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Preface

The theory of statics of structures has developed from intuition via grad-
ual refinement to its current state, where the basic principles are put into a
systematic framework that enables precise analysis. Although the basic laws
governing statics of structures have been known for several centuries, the
methods of analysis have developed considerably over the last decades. At
the current state of this development an introductory book on statics should
aim at the dual goal of providing sufficient background for developing an
intuitive understanding of structures, and at the same time lay a solid foun-
dation for modern analysis, typically made by computational techniques. In
this vein the present book makes extensive use of simple but realistic exam-
ples to develop familiarity and understanding of how structures carry and
distribute the loads through the structural members to the supports. This is
then supplemented by a few simple computer programs that illustrate, how
the theories for trusses and frames are implemented, and open up to a more
general approach to computational mechanics as a natural extension of the
present book.

The book is organized as follows. The first five chapters build up a basic
understanding of the statics of structures. It starts with force systems and
reactions in Chapter 1, then proceeding to the intuitively very accessible
theory of trusses, first analyzed by hand calculation procedures and then
reformulated as a small systematic finite element program MiniTruss in
Chapter 2. Chapter 3 develops the statics of beams and introduces the con-
cept of internal forces. The internal forces are then related to deformation
mechanisms of curvature, shear and extension in Chapter 4, and the princi-
ple of virtual work is developed in a concise form and used for calculation
of specific displacements. The introductory part is rounded off in Chapter 5
on the analysis of columns, describing instability as a bifurcation problem,
solved by eigenvalue analysis, and design principles based on the existence of
a characteristic imperfection. This part of the book covers material suitable
for an introductory one-semester course on basic statics of structures.

The remaining six chapters treat various extensions, that are typically in-
cluded in one form or another in a second semester course. The Chapters 6
and 7 deal with analysis of statically indeterminate frame structures. The
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first of these chapters gives a systematic development of the force method
and describes how simple structures can conveniently be analyzed by hand.
The following chapter then develops the deformation method in which the
displacements of individual nodes play the key role. This then serves to in-
troduce the idea of the finite element formulation of frame structures. This
development is supported by the small program MiniFrame for internal
forces and displacements, and an extension MiniFrameS for linearized sta-
bility analysis. The Chapters 8 and 9 introduce three-dimensional states of
stress and strain, and present the theory of linear elasticity and some common
failure conditions. This material provides the background for the Chapters 10
and 11, in which the simple two-dimensional beam theory used in the previ-
ous chapters is extended to flexure and torsion of non-symmetric beams, and
the associated shear stress distributions.

The three small computer programs are coded in Matlab. The syntax and
input structure are described in connection with the corresponding theory in
the text, and the code is available from the authors via e-mail.

The authors are grateful for the permission to include photographs provided
by the following companies: Chapter 7, Rafsanjan Bridge, Waagner-Biro AG,
Vienna, Austria; Chapter 8, Test of wind turbine blade, LM Wind Power,
Kolding, Denmark; Chapter 10, Wind turbine, Siemens Wind Power, Brande,
Denmark.

Kgs. Lyngby Steen Krenk

September 2012 Jan Høgsberg



Contents

1 Equilibrium and Reactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 The parallelogram rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.2 Parallel forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Moments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.1 Moment from forces in a plane . . . . . . . . . . . . . . . . . . . . . 6
1.2.2 Moment from forces in space . . . . . . . . . . . . . . . . . . . . . . . 8
1.2.3 Force couples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.3.1 Virtual work of rigid bodies . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3.2 Equilibrium in a plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.3 Distributed load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4 Support conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.5 Reactions by equilibrium equations . . . . . . . . . . . . . . . . . . . . . . . 19

1.5.1 Plane beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.5.2 Simple frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.5.3 Three-hinge frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.5.4 Space structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.6 Reactions by virtual work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
1.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2 Truss Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.1 Basic principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.1.1 Building with triangles . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.1.2 Counting joints and bars . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.1.3 Qualitative tension-compression considerations . . . . . . . 45

2.2 Method of joints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.2.1 Planar truss structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.2.2 Space trusses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.3 Method of sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
2.3.1 Bar forces via the method of sections . . . . . . . . . . . . . . . 55
2.3.2 Special types of planar trusses . . . . . . . . . . . . . . . . . . . . . 57

