\{0}

‖Tψ‖
‖ψ‖ <∞. (A.6)

If T is bounded, then the supremum in (A.6) is called the operator norm
of T, denoted ‖T ‖ .
Theorem A.36 (Bounded Linear Transformation Theorem) Let V1
be a normed space and V2 a Banach space. Suppose W is a dense subspace
of V1 and T :W → V2 is a bounded linear map. Then there exists a unique
bounded linear map T̃ : V1 → V2 such that T̃ |W = T. Furthermore, the
norm of T̃ equals the norm of T.

Definition A.37 If V is a normed space over F (F = R or C), then a
bounded linear functional on V is a bounded linear map of V into F,
where on F we use the norm given by the absolute value. The collection of
all bounded linear functionals, with the norm given by (A.6), is called the
dual space to V, denoted V ∗.

Theorem A.38 If V is a normed vector space, then the following results
hold.

1. The dual space V ∗ is a Banach space.

2. For all ψ ∈ V, there exists a nonzero ξ ∈ V ∗ such that

|ξ(ψ)| = ‖ξ‖ ‖ψ‖ .
In particular, if ξ(ψ) = 0 for all ξ ∈ V ∗, then ψ = 0.

Theorem A.39 (ClosedGraphTheorem) Suppose that V1 is a Banach
space and V2 a normed vector space. For any linear map T : V1 → V2, let
Graph(T ) denote the set of pairs (ψ, Tψ) in V1 × V2 such that ψ ∈ V1. If
the graph of T is a closed subset of V1 × V2, then T is bounded.
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Here is a simple example of how the closed graph theorem can be applied.
Suppose V1 and V2 are Banach spaces and T : V1 → V2 is a linear map that
is one-to-one, onto, and bounded. Then the inverse map T−1 : V2 → V1 is
automatically bounded. To verify this, we first check that if T is bounded,
then the graph of T is closed (easy). Then we observe that the graph of
T−1 is also closed, since it is obtained from the graph of T by the map
(φ, ψ) �→ (ψ, φ). Thus, the theorem tells us that T−1 is bounded.

Theorem A.40 (Principle of Uniform Boundedness) Suppose {Tα}
is any family of bounded linear maps from a Banach space V1 to a normed
space V2. Suppose that for each ψ ∈ V1, there is a constant Cψ such that
‖Tαψ‖ ≤ Cψ for all α. Then there exists a constant C such that ‖Tα‖ ≤ C
for all α.

That is, in contrapositive form, if the family {Tα} is unbounded, {Tαψ}
must be unbounded on ψ for some ψ ∈ V1.

Corollary A.41 Suppose V is a Banach space and E is a nonempty subset
of V. Suppose that for all ξ ∈ V ∗ there exists a constant Cξ such that
|ξ(ψ)| ≤ Cξ for all ψ ∈ E. Then E is a bounded set.

The corollary is obtained by identifying each ψ ∈ V with the linear map
eψ : V ∗ → C given by evaluation on ψ; that is, eψ(ξ) = ξ(ψ). Note that by
Point 2 of Theorem A.38, the norm of eψ as an element of V ∗∗ is equal to
the norm of ψ as an element of V.

A.4 Hilbert Spaces and Operators on Them

A.4.1 Inner Product Spaces and Hilbert Spaces

We now introduce a generalization to arbitrary vector spaces over R or C
of the usual inner product (or dot product) on R

n.

Definition A.42 An inner product on a vector space over F (F = R or
C) is a map 〈·, ·〉 : V × V → F with the following properties.

1. For all φ, ψ ∈ V, we have 〈ψ, φ〉 = 〈φ, ψ〉.
2. For all φ ∈ V, 〈φ, φ〉 is real and non-negative, and 〈φ, φ〉 = 0 only if

φ = 0.

3. For all φ, ψ ∈ V and c ∈ F, we have 〈cφ, ψ〉 = c̄ 〈φ, ψ〉 and 〈φ, cψ〉 =
c 〈φ, ψ〉 .

4. For all φ, ψ, χ ∈ V , we have 〈φ+ ψ, χ〉 = 〈φ, χ〉+ 〈ψ, χ〉 and
〈φ, ψ + χ〉 = 〈φ, ψ〉+ 〈φ, χ〉 .
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Note that we are following the physics convention of taking the complex
conjugate in Point 3 of the definition on the first factor in the inner product.

