Appendix A

Al Vector Analysis

Al.1 Scalars and Vectors

A quantity that is only specified by its magnitude is a scalar. Mass, energy, electric
charge and temperature are examples of scalars. On the other hand, there is a kind of
quantity that needs to be specified not only by magnitude but also direction; such a
quantity is a vector. Force, velocity and moment in dynamics and the electric field,
magnetic flux density and current in electromagnetism are examples of vectors.

A vector is commonly denoted by a bold character such as F or a character with
an arrow such as F. A vector is specified in space by drawing a straight arrow, as
shown in Fig. Al.1. The length of the line represents the magnitude of the vector
and the direction of the arrow represents the direction of the vector. The magnitude
of vector F is written as | F|.

In many cases the effect of vector is unchanged even when it is displaced in
parallel, i.e. moved without changing the direction in which it points, as shown in
Fig. A1.2. Such a vector is called a free vector. On the other hand, there is a kind
of vector that gives a different effect when displaced (like a force); such a vector is
called a bound vector. For example, when a force is given on the center of gravity of
an object it causes a simple translation motion of the object. However, when a force
is given on a point other than the center of gravity, it causes both straight motion of
the center of gravity and a rotational motion around that center.

Al.2 Addition of Vectors

Suppose the sum of two free vectors A and B, as shown in Fig. A1.3. The sum
A + B is obtained graphically by translating B so that its starting point reaches the
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Fig. A1.1 Specifying a
vector in space

Fig. A1.2 Parallel .
displacement of vector F Tl
/
Fig. A1.3 Two vectors
A
B

A+B B+A

Fig. A1.4 Sum of two vectors: (a) A+ B and (b) B+ A

end point of A4, as shown in Fig. Al.4a. In this case the sum is obtained as a vector
that connects the starting point of A and the end point of B. The sum B + A4 is
similarly obtained by translating A, and we can see it is equal to the sum A+ B (see
Fig. A1.4b). Thus, the relation holds generally:

A+B=B+A. (Al.1)

This is called the exchange law. For a sum of three vectors the following relation
holds:

(A+B)+C =A+ (B+0), (A1.2)
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where the operation inside parentheses has priority. This is called the combina-
tion law.

Al.3 Products of Vectors and Scalars

The product of a vector A and scalar a gives a vector of magnitude equal to a|A |
with the same direction as A. For a < 0 the direction is reversed. The following
relations hold for this kind of product:

m(nA) = (mn)A, (A1.3)
(m+n)A =mA +nA, (Al.4)
m(A + B) =mA +mB. (Al1.5)

Equation (A1.5) is called the distribution law.

Al.4 Analytic Expression of a Vector

We use Cartesian coordinates (x, y, z) and denote unit vectors with a unit magnitude
along the x- y- and z-axes by i ,, i , and i ;, respectively. If vector A4 is expressed as

A=Aud,+Ayi, + Adi. (A1.6)

(see Fig.Al.5), Ay, A, and A; are called the x-, y- and z-components of A4,
respectively. Using these components, A4 is also expressed as

‘:b“___________________‘:

Fig. A1.5 Representation of
vector components using
Cartesian coordinates
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(Ax, 4y, Ay). (AL1.7)

The magnitude of A is given by
|A| = A= (A2 + A3 + A2)'/2 (A1.8)

When the components of vectors A and B are (A, A,, A;) and (B,, By, B),
respectively, the components of A + B are

(Ay+B:, Ay+B,, A,+B,). (A1.9)
The components of a4 are
(aAx,aA,,aA;). (A1.10)

Using these methods, we can prove the laws of exchange, combination and
distribution.

Al.5 Products of Vectors

When the angle of vector B measured from vector A is 6 (7 < 0 < 7), AB cos0
is called a scalar product of A and B, and is written as A - B. Hence, we have

A-B=B-A = ABcos#f. (Al1.11)

If A and B are perpendicular to each other (¢ = +x/2), A-B = 0. When the
components of A and B are (A,, Ay, A;) and (B,, By, B;), we have

A-B=AB.+ A,B, + A.B.. (A1.12)

The vector product of A and B is a vector of magnitude A B sin # that points

along the direction of a screw when we rotate it from A to B, and is written as
A x B. Thus,

AxB=-BxA. (A1.13)

Vector A x B is normal to A and B, and when A and B point in the same or

opposite direction (¢ = m or 0), A x B = 0. Using the components, the vector

product is expressed as

AxB = (A,B,—A.B,)i,+ (A.B, — A,B.)i, + (A.By, — A,B,)i.. (Al.14)
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Fig. A1.6 Parallelepiped
composed of A, B and C "

We can also represent the vector product with a determinant,

i iy i,
AxB=|4, 4, A,|. (A1.15)
B, B, B.

Now we treat a product of three vectors. Among the conceivable products of
three vectors A, B and C, itis clear that A-B-C and (A-B) x C do not make sense,
and the order of operation is not defined for A x B x C. One meaningful product is:

A(B-C)=aA; B-C =a. (Al.16)

The next one is

iy iy i, A Ay A,
A(BxC)=(Axiy+Ayiy+ Aii;)-| By By B|=|B: B, B,|. (AL17)
C. G C, C. C, C,
This represents the volume of a parallelepiped composed of A, B and C (see
Fig. A1.6). We can easily prove the following equation:
A-(BxC)=B-(CxA)=C-(AxB). (A1.18)

This product is called a scalar triple product.
The final meaningful product of three vectors is a vector triple product:

Ax(BxC)=(A-C)B—(A-B)C. (A1.19)

Al.6 Differentiation of Vectors

When vector A changes spatially, we express it as a function of coordinates such as
A(x,y,z). If position vector r corresponds to point (x, y, z), it is possible to write
it as A (r). Suppose that only x changes by a small amount, Ax, with no change in
y and z. The corresponding change in A is
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(A1.20)

296
—A(x, y, 2).

AA =A(x+Ax, y, 2)
If the limit of AA/Ax exists in the limit Ax — 0, this is called a partial
differential coefficient and is written as
04
(A1.21)

g.

If the components of A are (A, A,, A;), this coefficient is

0A 04, . n 04, . n 04, . (A1.22)
— = —1 —1 —1i,. .
ox ax ax U ax °
The partial differential coefficients with respect to y and z,
04 04
—_—, — Al1.23
dy 0z ( )

are similarly defined.
When (x, y, z) changes to (x4+Ax, y+Ay,z+ Az) or r changes to r 4+ Ar, the

_A(-xs yv Z)v

variation in A4 is
AA = A(x+Ax, y+Ay, 7+ A7)
(A1.24)

In the limit of small Ax, Ay and Az, these are written as dx, dy and dz, and then

A
(A1.25)

04 04 a
dA = —d —d —dz.
0x X dy y+ 0z ¢

AA leads to

This is called total differentiation. If A is a function not only of (x, y, z) but also
of time ¢, the total differentiation of A also includes (dA /dt)dt on the right side of

Eq. (A1.25).
If vectors A and B are functions of scalar ¢, the following relations hold

dA  dB
—(A +B) = a0 4 a0 (A1.26)
d A
—(mA) = A m (A1.27)
do d(p
—(A B) = % B+A c:l—B (A1.28)
dg
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d dA dB
—(AxB)=—xB+Ax—. (A1.29)
de de de

Al.7 Gradient of a Scalar

When f(x,y,z) is a given scalar function, the following vector is called the
gradient of f:

of . L of . | of
axlx+ayly+ BZ

i.. (A1.30)
This is written as grad f and the operation, grad, is also called the gradient. The
function grad f is a vector that points in the direction of maximum variation with a
magnitude equal to the maximum variation. If we use the operator defined by

ad a ad
V=i,—+4+i,—+i,—, Al.31
' ax—HyBy—Hzaz ( )
Eq. (A1.30) is also written as
radf =V f D +1i 0 +1i 9 f (A1.32)
= = lX_ l1,— l.,.— . .
g 0x 7y “0z

The operator V is called nabla.
If the unit vector along some direction is s, the variation rate of a given function
f in this direction is s - V f. For example, the variation rate along the x-axis is

iyVf=—. (A1.33)
ax

Thus, the gradient is an operator that operates on a scalar to result in a vector.
An example is the relation between temperature and heat flow. The temperature is
a scalar and the heat flows along the opposite direction of its gradient, i.e., from
a position with a higher temperature to a position with a lower one. When the
temperature and heat conductivity are 7" and K, the heat that flows across a unit

area in unit time because of the temperature gradientis —KVT.

Al.8 Divergence of a Vector

When A(x,y,z) is a given vector function, the following scalar is called the
divergence of A:
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0, 04, 04,
dx Ay 0z

(A1.34)

This is written as divA and the operation, div, is also called the divergence. Using
the vector operator V, this is also written as V-A. Namely,

A, 04, 3A.

divA = V-4 = — + —.
IV 8x+3y+3z

(A1.35)

The mathematical definition of divergence will be given later in Eq. (A1.67).

Thus, the divergence is an operator that operates on a vector to result in a scalar.
For example, if the velocity of a fluid is v, Vv is the volume of the fluid that comes
out through a unit area in unit time.

Al.9 Rotation of a Vector

When A(x,y,z) is a given vector function, the following vector is called the
rotation or curl of A4:

C(PA 04\ L (0AL DA\ (04, 0A, AL
hx dy 9z D\ T ax "o\ Tox ay ) '

This is written as rotA or curlA and the operation, rot or curl, is also called rotation
or curl. Using the vector operator V, this is also written as V x A. We can also use
a determinant to express Eq. (A1.36) as

iy i, 1,
rotA =V xA = |9/dx d/dy 9/0z
A A, A

. (04, 04, . (04, 04, . (04, 0A,
R 9 _ Y (e . (A137
l’(ay 8z)+ly(8z ax)_H(ax 8y) (A1.37)

The mathematical definition of rotation will be given later in Eq. (A1.76).

Thus, the rotation is an operator that operates on a vector to result in a vector.
We consider a rotation of a rigid body. When the rigid body rotates with an angular
velocity @ around an axis through the center of gravity, as shown in Fig. A1.7, the
velocity of a point located at r isv = @ x r. Thus, we obtainw = V x v.
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Fig. A1.7 Rotation of
rigid body w

v

Al.10 Differentiation of Products of Vectors
The following relations hold for various products:

V@y) = VY + YV, (A1.38)

V(A-B)=(A-V)B+ (B-V)A+Ax(VxB)+Bx(VxA4), (Al39)

V-(pA) = ¢V-A + Vo¢-A, (A1.40)

V-(AxB)=B-(VxA)—A-(VxB), (Al1.41)

VX (@A) =¢pVxA—AxVp, (A1.42)

Vx(AxB)=(B-V)YA—(A-V)B+ AV-B—-BV-A. (A1.43)

Al.11 Second Differentiation

There are three formulae for second differentiation. One of them is for an arbitrary
vector A:

div(rotA) = V-(Vx 4) = 0. (Al1.44)
The second one is for an arbitrary scalar ¢:
rot(gradp) =V x V¢ = 0. (A1.45)
The last one is

rot(rotd) = V x (Vx A) = V(V-A) — V?A. (A1.46)
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In Cartesian coordinates the second term is written as

, * P
VA= (gatantaa)t (A1.47)

Formulae for cylindrical and polar coordinates are given in Sects. A1.17 and A1.18,
respectively. It should be noted that the operator V? is different between scalars and
vectors:

2p = (V-V)¢p = V-(V), (A1.48)
V2A = (V-V)A # V(V-A). (A1.49)

Al.12 Curvilinear Integral of a Vector

We denote the tangential component of a vector F (x, y, z) on a smooth curve, C, by
Fi(x, y,z) and the elementary line vector on C by ds (see Fig. A1.8). The following
integral is called a curvilinear integral:

/ F(x,y,z)-ds = / Fi(x,y,z)ds. (A1.50)
C C

If we divide this into components, it becomes

/F-ds =/dex+/Fydy+/dez. (A1.51)
C C C C

When F is a force on a matter particle, its curvilinear integral given by Eq. (A1.50)
is the work to move the particle along C.
When F = V¢, its curvilinear integral is

/V¢d_/—d+/—d+/—d—/cd¢, (A1.52)

Fig. A1.8 Curvilinear
integral of vector F on
curve C
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Fig. A1.9 Two integral paths Q(r Q)
connecting points P and Q

P(rp)

where d¢ is a total differential. Hence, the curvilinear integral of F from point P of
position rp to point Q of position rq along C leads to

rqQ rqQ
[ vsas = [Tas=r0) - pire). (ALS3)

Thus, we find that the inverse operation of the gradient is the curvilinear integral.
It is obvious that the curvilinear integral of a gradient is determined only by the
starting point P and terminating point Q and is independent of the integral path. If
there are two integral paths C; and C, that connect P and Q, as shown in Fig. A1.9,
the following relation holds:

/ V¢-ds:/ Vd)-ds:—/ V¢ -ds, (A1.54)
Ci C C

/
2

where C) is the integral path from Q to P along the opposite direction on path C,.
Hence, the circular integral on closed line C composed of C; and C}, is

¢ Ve -ds = 0. (A1.55)
C

This holds for an arbitrary closed line C.

Al.13 Surface Integral of a Vector

We denote the normal component of vector F (x, y,z) on a curved surface, S, by
F,(x, y,z) and the elementary surface vector on S by dS (see Fig. A1.10). In this
case the following integral is called a surface integral:

/F -dS = /FndS. (A1.56)
S S



302 Appendix A
Fig. A1.10 Surface integral N
»

of vector F on curved
surface S

Fig. A1.11 Small z
parallelepiped with sides
parallel to x-, y- and z-axes

ds T+ Ax

When F is the velocity of a fluid and S is a cross-section, the surface integral given
by Eq. (A1.56) is the amount of fluid that flows through the cross-section in unit
time.

Al.14 Gauss’ Theorem

We suppose a small parallelepiped in the region x to x+Ax, y to y+Ay and zto z+
Az of volume AV = AxAyAzand integrate vector A on the surface of this region:

A-dS, (A1.57)
AS

where dS is directed outward from this region. This integral is divided into six
surface integrals. First, we treat integrals on two surfaces parallel to the y-z plane at
x and x + Ax (see Fig. A1.11). On the surface at x, dS = —i dS, and the integral
on this surface is

A A
—/Ax(x,y,z)dS ~ —Ay (x, y+7y, z+7z) AyAz, (A1.58)
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where we have used the mean value of A, on this surface. On the surface at x+Ax,
dS =i ,dS and the integral on this surface is

A A
/Ax(x—i—Ax, v, 2dS ~ A, (x—i—Ax, y+7y, z+7z) AyAz.  (A1.59)

We expand this as

A Az A Az 04,
Ax (x+Ax, y+7y7 Z“r?) ~ Ay (-xs y+7y, Z“r?) + ox Ax.

(A1.60)
Then, the sum of both surface integrals yields

Ay Az Ay Az
Ac[x+Ax, y+ —, 2+ — ) — A« Xyt ot AyAz

A, A,
94, AxAyAz = aa“ AV, (A1.61)
X

We similarly obtain the contributions from the sets of two surfaces parallel to the
z-x and x-y planes as

9A A
—LAV, 94, AV. (A1.62)
dy 0z

Thus, we have

A, 0A A,
/ A-dS = 94, +_y+a ' AV=V-AAV=/ V-4 dV, (A1.63)
AS ox ay aZ AV

where AV is the region surrounded by AS.

Here we divide region V surrounded by closed surface S into a set of small
regions {AV;} and denote the surface of the i-th region AV; as AS;. The surface
integral of 4 on S is

/A-dS = Z A-dS, (A1.64)
S i

AS;
since the surface integrals on a common surface between two adjacent regions

cancel each other because dS has an opposite direction in each integral (see
Fig. A1.12). On the other hand, using Eq. (A1.63), this is equal to

Z/ V-AdV = / V-A dv. (A1.65)
T JAV; v
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Fig. A1.12 Two adjacent
regions with common surface

Thus, we have
/A-dS =/V-AdV. (A1.66)
S \%

This is called Gauss’ theorem.
In the limit AV — 0 in Eq. (A1.63), the right side leads to AV V-A. Hence, we
obtain the relationship,

1
lim — A-dS =V-A. Al1.67
AX}IEO AV AS ( )

This gives the definition of divergence.

Al.15 Stokes’ Theorem

We consider a small rectangle in the region y to y + Ay and zto z + Az on the y-z
plane. We integrate vector A along this small rectangle. The integral path is directed
counterclockwise, as shown in Fig. A1.13, so that a screw points in the direction of
the x-axis when we rotate a screwdriver along the direction of the integral. On the
path from P to Q, ds = i ,dy, and the contribution from this region to the integral
is A,(x,y + (1/2)Ay,z) Ay using the mean value. On the path fromR to S, ds =
—i ydy, and the contribution from this region is —A4,(x, y +(1/2)Ay, z+ Az)Ay.
Their sum is

A A
— |:Ay (x, y+7y, z+Az) -4, (x, y+7y, z):| Ay

A A
~ ——LAyAz = ——2AS, (A1.68)
0z 0z

where AS = AyAczis the area of the small rectangle.