2.4 Stiffness and deformation of truss structures . . . . . . . . . . . . . . . 64
2.4.1 Axial stress and strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64



viii Contents

2.4.2 Linear elastic bars . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
2.4.3 Virtual work for truss structures . . . . . . . . . . . . . . . . . . . 67
2.4.4 Displacements of elastic truss structures . . . . . . . . . . . . . 71

2.5 Finite element analysis of trusses . . . . . . . . . . . . . . . . . . . . . . . . . 73
2.5.1 Elastic bar element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
2.5.2 Finite Element Method for trusses . . . . . . . . . . . . . . . . . . 77
2.5.3 The MiniTruss program . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3 Statics of Beams and Frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
3.1 Internal forces and moments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.2 Beams with concentrated loads . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.2.1 Variation of internal forces for concentrated loads . . . . 99
3.3 Beams with distributed load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

3.3.1 Differential equations for internal forces . . . . . . . . . . . . . 107
3.3.2 Maximum moment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.4 Combined loads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
3.4.1 Superposition of load cases . . . . . . . . . . . . . . . . . . . . . . . . 116
3.4.2 Superimposing the distributed load . . . . . . . . . . . . . . . . . 117

3.5 Internal forces in frames . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
3.5.1 Influence of load distribution . . . . . . . . . . . . . . . . . . . . . . . 124
3.5.2 Influence of support conditions . . . . . . . . . . . . . . . . . . . . . 128
3.5.3 Three-hinge frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
3.5.4 Principle of the arch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

4 Deformation of Beams and Frames . . . . . . . . . . . . . . . . . . . . . . . 143
4.1 Bending of elastic beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

4.1.1 Homogeneous bending . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
4.1.2 Linear kinematic relations . . . . . . . . . . . . . . . . . . . . . . . . . 148

4.2 Bernoulli beam theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
4.2.1 Statically determinate beams . . . . . . . . . . . . . . . . . . . . . . 154
4.2.2 Statically indeterminate beams . . . . . . . . . . . . . . . . . . . . . 159

4.3 Shear flexible beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
4.4 Virtual work and displacements of beams . . . . . . . . . . . . . . . . . . 168

4.4.1 Principle of virtual work . . . . . . . . . . . . . . . . . . . . . . . . . . 168
4.4.2 Displacements in elastic beams . . . . . . . . . . . . . . . . . . . . . 171
4.4.3 Virtual work and displacements in frames . . . . . . . . . . . 179

4.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

5 Column Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189
5.1 Beam with normal force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

5.1.1 Stiffness reduction from normal force . . . . . . . . . . . . . . . 193
5.2 Stability of the ideal column . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194



Contents ix

5.2.1 Equivalent column length . . . . . . . . . . . . . . . . . . . . . . . . . 203
5.2.2 Buckling direction and intermediate supports . . . . . . . . 205

5.3 Design of columns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
5.3.1 Column length and slenderness . . . . . . . . . . . . . . . . . . . . . 208
5.3.2 Geometric imperfections . . . . . . . . . . . . . . . . . . . . . . . . . . . 212
5.3.3 Stresses in column cross-sections . . . . . . . . . . . . . . . . . . . 215
5.3.4 Perry-Robertson’s column design criterion . . . . . . . . . . . 218

5.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222

6 The Force Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
6.1 Principle of the force method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228
6.2 The general force method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233

6.2.1 Released structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
6.2.2 The basic steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237
6.2.3 Summary of the force method . . . . . . . . . . . . . . . . . . . . . . 241

6.3 Application of the Force Method . . . . . . . . . . . . . . . . . . . . . . . . . 242
6.4 The force method for frame structures . . . . . . . . . . . . . . . . . . . . 250

6.4.1 Simply supported frames . . . . . . . . . . . . . . . . . . . . . . . . . . 251
6.4.2 Frames with fixed supports . . . . . . . . . . . . . . . . . . . . . . . . 257

6.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261

7 Deformation and Element Methods for Frames . . . . . . . . . . . 267
7.1 Stiffness of beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268

7.1.1 Symmetric and anti-symmetric bending . . . . . . . . . . . . . 269
7.1.2 Basic cases of imposed deformation . . . . . . . . . . . . . . . . . 271
7.1.3 Loads on constrained beams . . . . . . . . . . . . . . . . . . . . . . . 277