Proposition A.43 If V is an inner product space, then for all φ, ψ ∈ V,
we have the Cauchy–Schwarz inequality:

|〈φ, ψ〉|2 ≤ 〈φ, φ〉〈ψ, ψ〉 .

Furthermore, if ‖·‖ : V → R is defined by

‖ψ‖ =
√
〈ψ, ψ〉, (A.7)

then ‖·‖ is a norm on V.

Definition A.44 A Hilbert space is a vector space H over R or C,
equipped with an inner product 〈·, ·〉 , such that H is complete in the norm
given by (A.7).

That is to say, a Hilbert space is a Banach space in which the norm
comes from an inner product. In Appendix A.4 only, we allow H to denote
an arbitrary Hilbert space over R or C. (In the main body of the text, H
denotes a separable complex Hilbert space.)

Definition A.45 Suppose Hj is a sequence of separable Hilbert spaces.
Then the Hilbert space direct sum, denoted

H :=
∞⊕
j=1

Hj ,

is the space of sequences ψ = (ψ1, ψ2, ψ3, . . .) such that ψn ∈ Hn and such
that

‖ψ‖2 :=
∞∑
j=1

‖ψj‖2j <∞. (A.8)

The finite direct sum of the Hj’s is the set of ψ = (ψ1, ψ2, ψ3, . . .) such
that ψj = 0 for all but finitely many values of j.

We define an inner product on the direct sum by setting

〈φ, ψ〉 =
∞∑
j=1

〈φj , ψj〉 (A.9)

for all φ, ψ ∈ H. This inner product is well defined and H is complete with
respect to this inner product, and hence a Hilbert space.
One important example of a Hilbert space is L2(X,μ), where (X,μ) is a

measure space.
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Definition A.46 If (X,μ) is a measure space, define an inner product on
L2(X,μ) by the formula

〈φ, ψ〉 =
∫
X

φ(x)ψ(x) dμ(x). (A.10)

A standard result in measure theory states that the integral on the right-
hand side of (A.10) is absolutely convergent for all φ and ψ in L2(X,μ).
It is then easy to verify that 〈·, ·〉 is indeed an inner product on L2(X,μ).
Another standard result states that L2(X,μ) is complete with respect to
the norm associated with the inner product in (A.10); thus, L2(X,μ) is a
Hilbert space.

A.4.2 Orthogonality

One reason that Hilbert spaces are nicer to work with than general Banach
spaces is that we have the concept of orthogonality.

Definition A.47 Two elements φ and ψ of an inner product space are
orthogonal if 〈φ, ψ〉 = 0.

Definition A.48 If V is any subspace of H, define a subspace V ⊥ of H
by

V ⊥ = {φ ∈ H| 〈φ, ψ〉 = 0 for all ψ ∈ V } .
Then V ⊥ is called the orthogonal space of V.

Proposition A.49

1. If V is a closed subspace of H, every ψ ∈ H can be decomposed
uniquely as ψ = ψ1 + ψ2, with ψ1 ∈ V and ψ2 ∈ V ⊥.

2. If V is any subspace of H, then (V ⊥)⊥ = V , where V is the closure
of V. In particular, if V is closed, then (V ⊥)⊥ = V.

If V is closed, we call V ⊥ the orthogonal complement of V.

Definition A.50 A set {ej} of elements of H, where j ranges over an
arbitrary index set, is said to be orthonormal if

〈ej , ek〉 =
{

0 j 
= k
1 j = k

.

An orthonormal set {ej} is an orthonormal basis for H if the space of
finite linear combinations of the ej’s is dense in H.

If H = L2([−L,L]), for some positive number L, then the functions,

ψn =
1√
2L
e2πinx/L, n ∈ Z, (A.11)

form an orthonormal basis for H.
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Proposition A.51 Suppose {ej} is an orthonormal basis for H. Then ev-
ery ψ can be expressed uniquely as a convergent sum

ψ =
∑
j

ajej, (A.12)

where the coefficients are given by aj = 〈ej , ψ〉 . If ψ is as in (A.12), then

‖ψ‖2 =
∑
j

|aj |2 .

