
Appendix A

Complex Numbers

The purpose of this short appendix is to review the basics of complex numbers and complex
arithmetic, which are used throughout much of the text.

A complex number is an expression of the form z = x + i y, where x, y ∈ R are real
and i =

√
−1 is the imaginary unit. The set of all complex numbers is denoted by C. We

call x = Re z the real part of z and y = Im z the imaginary part of z = x+ i y. (Note: The
imaginary part is the real number y, not i y.) A real number x is merely a complex number
with zero imaginary part, Im z = 0, and so we may regard R ⊂ C. Complex addition and
multiplication are based on simple adaptations of the rules of real arithmetic to include
the identity i 2 = −1, and so

(x+ i y) + (u+ i v) = (x+ u) + i (y + v),

(x+ i y) (u+ i v) = (xu− y v) + i (xv + yu).
(A.1)

Complex numbers enjoy all the usual laws of real addition and multiplication, including
commutativity : zw = wz.

We can identify a complex number x + i y with a vector (x, y) ∈ R2 in the real,
two-dimensional plane. For this reason, C is sometimes referred to as the complex plane.
(Although keep in mind that, as a complex vector space, C is only one-dimensional.) Based
on this identification, we shall employ the standard terminology of planar vector calculus
— domain, curve, etc. — without alteration. Complex addition (A.1) corresponds to vector
addition, but the vector interpretation of complex multiplication is more obscure.

The complex conjugate of z = x + i y is z = x − i y. Note that Re z = Re z, while
Im z = − Im z. Geometrically, the complex conjugate of z is obtained by reflecting the
corresponding vector through the real axis, as illustrated in Figure A.1. In particular,
z = z if and only if z is real. In general,

Re z =
z + z

2
, Im z =

z − z

2 i
. (A.2)

Complex conjugation is compatible with complex arithmetic:

z + w = z + w, zw = z w.

In particular, the product of a complex number and its conjugate,

z z = (x+ i y) (x− i y) = x2 + y2, (A.3)

is real and nonnegative. Its square root is known as the modulus or norm of the complex
number z = x+ i y, and written

| z | =
√

x2 + y2 . (A.4)
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Figure A.1. Complex numbers.

Note that | z | ≥ 0, with | z | = 0 if and only if z = 0. The modulus | z | generalizes the
absolute value of a real number and coincides with the standard Euclidean norm in the
(x, y)–plane. This implies the validity of the triangle inequality

| z + w | ≤ | z |+ |w |. (A.5)

Equation (A.3) can be rewritten in terms of the modulus as

z z = | z |2. (A.6)

Rearranging the factors, we deduce the formula for the reciprocal of a nonzero complex
number:

1

z
=

z

| z |2 , z 	= 0, or, equivalently,
1

x+ i y
=

x− i y

x2 + y2
. (A.7)

The general formula for complex division,

w

z
=

w z

| z |2 or
u+ i v

x+ i y
=

(xu+ y v) + i (xv − yu)

x2 + y2
, (A.8)

is an immediate consequence.

The modulus of a complex number,

r = | z | =
√
x2 + y2 ,

is one component of its polar coordinate representation

x = r cos θ, y = r sin θ or z = r(cos θ + i sin θ). (A.9)

The polar angle θ, which measures the angle that the line connecting z to the origin makes
with the horizontal axis, is known as the phase, and written

θ = ph z. (A.10)

As such, the phase is defined only up to an integer multiple of 2π. The unique principal
value of the phase is restricted to −π < ph z ≤ π. A more common term for the polar
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angle is the argument of z, written arg z = ph z. However, in conformity with [85, 86], we
prefer to use “phase” here, in part to avoid confusion with the argument z of a function
f(z).

Euler’s celebrated formula for the complex exponential,

e i θ = cos θ + i sin θ, (A.11)

can be used to compactly rewrite the polar form (A.9) of a complex number as

z = r e i θ, where r = | z |, θ = ph z. (A.12)

Consequently, the complex logarithm has the form

log z = log(r e i θ) = log r + log e i θ = log r + i θ = log | z |+ i ph z. (A.13)

More generally, the complex exponential is given by

ez = ex cos y + i ex sin y, for z = x+ i y. (A.14)

We note that the modulus and phase of a product of complex numbers can be readily
computed:

| zw | = | z | |w |, ph(zw) = ph z + phw, (A.15)

the latter formula requiring that we allow multiply valued phases; the formula does not
hold as stated for all z, w when the principal value of the phase is used. Similarly, the
modulus and phase of the reciprocal of a nonzero complex number are∣∣∣∣ 1z

∣∣∣∣ = 1

| z | , ph

(
1

z

)
= − ph z. (A.16)

On the other hand, complex conjugation preserves the modulus, but negates the phase:

| z | = | z |, ph z = − ph z. (A.17)

The latter formula is not valid for the principal value of the phase when z lies on the
negative real axis.





Appendix B

Linear Algebra

In this appendix, we collect basic results and definitions from linear algebra that are used
in our study of partial differential equations. The reader is referred to [89] for the proofs
and further details.

B.1 Vector Spaces and Subspaces

Vector spaces and their ancillary structures provide the common language of linear alge-
bra. The basic definition is modeled on the prototypical finite-dimensional example: the
Euclidean space Rn, which is the set of all real (column) vectors with n entries, equipped
with the operations of vector addition and scalar multiplication. More generally:

Definition B.1. A (real) vector space is a set V equipped with two operations:

(i) Addition: adding any pair of elements v,w ∈ V produces another vector v+w ∈ V .

(ii) Scalar Multiplication: multiplying an element v ∈ V by a scalar c ∈ R produces a
vector cv ∈ V .

These are subject to the following axioms: for all u,v,w ∈ V and all scalars c, d ∈ R,

(a) Commutativity of Addition: v +w = w + v.

(b) Associativity of Addition: u+ (v +w) = (u+ v) +w.

(c) Additive Identity : There is a zero element 0 ∈ V satisfying v + 0 = v = 0+ v.

(d) Additive Inverse: For each v ∈ V there is an element −v ∈ V such that
v+ (−v) = 0 = (−v) + v.

(e) Distributivity : (c+ d)v = (cv) + (dv), and c (v+w) = (cv) + (cw).

(f ) Associativity of Scalar Multiplication: c (dv) = (cd)v.

(g) Unit for Scalar Multiplication: the scalar 1 ∈ R satisfies 1v = v.

Complex vector spaces are defined in an identical manner, the only difference being
that the scalars are allowed to be complex numbers. In this case, the prototype is the space
Cn consisting of column vectors with n complex entries.

While finite-dimensional vector spaces play a significant role in the study of partial
differential equations, particularly in the design of numerical solution schemes, for us the
more important examples are infinite-dimensional vector spaces whose elements (“vectors”)
are functions. The main example is the following:
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Example B.2. Let I ⊂ R be an interval. The function space F = F(I), whose
elements are all real-valued functions f(x) defined for x ∈ I, has the structure of a vector
space. Addition of functions in F is defined in the usual manner: (f + g)(x) = f(x)+ g(x)
for all x ∈ I. Multiplication by scalars c ∈ R is the same as multiplication by constants,
(c f)(x) = c f(x). The zero element is the constant function that is identically 0 for all
x ∈ I. With these operations, all the vector space axioms listed in Definition B.1 are valid,
and hence F(I) is a real vector space.

More generally, if Ω ⊂ Rn is any subset of n-dimensional Euclidean space, the function
space F(Ω) is defined as the set of all real-valued functions f(x1, . . . , xn) defined for all
x = (x1, . . . , xn) ∈ Ω. Addition and scalar (constant) multiplication of functions are
defined in the same manner.

A subspace of a vector space V is a subset W ⊂ V that is a vector space in its own
right. In particular, a subspace W must contain the zero element of V .

Proposition B.3. A nonempty subset W ⊂ V of a vector space is a subspace if and
only if

(a) for every v,w ∈ W , the sum v+w ∈ W , and

(b) for every v ∈ W and every c ∈ R, the scalar product cv ∈ W .

For example, a complete list of subspaces of V = R3 is (i) the origin {0}; (ii) every
line through the origin; (iii) every plane through the origin; (iv) all of R3.

Example B.4. Here are some examples of subspaces of the function space F(I).

(a) The space P(n) of polynomials of degree ≤ n.

(b) The space C0(I) of all continuous functions on the interval I.

(c) The space Cn(I) consisting of all functions f(x) that have n continuous derivatives
f ′(x), f ′′(x), . . . , f (n)(x) on† I.

(d) The space C∞(I) =
⋂

n≥0 C
n(I) of infinitely differentiable, or smooth , functions is

also a subspace.

(e) The space A(I) of analytic functions. Recall that a function f(x) is called analytic
at a point a if it is smooth, and, moreover, its Taylor series

f(a) + f ′(a) (x− a) + 1
2 f

′′(a) (x− a)2 + · · · =

∞∑
n=0

f (n)(a)

n!
(x− a)n (B.1)

converges to f(x) for all x sufficiently close to a. (The series is not required to
converge on the entire interval I.) Not every smooth function is analytic, and so
A(I) � C∞(I); see Exercise 11.3.21 for an explicit example.

B.2 Bases and Dimension

Definition B.5. Let v1, . . . ,vk belong to a vector space V . A sum of the form

c1v1 + c2v2 + · · · + ckvk =

k∑
i=1

civi, (B.2)

† We use one-sided derivatives at any endpoint that belongs to the interval.
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where the coefficients c1, c2, . . . , ck are any scalars, is known as a linear combination of the
elements v1, . . . ,vk. Their span is the subspace W = span {v1, . . . ,vk} ⊂ V consisting of
all possible linear combinations.

Definition B.6. The elements v1, . . . ,vk ∈ V are called linearly dependent if there
exist scalars c1, . . . , ck, not all zero, such that

c1v1 + · · · + ckvk = 0. (B.3)

Elements that are not linearly dependent are called linearly independent .

In particular, a collection of functions f1(x), . . . , fn(x) is linearly dependent if and
only if there exist constants c1, . . . , cn, not all zero, such that the linear combination

c1f1(x) + · · · + cnfn(x) ≡ 0 (B.4)

is identically zero. Conversely, if the only choice of constants for which (B.4) holds is
c1 = · · · = cn = 0, then the functions are linearly independent.

Definition B.7. A basis of a vector space V is a finite collection of elements
v1, . . . ,vn ∈ V that (a) spans V , and (b) is linearly independent.

The simplest example is the standard basis of Rn, consisting of the n vectors

e1 =

⎛⎜⎜⎜⎜⎜⎜⎝

1
0
0
...
0
0

⎞⎟⎟⎟⎟⎟⎟⎠, e2 =

⎛⎜⎜⎜⎜⎜⎜⎝

0
1
0
...
0
0

⎞⎟⎟⎟⎟⎟⎟⎠, . . . , en =

⎛⎜⎜⎜⎜⎜⎜⎝

0
0
0
...
0
1

⎞⎟⎟⎟⎟⎟⎟⎠, (B.5)

so that ei is the vector with 1 in the ith slot and 0’s elsewhere. However, there are many
other bases of Rn; indeed, any n linearly independent vectors v1, . . . ,vn ∈ Rn form a basis.

Lemma B.8. The elements v1, . . . ,vn form a basis of V if and only if every v ∈ V
can be written uniquely as a linear combination of the basis elements:

v = c1v1 + · · · + cnvn =

n∑
i=1

civi. (B.6)

The coefficients (c1, . . . , cn) are called the coordinates of the vector v with respect to the
given basis.

Theorem B.9. Suppose the vector space V has a basis v1, . . . ,vn. Then every other
basis of V has the same number of elements in it. This number is called the dimension of
V , and written dim V = n.

On the other hand, if the vector space contains infinitely many linearly independent
elements, then it does not have a basis in the sense of Definition B.7, and is thus infinite-
dimensional . All of the function spaces and subspaces listed above are infinite-dimensional
vector spaces. An example of a finite-dimensional function space is the space P(n) ⊂ F(R)
consisting of all polynomials p(x) = a0 + a1x+ · · · + anx

n of degree ≤ n. The monomials
1, x, x2, . . . , xn form a basis, and hence P(n) has dimension n+1. (On the other hand, the
vector space containing all polynomials is infinite-dimensional.)
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B.3 Inner Products and Norms

The dot product on Euclidean space Rn plays an essential role in geometry, analysis, and
mechanics. Its basic properties inspire the general definition of an inner product on a
vector space.

Definition B.10. An inner product on the real vector space V is a pairing that takes
two elements v,w ∈ V and produces a real number 〈v ,w 〉 ∈ R, subject to the following
three axioms for all u,v,w ∈ V , and scalars c, d ∈ R.

(i) Bilinearity :
〈 cu+ dv ,w 〉 = c 〈u ,w 〉+ d 〈v ,w 〉,
〈u , cv+ dw 〉 = c 〈u ,v 〉+ d 〈u ,w 〉.

