Answers to Selected Problems

Chapter 1
11

(a) [_137}

(b) [-52,-48]

(c) y<6ory>8
(d) |3—x| =|x—3] so same as (a)

1.3

@ |¥[<3

(b) -3<x<3

Ls B3 =i 24 = ) =2 =4 i
17

1
@ (VI—F)(VE+F) =x— yemc10<f+f_4

(b) Sincex >y, [\/x— /3 = x— /5y < $(0.02) = 0.005

1.9 [x| <m means —m < x < m. So if |b—a| < €, then:

50 VX — ¥ < g(x—y).

(a) At least one of 0 < b—a and 0 < —(b—a) is true. The upper bound € comes from the
assumption.

(b) —e<b—a<eisarestatement of |[b—a| < €

(¢c) add a to both sides in (b)

(d) la—b|=|b—al,so —e <a—b < gis arestatement of |[b—a| < €

(e) add b to both sides in (d)

111 5/3

1.13

(a) (1(1)()())1/3 1+31+x

© (L ()" < B = st
© Zl=2-1c2
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1.15

(a) Since 1 <2< ---<n, we getn! <n". Taking the nth root gives (n!)l/” <n.

(b) By the A-G inequality, (1 ~2-3~~~n)1/” < HM%, S0 (n!)l/" < w = %
1.16

(a) We have |ab — apbo| = |ab — abg + aby — agby|. By the triangle inequality,

‘ab—aobo‘ = \ab—abo + abgy —aobo‘ < \ab—ab0| + ‘abo —a0b0|

Recall that |ab| = |a||b|. Then |ab — apbo| < |a||b— bo|+ |bo||a — ao|.
() a| < 10 and |bo| < 10.001, so |ab — agbo| < 10(0.001) + 10.001(0.001)

1.19 m = 1 because v/3 = 1.732--- = 1.7+ (0.032---) and (0.032---) < 101
1.21
(a) a, is part of the area of the 1 by 1 square, so a, < 1

(b) S has an upper bound of 1, therefore has a least upper bound, the area of the quarter-circle of

radius 1, which is g

127 si=1, so=(1/2)(s1 +3/s1) =2, s3=(1/2)(2+3/2) =7/4=1.75,
s4 = (1/2)(7/4+12/7) = 97/56 = 1.7321 ... If you start with s; = 2 instead, it just shifts the
sequence, since 2 already occurred as s».

11 2 2
1.29 If s > /2, then — < —. Multiply by 2 to get = < — = /2.
s \/i py y g B \/i

1.31 Suppose s > V2 + g for some number ¢. Then

24p>2>242V2¢+¢ > 2+2V2.

This is possible only if p > 2v/2¢. Therefore, taking g = 23%, we get s < V2+q.
1.35

(a) ay is arbitrarily close to a when n is sufficiently large, so in particular, there is N such that a,
is within 1 of @ when n > N.

®) |au| =la+ (an—a)| < |a|+|an—a| < |a|+1

(c) use the definition of o

1 1

1.37 a; =51 = %, a)=s—a; = % — 3 = g and the sum is the limit of the s, which is 1.

1
1.39 —
3
1 1
141 M = ntlionn has the same limit as a"—“.
nay n ay n

The sum z (—=1)"n’a, also converges absolutely by the ratio test if z a, does so.

n=0 n=0

1.47

2 n
(a) Converges absolutely by the limit comparison theorem; compare with z (5) .

(b) Diverges by the comparison theorem; compare with the harmonic series

(c) Converges by the alternating series theorem

(d) Diverges because the nth term does not tend to 0

(e) Diverges by the limit comparison theorem; compare with the harmonic series
(f) Converges by the ratio test
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1.49

(a) The series of absolute values is a convergent geometric series, so the series converges abso-
lutely

(b) Converges by comparing with the geometric series 2(10)_”

(c) For any number b, the series converges absolutely by the ratio test

(d) Converges by comparing with the geometric series 2 —

(e) Sum of two convergent series is convergent

(f) Diverges because the term does not tend to O

1.51 The sequence converges to x, so it must be Cauchy by the theorem that every convergent

sequence is Cauchy. To see this case specifically, a, is within 107" of x, so if n and m are both
greater than N, then |a, — a,| = |a, —x+x — ap| < |a, — x|+ |x — a| < (2)107V.

1.53

(@) (1 + ﬁ)n =ep_1 (1 + %1) < (3)(2).

n

(b) This is (Ll) <6, or n" < 6(n—1)". Therefore n"~! < G(nf ' <(n—1)"ifn>6.
n_

Take roots to get n'/" < (n—1)1/(=1),
(c) If n'/" were less than 1, its powers, such as n, would be less than 1. Therefore, we have a

decreasing sequence bounded below by 1, which then has a limit r > 1.
(d) (2n)"/n) =21/@n)\/pl/n tends to r = /7. So r = 1.

Chapter 2

21

(a) Not bounded, not bounded away from 0

(b) Not bounded, bounded away from O

(c) Bounded, not bounded away from 0O

(d) Not bounded, not bounded away from 0

2.3

(a) Cancel common factors

(b) fis defined except at 0 and —3; g is defined except at —3. h is defined for all numbers.

(c) The graph of & is a line, that of g is the line with one point deleted, and that of f is the line
with two points deleted.

2.5 51,116.80

2.7 The change in radius is 2 times the change in circumference, about 3 meters.

2.9

(a) —3
(b) —6
(c) =2

2.13 Numerator is polynomial, continuous on [—20, 120], has a maximum value M and a minimum
value m. Denominator is x> + 2 > 2 and has maximum (120)2 + 2. Therefore,

m M

(120)2 + 2*f() 2

So f is bounded.
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2.15 Tt appears to be approximately (—0.4,0.4).

2.17 No. The truncation of x = 9.ajayazasasagaragag ... is y = 9.ajapazasasagarag. The differ-
ence is x —y = 0.00000000ag ... < 0.000000010 = 108, Then

K=y =(x+y)(x—y) < (20)(107¥) =2 x 107",
In fact, if we take an example with ag as large as possible, then
(9.000000009) —9% = 0.000000162 ... > 1077,

2.18 f has a minimum value on each closed interval contained in (a, b).
b—a 1
b—1].
It might happen that the minimum value of f on [, decreases with n. If so, there must be
locations x,, at which the minimums occur, for which x,, tends to a or to b. This is a contradiction,
because the values f(x,) must tend to infinity.

Take an expanding sequence of closed intervals, such as [, = [a +

220 (@)3x 107"  (b) (1/3)x 1077 (o) allx

2.23 We suppose the bottle only has one volume for a given height, V = f(H), and only one
height for a given volume, H = g(V). Then H = g(V) = g(f(H)) = (go f)(H) and V = f(H) =
f(g(V))=(fog)(V).So f and g are inverses.

2.25 There are two, x and x 1.
2.27

(@) kok
(b) gok
(c) kog

229 Let f(x) = vx2+1—v/x342. Then f is continuous because polynomials and roots are
continuous and composites of continuous functions are continuous. We have f(0) = 1 —v/2 <0
and f(—1) = v/2—a > 0. By the intermediate value theorem, f(x) = 0 for some number x in
[—1,0].

2.31

(a) Ifa < bthen f(a) < f(b),so f(f(a)) < f(f(D)).
(b) Let f(x) = —x, for example. Then f is decreasing, but f(f(x)) = x is increasing.

2.33

(a) By the continuity of f

(b) By the limit of g

(c) Combine parts (a) and (b)
(d) restates part (c)

2.35 Since 2 4 y? = 1 on the unit circle, coss+ sin?s = 1. This identity does not hold for the
first pair, but does for the second.

2.37 The graph has to be very wide if you use the same scale on both axes!
2.39 Maximum height 1.2 reached at 3r = 7 and 3t = J +27. The ¢ difference is 27 /3.
2.43

(a) sin(tan~!(z)) is the y-coordinate of the point on the unit circle whose radius points toward
(1,z). In order to rescale (1,z) back to the unit circle, multiply by some number c: (c,cz) is on

1 z
V14272 V22

. Therefore, sin(tan~! (z)) =y = cz =

the unit circle if 2 + 222 =1,s0 ¢ =
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(b) cos(sin~!(y)) is the x-coordinate of the point whose vertical coordinate is y. By the
Pythagorean theorem, it is m

245 g(x+y) = flelx+y)) = flex+cy) = fex)f(ey) = g(x)g()-

247 p(0) =800, p(d) = 1600 = 800(1.023)¢ gives 2 = dlog(1.023) so d = 87.95. ...