Finally, if 〈aj〉 is any sequence such that
∑
j |aj |2 < ∞, there exists a

unique ψ ∈ H such that 〈ej , ψ〉 = aj for all j.

In the case that the orthonormal basis is the one in (A.11), the resulting
series (A.12) is called the Fourier series of ψ.

A.4.3 The Riesz Theorem and Adjoints

We let B(H) denote the space of bounded linear maps of H to H. It is not
hard to show that B(H) forms a Banach space under the operator norm.

Theorem A.52 (Riesz Theorem) If ξ : H → C is a bounded linear
functional, then there exists a unique χ ∈ H such that

ξ(ψ) = 〈χ, ψ〉

for all ψ ∈ H. Furthermore, the operator norm of ξ as a linear functional
is equal to the norm of χ as an element of H.

We now turn to the concept of the adjoint of a bounded operator, along
with the related concept of quadratic forms on H.

Proposition A.53 For any A ∈ B(H), there exists a unique linear oper-
ator A∗ : H → H, called the adjoint of A, such that

〈φ,Aψ〉 = 〈A∗φ, ψ〉

for all φ, ψ ∈ H. For all A,B ∈ B(H) and α, β ∈ C we have

(A∗)∗ = A

(AB)∗ = B∗A∗

(αA + βB)∗ = ᾱA∗ + β̄B∗

I∗ = I.

The operator A∗ is bounded and ‖A∗‖ = ‖A‖ .
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Since A is a bounded operator, the map ψ �→ 〈φ,Aψ〉 is a bounded linear
functional for each fixed φ ∈ H. The Riesz theorem then tells us that there
is a unique χ ∈ H such that 〈φ,Aψ〉 = 〈χ, ψ〉 . The operator A∗ is defined
by setting A∗φ = χ. It is not hard to check that this definition makes A∗

into a bounded linear operator.

Definition A.54 An operator A ∈ B(H) is said to be self-adjoint if
A∗ = A and skew-self-adjoint if A∗ = −A.
Definition A.55 An operator U on H is unitary if U is surjective and
preserves inner products, that is, 〈Uφ,Uψ〉 = 〈φ, ψ〉 for all φ, ψ ∈ H.

If U is unitary, then U preserves norms (‖Uψ‖ = ‖ψ‖ for all ψ ∈ H);
therefore, U is bounded with ‖U‖ = 1. By the polarization identity (Propo-
sition A.59), if U preserves norms, then it also preserves inner products.

Proposition A.56 A bounded operator U is unitary if and only if U∗ =
U−1, that is, if and only if UU∗ = U∗U = I.

Proposition A.57 For any closed subspace V ⊂ H, there is a unique
bounded operator P such that P = I on V and P = 0 on the orthogonal
complement V ⊥. This operator is called the orthogonal projection onto
V and it satisfies P 2 = P and P ∗ = P.
Conversely, if P is any bounded operator on H satisfying P 2 = P and

P ∗ = P, then P is the orthogonal projection onto a closed subspace V, where
V = range(P ).

A.4.4 Quadratic Forms

In this section, we develop the theory of quadratic forms on Hilbert spaces.
Since this is customarily done only for the inner product itself, we include
the proofs of the results.

Definition A.58 A sesquilinear form on H is a map L : H ×H → C

that is conjugate linear in the first factor and linear in the second factor.
A sesquilinear form is bounded if there exists a constant C such that

|L(φ, ψ)| ≤ C ‖φ‖ ‖ψ‖
for all φ, ψ ∈ H.

Proposition A.59 If L is a sesquilinear form on H, L can be recovered
from its values on the diagonal (i.e., the value of L(ψ, ψ) for various ψ’s)
as follows:

L(φ, ψ) =
1

2
[L(φ+ ψ, φ+ ψ)− L(φ, φ)− L(ψ, ψ)]

− i

2
[L(φ+ iψ, φ+ iψ)− L(φ, φ)− L(iψ, iψ)] . (A.13)
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This formula is known as the polarization identity.