Al Vector Analysis 305

Fig. A1.13 Small rectangle z
with sides parallel to y- and
z-axes
R A A S— R
N "-"""P: AC EQ
7;(‘/ yl Yy +.Ay Y

On the path from Q to R, ds = i,dz with a contribution of A (x,y+ Ay,z+
(1/2)Az)Az, and on the path from S to P, ds = —i,dz with a contribution of
—A;(x,y,z+(1/2)Az) Az. Their sum is

A A 04
|:Az (X, y+Ay, z+ 72) — A, (x, v, 2+ 72):| Az >~ ayZAS. (A1.69)

Thus, the curvilinear integral on AC is

4, 94
§£ A-ds = (3 - _y) AS = (Vx A),AS = / (V x 4):dS,. (A1.70)
AC dy 0z AS

We consider a curvilinear integral of A on an arbitrary closed line C. The surface
surrounded by C is divided into a set of infinitesimal rectangular regions normal to
each of the x- y- and z-axes (see Fig. Al1.14). We can show that the curvilinear

integral on C is equal to the sum of the curvilinear integrals of all rectangular
regions. That is,

A-ds = sﬁ A -ds. (A1.71)
é Xl: AC;

This is because every curvilinear integral on the common side of two adjacent
regions cancel out. Using Eq. (A1.70), the right side of Eq. (A1.71) leads to

Z/ (Vx A)-dS :/(VXA).ds, (A1.72)
T JAS; S

where AS; is the surface surrounded by AC;, and S is the curved surface surrounded
by C. Thus, we have

¢ A-ds = /(V x A)-dS. (A1.73)
C S

This is called Stokes’ theorem.
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Fig. A1.14 Closed line C and small rectangular segments {AC;}

In the limit AS — 0 in Eq. (A1.70), its right side leads to (V x A),AS. Hence,
if the unit vector normal to the small surface is n, we have

1
lim — @ A-ds=(VxA)n. (A1.74)
AS—0 AS AC

This gives the definition of rotation.

Al.16 Green’s Theorem

Substituting A = Vi into Eq. (A1.40) leads to

V- (@VY) = VY + (Vo) (V). (A1.75)

Integrating this over region V and transforming the left side into a surface integral
using Gauss’ theorem, we have

/¢V1/I-ds = / pV2y dV + /(V¢)-(V1/I)dV (A1.76)
S \'% v
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Then, the subtraction between this and the quantity in which ¢ and v are exchanged
yields:

/S VY — YV)-dS = /V @V — YV2p)dV. (AL77)

Equations (A1.76) and (A1.77) are called Green’s theorem.

Al1.17 Cylindrical Coordinates

In Sect. Al1.4, we used Cartesian coordinates. However, it is convenient to use
cylindrical coordinates when we calculate electromagnetic properties for long
cylindrical objects. When we use cylindrical coordinates, we first define the central
axis (the z-axis). Then, we express the target position with the distance from this axis
(R), the azimuthal angle (¢) on the plane normal to the z-axis and the position on
this axis (2): (R, ¢, z). When we use the common z-axis with Cartesian coordinates,
as shown in Fig. A1.15, the relationships between the two sets of coordinates are:

R = (x*+yH)'2, ¢ =tan' 2, 1=z (A1.78)
X

If we use i g, i, and i to denote the unit vectors along the radial, azimuthal and
z-axial directions, respectively, these are perpendicular to each other and follow the
right-hand rule in the orderig — i, —> i, — ip.

The gradient, divergence and rotation in cylindrical coordinates are

v aof L af
Vf—tRaR+t¢R 8<p+lzaz’ (A1.79)

Fig. A1.15 Cylindrical
coordinates x
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v.Azi.a(RAR) 1 04, %
R oR R ¢ 0z

vXA:,-R(l.%_aflw)“w(af‘_fe_af‘z)“ l[M_aAR]

(A1.80)

R 99 0z 3z  OR ‘R| R Er
(A1.81)
The second differentiation of a scalar function is given by

sz—l ad Raf +1 82f+82f
R R\ OR R 3¢?2 = 372
Pf 1 f 1 f RS

=—+—- =+ = —+—=. A1.82

8R2+R 8R+R2 8<p2+ 072 ( )

Al.18 Polar Coordinates

It is convenient to use polar coordinates when we calculate electromagnetic
properties for spherical objects. When we use polar coordinates, we first define
the center with an axis that determines the two poles. Then, we express the target
position with the distance from the center (), the zenithal angle (6) measured from
the north pole and the azimuthal angle (¢) on the plane normal to the axis: (r, 6, ¢).
When we use the common center and z-axis with Cartesian coordinates, as shown
in Fig. A1.16, the relationships between the two sets of coordinates are:

1

. (x2+y2)1/2
n —
Z

r = (x+y* )2, 0 =ta , o =tan~! 2. (A1.83)

= =

Fig. A1.16 Polar coordinates
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If we use i,, ig and i, to denote the unit vectors along the radial, zenithal and
azimuthal directions, respectively, these are perpendicular to each other and follow
the right-hand rule in the order i, —ig — i, —i,.

The gradient, divergence and rotation in polar coordinates are

i af Lof . 1 9f
v/ "or +ler a0 +l¢r sinf  d¢’ (A184)
1 0 1 1 0A
VA =—- —(r'4, —(sin 04 2 Al.
r2 or (r*Ar) + rsind 90 (sm o)+ rsinf dg (A1.85)

1 0A 1 1 04, ad
VxA:i,.—|: (sin6A4,) — 0i|+l9—|:. '———("Aw)i|
dp

r sin 6 r|sinf d¢ Or
1] 04,
+l¢;|:a—r(rA9 9i|
(A1.86)
The second differentiation of a scalar function is given by
1 ,0f 1 . 3f 1 3’ f
V= - - .- L
! r? ar( 8r)+rzsin9 39( 39)+r25in29 dgp?
2 2 2
_ﬂ+2.%+i 3f_|_ cos g ! ﬂ (A1.87)

T Ty ar 2 902 U r2sing 96 | 2 sin?f 0dgp?

A2 Proofs

A2.1 ProofofEq.(1.37)

For the electric potential given by Eq. (1.27) we have

1 1
/ A—— ) p(r")dV’.
dmey Jv |r—r’|

Here we put R = r—r’ with R = |R| and define Ay as the Laplacian with respect
to R. Then, applying the formula might suggest

Ap(r) =

1 1 1 0 Jd 1
A =Ap—=—.—|[REP—._ | =
r—r'| ~ "fR T R? aR( aR R)
However, the above is not valid in the vicinity of R =0 (r =r"), since this position is

an abnormal point at which the function 1/|r — r’| diverges. Hence, the integral has
a finite contribution in the vicinity of this abnormal point. We denote the surface and
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volume of a small region around the abnormal point as AS and AV, respectively.
Rewriting A¢ with the definition of divergence, Eq. (A1.67), we have

ds.

1 1 1
Ap(r) = —V.(V oy AV = 1im PP [y :
dmeg |r—r’| AV—0 41y Jas |r—r’|

Here we assume a spherical surface of radius a with the center at r’ for small AS;

then,
1 - 4 2
/ v 45— _/ T ogs = Y
As  |r—r'| as [r—=r']3 a’

Thus, we obtain Eq. (1.37),

Ap(r) = —&:).

€

We find that the Laplacian of 1/|r —r’| can be expressed in terms of the three-
dimensional delta function as

—— = —4n§(r—r').
lr—r’|

A2.2 Proofof Eq.(6.21)

Since the divergence is a differentiation with respect to r for the magnetic flux
density in Eq. (6.7), we have

_ Mo ir)yx@r=r)] .,

Using Eq. (A1.41) with

r—r’
A—i(r'), B—-> — s,
[r—r’|3

the integrand in the above equation leads to

V[M} - _,-(,,).(V ;)

X
lr —r’]3 [r—r’|3
where we have used V x i (r') = 0. If we use

r—r’ 1

=2~ r—r|
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and Eq. (A1.45), we obtain Eq. (6.21),

V-B =0.

A2.3 Proofof Eq.(6.27)

The rotation of Eq. (6.7) is

VxB(r):&/VVX[M}dV’.

4 lr —r'|3
Substituting
r—r’ 1
A i@, B> """ v
—1i(r’) — PPUE Py
into Eq. (A1.43) yields
> ’ _ ! 1 1
v | L= one (v ) 4 ) vy
lr —r'3 [r—r’| lr—r’|

Here we denote the differential operator with respect to r’ by V’. Then,

1 1
lr—r'| lr—r'|’

/

That is, V is equivalent to —V’. Using this relationship in part of the above equation,
we have

V x [%} =i (r')V/zlr—l—r’l i@ V/]Vlr—lr'l

Here we use the relationship shown in Sect. A2.1:

1
-v”? Py =478(r'—r).

Then, the integral of the first term on the right side leads to

1
—/ i(rv"? dV' = 4xi (r).
\% lr—r’|
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Changing the order of differentials in the second term, we have

i) VIV = Vi)V

r—r’|

=V (i )V’

1
lr—r'| )

r—r’|
The scalar function operated on by V is written as

1 j (r’ 1
i(rl)‘vl y — V/' l(r)’ _ - V/'i(r,).
|r—r'| lr—r'|  |r—r'|

The condition of a steady current gives V/-i (r’) = 0. Hence, the integral of the
second term becomes

. .,
—v/v/- '(’)dv/z—v/ i s
A\ S

[r—r’| [r—r’|

If we suppose an infinitely large sphere for S, i decreases to zero on S. Thus, the
relationship V x B = i, Eq. (6.27), is valid.

A2.4 Proofof Eq.(6.33)

The rotation of Eq. (6.33) is

.
VxA(r):ﬂ VXMdV’_
4 Jy |r—r’|

Noting that the rotation is a derivative with respect to r, Eq. (A1.42) leads to

L) ey xv— iy x S

X ’|—

lr—r lr—r’| lr—r|3

Thus, the above equation is written as

> (! !
Vx A(r) = Z_o/%dv
T Jv r—r|

Since this agrees with the right side of Eq. (6.7), Eq. (6.33) is valid.

A2.5 Proofof Eq. (6.45)

For Eq. (6.45) to hold, only the following equation has to be satisfied:

O () =9 (7).
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Here we put

Then, from Eq. (A1.43) we have
Vx(mxa)=(aV)m—(m-V)a+m(V-a)—a(V-m).

The first and fourth differentiation terms of the constant vector m are zero.
Substituting @ = (1/r?)i , leads to

1,1
V'a:r—z'a—r(r r—z):O

Thus, only the third term remains. On the other hand, Eq. (A1.39) gives
V(im-a) = (m-V)a+ (a-V)m+m x (Vxa)+ax(Vxm).
The second and fourth differentiation terms of the constant vector m are zero. We

can easily show that V x @ = 0 in the third term from Eq. (A1.45). Thus, only the
first term remains. As a result, the target equation is valid and we prove Eq. (6.45).

A2.6 Proofof Eq.(9.5)

Using the relationship,

r—r’ o, 1
lr—r']3 lr=r’| " r=r'|
on the right side of Eq. (9.4), this equation is written as
1
A(r) = ﬂ/ M@ x V' av’.
dr Jy [r—r’|

If we put ¢ = 1/|r —r'| in Eq. (A1.42), this leads to
M xV'¢p=¢(V' xM)—-V x(¢pM).
Thus, Eq. (9.4) becomes

V' x M(r'
A(r)=@/—X ) gy _ Mo
41 \V4

™ M(r’) av’.
lr —r'| 4 Jy |r—r'|
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Equation (A1.41) becomes
Vi(axb)=5b-(Vxa)—a-(Vxb)=>b-(V xa)

for a constant vector b. The volume integral on the left side leads to fv \
(@ x b)dV = [((a x b)-ndS, where n is the unit vector normal to the surface
denoted by S. Since vector b is constant, the above surface integral reduces to
Js b-(nxa)dS = b- [ nxa dS. On the other hand, the volume integral on the right
side leads to [, b-(V x a)dV = b- [,V x a dV. Since b is an arbitrary vector, we
obtain the general relationship,

/andV:/nxadS.
v S

Using this relationship, the second integral of the vector potential leads to

_H n’x—M(r/) ds’.
4 Jg |r—r'|

If we assume an infinitely large sphere for S (|r'| = r’ — o0), M| and |r —r’|~!
are of the orders of 1/r"> and 1/r’, and the surface integral is of the order of r'?
in magnitude. As a result, this surface integral is of the order of 1/7’, and we can
neglect it. Thus, the vector potential is

V' x M(r’
A(r):ﬂfx—(r)dyg
v |r—r]

and we derive Eq. (9.5).

A3 Superconductivity

A3.1 Phenomenological Electromagnetism

Here we introduce the phenomenological London theory that describes the
electromagnetic phenomenon associated with the Meissner—Ochsenfeld effect
in superconductors. We denote the mass, electric charge and velocity of a
superconducting electron by m*, —e* and v, respectively. The theory assumes
the equation of motion of the superconducting electron:

O
dr
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The right side is the Coulomb force. The viscous force in Eq. (5.21) does not act on
superconducting electrons. The above equation requires a superconducting current
to flow without decaying in a steady state where there is no electric field. It is
known that the superconducting electron is a pair of two electrons, thus e* = 2e.
If we denote the density of superconducting electrons by ng, from Eq. (5.24) the
superconducting current density is

i = —e*ngs.
Eliminating v, using this equation yields

m* di

E = Ry
nee*? dt

(A3.1)

Taking a rotation of this equation and using Egs. (10.39) and (6.27) for V x E and
i, we have

a *
2B+ _vxvxB)=o0
ot onse*?

Hence, we find that the quantity in the parentheses is a constant value. When it is
zero, the Meissner—Ochsenfeld effect can be explained. Namely, it leads to

B +)’VxVxB =0, (A3.2)

* 1/2
A= (2
Honge*?

is a quantity with the dimension of length called the penetration depth of the
magnetic field. Equations (A3.1) and (A3.2) are called the London equations. Since
V-B = 0, using Eq. (A1.46) reduces Eq. (A3.2) to

where

1

V’B - Vi B =0. (A3.3)
Here we show that Eq. (A3.3) describes the Meissner—Ochsenfeld effect. Sup-
pose a semi-infinite superconductor that occupies the region x > 0 with the surface
at x = 0. We apply an external magnetic field of magnetic flux density B, parallel
to the z-axis. In this case it is reasonable to assume that the internal magnetic flux
density has only the z-component and is uniform in the y-z plane. Thus, Eq. (A3.3)

reduces to

d’B 1
dx2 A2
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T

Fig. A3.1 Distribution of magnetic flux density in the vicinity of the superconductor surface

From the boundary conditions that B(0) = By and B should be finite at infinity
(x = o0), we have

B(x) = Byexp (—;) .

This shows that the magnetic flux penetrates from the surface to a depth of about
A (see Fig. A3.1). For this reason A is called the penetration depth. Usually A takes
a value of the order of tens of nm and can be neglected in comparison with the
specimen size, and hence, the Meissner—Ochsenfeld effect can be explained. From
Eq. (6.27) a current of density

..v_ Bo X
i(x)= oA exp( /\) .
flows along the y-axis. That is, the diamagnetism in the superconductor is caused by
the current flowing on the surface, and this current is called the Meissner current.
If we regard this as a real surface current, the current that flows within a unit width
along the z-axis is given by

o0
B
T :/ i(x)dx = —0,
0

Mo

which satisfies Eq. (7.8).

As was just stated, the London equation is assumed to explain the Meissner—
Ochsenfeld effect. It is easy to show that Egs. (A3.1) and (A3.2) are derived from
the following equation:

i=———A. (A3.4)
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Fig. A3.2 Magnetization of (a) type 1 and (b) type 2 superconductors

Namely, we obtain Eq. (A3.1) by differentiating this equation with respect to time
using the fact that there is no electrostatic field (—V¢ = 0) in the superconductor.
The rotation of Eq. (A3.4) directly derives Eq. (A3.2). Equation (A3.4) is derived
from the rigorous Ginzburg—Landau theory, and hence, we are justified in assuming
the London equations.

We can also derive the London equation, (A3.3), by minimizing a suitable energy.
This is given by

1 22
— B>+ —(VxB)~. (A3.5)
210 20

The first term is the magnetic energy and the second term is the kinetic energy of
superconducting electrons.

A3.2 Mixed State

There are two kinds of superconductors, i.e., type 1 and type 2 superconductors.
When there is no geometrical effect as in the case of a long slab superconductor in a
parallel magnetic flux density, the magnetizations of these superconductors are like
those shown in Fig. A3.2a, b. Most superconducting elements are classified into
type 1 in (a). In this case when the external magnetic flux density By is small,
the superconductor is in the Meissner state, a perfect diamagnetic state. When
By exceeds the critical value B, the superconductivity disappears with a jump in
magnetization to zero, and the superconductor enters in the normal state with an
electric resistivity. We call B, the critical magnetic flux density, or B./o = H. is
called the critical magnetic field.