2.51 £(1/2)=3f(0)=3=m,s0 f(1)=3f(1/2) =9 = ma, so a = 3.

2.53 P(N) = P(1)P(N = 1) = P()P(1)P(N =2) = -+ = P(1)---P(1) = P(1)". So the sequence
is 1+ P(1)+ (P(1)2 +-- -+ (P(1))V.

2.55 e >2,50e!?> 219 =1024 > 1000 = ¢!°¢ 1900 Byt ¥ is increasing; therefore log 1000 < 10.
Then log(1000000) = log(1000) +1og(1000) < 20

X
2.57 With i—z > 1 for large x, you get e* > x> = eloe?) o x> log(x?), or /3 > logy.

2.59 |1+x+x2+x3+x4—i| =| i
I—x I—x

and the denominator is at least 1/2, so the error < 1/16.

|. If f% <x< % the numerator does not exceed 1/32,

oo

2.63 Since 2 a,(x—2)" converges at x = 4, it must converge at every x that is closer to 2, i.e.,

=
|x — 2| < 2. So the radius of convergence is at least 2, and f is continuous at least on (0,4).

2.65 We have said that the series in question, which is centered at a, converges for m < x < M. We
have also said that when a power series centered at a converges at any particular number x, then it
converges for every number closer to a. So it converges on intervals symmetric about a. Therefore
M—-a=a—m.

2.67

(a) You need to argue that since p,l,/ " tends to £, it is eventually smaller than every number such
as r that is greater than £. Then compare with a geometric series.

(b) Is similar to part (a)

(c) If p,ll/" = |a,|"/"|x| tends to L|x|. If L|x| < 1, the series converges by part (a). If L|x| > 1, it

diverges by part (b). Therefore 1/L is the radius of convergence.

2.69 Y nx" converges for x| < 1 by the ratio test. If {n'/"} tends to a limit r > 1, take x between
=0
" nl /n

1/rand 1, so that rx > 1. Then the nth root (nx")"/" = n'/"x = (rx) tends to rx > 1. According
r

to the root test, the series diverges, contradiction.

2.71

1
(a) ? for |t] < 1
(b) 1> —1—x—x% for x| < 1

—x
(¢) We don’t have a name for this one.

i
&) —+ ——. for [{| < 1/v/3
@ oy rkd < 1/V3

2.73 Take the list of 7+ 1 numbers 1+ % (n times) and 1. The A-G inequality gives

1 .
n+1 +n+1

n/\n 1 z 1
<1+£> /(+l)<n( +")+ _ x
n

The (n+ 1)st power gives the result.

2.75 e,(—x) will do.
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Chapter 3

3.1 A linear function is its own tangent.
33 Ux)=5(x=2)+6=f(2)+ ' (2)(x—2).
Use the properties £(2) = f(2) =6 and £(2) =5 = f'(2)

h)— 1
3.5 (¢) w = Z(a3 +3d*h+3ah® + i —a3) tends to 342 = 3.

Tangent line y = —1+3(x+1).

37 y=—x— % is tangent at both f% and %

3.9 Average rate of change:

T h)-T
w. If T'(a) is positive, T (x) is locally increasing at a;

hence it will be hotter to the right. If it is cooler to the left of a, T'(a) should be positive. If the
temperature is constant, T(a+h) —T(a) = 0, so T'(a) = 0.
3.11 Since f/(3) =5, ¢'(3) = 6,1 would say that g is more sensitive to change near 3.

3.15 (f(h)— £(0))/h = h~'/3 does not have a limit at & tends to 0. The one-sided derivative does
not exist, so f is not differentiable on [0, 1].

317

(a) %()c3 + 1)_1/2(3x2)

1\? 1
(b) 3 (x+ 7> <1 - —2)
X X
1 1
© S(1+va) 12 (gx*‘/z)
@ 1
3.19
(a) Positions f(0) =0, f(2)=—-6
(b) Velocities f/(0) =1, f/(2) =—11
(c) Direction of motion right, left, assuming axis is drawn positive to the right.
3.21 Only in parts (a), (b), and (c) do higher derivatives vanish.
@ f(x)=x, f'(x) =3, f"(x) =6x, f"(x)=6,0,0,0
(d) 3 +5:2, 3:2+10t, 6t+10, 6, 0, 0, 0
© % 6, (6)(5)r!, (6)(5)(4)r, (6)(5)(#)(3)r*, (6)(5)(4)(3)(2)r, 6!
(d) x7', —x72, 2x73) 3, —4nd, 50 —6lx 7
(e) 73413, =34 +32, 12t754+6t, —60r 046, 36077, —2520x%, 40160x°

3.23
@ (f2) =2ff =2(1+t+1>)(1+21)

) 0

© 6(5")(4)

3.25

(@) 2GmMr—3

(b) 2GmMr=3/ (t) = 2GmM (2000000 -+ 1000¢)~3(1000)

dF  dF dr _ydr
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327 V(1) = %7: r(t))3, and for some constant k,
V(t) = 4r(r(2))?¥ (t) = k-4r(r(t))?. So ¥ (t) = k.
a7, sdp
329 = ckp?P
331 f(1)=1+42+3+1=7and /(1) =3+4+3=10,
sog'(7)=(f"1)(7) =1/f (1) =1/10.
333 (x) =x® =xifab=1.1f 1/p+1/q = 1 then multiply by pg, giving ¢+ p = pq, or
(p—1g-1)=1
3.35

@ fx+h) =k+f(x)=k+y,s0 x+h=glk+y)

(b) f strictly monotonic means that when i # 0, f(x+h) # f(x)

(c) The algebra is correct as long as no denominator is 0, and we have shown that none is,
provided k # 0. The left-hand side tends to g’(y) as k tends to 0. But as k tends to 0,
h=g(k+y)—g(y) tends to O due to the continuity of g (By Theorem 2.9). Therefore, the
right-hand side tends to 1/f(x).

3.37 (—1/10)2e /10
3.39 2x+0+0-+2"log2 +e* +ext!
3.41

(@ 1/x
(b) 2/x

() 0

(d) —e‘e

()1 \
€
1+e

343 y=x—1

3.45 The rate is 1.5 times the size, p'(t) = 1.5p(¢). The solutions are p(t) = ce!>'.
Then p(1) = 100 = ce', and p(3) = ce*> = 100e™!e*>.

3.47 (log(fg)) = % = (log f +logg) = ? + % Multiply by fgto get (fg)' = f'g+ f¢.
2x 1 4% 2x

1
x2+1+§,\4—1_§x2—1

1 5 1 . 1 5 "1
3.49 <210g(x +1)+310g(x 1) 5log()c ) = 5

3.53
(a) cotx

tan~ ! (x)
b)) ———
( ) X2+1
10x
25)f;+ 1
2e™*
@ —;
e +1

(e) ellog)(cosx) (ﬁ — sinxlogx)
x

(©
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3.55

(@) (secx)’ = —(cosx)2(—sinx)

(b) (cscx)’ = —(sinx)2(cosx)

© (cotr) = (sinx)(— sinx.) ; (cosx)(cosx)
sin”x

3.57 y(x) =ucosx+vsinx, y(0) = =2 =u, y'(0) =3 = v, so y(x) = —2cosx +3sinx.

3.59
(a) For y > 1, sketch a triangle with legs 1 and \/y> — 1 to see that cos(sec™!y) = 1/y. The
derivative gives —sin(sec™!'y)(sec™!y)’ = —y~2. Then
(sec™ly) = ! 1_ ! 1 1
sin(sec™1y) y2 T—y2¥ yWyr—1
For y < —1, sketch a graph of cosine and secant to see the symmetry sec™!y = 7w —sec™! (—y).
1
Then by the chain rule, (sec™")(y) = (sec™")/(—y). So (sec!y)' = Hizl
YIVY:—
(b) (cos™'x) = (sm L) = —1/vV1—=42.
(©) (cse™'x) = —(sec ' x) = —1/(|x[vVx* — 1.
1 1 1 —1 1
-1 1y _ -
;) 7(tan X = 1+ T2 By the chain rule m? —7W
3.61 sinh'x= %(e —e ) =1 3 (e +e™) = coshx and similarly for cosh’.