(B.7)

(ii) Symmetry :
〈v ,w 〉 = 〈w ,v 〉. (B.8)

(iii) Positivity :
〈v ,v 〉 > 0 whenever v 	= 0, while 〈 0 ,0 〉 = 0. (B.9)

Given an inner product, the associated norm of an element v ∈ V is defined as the
positive square root of its inner product with itself:

‖v ‖ =
√
〈v ,v 〉 . (B.10)

Bilinearity of the inner product implies that

‖ cv ‖ = | c | ‖ v ‖
for any scalar c. The positivity axiom implies that ‖v ‖ ≥ 0 is real and nonnegative,
and equals 0 if and only if v = 0 is the zero element. A vector space norm induces a
notion of distance between elements v,w ∈ V , with dist(v,w) = ‖v−w ‖. In particular,
dist(v,w) = 0 if and only if v = w.

Example B.11. The most familiar example of an inner product is the dot product†

〈v ,w 〉 = v ·w = vTw = v1w1 + v2w2 + · · · + vnwn (B.11)

on the Euclidean space Rn. The associated Euclidean norm

‖v ‖ =
√

v · v =
√
v21 + v22 + · · · + v2n (B.12)

conforms to our usual notion of distance between points in Euclidean space.

To find the most general inner product on Rn, we need to introduce the important
class of positive definite matrices.

Definition B.12. An n × n matrix C is called positive definite if it satisfies the
positivity condition

vTC v > 0 for all 0 	= v ∈ Rn. (B.13)

We will sometimes write C > 0 to mean that C is a positive definite matrix.

† The elements v ∈ Rn are to be regarded as column vectors, while the transpose, written

vT , is the corresponding row vector.
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Warning : The condition C > 0 does not mean that all the entries of C are positive.

For example,

(
3 −1
−1 1

)
is positive definite, whereas

(
1 2
2 1

)
is not.

Many authors, including [89], require that a positive definite matrix also be symmetric.
We will not impose this condition here a priori. However, most of the positive definite
matrices we will encounter in applications will be symmetric (or, more generally, self-
adjoint — as in Example 9.15). For a symmetric matrix, the most useful test for positive
definiteness is to perform Gaussian Elimination on the matrix C, which is positive definite
if and only if no row interchanges are needed, and all the pivots are positive, [89].

Proposition B.13. Every inner product on Rn is given by

〈v ,w 〉 = vTC w for v,w ∈ Rn, (B.14)

where C > 0 is a symmetric positive definite matrix.

The next example is of particular significance in Fourier analysis and partial differential
equations.

Example B.14. Let [a, b ] ⊂ R be a bounded closed interval. The integral

〈 f , g 〉 =
∫ b

a

f(x) g(x)dx (B.15)

defines an inner product on the space C0[a, b ] of continuous functions. The associated
norm

‖ f ‖ =

√∫ b

a

f(x)2 dx (B.16)

is known as the L2 norm of the function f over the interval [a, b ]. The positivity of the
norm: ‖ f ‖ > 0 for f 	= 0, follows from the fact that the only continuous nonnegative

function g(x) ≥ 0 that satisfies

∫ b

a

g(x) dx = 0 is the zero function g(x) ≡ 0. Extending

this construction to spaces containing discontinuous functions is trickier, since there are
discontinuous functions that are not identically zero, but nevertheless have zero norm
integral. An example is a function that is zero except at a single point. Further discussion
can be found in Section 3.5.

The two most important inequalities in mathematical analysis apply to any inner
product space.

Theorem B.15. Every inner product satisfies the Cauchy–Schwarz and triangle
inequalities

| 〈v ,w 〉 | ≤ ‖v ‖ ‖w ‖, ‖v+w ‖ ≤ ‖v ‖+ ‖w ‖, for all v,w ∈ V. (B.17)

Equality holds if and only if v and w are parallel, i.e., scalar multiples of each other.

Proof : We begin with the Cauchy–Schwarz inequality: | 〈v ,w 〉 | ≤ ‖v ‖ ‖w ‖. The
case w = 0 is trivial, and so we assume w 	= 0. Let t ∈ R be an arbitrary scalar. Using
the three inner product axioms, we have

0 ≤ ‖v+ tw ‖2 = 〈v+ tw ,v+ tw 〉 = ‖v ‖2 + 2 t 〈v ,w 〉+ t2 ‖w ‖2, (B.18)
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with equality holding if and only if v = − tw, which requires v andw to be parallel vectors.
We fix v and w, and consider the right-hand side of (B.18) as a quadratic function of t.
Its minimum value occurs when t = ‖w ‖−2 〈v ,w 〉. Substituting this value into (B.18),
we obtain

0 ≤ ‖v ‖2 − 2
〈v ,w 〉2
‖w ‖2 +

〈v ,w 〉2
‖w ‖2 = ‖v ‖2 − 〈v ,w 〉2

‖w ‖2 ,

and hence 〈v ,w 〉2 ≤ ‖v ‖2 ‖w ‖2, which, upon taking the square root, establishes the
Cauchy–Schwarz inequality. Again, as noted above, equality holds if and only if v and w
are parallel.

To establish the triangle inequality, we compute

‖v+w ‖2 = 〈v+w ,v +w 〉 = ‖v ‖2 + 2 〈v ,w 〉+ ‖w ‖2

≤ ‖v ‖2 + 2 ‖v ‖ ‖w ‖+ ‖w ‖2 =
(
‖v ‖+ ‖w ‖

)2
,

where the middle inequality follows from the Cauchy–Schwarz inequality (which clearly
also holds if the absolute value is removed.) Taking square roots of both sides completes
the proof. Q.E.D.

We will also have occasion to use inner products on complex vector spaces. To ensure
that the associated norm remains positive, the real definition must be modified. The
complex conjugate of a complex scalar c = a + i b, with a, b ∈ R, will be indicated by an
overbar: c = a − i b. When dealing with a complex inner product space, one must pay
careful attention to complex conjugation.

Definition B.16. An inner product on the complex vector space V is a pairing that
takes two vectors v,w ∈ V and produces a complex number 〈v ,w 〉 ∈ C, subject to the
following requirements, for u,v,w ∈ V , and c, d ∈ C:

(i) Sesquilinearity :
〈 cu+ dv ,w 〉 = c 〈u ,w 〉+ d 〈v ,w 〉,
〈u , cv+ dw 〉 = c 〈u ,v 〉+ d 〈u ,w 〉.

(B.19)

(ii) Conjugate Symmetry :

〈v ,w 〉 = 〈w ,v 〉. (B.20)

(iii) Positivity :

‖v ‖2 = 〈v ,v 〉 ≥ 0, and 〈v ,v 〉 = 0 if and only if v = 0. (B.21)

Example B.17. The simplest example is the Hermitian dot product

z ·w = zT w = z1w1 + z2w2 + · · · + znwn, for z =

⎛⎜⎜⎜⎝
z1
z2
...
zn

⎞⎟⎟⎟⎠, w =

⎛⎜⎜⎜⎝
w1

w2
...
wn

⎞⎟⎟⎟⎠, (B.22)

between complex vectors v,w ∈ Cn.

Example B.18. Let C0[−π, π ] denote the complex vector space consisting of all
complex-valued continuous functions f(x) = u(x) + i v(x) depending on the real variable
−π ≤ x ≤ π. The L2 Hermitian inner product on C0[−π, π ] is defined as

〈 f , g 〉 =
∫ π

−π

f(x) g(x)dx , (B.23)
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i.e., the integral of f times the complex conjugate of g, with corresponding norm

‖ f ‖ =

√∫ π

−π

| f(x) |2 dx =

√∫ π

−π

[
u(x)2 + v(x)2

]
dx . (B.24)

Inner products on complex vector spaces also satisfy the Cauchy–Schwarz and triangle
inequalities (B.17). The proof is left as an exercise for the reader; see [89; Exercise 3.6.46].

B.4 Orthogonality

Definition B.19. Two elements v,w ∈ V of an inner product space V are called
orthogonal if their inner product vanishes: 〈v ,w 〉 = 0.

For ordinary Euclidean space equipped with the dot product, two vectors are orthog-
onal if and only if they are perpendicular, i.e., meet at a right angle.

Definition B.20. A basis u1, . . . ,un of an inner product space V is called orthogonal
if 〈ui ,uj 〉 = 0 for all i 	= j. The basis is called orthonormal if, in addition, each vector
has unit length: ‖ui ‖ = 1, for all i = 1, . . . , n.

For example, the standard basis vectors (B.5) form an orthonormal basis of Rn with
respect to the dot product, but they are not orthonormal for any other inner product
thereon.

Theorem B.21. If v1, . . . ,vn form an orthogonal basis, then the corresponding
coordinates of a vector

v = a1v1 + · · · + anvn are given by ai =
〈v ,vi 〉
‖vi ‖2

. (B.25)

Moreover, the vector’s norm can be computed using the formula

‖v ‖2 =

n∑
i=1

a2i ‖vi ‖2 =

n∑
i=1

(
〈v ,vi 〉
‖vi ‖

)2

. (B.26)

Proof : We compute the inner product of (B.25) with one of the basis vectors. By
orthogonality,

〈v ,vi 〉 =
〈

n∑
j=1

aj vj , vi

〉
=

n∑
j=1

aj 〈uj ,ui 〉 = ai ‖vi ‖2.

To prove formula (B.26), we similarly expand

‖v ‖2 = 〈v ,v 〉 =
n∑

i,j=1

ai aj 〈vi ,vj 〉 =
n∑

i=1

a2i ‖vi ‖2. Q .E .D .

In the case of an orthonormal basis, the formulas (B.25–26) simplify to

v = c1u1 + · · · + cnun, where ci = 〈v ,ui 〉, ‖v ‖ = c21 + · · · + c2n. (B.27)
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Example B.22. A particularly important orthogonal basis is provided by the fol-
lowing vectors lying in Cn:

ωk =
(
1, ζk, ζ2k, ζ3k, . . . , ζ(n−1)k

)T
=

(
1, e2kπ i /n, e4kπ i /n, . . . , e2(n−1)kπ i /n

)T
,

k = 0, . . . , n− 1, (B.28)

where
ζ = e2π i /n. (B.29)

Orthogonality relies on the fact that its powers, ζk = e2kπ i /n, k = 0, . . . , n − 1, are the
complex roots of the elementary polynomial

zn − 1 = (z − 1)(1 + z + z2 + · · · + zn−1), (B.30)

while
ζ = e−2π i /n = ζ−1.

Since when 0 < k ≤ n− 1, the complex number ζk 	= 1 is a root of the polynomial (B.30),
it must also be a root of the second factor. This implies that

1 + ζk + ζ2k + ζ3k + · · · + ζ(n−1)k =

{
n, k ≡ 0 mod n,

0, k 	≡ 0 mod n,

where the former case k ≡ 0 mod n follows by direct substitution of ζk = 1. Thus, the
Hermitian inner products of the vectors (B.28) equal

〈ωk ,ωl 〉 =
n−1∑
j=0

ζj k ζj l =

n−1∑
j=0

ζj (k−l) =

{
n, k = l,

0, k 	= l,
(B.31)

provided 0 ≤ k, l ≤ n − 1, thereby establishing orthogonality. These vectors are the dis-
crete analogues of the orthogonal complex exponential functions that are used to construct
complex Fourier series. They are the basis of the discrete Fourier transform, [89; §5.7],
and their orthogonality is the key to modern signal processing.

B.5 Eigenvalues and Eigenvectors

The eigenvalues and eigenvectors of a matrix first appear when solving linear systems
of ordinary differential equations. But their essential importance extends across all of
mathematics and its manifold applications. Extensions of the eigenvalue method to linear
operators on function spaces are critical to the analysis of partial differential equations.

Definition B.23. Let A be an n× n matrix. A scalar λ is called an eigenvalue of A
if there is a nonzero vector v 	= 0, called an associated eigenvector , such that

Av = λv. (B.32)

In particular, a matrix has λ = 0 as an eigenvalue if and only if it has a null eigenvector
v 	= 0, satisfying Av = 0, and hence is a singular (non-invertible) matrix, with vanishing
determinant: detA = 0. An eigenvalue is called simple if it admits only one linearly
independent eigenvalue; more generally, the multiplicity of an eigenvalue is defined as the
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dimension of the eigenspace consisting of all solutions to the eigenequation (B.32), including
0. Thus, a simple eigenvalue has multiplicity 1.

Even if A is a real matrix, we must allow the possibility of complex eigenvectors.
Matrices with a “complete” set of eigenvectors are the most common, and also the easiest
to deal with.

Definition B.24. An n × n real or complex matrix A is called complete if there
exists a basis of Cn consisting of its (complex) eigenvectors.

It is not hard to show that eigenvectors corresponding to different eigenvalues are
necessarily linearly independent. This means that matrices with all distinct (and hence
simple) eigenvalues are necessarily complete:

Proposition B.25. Any n× n matrix with n distinct eigenvalues is complete.

Unfortunately, not all matrices with repeated eigenvalues are complete. For instance,(
1 0
0 1

)
is complete, since, for instance,

(
1
0

)
and

(
0
1

)
form an eigenvector basis of

C2, whereas

(
1 1
0 1

)
is not, since it has only one independent eigenvector, namely

(
1
0

)
.

Incomplete matrices are much more challenging to deal with, both theoretically and nu-
merically. Fortunately, we can safely ignore the incomplete cases in this text.

The most common way for orthogonal bases to arise is as eigenvector bases of sym-
metric matrices. (Orthogonality is with respect to the standard dot product on Rn.) The
extension of this result to “self-adjoint” operators on function space forms the foundation
of Fourier analysis and its generalizations.

