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Amplification
factor, 193
of initial imperfection, 214
Anisotropic elasticity, 367
Anisotropy, 364
Arch
internal forces, 133-136
reactions, 133-136
Axial displacement, 397
Axial stiffness
constrained, 374
Axial strain
beam bending, 400, 403, 425-439
Axial stress
beam bending, 400, 404, 425-439

Bar
elastic stiffness, 67
element, 75
linear elastic, 66
zero force, 51

Bar element, 74-77
stiffness matrix, 76

Beam
Bernoulli theory, 151-162
combined loads, 116-121
concentrated loads, 95-104
deformation, 143-171
deformation load case, 271-274
distributed loads, 104-113
elastic bending, 144-151
equilibrium conditions, 151, 169
generalized displacements, 169
homogeneous bending, 145-151
imposed deformation, 269-277
kinematics, 152, 164, 169, 397-399
reactions, 21-24
shear flexibility, 162-167, 175
small displacement theory, 149
statically determinate, 154-159
statically indeterminate, 159-162

Index

statics, 151

stiffness, 268-277, 411, 419, 431
support conditions, 153
Timoshenko theory, 162-167
triangular load, 112-113
virtual work, 168—171

Beam bending, 144-151

anti-symmetric, 270-271
differential equation, 160
element, 268

line of curvature, 434-439
linearization error, 150
moment of inertia, 147-148, 411-417
neutral axis, 146, 434-439
neutral plane, 145

normal strain, 146
normal stress, 146
symmetric, 269-270

Beam displacements

by virtual work, 171-179

Beam element, 306

global form, 305-306
normal force, 299-305
shear flexibility, 268, 298

Beam elements, 296
Beam flexure, 444-465

shear flow, 445-449, 452
shear stress, 444-455
thin-walled section, 455-461

Beam torsion, 467493

boundary condition, 476
boundary conditions, 475
cylinder, 467-471

general theory, 472-480
multi-cell section, 490—-493
Prandtl stress function, 475-478
thin-walled section, 480-493
warping, 472

warping function, 473, 475

Beam-column, 190-194

equilibrium equation, 192
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number of elements, 314
Beam-column element, 268, 299-305
stiffness matrix, 303-305
Bending moment, 92
Bending stiffness, 147, 153, 172
Bernoulli beam theory, 151-162, 164, 399
virtual work equation, 171
Buckling, 313
MINIFRAMES, 313
angle-frame, 314
load, 314
mode, 313-315
Buckling mode, 196, 198, 199
Bulk modulus, 372

Column
design, 207221
elastic instability, 210
equivalent length, 203—-207
imperfect, 212
imperfection, 212
length, 208-212
long/short, 212
slenderness, 208-212
stresses, 215218
transition length, 212
Components
deviator, 376-380
mean, 376-380
Constitutive relations, 321
beam bending, 411, 419, 431
Constrained beam
load, 277-278
Constraining forces/moments, 277, 289
Constraints, 79
by index sets, 83
Continuum mechanics, 321
Coordinate system
principal, 417-425, 431-434
Coordinate transformation
matrix, 329
Coulomb friction material, 385-391
critical section, 386388
failure surface, 388-391
hypothesis, 386
triaxial compression, 389
triaxial tension, 389
Critical load, 190, 195, 203
Critical stress state, 388
Cross-section
double symmetry, 410
elastic center, 396, 403-411
kernel, 216218
moment of inertia, 411-417, 419-421

Index

parameters, 401-402

polar moment of inertia, 419

principal axes, 396, 420
Curvature, 145-151, 169, 399

radius of, 145

Deformation, 332—-338
load cases, 271
mechanism, 373
reversible, 365
Deformation load case, 271-274
Deformation mechanism
bending, 162, 171
extension, 65, 171
shear, 162, 171
Deformation method, 278-296
general procedure, 288-290
swaying frame, 293-295
symmetric frame, 290-292
two-span beam, 278-282
two-span frame, 282-288
Degree-of-freedom
constrained, 288
Design of columns, 207-221
Deviator plane, 378
Deviator strain, 378
Deviator stress, 377, 389
Displacement
decomposition, 337
field, 332, 337
generalized, 169
gradient, 333, 335
gradient matrix, 333
Displacement amplification, 194
displacement amplification, 214
Displacement field
virtual, 339
Displacements
by internal forces, 171-184
Divergence theorem, 339

Eccentricity parameter, 218
Effective stiffness, 193
Eigenvalue problem, 421-422
Elastic center, 396, 403-411
Elastic energy, 365-367
Elastic flexibility
coefficients, 368
matrix, 368-370
Elastic limit, 209
Elastic material, 364-376
internal energy, 365
Elastic modulus, 172, 369, 372
Elastic stiffness