3.63 cosh?x —sinhx = 1(2efe ™) —2(—ee ™)) =1
3.65
(@) 0+0°+5sin0=73(1%) -

(b) Apply the chain rule to y(x) 4 y(x)> 4 sin(y(x)) = 3x* — 3.
x

d
© $ =1 =6/2
1 +5y* +cosy

(d) tangent lineisy =3(x—1).
(©) ¥(1.01) = 3(.01)

3.67 y(x) =ucoshx+vsinhx, y(0) =—1=u, y'(0) =3 =v, y(x) = —coshx+ 3sinhx
3.69 Take x = 0 to find u = 0. Then evaluate the derivative at 0 to find 0 = v.
3.71

(a) This is a statement of the binomial theorem applied to (x -+ &)".
(b) Apply the triangle inequality to the right-hand side in part (a). In each term, the binomial

coefficient is positive, and [ ¥i¥| = |x|"~¥|h|¥. Then replace || by the equal number

Y\ 2,2 MY n=3;3 el < [T 22
(5)e2ae (5 )wsaweee] < (5 )2

h2 hin
< (;) \x|"72|h\2+~v+|h\”= (n)|x‘n 2| ‘ H2+ +‘ | Hn

and you get

+- R

2
|
(c) Factor out ¥
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(d) Recognize that the factor ((5)|x[""2H?+---+ H™") consists of all but two (positive) terms of
the binomial expansion

(x| +H)" = 2]+ Alx" "' H + ((Z) x| 2H + (;’) " +H")
and is therefore less than (|x| + H)".

2
3.73 Each side is (%) for |x| < I.
—x

Chapter 4

f(2.1)

4.1 04< f(c) = T_6 < 0.5 gives 6.04 < f(2.1) < 6.05

4.3 h(x) = 3sin(3x) + 3 cos(2x) +¢, h(x) = %sin(3x) + 3 cos(2x) — 3.

45 f'(x) = (1—x%)/(1+x%). f increases on (—1,1), decreases on (—eo,—1) and on (1,). In
[—10, 10], the minimum has to be either f(—1)=—1/2 or f(10) = 10/101, so —1/2.In [—10, 10],
the maximum has to be either f(—10) = —10/101 or f(1) =1/2,s0 1/2.

4.7

(a) For a rectangle x wide, area A(x) = x(16 —2x)/2 = 8x — x> defined on [0,8]. A’(x) = 8 —2x
is 0 when x =4, A(0) = A(8) =0, so A(4) = 16 is the maximum.

(b) Now A(x) = x(16 — 2x) = 16x — 2x? defined on [0,16]. A’(x) = 16 —4x is 0 when x = 4,
A(0) =A(16) =0, so A(4) = 32 is the maximum.

4.9
n n
E'(m) =2(y; —mxy)(=x1) + - +2(yp —mx,) (—x,) = —22xiyi +2(2x,2)m
i=1 i=1
is 0 when m = in;)‘. This gives a minimum because E’(m) < 0 when m < ZLI;)I and E'(m) >0
Xi i
when m > éxgi.

1

4.11 x/'(3/2) =0 and x”(r) is negative for all 7, and therefore x(3/2) = 9/4 is the maximum.

4.13 Let c(x) = x—x>. Then ¢/(x) = 1 —3x% is 0 when x = /1/3, and ¢”’(x) = —6x is negative
for all x > 0. So ¢(1/1/3) = 1/1/3(2/3) = 0.384... is the largest amount.

4.17 Let f(x) = h(x) — g(x). Then we are given that f’(x) > 0 for x > 0 and f(0) = 0. Thus f is
nondecreasing for x > 0, so if x > 0, f(x) > f(0) =0. So h(x) — g(x) >0, so A(x) > g(x).

e“—1

4.21 Since e’ =1, lim is the derivative of e* at 0, namely 1. The reciprocal a therefore
x—=0 X er—1

also tends to 1.

4.25 The linear approximation theorem gives f(¢) = 043t + % f"(c)t? for some ¢ between 0 and 7.
So 3t +4.912 < f(r) < 3t +4.905¢%.
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427 f'(x) = 6x% —6x+ 12 = 6(x — 2)(x + 1) is negative on (—1,2), f/(—1) = f'(2) = 0, and
positive otherwise; f(—1) = —17 is a local minimum and f(2) = 28 is a local maximum because
of the concavity: f”(x) = 12x — 6 is negative when x < % so f is concave there, convex when

1
x> 2
4.29 Tangent is below graph, because the function is convex.
4.31 Set g(x) =e "% Then g(x) > 0, ¢'(x) = x 2g(x), and
g (x) = (—2x73 +x7*)g(x) = (1—2x)x *g(x). So g is convex on (0, 1).
4.33 Yes. (e/) = fle/, (e/)" = f"e/ + (f')%e/. Therefore if f" > 0, then (e/)" > 0.

4.35 Write i = 4 (b—a) and ¢ = }(a+b). Then ¢ = a+h = b—h, and linear approximation gives
1 1
£(@) = £+ £+ L FEI, f5)=£(e)~ £+ 2 (e,

for some c¢; and ¢, in [a,b]. Average these to get 1 (f(a)+ f(b)) = f(c)+ 1 (f"(c1) + £ (c2)) 2.
The last term has | (f"(c1) + f"(c2))h?| < 22Mh? = (b —a)?.

439 f'>0o0n[-5—1.8 and [0.5,5] /' <0 on[—1.8,0.5]
f”>00n[-1.8,2.5] f” <0on[-5,—1.8] and [2.5,5]

4.41
(a) See Fig. 11.5.

2

(b) f'(x) = —xe” T is positive when x is negative, so f is increasing on (—oo,0) and decreasing

on (0,00). f"(x) = (-1 +x2)e*£§ is negative when —1 < x < I, so f is concave on (—1,1)

and convex on (—eo, —1) and on (1,e). The only critical point is for the maximum at x = 0.
() g'(x) =x"%e /% is positive and g is increasing on (0, o).

g"(x) = (—2x 3 +x e /¥ = x*(1 — 2x)e /¥ is negative on (0,1/2) and positive on

(1/2,00) s0 g is convex on (0, 1/2) and concave on (1/2,e0).

0.75
0.5

0.25

1 2 1 2 3 4

X2
Fig. 11.5 Left: the graph of f(x) = e~ . Righs: the graph of g(x) = e~'/*. See Problem 4.41

oot X
4.43 cosx=1— > + TS + -+ converges for all x.
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4.45 t3 = t4 because sin”” (0) = 0. It is better to use #4 to take advantage of the 5! in the remainder.
5
This gi inx—r = |sinx—t. < —
is gives |sinx —#3(x)| = | sinx — 14 (x)| < 50"

4.47 cosh’x = sinhx, sinh’x = coshx, give Taylor polynomials #,(x) = 1 + ;2, +Z 4. + o, where

o =1 when n is even and o = 0 when 7 is odd. The remainder is cosh*") (c) ) for some ¢

between 0 and x. By definition, sinhb and cosh b are each less than el. Therefore, for x in [—b,b],

bn+1
(n+1)1"

|t (x) — coshx| < e’

and this tends to 0 as b tends to infinity. The convergence is uniform on [—b, b].