Theorem B.26. Let A = AT be a real symmetric n× n matrix. Then

(a) All the eigenvalues of A are real.

(b) Eigenvectors corresponding to distinct eigenvalues are orthogonal.

(c) There is an orthonormal basis of Rn consisting of n eigenvectors of A.

Let us demonstrate orthogonality, leaving the remaining steps in the proof to [89;
Theorem 8.20]. If

Av = λv, Aw = μw,

where λ 	= μ are distinct real eigenvalues, then, by symmetry of A,

λv ·w = (Av) ·w = (Av)Tw = vTAw = v · (Aw) = v · (μw) = μv ·w,

and hence
(λ− μ)v ·w = 0.

Since λ 	= μ, this implies that the eigenvectors v,w are necessarily orthogonal.

B.6 Linear Iteration

For numerical applications, we will require some basic results on iteration of linear systems.
Consider first a homogeneous linear iterative system of the form

u(k+1) = Au(k), u(0) = u0, (B.33)
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in which A is an n × n matrix and u0 ∈ Rn or Cn. The solution to such a system is
evidently obtained by repeatedly multiplying the initial vector u0 by the matrix A, and so

u(k) = Aku0. (B.34)

Definition B.27. A matrix A is called convergent if every solution to the homo-
geneous linear iterative system (B.33) tends to zero in the limit: u(k) → 0 as k → ∞.
Equivalently, A is convergent if and only if its powers converge to the zero matrix: Ak → O
as k → ∞.

The solution formula (B.34), while elementary, is not particularly enlightening. An
alternative approach is to recognize that if λj is an eigenvalue of A and vj a corresponding
eigenvector, then

u
(k)
j = λk

j vj (B.35)

is a solution, since

Au
(k)
j = λk

j Avj = λk+1
j vj = u

(k+1)
j .

Moreover, linear combinations of such eigensolutions are also solutions. In particular, if A
is complete, then we can write down the general solution to (B.33) as a linear combination
of the independent eigensolutions:

u(k) = c1λ
k
1 v1 + c2λ

k
2 v2 + · · · + cnλ

k
nvn, (B.36)

where {v1, . . . ,vn} is the eigenvector basis. The coefficients c1, . . . , cn are uniquely deter-
mined by the initial conditions,

u(0) = c1v1 + c2v2 + · · · + cnvn = u0,

which relies on the fact that the eigenvectors v1, . . . ,vn form a basis. Now, A is convergent
if and only if all solutions u(k) → 0. The individual eigensolution (B.35) goes to zero if and
only if its associated eigenvalue is strictly less than 1 in modulus: |λj | < 1. This proves
the following result for complete matrices. The proof in the incomplete case relies on the
Jordan canonical form, [89; Chapter 10].

Theorem B.28. The matrix A is convergent if and only if all its eigenvalues satisfy
|λ | < 1.

Definition B.29. The spectral radius of a matrix A is defined as the maximal mod-
ulus of all of its real and complex eigenvalues: ρ(A) = max { |λ1 |, . . . , |λk | }.

Corollary B.30. The matrix A is convergent if and only if ρ(A) < 1.

Indeed, the spectral radius essentially governs the rate of convergence of the iterative
system — the closer it is to 0, the faster the convergence rate.

Next, consider the inhomogeneous linear iterative system

v(k+1) = Av(k) + b, v(0) = v0, (B.37)

where b a fixed vector. A fixed point is a vector v� that satisfies

v� = Av� + b, or, equivalently, ( I −A)v� = b, (B.38)

where I is the identity matrix of the same size as A. Thus, if 1 is not an eigenvalue of
A (which cannot happen when A is convergent), then I − A is nonsingular, and so the
iterative system has a unique fixed point.
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Theorem B.31. Assume that 1 is not an eigenvalue of A. Then all solutions to
(B.37) converge to the fixed point, v(k) → v� as k → ∞ if and only if A is a convergent
matrix.

Proof : Let u(k) = v(k) − v�, so that v(k) → v� if and only if u(k) → 0. Now,

u(k+1) = v(k+1) − v� = (Av(k) + b)− (Av� + b) = A(v(k) − v�) = Au(k),

and hence u(k) solves the homogeneous version (B.33). Thus, the result is an immediate
consequence of Definition B.27. Q.E.D.

B.7 Linear Functions and Systems

The most basic structural features of linear differential equations, both ordinary and
partial, linear boundary value problems, etc., are founded on the concept of a linear function
between vector spaces.

Definition B.32. Let U and V be real vector spaces. A function L:U → V is called
linear if it obeys two basic rules:

L[u + v ] = L[u ] + L[v ], L[cu ] = c L[u ], (B.39)

for all u,v ∈ U and all scalars c.

We will refer to U as the domain space of the function L, and V as the target space.
The latter is to emphasize the fact that the range of L, namely

rngL = { v ∈ V | v = L[u ] for some u ∈ U } , (B.40)

may very well be a proper subspace of the target space V .

Theorem B.33. Every linear function L:Rn → Rm is given by matrix multiplica-
tion, L[v ] = Av, where A is an m× n matrix.

Proving that matrix multiplication satisfies the linearity conditions (B.39) is easy. The
converse is established by seeing what the linear function does to the basis vectors of Rn;
see [89; Theorem 7.5].

Corollary B.34. Every linear function L:Rn → R is given by taking the dot product
with a fixed vector a ∈ Rn:

L[v ] = a · v. (B.41)

When U is a function space, a linear function is also referred to as a linear operator
in order to avoid confusion with the elements of U . If the target space V = R, then the
term linear functional is also often used for L:U → R.

Here are some representative examples that arise in applications.

Example B.35. (a) Evaluation of a function at a point, namely L[f ] = f(x0),
defines a linear operator L: C0[a, b ] → R.

(b) Integration,

I[f ] =

∫ b

a

f(x) dx, (B.42)

also defines a linear functional I: C0[a, b ] → R.
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(c) The operation Ma[f(x) ] = a(x) f(x) of multiplication by a continuous function

a defines a linear operator Ma: C
0[a, b ] → C0[a, b ].

(d) Differentiation of functions, D[f ] = f ′, serves to define a linear operator
D: C1[a, b ] → C0[a, b ].

(e) A general linear ordinary differential operator of order n,

L = an(x)D
n + an−1(x)D

n−1 + · · · + a1(x)D + a0(x), (B.43)

is obtained by summing such operators. If the coefficient functions a0(x), . . . , an(x) are
continuous, then

L[u ] = an(x)
dnu

dxn
+ an−1(x)

dn−1u

dxn−1
+ · · · + a1(x)

du

dx
+ a0(x)u (B.44)

defines a linear operator from Cn[a, b ] to C0[a, b ].

Linear partial differential equations are based on linear partial differential operators,
which are discussed in Chapter 1. They are particular examples of the general concept of
a linear system.

Definition B.36. A linear system is an equation of the form

L[u ] = f , (B.45)

in which L:U → V is a linear function, f ∈ V , while the desired solution u ∈ U . The
system is homogeneous if f = 0; otherwise, it is called inhomogeneous .

Note that, by the definition (B.40) of the range of L, the linear system (B.45) will
have a solution if and only if f ∈ rngL. In particular, a homogeneous linear system always
has a solution, namely u = 0. However, it may possibly admit other, nonzero, solutions.

Theorem B.37. If z1, . . . , zk are all solutions to the same homogeneous linear system

L[z ] = 0, (B.46)

then any linear combination c1z1 + · · ·+ ck zk, for any scalars c1, . . . , ck, is also a solution.

In other words, the set of solutions to a homogeneous linear system (B.46) forms a
subspace of the domain space U , known as the kernel of the linear function L:

kerL = { z ∈ U | L[z ] = 0 } . (B.47)

Theorem B.38. If the inhomogeneous linear system L[u ] = f has a particular
solution u�, which requires f ∈ rngL, then the general solution is u = u� + z, where
z ∈ kerL is any solution to the corresponding homogeneous system L[z ] = 0.

The Superposition Principle for inhomogeneous linear systems allows us to combine
solutions corresponding to different right-hand sides.

Theorem B.39. Suppose that for each i = 1, . . . , k, we know a particular solution
u�

i to the inhomogeneous linear system L[u ] = f i for some f i ∈ rngL. Then, given scalars
c1, . . . , ck, a particular solution to the combined inhomogeneous system

L[u ] = c1 f1 + · · · + ck fk (B.48)
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is the corresponding linear combination

u� = c1u
�
1 + · · ·+ cku

�
k (B.49)

of particular solutions. The general solution to the inhomogeneous system (B.48) is

u = u� + z = c1u
�
1 + · · · + cku

�
k + z, (B.50)

where z ∈ kerL is an arbitrary solution to the associated homogeneous system L[z ] = 0.
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Symbol Index

Symbol Meaning Page(s)

c+ d addition of scalars 575

z + w complex addition 571

A+B addition of matrices 575

v+w addition of vectors 575

f + g addition of functions 575

zw complex multiplication 571

z/w complex division 572

cv, cA, cf scalar multiplication 575

z complex conjugate 571

Ω closure of subset or domain 243

0 zero vector xvi, 575

> 0 positive definite 355, 578

≥ 0 positive semi-definite 355

f−1 inverse function xvi

A−1 inverse matrix xvi

f(x+), f(x−) one-sided limits xvi

n ! factorial 163, 453(
n

k

)
binomial coefficient 163

| · | absolute value, modulus 94, 225, 571

‖ · ‖ norm 73, 89, 106, 284, 356,
578, 579, 581

‖ · ‖ double norm 380

|‖ · ‖| norm 356

v ·w dot product 578

z ·w Hermitian dot product 580

〈 · 〉 expected value 287

〈 · , · 〉 inner product 73, 89, 107, 285, 341,
578, 579, 581

〈〈 · , · 〉〉 inner product 341

[0, 1 ] closed interval xvi

{ f | C } set xvi

∈ element of xvi
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596 Symbol Index

	∈ not element of xvi

⊂, � subset xvi

∪ union xvi

∩ intersection xvi

\ set theoretic difference xvi

:= definition of symbol xvi

≡ identical equality of functions xvi

≡ equivalence in modular arithmetic xvi

◦ composition xvi

∗ convolution 95, 281

L∗ adjoint operator 341

∼ Fourier series representation 74

∼ asymptotic equality 300

f :X → Y function xvi

xn → x convergent sequence xvi

fn ⇀ f weak convergence 230

f(x+), f(x−) one-sided limits 41, 79

u′, u′′, . . . space derivatives xvii
�
u,

��
u, . . . time derivatives xvii

ux, uxx, utx, . . . partial derivatives xvii, 1

du

dx
,
d2u

dx2
, . . . ordinary derivatives xvii, 1

∂ partial derivative xvii, 1

∂ boundary of domain 5, 152, 504

∂u

∂x
,
∂2u

∂x2
,
∂2u

∂t ∂x
, . . . partial derivatives xvii, 1

∂x,
∂

∂x
partial derivative operator 2

∂

∂n
normal derivative 153, 244, 504

∇ gradient 150, 242, 345, 505

∇· divergence 242, 347, 505

∇× curl 242

∇2 Laplacian 243

� wave operator 50
n∑

i=1

summation xvi∫
f(x) dx indefinite integral xvii∫ b

a

f(x) dx definite integral xvii



Symbol Index 597∫ ∞

−∞
− f(x) dx principal value integral 283∫ ∫

Ω

f(x, y) dx dy double integral 243∫ ∫ ∫
Ω

f(x, y, z)dx dy dz triple integral 505∫
C

f(s) ds line integral with respect to arc length 244∫
C

v dx line integral 243∮
C

v dx line integral around closed curve 243∫ ∫
∂Ω

f dS surface integral 505

a Bohr radius 567

A space of analytic functions 576

ak Fourier coefficient 74, 89

Ai Airy function 327, 460

arg argument (see phase) xvi, 573

b finite element vector 401

B magnetic field 551

bk Fourier coefficient 74, 89

Bi Airy function of the second kind 462

c wave speed 19, 24, 50, 486, 546

c finite element coefficient vector 401

C complex numbers xv, 571

cg group velocity 331

ck complex Fourier coefficient 89

ck eigenfunction series coefficient 378

cp phase velocity 330

C0 space of continuous functions 108, 576

Cn space of differentiable functions 5, 576

C∞ space of smooth functions 576

Cn n-dimensional complex space xv, 575

coker cokernel 350

cos cosine 6, 89

cosh hyperbolic cosine 88

coth hyperbolic cotangent 91, 317

csc cosecant 230

curl curl (see also ∇×) 242

d ordinary derivative xvii, 1

D derivative operator 342, 585

D domain 5
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det determinant 582