Note that we do not assume any relationship between L(φ, ψ) and L(ψ, φ).
Proof. Direct calculation.

Definition A.60 A quadratic form on a Hilbert space H is a map Q :
H → C with the following properties: (1) Q(λψ) = |λ|2Q(ψ) for all ψ ∈ H
and λ ∈ C, and (2) the map L : H×H → C defined by

L(φ, ψ) =
1

2
[Q(φ+ ψ)−Q(φ)−Q(ψ)]

− i

2
[Q(φ+ iψ)−Q(φ)−Q(iψ)]

is a sesquilinear form. A quadratic form Q is bounded if there exists a
constant C such that

|Q(φ)| ≤ C ‖φ‖2
for all φ ∈ H. The smallest such constant C is the norm of Q.

Proposition A.61 If Q is a quadratic form on H and L is the associated
sesquilinear form, we have the following results.

1. For all ψ ∈ H, we have Q(ψ) = L(ψ, ψ).

2. If Q is a bounded, then L is bounded.

3. If Q(ψ) belongs to R for all ψ ∈ H, then L is conjugate symmetric,
that is,

L(φ, ψ) = L(ψ, φ)

for all φ, ψ ∈ H.

Proof. Point 1 of the proposition is verified by taking φ = ψ in the expres-
sion for L(φ, ψ) and then using the relation Q(λψ) = |λ|2Q(ψ). For Point

2, suppose |Q(ψ)| ≤ C ‖ψ‖2 for all ψ ∈ H. If ‖φ‖ = ‖ψ‖ = 1, then φ + ψ
and φ+ iψ have norm at most 2, and so

|L(φ, ψ)| ≤ 1

2
C (4 + 1 + 1 + 4 + 1 + 1) = 6C.

Now, for any φ and ψ in H, we can find unit vectors φ̃ and ψ̃ such that
φ = ‖φ‖ φ̃ and ψ = ‖ψ‖ ψ̃. Then since L is assumed to be sesquilinear, we
have

|L(φ, ψ)| = ‖φ‖ ‖ψ‖L
(
φ̃, ψ̃

)
≤ 6C ‖φ‖ ‖ψ‖ ,

showing that L is bounded.
For Point 3, assume that Q(ψ) is real for all ψ ∈ H and define a map

M : H×H → R by

M(φ, ψ) =
1

2
[Q(φ+ ψ)−Q(φ)−Q(ψ)] = Re [L(φ, ψ)] .
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Then M is real-bilinear (because it is the real part of L) and symmetric
(because of the expression forM in terms of Q). Furthermore,M(iφ, iψ) =
M(φ, ψ). These properties of M show that M(φ, iψ) = −M(ψ, iφ), and so

L(φ, ψ) =M(φ, ψ)− iM(φ, iψ)

=M(ψ, φ) + iM(ψ, iφ)

= L(ψ, φ),

which is what we wanted to prove.

Example A.62 If A is a bounded operator on H, one can construct a
bounded quadratic form QA on H by setting

QA(ψ) = 〈ψ,Aψ〉 , ψ ∈ H.

The associated sesquilinear form LA is then given by

LA(φ, ψ) = 〈φ,Aψ〉 , φ, ψ ∈ H.

Proposition A.63 If Q is a bounded quadratic form on H, there is a
unique A ∈ B(H) such that Q(ψ) = 〈ψ,Aψ〉 for all ψ ∈ H. If Q(ψ) belongs
to R for all ψ ∈ H, then the operator A is self-adjoint.