449 Let f(x) = cosx. Then f(n/3) =1, f(n/3) = =2, f"(n/3) =1, f"(n/3)=2,...
2 3 4
andcosy=§ =% (r=§) = 13 (r= 5) + F § (- %) ,Hx,%) o
4.51 11 11 1
1 il 1=l -2
ot L H-0, HEE0G-2)
1/1 1 1
3G-DG-2)(-3) 4 11, 15 54
cee= 1y —— -
- 4 Y TR e Tt T
4.53 \/}:1+1(x—1)—l(x—l)z—i—%(x—1)3—%6_7/2%.F0rxin [1,1+d)], ¢>1
4 4 '
and |x—1\<dg1ve|f—t;(x)\_1—2%7% This is less than

(a) 0.1 whend < ((0.1)128/5)"/* =1.26...
(b) 0.01 whend < ((0.01)128/5)!/* =0.71...
(¢) 0.001 when d < ((0.001)128/5)!/4 = 0.4

4.55 16(0.7854) = 1 —0.308427 +0.0158545 — 0.000325996 = 0.70710...
1

This is nearly cos (E

-

4.57

2 n
@ g(0) = f(a). g(~a) = £(0)+af'(0)+ 5 f"(0)+ -+ 51 (0)
n -l
b) &) =F(x+a)—f(x+a)—xf"(x+a) +xf"(x+a) =+ GLH f0) (x4 a),
The last term would involve f (n+1) but this is zero because f has degree n. All terms cancel,
and g’(x) = 0 for all x.

(c) Since g'(x) =0 for all x, g(x) is constant.
(d) Since g is constant, g(0) = g(—a), giving f(a) = £(0) +af"(0)+---+ < £ (0).

2_ 2 2 )2 3_3
P Gt A C et ) P MU ) M A Y S WA
R h s 2h h
(x+h) Z*h(x*h)“ — 32 12
2102 2 _ 2
{01y - 107 =20.1 = (derivative) + 0.1, w =20 = (derivative),
(10.1)3 — 10 (10.1)3 — (9.9)3

=33.01 = (derivative) +3.01, =30.01 = (derivative) +0.01.

0.1
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4.63 (a) f'(x) = 2xsin ( 1) —cos (%) when x # 0.

X

Rsin(3)—0 1 .
(b) — = hsin (ﬁ) tends to 0 by the squeeze theorem as / tends to 0, because |sin| < 1.
1
(©) f’(—n) = —cos(n) has no limit as n tends to infinity, so f’(x) has no limit as x tends to 0.
n
Chapter 5

53 y(1) = =492 106 +0, y(1) = —4.9+10r =5.1, y(1) = —9.84+10=0.2,
¥(2) = —4.9(4)+10(2) = 0.4, Y (2) = —9.8(2) + 10 = —9.6,

5.5 my" =g — fup-

5.7 Functions with the same derivative on an interval differ by a constant. It is a consequence of
the mean value theorem.

5.9

(a) Withx=3°, f(x)=1+x"3—x"/2 becomes g(y) = 1+y*> —’. Since g(1) > 0 and g(2) <0,
there is a root y between 1 and 2. Starting from y; = 1 and iterating

B 1+ y2 _ y3

Ynew =Y — W
produces 2, 1.625, 1.4858, 1.4660, 1.4656, 1.4656. So x = (1.4656)° = 9.9093.

(b) Experiments give f(—1) = -3, f(0)=1, f(2)=-3, f(3)= 1. Since these are —+ —+,
there are three real roots, one in each interval [—1,0], [0,2], and [2,3].

-2 1

) flx)= ﬁ + 1 — /x has derivative f'(x) = 2 2—\/),( The derivative is negative on
[1,20), so there can be only one zero at most; since f(1) = 1/2 and f(3) =0.3+1-+/3 <0,
the root is in [1,3].

5.11 There are two statements to be explained, that this finds the maximum, and the statement
about a zero of f”in (b).

In (b), there is a zero of f’ because f is a continuous function on the closed subinterval
[xj—1,xj41] for which the endpoints do not give the maximum.

Reason for large N, and why this finds the maximum, is that only two things could go wrong:
(1) If there is more than one zero of f in a subinterval, then Newton could converge to the wrong
one, (2) there might be a maximum at one of the x;.

Take N so large that f is well approximated by a quadratic function in each subinterval. This
solves (1), and replacing N by N + 1 solves (2).

5.13
(a) Takez; =1,thenz; =z — %(Z% —2)=1.5, z3 = 1.375, z4 = 1.42969, z5 = 1.40768,
26 = 1.4169 and in general, z,, 1 —v2 = (z, — V/2) (1 — %(z,Z + \/i)), since the second factor

is negative, the z, alternate greater than and less than /2.
(b) Takez; =1,thenz, =z — %(Z% —2)=1.33333, z3 = 1.40741, z4 = 1.41381, z5 = 1.41381,

26 = 1.41419 and in general, 7, 1 — V2 = (z, — v2) (1 — %(z,Z + \/E)), since the second factor
is positive, the z, — v/2 are all of the same sign.
5.17

(a) Qs fixed, so the cost of producing ¢ in plant 1 plus the cost of producing Q — ¢ in plant 2 is
Ci(g)+C2(Q—q).
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(b) If C has a minimum at ¢, then C'(g) = 0 gives C|(q) = C5(Q —q).

b
(©) 200 =200 —q). ¢ = 50 = —15-0=0.5450.
Clg) x

b
5.19 Marginal cost is C'(gq) = akg*~!, and average cost is —~ = aq !4+ 2. These are equal if
q q

there is a g for which a(k — 1)¢* = b. Since a and b are positive, this is possible as long as k > 1.

Chapter 6

6.1

(a) Fourparts: 1 <2<3<4<5.

MM+ +E) 1)+ #)(1) <R [1,5]) < 2)(1)+G)(1) +#H 1)+ (5)(1)

gives 10 < R(x,[1,5]) < 14.
(b) Eightparts: 1 <1.5<2<25<3<35<4<45<5.

(1)(0.5) 4 (1.5)(0.5) 4 (2)(0.5) + (2.5)(0.5) 4 (3)(0.5) + (3.5)(0.5) + (4)(0.5) + (4.5)(0.5)

<R(x[1,5]) <
(1.5)(0.5) +(2)(0.5) +(2:5)(0.5) + (3)(0.5) +(3.5)(0-5) + (4)(0.5) 4 (4.5)(0.5) + (5)(0.5)
gives 11 < R(x,[1,5]) < 13.

6.3

(a) See Fig. 11.6.
(b) Since f is negative only on (—1,1), we know that A(x> — 1,[—3, —2]) is certainly positive,
and A(x? — 1,[—1,0]) is certainly negative. The other two would require some extra effort.
©) Iupper = ((—3) =1+ (=2 =14+ (-1)>—1+12—1+22 1)1 = 14.
Iower = ((=2)> =1+ (-1)> =14 (0 - 140> -1+ 12— 1)1 = 1.

6.5

(a) Iapprox(fs [173]) = (1 2)(0 5)+f( )(0 5)+f(2 5)( ) =12.57
(b) Lipprox (sin, [0,71]) = (sin(0) +sin(Z) +sin(% ) +sin(3)) Z = 1.896

6.7 (a) The area of the large rectangle is e, so the area of the shaded region is 1.
(b) If you flip the picture over the diagonal, the shaded region is the region under the graph log?
fromt =1 tot = e, so the integral is 1.

6.9

(a) left: (130+75+65+63+61)(3)/15 =78.8
right: (75+ 65463+ 61 +60)(3)/15 = 64.8

(b) left: (130(1) +120(1) +90(2) +70(2) +65(9))/15
right: (120(1) +90(1) +70(2) + 65(2) + 60(9)) /15

6.11 The graph of f; is the graph of f stretched horizontally by a factor of k. If we have a set
of rectangles approximating the “area under the curve” f with total area A and error &, stretching
them by a factor of k will produce a set of rectangles approximating the “area under the curve” fi
with total area kA and error k€. Since we can make € arbitrarily small using narrower rectangles,
we can also make kg arbitrarily small. The area of the new region is kKA.
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-3 -1 1 2

Fig. 11.6 Left: The graph for Problem 6.3. Right: A stack of cylinders approximates volume in
Problem 6.31

6.13 Each approximate integral for f using ap <t <a; < --- < a, becomes an approximate
integral for f_ using a, < --- < a; <t < ap.
6.15

(@ x°

(b) ¥e

© sbe= (25)

(d) 2cos (%) =0

6.17

(a) tan— (Z) =1

(b) [12°+ 35 +4x]

© [4vx— —x3/2}

) [2r—4r "4~ ]_2—7

(e) [s2+1log( s+1] =32+1log7 —log3

1
6.19 By the fundamental theorem, F’'(x) = . Then the chain rule applied to t = F(sint
y 1 (x) Wipr pp (sin7)
gives 1 = F'(sint)(sin?)’ = —————=(sint)’ or (sint)’ = /1 — (sint)2.
\/1—(sint)?