dim dimension 577

div divergence (see also ∇·) 242

ds arc length element 244

dS surface area element 505

e base of natural logarithm xvi

E energy 61, 132, 151

E electric field 551

ex exponential 5

ez complex exponential 573

ei standard basis vector 216, 577

erf error function 55

erfc complementary error function 302

f̃ periodic extension 77

F function space 575

F Fourier transform 264

F−1 inverse Fourier transform 265

F (t, x; ξ) fundamental solution 292, 387, 481, 543

G(x; ξ), Gξ(x) Green’s function 234, 240, 248, 527

G(t, x; τ, ξ) general fundamental solution 297

h step size 182

� Planck’s constant 6, 287, 394

Hn Hermite polynomial 311

Hm
n , H̃m

n harmonic polynomial 520

i =
√
−1 imaginary unit 571

I identity matrix 575

Im imaginary part 571

Jm Bessel function 468

k frequency variable 264

k wave number 330

K finite element matrix 401

K[u ] right hand side of evolution equation 291

kνij elemental stiffness 417

Km
n , K̃m

n complementary harmonic function 523

ker kernel 350, 577

l angular quantum number 568

L2 Hilbert space 106, 284

Lk Laguerre polynomial 566

Lj
k generalized Laguerre polynomial 566

L[u ] linear function/operator 10, 64, 585

lim
x→ a

, lim
n→∞

limits xvi



Symbol Index 599

lim
x→ a−

, lim
x→ a+

one-sided limits xvi

log natural or complex logarithm xvi, 573

m mass 6

m magnetic quantum number 568

M electron mass 564

Mr, Mx
r spherical mean 553

max maximum xvi

min minimum xvi

mod modular arithmetic xvi

n principal quantum number 568

n unit normal 153, 244, 505

N natural numbers xv

O zero matrix 575

O(h) Big Oh notation 182

p pressure 3

p option exercise price 299

P Péclet number 311

Pn Legendre polynomial 511, 525

pmn trigonometric Ferrers function 515

Pm
n Ferrers (associated Legendre) function 513

P(n) space of polynomials of degree ≤ n 577

ph phase (argument) xvi, 572

Q[u ] quadratic function(al) 362

r radial coordinate xv, 3, 160, 572

r cylindrical radius xv, 3, 508

r spherical radius xv, 3, 508

r interest rate 299

R real numbers xv

Rn n-dimensional Euclidean space xv, 575

R[u ] Rayleigh quotient 375

Re real part 571

rng range 576

s arc length 244

S surface area 505

Sm spherical Bessel function 539

sn partial sum 75, 113

Sr, Sx
r sphere of radius r 553, 555

sech hyperbolic secant 334

sign sign function 94, 225

sin sine 6, 89

sinh hyperbolic sine 13, 88
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span span 576

supp support 407

t time xv, 3

T conserved density 38, 256

AT transpose of matrix 341, 578

Tν finite element triangle 411

tan tangent 1

tanh hyperbolic tangent 135

u dependent variable xv, 3

ux, uxx, . . . partial derivative 1

v dependent variable xv, 3

v eigenvector/eigenfunction 371

v vector xv, 575

v eigenvector 66, 582

v vector field 3, 242

V vector space 575

V potential function 6

v⊥ perpendicular vector 244

vlmn atomic eigenfunction 568

Vλ eigenspace 371

w dependent variable xv, 3

w heat flux 122

w heat flux vector 437

x Cartesian space coordinate xv, 3, 152, 504

x real part of complex number 571

X flux 38, 256

y Cartesian space coordinate xv, 3, 152, 504

y imaginary part of complex number 571

Y flux 256

Ym Bessel function of the second kind 470

Y m
n , Ỹ m

n spherical harmonic 517

Ym
n complex spherical harmonic 519

z Cartesian space coordinate xv, 3, 504

z cylindrical coordinate xv, 3, 508

z complex number 571

Z integers xv

α electron charge 564

βn
l radial wave function 568

γ thermal diffusivity 124, 438, 535

γ Euler–Mascheroni constant 471

Γ gamma function 454
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δ, δξ delta function 217, 219, 246, 247, 527

δ̃ periodically extended delta function 229

δ ′, δ ′
ξ derivative of delta function 225, 226

Δ Laplacian 4, 152, 161, 243,

504, 509
Δ discriminant 172, 173

Δx step size 186

Δx variance 287

ΔS spherical Laplacian 509

ε thermal energy density 122, 437

ε0 permittivity constant 551

ζm,n Bessel root 474

η characteristic variable 51

θ polar angle xv, 3, 160, 572

θ cylindrical angle xv, 3, 508

θ azimuthal angle xv, 3, 508

ζ root of unity 582

κ thermal conductivity 65, 123, 437

κ stiffness or tension 49

λ eigenvalue 66, 371, 573

λ magnification factor 189

μ0 permeability constant 551

ν viscosity 3

ξ characteristic variable 19, 25, 32, 51

π area of unit circle 5

ρ density 49, 122, 438

ρ spectral radius 584

ρ, ρξ ramp function 91, 223

ρn, ρn,ξ nth order ramp function 95, 223

ρm,n relative vibrational frequency 495

σ shock position 41

σ heat capacity 65, 122, 438

σ volatility 299

σ, σξ unit step function 61, 80, 222

σm,n spherical Bessel root 540

ϕ zenith angle xv, 3, 508

ϕ wave function 286

ϕk orthogonal or orthonormal system 109

ϕk basis for finite element subspace 401

χ specific heat capacity 122, 431

χD characteristic function 485
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ψ time-dependent wave function 394, 564

ω frequency 59, 330

Ω domain 152, 242, 504
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ansatz 66, 124, 161, 330, 390, 394, 466,

475, 535, 538
exponential 67, 330
power 162, 464, 520
trigonometric 546

approximation vii, 9, 110, 181, 363, 406
arbitrage 299
arbitrary function 6, 21
arc 551, 556
arc-length 244
area 39, 244, 413, 414, 415, 477
equal 40, 46, 47, 431
surface 517, 529, 537, 543, 553, 555

argument (see phase) xvi, 573
arithmetic 184, 571
floating-point ix, 184
single-precision 184

asset 299
associated Legendre function 513
associativity 281, 575
astronomy 560
asymptotics 69, 284, 453, 468
atom 37, 279, 394, 497, 547, 568
eigenfunction 568, 570
orbital 503

audio 63
autonomous 24, 29, 556
average 40, 92, 131, 167, 252, 285, 521,

523, 553, 560
weighted 213
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608 Subject Index

axis
horizontal 18
vertical 18

azimuthal angle 508, 522, 549

B spline 283
back substitution 212
backward difference 182
backwards heat equation 129, 299, 442
bacteria 438, 485
ball 362, 467, 508, 528, 530, 533, 534,

537, 540, 542, 545, 547, 550, 555
balloon 549
bank 299
bar 2, 15, 49, 64, 65, 96, 122, 124, 132,

134, 138, 140, 144, 234, 239, 241,
292, 293, 298, 307, 344, 351, 357,
405, 440

barge 334
barrier 15, 173
basis ix, 112, 350, 401, 405, 430, 577,

583
eigenvector 66, 583, 584
orthogonal 73, 112, 372, 581
solution 458
standard 216, 577, 581

bath 123, 134, 154, 436
beam 2, 146, 393
equation 146, 396
light 286

bell curve 295
bend 486
Benjamin–Bona–Mahony equation 337
Bessel
boundary value problem 475, 480
differential operator 366, 374
equation 364, 452, 467, 474, 538
modified 473

function 109, 364, 374, 435, 445, 452,
468, 474, 490, 499, 508, 536, 538

second kind 470, 474
spherical 435, 503, 539, 540, 543

inequality 111, 113, 379, 380, 441
operator 367
root 474, 490, 499
spherical 540, 541, 548

best approximation 110
bi-affine function 415
bidiagonal 211
bidirectional 5, 324
big Oh 182
biharmonic equation 361
bilinearity 281, 578
binomial
coefficient 164
formula 163

biology vii, 4, 15, 63, 121, 130
black 441
Black–Scholes
equation vii, viii, 291, 299
formula 302

block 144
bidiagonal 211
tridiagonal 211

blow-up 23, 32, 37
blurring 129, 442
body 121, 341
solid 2, 15, 65, 144, 440, 503, 504,

522, 546
Bohr radius 567, 569
boiling water 138, 170, 524, 543
boost 20, 311
boundary ix, 5, 7, 152, 220, 243, 245,

254, 436, 437, 522
coefficient matrix 425
condition 4, 7, 68, 217, 293, 306, 339,

400, 521
Dirichlet 7, 123, 141, 147, 153, 166,

186, 201, 343, 345, 347, 359, 364,
368, 404, 412, 436, 439, 441, 446,
486, 488, 504, 521, 522, 527, 535,
537, 540, 544, 546

impedance 154
mixed 124, 343, 345, 347, 359, 364,

368, 436, 439, 441, 486, 504, 527,
535, 544, 546

Neumann 7, 123, 144, 153, 343,
345, 347, 359, 364, 368, 374, 436,
439, 441, 486, 504, 527, 535, 544,
546

periodic 69, 124, 130, 292, 343, 345,
361

Robin 123, 134, 154, 361, 436, 439
curved 411, 412
data 207
element 424
free 486
integral 347
moving 486
node 188, 207, 411, 418, 422, 425
point 153, 169
polygonal 411, 417
solid 154, 504
term 343
value problem ix, 2, 6, 7, 74, 121,

152, 172, 215, 217, 234, 237, 255,
263, 278, 336, 339, 350, 355, 371,
376, 386, 399, 401, 402, 410, 585

Bessel 475, 480
Chebyshev 385



Subject Index 609

boundary value problem (continued )
Dirichlet 125, 132, 160, 207, 213,

245, 254, 383, 410, 416, 442, 450,
474, 508, 528, 531, 533, 547

elliptic 207, 216, 256, 506
Helmholtz 160, 441, 443, 445, 475,

487, 490
Legendre 511, 515
mixed 7, 134, 154, 214, 241, 245,

505, 507
Neumann 148, 238, 245, 352, 387,

534
periodic 69, 373, 383, 387, 510
regular 379
singular 379
Sturm–Liouville 363, 382

bounded ix, 152, 345, 359, 504, 519, 531
bound state 278, 337, 383, 565, 568
Bourget’s hypothesis 490, 500
bow 497
bowl 362
box 508, 526, 536, 547, 550
function 60, 88, 149, 266, 283, 296

brick 536
bridge 549
Brownian motion 438
building 549
bump 169
Burgers’ equation 2, 9, 291, 315, 317
inviscid 315
potential 318

Cn 5, 456, 463, 576
piecewise 80–2, 94, 223, 233

cable equation 139, 304
calcium 569
calculus vii, viii, 63, 76, 98, 182, 221,

223, 233, 263, 275, 452
of finite differences 182, 185
multivariable 215, 437, 505
of variations 255
vector 242, 507, 571

call option 304
can 537
canal 334
cap 555, 561
capacity 65
capacitor 522, 523, 526, 533
Carleson’s Theorem 117
Cartesian coordinate viii, 242, 446, 536
Cauchy data 175
–Kovalevskaya Theorem 175
problem 175
–Schwarz inequality ix, 107, 175, 285,

526, 579, 581
sequence 107, 119

causality 15, 43, 433
cavity 524, 534
CD 63
ceiling 494
cell phone 63
cellar 136, 137, 545
Celsius 306
center 252
centered difference 184, 198
CFL condition 197, 205
chain 333, 452
rule viii, 20, 24, 32, 57, 161, 167, 171,

300, 305, 308, 333, 494, 509, 511,
524

change of variables viii, 51, 58, 174,
179, 318, 511

chaos 60, 393, 492
characteristic 56, 175
coordinate 57
curve 15, 24, 30, 31, 47, 49, 176–9
lifted 49

equation 177
function 485
line 21, 45, 195
variable 20, 22, 25, 30, 32, 51, 52, 552

charge 249, 252, 256, 529, 531, 564
Chebyshev
boundary value problem 385
equation 385, 473
polynomial 473

chemical 2
diffusion 123
reaction vii, 31, 438

chemistry vii, 435, 569, 503
Chladni figure 497
chromatography 15, 31
circle 167, 258, 450, 500, 551
civil engineering 549
clarinet 144
classical
mechanics 394, 503
solution 5, 7, 17, 51, 144, 255, 399,

410, 427, 428, 432, 535, 546, 556,
558

clockwise 243
closed ix
curve 152, 243
surface 505

coefficient
constant ix, 2, 9
diffusion 129, 307
Fourier 71, 72, 75, 85, 102, 107, 228,

264, 441
matrix 188, 191, 350, 386
transfer 156



610 Subject Index

cokernel 350
cold 436
collision 54, 292, 324, 336, 337, 438
column vector 216, 578
comb 229, 233
comet 565
commutativity 575
compact ix
support 230, 430, 432

complementary
error function 277, 302, 321
harmonic function 523

complete 66, 107, 113, 119, 340, 371,
372, 378, 379, 381, 382, 383, 447,
477, 480, 517, 535, 583

system 520, 541, 565
complex
addition 571
analysis 31, 175, 256, 263
arithmetic 571
change of variables 175
conjugate 571, 580
division 572
eigenvalue 372
exponential ix, 88, 107, 109, 136, 181,