Alloy or compound superconductors, including practical superconductors, are
classified into type 2 shown in Fig. A3.2b. When B is below B, the superconductor
is in the Meissner state, but when By exceeds B the superconductor enters an
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Fig. A3.3 Micrograph of
quantized magnetic fluxes in
superconducting Pb—T1
(courtesy of Dr. B. Obst at the
Research Center in
Karlsruhe). Black dots are
ferromagnetic particles
attached to the central part of
each quantized magnetic flux

Fig. A3.4 Magnetic flux
distribution in type 2
superconductor in the mixed
state

B, By

vacuum superconductor vacuum

B

imperfectly diamagnetic state called the mixed state with a penetration of magnetic
flux. When By exceeds B, the superconductor enters the normal state with zero
magnetization. The quantities B.; and B, are called the lower and upper critical
magnetic flux density.

In the mixed state the magnetic flux is quantized as shown in Fig. A3.3, and each
has a magnetic quantum of

h
do = 2_" = 2.0678 x 107'° Wb,
e

where hp is Planck’s constant. The central part of each quantized magnetic flux is in
the normal state and the magnetic flux is concentrated in the region about A from the
center. Hence, the circular current flows stably around the center, and the quantized
magnetic flux is also called a vortex.

The structure of each quantized magnetic flux is much smaller than the size of a
superconductor specimen, and the internal magnetic flux density can be regarded as
uniform, as schematically shown in Fig. A3.4. If this magnetic flux density is B, the
magnetization of the superconductor is given by Eq. (7.38).
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Fig. A3.5 Relationship E
between current density and

induced electric field in

superconductor. The solid and

dashed lines show the at
characteristics for the L
superconductor without and .
with pinning centers L

A3.3 Motion of Quantized Magnetic Flux

In operating conditions of superconducting equipment, the superconductors are
generally in the mixed state with penetration of quantized magnetic fluxes. Thus,
the Lorentz force,

F' =i xB

is exerted on quantized magnetic fluxes in a unit volume under the transport current.
In this case the current is not localized only near the surface but flows uniformly
inside the superconductor. When quantized magnetic fluxes are driven to move with
velocity V' by the Lorentz force, the electric field given by Eq. (10.21) is induced:

E=BxV. (A3.6)

This is Josephson’s relation. Since the condition is steady without a change in the
magnetic flux density with time, this induced electric field satisfies Eq. (1.28).

The relationship between the current density and electric field in the supercon-
ductor in the mixed state is similar to Ohm’s law for a usual metal, as shown by
the solid line in Fig. A3.5. That is, when the current density increases, the Lorentz
force increases and the velocity of quantized magnetic flux increases, resulting in an
increase in the electric field. In such a resistive state heat is generated because of the
energy dissipation. This occurs because the central part of each quantized magnetic
flux is in the normal state. The induced electric field drives normal electrons,
resulting in energy dissipation similar to that in a normal metal. Thus, when the
magnetic flux density increases, the number density of quantized magnetic flux
also increases and the electric resistance increases. When the magnetic flux density
reaches B, all the area in the superconductor reaches the normal state and the
electric resistance reaches the normal value.
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To transport a current without appearance of electric resistance, the motion of
quantized magnetic fluxes needs to stop (V' = 0) even under the Lorentz force.
This action is called flux pinning, and defects such as normal precipitates or
grain boundaries are known to act effectively. These defects are called pinning
centers. Practical superconductors contain such pinning centers dispersed with a
high concentration. The condition of the force equilibrium on quantized magnetic
fluxes is given by

ixB+F,=0, (A3.7)

where F is the pinning force density. The corresponding relationship between the
current density and electric field under the influence of flux pinning is shown by the
dashed line in Fig. A3.5. The current density i, at which the electric field starts to
appear is called the critical current density. In this condition Eq. (A3.7) gives

i = 2. (A3.8)

To transport a current of high density without appearance of electric resistance, the
strength of the pinning force needs to be enhanced.

A3.4 Electromagnetism and Superconductivity

Here we carefully look at the fundamental factors that construct electromagnetism.
The independent principles are

(a) the Coulomb force (with Coulomb’s law),
(b) the Lorentz force (with the Biot—Savart law),
(c) the law of electromagnetic induction,

(d) the displacement current.

(a) gives Eq.(11.9), (b) gives Eq.(11.10) and a part of Eq.(11.8), (c) gives
Eq.(11.7), and (d) gives a part of Eq.(11.8). Thus, the above four principles are
arranged into Maxwell’s equations. From the comprehensive Maxwell theory based
on these equations, the Coulomb force and Lorentz force are derived in terms of
the Maxwell stress tensor. In fact, the Lorentz force is derived from a theoretical
investigation of the energy in Exercise 11.9.

However, it should be noted that these principles are not enough to describe
electromagnetic phenomena completely. That is, we need empirical Ohm’s law
for a system in which current flows. This law is not derived theoretically. Hence,
electromagnetic theory is not complete in this sense.

Here we discuss electromagnetic phenomena in superconductors. These phenom-
ena are independent of Ohm’s law, and the mechanism that determines the current
is obtained by minimizing the free energy. Hence, we can say that electromagnetic
theory is complete for superconductors including the case where current flows. In
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(

Fig. A3.6 Distortions of quantized magnetic fluxes: (a) bending of magnetic fluxes and
(b) gradient of magnetic flux density. The Lorentz forces shown by the arrows to reduce the
distortion are the line tension and magnetic pressure, respectively

1T
\Y

addition, if we include the cases of pressurization or films, more than half of the ele-
ments become superconducting at low temperatures, and most metallic compounds
and some organic compounds are superconductors. That is, superconductors are
fairly common substances. This textbook shows that superconductor has its own
place in the E—B analogy. In principle it was even possible to predict the existence
of superconductors in the 19th Century.

Second, we discuss electromagnetic phenomena in a superconductor with
pinning centers in the mixed state. In many cases we can neglect the kinetic energy
in Eq. (A3.4), and the suitable energy density to be minimized is

1
—B*+ U, (A3.9)
210

where U, is the pinning energy. Minimizing this energy with respect to the
displacement of quantized magnetic fluxes leads to Eq.(A3.7) for an isolated
superconductor.() That is, the variation in the magnetic energy due to the defor-
mation of magnetic structure brings about the Lorentz force, and the variation in
the pinning energy gives the pinning force density. We can extend this relationship
to a non-isolated case and then to a general irreversible case. Thus, we obtain
the force balance equation that describes practical electromagnetic phenomena
in superconductors. The Lorentz force given by the first term in Eq.(A3.7) is
transformed to

1 1
ixB=— [(B -V)B — —VBZ} . (A3.10)
Ko 2

Each term on the right side is expressed as an elastic restoring force against the
distortion of quantized magnetic fluxes lines. The first term gives the line tension
for the bent magnetic fluxes in Fig. A3.6a, and the second term gives the magnetic
pressure to make the magnetic flux density uniform in Fig. A3.6b. The Lorentz force
derived in Exercise 11.9 is the magnetic pressure.
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Fig. A3.7 Distortion of
magnetic flux lines in the
force free-state. Current flows
parallel to the magnetic flux
lines. Restoring torque is
predicted to work on the flux
lines as shown by the arrows

It is known that various peculiar electromagnetic phenomena called longitudinal
magnetic field effects are observed when we apply a current to a long supercon-
ducting wire or slab in a parallel magnetic field.””) In this condition the current
and magnetic flux density are parallel to each other, and the Lorentz force on the
quantized magnetic flux is zero (i x B = 0). This state is called the force-free
state. However, the magnetic structure contains a twisted distortion produced by
the current, as shown in Fig. A3.7. We can expect that some restoring torque works
to reduce the distortion, as shown by the arrows in the figure. In fact, we can
derive the force-free torque using a similar method in Exercise 11.9.) We can
explain that the rotational motion of quantized magnetic flux driven by the restoring
torque causes the peculiar electromagnetic phenomena of the longitudinal magnetic
field effects.®

Such a torque in a static condition is not known in electromagnetism. We can
easily show that V x J # 0 when a current flows as in Fig. A3.7. Hence, this
situation cannot be realized in normal conductors (see Exercise 7.11). To say this in
more detail, the helicity given by J - B or A - B is not zero in this condition.

In this textbook we showed that a superconductor can be considered a general
material in electromagnetism. Here we showed that a superconductor is a more
purely physical material described by a complete theory. We can even expect that
superconductors will open the door to electromagnetic phenomena that people have
never yet experienced.
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Answers to Exercises

Chapter 1

1.1. We presume the electric charge in a small region between x and x + dx from
point A, dQ = (Q/L)dx, to be a point charge. Then, the Coulomb force on point
charge ¢ by this charge is dF = ¢Qdx/[4megL(L + d — x)?] and all the forces
from each position point in the same direction. Thus, the total force is

F= /L qQdx = 99
o dmeoL(L +d —x)? 4dmepd(L +d)’

1.2. The electric field strength due to the electric charge Ady in the region y to
y + dy from the lower edge of the bar is dE = Ady/[4meo(y? + b?)]. We define
angle 0 as shown in Fig. B1.1. The x- and y-components of the electric field are
dE cos § and —dE sin 0, respectively, and y = b tan § with 6, = tan~'(a/b). Thus,
we obtain

A / " cos 046 ra
x = COS = 3
) 4megh J, degb(a? + b2)1/2

E A /t% sin 6dO 1 b
= — 1 = — —_ .
’ dmegh J 4megh (a? + b2)1/2

1.3. The distance from one side to point P is 7 = [(a?/4) + z?]'/? and the electric
field strength due to the electric charge on one side is E' = Aa/{4meor[(a®/4) +
22]"/2}. From symmetry only the vertical component of the electric field remains
(see Fig. B1.2), and we obtain the electric field by summing the contributions from
the four sides as

Aaz
E =4E’'sinB = .
weo[(a?/4) + 22)[(@?/2) + 2]'/?
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of Superconductivity, Undergraduate Lecture Notes in Physics,
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Fig. B1.1 Definition of
angle 6

Fig. B1.2 Electric field
produced by electric charge
on one side

Fig. B1.3 Electric field
produced by line charge in a
part of slab

1.4. We define the coordinates as shown in Fig. B1.3. Although we cannot directly
apply Gauss’ law, it can be used to estimate the electric field produced by the line
charge of density odx in a thin region between x and x 4+ dx. The electric field
strength at point A due to this line charge is dE}, = odx/[27eo(x? + b?)!/?]. From
symmetry only the z-component, dE5 = dE/, cos 0, remains. Integration yields the
electric field at A;

EAZ/“ o cos fdx _ o /O“dezcr@u’
—a 2meg(x2 +bH)V2 2mey J_y, €

where we have transformed as x = b tan § with 6, = tan~'(a/b).

The electric field at point B produced by the line charge in a thin region between
x and x + dx has a strength of dEg = odx/[2meo(d — x)] and is directed along the
x-axis. Thus, a simple summation yields

= = 0 .
2meg J_y d — x 2me gd—a

4 d d
Es U/X 01 +a
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Fig. B1.4 Superposition of (a) uniformly distributed electric charge with density p over the whole
sphere and (b) uniformly distributed electric charge with density —p in the vacancy

1.5. Although we cannot directly obtain the electric field using Gauss’ law, we can
solve this problem using a superposition of two solvable cases. The given condition
can be realized by superposing the situation where the electric charge is uniformly
distributed with density p in the whole region of the sphere as shown in Fig. B1.4a,
and that where the electric charge is uniformly distributed with density —p in the
vacant region as shown in Fig. B1.4b. We can calculate the electric field in each
case using Gauss’ law. First we determine the electric field at the center A of the
vacancy. In (a) the total electric charge is Q' = (47/3)d>p and the electric field is
E, = Q'/(4mepd?) = pd/(3€p). We similarly determine the electric field in (b) to
be E; = pr/(3¢p) — 0 in the limit r — 0. Thus, we have

d
Ex=FE +E, =24
360

Second, we determine the electric field at point B. The contributions from (a) and
(b) are E3 = pa®/(Beor?) and E; = —pb3/[3€o(r — d)?), respectively. Thus, we
have

BB B =L [T Y
B YT 36 | 12 r—d)3?|

1.6. From Eq. (1.25) we obtain the electric potential due to the electric charge Ady
in a small region between y and y + dy from origin O as d¢p = Ady/[4meo(y? +
b?)!/?]. Integrating this with respect to y from —a to a yields

¢ = =

a Ady A /"a do A oe @ E) 2 4a
_a dmeo(y2 + bD)V2 27ey Jo

cosf  2me b ’

where we have transformed as y = b tan @ with 6, = tan~'(a/b).
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1.7. We easily obtain the electric potential from Eq. (1.27) in this case. Since all the
electric charge is located at distance a from the center, the electric potential is

1
b= [ prhav = 2 =2
drega Jy dmega €0

where Q = 4ma’o is the total electric charge. We can also calculate the electric
potential from the electric field [see Eq. (2.9b)].

1.8. Since all the electric charge Q = 2maA is located at the same distance (z> +
a®)'/? from point P, we calculate the electric potential as

0 ak

T i@ +a) 2 262+ a) P

From symmetry the electric field at point P is directed vertically and its strength is

9 azi
0z 2e(2 4 a?)3?

1.9. We denote the distance from the sphere center by r. Then, the electric potential
outside the sphere (r > a)is ¢ (r) = Q/(4mwepr). Thus, from Eq. (1.33) the work is
determined to be

W = qlm ~ 4] = - (- ).

47'[60 I'B ra

Chapter 2

2.1. Electric charge Q) is distributed uniformly on the surface of the inner sphere
(r = a) and the electric charge —Q; induced by the electrostatic induction is
distributed uniformly on the inner surface of the outer sphere (r = b). Thus, the
electric charge Q; 4+ Q> appears on the outer surface of the outer sphere (r = c),
following the principle of conservation of charge. The electric field is directed
radially and its strength is

E, =0; 0<r<a,
= %) ; a<r<hbh,
4egr?
=0; b<r<e,
01+ O

= ) r>c.
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The electric potential is determined to be

6= 01 + Qz; R
degr
= M’ b<r< c,
depe
O, (1 1 1 0>
= -———4+- )+ ; <r <b,
dreg \r b ¢ 4epc a=r
O, (1 1 1 0>
= —-—— =4+ - ;o 0<r<a.
4reg \a b + c + 4mepe =r=d

2.2. We denote by Q) the electric charge induced on the inner surface (r = a).
Using Gauss’ law, the electric charge on the inner surface of the outer sphere (r = b)
is determined to be — Q. Hence, the electric charge on the outer surface (r = ¢) is
0 + Qy. If we define the electric potential to be zero at infinity, the electric potential
of the outer sphere is

0+ Qo
¢=
TTEQC
On the other hand, the electric field in the regiona < r < bis E = Q¢/(4mweor?),
and the electric potential there is ¢ = Q/(4mepr) + C with C denoting a constant.
From the condition that ¢ = 0 at r = a because of grounding, we have C =
—Qo/(4mepa). Thus, the electric potential of the outer sphere is

__Q (11
9= 47reo(a b)‘

The requirement that this is equal to the electric potential determined from infinity

yields
0o——(! 1+1_1Q
7 \ad b e c’

2.3. We denote the electric charge on the surface at x = b by Q). Then, the electric
charge on the surface at x = a is —Qj. So that the electric field does not penetrate
the conductor of a < x < b, the electric charge at x = b must be the same as
the total electric charge in the region x < a, i.e., @ — Qp. Thus, we have Q, =
Q/2 and the electric charge at x = a is —Q /2. We similarly obtain the electric
charges on the surfaces of the left conductor. As a result, the electric charges at
x=—-b,—a,aand bare Q/2,0/2,—Q/2and Q/2, respectively.
The electric field is directed along the x-axis and its strength is
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= —— < —b,

2605 .

=0; —b<x<-a,a<x<bh,
0

= 5 —a<x<a,

S a<x<a

0

= = >b

260S o

We obtain the electric potential from £ = —d¢/dx as

O(x+2a+b)
- —s _bs
¢ 2605 =
Qa
= = —b <x < -—a,
S X a
= —M, —a < x<a,
260S
=0; a<x<bh,
_Q2Cx+b). > b
260S

where ¢ of the right conductor with no electric charge is arbitrarily defined to
be zero.

2.4. The reason why the electric field produced by the electric charge distributed
on the conductor surface is doubled is that there are other electric field contributions
from electric charges in other areas. For the same reason the electric field inside the
conductor cancels to zero. Examples are found in the case where an electric charges
of different kind is distributed on the surface of the opposite electrode of a capacitor,
as shown in Fig. B2.1a, or in the case where an electric charge of the same kind stays
on the opposite surface of the conductor, as shown in Fig. B2.1b. The situation in
Example 1.4 corresponds to the thin limit of the conductor in Fig. B2.1b.