6.21 This is the chain rule combined with the fundamental theorem.

6.23
(@) 32(1+13)3 = (%(1 + t3)4),, so this is an example of the fundamental theorem.
(b) a(t) = (v(t)), so this is an example of the fundamental theorem

2000 1 2 0004

6.25 k= 5000 = 500000, W = / frde = k22 = 4 joule

T
6.27 If the pump starts at ¢ = 0, the volume drained in 7 minutes is / (2t +10)dr = T? +10T.
0
This is 200 when 7 = 10 minutes.
2
6.29 Il = 1.237 > / V14+x2dx > Lighy = 1.207 because the integrand is decreasing.
J1

6.31 See Fig. 11.6.
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Chapter 7

7.1
1

(a) / 2(e') dt = /2: = (1%’ —2t€'] +2/ ddt=e—2e+2(e—1)=e—1
0
3

b) =1

® 3

2
b1
(o) i 2. Integrate twice by parts.

g T2 (2 a2
) /0x3(1+x2)1/2dx:/ i(7(1+x2)3/2) dx:[?g(lJr 2)3/2] ! /2x1+ 2)3/2 gy

X2 3
/211 5/211 3/2 _ 5/2 _1y— %
=[5 30+)]5- [ 22} 32 15(2 1) 15(1+¢§)
7.3
(a) Integrate by parts, differentiating tan~! x. Answer %7‘[ - %
(b) usinu

7.5 Set f = fi — fo. Then f”" —vf =0, f(a)=0,and f(b) = 0. Integrate by parts
b b
o< [Morwrma= [ roroa=- [ roroaso

b
Therefore / v(t)(f(r))*dr = 0. Since v > 0, f must be identically 0 on [a, b]. Therefore fi = f».
a
7.7
) oz
(a) / sin?rdr = / —(1—cos(2r))dt = —
0 4

775

(b) / sin‘tdI:/ l—u duzf(letu:cost)
0 0 3

7.9

(@ e YV 4C

(b) /x_le_l/"dx:xe_l/"—/e_l/"dx.

© ('+1e ! +cC
(d eV — (2 +2x+1)e ¥ +C

7.11
(a) sinx—xcosx+C
(b) Kn(x) =—x"cosx+ /mf"’l cosxdx = —x" cosx + mx™ ! sinx —m(m — 1)K, _2(x)
(¢) Ko(x) =C —cosx, Ka(x) = —x*cosx+2xsinx — 2Ky (x),

Ky (x) = —x* cosx +4x3 sinx — 12K5(x). Then /Onx4 sinxdx = Ky (x) Z =n*— 1277 4 48.
@ K3(x) =
7.15

(a) Letu:t2+1,then/0 2+1 /l z—du——
() 5
1 1 /4 2 /4
(¢) Lett=tanu, then/ 7d1:/ ﬂdu:/ cos?udu
(12 +1)2 o tan’u+1 0

1 1 /4
—/ 7(1+c052u)du—[2u+zsm2u} §+

—x3 cosx + 3x% sinx — 6K (x).

!
T
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1 3 1 ! 3N/ 1
d ledxzf/ YV dr= - (e—e ).
()/_le 3_1(3) 3(ee)
1
(e) /4 tzztj:ng:Ztan_l(%)(rewritetheintegrand as t2+9+%.Letu:t2+9ontheleft

and v = £ on the right)
(f) With t = v/2sinhu we have 2 + %> = 24 2sinh? u = 2 +2(cosh? u — 1) = 2cosh® u. So

1 b
/ \/2+t2dt:/ V2coshuv/2 coshudu,
0 0

where 1 = /2sinhb. But cosh®u = %(62“ +24+ e’z“), so the integral is equal to

2 [ o e—2u1? Q2b o e 2b
— | —=+2u =—+b——.
412 -2, 4 4
1 1 1

Then since b = sinh™! ﬁ =log <\/§ +4/ 1+ 2) , the integral is

2 -2
1(1 3 1 1\ 1(1 3
=[5 ) Flog| =15 |2 | =[5 ] =1.5245043....

1 1
7.17 Withx=12, 0<r<1, and change of variables gives / \/ 1+ Vxdx = / V141t2tde.
0 0

Then integrate by parts to get

19 4 4 - 4
B A T P P Vo Bl PR RTIAE o1 R P Ve B 1)
/0 3+ 3 s [( +1) ]0 3

2 32
{3(1+z) ZZ} 15

1
0

7.19 f has an antiderivative F. Then

.b ‘b
[ steo)g0lar = [ Fs)g @0 = o

7.21

(a) Setu=x—r.Thenu=awhenx=a+r,and u =b whenx=>b+r, so

b rb+-r
/ f(u)duz/ flx—r)dx.
a a+r
(b) Set u = —x. Then u = —a when x = a, and u = —b when x = b, so

[ rwai= [ reaena= [

7.23
na, ap nay, nooa

(a) Yes: — = —tendstol. Yes: = — tends to 1.
nby by 1+ nzbn V1+n2 by,

(b) lim(loga, —logb,) =log1=0.
n—soo



Answers to Selected Problems 491

7.25

1 o oo
(a) z = <1+ / x 2dx = —x! !1 = 1. The series converges.

1 2 oo
(b) 2 3 < 1+/ 120y = —72 ‘1 . The series converges.
1

(©) 2 > / dx = log(logx)| . This limit does not exist; the series diverges.
= nlogn 2 xlog
o 1 el o o . L
(d) 2 P > / xdx = 10x! |l = oo, This limit does not exist; the series diverges.
)1= l
7.27
(@

hp0+"'+p)172xn_2dx: 1 p0+"'+p)172z_(n_2){_ —Z{Zn
Ju qot- A+ gux” Jip  qot-+quz"

! pozn—Z + A pa
= —————dz

b qod" 24+ qn

tends to a proper integral on [0, 1], that is, it is proper and remains proper as b tends to infinity

= 1
because the denominator is never 0 in [0, 1]. The result: / fx)dx= / flzHz % dz
1
b) flx)= T3 has denominator of degree 3 = n > 2, numerator of degree 0 < 3 —2, and
x3

1
1 +x3 #0 for x > 1, so part (a) applies. Then x =z~ ! gives f(x) = ——, dx = —z 2dz,

14273
oo 1 & 0 B g
so/l 1413 _7/1 1+ 3¢ /z+1

b 1 b b
7.29 lim % dx = lim <77cosx — / coix dx) The limit of the first term is cos 1, and
b—oeoJ1 X b—soo X 1 X

cosx
the integral of —— converges by comparison with / — dx, which converges. For the integral

b H
. sinx
lim / u dx, we have
b—yeo J1 X

(a) ignore integral from 1 to 7,

(b) ineach submterval
k7r

(c) each integral is cqual to / sinxdx =2, and

(d) the integral has been shown to be larger than each partial sum of the divergent harmonic series.

7. 31 Tog log(logx)] tends to infinity with b because logb tends to infinity.
s xlo
S 1 1 1.
7.33 An antiderivative for 5 =—+ ] is log |y| —log|1 — y|. Therefore,
y=y y -y

=1

bl b
dy =log|——| —1
/2y y = oglfb‘ og

b
Since —— - tends to —1 as b tends to infinity, the integral tends to —log2.
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7.35 Denote the integrals by /1, I, respectively. Then

0 1
I = / sin(at)e ?' dt = ——sin(at)e ¥
0 p

o 1
I :/ sin(at)e "' dt = ffcos(at)e an
0

Then solve for I; and I, from these relations.
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oo 1 /=
+ f/ acos(at)e P dt = gIz
0 pJo p

1

p/ cos(at)e” ’”dt—ffflz

a

7.37 Since (x")’ = nx""! is true for real positive n, integration by parts gives

[ o= el (-

As b tends to infinity, this becomes n! = 0+n((n—1)!).

) dx.

1 roo ) poo roo 1
7.39 Change x =) in (i)' = / APe dx = / yefy22ydy = 2/ y267y2 dy = iﬁ
0 0 0

7.41 (a) 10+ 103& +10r (b) 10 (c) 10 (d) They are equal.