189, 265, 271, 285, 519, 573
Fourier coefficient 89, 229, 284
Fourier series 89, 582
function 284, 324
inner product 118
integral 266, 461
logarithm 164, 573
multiplication 571
number viii, ix, xv, 571
plane xv, 571
solution 6
spherical harmonic 519, 526, 565
variable 163, 571
vector space 289, 571, 575, 580
zero 87

compressible 37
compression wave 36, 44
computer 184, 190, 400
algebra 273, 453
arithmetic ix
graphics 63

concentration 34
conditionally stable 190
conduction 504
conducting medium 504
conductivity 124
thermal 65, 123, 437

conductor 123
cone 56, 560, 564
conformal mapping 256

conic 172
conjugate symmetry 580
connected 17, 141, 245, 345, 359
simply 243

conservation law 15, 38, 46, 131, 201,
255, 256, 295, 304, 332, 337, 431,
437

energy 61, 151, 535
heat energy 122, 304
mass 41, 47, 360

conserved density 38, 46, 201, 256
constant
coefficient ix, 2, 9
Euler–Mascheroni 471
function 285, 506
Planck 6, 287, 394, 564
separation 141, 156, 446, 510

constitutive assumption 122
contaminant 123
continuous viii, 7, 63, 80, 82, 94, 102,

231
dependence 130
function 99, 108, 117, 219, 220, 344,

576, 579
Lipschitz 29
media 390
piecewise 79, 81, 108, 127, 441
spectrum 337, 340, 374, 383, 565

continuum mechanics/physics viii, 38
contract 299
control 9, 263
convection 438
-diffusion equation 139, 311, 314, 438

convective flow 311
convergence viii, xvi, 63, 72, 75, 76, 98,

109, 213, 383, 400, 410
in norm 98, 99, 109, 110 nonuniform

267
pointwise 99, 109, 115, 117, 231, 285,

378
radius of 453, 458
test
integral viii, 105
ratio viii, 75, 462, 468
root viii, 75

theorem 82
uniform 99, 100–102, 104, 378, 519
weak 99, 230, 270, 327, 429

convergent 584, 585
convolution 242, 281, 282, 295, 484, 544
integral 301
periodic 95
summation 284
theorem 284



Subject Index 611

coordinate
angular 130
Cartesian viii, 242, 446, 536
characteristic 57
curvilinear 364, 435
cylindrical viii, 3, 503, 508, 523, 527,

530, 536, 547
ellipsoidal 508
moving 15, 19
parabolic 174
parabolic spheroidal 508
polar viii, 3, 62, 160, 161, 171, 250,

383, 451, 477, 479, 490, 509, 572
rectangular viii, 161, 503
separable 508
space 3
spherical viii, 3, 503, 508, 520, 524,

528, 537, 551, 553, 565
toroidal 508

corner 81, 193, 441
node 209

corpse 129
cosine transform 274
Coulomb
potential 503, 529, 564
problem 564

counterclockwise 243, 415
crack 256, 427
Cramer’s Rule 413
Crank–Nicolson method 192
crest 331
critical point 501
cross product viii
cube 526, 534, 536, 543, 545, 550, 561
cubic 283, 408
curl viii, 13, 242, 243, 349, 507
curve 172, 176, 254, 571
bell 295
characteristic 15, 24, 30, 31, 47, 49,

176, 177, 178
lifted 49

closed 152, 243
simple 152

nodal 497, 551
curved boundary 411, 412
curvilinear coordinate 364, 435
cusp 254
cut locus 511, 515, 525
cylinder 450, 452, 467, 508, 527, 536,

537, 547, 550
cylindrical
angle 509
coordinates viii, 3, 503, 508, 523, 527,

530, 536, 547
shell 450

cylindrical (continued )
symmetry 517

cymbal 144

d’Alembert
formula 16, 121, 140, 146, 260, 427,

552, 558
solution 53, 201, 324, 487

dam 61
damped 62, 200
heat equation 65
transport equation 49
wave equation 207

data 363, 410
de Broglie relation 287
death 129
decay 22, 105, 276, 285, 387, 441, 443,

479, 482, 536, 544
entropic 291
exponential 127

decimal expansion 108
deep water 331
deflection 249
deformable body 341
deformation 121
degree 306, 509
delta
comb 229, 233
distribution 215, 217
function 63, 215, 217, 221, 223, 225,

228, 233, 246, 249, 270, 276, 277,
280, 281, 292, 293, 321, 326, 358,
379, 405, 441, 479, 481, 483, 485,
521, 544, 552, 554

three-dimensional 527
two-dimensional 246, 255

impulse 221, 234, 248, 291, 292, 387
wave 558

denoise 128, 296, 441
dense 107, 344
subspace 344, 346, 371

density 49, 122, 124, 132, 142, 253, 344,
357, 438, 486, 488, 492, 495

conserved 38, 46, 201, 256
momentum 61
probability 108, 286, 564

dependent variable 3
deposit 299
depression 31
derivative 1, 5, 105, 182, 223, 236, 275,

342, 576
of delta function 233, 277
of Fourier series 94
left-hand 81
logarithmic 336



612 Subject Index

derivative (continued )
normal 7, 153, 245, 250, 436, 504,

528, 529
one-sided 576
partial viii, 1, 3, 521
mixed 5, 8, 50, 242, 556

radial 554
right-hand 81
of series 101
operator 354
ordinary 1, 3
space 291

descent 503, 551, 561, 564
determinant ix
Jacobian 58, 255

deviation 287, 295
diameter 499, 500
difference
backward 182
centered 184, 198
finite vii, 9, 181, 182, 185, 186, 213,

214, 399, 407, 411, 422
forward 182
quotient 182

differentiable 80, 285
infinitely 5, 75, 105, 128, 158
nowhere 329

differential
equation 1, 181, 342, 350, 427, 428,

585
stochastic viii, 299
system of 2, 66
zenith 510

see also ordinary differential equation,
partial differential equation

geometry 63
operator 9, 64, 339, 350, 371
Bessel 366, 374
partial 2, 50
Sturm–Liouville 364, 365, 480

differentiation viii, 233, 263, 276, 556
implicit 49
numerical 181
operator 286

diffusion 172, 299, 311, 315, 385, 388,
435, 436, 503, 535

chemical 123
coefficient 129, 307
equation 123, 315, 340, 395, 438, 439,

543
nonlinear 2, 122, 291, 437, 442
of set 485
process 121, 129, 386

diffusive transport equation 194

diffusivity 307, 537
thermal 124, 134, 186, 293, 298, 438,

535
Dilation Theorem 271, 274
dimension 2, 112, 577
eigenspace 583
finite ix, 11, 98, 109, 215, 220, 400,

410, 430
infinite ix, 11, 99, 109, 215, 340, 342,

371, 400, 577
Dirac
comb 229
delta function 217
equation vii

direct method 255
Dirichlet
boundary condition 7, 123, 141, 147,

153, 166, 186, 201, 343, 345, 347,
359, 364, 368, 404, 412, 436, 439,
441, 446, 486, 488, 504, 521, 522,
527, 535, 537, 540, 544, 546

boundary value problem 125, 132,
160, 207, 213, 245, 254, 383, 410,
416, 442, 450, 474, 508, 528, 531,
533, 547

eigenvalue 373, 377
functional 410, 416, 424
integral 368, 506
principle 368, 400, 443, 506

disconnected 17
discontinuity 37, 193, 223, 441
jump 80, 81, 82, 96, 164, 223, 233,

236, 405, 432
removable 80

discontinuous 15, 76, 102, 427
initial data 292

discrete Fourier transform 582
discriminant 172, 173, 174
disease 123
disk 121, 160, 167, 249, 251, 253, 374,

415, 427, 444, 445, 450, 467, 479,
490, 499, 500, 508

half 260, 480, 494, 496
metal 166, 479
quarter 494
semi-circular 170, 418
unit 155, 166

dislocation 256, 427
dispersion vii, 292, 324, 330
relation 330

dispersive 329, 396
equation 328, 486
medium 2
quantization 328, 329
tail 337
wave 2, 324, 459



Subject Index 613

displacement 49, 216, 341, 351, 486
initial 53, 59, 145, 487, 546, 547, 551,

554, 556, 557, 560, 561, 562
radial 546

dissipative 315
dissonant 144, 490, 496, 549
distance 307, 578
distribution ix, 215, 217, 553
Gaussian 295

distributive 575
disturbance 15, 22, 179, 292
diverge 98
divergence viii, 13, 242, 244, 359, 437,

439, 505, 535
operator 347
theorem viii, 505, 529

division 263
domain ix, 5, 17, 152, 207, 243, 245,

248, 253, 339, 341, 345, 359, 486,
504, 571

of dependence 59, 197, 199
of influence 56
irregular 213
rescaled 495
space 401, 585, 586

dominant
frequency 495
mode 499

dot product viii, 73, 341, 346, 354, 372,
578, 585

Hermitian 580
double
Fourier series 488
integral viii, 58, 243, 245, 248, 251,

346, 422, 432, 437, 448

weighted L2 norm 381

L2 norm 383, 525
doublet 558
doubly infinite series 89, 91
driver 44
drum 63, 144, 152, 153, 214, 486, 487,

490, 495, 496
circular 154, 160, 490, 494, 496, 499
rectangular 499
square 493

du Bois–Reymond lemma 431, 434
duality 221, 247, 286, 553
Duhamel’s principle 298
DVD 63
dynamical 3
partial differential equation 291, 551
process 7, 15, 172
system 340, 385

dynamics 46, 47, 49, 340, 435
fluid 291, 315
gas 15, 31, 315
shock 15, 431

ear 144
Earth 136, 137, 508, 530, 537, 545, 549,

560, 561
earthquake 549
echo chamber 563
ecology 15
economics vii, 4
eigenequation 66, 67, 371, 439, 583
eigenfunction 67, 74, 110, 125, 190, 340,

371, 374, 375, 376, 378, 387, 395,
439, 445, 515, 517, 535, 540, 546,
547, 549, 565, 566

atomic 568, 570
expansion 340, 379
Fourier–Bessel 477
null 70, 132, 145, 386, 387, 389, 441,

487, 547, 550
series 109, 371, 378, 386, 435, 441,

443, 535, 544
Sturm–Liouville 382

eigenmode 389, 497, 499, 546
eigensolution 66, 67, 125, 140, 389, 395,

447, 475, 487, 566, 584
series 440

eigenspace 371, 382, 517, 568, 583
eigenstate 568
eigenvalue ix, 2, 66, 67, 125, 190, 336,

340, 371, 376, 378, 387, 389, 395,
487, 517, 535, 541, 546, 549, 565,
568, 582–4

complex 372
equation 66, 67, 371, 439, 582
Dirichlet 373, 377
Helmholtz 377, 383, 446, 474, 535,

546
multiplicity 582
null 131, 439, 582
problem 130, 371, 446
simple 372, 391, 582
zero 131, 439, 582

eigenvector ix, 66, 371, 372, 375, 582,
583, 584

basis 66, 583, 584
null 582

eikonal equation vii
Einstein equation vii
elastic 550
ball 504
bar 15, 49, 234, 241, 351, 357
beam 146, 393
media 427
plate 324, 486



614 Subject Index

elastic (continued )
vibration 486
wave 121

elasticity vii, 2, 121, 175, 504
elastodynamics 486, 549
elastomechanics 341
electric
charge 256, 529, 531, 564
field 341, 504, 546, 551
potential 504

electromagnetic 254, 395
potential 2, 564
vibration 2
wave 15, 121, 388, 503, 546, 551

electromagnetism vii, 121, 154, 341, 504
electromotive force 504
electron 6, 108, 249, 279, 395, 503, 564,

567, 569
electronic music 63
electrostatic 242, 249, 531
attraction 279
force 504, 529
potential 152, 249, 252, 256, 503, 522,

534
element 413, 568
affine 414, 416
boundary 424
finite viii, 9, 181, 207, 340, 362, 399,

410, 411, 416, 427, 430, 431
zero 428

elemental stiffness 417, 418
elementary function xvi, 9, 55, 267, 310,

337, 435, 445, 452, 453, 459, 467,
539

elevation 31
ellipse 173
ellipsoid 511
ellipsoidal coordinates 508
elliptic 2, 122, 172, 173, 178, 212, 399,

404, 410
boundary value problem 207, 216,

256, 506
orbit 565

energy 39, 286, 292, 324, 565, 568, 569
conservation 61, 151, 535
density 61, 122
heat 122, 246, 304, 435–7, 482
kinetic 61
level 395, 503, 567
operator 394
potential 6, 61, 152, 242, 318, 340,

362
thermal 121, 122, 132, 134, 139, 169,

295, 304
total 61, 151

engineering vii, 2, 4, 63, 217, 263, 305,
549

enhancement 129, 442

entropic decay 291

entropy 317

condition 43, 46

envelope 230

Equal Area Rule 40, 46, 47, 431

equation

Airy 281, 459

algebraic 1, 8, 428

algebraic differential 455

backwards heat 129, 299, 442

beam 146, 396

Benjamin–Bona–Mahony 337

Bessel 364, 452, 467, 474, 538

modified 473

biharmonic 361

Black–Scholes vii, viii, 291, 299

Burgers 2, 9, 291, 315, 317

inviscid 315

potential 318

cable 139, 304

characteristic 177

Chebyshev 385, 473

convection-diffusion 139, 311, 314,
438

damped heat 65

damped transport 49

damped wave 207

differential 1, 181, 342, 350, 427, 428,
585

diffusion 123, 194, 315, 340, 395, 438,
439, 543

forced 388

diffusive transport 194

Dirac vii

dispersive 328, 486

eigenvalue 66, 67, 371, 439, 582

eikonal vii

Einstein vii

equilibrium 3, 5, 386

Euler vii, 3, 162, 170, 300, 315, 452,
463, 465, 510, 520

evolution 2, 64, 67, 291, 298, 324,
325, 385, 439, 442

Fitz-Hugh–Nagumo vii

functional 454

Ginzburg–Landau vii

Hamilton–Jacobi 305



Subject Index 615

equation (continued )
heat vii, 2, 5, 9, 11, 12, 64, 69, 121,

124, 140, 152, 172, 173, 178, 181,
186, 291, 292, 295, 301, 305, 309,
311, 315, 318, 324, 325, 339, 340,
371, 374, 385, 387, 435, 438, 443,
445, 446, 467, 474, 503, 535, 537,
543, 544

backwards 129, 299, 442
forced 134, 296, 312, 314, 442
generalized 65
lossy 139
spherical 543