7.2 Deformation method for frames . . . . . . . . . . . . . . . . . . . . . . . . . . 278
7.3 Beam elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

7.3.1 Beam bending element . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297
7.3.2 Beam-column element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299
7.3.3 Transformation to global form . . . . . . . . . . . . . . . . . . . . . 305

7.4 Finite element method for frames . . . . . . . . . . . . . . . . . . . . . . . . . 307
7.4.1 The MiniFrame program . . . . . . . . . . . . . . . . . . . . . . . . . . 308
7.4.2 Stability analysis of frames . . . . . . . . . . . . . . . . . . . . . . . . 312

7.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316

8 Stresses and Strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
8.1 Stress . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322

8.1.1 The stress vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322
8.1.2 General stress components . . . . . . . . . . . . . . . . . . . . . . . . . 324
8.1.3 Equilibrium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 329

8.2 Deformation and strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
8.2.1 Strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332
8.2.2 Rotation at a point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337



x Contents

8.2.3 Displacement decomposition . . . . . . . . . . . . . . . . . . . . . . . 337
8.3 Virtual work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 338

8.3.1 Equation of virtual work . . . . . . . . . . . . . . . . . . . . . . . . . . 338
8.3.2 Matrix and tensor notation . . . . . . . . . . . . . . . . . . . . . . . . 341

8.4 Special states of stress and strain . . . . . . . . . . . . . . . . . . . . . . . . . 342
8.4.1 Plane stress and plane strain . . . . . . . . . . . . . . . . . . . . . . . 342
8.4.2 Stress and strain transformations . . . . . . . . . . . . . . . . . . . 343
8.4.3 Principal stresses and strains in a plane . . . . . . . . . . . . . 349
8.4.4 Principal stresses in three dimensions . . . . . . . . . . . . . . . 354

8.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 358

9 Material Behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 363
9.1 Elastic materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 364

9.1.1 Internal elastic energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 365
9.1.2 Linear isotropic elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . 367

9.2 Mean and deviator components . . . . . . . . . . . . . . . . . . . . . . . . . . 376
9.3 Yield conditions for metals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 380

9.3.1 Von Mises’ yield condition . . . . . . . . . . . . . . . . . . . . . . . . . 380
9.3.2 Tresca’s yield condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 384

9.4 Coulomb’s theory of friction materials . . . . . . . . . . . . . . . . . . . . . 385
9.4.1 Critical section and stress state . . . . . . . . . . . . . . . . . . . . 386
9.4.2 Coulomb failure surface . . . . . . . . . . . . . . . . . . . . . . . . . . . 388

9.5 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391

10 General Bending of Beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 395
10.1 Bending of non-symmetric beams . . . . . . . . . . . . . . . . . . . . . . . . . 397

10.1.1 Kinematic formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397
10.1.2 Stresses and section forces . . . . . . . . . . . . . . . . . . . . . . . . . 400

10.2 Cross-section analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403
10.2.1 Elastic center . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403
10.2.2 Moments of inertia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411
10.2.3 Principal coordinate system. . . . . . . . . . . . . . . . . . . . . . . . 417

10.3 Axial stresses and strains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425
10.3.1 Neutral axis and line of curvature . . . . . . . . . . . . . . . . . . 434

10.4 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 440

11 Flexure and Torsion of Beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . 443
11.1 Shear stresses in beam flexure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 444

11.1.1 Shear flow – Grashof’s formula . . . . . . . . . . . . . . . . . . . . . 445
11.1.2 Shear stress on cross-section . . . . . . . . . . . . . . . . . . . . . . . 449

11.2 Thin-walled cross-sections in shear . . . . . . . . . . . . . . . . . . . . . . . . 455
11.2.1 Shear center . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 462
11.2.2 Shear flexibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 465

11.3 Torsion of circular cylinders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 467



Contents xi

11.4 General homogeneous torsion of beams . . . . . . . . . . . . . . . . . . . . 472
11.4.1 The Prandtl stress function . . . . . . . . . . . . . . . . . . . . . . . . 475

11.5 Torsion of thin-walled beams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 480
11.5.1 Open sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 480
11.5.2 Single-cell sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 484
11.5.3 Multi-cell sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 490

11.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501


	Statics and Mechanics of Structures
	Preface
	Contents