Chapter 8

8.1

@)&M‘UZD—ﬁ@fU= (P +(1.5)%)(2-1)/2 =2.1875,

(13+(1 25)% 4+ (1.5)3 + (1. 75) )(2—1)/4=2.92188

Ligni (), [1,2] =2°(2—1) =8, ((1.5°+2%)(2—1)/2=

((1.25)3 4 (1.5)3 +(1.75)3 +23)( 1)/4 =4.67188

5.6875,

Inmia (%), [1,2] = (1.5)3(2— 1) = 3.375, ((1.25)% +(1.75)%)(2 —1)/2 = 3.35625,
((1.125)% +(1.375)3 + (1.625)3 + (1.875)%) (2 — 1) /4 = 3.72656

(b) pseudocode to compute Iniq(f, [a,b]) with n subdivisions.

function iapprox = Imid(a,b,n)
h = (b-a)/n; [ width of subinterval ]
X = a+h/2; [ midpoint of 1st subinterval ]

iapprox = f(x);
for k = 2 up ton

X = X+h; [ move to next midpoint ]
iapprox = iapprox+f (x) ; [ add value of f there ]
endfor

iapprox = iapproxs*h; [ multiply by width h last ]

function y = f(x)
y = sqgrt(l-xxx);

her(V1—22, [ H) 0.70711,0.68427,0.66600

Fighi (V1 — [ ]) 0.5,0.58072,0.61422;

Inia(VI—22 [ ] — 0.66144,0.66722,0.66399
© he(+L el [0, 1]) = 1.00000,0.90000, 0.84529

Lig (115 [0,1]) = 0.5,0.65000,0.72079:  hia (11,0, 1]) = 0.80000,0.79059,0.78670
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8.3

(a) n=1:0.447214, n=5:0.415298, n=10:0.414483, n=100:0.414216
actual value V2 — 1 ~ 0.414214

(b) n=1:08, n=5:0. 78623 n=10:0.78561, n=100:0.78540
actual value tan~ ' 1 = £ ~ 0.78540

(c) n=1:05, n=5:0. 65449 n=10:0.66350, n =100 : 0.66663
actual value % ~ 0.66666

8.5

(a) The graph of a convex function lies above each tangent line, in particular the tangent line
at the midpoint of each subinterval [c,d]. Since then f > ¢ for that linear function ¢ on the

d
subinterval, / x)dx > / £(x)dx. But the integral of ¢ is the midpoint rule for f.

(b) The graph of a convex function lies above each tangent line, in particular the secant line on
each subinterval [c,d]. Since then f < ¢ for that linear secant function ¢ on the subinterval,

d d
/ flx)dx < / {(x) dx. But the integral of £ is the trapezoidal rule for f.
Jc Jc

8.7

(a) The midpoint rule with one interval [—h, h] gives 2hf(0).
(b) The derivatives for Taylor are
K(h)—K(—h);at h=0itis 0.
K'(h)+K'(=h) = f(0) — f(R) + (f(0) — f(—h)); at h=0itis 0.
K"(h)—K"(—=h)=—f"(h)+ f'(—h); at h=01itis 0.
K" (h)+ K" (=) = =" () = f"(~h).

(c) In the last step recognize that the subinterval width is 22 = (b — a)/n, and use the triangle
inequality, | — f"(c2) — f"(—c2)| < 2M,.
8.9 (1/2)((1/4)> +(3/4)%) + (1/24)(1/2)?(4 —0) = 0.2002...

8.11 n=100:0.7853575, n=1000:0.7853968 , % =0.7853981 . The error term depends
on the maximum value of | f*)(x)| on the interval, which is unbounded as x — 1.

Chapter 9

9.1

(@ V22+32=V13, /&2 +(-1)2=V17

(b) 231, 4+i )

(c) ﬁ = ﬁ % = 2;33‘ = % — %i, and the reciprocal of the conjugate is the conjugate of the

reciprocal: 13 +%i.
L_ l 4+1_4+1_i+

P 71 and 7 77— 17l
(d) (2+31)+(2 31) 4=2(2), (4—i)+(4+i)=8=2(4)
(€) (2+30)(2-3i) = (4+9) = VI3, (4— >m+o<6+u:ﬂ?
93 z=(4—1)+2i=3+2i, 7= (3—2i)
9.5 (a) 5 (b) V61 (c) 5/V61 (d) 1

x+iy— (x—1iy) and x — x+iy+ (x—1iy)

9.7 If z = x+ 1y then these say y = 7 2
i

, which are true.
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9.9 (a®+b*)(2 +d?) = a* +a*d® + b c* + b*d* and

(ac — bd)? 4 (ad + be)? = (ac)? — 2achd + (bd)? + (ad)? + 2adbc + (be)?
=2+ dd* + b+ b d?
Then if z = a+ bi and w = ¢ + di, the left-hand side is |z|?|w|? and zw = (ac — bd) + (ad + be)i,

so the right-hand side is |zw|?. Taking the square root of both sides gives |z||w| = &|zw|. However,
since absolute values are only positive, |z||w| = |zw]|.

9.11

@ la—2=G@-2)(@—2)=(@-2)E %) =ull —u% — I + 0%
=z |2 + |Z2‘2 —(azz+zz2) =z ‘2 + ‘Z2|2 —2Re(2122)

(b) By the triangle inequality, |z1| = |22 + (21 — 22)| < |z2| + |21 — 22]-
Thus, |z1| —|z2| < |z1 —2z2]. Similarly, |z2| —|z1| < |22 — 21| = |21 —z2|. These combine to give
us the desired inequality.

2k 2k
9.13 —1 = cos(r) has cube roots cos (n—i- 71:) +isin(n+ 717) fork=0,1,2.
1 3 1 3
These are 3 + %i, —1,and i %i. These three roots are equally spaced around the unit circle.

9.15 The area formula says that triangle (0,a,b) has area A(0,a,b) = 1 |Im (@b)|. If a = a; +ias,

)
b = by +1b,, you obtain
ab = (a1 —iay) (b1 +ib2) = a1by 4+ azbr +i(a1by — azby).

Therefore, the area is %|a1b2 —axby|.
1

9.17 On the unit circle, p = —. Therefore,
p

@ (p—1)2p=(p*>—2p+1)p=p—2+p. This is real because z+7 is twice the real part of z.

(b) When ¢ is on the unit circle, so is . According to part (a), (7 — 1)?q is real.
Then ((p—1)(g— 1))2ﬁq is the product of two real numbers, which is real.

(c) From the figure, and using Problem 9.16 part (b), f is the argument of ¢p, and & is minus
the argument of (g —1)(p— 1). But since ((p—1)(g — 1))2ﬁq is real, its argument, which is
—2a+ 3, must be 0.

9.19

(a) Because of the identity (x — 1)w(x) = x> — 1, and because w(1) = 5 % 0, it follows that four
of the five fifth roots of 1 are the roots of w.

(b) The n roots of 1 are equally spaced around the unit circle and one of them is 1.

(c) If " = 1, then every integer power of r is also a root: (r”)" = r"? = ()P = 1. The only issue
is whether these powers are all of the roots. [For example, powers of i> do not give all the
fourth roots of 1.] Taking the one with smallest argument makes

r:cos(%) +isin(27n),

2 _2r; L . .
and the powers have arguments —, 2—, etc., so this gives all the roots. The identity
n n

(x—1D@" '+ 422 +x+1) =" — 1 and the same argument as in part (a) show that

r,...,”"~ 1 are the roots of w and * = 1 is the other root of " = 1.
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9.21

(a) e +icost

1

by -

® =y e

() ie"’2t

(d) icost —(1+3+i)72

_ . 1 . it —it . it _ it
9.23 Since e’ =e ¥ = —, cost = Ree! = etre and sint = Ime" = i
el 2 2i

9.25 Define coshz = %(eZ +e7%). Then cosh(it) = %(ei’ +e 1) =cost.

ikb __

b e
9.27 / ek gy —
0

1 .
Fr— —% (e~? tends to 0 as b tends to infinity, [¢*?| = 1.)

tends to 1

Chapter 10

10.1 Only (b), and (c) if we allow f,, to be 0. The others do not match the descriptions of the
frictional and restoring forces.