Helmholtz 178, 370, 374, 378, 439,
488, 490, 508, 538, 540, 547

polar 451, 508
spherical 510, 517, 519, 565

Hermite 462
integral 350
implicit 26
indicial 464, 465, 520
integral 9, 284
Kadomstev–Petviashvili vii
Kolmogorov–Petrovsky–Piskounov vii
Korteweg–de Vries vii, 2, 292, 324,

333, 336
modified 337

Laguerre 364, 566, 569
Lamé vii
Laplace 2, 8, 13, 121, 152, 155, 166,

169, 172, 173, 175, 178, 181, 207,
213, 243, 249, 256, 291, 311, 312,
339, 399, 422, 435, 467, 503, 504,
507, 509, 520, 522, 527

Legendre 364, 511, 514, 525
linear 9, 11, 215, 216, 428
Mathieu 409
Maxwell vii, 546, 551
Maxwell–Bloch vii
minimal surface 153, 175
Navier–Stokes vii, 3, 9, 315
ordinary differential ix, 2, 6, 8, 11,

22, 65, 67, 121, 130, 140, 185, 215,
217, 263, 291, 308, 333, 363, 399,
435, 445, 452, 455, 463, 585

first-order ix, 297
linear 11, 585
second-order ix, 297, 363, 459, 463
separable ix

partial differential vii, ix, 2, 63, 67,
130, 175, 215, 263, 305, 317, 339,
350, 394, 399, 429, 487, 582

dynamical 291, 551
elliptic 2, 122, 172, 173, 178, 212,

399, 404, 410
first-order 176, 179, 195

equation, partial differential (continued )
fourth-order 486
fully nonlinear 174
hyperbolic 2, 122, 172, 173, 178,

179, 195, 385, 497
ill-posed 129, 175, 436, 442
nonlinear 2, 12, 31, 174, 222, 305,

315, 333, 486
parabolic 2, 122, 172, 173, 178, 193,

291, 315, 385, 438
quasilinear 174
second-order 121, 173
third-order 2, 324
type 172, 173
well-posed 136, 395, 535

Poisson 2, 121, 152, 169, 172, 173,
181, 207, 215, 242, 245, 248, 253,
255, 256, 339, 352, 359, 361, 368,
383, 399, 401, 410, 422, 435, 442,
503, 504, 507, 527, 530, 532, 533,
534

Poisson–Darboux 62
quadratic 172, 464, 465
reaction-diffusion 438
Schrödinger vii, 6, 146, 304, 340, 372,

374, 383, 385, 394, 396, 397, 503,
564

nonlinear vii
stochastic differential viii, 299
Sturm–Liouville 336, 364, 370, 404,

508
telegrapher 62, 146, 393
transcendental 1, 134
transport 2, 19, 31, 51, 65, 181, 195,

291, 315, 324, 330, 434
Tricomi 173, 178, 462
vibration 340, 388, 390
wave 2, 8, 13, 15, 50, 64, 121, 140,

149, 151, 152, 169, 172, 173, 178,
181, 195, 201, 291, 315, 324, 339,
340, 371, 374, 385, 389, 427, 434,
435, 467, 486, 488, 494, 503, 545,
551, 552, 554, 556, 558, 561

forced 56, 58, 393, 493
nonlinear 317, 333

vibration 340, 388
Vlasov vii
von Karman vii
zenith 510

equator 509, 522
equilateral triangle 260, 415, 417, 419,

424, 426
equilibrium 2, 131, 132, 172, 216, 239,

399, 435, 442, 503, 504
equation 3, 5, 386
mechanics 121



616 Subject Index

equilibrium (continued )
solution 132, 443
system 339, 340
temperature 133, 154, 214, 246, 435,

537
thermal 127, 152, 153, 169, 441, 448,

479, 522, 536
equivalence class 108
error 182, 184
bound 331
function 55, 277, 296, 310, 435
oscillatory 193
round-off ix, 184, 190

Euclidean
norm 169, 572, 578
space ix, 575, 578

Euler
equation 162, 170, 300, 452, 463, 465,

510, 520
equations vii, 3, 315
–Mascheroni constant 471
formula ix, 6, 88, 267, 573

European call option 300, 301
even 85, 149, 229, 268, 275, 497, 525
evolution equation 64, 67, 291, 298,

325, 385, 439, 442
third-order 2, 324

exercise
price 299
time 302

existence ix, 2, 3, 29, 130, 246, 254, 350,
355, 368, 376, 390, 436

theorem 67, 364, 457
expected value 286, 287
explicit scheme 188
explosion 551, 560, 561
exponential 445, 452
ansatz 67, 330
complex ix, 88, 107, 109, 136, 181,

189, 265, 271, 285, 519, 573
decay 127
function 66, 90, 140
integral 267
pulse 275

external
force 12, 56, 58, 152, 215, 216, 234,

291, 292, 351, 386, 390, 504
heat source 12, 152, 246, 296, 297,

312, 436, 437, 442, 485

factorial 453, 454, 468
factorization 15, 50, 62, 243, 324, 487
Fahrenheit 306, 311
feature 128
Fermi–Pasta–Ulam problem 333

Ferrers function 435, 513, 515, 525
trigonometric 516

field
electric 341, 504, 546, 551
force 6, 252
gravitational 341
magnetic 341, 546, 551
scalar 242, 345, 359, 439, 505
vector 242, 243, 346, 359, 360, 439,

505, 507, 526
figure
Chladni 497

filter 291, 295, 482, 544, 545
final
condition 300
value problem 300

finance vii, 63, 291, 299
fingerprint 63
finite difference vii, 9, 181, 182, 185,

186, 213, 214, 399, 407, 411, 422
finite-dimensional ix, 11, 98, 109, 215,

220
subspace 400, 410, 430

finite element viii, 9, 181, 207, 340, 362,
399, 410, 411, 427, 430

linear system 431
matrix 418
subspace 416

fire 254
first-order 19, 182
ordinary differential equation ix, 297
partial differential equation 176, 179,

195
Fitz-Hugh–Nagumo equation vii
fixed point 25, 29, 30, 584
floating-point ix, 184
flood wave 15, 31
flow 3, 19, 22, 139, 242, 243, 244, 304,

311, 360, 504
compressible 37
gradient 386
ideal 504
incompressible 3, 243, 244, 504

fluctuation 137
fluid 2, 15, 37, 152, 292, 388, 438, 504
dynamics 291, 315
flux 153, 244
mechanics vii, 3, 121, 152, 153, 305,

315, 324, 341
source 360
velocity 341

flute 144
flux 38, 46, 201, 256, 504
fluid 153, 244
heat 7, 122, 123, 139, 153, 154, 242,

246, 436, 437, 504, 535
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focusing 179

food 136
force 49, 216, 218

electromotive 504

electrostatic 504, 529

external 12, 56, 58, 152, 215, 216,
234, 291, 292, 351, 386, 390, 504

field 6, 252, 504

gravitational 154, 242, 487, 529, 531

restoring 169

forced

diffusion equation 388

heat equation 134, 296, 312, 314, 442

vibrational equation 390

wave equation 56, 58, 393, 493

forcing 4, 206
frequency 390

function 215, 255, 350, 357, 422

periodic 304, 390, 397

forensics 129

formal adjoint 344

formula

binomial 163

Black–Scholes 302

d’Alembert 16, 121, 140, 146, 260,
427, 552, 558

Euler ix, 6, 88, 267, 573

Green 244, 250, 251, 254, 432

integral 468, 521, 530

Kirchhoff 503, 551, 558
Lagrange 182

Parseval 114, 118, 285, 287, 289

Plancherel 113, 118, 286, 287, 289,
379

Poisson 165, 171, 259

superposition 248, 291, 297

Taylor 75

forward

difference 182

substitution 212

foundations 64

Fourier

analysis vii, ix, 11, 181, 233, 579

–Bessel eigenfunction 477
–Bessel series 477, 492, 493

–Bessel–spherical harmonic series 541

coefficient 71, 72, 75, 85, 102, 107,
228, 264, 441

complex 89, 229, 284

integral 284, 331, 383

law 123, 437, 535

mode 142, 189, 193

Fourier (continued )
series viii, 71, 74, 76, 82, 102, 109,

113, 121, 131, 163, 228, 231, 233,
263, 285, 328, 340, 371, 378, 402,
519

complex 89, 582

cosine 85, 87, 144, 148, 233

derivative of 94
double 488

generalized 109, 378

rescaled 495
sine 85, 87, 126, 142, 147, 157, 233,

382

transform 263, 264, 265, 269, 273,
274, 278, 282, 284, 285, 293, 297,
325, 330, 337, 340, 374, 462

discrete 582

inverse 263, 265, 269
Table 272

two-dimensional 274, 278

fractal 329, 332
Fredholm Alternative 239, 339, 350,

356, 390, 507, 527, 534
free
boundary 486

end 239

-space Green’s function 249, 530
freezer 304, 449

freezing 436

frequency 144, 263, 265, 292, 330, 546
dominant 495

forcing 390

high 127, 128, 193, 231, 296, 331, 442,
536

low 128

resonant 60, 279, 304, 391, 397, 493,
549

space 263, 284
variable 286

vibrational 389, 395, 487, 495, 548

friction 62, 315, 317, 388
Frobenius series 464, 569

fully

nonlinear 174
weak 429, 430

function xvi, 63, 76, 108, 215, 220, 263,
575

Airy 327, 364, 435, 461
second kind 462

algebraic 327, 364, 435, 461

analytic 98, 456, 463
arbitrary 6, 21

associated Legendre 513
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function (continued )
Bessel 109, 364, 374, 435, 445, 452,

468, 474, 490, 499, 508, 536, 538
second kind 470, 474
spherical 435, 503, 539, 540, 543

bi-affine 415
box 60, 88, 149, 266, 283, 296
C∞ 456, 463
characteristic 485
complementary error 277, 302, 321
complementary harmonic 523
complex 284, 324
constant 285, 506
continuous 99, 108, 117, 219, 220,

344, 576, 579
delta 63, 215, 217, 221, 223, 225, 228,

233, 246, 249, 270, 276, 277, 280,
281, 292, 293, 321, 326, 358, 379,
405, 441, 479, 481, 483, 485, 521,
544, 552, 554

three-dimensional 527
two-dimensional 246, 255

elementary xvi, 9, 55, 267, 310, 337,
435, 445, 452, 453, 459, 467, 539

error 55, 277, 296, 310, 435
even 85, 149, 229, 268, 275, 497, 525
exponential 66, 90, 140
Ferrers 435, 513, 515, 525
trigonometric 516

forcing 215, 255, 350, 357, 422
gamma 454, 455, 461, 468
Gaussian 227, 247, 273, 277, 326, 334
generalized ix, 63, 215, 223, 228, 233,

263, 270, 275, 553
Green’s vii, 3, 215, 234, 236, 239, 240,

242, 248, 253, 256, 258, 280, 291,
292, 340, 358, 360, 371, 379, 383,
388, 480, 503, 525, 527, 528, 531,
533

free-space 249, 530
modified 358, 381, 480

harmonic 121, 152, 156, 168, 169,
383, 504, 521, 530, 531

hat 88, 227, 274, 283, 405, 407, 412
hyperbolic 88, 91, 157, 241, 322, 334,

508
hypergeometric 364
inverse xvi
L2 286, 344
Legendre 364, 435, 511, 513
linear 220, 339, 341, 344, 585
odd 85, 93, 147, 268, 275, 497, 525
parabolic cylinder 310
pyramid 412, 414, 418
quadratic 340, 362, 401, 416
ramp 82, 91, 95, 223, 235, 239

function (continued )
rational 218, 279, 452
rescaled 96, 506
rotated 155
sawtooth 78
series of 100
sign 94, 225, 270
space 63, 74, 99, 109, 215, 220, 340,

342, 344, 386, 400, 576
special vii, 2, 9, 327, 364, 435, 453,

455, 472, 508, 511
step 29, 40, 42, 61, 105, 276, 320
unit 80, 83, 90, 102, 222, 232, 266,

329, 396
symmetric 236
trigonometric 60, 63, 70, 72, 74, 89,

109, 113, 125, 130, 189, 231, 264,
273, 374, 445, 451, 452, 457, 499,
508, 511, 519, 536

wave 108, 286, 288, 394, 396, 564,
565, 568

weight 379
zero 114, 219, 231, 281, 456, 463
zeta 87

functional 220, 399
analysis 340, 350, 362
Dirichlet 368, 400, 410, 416, 424, 443,