Index

coefficients, 366
matrix, 366—-368
symmetry, 366
Elastica, 189
Elasticity
anisotropic, 367
isotropic, 367-376
modulus of elasticity, 66, 163
of bar, 66
plane strain, 376
plane stress, 375
shear modulus, 163
Element
property matrix, 81
stiffness matrix, 76
Energy density, 365
Equilibrium, 10-14, 329
conditions, 10
equations, 329-332
in plane, 13
Equivalent column length, 203-207
Equivalent stress, 381
plane stress, 383
Euler beam, 298
Euler column, 196-199
Euler load, 193, 197, 204

Finite element analysis
frame structures, 307-316
linearized stability, 312-316
MINIFRAME program, 308-316
MiINITRUSS program, 80-84
truss structures, 73-84
Finite element formulation
frame structures, 296
Finite element method, 322
Flexibility
coefficients, 239, 241
shear parameter, 271
Flexibility matrix
elastic, 368
Force, 2-5
components, 2, 5
couple, 9
equivalent, 25
line of action, 2, 4, 7, 27, 64
parallelogram, 2, 4, 27
point of action, 2, 4
Force method, 227-260
application, 242-250, 259-260
basic steps, 237-240
external releases, 234
flexibility coefficients, 239, 241
for frames, 250-260

general procedure, 233-242
internal releases, 235
kinematic determinacy, 236
principle, 228-233
redundant forces, 230, 239, 241
summary, 241
symmetry, 257-260
Forces
parallel, 4
Frame
load distribution, 124-128
reactions, 24-30
support conditions, 128-130
three-hinge, 27-29, 131-133
Frame displacements
by virtual work, 179-184
Frame of reference
global, 305
local, 296, 305
transformation, 306
Friction
angle, 386
coefficient, 386
material, 364, 385-391

Geometric imperfections, 212-215
Global stiffness matrix

assembly of, 77-78, 307-308
Gradient operator, 331
Grashof’s formula, 445-448

Hooke’s law, 66
generalized, 370, 375, 376
plane strain, 376
plane stress, 375

Hydrostatic pressure, 325

Ideal column
stability, 194-207

Imperfection
geometric, 218
initial, 213
parameter, 220

Inclinations, 397

Incompressible material, 372, 373, 383

Instability, 190
elastic stress, 211
Internal forces, 92

around concentrated loads, 99-100

beams, 93-113

cantilever, 95, 104

differential equations, 107-113
frames, 121-133

hinged beam, 102
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in arch, 133-136
sign conventions, 93-95
simply supported beam, 97, 106
simply supported cantilever, 101
Internal moments, 92
Invariant component, 377, 419
Invariants, 355
Irreversible strain, 364
Isotropic elasticity, 367-376

Kernel, 216218

radius, 217, 218
Kinematic determinacy, 42, 236
Kinematic indeterminacy, 42
Kinematics, 13

of beams, 152, 397-399

solid body, 338

Lever rule, 5, 22
Linear elasticity
isotropic, 367-376, 379-380
Linear strain
components, 333-335
matrix, 333
Load
concentrated, 99-104
constrained beam, 277-278
critical, 190, 195
distributed, 14—-16, 32, 104-113
element based, 308
equivalent, 14, 25, 105, 112
intensity, 14, 107
linear variation, 15, 112
superposition, 116-121, 178
Loads
constraining, 290

Material symmetry, 367
Matrix
notation, 341
Maximum moment, 109-113, 118
location, 111
Mean stress, 325, 372
MINIFRAME program, 268, 308-316
MINIFRAMES program, 313
stability analysis, 312-316
MINITRUSS program, 80-84
Model topology, 77
Modulus of elasticity, 66, 369
Mohr’s circle, 387
moments of inertia, 424-425
plane strain, 353
plane stress, 352-353
triaxial stress, 356-358

Index

Moment, 5-9
distribution, 100, 107-109
maximum, 109-113, 118
vector, 5, 8

Navier stress distribution, 431, 445
Neutral axis, 396, 434

Node, 288, 289

Node coordinate matrix, 81
Normal vector, 323

Parallel axis theorem, 412
Parallelepiped, 12
Perry-Robertson
critical stress, 220
design criterion, 218-221
Plane strain, 322, 342, 343, 376
component transformation, 347, 348
equivalent elastic parameters, 376
principal strains, 352
Plane strain component transformation,
347
Plane stress, 322, 342-346, 375
component transformation, 346
component transformation, 344-345
equivalent stress, 383
principal stresses, 350
Poisson’s ratio, 369, 372
Prandtl stress function, 476-478
boundary condition, 476
torsion stiffness, 478
Principal
coordinate system, 342, 349, 351,
417-425, 431-434
strain, 342
strains, 351
stress, 342
stresses, 349, 351, 354-355
Principal axes
cross-section, 396, 420
Principal stress space, 377, 385
Principle of virtual work, 12, 322

Radius of gyration, 210
Reaction, 16
force, 16
moment, 16
Reactions
by equilibrium equations, 19-30
by virtual work, 30—-33
in arch, 133-136
Redundant forces, 230
Residual
stress, 218