10.3 We need 72 +r =0, so r = 0 or —1. Then trying x(¢) = c1e® + ce ™, we obtain

(@) x(t) =12—7e " tends to 12
(b) x(t)=—-2+7e" tends to —2

10.5 21> +7r+3=0gives r= (—7£49-24) /4 = -1, —3.S0 e 3" and e~ are solutions.

—h+Vh? — 4k
10.7 Look at solutions " where mr> +hr+k=0, r = 27’” When £ is small, this
m

h [k A [k
is roughly r ~& —— +1i4/ —, and you have a solution x ~ e~ % cos ( —) with a gradually de-
m

creasing amplitude. When /4 is large, one value of r is a negative number close to 0 by the binomial

theorem,
4k 2k
—h4+n2 - 4km_fh+h\/lf—m —h+h(1— 22,

h2

small)t ' which is a gradually decreasing exponential.

and you have a solution x ~ e
10.9 We use (cf) =cf" and (f +g)' = f' + ¢ repeatedly.

(@) Letx=cx;. Then Ax® 4. = Ay o = ¢(Aa +-.2) = ¢(0) =
) Ay 4= (A ) + (A +) =040 =0.

10.11 m(cix) +cpx2)" + h(cix) +caxz) +k(e1x) + coxa)
= m(c1x] +cox) + h(c1x) 4+ coxy) + k(ci1x1 + c2x2)
= c1 (mx| + hx| +kxy) + co(mxy +hxy + kxy) =0+ 0=0.

10.13
(a) mr? 4 2v/mkr +k = (Vimr 4k, s0 r = —/k/m
(b) ¥ = (L+rt)e’, ¥ = (2r+r*t)e’. Then

mx" 2V mkx' +kx = <2mr+mr2t +2Vkm(1+rt)+ kt) e = (=2vVmk+0t +2Vkm)e" =
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10.15 Suppose z(t) = ae®’. Then 2’ 47/ + 6z — 52e%" = (a(—36 + 61+ 6) — 52)€%" is zero if
a= 52 - = 27571 = 7571.Then the real part of z(r) = ie&’ is
—30+6i 6 26 3

x(t)=— % cos(61) + % sin(6¢).

10.17 Try x = Rez, where z = ae' solves 7/ +7 +z=¢e.
We need (—1+i+ 1)ae” =e", so a = —i. Then z =icost +sinz and x, (¢) = sinz.
Withx, = y+x1, you have X5 +x5 +x =" +y +y+x] +x| +x1 =0+ cost.

1 1 1
10.19 The inequality holds if its square holds: PE > 2
m 4m?
. . sk RN o 2 2
if the reciprocals k* > h? [ = — ) if 4m? times it 4m>k> > I (4mk — h*).
m  4m

But that is true because since & < v/2mk, we have h2 < 2mk, 0 > 4m>k* — 2mkh?,
dm*? > 8m2k* — 2mkh? = 2mk(dmk — h?) > h* (4mk — h?).

10.21

(a) Use w” =y” —x" and subtract the differential equations.

(b) This is due to the mean value theorem.

(c) Using (b), mw"w — fi.(v)ww' = £ (u)(w')* < 0 because f;; is decreasing.

(d) Due to the law of decrease of energy, x(¢),y(¢) are both bounded with values in some interval
[—M,M]. Let k be the bound of |fy,| in [—M,M]. Because v is between x and y, v € [-M,M],
$0 f%(v) is bounded above by —k. Therefore,

mw"'w' + kww' < mw’w' — fr'e(v)ww' <0,

so its antiderivative %m(w’ )2+ %sz is nonincreasing.
(e) The function %m(w’ )+ %sz is nonincreasing, nonnegative, and is zero when ¢ = s. There-
fore it is zero for all # > 5. Therefore w is zero for all 7 > s.

10.23 ForN(1) =0, N'=0= /0, so that is a solution. For N(t) = %tz, ifr > 0 then VN = %t.
Then N = %t = /N, so that is a solution. (Note: %tz is not a solution when ¢ < 0 because the
derivative has the wrong sign.)

There is no contradiction: the existence theorem does not apply to N’ = /N with N(0) =0
because the function /N is not defined in an interval containing N(0).

1 —N2
1025 N'=N?—N, NZ_NN’:I, N_l_lN’:l, log(N"! = 1) =t+c,
_ 1 1 No .
N-l—l1=¢*, Ny1—1=¢"SoN(t)= = = . With
0 ® L+erte 1+ (Ny'—1)er No+(1—-Nole!

No between 0 and 1, the denominator is more than 1 and tends to infinity, so N(¢) is less than Ny
and tends to 0.

10.27

(a) Where P > B, K is increasing, so has an inverse. Then P = K~!(c — H(N)) defines one
function P, . Similarly for P_ with values less than F,,.

(b) is by the chain rule

. . . d*p . N
(c) For Py, K is increasing, so in the formula for dN2+ , the denominator is positive. All numbers

2

. .. d=pP
in the numerator are positive because H and K are convex. Therefore dN;

is negative. The
denominator reverses sign for P_.
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10.29

(a) If y(0) is positive, then y(¢), being continuous, will remain positive for some interval of time.
Divide by y(r) to get —y~2y' = 1. Then we integrate from 0 to ¢ to obtain y~!(t) —y~'(0) =1.
Rearrange to

L i ()

14y 10)  y(O0)+1
Note that in fact, y() remains positive for all .

(b) We know this equation; the answer is y(¢) = y(0)e ™.

y(t) =

For the second equation, y tends exponentially to zero, faster than the 1/¢ rate for the first one.

d
1031 &4 = ap, which is negative when a > 0 and p < 0.
db

m = —ap — db, which is negative when a >0, b >0, and p > 0.

10.33 Using subintervals of length A, and y, 1 =y, + hf (nh), we obtain
y1 =0+ f(0)h = he(f,[0,h]), y2 =y1 + f(R)h = (£(0)+ f(h))h = hen(f, [0, 2h])
y3 =y2+ f(2h)h = (f(0)+ f(h)+ f(2h))h = Lt (f,[0,3h]) and so forth.

Chapter 11

11.1 The expected value of the die roll is %(1 +2+43+4+45+6) =3.5. The expected value of the
squared difference between 3.5 and the value rolled is: %(2.52 +1.5240.524+0.52+1.52+2.5%) =
% This is the variance.

11.3 Let S(E) be the number of instances among the first N experiments when E occurred. Then
S(E') =N = S(E). So p(E)+ p(E') = lim (% + %) —liml = 1.

11.5 Each time an outcome of E occurs, it is also an outcome of F, so S(E) < S(F).

S(E)

Then P(E) = lim =7 < lim 57 = P(F).

11.7 Since each outcome that occurs in an experiment can belong to only one of the events, the
count S(E; U---UE,) increases by exactly one each time an event occurs in some Ej, and only
that one S(E;) increases by one. So S(EjU---UE,,) = S(E1)+ -+ S(En).

uk— e

0 k ) 1
u
11.9 z k—e " = z u e —y z ZoeU —yetlet —y
iz K & (k=1)! far ¥ 3

11.11 We need to show that

qlogg+rlogr < (1—p)log(1—p) = (q+r)log(g+r) =qlog(qg+r)+rlog(g+r).
But this is true because log is increasing, that is, logg < log(g + r) and logr < log(g+r).

11.13 We need to show that prlogps + - -+ pnlogp, < (1 —pi1)log(l — py)

= (p2+---+pa)log(pa+---+pa) = p2log(pa+---+pa) + -+ palog(p2 + -+ pu),

which is true since log is increasing.
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1115
o A D 2 A?