506
equation 454
linear 220, 553, 585
quadratic 340, 362, 400, 402

fundamental
solution 291, 292, 294, 301, 304, 326,

328, 387, 388, 435, 481, 482, 503,
543, 551, 554, 564

general 297
theorem viii, 16, 39, 223, 236, 243,

245, 267
future 130

Galilean boost 20, 311
gamma function 454, 455, 461, 468
gas 37, 123, 129, 549
dynamics 15, 31, 315

Gauss–Seidel method 212, 402, 411
Gaussian
distribution 295
Elimination ix, 210, 213, 351, 402,

407, 413, 416, 579
filter 291, 295, 482, 544, 545
function 227, 247, 273, 277, 326, 334
kernel 283

general
fundamental solution 297
relativity 31, 63, 504
solution 12, 67, 253, 390
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generalized
Fourier series 109, 378
function ix, 63, 215, 223, 228, 233,

263, 270, 275, 553
heat equation 65
Laguerre equation 566, 569
Laguerre polynomial 567, 569

geology 549
geometric
multiplicity 371, 373, 382
sum 116

geometry 31, 63, 121, 156, 181, 423,
488, 578

geophysics 549
Gibbs phenomenon 84, 88, 99, 267
Ginzburg–Landau equation vii
glacier 15
glass 123
gradient viii, 13, 152, 172, 242, 245,

252, 278, 345, 359, 400, 416, 438,
504, 505, 526, 529

flow 386
temperature 341, 437, 535

Gram–Schmidt process 372, 378
gravitation 341, 362, 504, 511, 529
field 341
force 154, 242, 487, 529, 531
potential 152, 249, 252, 503, 529, 534

gray-scale 441, 442
Green’s
formula 244, 250, 251, 254, 432
function vii, 3, 215, 234, 236, 239,

240, 242, 248, 253, 256, 258, 280,
291, 292, 340, 358, 360, 371, 379,
383, 388, 480, 503, 525, 527, 528,
531, 533

free-space 249, 530
modified 358, 381, 480

identity 244
theorem viii, 3, 168, 215, 243, 437

Greenwich 509
Gregory’s series 78, 85, 86
grid 414, 421, 422
grounded 524
group 305, 308
velocity 292, 331

guitar 496

half
disk 260, 480, 494, 496
plane 260

Hamilton–Jacobi equation 305
Hamiltonian 394, 395, 564
hammer 55, 261, 494, 554
handbook 453

harmonic
function 121, 152, 156, 168, 169, 383,

504, 521, 530, 531
oscillator 397
part 256
polynomial 163, 171, 506, 520, 522,

526
spherical 109, 435, 503, 517, 519, 528,

538, 540, 549, 565, 568
harmonious 144
hat function 88, 227, 274, 283, 405, 407,

412
heat 63
bath 123, 134, 154, 436
capacity 65
conduction 504
energy 122, 246, 304, 435–7, 482
equation vii, 2, 5, 9, 11, 12, 64, 69,

121, 124, 140, 152, 172, 173, 178,
181, 186, 291, 292, 295, 301, 305,
309, 311, 315, 318, 324, 325, 339,
340, 371, 374, 385, 387, 435, 438,
443, 445, 446, 467, 474, 503, 535,
537, 543, 544

backwards 129, 299, 442
forced 312, 314, 442
generalized 65
lossy 139
spherical 543

flux 7, 122, 123, 139, 153, 154, 242,
246, 436, 437, 504, 535

sensor 303
sink 504
source 292, 438, 442, 504, 543
external 12, 152, 246, 296, 297, 312,

436, 437, 442, 485
specific 122, 124, 132, 438
total 444, 485, 537

Heisenberg Uncertainty Principle 286–7
helium 564, 568
helix 164
Helmholtz
boundary value problem 160, 441,

443, 445, 475, 487, 490
eigenvalue 377, 383, 446, 474, 535,

546
equation 178, 370, 374, 378, 439, 488,

490, 508, 538, 540, 547
polar 451, 508
spherical 510, 517, 519, 565

hemisphere 522, 523, 534, 542, 561
Hermite
equation 462
polynomial 311, 462
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Hermitian
dot product 580
inner product 89, 107, 118, 271, 285,

361, 372, 394, 580
norm 89, 394

Hessian matrix 443
high frequency 127, 128, 193, 231, 296,

331, 442, 536
highway 38
Hilbert
space ix, 106, 108, 112, 119, 263, 284,

286, 368, 394
transform 283

hole 214, 243, 286, 426
homogeneous 2, 9, 10, 172, 356, 390,

583, 586
polynomial 169, 520

Hopf–Cole transformation 318
Hôpital’s Rule 117, 229
horizontal axis 18
horse 334
Huygens’ Principle vii, 503, 551, 560,

562, 564
hydrodynamics 305
hydrogen 383, 503, 564, 568
hyperbola 173
hyperbolic 2, 122, 172, 173, 178, 179,

195, 385, 497
cosine 241
cotangent 91, 322
function 88, 508
secant 334
sine 157, 241
trajectory 565

hypergeometric function 364
hypersurface 175

ice 138, 524, 542
ideal fluid flow 504
identity
additive 575
matrix 584
operator 383, 384

ill-posed 129, 175, 436, 442
image xvi, 63, 441
enhancement 129, 442
method 256, 532, 534
mirror- 143, 148, 149
point 532
processing 2, 63, 129, 263

imaginary
part ix, 571
unit 571

impedance 154

implicit
differentiation 49
equation 26
function theorem 49
scheme 191

impulse 221, 234, 248, 291, 292, 387
boundary value problem 236
point 236
unit 215–218, 234, 280, 551, 562

incomplete matrix 583, 584
incompressible 3, 243, 244, 504
independent variable 3, 6, 15, 291, 300
index 464
indicial equation 464, 465, 520
inelastic 337
inequality
Bessel 111, 113, 379, 380, 441
Cauchy–Schwarz ix, 107, 175, 285,

526, 579, 581
triangle ix, 107, 526, 572, 579, 581

infinite-dimensional ix, 11, 99, 109, 215,
340, 342, 371, 400, 577

infinitely differentiable 5, 75, 105, 128,
158

inflation 550
inhomogeneous 2, 12, 133, 215, 217,

234, 350, 424, 427, 442, 507, 584,
586

initial
-boundary value problem 7, 121, 172,

293, 297, 306, 314, 339, 386, 440,
535, 546

periodic 328, 493
condition 4, 7, 53, 291, 292, 297, 306,

389, 453, 458, 487, 535
data 127, 175, 292, 295, 436, 481, 535
displacement 53, 59, 145, 487, 546,

547, 551, 554, 556, 557, 560, 561,
562

position 50
temperature 131, 544
value problem ix, 2, 6, 19, 50, 53,

172, 175, 263, 292, 325, 328, 371,
458, 544, 551, 560

velocity 50, 55, 59, 145, 487, 546, 547,
551, 554, 557, 560, 562

inner product ix, 107, 112, 118, 114,
339, 341, 371, 379, 400, 428, 578,
580

Hermitian 89, 107, 118, 271, 285, 361,
372, 394, 580

L2 73, 220, 230, 247, 342, 346, 358,
359, 371, 439, 477, 505, 515, 517,
525

space 350, 354, 400, 428, 429, 578
complex 118, 580
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inner product (continued )
weighted 341, 344, 354, 358, 359, 365,

378, 438, 506, 569
inner tube 361, 493
insulated 122, 153, 154, 436, 441, 443,

504, 522, 535
insurance 299
integer xv, 453
integrable 127, 292, 324, 333, 337
square- 106, 108, 231, 284, 285, 293,

394
integral viii, 219, 236, 264, 406
boundary 347
complex 266, 461
convergence test viii, 105
convolution 301
double viii, 58, 243, 245, 248, 251,

346, 422, 432, 437, 448
equation 9, 284, 350
exponential 267
formula 468, 521, 530
Fourier 284, 331, 383
line viii, 39, 243, 245, 251, 256, 433,

437
Poisson 165, 171, 259
of series 101
surface viii, 505, 522, 529, 533
triple viii, 505, 553

integrating factor 22
integration viii, 63, 92, 101, 263, 276,

585
by parts viii, 226, 245, 288, 342, 346,

428, 430, 432, 454, 461, 505
Lebesgue ix, 107, 217, 219, 263, 270
numerical 185, 407, 422, 453
of series 92, 101
Riemann 217, 219, 270

interest 299, 304
interior
maximum 443
node 188, 207, 209, 404, 411, 412,

418, 422, 425
point 169

interpolation 27, 210, 400
interstellar space 552
interval 17, 73, 95, 102, 217, 220, 264,

284, 576
invariant 42, 291
inverse
additive 575
Fourier transform 263, 265, 269
function xvi
matrix xvi, 217
scattering 337
square law 252, 529
tangent 277

inversion 258, 526, 532
investment 291, 299
inviscid
Burgers’ equation 315
limit 292, 315, 317, 320

irrational 60, 107, 144, 389
time 292, 329, 332

irregular
domain 213
singular point 453, 463

irreversibility 130
irrotational 242, 360, 504
isosceles 413, 415, 417, 421
isotropic 435, 436, 437, 485, 508, 528,

535, 537
iterative 187, 453, 583
numerical method ix, 203, 212, 411
Gaussian–Seidel 212, 402, 411
Jacobi 212
successive over-relaxation (SOR)

212, 402, 411
system 190, 402, 416

Jacobi method 212
Jacobian determinant 58, 255
Jordan canonical form 67, 584
joule 287
jump 441
discontinuity 80, 81, 82, 96, 164, 223,

233, 236, 405, 432
magnitude 80, 223
rope 148, 393

Kadomstev–Petviashvili equation vii
Kelvin 311
Kepler problem 565
kernel 350, 356, 400, 586
Gaussian 283
Poisson 165, 259

kinetic energy 61
Kirchhoff’s formula 503, 551, 558
Kolmogorov–Petrovsky–Piskounov equa-

tion vii
Korteweg–de Vries equation vii, 2, 292,

324, 333, 336
modified 337

L2

function 286, 344
Hermitian inner product 89, 107, 580
Hermitian norm 89
inner product 73, 220, 230, 247, 342,

346, 358, 359, 371, 439, 477, 505,
515, 517, 525

norm 89, 106, 284, 383, 394, 445, 477,
525, 579

ladder 503
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lag 137
Lagrange’s formula 182
Laguerre
equation 364, 566, 569
polynomial 109, 566, 567, 569

Lamé equation vii
Laplace
equation 2, 8, 13, 121, 152, 155, 166,

169, 172, 175, 178, 181, 207, 213,
243, 249, 256, 291, 311, 312, 339,
399, 422, 435, 467, 503, 504, 507,
509, 520, 522, 527

transform 263
Laplacian 4, 13, 152, 171, 243, 250, 339,

359, 374, 447, 451, 507, 525, 528,
535, 537, 557, 564

spherical 510, 517, 525, 538, 543, 549,
551

laser 292
latitude 508
law
of cosines 258, 556
Fourier 123, 437, 535
inverse square 252, 529
Newton’s second 49

Lax–Wendroff scheme 200
least squares 110, 363
Lebesgue integration ix, 107, 217, 219,

263, 270
left-hand
derivative 81
limit 79, 81

Legendre
boundary value problem 511, 515
equation 364, 511, 514, 525
function 364, 435, 511, 513
polynomial 511, 513, 525

lemma
du Bois–Reymond 431, 434
Riemann–Lebesgue 112, 117, 231, 276

Lie group 305
lifted characteristic curve 49
light 15, 149, 546, 551, 552, 560, 562
beam 286
cone 56, 560, 564
ray 179
sensor 561
speed 295, 551
wave 551

lightning 551, 552, 560, 563
limit viii, 63, 98, 107, 218, 219, 221, 247
inviscid 292, 315, 317, 320
left-hand 79, 81
one-sided viii
right-hand 79, 81

line 32, 396, 404, 563, 576
characteristic 21, 45, 195
integral viii, 39, 243, 245, 251, 256,

433, 437
shock 40, 173
spectral 395
real xv, 107, 284

linear 10, 64, 306, 394, 404, 585
algebra viii, ix, 63, 215, 221, 234, 339,

353, 400, 575
numerical ix, 399

combination 11, 12, 156, 216, 221,
401, 413, 430, 577

dependence 577
differential operator 9, 10, 64, 339,

350, 371, 586
equation 9, 11, 215, 216, 428
function 220, 339, 341, 344, 585
functional 220, 553, 585
independence ix, 112, 401, 577
operator 110, 284, 339, 340, 350, 354,