2.5. We define two-dimensional polar coordinates (R, ¢) on the conductor surface
with the origin on the point at which the vertical line from point charge ¢ meets
the surface. We consider a thin ring of radius R to R + dR and presume the
electric charge in a small part of the azimuthal angle ¢ to ¢ + do, dQ =
—qaRdRdg/[2m(R? + a?)3/?], as a point electric charge. The Coulomb force on
g caused by this point charge is dF = gdQ /[4meo(R? + a?)], and only its vertical
component, dF, = [a/(R? + a*)'/?]dF, remains from symmetry. Integrating this
over the surface, we have
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T
—
I e —
+—
e e—

Fig. B2.1 Examples of doubled electric field strength: (a) parallel-plate capacitor
(b) distribution of electric charge of the same kind on the opposite surface of the conductor

F, =

87[260

(RZ+a’)

This agrees with the image force, Eq. (2.15).

q*a* /°° 2w RdAR q°
0

 16mega?’
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and

2.6. We denote two conductor surfaces that are perpendicular to each other by
the x-y and y-z planes, as shown in Fig. B2.2. Assume the given electric charge

is located on the plane y

0. We virtually remove the conductor and place

three electric charges, —Q, —Q and Q, at (a,0,—b), (—a,0,b) and (—a, 0, —b),

respectively. Then, the electric potential in the vacuum region (x > 0,z > 0) is

1

bx.y.2) = 72|

(=7 F7 +G=5)T7

1
I e N e e

1 1
~ G T [(x+a)2+y2+(z+b)2]1/2}‘
z
Q] bl 0
—a; yé<> : a
R R :
Q b —Q

Fig. B2.2 True electric
charge Q and three mirror

charges
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This satisfies ¢ = 0 on the surfaces x = 0 and z = 0, and hence, this gives the
correct electric potential. We determine the electric charge density on the x-y and
y-z planes to be

v=(2) -8 e
o= mO\G ) T T G A TR h R b A B

o= () __Qa 1 !
00.y.9 = _EO(ax)FO T %[y2+(z—b)2+a2]3/2 - [y2+(z+b)2+a2]3/2}'

2.7. A simple calculation gives

E __3_¢_ q r—dcosf _a. r —(a®/d)cos @

"7 9r T 4meo | (P2 +d2—2rdcos0)32  d  [r2 + (a%/d)? — (2a2r/d) cos 032 |’

E__l.3_¢_qsin9 d _ﬁ' 1

0775790 T dmeo |2+ d2—2rdcos8)2  d2 2 + (a2/d)? — (2aPr/d)cos 61372 f"
1 3¢

Ew__rsinQ.%_ '

2.8. We virtually remove the conductor and place a line electric charge of density
A’ at the line located at distance & from the center O. As shown in Example 1.8, the
electric potential at point P on the surface of cylindrical conductor is

¢ 1 Ry L2 Ry
= (0] (0] )
2meg & (a2 + d? —2ad cosp)'/?2 ~ 2me g (a2 + h? —2ah cos p)!/2

where ¢ is the angle defined in Fig.B2.3 and R, and R|, are distances from O
to reference points of the electric potential. So that the electric potential does not
depend on ¢, the conditions A’ = —A and h = a?/d must be fulfilled. In addition,
R = (a/d)Ry is requited so that the electric potential of the conductor is zero.
Thus, the electric potential outside the conductor is

A d[R* + (a®/d)* —2(a*R/d) cos ¢]'/?

R.p) = 1
P(R.¢) 27e o8 a(R? + d? —2Rd cos ¢)1/2

Fig. B2.3 Definition of
angle ¢
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The electric charge density on the conductor surface is

(ke a@-a)
0 OR Rea 2wa(a? + d? —2ad cos )’

This gives the electric charge in a unit length;

/271 vad Mdz _ a2) /n d(p s
a = — = —A,
0 ¥ bid o a?+d%—2adcosg

where we have used Eq. (7.26).

2.9. We assume that the electric field produced by the electric charge on the
cylindrical conductor surface is the same as that produced by the line charge
of density A placed at distance / from the center of the cylinder after virtually
removing the cylinder (see Fig. B2.4). If we place an image line charge of density
—A in the infinite conductor at distance [ —/ from its surface after virtually removing
the infinite conductor, the infinite conductor surface is equipotential. Hence, if
the distance 2/ —h between the image charge —A and the cylinder center corresponds
to d in Exercise 2.8, the cylindrical conductor surface is also equipotential, and all
the required conditions are satisfied. The result in Exercise 2.8 gives & = a?/d.
From the above conditions we have

d=1+~VP=-a, h=1-P—a.

Substituting these into the result in Exercise 2.8 yields the electric potential outside
the conductors;

A . R+ (I = V12 —a%? —2R(l — VI* — a?) cos ¢
0 .
4mey ng—i-(l+\/lz—az)z—ZR(Z+v12—a2)cos<p

(R.¢) = —

B i R

Fig. B2.4 Image line charges
placed in two conductors
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We find that the electric potential on the surface, ¢(a, ¢) = —[A1/(2mweo)] log[(I —
/12 — a?)/al], is constant. The electric charge density on the cylindrical surface is

¢ A 12—qa?
o=—€|=— =— .
\ ox Req 2ma Il —acosg

Next we define Cartesian coordinates with the y-z plane (x = 0) on the infinite
conductor surface and the central axis of the cylindrical conductor at y = 0. From
the relationships Rcos¢ = x + [ and Rsing = Yy, the electric potential is also
expressed as

A (x + V12 —a?)? + y?
P(x,y) =— log -
dme (x = V12 —a?)? 42

Thus, we can easily confirm that ¢(x = 0) = 0 is satisfied. The electric charge
density on the infinite conductor surface is

(a¢) AWV =a2
O =€)\ — =
x=0

ox T a2+ 12—ad)

It should be noted that the sign is opposite, since the normal vector on the conductor
surface is directed along the negative x-axis.

2.10. We remove the conductor and place an image electric charge, ¢, on a line
extending from the center and the electric charge Q (see Fig. B2.5). We denote the
distance of this point from the center by d. The electric potential at point P on
the inner surface of the conductor is

(s s
dreg | (a? + d? —2ad cos0)V/2 (a2 + h? —2ahcos0)V/2 |’

$(a.b) =

The conditions that satisfy ¢ (a,0) = 0 are

Fig. B2.5 Image electric )
charge ¢ SR -7
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Thus, the electric potential in the hollow is given by
0 a
dmey | h[r? + (a?/h)? —2(a%r/ h) cos 0]1/2

1
+ (r2 + h? —2rhcos 6)'/2

P(r.0) =

The electric charge density on the inner surface is

_ Q(a® =)
da(a? + h? —2ahcos§)3/2°

0(0) = —E,(r = a) = (g_‘f) _

Chapter 3

3.1. First we determine the coefficients. Assuming Q; = 1 and O, = 0, we have

¢1=pn = ¢ = po = = pi2.

dmega’ dmeod

When 0, = 0 and 0, = ¢, the electric potential of the spherical conductor is

o1 =puQi+ pn0s = med’

We easily find this agrees with the result, ¢ (a, 8), in Example 2.3.

3.2. We denote the cylindrical conductor and a thin linear conductor placed at the
position of the line charge as conductors 1 and 2, respectively. We give a unit electric
charge to conductor 1 of a unit length (1; = 1) and no electric charge to conductor 2
(A2=0). Then, the electric potentials of conductors 1 and 2 are

1 Ry 1 Ry
log —. ¢ = py = log —-.

o1 :Pil =

2mey 2mey

Thus, we obtain the coefficients of electrostatic potential. In a general case where
A1 = A and A, = A, the electric potential of conductor 1 is

$1 = Puh + piok.
When conductor 1 is grounded, ¢ = 0. This with p}, = p}, yields

—p—élk __logRy—loga

A= = .
P log Ry — logd
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If the reference point is infinity (Ry — 00), this reduces to
A=-A.

3.3. We denote the inner and outer conductors as conductors 1 and 2, respectively.
In a general case where conductor 1 is not grounded, the assumptions Q| = 1 and

0> =0 give

1 1 1

1
(———+—), ¢ =pun =pn=

dregc”

¢1 = pu =

dreg \a b ¢

For Q| = g and O, = Q, the electric potential of conductor 1 is

1 1 1
$1=pug+ pQ = — (—_—"“)"‘ C

dreg \a b ¢ drege”

Hence, when conductor 1 is grounded (¢; = 0), we have

1 1 1\
a b ¢ c

This agrees with the result obtained in Exercise 2.2.

3.4. The electric charge distributed in a unit length of the concentric conductor is
A on the surface of the inner conductor (R = a) and —A on the inner surface of
the outer conductor (R = b). As a result, the electric field is E = 1/(2negR) in
the region @ < R < b and is zero in other regions. Hence, the electrostatic energy
density in this region is u. = €gE?/2 = A%/(87%€oR?) and the electrostatic energy
in the conductor of a unit length is

b A2 22 b
U = ——— . 27RdR = log —.
¢ /a 8m2€9 R? d 47re ¢y

The electric potential of the outer conductor is zero and that of the inner conductor is

Hence, we obtain the same electrostatic energy from Eq. (3.36) with U] = A1¢/2.
Using this result and U/ = A2/(2C’) corresponding to Eq.(3.38), the capaci-
tance in a unit length is

_ 27‘[60
- log(b/a)’

/
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3.5. (1) The electric field is E(r) = Q/(4meor?) in the regiona < r < b
and is zero in other regions. The electrostatic energy density has a non-zero
value, u. = Q?/(32m%€or*), only in the region a < r < b. We calculate the
electrostatic energy as

(b-a)Q?

b
U, = 4rridr =
¢ /a HeSL T CT 8mepab

(2) Using the electric field in (1), the electric potential of the outer conductor is
zero and that of the inner conductor is

__["_ 9 _(b-a)0
¢ = /b dr =

4menr? drepab

The electrostatic energy is

(b—-a)Q’

8megab

1
UeZEQd):

(3) We denote the inner and outer conductors as conductors 1 and 2, respectively.
The coefficients of electric potential are

1 1 1 N 1 . . 1
pu= dreg \a b ¢ )’ P2=pu=prn= drege
The electric charges are Q; = Q and O, = —Q. Thus, the electrostatic
energy is
1 1 (b—a)Q?
U= = 2 2+ = 2=
F Q" — P+ 5 pn0 Sreoab

3.6. Suppose that electric charges £ are given to each conductor in a unit length.
We define the x-axis normal to these conductors in such a way that it passes
through the centers of these conductors. We denote the positions of the centers of
the conductors with negative and positive electric charges by x = 0 and x = d,
respectively. Since the diameter of these conductors is much smaller than the
interval, d, we can approximate the electric charges as being uniformly distributed
on each surface. Hence, the electric field at position x is

£ A 1+ 1
T 2meg \x  d—x

under the definition of positive electric field directed along the positive x-axis. The
electric potential difference between the two conductors is
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d—a A d
V:—/ de:—log(——l).
p € a

The capacitance in a unit length is

cooh_o T
V. log[(d/a) —1]

3.7. The electric field in the space where the conductor is not inserted is £ =V /d
and the densities of electric charges on the electrode surfaces in this region are
+01 ==xeyE ==+¢€pV/d. On the other hand, the electric field is concentrated only
in the vacuum in other region and its strength is £ =1V /(d — t). Thus, the densities
of electric charges on the electrode surfaces in this region are 0, = +¢€yV/(d —1).
Hence, when the depth of insertion changes from x to x 4+ Ax, the change in the
electric charge in the electrode is AQ = eybtVAx/[d(d — t)]. The electrostatic
energy of the capacitor is

€obV? (a—x X )

1
Uezz[(a—x)al—i-xaz]bV: > ] +d—t

The variation in the electrostatic energy when x increases by Ax is AU. =
eobtV2Ax/[2d(d —t)].

If we denote the force on the conductor by F, the work done by the conductor
is FAx. The input energy from the electric power source to the system is VAQ.
Hence, from the relationship AU, = —FAx + VAQ, we obtain the force as

 VAQ-AU. _ ebtV?
Ax—0 Ax S 2dd—-1)

Thus, the force is positive for increasing x and is attractive.

3.8. In the solution of Exercise 3.7, the electric charge,

0 = (a — x)boy + xboy = €pbV (“;x + dit),

is kept constant and there is no energy flow from the electric power source. Thus,
the electrostatic energy is given by

0? (a—x X )—1.

1
Ue:— V =
2V = T Ta

‘We obtain the force on the conductor as

AU _ dt(d —1)0?
ox  2ebla(d —1t) + tx]?’

Confirm that this force is identical with that in Exercise 3.7.
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Chapter 4

4.1. Assume that electric charges QO and —(Q appear on the inner and outer
electrodes, respectively, when we apply potential difference V' between the two
electrodes. The electric flux density is directed radially between the two electrodes
and its values are D; = D, = Q/(4xr?) in each region of different dielectric
materials. Hence, the electric fields in each region are £, = Q/(4me r?) and
E; = Q/(4meyr?). The electric potential difference between the two electrodes is

b c
0o (1 1 0 (1 1
V = Eid E,dr = - — = ———).
/a lr+/b 267 47r61(a b)+4nez(b c)

We obtain the capacitance as

C— o 4mererabce
~V  ea(c—b)+ech—a)

4.2. Assume that electric charges of density o; and o, appear on the inner electrode
surface regions (r = a) faced to dielectric materials of €; and e,, respectively,
when we apply potential difference V' between the two electrodes. The electric flux
density is directed radially between the two electrodes, and its values in dielectric
materials 1 and 2 are D; = a0, / r2and D, = azaz/ r2. The electric fields
in respective regions are E; = a?01/(e;r?) and E; = a’0,/(exr?). Since the
integration of these electric fields between the two electrodes is V', we have

a’o; (1 1\ a0y (1 1 _v
e \a b) & \a b))

Thus, we determine the surface charge densities to be

b€1V béZV

R T )

This yields the total electric charge on the internal electrode,

2rab(e) + )V

Q =2na’(01 + 02) =
b—a

We obtain the capacitance as

C - 0  2mab(e + €)
vV b—a '

4.3. We denote the plane determined by the normal vector n on the interface and
the electric field E | in dielectric material 1 as S. Assume that the electric field E,
in dielectric material 2 does not lie on this plane. We consider a plane, S’, normal to
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both the interface and S and define a small rectangle on S’ that includes the interface.
The two sides of the rectangle are parallel to the interface. When we integrate the
electric field along this rectangle, the integral in dielectric material 2 is not zero,
while that in dielectric material 1 is zero. This is contradictory, since Eq. (1.30) is
not satisfied under this assumption. Thus, we prove that the electric field E, also
lies on plane S.

4.4. Since the parallel component of the electric field is continuous across the wide
interface, the electric field inside the slit is also Ey and the electric flux density is
D = €0E0.

4.5. Since the normal component of the electric flux density is continuous across
the wide interface, the electric flux density inside the slit is also D = €Ej and the
electric field is E = D/ey = (¢/€9) Ep.

4.6. Applying Gauss’ law to a closed surface including the dielectric material
surface, we determine the electric flux density in the dielectric material to be
D = ¢yEy. Hence, the electric field in the dielectric material is E = (eo/€) E.
The surface polarization charge density o}, is equal to the electric polarization and
we obtain

op=P=(c—e)E = MEO.
4.7. The electric field E is given by the sum of Ey and the electric field produced by
the polarization charge of surface density, 0,(8) = [3€(€ —€0)/ (€ 4+ 2€0)] Eo cos 0,
with 6 denoting the zenithal angle. Since the electric charge of surface density o =
3eoEp cos 0 in Eq. (2.29) produces the uniform electric field — E inside the sphere,
the above polarization charge produces the uniform electric field —(e — €y) Eo/ (e +
2¢). Thus, we have

—¢€))E 3
E=E0—(€ €0) Eo _ 3« E,
€ + 2¢ €+ 2¢

This agrees with the result in Example 4.4.

4.8. We define cylindrical coordinates with the z-axis at the central axis of the
dielectric cylinder and the azimuthal angle measured from the direction of the
applied electric field. We assume that the electric field outside the dielectric cylinder
(R > a) produced by the polarized charge is given by the linear electric dipole of
moment p in a unit length placed at the central axis after virtually removing the
dielectric cylinder. The direction of the dipole moment is the same as that of the
applied electric field. We assume that the electric field inside the dielectric cylinder
(R < a) has a uniform strength E and is directed parallel to the applied electric
field (¢ = 0). The continuity conditions for the parallel (azimuthal) component of
the electric field and the normal (radial) component of the electric flux density give
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€ — €p
2mepa’ Ey, E =
€ + € €+ €

pA:

The electric field is

Ee=Pr (1459 2 =P (1m0 @Y p g
R= e — e+e R2 005 ¢, T e e+e R2 osing,

outside the dielectric cylinder (R > a) and

D 2 D 2
Er = TR _ 2% Egcosg, E, = Ze =9
€ €+ ¢ € €+ ¢

Eysing.

inside the dielectric cylinder (0 < R < a). The electric polarization inside the
dielectric cylinder is

2 —
P=(e—eo)E=MEo.
€ + €

Here we apply Eq. (4.9) to a small shell that includes the surface of the dielectric
cylinder, as shown in Fig. 4.17. Since there is no true electric charge on the surface,
the surface polarization charge density is given by the difference in the normal
component of the electric field on the surface multiplied by €y;

2ep(e — €
oplp) = (;(+—6()()) Eycosgp = P cosg.

4.9. We define the x-y plane (z = 0) on the dielectric material surface and the
position of the line current as x = 0. To determine the electric potential in the
vacuum region (z > 0), we assume that all the space is vacuum and the electric
potential is produced by both the line charge of linear density A and a virtual line
charge of linear density A’ located at the symmetric line with respect to the dielectric
material surface;

R() RO
Al A1
08 [x2 + (z —a)?]V/? +Aog [x2 + (z + a)?]V/?