Proof. Since Q is bounded, L is also bounded, meaning that there exists
a constant C such that |L(φ, ψ)| ≤ C ‖φ‖ ‖ψ‖ for all φ, ψ ∈ H. Thus, for
any φ ∈ H, the linear functional ψ �→ L(φ, ψ) is bounded, with norm at
most C ‖φ‖ . By the Riesz theorem, then, there exists a unique χ ∈ H,
with ‖χ‖ ≤ C ‖φ‖ , such that L(φ, ψ) = 〈χ, ψ〉 . We now define a map
B : H → H by defining Bφ = χ. Direct calculation shows that B is linear,
and the inequality ‖χ‖ ≤ C ‖φ‖ shows that B is bounded. Setting A = B∗

establishes the existence of the desired operator. Uniqueness of A follows
from the observation that if 〈φ,Aψ〉 = 0 for all φ, ψ ∈ H, then A is the
zero operator.
If Q(ψ) is real for all ψ ∈ H, then by Point 3 of Proposition A.61, L is

conjugate symmetric. Thus,

〈φ,Aψ〉 = L(φ, ψ) = L(ψ, φ) = 〈ψ,Aφ〉 = 〈Aφ,ψ〉

for all φ, ψ ∈ H, showing that A is self-adjoint.

A.4.5 Tensor Products of Hilbert Spaces

Recall from Appendix A.1 the concept of the tensor product of two vector
spaces.
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Proposition A.64 Suppose V1 and V2 are inner product spaces, with inner
products 〈·, ·〉1 and 〈·, ·〉2. Then there exists a unique inner product 〈·, ·〉 on
V1 ⊗ V2 such that

〈u1 ⊗ v1, u2 ⊗ v2〉 = 〈u1, u2〉1 〈v1 ⊗ v2〉2
for all u1, u2 ∈ V1 and v1, v2 ∈ V2.

If H1 and H2 are Hilbert spaces, then we can equip the tensor product
H1⊗H2 with the inner product in Proposition A.64. If H1 andH2 are both
infinite dimensional, however, H1 ⊗H2 will not be complete with respect
to this inner product. Nevertheless, we can complete H1⊗H2 with respect
to this inner product, thus obtaining a new Hilbert space.

Definition A.65 If H1 and H2 are Hilbert spaces, then the Hilbert ten-
sor product of H1 and H2, denoted H1⊗̂H2, is the Hilbert space obtained
by completing H1 ⊗ H2 with respect to the inner product in Proposition
A.64.

Proposition A.66 If H1 and H2 are Hilbert spaces with orthonormal
bases {ej} and {fk}, respectively, then {ej ⊗ fk} is an orthonormal basis
for the Hilbert space H1⊗̂H2.

Proposition A.67 If A is a bounded operator on H1 and B is a bounded
operator on H2, then there exists a unique bounded operator on H1⊗̂H2,
denoted A⊗B, such that

(A⊗B)(φ ⊗ ψ) = (Aφ) ⊗ (Bψ)

for all φ ∈ H1 and ψ ∈ H2.

To see that A⊗B is bounded, first write A⊗B as (A⊗ I)(I⊗B). Then,
given any orthonormal basis {fj} for H2, we can decompose H1⊗̂H2 as the
Hilbert space direct sum of subspaces of the form H1 ⊗ fj . The operator
A ⊗ I acts on this decomposition as a block-diagonal operator with A in
each diagonal block. From this, it is easy to verify that ‖A⊗ I‖ = ‖A‖. A
similar argument shows that ‖I ⊗B‖ = ‖B‖, and so

‖A⊗B‖ ≤ ‖A⊗ I‖ ‖I ⊗B‖ = ‖A‖ ‖B‖ .

Meanwhile, by taking a sequence of unit vector φn ∈ H1 and ψn ∈ H2

with ‖Aφn‖ → ‖A‖ and ‖Bψn‖ → ‖B‖ , we see that the reverse inequality
holds, and thus that ‖A⊗B‖ = ‖A‖ ‖B‖ .
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One-parameter
subgroup, 341
unitary group, 74, 207, 210

Operator norm, see Norm,
operator

Orthogonal
complement, 539
projection, 541

Orthonormal basis, 67, 82, 123,
181, 235, 539

continuous, 128

Pairing map, 521
Partial connection, 510, 519
Particle in a box, 80, 245
Particle in a square well, 109
Partition function, 433
Path integral, 441
Pauli exclusion princple, 435
Phase velocity, 93, 99, 102, 108
Photoelectric effect, 6
Photon, 6
Plancherel theorem, 532
Planck’s constant, 5
Planck, Max, 5
Poisson bracket, 34, 40, 50, 269,