Index

Retaining wall, 388
Reversible deformation, 365

Rotation
at point, 337
matrix, 337

of cross-section, 164
of tangent, 164
vector, 337

Scalar, 8
Scalar invariant, 372
Section force
distribution, 107, 169
Section forces
bending moment, 93, 400-401
normal force, 93, 400-401
shear force, 93, 400-401
sign conventions, 93-95
Shear area, 165, 172, 465-467
integral, 466
Shear center, 443, 463
Shear flexibility, 150, 162-167, 269, 289,
465-467
importance of, 175
parameter, 271, 298
Shear flow, 446
at joint, 456
beam flexure, 445-449, 452
multi-cell, 490
single-cell, 484
Shear force, 91
distribution, 99, 107-109
Shear modulus, 163, 172, 370-372
Shear stiffness, 172
of cross-section, 465—467
Shear strain, 163, 399
Shear stress, 163
beam flexure, 447-455
thin-walled section, 455-461, 480-493
Slenderness
parameter, 211
relative, 211
Stability, 190
ideal column, 194-207
iteration procedure, 200
Stability analysis
linearized, 268, 312-316
MINIFRAMES program, 312-316
Statically determinate
beams, 95, 154-159
equivalent structure, 233-236
structures, 17
Statically indeterminate
beams, 159-162
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structures, 17, 143
Statics, 10, 12
of beams, 151
solid body, 338
Stiffness
axial, 64
effective, 193
reduced, 190
reduction, 193
Stiffness coefficient
anti-symmetric bending, 302
symmetric bending, 300
Stiffness coefficients
symmetry, 290
Stiffness matrix
assembling, 307
bar element, 76
beam bending, 298, 305
beam-column element, 303-305
block matrix format, 76, 297, 307
constitutive, 305, 313
elastic, 366
geometric, 305, 313
Strain, 332—-338
angle, 335, 341, 367
axial, 64-67, 169, 334
decomposition, 378
generalized, 169
Green, 332
invariants, 355
irreversible, 364
normal, 146, 334
shear, 163, 169, 335, 341, 399
volume, 335, 372, 379
Strain component
matrix, 341
transformation, 335-336, 347-348
Strain gauge, 347
Stress, 322—-332
axial, 6467, 374
biaxial, 345
components, 324-326
decomposition, 377
deviator, 377
equivalent, 381
hydrostatic, 326
invariants, 355
mean, 325, 372
normal, 146, 322, 323
residual, 218
shear, 163, 323
transverse, 374
vector, 322, 327-329, 356
yield, 209
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Stress component special types, 57-64
matrix, 325, 341 stiffness and deformation, 64—73
symmetry, 326 V-truss, 50, 55, 59
transformation, 328-329, 343-346, virtual work, 67-73
348-349 W-truss, 62, 80
Superposition, 229, 231, 232, 237, 239, 240, Twist, 468, 473
269, 280, 289 rate of, 473, 476
Support
intermediate, 205-207 Uniaxial tension, 369
Support conditions, 16-19, 78-80 constrained transverse contraction, 373

by index sets, 79, 308
by springs, 79, 308
of beams, 153
Surface forces, 329, 338
Symmetry
coefficient matrix, 285

Vector, 2
algebra, 67
scalar product, 11, 12, 68
triple product, 12

Vector product, 8

Virtual displacement, 169
field, 339

Virtual rotation, 11

Virtual strains, 170

Virtual translation, 11

Virtual work, 11, 12, 338—-342
bar, 68-70
beam displacements, 171-179
beams, 168-171
equation, 170, 171, 230, 338—-342
external, 170, 341

Taylor representation, 330
Tensor
notation, 341
Timoshenko beam theory, 162-167, 399
Topology matrix, 80, 81
Torsion, 351
Torsion stiffness
Bredt’s formula, 488
hollow cylinder, 471
multi-cell section, 490-493
Prandl stress function, 478

Prandtl stress function, 477-478 for displz.icements, 172
single-cell section, 487-488 for rota?lons, 173
solid cylinder, 470 frame displacements, 179-184

internal, 170, 341

principle, 12, 168, 171, 338

rigid bodies, 11-13

truss structures, 67, 70-73
Virtual work equation

beams, 170

constraint, 376 continuum, 338-342

in beam, 374 frames, 180
Transverse tension, 373 Volume forces, 329, 338
Tresca yield condition, 384 Volume strain, 335, 372, 379
von Mises yield condition, 381

thin-walled open section, 481
Transformation matrix

block matrix format, 306
Transverse contraction, 369

constrained, 373
Transverse deformation

Triaxial compression, 389
Triaxial tension, 389

Truss structures, 39-84 Yield
basic principles, 41-47 load, 429, 434
displacements, 71-73 stress, 209, 429
finite element analysis, 73-84 Yield condition
K-truss, 60 metals, 380-385
method of joints, 47-54 Tresca, 384-385
method of sections, 54-56 von Mises, 380-383, 434
N-truss, 57 Yield stress, 380

roof truss, 51, 62, 80 Yielding, 380
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