1
Pv(x,z) = e

In the above Ry is the distance of the reference point from the line at x=0 on the
surface. To determine the electric potential inside the dielectric material (z < 0),
we assume that all the space is occupied by the dielectric material and the electric
potential is given by a line charge of linear density A” placed at the original position.
Hence, the electric potential at (x, z) inside the dielectric material is

Ry
& [x2 4+ (z —a)?]V/?"

1
pa(x,z7) = —A"1o
2me
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The continuity condition of the parallel component of the electric field, Eq. (4.24),
gives ¢y (z=0) = ¢q(z=0). This yields

A«—‘I_A,/_A,//
€« €

Since there is no true electric charge on the surface, the normal component of the
electric flux density is continuous. Then, €y(d¢y/07),—0 = €(d¢a/0z);=0 given by
Eq. (4.20) yields

A. _ A./ — A.”
From these conditions we obtain the linear electric charge densities as

- 2
=S50 2= =

)

€+ € €+ €

The electric potential is

¢ = Io R €« lo R ; >0
IEZTT Il T e o P Py i o UEY
= lo RO : <0
T (e + €) g X2 + (z—a)2]'/2 z .
Chapter 5

5.1. We apply voltage V' between the two edges. The electric field along the circle
of radius R from the center is E(R) = 2V /(xR) (see Fig. B5.1). Hence, the current
density at this point is i (R) = 2V/(wp;R). Here we define the angle 6 as in the

0

Fig. B5.1 Part in the region
R to R + dR from the center

|
i
|
&
|
|
|
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figure. Then, R = Ry + a cos . The current flowing in the region between R and
R +dRisi(R)2asindR = 4Va?sin®> d0/[mp.(Ry + a cos §)]. Hence, the total
current is

1_/" 4Va? sin” 6d6
Jo mp(Ry +acosh)’

We transform the integrand as

a2

sin? 6 Ry 1 (Rg 1) 1

— = — —cosf— _—
Ry 4+ acosf a? aCOS Ry +acosf

For integration of the third term, we use Eq.(7.26) with § = = —¢. A simple
calculation gives

4V
I:

[Ro — (R§ —a*)'?].

T
Then, we obtain the electric resistance as

- Pr
~ 4[Ry— (R2 —a2)1/?]’

T

5.2. The cross-sectional area at height x from the bottom is S (x) =a[b—(b—)x/ h],
and the current density there is i (x) = I/{a[b — (b — c¢)x/h]}, when we apply
current /. Since the electric field is E(x) = pi(x), the voltage between the two
edges is

h
ol ho. 1 b
— dx = log 2.
4 /0 alb— =/ B T ab—c) Fe

The electric resistance is

hp:
R =———1log—.
ab —c) Ogc

5.3. When we apply current /, the current density at distance R from the central
axis is
1

[(R) = ——.
HR) 2nlR

The electric field is E(R) = pri(R) fora < R < b and E(R) = ppi(R) for
b < R < c. Hence, the voltage between the two electrodes is
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b c
ol ol 1 b c
y = dR dR = — [ pulog 2 + polog <.
/u 2R +/,, 2R 27l (p“ og tralogy

The resistance is

14

R=r -1 log 2 & plog ¢
T 2wl pr ga pr2 gb‘

5.4. We use I and I, to denote the currents flowing in the respective regions with
the electric resistivities p;; and pr, when we apply voltage V' between the electrodes.
Then, the current densities at positions at distance R (a < R < b) in the respective
regions are i1(R) = I;/(wRl) and i,(R) = I,/(wRI), and the electric fields are
Ei(R) = pnli/(xRI) and E>(R) = ppl2/(wRI). From the conditions that the
integrations of the electric fields from R=a to R=»b are V, we have

_ wlV . nlV
! Pr1 log(b/a) ’ 2 Pr2 log(b/a) .

Since the total current is / = I + I, we obtain the electric resistance as

_ Prprlog(b/a)
ml(pn + pr2)

5.5. When we apply voltage V' between the two edges, the electric field at a point
of radius R is E(R) = 2V/(xR). Hence, the electric power density is p(R) =
4V? /(7 p,R?). The electric power in the region R to R + dR is

7wRdRp(R) 2wV2dR
2 e R

dP =

Thus, the total dissipated electric power is

P

2wV?2 /R0+d/2 dR 2wV?  Ry+4d/2
= _— = og .
7or JRy—dj2 R TP Ro—d/2

This is equalto I V.

5.6. When we apply voltage V' between the electrodes of the capacitor with a
dielectric material of dielectric constant € in the space, the electric fieldis £ = V/d
and the electric flux density is D = ¢ E = €V /d. The surface charge density on the
electrode is 0 = D = €V/d and the total electric charge is Q = oS = eSV/d.
Thus, the capacitance of the capacitoris C = Q/V = €S/d.

When we apply voltage V' between the electrodes of the resistor with a substance
of electric conductivity o in the space, the electric field is E = V/d and the current
density is i = o.E = o.V/d. The total currentis I = iS = 0.SV/d. Thus, the
electric resistance of the resistoris R, = V/I = d/(a.S).
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From the above results we obtain the same result as Eq. (5.38):

€

5.7. We can use the answer to Exercise 4.5, if we convert the electric flux density
D to the current density i with conversion of the dielectric constants €y and € to the
electric conductivities oy and o.. The uniform electric field Ey corresponds to ocoiy.
We define cylindrical coordinates with the z-axis at the central axis of the cylinder
and azimuthal angle ¢ measured from the direction of the applied uniform current.
The current density outside the cylinder (R > a) is

. | 4 = 0w a’\ . . | =0 aty . .

ir = ——— . — ) ipcos g, ip=—(1——-— ipsing,
R 0. +0pn R? 0COS P ¢ o. +0. R? 0SMe
and that inside the cylinder (R <a) is

. 20 . . 20, . .
iR = ——— igCOS @, i, = ———— ipsing.
o + 0 Oc + 0co

5.8. Suppose we replace a substance of electric conductivity o. with a dielectric
material of dielectric constant € and place virtual line charges £A at the positions
shown in Fig. B5.2. Then, the electric potential at point P on the surface of the left
conductor is

Ry
(@? + h? —2ah cos 9)1/2
R/
— log 0 )
[ + (d —h) —2a(d — ) cos 0] /2

$(a.0) = log

2me

where Ry and R{, are constants. So that this electric potential is constant and
independent of angle 6, the following condition should be satisfied;

ah a(d —h)

a2+ h? a’+(d—h)?¥

Fig. B5.2 Virtual line d
charges
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which reduces to #(d — h) = a?. This condition for 4 is simply solved as

d —Nd?*—4a?
5 .

h =

The symmetry condition of ¢ = 0 on the central plane between the two conductors
gives Ry = R{,. Then, the electric potential of the left conductor is

d+\/a’2—4a2_ilo d +vd?—4a?
d—Ji—aa2  2me ¢ 2a '

The electric potential of the right conductor is ¢— = —¢(a,8). Hence, the
capacitance in a unit length is

A
¢+ = ¢(a,0) = mlog

A e

T 26(a.0)  logl(d + Vd ¥ 4a2)/2a]

/

Using Eq. (5.38), we obtain the electric resistance in a unit length as

1 ) d + d? + 4a?
og—m—.
O, & 2a

R =

Chapter 6

6.1. All contributions to the magnetic flux density at the center O produced by
elementary currents at respective regions point normal backward. The angle 6 in
Eq. (6.5) is zero on any point on the left straight section and is 7 on any point on the
right straight section. Thus, there is no contribution to the resultant magnetic flux
density from these sections. The angle 6 is 7/2 and r = a on the semicircle. The
contribution from the elementary current in this section is dB = ol ds/(4mwa?).
Integrating this over the semicircle yields

pol ol

-ma .
4ma? 4a

6.2. The distance between one side and point P is / = [(a?/4) +b?]"/%. Using the
same method as in Example 6.2, we calculate the magnetic flux density produced
by the current on one side as

wol [0 ol Hola
B = Ho 6do = K2 cos, = :
anl Jo, " 27l N T i@ )a) + 1)
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Fig. B6.1 Magnetic flux
density produced at point P
by current on one side

where 0 is the angle of point P measured from the edge of the side. Figure B6.1
schematically shows the magnetic flux density produced by the current on one side.
Only the vertical component remains from symmetry, and we obtain as

B = 4B’ cos pola® pola’

= o = = .
2l2[(a2/4) + [2]Y/2 2r;[(a?/4) + b?][(a%/2) + b2]V/2

6.3. The current density is expressed as i = ngqv in terms of the velocity v of

an electric charge. The force of FF = —gvB acts on the charge along the y-axis,

resulting in the condition that the charges are accumulated on the side of the negative
y-axis. Such an accumulation causes the electric field £ along the y-axis and the
electric force F' =¢FE works on the charge. In the steady state we attain the balanced
condition given by F + F’=0. Hence, we obtain the electric field as

E=vB = E
ng
This is called the Hall electric field. The sign of the Hall electric field is determined
by the sign of electric charge. That is, the sign of the Hall electric field clarifies
whether the current-carrying charges are electrons (¢ = —e) or holes (¢ = e). This
phenomenon, i.e., the induction of the electric field in the direction normal to the
current and magnetic flux density is called the Hall effect.

6.4. Closed circuit C is projected on a plane normal to the current, as shown in
Fig. B6.2. We denote the projected closed trajectory and elementary line vector ds
as C" and ds’, respectively. Since the magnetic flux density B stays in a plane normal
to the current, we have B -ds = B - ds’. That is, the following relationship holds;

/B-ds:/ B -ds’.
C c



348 Answers to Exercises

Fig. B6.2 Closed line C and
its projection C” on a plane
perpendicular to straight
current

Hence, Eq. (6.22) holds for an arbitrary closed line. We can similarly prove Eq.
(6.23) when the current does not penetrate the closed line.

6.5. The magnetic flux density is directed along the z-axis and its value is

= i (x + b); —b <x < -—a,
= woi(b—a): —a<x<a,

= oi (b — x); a<x<b,

=0; x > b.

The vector potential has only the y-component, A,, and the from the relationship
B, = 04, /0x, we have

A,(x) = —T(b2 —a?); x < —b,
= %(xz—i—ﬂ)x—i—az); —b <x < —a,
= woi(b—a)x : —a<x<a,

= %(—x2+2bx—a2); a<x<b,

= KOl 2 g2y, x> b.
2
6.6. We define the x- and y-axes along the slab width and current, respectively,
with x = 0 at the center of the slab. We presume the current d/ = Idx/w flowing
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in a thin region x to x 4 dx as a line current. The magnetic flux density at point P
produced by this line current is directed along the negative z-axis, and its value is
dB, = —podl /[27n(d — x)] = —poldx/[2nw(d — x)]. The magnetic flux density
at point P is

I (2 d I
B.(d) = Ho/ X Ho

d+w/2
— =— log .
2w J_ypp d —x 27w d—w/2

The vector potential at x > w/2 is directed along the y-axis, and from B,(x) =
04, /dx we have

Ay(x)=/Bz(x)dx=—% [( +%)log(x+v—z‘})—(x—%)log(x—%)-l-C],

where C is a constant determined by the position of reference point and A4, (d) is
the value on point P.

6.7. The current density is i = I/[m(a* — b*)]. We can solve this problem by
superposing case (a) in which the current flows uniformly with density 7 in the whole
cross-section (see Fig. B6.3a) and case (b) in which the current flows uniformly
with density i along the opposite direction inside the vacancy (see Fig. B6.3b). The
contribution to the magnetic flux density at the vacancy center A from case (a) is
B, = pond?i/@2nd) = wold/[2m(a? — b?)] and that from case (b) is B, = 0.
Hence, the magnetic flux density at A is directed upward and its strength is

pold

By=B = ——F——.
A ! 27 (a? — b?)

The contribution to the magnetic flux density at point B from (a) is B3 =
woa’i/(2R) = uola®/[2m(a® — b?)R] and that from (b) is By = —uob?i/[2(R —

Fig. B6.3 Superposition of (a) current flowing uniformly with density i and (b) current flowing
uniformly with density i along the opposite direction inside the vacancy
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d)] = —pol b?/[27w(a®> — b?)(R — d)]. These point in the same direction. Thus, the
magnetic flux density at B is directed upward and its strength is

,U,()I 612 b2
B= D3+ By 27r(a2—b2)(R R—d

6.8. The divergence of Eq. (6.33) is

V-A(r) = ﬂfvv AU

4 '|r—r’|

Since V is the differential operator with respect to r, from Eq. (A1.40) we have

i(r
LGN =i(r') - V— .
|r —r'| |r —r'|
If we use the differential operator V’ with respect to ¥/, V|r—r'|7! = —V'|r—r'|7.

Thus, using Eq. (A1.40) again, the integrand is written as

1 1 i (r’
—i(r) -V = V"i(r’)—V/-M_
|r —r'| |r —r'| |r —r'|

Since V'-i (r') = 0, applying Gauss’ law yields

[ i(r') o - i) e
\% [r —r’| s|r—r'|

If we assume the surface S of region V at infinity, the surface integral reduces to
zero, and we prove Eq. (6.30).

6.9. The vector potential has only the azimuthal component, A, since the current
flows only along this direction. This is related to the axial magnetic flux density,
B, through (1/R)(0RA,/0R) = B.. Outside the coil (R > a), substituting B, =
0 yields A, = C;/R with C; being a constant. Inside the coil (0 < R < a),
substituting B, = ponl yields

1 G
A, = = IR + —
@ Z,LL()I’l + R
with C, being a constant. Since the value of A, must be finite at R = 0, we find
that C; = 0. The continuity at R = a gives C; = ponla®/2. Thus, the vector
potential is

Mol IR
Ap(R) =

; 0<R<a,
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12
=%; R > a.

This agrees with the result in Example 6.7.

6.10. We use the coordinates in Fig.6.21 and place magnetic charges +¢g, at
points (0,0, £d/2). Then, we obtain the magnetic potential due to positive and
negative magnetic charges similarly to the calculation in Sect. 1.6 as ¢+ (r) =
+[1ogm/ (4 r?)][r £ (d/2) cos§]. The magnetic potential due to the magnetic
charge pair is

md
Om(r) = omy (1) + Pm—(r) = Hoqm@ o5 = KM osh.
Ay

4Amr?

The magnetic flux density, Eq. (6.44c¢), is derived using Eq. (6.49).

Chapter 7

7.1. The current /; flows uniformly on the surface of the inner superconductor
(R = a) and the induced current —/; flows uniformly on the inner surface of the
outer superconductor (R = b). The current I} + I, flows on the outer surface of
the outer superconductor (R = c¢), following the conservation law of current. The
resultant magnetic flux density has the azimuthal component and its value is

B, =0; 0<R<a,
1
:M; a<R<b,
2nR
=0; b<R<ec,
I+ 1
_ Mol £ 5) R>ec.
2nR

The vector potential has the z-component and its value is

oIt + 1) . Ry
— " log —;

A, = e R R > c,
I+ 1 R
_ ot D) R, b<R<c
2 c
molt bRy  polz . Ro
= ——1log— + —log—; < R < b,
2 °8 cR + 2 o8 c “
1 bR I R
21 ac 21 c

where R = Ry (> c¢) is the position of the reference point.
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7.2. We denote the current flowing on the surface at x = b by I;. Then, the
current at x = a is —I;. So that the magnetic flux density does not penetrate
the superconductor of ¢ < x < b, the current at x = b must be the same as
the total current in the region x < a, i.e., I — I. Thus, we have I, = /2 and
the current at x = a is —I/ /2. We similarly obtain the currents on the surfaces
of the left superconductor. As a result, the currents at x = —b, —a,a and b are
1/2,1/2,—1/2and I/2, respectively.
The magnetic flux density is directed along the z-axis and its value is

BZ:—T; x<_b,
=0; —-b<x<-—a,a<x<b,
:M_ol; —a<x<a,
21
1
:&; x > b.
21

The vector potential has only the y-component and we obtain from B, = 04, /0x as

_,uol(x+2a+b).

Ay, = 57 x < —b,

I

:—g; —b <x < —a,

_ Hollx—a), Cd<x<a
21

=0; a<x<b,
] —

_ Mol(x—b), x> b
21

where the vector potential of the right superconductor without electric current is
defined to be zero.

7.3. The reason why the magnetic flux density produced by the current flowing
on the superconductor surface is doubled is that there is other magnetic flux density
contributions from currents flowing in other areas. For the same reason the magnetic
flux density inside the superconductor cancels to zero. Examples are found in
the case where a current flows along the opposite direction on the surface of the
opposite plate of a superconducting transmission line, as shown in Fig. B7.1a, or in
the case where a current flows along the same direction on the opposite surface of the
superconductor, as shown in Fig. B7.1b. The situation in Example 6.5 corresponds
to the thin limit of the superconductor in Fig. B7.1b.
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Fig. B7.1 Examples of doubled magnetic flux density: (a) superconducting transmission line with
opposite currents and (b) superconductor with same currents in the both sides

7.4. We define the x-axis on the superconductor surface along the direction normal
to the current and the position of the current to be x = 0. The density of the
current induced on the surface is given by Eq.(7.16). The force on I in a unit
length caused by the current d/ = 7(x)dx flowing in a thin region x to x + dx
isdF’ = pol?adx/[27(x? 4 a?)*/?]. From symmetry only the component normal
to the surface remains: dF, = [a/(x? + a®)'/?]|dF’. Thus, the total force in a unit
length is

F/ = HOIzaZ /oo dx = ILLOIZ /ﬂ/z COS2 6do = ILLOIZ
: 72 Jo (x24+a®)?  n2a )y dra’

This agrees with the image force, Eq. (7.18).