(a) L px)dx = A X(lfg)dxz_g(f‘*ﬂz::

o A9 2,A2 A A
(b) x—/ xp(x)dx:/o K(x %)d.ng(jfﬁ):g

o A X 2 A3 At A2

2 _ (2t _Z( Ty

© prwm_ﬁfﬂxlﬂM_A(3 ) =%

(d) Using \/x% — (%)2 we get \/% - (%)2 = LA
11.17

A 1
(a) / —dx =1, similarly for p.
0 A

oo A
w)m@:/ p@dmﬁﬁh:/1WM@7QQJMMMMgangﬂSQHx<Qmm
—oo 0

x—1<0,s0g(x—1) =0.Sou(x) =0whenx <0.If x>A+B, thenx—t >A+B—A=B,
so again g(x —) = 0, showing that u(x) = 0 when x > A + B.
(c) If you graph g(x —t) as a function of #, you see that the convolution integral gives the area of

1
a rectangle whose size is constant when B < x < A. The width is B, height B’ sou=1/A.
1
(d u(x)fA—on o, B] on [B,A], andX—A—(x A)in[A,A+B].
11.19

b
(a) |w\1:/a S5dx=5(b—a).
® feuls = [ _Jeutolde= [ fellax)| ax = el
jut vl = [l + )| < [ ()| + p)]) de = fuls + o]

©
|M*V\1—/ [uxv(x)| dx = /
<[] lome—ylavax= // ) Iy ) dyetx

This inner integral is the convolution of |u| and |v|. The integral of a convolution is the product
of the integrals. Therefore, we get

ol = ([ eojax) ([ wioar) = ol

v(x— y)dy’ dx

11.21
(a) 1% > kn, then use a geometric series times e~K°" Then z <e '%/(1—e™*)=(1.1463)107".
4

() 142e ' 4+2e % +2e72 =1.7726369797 ...
11.23

(a) Use the fact that if p, ~ g, and r,, ~ s,, then p,r, ~ q,s,. Then

[\ _ Hn n! o M(g)n
? (k) =2 k'(n*k)' 2 M(g)k 27C(n7k) (n?_k)n—k

All the powers of e factor out as e ntktn—k — 1,
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(b) Part of this step is just substitution, but the hard part is

n" 1

NN R AN
2”kk_<2> (2) Kk (2) ( )'1/2( +\fy) ( Jr\/ﬁy)\/ﬁy

_n\? 1
_Q>u+>%wmo

Then handle the (n — k)"~ factor similarly:

n" _ 1 (7)"/2 1
2RO (1 2 E (v N2 (- (g - v
B 1 1
02 ) (- B (- )

1
=5 Vi) (- )

and combine the n/2 powers to get

(¢) Two of the factors in the denominator,

n 2y ny
(% o)V (2 )V = SV \Y" (G
2 2 5=y 1+2
vl
2y )y 2,
which tends to ) . The factor (1 — 4L) 2 tends to (e“‘yz) 12,
(e72) n

. n 4 4 o n_ 1 /2
(d) The coefficient, m = ﬁ ~ P giving —— \/7 =z fny ﬁ ;

Py
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A-G inequality 5
absolute value 120
of complex number 350
addition formula
for complex exponential
369
for exponential 151
for hyperbolic functions
162
for sine and cosine 158
additivity property of integral
246
AGM 36
amount
net 252
total 245
amplitude 393
antiderivative 275
approximate integral 259
alternative rule 344
midpoint rule 335
trapezoidal rule 336
arc length 284
area
below graph 249
negative 253
average of a function 265

B

binomial
coefficient 206
distribution 443

approximately normal
471
theorem 49, 206
bounded
function 54
sequence 25

C

Cauchy
sequence of complex
numbers 351
sequence of real numbers
37
chainrule 138

change of variables in integral

303
chemical reaction 420
closed interval 1
complex number 347
argument 354
conjugate 347
composition 72
continuous
extension 320
atapoint 59
dependence on parameter
329
left 64
on closed interval 64
right 64
converge
functions
pointwise 97
uniformly 97
integral 310

numbers 20
convolution 459

cosine

derivative 154
geometric definition 82
hyperbolic cosh 161
periodicity 83

cost 240

critical point 177

cycle 386

D

de Moivre’s theorem 356
decimals 11
decreasing
function 75,76
sequence 24
density 247
linear 329
derivative 119
complex-valued function
complex variable 366
real variable 362
higher order 142
one sided 119
difference
equation 429
quotient 119
symmetric 213
differentiable 119
uniformly 210
differential 125, 142
differential equation 130
Y'+y=0 156
y'—y=0 161
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Y =ky 150
chemical reaction 421
population models 405
vibrations 375
disjoint events 437
distance between numbers
2
doubling time 87

E

e, the number 44
economics 240
elasticity of demand 241
endangered species 409
energy
kinetic 381
potential 381
gravity 145
entropy 469
equilibrium 405
error
round-off 17
roundoff 212
symmetric difference
quotient 213
Euler’s method 428
event 437
expectation
continuous 454
discrete 441
exponential 86
complex variable 368
growth 89,179
extinction model 408
extreme value theorem 67

F

Fermat’s principle 234
frequency 386
function 54
complex-valued 361
composition 72
decreasing 76
even, odd 266
increasing 76
inverse 75
nondecreasing 76
nonincreasing 76
rational 56

functional equation of
exponentials 88

fundamental theorem of
calculus 272

G

Gauss 467

Gaussian density 467

geometric sequences 27

geometric series 29

greatest integer function
263

greatest lower bound 15

H

half-life 86
higher derivative 142
hyperbolic

cosine 161

secant 165

sine 161

tangent 165

I

increasing
function 76
sequence 24
independent events 438
independent experiments
457
inequality
Cauchy—Schwarz 11
triangle 4
information 446
integral
additivity property 246
approximate 259
complex-valued function of
real variable 364
definite 261
improper
unbounded function
318
unbounded interval
310
indefinite 275
lower and upper bound
property 246

Index

test for series convergence
315
integration by parts 292
intermediate value theorem

66

L

I’Hopital’s rule 182
least upper bound 14
limit 20
left-hand 64
of function 61
right-hand 63
linear
approximation 121
function 56
linearity
of differential equation
396
of integral 267
logarithm 91
defined as integral 277
Lotka 410
lower sum 258

M

marginal cost 241
Maxwel 467
mean

arithmetic 6
geometric 6
harmonic 10
of a function 265
value or expectation 441
value theorem
for derivatives 171
for integrals 265
generalized 181
mileage 245
monotone
convergence theorem 26
monotonic
function 77
sequence 24

N

nested interval theorem 36

Newton’s law of motion
376

Newton’s method 225
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convergence 229
for complex polynomials
367
normal probability distribu-
tion 467

(0]

open interval 1
oscillation 201
outcome 436

P

parameter 329
partial sum 28
of functions
periodic motion
periodicity 83
Poisson distribution

polar coordinates

polynomial 56
complex variable

population 398

power rule 135

power series 104
differentiability
fore* 370
for log(1+x)
for sin 203
forsin™! 331
fortan~!'x 327

predators 409

prey 409

probability density 454

product rule 134

103
383

444
354

366

166

327

Q

quotient rule 137

R

radian 82
radioactive decay 86
radius of convergence
rate constant 422
ratio test 35
reaction rate
reflected
invariance of integral
reflection
of light
refraction

105

421

270

127
239

resonance 394
response curve 394
Riemann sum 259
round-off error 17
rounding 16

roundoff error 212

S

secant
function 155
hyperbolic sech
line 120
second derivative
sequence
of complex numbers
of functions 97
of numbers 20
series 28
absolute convergence 33
alternating test 33
comparison test 30
conditional convergence 33
geometric 29, 100
harmonic 31
integral test 315
limit comparison test 31

165

156

367

of functions 103

root test 115
Shannon 448
simple zero 404
Simpson’s rule 339

alternative 344
sine

geometric definition 82
hyperbolic inverse sinh~!
165
hyperbolic sinh 161
inverse sin™! 159
redefined using integral
279
slope of aline 57
Snell 239
squeeze theorem
functions 62
numbers 22
stable equilibrium 405
standard deviation 442
stereographic projection

113
Stirling’s formula 324,472
substitution 303
trigonometric 306
Szlard 448

503

T

tangent
function 155
hyperbolic tanh
inverse 160
line 120
Taylor
integral form of remainder
296
polynomial 197
theorem 202
theorem
existence for differential
equation 401
integral of a sequence
326
tolerance 19
translation invariance
trichotomy 3
trigonometric
functions 81
substitution

165

270

306

U

uniform
convergence 97
uniformly
continuous 65
differentiability 210
union of events 438
unit circle 82
unstable equilibrium 405
upper bound 13
upper sum 258

\%

vanishes 225
variance 441
of normal distribution
472
Verhulst model
Volterra 410
volume 281

406

W
Wallis product formula 299
water 284
work 287
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