403, 460
Polarization, 492
Polarization identity, 541
Polarized section, 496
Position operator, 58, 63, 82,

126, 186
Potential energy

function, 20, 24
operator, 76, 185

Prequantization, 468, 472, 490
Prequantized operator, 469
Prequantum Hilbert space, 469
Principle of uniform

boundedness, 537
Product of unbounded

operators, 241
Projection-valued measure, 125,

138, 160, 202
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Pseudodifferential operator
quantization, 258

Pure state, 65, 426

Quadratic form, 159, 542
Quantizable

function, 496
manifold, 490

Quantization, 255, 474
of observables, 478, 496, 514

Quantum field theory, 451

Radon–Nikodym theorem, 529
Raising operator, 228, 232, 295
Reduced mass, 30, 396
Relatively bounded operator,

191
Relatively compact

perturbation, 400
Representation

finite dimensional, 350
infinite dimensional, 360
projective unitary, 354, 362,

383
unitary, 353, 360

Reproducing kernel, 299
Resolvent

operator, 133
set, 133, 177

Riesz representation theorem,
158

Riesz theorem, 540
Rodrigues formula, 237
Runge–Lenz vector, 41, 42, 401
Rydberg constant, 8, 69, 398
Rydberg, Johannes, 8

Schrödinger equation
free, 91
time dependent, 70, 71, 76
time independent, 75

Schrödinger operator, 76, 83, 84,
111, 192

Schrödinger, Erwin, 14
Schur’s lemma, 353

Schwartz space, 531
Section

of a direct integral, 145
of a line bundle, 485

Segal–Bargmann
space, 292, 329, 378, 477,

520
transform, 300

Self-adjoint operator
bounded, 55, 132, 541
unbounded, 56, 172, 180

Sesquilinear form, 541
SO(n), 336
SO(3), 365
so(3), 344, 370
so(4), 404, 406
so(n), 343
Spectral mapping theorem, 155,

215
Spectral radius, 154, 215
Spectral subspace, 125, 127, 137,

141, 206, 214
Spectral theorem

for a bounded operator,
141, 147

for a normal operator, 214
for an unbounded operator,

205, 206
Spectrum

continuous, 119
discrete, 119
of a bounded operator, 133
of a self-adjoint operator,

135, 177
of an unbounded operator,

177
Spherical harmonics, 376, 381,

393, 397
Spin, 371, 383, 384, 409, 434
Spin–statistics theorem, 435
Spread of wave packet, see wave

packet, spread of
Star product, 267
State of a system, 65, 422
Stationary state, 76
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Statistical mechanics, 4, 5, 433
Statistics, 435
Stoke’s theorem, 458
Stone’s theorem, 210
Stone–von Neumann theorem,

279, 286
Stone–Weierstrass theorem, 530
Strong continuity, 207
Subsystem, 430
Sum of self-adjoint operators,

174, 190
Summation convention, 402
SU(n), 336
su(2), 348
su(n), 343
Symmetric operator, 56, 171
Symplectic

manifold, 459
potential, 469, 487

Symplectomorphism, 459

Tensor product
of Hilbert spaces, 84, 429,

543
of line bundles, 488
of operators, 430, 528, 544
of representations, 358, 385
of vector spaces, 527

Totally antisymmetric symbol,
402

Trace of an operator, 264, 421
Trace-class operator, 421
Trajectory, 20
Trotter product formula, 442
Tunneling, 118

Turning point, 311, 315, 323
Two-slit experiment, see

Double-slit experiment

U(n), 336
Unbounded operator, 56, 124,

170
Uncertainty, 241

of an operator, 70
principle, 70, 239

Unitary equivalence, 150
Unitary operator, 221, 541
Universal covering group, 348,

357

van Hove’s theorem, 272
Vector, 387

operator, 388, 410
Vector field, 50, 455, 468
Vector product, see Cross

product
Vertical polarization, 493
von Neumann entropy, 426

Wave packet, 97
spread of, 104

Wave–particle duality, 6
Weyl quantization, 257, 260,

261, 287
Wick-ordered quantization, 258
Wiener measure, 448
Wigner–Eckart theorem, 387,

391
WKB approximation, 195, 305
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