7.5. We denote two superconductor surfaces that are perpendicular to each other by
the x-y and y-z planes, as shown in Fig. B7.2. Assume the given current / is located
at (a, b) on the x-z plane. We virtually remove the superconductor and place three
image currents, —/, —I and I, at (a, —b), (—a, b) and (—a, —b), respectively. Then,

— @ P ol
—a Y La T
T@ o—1
—b
Fig. B7.2 Current / and
three image currents



354 Answers to Exercises

the vector potential in the vacuum region (x > 0,z > 0) is

ol o [(x —a)’> + (z+Db)l(x +a) + (z— b)Y
T4 Bl —al+ - +a)’ + 4+ Db

neglecting a constant term associated with a choice of the reference point. This
satisfies A, = 0 on the surfaces x = 0 and z = 0 and hence, this gives the correct
vector potential. We determine the current density on the x-y and y-z planes to be

0 — 1 (04, B 4labx

oy 0= (a_z)Fo T alr—a? +b[(x +a? + b7
B L aAl . 41abz

W09 = ( dx )x=0 T wle b + @+ b)Y+

7.6. A simple calculation gives

B = l% _ Mol sing a?/d _ d

R™R 9~  on R2 + (a%2/d)? —2(a?R/d)cos¢ R?2+d?>—2dRcosg |’
B __%__M R — (a%/d)cos ¢ B R —dcosg

7 AR T 2w | R®+ (a®/d)>—2(a?R/d)cos¢p R?+d?>—2dRcos¢ |’

B, = 0.

7.7. From Eq. (7.13) the equivector-potential surface is given by

x?+ (@+a)?
24 (z—a)®

’

with K denoting a constant. This is transformed to

o (K1 ? 4a’K
X z K—la = &K=

This expresses a cylindrical surface parallel to the y-axis. Thus, we can see that the
vector potential lines on the surface.

7.8. We assume that the magnetic flux density in the vacuum region is the same
as that when we place an image current / in the superconducting cylinder at
distance & from the center of the cylinder and an image current —/ in the infinite
superconductor at distance [ — & from its surface after virtually removing the two
superconductors (see Fig. B7.3), similarly to the answer to Exercise 2.9. In this case
the boundary condition on the infinite superconductor surface is satisfied. If the
distance 2/ — h between the image current —/ and the cylinder center corresponds
to d in Fig.7.10, the boundary condition on the cylinder surface is also satisfied.
From the above relationship and Eq. (7.22) we obtain
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Fig. B7.3 Image currents
placed in two
superconductors

d=14+VI>-a?, h=1-~I*—-a%

Substituting these into Eq. (7.23) yields the vector potential outside the supercon-
ductors;

pol | R+ (I =VI?—a?)’ —2R(I = VI’ —a’)cosg
A gR2+(z+\/ 22422 —2R( + VI =a?)cosg

We find that the vector potential on the surface, A,(a, ¢) = —[uol /(27)]log[(l —
/12 — a?)/a], is constant. The current density on the cylinder surface is

1 (04, I 12 —a?
T = —— = — —
R Req 2ma [ —acosg
Next we define Cartesian coordinates with the y-z plane (x = 0) on the infinite
superconductor surface and the central axis of the cylindrical superconductor at

vy = 0. From the relationships R cos ¢ = x+/ and R sin ¢ = y, the vector potential
is also expressed as

pol | G H VI a’)’ +y?
4 (x—J—)2+y

Thus, we can easily confirm that A,(x = 0) = 0 is satisfied. The density of the
current (along the z-axis) on the infinite superconductor surface, which is equal to

—B,(x=0)/po. is

A(x,y) = —

t:1(3/1) _Wr-a

0x n(2+12—a?)
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Fig. B7.4 Image current /' et

7.9. We virtually remove the superconductor and place an image current /’ parallel
to the current / on a plane including the central axis and the current I (see
Fig. B7.4). We denote the distance between the central axis and the image current
by d. The vector potential at point P on the inner surface of the superconductor is

_ ,U,()I/ R(l)
Ala, @) = o7 log (a? + d? —2ad cos@)!/?
n Mol Ro

—1 .
o B (@ + h? —2ah cos ¢)1/2

The conditions that satisfy A, (a, ¢)=const give

2
a
I'=-1I, d=—.
h
Since the total current is zero (I + I’ = 0), we can choose the infinity as the

reference point of the vector potential and we have Ry = R{. The vector potential
in the hollow is

ol : [R? + (a?/h)> = 2(a*R/ h) cos ¢]'/?

A (R,p) =
(R.¢) 2 (R? 4+ h? —2Rhcos ¢)!/2

The current density on the inner surface is

B,(R = a) 1 (8Az) _ I(a®> — h?)
R=a

t(p) = T o \er 2ma(a® + h? —2ahcos @)’

7.10. The radial and zenithal components of the applied magnetic flux density
outside the spherical superconductor are By cos 6 and — By sin 0, respectively. The
radial and zenithal components due to the magnetic moment /1 at a point at dis-
tance r from the origin are pom cos 8/ (2r3) and wom sin 6/ (4mr?), respectively.
The condition that the radial component of the magnetic flux density just outside
the surface is zero is written as
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0
BO cOS 0 + M = s
2ma’
which gives
2 3
m = — d Bo.
Mo

The zenithal component of the magnetic flux density just outside the surface is equal
to the surface current density T multiplied by po. Thus, we have

in 6@ 3
m) =~ Bysind.

Mo

1
= — | —Bysinf
T ( osint + I

Mo
These results agree with Eqgs. (7.30) and (7.33).

7.11. For simplicity we consider the case where we apply a current to a wide slab
material. Since the internal magnetic flux density must be zero, the current must
flow on the surface. If Ohm’s law holds, the electric field E has a non-zero value
only on the surface, while it is zero inside the material. Then, we can easily show
that Vx E is not zero in violation of the fundamental relationship of Eq. (1.28).

Chapter 8

8.1. When we apply current / to the left line, the magnetic flux that penetrates the
coil is

b+c I
D, = / MLw(x)dx,
¢ 2w x

where w(x) = (a/b)(b+ c—x) is the width of the triangle at distance x from the
line. A simple calculation gives

_uola(b+c b+c_1)

o = 1
! 2 b 8 c

The magnetic flux produced by the current on the right line is similarly given by

q)r:,uola (l_d—b—clog d—c )

b d—b—c

Thus, we obtain the mutual inductance as
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_<I>1+<I>r_uoa b

+c

d—c
—(d—-b—c)log———|.
c ( )log d—b— ci|
8.2. The magnetic flux stays only in the region between the two superconductors

and the density is B = 1o /(27 R). Hence, the magnetic flux in a unit length is

@ /b“—oldR—Mlob
. 2R 2 a’

We obtain the self-inductance in a unit length as

This agrees with the result calculated from the magnetic energy.

8.3. In the case of conductor, the current flows uniformly inside the conductor, and
the magnetic flux densities in the regions 0 < R <a and b < R < ¢ are respectively
given by

IR
B(R) = —mez; 0<R<a,
ol c?
=ML (C_R). b<R<ec.
27t(c2—b2)(R ) ¢

Hence, in comparison with the case of superconductor, the magnetic energy
increases by

1 (9 olR)> G I [ ?
AU, = — (”0 ) . 27RdR + —/ [L] (C— —R) -27RdR
2uo Jo \ 2ma? 2uo Jp L2m(c? —b?) R

272 2
= poc”l ( 2 logE—I .
8m(c2—b%) \ 2 —Db2 b

Adding this contribution to the result in Exercise 8.5, we obtain the self-inductance
in a unit length as

o . b Hoc? 2c? c
L' = —log— log——1].
T + 4 (c? — b?) (c2 “p2 %

8.4. When current / flows in the parallel-wire transmission line as shown in
Fig. B8.1, the magnetic flux that penetrates upward the coil by the right current is

(a>+b2)1/2 wol polw (% + b?)1/?
o =w —dr = log .
b 2rr 2 b

The magnetic flux produced by the left current is the same and the total magnetic
flux is ® =2¢. The mutual inductance is
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Fig. B8.1 Current in
parallel-wire transmission
line

@
M= — = 1"

(a2 +b2)l/2
I . b '

8.5. When we apply current / to the outer coil, the magnetic flux density produced
in the inner coil is B = puony /. Hence, the magnetic flux that penetrates one turn
of the inner coil is ¢ = ma’?B = muonya’l. The magnetic flux penetrating a unit
length of this coil is

O = na¢p = wponanya’l.
The mutual inductance in a unit length is

¢/
M = T = T onanna®.

8.6. We apply Ampere’s law to circle C of radius R from the central axis (see
Fig.B8.2). The magnetic flux density at this position is B = poNI/(2nR). If
we define the two-dimensional polar coordinates as in the figure, we have R =
d +r cos 6. The magnetic energy is

Fig. B8.2 Cross-section of
toroidal coil
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" ¢ woN21?
Un=2 ) db 27(d 6)rd
/0 /o 872(d + r cos 0)? 7(d + rcost)rdr

woN2I1? / T / a rdr
= — dé _—
2w 0 o d+rcosf
Using Eq. (7.26) for the integral with respect to 6, the magnetic energy leads to

Un =

poN2I? (¢ rdr  poN’I? d— (d2— a2
2 o (dz_rz)l/z - 2 [ _( _a) ]

The self-inductance is
L =" =uoN*d - (d*-a*>"?.

8.7. (a) The inductance coefficients are

Mo,  RiR3Rw
Ly=—log———7,

2 RoR> Ry

Mo R3R
Lyy=Liy=Ly=—1 ,
21 12 2= 0g RoR,
R
Lyyj=L3y =Lz =Ly =Ly = ﬂlog ==.
27 R4

(b) From Eq. (8.35) we calculate the magnetic energy as

1 1 1
Up = §L11112 + 5L22122 + 5L33I32 4+ Lol Iy + Loz Iz + L3 I3,

+ (I} + 211 1) log

RIR3R
@[11210 123500

R3Ro 2 Reo
1 201 21311)log —
yp RoRaRa 4+(3+ 213 + 21311)log R4]

3
R>R
Ho 2 Roo 2 R3 2 R
= — | I 13)" log — 1 ) log— + I{log—|.
4ﬂ|:(1+2+3) 02 + (h + D) OgR2+10gR()

This result can also be obtained from Eq. (8.40).

8.8. The magnetic flux density in the vacuum region where the superconducting
rod is not inserted is By = uol’. Thus, the magnetic flux that penetrates the
superconducting hollow cylinder is ® = 7b?B; = muoh*I’. The magnetic flux
is the same in the space of the region where the superconducting rod is inserted, and
the magnetic flux density there is B, = b>B;/(b*> — a®) = uob*1’/(b*> — a?). The
current in a unit length flowing on the inner surface of the superconducting hollow
cylinder is

I/:&:ﬂ'
> po  br-a?
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On the surface of the inserted superconducting rod the current of the same surface
density flows along the opposite direction. Thus, the total magnetic energy is

1, 1, wpob*17” b2x
UmZECDI(Z—X)-FEq)Iz)C:T I—X+m s

where [ is the length of the superconducting hollow cylinder. We obtain the same
result from Eq. (8.40). The force on the cylindrical rod is

WU wpoa’b?l”?
ox 202 —-a?)’

indicating a repulsive force, since it is negative for increasing x.

8.9. When the distance between the two coils, x, changes to x + Ax, we assume
that /; and I, change to I} + Al and I, 4+ A, respectively. If we neglect small
terms of the second order, the conditions that the magnetic fluxes do not change in
each coil are given by

A =LAl + ALy I, + LyyAL =0,
APy =ALy)I + LAl + LAl =0,

where Ly, Ly, and L, are inductance coefficients and AL, is the change in the
mutual inductance coefficient. The corresponding change in the magnetic energy is

AUy = L1t IAL + Lyy(LhAL + LAL) + ALy L1 I + Loy L AL.

Using the above two conditions, this reduces to AU, = —ALj I I;. The mutual
inductance coefficient Lj; is given by

I ——M—Ollo (x +a)(x +b)
T T gx(x—}—a—}—b)'

and the change in Lj; due to the change in x is AL;; = (dL,1/9dx)Ax. Thus, we
calculate the magnetic force as

oU, 0Ly
F=——=—"1]1
ox ax 2
wol (1 1 1 1

=—\|-- - L1,
Zn(x xX+a x+b+x—|-a—|-b)12

We can easily confirm that this agrees with the Lorentz force between the two
circuits.
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Chapter 9

9.1. The magnetic flux density and magnetic field are parallel to the slab. We denote
these values in magnetic materials 1 and 2 by By, H|, B, and H,, respectively.
Ampere’s law derives H; = H, = I/w, and these satisfy the continuity of the
parallel component of the magnetic field on the boundary. These yield By = u I /w
and B, = oI /w. The magnetic flux in a unit length is ® = d(B; + B,)/2 and the
self-inductance in a unit length is

(11 + p2)d
2w '

L' =

9.2. We denote the distance from the center by R. When we apply current [ to the
parallel-wire transmission line, the magnetic field is H(R) =1 /(27 R) in the region
a < R < c and zero in other regions. Hence, the magnetic flux densities in magnetic
materials 1 and 2 are By = I /w and B, =, I /w, respectively. The magnetic flux
in a unit length is

> I s b
@ = ”‘ '/ ﬁi—dR (Mlbg -+u2bgb)

a

The self-inductance in a unit length is

L = % (,ullogg + uzloglc—)) .
9.3. We denote the plane determined by the normal vector n on the interface and
the magnetic field H | in magnetic material 1 as S. Assume that the magnetic field
H, in magnetic material 2 does not lie on this plane. We consider a plane, S’,
normal to both the interface and S and define a small rectangle on S’ that includes
the interface. The two sides of the rectangle are parallel to the interface. When we
integrate the magnetic field along this rectangle, the integral in magnetic material
2 is not zero, while that in magnetic material 1 is zero. The circular integral of the
magnetic field should be zero, since the planar current T flows on plane S’. Hence,
the above assumption is contradictory, and we prove that the magnetic field H , also
lies on plane S.

9.4. Since the parallel component of the magnetic field is continuous across the
interface, the magnetic field inside the slit is also By/u and the magnetic flux density

is B =(po/ i) Bo.

9.5. Since the normal component of the magnetic flux density is continuous across
the interface, the magnetic flux density inside the slit is also B = By and the
magnetic field is H = B/ o= Bo/ 0.
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9.6. Applying Ampere’s law to a closed line including the magnetic material
surface, the magnetic field in the magnetic material is H = By/uo. Hence, the
magnetic flux density in the magnetic material is B = (/o) Bo. The surface
magnetizing current density t, is equal to the magnetization and we obtain

11 -
cszz(———)Bz(“—z“O)Bo.

Mo

9.7. The magnetic flux density B is given by the sum of By and the compo-
nent produced by the magnetizing current of surface density, tm(6) = 3(n —
o) Bo sin 6/[uo(ie + 2440)], where 6 is the zenithal angle. Since the current of
surface density 7 = —3(Bo/20) sin 8 in Eq. (7.33) produces the uniform magnetic
flux density — By inside the sphere, the magnetizing current produces a uniform
magnetic flux density 2(u — o) Bo/ (1t + 2140). Thus, we have

21— po)By _ 3p
M+ 2po w240

B = By +

This agrees with Eq. (9.37) in Example 9.4.

9.8. We define cylindrical coordinates with the z-axis at the central axis of the
cylindrical magnetic material and the azimuthal angle ¢ measured from the direction
of the applied magnetic flux density. We assume that the magnetic flux density
outside the magnetic material (R > a) due to its magnetization is given by the
linear magnetic dipole of moment 72 in a unit length placed at the central axis
after virtually removing the magnetic material. The magnetic flux density inside
the magnetic material (R < a) B is assumed to be constant. The directions of the
linear magnetic dipole and inner magnetic flux density are parallel to that of the
applied magnetic flux density. The continuities of the normal (radial) component of
the magnetic flux density and the parallel (azimuthal) component of the magnetic
field at the surface (R =a) give

. —po 2ma’B 21
m= . , B =
M+ o Mo M=+ Mo

Using these results, the magnetic flux density outside the magnetic material (R >
a)is

2
H—Ho a
BRZ,LL()HRZ(1+u+u0'ﬁ)Bocosqﬁ,
2
M=o a :
B, = uoH, =—(1—H+HO-F)Bosm<p,

and that inside the magnetic material (R <a) is
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2
By cos g, B, =uH, = — a By sin ¢.

Bpr = uHr =
R R = e i o

The magnetization of the magnetic material is

1 1 2(n —
Ho M po(p + o)

Here we apply the integral form of Eq. (9.10) to a small rectangle on a plane normal
to the central axis that includes the surface of the magnetic material, as shown in
Fig.9.15. Since there is no true current on the surface, the surface magnetizing
current density is given by the difference in the parallel component of the magnetic
flux density on the surface divided by ¢;

2 —
m(p) = 20t o) Bysing = M sin ¢.

Mo(p + o)

9.9. We use B to denote the uniform magnetic flux density inside the spherical
superconductor. This is directed parallel to the applied magnetic flux density. The
boundary conditions are

(Bo + 2“}:213) cos = Bcos, i (—Bo +

B
sinf = ——sinf +.

Hom )
Mo

4ra’

From the former equation we have m = 2ma*(B — By)/pto. The magnetic flux
density on the superconductor surface is maximum on the equator (8§ = 7/2), and
its absolute value is By — pom/(4mwa?). The critical condition is that this value is
equal to the critical magnetic flux density B.. Thus, we have m = 4mwa*(By —

Bc)/ o or

m

M=y

3

= —(B. — By).
Mo

This characteristic shows the descending line in Fig. 7.18 in Column (2) in Chap. 7.
Using this result, we obtain B and t as

3
B =3By - 2B, T = ——(B. — By)siné.
Ho

We can see that the values of B and t agree with those in the Meissner state given
by Eqgs. (7.34) and (7.33) at By = (2/3) B... The quantities M and 7 decrease to zero
at By = B., showing the change to the normal state.

9.10. We suppose that currents of surface densities 7y and t flow in the regions of
the superconductor facing to the vacuum and the magnetic material, respectively.
The magnetic field in the gap region is parallel to the superconductors and its
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strength is Hy = 79 and H = t in the vacuum and magnetic material, and the
corresponding magnetic flux density is By = poto and B = pt. The boundary
condition yields poty = put. Since the total current is 7o(a — x) + tx = I, we
obtain the surface current densities as

124 Mol

Hn=——, T=——
pa — (p— po)x pa — (i — po)x

The magnetic flux density is

Bo= B — Mol
pna — (1 — po)x
Thus, we calculate the magnetic energy as
B} B? bdI*
Un = bd [—O(a—x)+—xi| - M .
20 2u 2[ua — (p — po)x]

The force on the magnetic material is

Fo 0Un _ pmo(u— fo)bd I*

dx 2[pa — (= po)x]?”

Since F is negative (i > (o), it is directed opposite to increasing Xx, i.e., repulsive.

This agrees with the answer in Example 4.6, if we substitute Q — b1, S — ab,t —

d,ep — p,al ande — !,

Chapter 10

10.1. The magnetic flux penetrating the coil is that staying in the region d to (a’>+
d?)'/? from the straight line:

o

pobl /<“2+d2)”2 dR  pobl . (a® +d?)'/?
= — = log .
2 d R 27 d

The induced electromotive force is

do pob . (a*+d*»H'V? dI(t) wolmbw ~ (a® + d*)'/?
=" log . = — log

Vem = St 2¢ d dr 2 d

cos wt.

10.2. First, we use the magnetic flux law to determine the induced electromotive
force. The magnetic flux penetrating the closed circuit is ® = —a(b+vt), when the
magnetic flux produced by a current flowing along PQRS is defined as positive. The
induced electromotive force is
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Vem = —E = avB.

Second, we use the motional law. The electromotive force is induced only on
side PQ, and v x B has magnitude vB and is directed from P to Q. Hence, the
induced electromotive force is av B and the result agrees with that from the magnetic
flux law.

10.3. We define the origin at R and the x- and y-axes on sides RQ and RS,

respectively. Under the given condition, the continuity equation leads to

VX(BxV)=—ai,.

B Vy LW vy

ax ay
The symmetry condition allows us to assume (dV/dx) = (dV,/0dy). We can also
assume the zero point of V' at any point. Under the condition that V = 0 at (0,
0), we have V, = —ax/(2B) and V, = —ay/(2B). On line PQ(x = b + vt),

Ve = —a(b +vt)/(2B) and vy = v give V] = —a(b + vt)/(2B) — v, and the
integral of the induced electric field from P to Q is

/ (B x V"),dy ‘m(bﬂt) + Bva

The left side reduces to

On line SP(y = a), V, = —aa/(2B) and vy, = 0 give V] = —aa/(2B), and the
integral of the induced electric field from S to P is

/b+w(3 X V') dx = aa(b +vi)
0 ' 2 ‘

There are no contributions from sides QR and RS. Thus, the induced electromotive
force is

Vem = @a(b 4+ vt) + Bva.

10.4. Since the electric field is induced along the direction parallel to the applied
current, there is no contribution to the electromotive force from sides QR and SP.
The magnetic flux density on side PQ is B = jol /{27 [R2+ (a +b)?]'/?} and the
induced electric field v x B has a magnitude

wolv(a +d)

Epg = ,
T R+ (a + d)Y]
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and is directed from P to Q. The induced electric field on side RS has a magnitude

wolvd

Ers = — 2
87 2R + d?)

and is directed from S to R. Thus, we obtain the induced electromotive force as

wolvab[R2 — (dy + vi)(a + do + vi)]

Vem = b(Epg — E = '
(Epq RS) zﬂ[Rg+(d0+vt)2][R(2)+(a+do+Vl)2]

10.5. Using the distance r = (d? + a® 4+ 2ad cosf)'/? between side PQ
and the straight line, the magnetic flux that penetrates the coil is & =
—(polb/2m)log(r/d). Hence, the induced electromotive force is

do nolabdw sin wt

Vem=——=— :
dr 27(d? + a? + 2ad cos wt)

10.6. Since side RS does not move, this does not contribute to the induced
electromotive force. Since v x B is parallel to sides QR and SP, there are no
contributions from these sides. Using the distance r = (d? + a® + 2ad cos 6)'/?
between side PQ and the straight line, the magnetic flux density on this side is B =
ol /(27r) and v =aw. We denote the angle between v and B and the angle from
the line to side PQ by « and B (see Fig. B10.1), respectively. From relationships
asine = dsinf and asinf = rsin B, we have sinoe = (d/r)sinf. Hence, the
magnitude of v x B is vB sina = poadlw sin 0/(27r?), and this is directed from
Q to P, i.e., opposite to the integration. Thus, the induced electromotive force is

wolabdw sin wt
27(d? + a? + 2ad coswt)’

Vem = —vBbsina = —

Fig. B10.1 Angles « and S
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10.7. We denote the current flowing in the circuit by /. Since the electromotive
force induced in the coil is —L(d7/dt), the potential difference applied to the
resistor is V' — L(d1 /dt), which is equal to R,/ . Thus, we have

V LBI—RI
a

The initial condition is /(0) = 0. The solution is
Vv t
It)y=— 11— ——
=g o)

10.8. So that the current I flows in the conductor of electric resistance R} in a unit
length, the electric field strength that the electric power source supplies is

witht = L/R,.

E’' =Rl —vxB.

The electric power inside the conductor is the sum of the component from the
electric power source, E ". I, and the component from the induced electric field,
I-(vxB). This leads to R;I 2 j.e., the electric power consumed in the conductor. The
remaining electric power from the source contributes to the mechanical work on the
outside as shown in Eq. (10.17).

Thus, the work done by the induced electric field is virtual and cannot really be
measured. The induced electric field prevents all the electric energy from the electric
power source from being consumed as Joule heat in the conductor but converts part
of it to the mechanical work on the outside.

The Lorentz force does no mechanical work on moving electric charges (elec-
trons). However, the charges driven by the Lorentz force do mechanical work on ions
in a material through the Coulomb interaction. This is why the conductor moves. As
a result, it looks as thought the Lorentz force does mechanical work. In this case
the current decreases because of the law of conservation of energy, if the electric
power from the source is not sufficient. The lost energy of the charges is the kinetic
energy that is given by the electric power source in the initial state but not given by
the Lorentz force.

10.9. We can assume that the derivatives with respect to y and z are zero from
spatial symmetry and replace the time derivative by iw. We can also assume that
the inner electric field has only a z-component, E,. Equation (10.39) leads to
dE./dx = iwB,, showing that the magnetic flux density has only a y-component.
Thus, Eq. (10.43) leads to d B, /dx = uo.E.. The above two equations yield

d’E, .
?21 —iwpo . E. = 0.
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We can easily solve this equation under the boundary condition E,(x = 0) = Ej.
Taking the real part, we have

E.(x,1) = Ege /P exp [i (wt - %)] — Eoe /% cos (a)t - %) .

Substituting the complex solution into the first equation yields

1/2 3
By(x,t) = E0<ch) e_"/gexp[i (wt—f—i——n)}
1)

8 4

1/2 3
—>E0<MUC) e/ Eycos wr—~ 420

w 8 4

10.10. We suppose that current /' flows uniformly on the thin conductor. When
we carry a small current, Al’, from the position R = R to the conductor, an
attractive force, uol’AI’/ (2 R), works on the small current of a unit length. Since
the return current is uniformly distributed at R, the force from the return current
cancels. Hence, the work in a unit length necessary to carry the small current to the
conductor is negative:

AW, = wol AT /“ % Z_pLoI/AI’ o R;.o

2 Reo R 21

The electromotive force is induced to reduce the current in both the conductor circuit
and the circuit composed of the small current. Hence, the electric power source
in each circuit must supply an energy to maintain the current. For example, the
magnetic flux penetrating a unit length of the circuit of the small current located at
Ris & =(uol’/27)log(Roo/R). The electromotive force induced in a unit length
i8 Vem=—d®’/dt =[uol’/(27)]dR/dt. Hence, the electric power necessary for the
source to drive the current A’ continuously is — V., Al’, and the additional energy
necessary to carry it from Ry, to a is

AW, = —/ VanA'dr = —HolAL / dR _ pol’AL7 o R

2w R R 2 a

The same energy is also needed for the circuit composed of the conductor. Thus, the
total energy needed to carry A’ is

I'AI' R
AW = AW, +2AW, = HO 27 g B0
2 a

The energy needed to carry the current / to the conductor is

R ! I> R
W= ﬂlog—""/ rar = £ jog 2
2w a Jo A a
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Using the magnetic flux density B(R) = uol /(2 R) and Eq. (8.32), we can easily
show that this is equal to the magnetic energy in the space of a unit length;

—27RdR = log
21 41 a

/Rw BX(R) wol® R
) .
Thus, we can also derive the magnetic energy from the force between currents, if
we correctly take into account the electromagnetic induction.

Chapter 11

11.1. The left side of Eq. (11.9) is —e A¢, and we obtain Poisson’s equation for the
electric potential,

The left side of Eq. (11.8) leads to
1 1 1
— Vx(VxA) = —[V(V-A) — AA] = —— AA.
2 2 2

The right side is the same as that shown in Exercise 11.3 and the equation for the
vector potential is given by

0’A ¢ .
W—E,LLVEZ—MI.

AA —en
11.2. We use complex numbers and e’ for the variation with time. We can assume
that the internal electric field has only a z-component, E.. Equation (10.39) leads to
0E./0x = iwB,, showing that the magnetic flux density has only a y-component.
Equation (11.4) leads to B, /d0x =iwueE,. Eliminating B, yields

0’E
T ek, =0

The general solution including the time dependence is given by
E.(x,t) = Kjexpli(wt + kx)] + K, expli(wt — kx)],

where k = w(ue)'/?. The first and second terms show electromagnetic waves
propagating along the negative and positive directions of the x-axis, respectively.
From causality there is no wave propagating from infinity to the negative x-axis,
and it is reasonable to assume K| = 0. Taking the real part the boundary condition
E.(x=0,1)= Ejcoswt gives K, = Ey. Thus, we have
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E.(x.t) = Egcos(wt — kx), By(x,t) = —(ne)/? Egcos(wt — kx).

11.3. From the answer to Exercise 11.2, the Poynting vector at depth x from the
surface is

E.B, 1

S =_.V_=—
PE TR (ne)l/?

. eEg cosz(a)t —kx)iy.

It shows that the energy of density €EZ cos*(wt —kx) propagates with velocity
1/(ue)'/? along the direction of the propagating electromagnetic wave. This does
not decay with increasing x. This is because there is no energy dissipation due to
electric resistivity.

11.4. When the electric charges on the electroplates are +¢(¢), the electric field
in the space between the electroplates is E(t) = ¢(t)/meoa’ and the displacement
current there is dD(t)/0t = (1/ma?)[dq(t)/dt]. The magnetic field on the surface
of the space (R = a) is H(t) = (1/2ma)[0q(t)/dt]. Hence, the Poynting vector on
the surface of the space is

a)_ t4(t)

Sp=EMH@) = 2r2eqad Ot

and is directed inward the space. Integrating this with time gives

0 d0? 2
Wzerad/Spdt: / gdg= 22 _ <2
0

Tepa 1= 2mepa?  2C°

where C = mepa®/d is the capacitance of the capacitor. Thus, this energy is the
electric energy stored in the capacitor.

11.5. Since the current density is i = I/(a?), the electric field is E = i /o, =
I /(ma®o.). The magnetic flux density on the surface is B = ol /(2ma). Thus, the
Poynting vector on the surface has a magnitude

EB 17

S = — = —
P o 2m2a30,

and is directed normally inward the surface of the cylindrical conductor. The electric
power penetrating into the conductor through a unit area is

2

P’ =2maSp = =I*R!

ma’o,

and is consumed in the conductor. In the above R! = 1/(wa’o,) is the electric
resistance in a unit length of the cylindrical conductor.
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11.6. The magnetic flux density produced in the coil when the current I’ flows
is B’ = pol’/h and the electric field induced in the conducting plate is E; =
—(woa/2h)dI’/dt. The electric field provided by the electric power source to keep
the current constant is ES/ = —Ei/ . Thus, the electric field inside the conductor is
E' = E/—E! = 0. Hence, the Poynting vector on the conductor surface is zero,
and there is no energy flow into the conductor. On the other hand, since the voltage
between the gap at the terminal is V =2ma E/, the electric field there is

E’:K:“(ﬂmz.d_ll
] hé dr’

Hence, the Poynting vector at the terminal is directed inside the coil and the
magnitude of the vector is

_ B'E'  poma* ,dI’

N Mo k28 dr -’

Sp
The energy supplied to the coil until the current reaches [ is

I 2 2 BZ
Un = h(S/ HORa” prqyr = KOT4” o _ 27 oy,
AT 2 20

where B = oI/ h is the magnetic flux density in the final state and wa?h is the
volume of the space in which the magnetic flux is stored. Hence, we can see that all
the energy fed by the energy source is stored in the coil as the magnetic energy.

11.7. We denote the radius from the center by R. When the current applied to the
coil is I, the magnetic flux density in the coil (R < a) is B’ = uol’/h. Because
the conductor is sufficiently thin, we can assume that the current flows uniformly.
Thus, the magnetic flux density in the conductor (¢ < R < a + b) is B'(R) =
wo(a +b— R)I’'/(bh). The induced electric field has an azimuthal component, and
from the relationship

E' dE'  dE!
VxE) =2 i S5
(VX E):=2+ 48 = 4R

the induced electric field is given by

’ R
E/(R)= —% : %/ (@+b— R)dR + El(a)
 polab +2b(R—a) = (R—a)?] dI’

2bh dr’

where we have used E/(a) = —(uoa/2h)dI’/dt. Averaging this in the sufficiently
thin conductor gives (E/) = —[uo(3a + 2b)/(6h)](dI’/dt). Hence, so that the

1
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current /” flows in the conductor, the sum of the electrostatic field, E., and (E/)
should be equal to p,I’/(bh), and we have

pr no(Ba + 2b) dr’
E = = -
= T en o

The electric field between the gap of the coil is Ej = (2rwa/§) E/, and the energy
that enters the coil while the current increases linearly from 0 to I within period
T is

I°T,
2n TRk

_ hS/ E} B’ ,uona212+ ,uojmbl2 2ra

The first term is the magnetic energy stored in the space of the coil (see Exer-
cise 11.6). As will be shown later, the second and third terms are the magnetic
energy stored in the conductor and the dissipated energy. We can show that these
energies penetrate from the inner surface of the coil using the Poynting vector.

The magnetic energy in the conductor is

poab Iz

+b 1
2mah / ——B*(R)dR =
a ZﬂO 3h

Assuming I’ = (¢/T)I, the dissipated energy is

2ap, [T (t1)? 2na
— ) dt = I2T.
bh /0 (T) 3bn"
11.8. Exactly speaking, the conductors are not equipotential and hence, the electric
field is not perpendicular to the conductor surfaces (see Fig.B11.1). Thus, the

Poynting vector is not parallel to the surface and the dissipated energy enters the
conductor.

11.9. The electric field induced along the y-axis while the magnetic flux density
increases is

[T OB.(x) X2 0by
Ey(x) = /0 TRy A P

Fig. B11.1 Equipotential

Sp
surface (solid line), electric —\E‘\’\)F\

field and the Poynting vector I I
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where we have used the symmetry condition, £, (0) = 0. Thus, the Poynting vector
at x directed along the positive x-axis is

x2 box\ b
$0) = —5 (Bo+ 0 ) G

The energy that penetrates into the region in unit time is

1 db 3
ASp = —Sp(d) + Sp(d — Ax) = ——" (B + _bO) Ax.
Wo 0t 2

Hence, the input energy while the magnetic flux density increases is

b 3
AU = / ASpdt = =2 (Bo + —bo) Ax.
Ko 4

On the other hand, the increase in the magnetic energy is

1 bo \> b b
AU, = — (Bo + —Ox) B2 ldx~22 (Bo + —0) Ax.
20 Ja—ax d Ko 2

Hence, the work done by the expected restoring force to reduce the magnetic
distortion is

1
AW = AU — AU, = —by*Ax.
duo

Here we determine the displacement of the flux lines, u. Integrating the continuity
equation of magnetic flux with time gives V x (B x u) = —b. This leads to
du/dx = —box/(Bod). Under the symmetry condition u(0) = 0, we obtain the
displacement as

by [ bod

d)y~ -0 [ xdx = -2
ud) = =57 | *4 =35,

The work is written as AW = (Bo?/uod?)u*Ax in terms of the displacement.
Hence, the force on this region is

AW Bohy

- Ax = —JByAx,
u wod 0

f

where J = by/od is the current density. Thus, we prove that the elastic restoring
force is the Lorentz force. This force is directed along the negative x-axis to make
the magnetic flux density uniform.
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Thus, the Lorentz force is derived from the condition that the work on flux
lines is equal to the difference between the input energy and stored energy. This
should be equal to the dissipated energy. In this case we assume that the Lorentz
force is counterbalanced with a virtual force to stably maintain such a state with a
higher energy. In reality this virtual force is the pinning force (see Sect. A3.3 in the
Appendix), and the work done by the Lorentz force is dissipated as the pinning loss.

Chapter 12

12.1. High frequency components of electromagnetic fields are completely
shielded inside the conductor and the electric charge and current are consequently
induced on the conductor surface. Hence, the fulfilled boundary conditions are
only Eqgs. (12.20) and (12.23). Corresponding Egs. (12.35) and (12.38) are

1

1
nX(E()—}-Eg):O, n'(%kXEO—‘rk//

k" x Eg) =0.

Since the electric field in the incident wave is normal to the plane of incidence
(parallel to the y-axis in Fig. 12.3), the first equation leads to

Ey +E(/)/ =0.

The second equation gives also the same result. In this case, taking the real part, the
electric field in the vacuum region is

E, = Eycos(wt—k-r)—Eqcos(wt—k"-r) =—2Esin(kzcos 0) sin(wt—kx sin 6).
In the above k =k"” and we have used Eq. (12.33) and the following relations:
k-r=kxsind —kzcosb, k" -r =kxsinf + kzcos 0.

In this configuration the electric charge does not appear on the surface since the
electric field is parallel to the surface. The magnetic flux density is

4

E
By = =2 cos(wt —k - r)cos 0 — =2 cos(wt — k" - r) cos
Co Co

2F
=% cos cos(kzcos 0) cos(wt — kx sin 0),
€o
Eo . (/)/ ” .
B, = —cos(wt —k -r)sinf + — cos(wt — k" - r)sin 6
Co Co

E
=-"sino sin(kzcos 6) sin(wt — kx sin 6).
€o
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The surface current density is given by

(z

B.(z= 1/2
7y(x) = —0) =2 (6—0) Eqcos 0 cos(wt — kx sin 6).
Ko Ho

12.2. The same two equations as in Exercise 12.1 appear. Using the definition in
Fig. 12.4, the first equation reduces to (Eq— E{) cos # =0 and we obtain E/| = E.
The second equation is fulfilled. Hence, it is sufficient if the above equation is
satisfied. The magnetic flux density has only a y-component;

E 2FE
B, = cos(wt—k-r)+cos(wt—k"-r)] = =2 cos(kzcos 0) cos(wt —kx sin 6).
Co Co

Since the parallel component of the magnetic flux density is not zero on the surface,
the surface current density is

By(z=0 12
Bz=0) =2 (2) Eycos(wt — kx sin 8).
Mo Mo

fx(x) =

(Note the directions of the current and magnetic flux density.) The electric field is

E, = —Egcos(wt —k -r)cosf + E{ cos(wt — k" - r) cos 6
= 2FEcos 8 sin(kzcos 0) sin(wt — kx sin 0),

E, = —Eycos(wt —k -r)sinf — E{ cos(wt — k" - r)sin 6
= —2F(sin 0 cos(kzcos 8) cos(wt — kx sin 6).

Since the normal component of the electric field is not zero on the surface, an electric
charge appears on the surface and its density is

o(x) = €E (z=0) = —2Ey¢( sin 0 cos(wt — kx sin 0).

In this case we can see that the following relationship holds between the surface
current and surface charge;

V. — =0,
T+Bt

which corresponds to Eq. (5.10) for a three-dimensional case. It should be noted that
V.t =0 in Exercise 12.1.

12.3. From Egs. (12.24) and (12.25) we obtain the electric powers flowing from
medium 1 to medium 2 through a unit area as the incident and reflected waves as
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1 E?
——[E(z=0) x B(z=0)], = —% cos*(wt — k-rg) cos b,
M1 C1H1

1 " " E(/)/2 2 " "
——I[E"(z=0)x B"(z=0)], = — cos“(wt —k"-rg)cos 8",
o C1i1

respectively. From Eq. (12.26) the electric power penetrating into medium 2 as the
transmitted wave is

1 E/Z
——[E'(z=0) x B'(z=0)], = —> cos*(wt — k’-ro) cosb’.
7 C2fh2

Because of Eq. (12.30) the factors dependent on time and space such as cos?(wt —
k-r() are the same. Neglecting these factors, the rate of energy flow from medium
lis

1 (E2— E/)cos = 4a cos® 0 cos 0'E}
picr° 0 pici(cos 6 + o cos 6)%’

where @ = (eypt1/€1/42)"/? and we have used Egs. (12.33) and (12.42b). On the
other hand, Eq. (12.42a) yields the rate of energy penetration into medium 2;

1 Elcosd = 4 cos? 0 cos 0" E2 .
U2C2 Hacz(cos O + a cos 0)?

We can easily show that this is equal to the rate of energy flow from medium 1.

12.4. The x- and y-components of the Poynting vector are —E.B,/uo and
E. B, /o, respectively. From the condition of Eq.(12.56) these are zero on the
surfaces of the wave guide, (x = 0,a) and (y = 0, b). Hence, there is no energy
flow through these surfaces. Taking the real parts of the electric field and magnetic
flux density, the z-component of the Poynting vector is

2

mlepyw [m MTX\ . 5 (NTY
Sp, =A? = [F cos’ ( p ) sin? (T>

2

+% sin? (m;TX) cos? (n%)} sin®(wt — yz).

Integrating this in the x-y plane, the electric power through a unit area along the
z-axis is

, Tlegyw(n®a® + m*b?)

P=A
4k*ab

sin(wtf — yz).
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12.5. The boundary conditions on Ey, E,, B, and B, are given by Eq. (12.56).
The boundary conditions on B, are: dB,/dx =0 at x = 0 and a from Egs. (12.52b)
and (12.52c), and 0B,/dy = 0 at y = 0 and b from Eqgs. (12.52a) and (12.52d).
Using these conditions, the general solution of Eq. (12.51b) is given by

o mmrx (mry
B.(x,y,z,t) = A cos( p )cos 5 ) .
Substituting this with £, =0 into Eqs. (12.52a)—(12.52d) yields

E. =iA IO cos (mnx) sin (nny) ,

k2b a b
E, = —iA’ "Z;” sin (m;”) cos (”Zy) ,
B, =iA’ n:;ay sin <m;rx> cos (71%) ,
B, =id’ r]l;l]; cos (m;rx) sin (mbty) i

For simplicity, the factor exp[i(w? —yz)] is omitted. The Poynting vector along the
z-axis is

m’yw [n? mmwx\ . , (ATY
Sp, = A" e [ﬁCOSZ( p )sm2 (T)

2
+sin? (M) cos? (M) s 1 — ya.

Integrating this in the x-y plane yields the electric power through a unit area along
the z-axis;

P42 m2yw(n*a® + m*b?)

. 2
t— .
4okbab sin*(@? = y2)

12.6. Using the real parts of the electric field and magnetic flux density, the surface
densities of electric charge and current on the plane x = 0 are respectively given by

o(x =0) =eE(x =0) = ¢4 n]zfay sin (%) sin(wt — yz),
1
,(x =0) = %By(x =0) = ¢A % sin (%) sin(wt — yz),

where we have used ¢ = 1/(€ojt0)'/?. From the above results we have

d ad
a—ztz(x =0)+ Eo(x =0)=0.
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Thus, the continuity equation of current holds. Similar relationships are obtained for
other surfaces.

12.7. The electric field in the plane normal to the conductors is similar to that in the
case where the line charges +A are given at the image axes (£/, 0) of the left and
right conductors, respectively. The electric potential,

Blx ) = 2 tog LD EN
Y= dre g(x—}—l)z—f—yz’
gives
£ - A x+1 B x—1
T2meo L(x+ D24 yr (x—D24 2]

A y y
Ey= 27€ [(x+l)2+y2 (x—l)2+y2] (A-1)

where [ = (d/2) —h = [(d/2)? — a?]'/? (see Fig. B5.2). For the TEM wave A is
an arbitrary parameter associated with the electric field strength. The magnetic flux
density is
E E
B, = 2, B, = ——.
Co Co
Although a detailed calculation is not shown, the total electric charges that appear

on the surface of each conductor of a unit length are equal to =4, and the continuity
equation of current holds with the surface charges.

12.8. Using ¢ (r,t) in Eq. (12.78), the first term on the left side of Eq.(11.31) is

Ap(r.1) = ﬁLA[M}dV’,

where R=|r —r’|. Since A is the derivative with respect to r, we have

/4 1 Ap
AL —A Wp.V— 4+ =L
R_PART R &

The volume integral of the first term on the right side including the abnormal point

ives —p/€ in Eq.(11.31), as shown in Sect. A2.1. The second term is written as
g P/ q
—(2/R*)(3p/dR), and Ap in the third term is

1 0%p 2 dp

Ap = z aRZ( p) = =

R TR R
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Hence, only (82p/dR?)/R remains from the second and third terms. It is obvious
that the following equation holds;

> 1 19

_¢ =] —. _'OdV/ .
0t2  4me Jy R 01?

Hence, we find that Eq. (11.31) is proved, if the following equation holds;

Pp 1 ¥p

R 2 A
The new definition £ =t — R/c gives dp/dR = —(1/c)dp/d& and dp/dt = dp/dE.
Thus, the following relations are resulted;

¥p 1 ¥p Pp _ p

R> 2 9gY I TN

Hence, the above relation holds and we derive Eq. (11.31).
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Symbols
E—B analogy, 130, 158
E—-H analogy, 224

A

ampere, 99

Ampere’s law, 136, 209
anti-ferromagnetic material, 203

B
Biot—Savart law, 125, 209

C

capacitance, 55

capacitance (of capacitor), 61
capacitance coefficient, 57
capacitor, 60

capacity, 55

capacity (of capacitor), 61
capacity coefficient, 57
characteristic impedance, 273
circular polarization, 275
coefficient of electric potential, 55
coefficient of viscosity, 104

coil, 183

condenser, 60

conductance, 102

conductor, 33

conductor system, 55

continuity equation of current, 101
continuity equation of energy, 264
continuity equation of magnetic flux, 238
coulomb, 3

Coulomb force, 4

Coulomb gauge, 140
Coulomb magnetic field, 151
Coulomb’s law, 5

curl, 298

current, 99

current density, 99
curvilinear integral, 300
cut-off frequency, 285
cyclotron angular frequency, 132
cyclotron motion, 132
cylindrical coordinate, 307

D

diamagnetic material, 202

dielectric, 33

dielectric constant, 82

dielectric material, 33, 75

dielectric polarization, 75

differential form of Ampere’s law, 136, 209
differential form of induction law, 233
displacement current, 255

divergence, 297

E

electric charge, 3

electric conductivity, 102
electric dipole, 23

electric dipole line, 26
electric dipole moment, 24
electric displacement, 82
electric energy, 65
electric energy density, 68
electric field, 8

electric field line, 8
electric field strength, 8
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electric flux, 83

electric flux density, 82
electric flux line, 83

electric moment density, 225
electric polarization, 75,78
electric potential, 16

electric power, 106

electric power source, 113
electric resistance, 101

electric susceptibility, 78
electromagnetic induction, 231
electromagnetic potential, 261
electromagnetic wave, 272
electromotive force, 113
electronic polarization, 76
electrostatic energy, 65, 93
electrostatic energy density, 68, 92
electrostatic field, 8
electrostatic force, 70
electrostatic induction, 34, 46
electrostatic potential, 16
electrostatic shielding, 39
elementary electric charge, 3
elliptical polarization, 275
equipotential surface, 19
equivector-potential surface, 142

F

farad, 55

Faraday’s law, 231
ferrimagnetic material, 203
ferroelectric material, 76
ferromagnetic material, 203
force-free torque, 322

free electric charge, 4

G

gauge transformation, 262

Gauss’ divergence law, 13, 83

Gauss’ divergence law for magnetic flux,
134

Gauss’ law, 13, 83

Gauss’ law for magnetic flux, 134

Gauss’ theorem, 304

general law for induced electric field, 239

generalized differential form of Ampere’s law,

255
generalized form of Ampere’s law, 255
gradient, 297
Green’s theorem, 307
grounding, 38

Index

H

Hall effect, 347

Hall electric field, 347
Helmholtz coil, 186
Henry, 177

|

image charge, 42

image current, 164

image force, 43, 165

induced electromotive force, 194, 231
inductance, 177

inductance coefficient, 178

insulator, 33, 75

intermediate state, 173

ionic polarization, 76

J
Josephson’s relation, 238, 319

K
Kirchhoff’s law, 114

L

Laplace’s equation, 20, 41, 141, 163
Laplacian, 20

law of reflection, 278

law of refraction (electric field line), 88
law of refraction (magnetic flux line), 216
light speed, 272

line charge, 4

line of electric force, 8

linear polarization, 274

London equation, 315

Lorentz force, 129, 130, 321

Lorentz gauge, 262

M

magnetic charge, 146

magnetic charge density, 148
magnetic dipole, 147

magnetic dipole line, 148
magnetic dipole moment, 147
magnetic energy, 188, 191, 220, 242
magnetic energy density, 190, 220
magnetic field, 123, 208

magnetic field line, 209

magnetic field strength, 208
magnetic flux, 133

magnetic flux density, 123
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magnetic flux law, 231

magnetic flux line, 133

magnetic force, 193

magnetic material, 156, 201, 203

magnetic moment, 131

magnetic moment (of small closed current),
145

magnetic moment density, 225

magnetic permeability, 209

magnetic permeability of vacuum, 123

magnetic potential, 147

magnetic shielding, 172

magnetic susceptibility, 202

magnetization, 169, 170, 201

magnetizing current, 201

magnetizing current density, 207

Maxwell’s equations, 258

Meissner current, 316

Meissner—Ochsenfeld effect, 155

method of images, 42, 91, 164, 218

mixed state, 318

moment of electric dipole line, 27

moment of magnetic dipole line, 150

motional law, 234

multipole expansion, 25

mutual inductance, 178

mutual induction, 243

N

nabla, 297

Nagaoka’s coefficient, 185
Neumann’s formula, 179
non-magnetic material, 202
normal state, 155

(0]

ohm, 101

Ohm’s law, 101, 105
orientation polarization, 77

P

parallel-plate capacitor, 60
paramagnetic material, 202
partial differential coefficient, 296
penetration depth, 315

perfect diamagnetism, 155
permittivity of vacuum, 5

plane wave, 272

point charge, 4

Poisson’s equation, 20, 83, 141, 210
polar coordinate, 308

polarization charge, 4, 75
polarization charge density, 80
polarization current density, 266
polarization of wave, 275

polarized wave, 275

Poynting vector, 263

principle of conservation of charge, 4

Q

quantized magnetic flux, 318

R

reciprocity theorem, 58, 67, 178, 244
relative dielectric constant, 82
relative magnetic permeability, 209
resistance, 101

resistivity, 101

retarded potential, 287

rotation, 298

S

scalar, 291

scalar product, 294

scalar triple product, 295
self-inductance, 177
self-inductance (of solenoid coil), 185
self-induction, 242

Siemens, 102

skin depth, 247

skin effect, 245

small closed current, 144
Snell’s law, 278

solenoid coil, 184

specific resistance, 101
spherical coil, 185

spherical wave, 285
spontaneous magnetization, 203
spontaneous polarization, 76
steady current, 99

Stokes’ theorem, 305
superconducting state, 155
superconductor, 155

surface charge, 4

surface integral, 301

T

telegraphic equation, 259
tesla, 125

toroidal coil, 197

total differentiation, 296
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transformer law, 231

transverse electric (TE) wave, 283
transverse electromagnetic (TEM) wave, 283
transverse magnetic (TM) wave, 283
transverse wave, 272

true current, 99

true electric charge, 4

U
unipolar induction, 237

\%

vector, 291

vector potential, 139
vector product, 294

Index

vector triple product, 295
viscous force, 104

volt, 8, 16

voltage drop, 114

W

watt, 106

wave equation, 260
wave guide, 281
wave impedance, 273
weber, 133

zZ
zero resistivity, 155
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