355, 386, 400, 428, 585
superposition 11, 51, 59, 67, 71, 234,

242, 293, 328, 330, 476, 481, 483,
535, 544, 551, 552, 554

system ix, 187, 191, 216, 339, 350,
386, 400, 428, 582, 586

transformation 285
linearization 317, 318
Lipschitz continuity 29
liquid 121, 123, 324, 438, 503
crystal 427

lithium 568
local maximum 507
localized 333, 503, 551
disturbance 179, 292
solution 560

logarithm 250, 452, 464
complex 164, 573

logarithmic
derivative 336
potential 253, 256, 383
singularity 383, 525
term 468

logic 64
longitude 508
lossy
convection-diffusion equation 139
diffusion equation 194
heat equation 139

low frequency 128
lower triangular matrix 211

M–test 100, 105
Mach number 174
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magnetic
field 341, 546, 551
quantum number 568, 569

magneto-hydrodynamics vii, 315
magnification factor 189, 192, 199, 205
magnitude 80, 221, 223
manufactured solution 210
Maple 273, 453
mass 6, 37, 39, 49, 95, 216, 333, 396,

531, 564
conservation 41, 47, 360
flux 38, 47
point 249, 252, 256, 529

mass-spring system 95
materials science 175
Mathematica 273, 453
mathematics vii, ix, 2, 16, 64, 435
Mathieu equation 409
matrix 66, 216, 339, 582
boundary coefficient 425
coefficient 188, 191, 350, 386
convergent 584, 585
finite element 418
Hessian 443
identity 584
incomplete 583, 584
inverse xvi, 217
lower triangular 211
multiplication 341, 344, 356, 585
orthogonal 506
positive definite 342, 353, 362
self-adjoint 354, 373
symmetric 66, 74, 342, 353, 354, 362,

372, 401
tridiagonal 188, 191, 211, 407
upper triangular 211
weighted adjoint 342
zero 583

maximum 169, 507, 522
principle vii, 169, 213, 291, 312, 318,

443, 537
strong 169, 314, 522
weak 314, 507

Maxwell’s equations vii, 546, 551
Maxwell–Bloch equation vii
mean 92, 286, 287, 519, 553, 555
temperature 136
zero 78, 92

measure ix, 63, 102
zero 102, 104, 108, 114, 117

mechanics viii, 435, 578
classical 394, 503
continuum viii, 38
equilibrium 121

mechanics (continued )

fluid vii, 3, 121, 152, 153, 305, 315,
324, 341

Newtonian 7

quantum vii, viii, x, 6, 108, 149, 263,
278, 284, 286, 288, 329, 337, 340,
383, 386, 394, 503, 564, 566, 568

solid 121, 292

medium 2, 64, 390, 427, 435, 504

membrane 15, 121, 152, 153, 154, 158,
169, 179, 249, 361, 435, 486, 487,
490, 492, 550

meridian 509

mesh 186, 195, 207, 411, 414, 418, 421,
423

metal

ball 534, 542

bar 64, 138, 292

disk 166, 479

pipe 170

plate 214, 418, 426, 435, 481, 497

shell 524

sphere 534

method

of images 256, 532, 534

Newton ix, 135

Perron 255

Richardson 194

Runge–Kutta ix

stationary phase 331

microwave 15

minimal surface 153, 175

minimization principle 255, 340, 371,
399, 427, 429, 507

minimizer 399, 400, 401, 443

minimum 168, 522

Minneapolis 137

minute 307

mirror-image 143, 148, 149

mixed

boundary condition 124, 343, 345,
347, 359, 364, 368, 436, 439, 441,
486, 504, 527, 535, 544, 546

boundary value problem 7, 134, 154,
214, 241, 245, 505, 507

partial derivatives 5, 8, 50, 242, 556

mode

Fourier 142, 189, 193

normal 389, 475, 487, 488, 489, 492,
499, 546, 565

unstable 145, 340, 547

modeling viii
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modified
Bessel equation 473
Dirichlet integral 368
Green’s function 358, 381, 480
Korteweg–de Vries equation 337

modulus ix, 571
molecule 438, 503, 564
momentum 39, 61, 286, 287
money 299
monomial 577
monotone 29, 30
Monte Carlo 181
movie xv, 63
moving
boundary 486
coordinate 15, 19

multigrid 181
multiplication 263
complex 571
matrix 341, 344, 356, 585
operator 286, 586
scalar 575
unit 575

multiplicity 371, 373, 382
multiply valued solution 36, 37
multipole 181
multiscale 442
multi-soliton solution 337
multivariable calculus 215, 437, 505
music 63, 144

N–wave 48
natural number xv
Nature 340
Navier–Stokes equations vii, 3, 9, 315
negative semi-definite 443
neon 569
Neumann
boundary condition 7, 123, 144, 153,

343, 345, 347, 359, 364, 368, 374,
436, 439, 441, 486, 504, 527, 535,
544, 546

boundary value problem 148, 238,
245, 352, 387, 534

neuron 139
neuroscience vii
Newton
mechanics 7
potential 503, 504, 529, 530, 532
method ix, 135
Second Law 49

nodal
curve 497, 551
region 497, 551

node 186, 187, 404, 411
boundary 188, 207, 411, 418, 422, 425
corner 209
interior 188, 207, 209, 404, 411, 412,

418, 422, 425
no-flux 153
noise 193, 442, 536
non-characteristic 176
nonlinear vii, 60, 222, 324, 428, 549
diffusion 2, 122, 291, 437, 442
fully 174
partial differential equation 2, 12, 31,

222, 305, 315, 333, 486
Schrödinger equation vii
transport 38, 46, 130, 292, 308, 315,

317, 427, 431
wave equation 317, 333

nonlinearizing 318
nonsingular 211, 216
nonsmooth 129, 399, 427
nonuniform 10
convergence 267
transport 24

norm ix, 98, 109, 344, 356, 400, 571,
578

convergence in 98, 99, 109, 110, 231

double weighted L2 381
Euclidean 169, 572, 578

L2 89, 106, 284, 383, 394, 445, 477,
525, 579

-preserving 286
unit 108, 286, 394

normal ix, 295
derivative 7, 153, 245, 250, 436, 504,

528, 529
mode 389, 475, 487, 488, 489, 492,

499, 546, 565
unit 153, 244, 433, 436, 437, 504, 505

north pole 511, 534
nowhere differentiable 329
nucleus 279, 394, 395, 503, 564, 569
null
eigenfunction 70, 132, 145, 386, 387,

389, 441, 487, 547, 550
eigenvalue 131, 439, 582
eigenvector 582

number
complex viii, ix, xv, 571
Mach 174
natural xv
Péclet 311
quantum 566–9
rational 59, 107
real xv, 98, 571



Subject Index 625

number (continued )
theory 31, 121, 500
wave 330

numerical
algorithm 399
analysis ix, 181
approximation vii, 9, 181, 406
Crank–Nicolson method 192
differentiation 181
domain of dependence 197, 199
explicit scheme 188
geometric method 181
implicit scheme 191
integration 185, 407, 422, 453
iterative method ix, 203, 212, 411
Gaussian–Seidel 212, 402, 411
Jacobi 212
successive over-relaxation (SOR)

212, 402, 411
Lax–Wendroff scheme 200
linear algebra ix, 399
multigrid method 181
multipole method 181
Monte Carlo method 181
pseudo-spectral method 181
Richardson’s method 194
Runge–Kutta method ix
simulation 324
spectral method 181
stability 181, 190, 205
symplectic method 181
upwind scheme 200

observer 552, 556, 558, 562
obtuse 414
odd 85, 93, 147, 268, 275, 497, 525
oil 129, 549
one-sided
derivative 576
limit viii

open ix, 152
operator
Bessel 367
derivative 354
differential 9, 64, 339, 350, 371
partial 2, 50

divergence 347
identity 383, 384
linear 110, 284, 339, 340, 350, 354,

355, 386, 400, 428, 585
multiplication 286, 586
Schrödinger 565
Sturm–Liouville 364, 365, 480
wave 50, 487

optics vii, 179, 292, 329, 459
option 291, 299, 300–2, 304

orbit 452, 503, 565
order 1, 3, 366, 467, 511, 569
ordinary
derivative 1, 3
differential equation ix, 2, 6, 8, 11,

22, 65, 67, 121, 130, 140, 185, 215,
217, 263, 291, 308, 333, 363, 399,
435, 445, 452, 455, 463, 585

first-order ix, 297
linear 11, 585
second-order ix, 297, 363, 459, 463
separable ix

orientation 243, 504
orthogonal ix, 73, 271, 286, 340, 350,

371, 378, 387, 428, 440, 441, 447,
462, 477, 489, 517, 525, 536, 547,
569, 581, 583

basis 73, 112, 372, 581
matrix 506
system 73, 113, 441, 515

orthonormal 109, 378, 514
basis 112, 113, 581, 583
system 73, 113, 570

oscillation 230, 267, 397, 474
oscillatory
error 193
wave 292, 327

outer space 487, 493, 531, 550
out of phase 137
oval 418, 423, 425
oven 138, 449, 480, 542
overdamped 146
overtone 63, 487, 495, 496

parabola 173, 309
parabolic 2, 122, 172, 173, 178, 193,

291, 315, 385, 438
arc 556
coordinates 174
cylinder function 310
spheroidal coordinates 508
trajectory 565

parallel 579
parameter viii, 66
relaxation 213

Parseval’s formula 114, 118, 285, 287,
289

partial
derivative viii, 1, 3, 521
mixed 5, 8, 50, 242, 556

differential equation vii, ix, 2, 63, 67,
130, 176, 215, 263, 305, 317, 339,
350, 394, 399, 429, 487, 582

dynamical 291, 551
elliptic 2, 122, 172, 173, 178, 212,

399, 404, 410
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partial differential equation (continued )
first-order 176, 179, 195
fourth-order 486
fully nonlinear 174
hyperbolic 2, 122, 172, 173, 178,

179, 195, 385, 497
ill-posed 129, 174, 436, 442
nonlinear 2, 12, 31, 174, 222, 305,

315, 333, 486
parabolic 2, 122, 172, 173, 178, 193,

291, 315, 385, 438
quasilinear 174
second-order 121, 172
third-order 2, 324
type 172, 173
well-posed 136, 395, 535

differential operator 2, 50
fraction 279
sum 75, 100, 110, 113, 229

particle 149, 286
quantum 6, 396
subatomic 108, 149, 279
-wave duality 55, 149

particular solution 12, 253, 390
passenger 19, 20
path-independent 256
Pauli Exclusion Principle 568
Péclet number 311
percussion 144
periodic 59, 82, 144, 147, 389, 393, 395,

489, 548
boundary condition 69, 124, 130, 292,

343, 345, 361
boundary value problem 69, 373, 383,

387, 510
convolution 95
eigenvalue problem 130
extension 77, 96, 102, 229
force 304, 390, 397
function 60, 130, 278
initial-boundary value problem 328,

493
Table 503, 568

permeability 551
permittivity 551
perpendicular 244, 581
Perron method 255
petri dish 438, 485
phase ix, xvi, 137, 572
lag 137
shift 292, 324, 334
stationary 331
velocity 330

photoelectric effect 149

photon 108, 149, 286, 395
physical

space 263, 284, 503
variable 286

physicist 217
physics vii, viii, x, 37, 38, 55, 63, 305,

324, 339, 341, 394, 435, 509

piano 63, 144, 145, 261, 393, 496
piecewise

affine 404, 411
continuous 79, 81, 108, 127, 441

cubic 408
smooth 254, 427, 505

C1 80, 82, 94, 223, 233

C2 94

Cn 81
pie wedge 170

pipe 31, 170
piston 37

pitch 495
pivot 579

Plancherel formula 113, 118, 286, 287,
289, 379

Planck’s constant 6, 287, 394, 564
plane 411, 571, 576

complex xv, 571
curve 172

half 260
quarter 24

square 255
planet 452, 530, 534, 550, 565

plasma vii, 2, 292, 388, 315
plate 2, 65, 152, 153, 246, 253, 324, 435,

441, 442, 486, 497

rectangular 154, 445
semi-circular 155

point
boundary 153, 169

charge 249, 252
critical 501

fixed 25, 29, 30, 584
floating ix, 184

image 532
interior 169

mass 249, 252, 256, 529
regular 453, 457, 463

set topology viii
singular 2, 283, 363, 452, 457, 463

irregular 453, 463
regular 453, 463, 511, 569

pointwise convergence 99, 109, 115, 117,
285, 378
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Poisson

–Darboux equation 62

equation 2, 121, 152, 169, 172, 173,
181, 207, 215, 242, 245, 248, 253,
255, 256, 339, 352, 359, 361, 368,
383, 399, 401, 410, 422, 435, 442,
503, 504, 507, 527, 530, 532, 533,
534

integral 165, 171, 259

kernel 165, 259

polar

angle 572

coordinates viii, 3, 62, 160, 161, 171,
250, 383, 451, 477, 479, 490, 509,
572

Helmholtz equation 451, 508

pole 511, 534, 549

pollutant 2, 15, 19, 23, 139, 304, 435

polygon

boundary 411, 417

vertex 414, 423

polyhedral surface 411

polynomial 1, 50, 75, 119, 400, 402, 576,
577

Chebyshev 473

Laguerre 109, 566, 567, 569

harmonic 163, 171, 506, 520, 522, 526

Hermite 311, 462

homogeneous 169, 520

Laguerre 109, 566, 569

Legendre 511, 513, 525

quadratic 316

trigonometric 71, 75, 91, 108, 111,
119, 400, 402

pond 292, 324, 331

population 2, 121, 123, 435, 438, 485

portfolio 291, 300

posed

ill 129, 175, 436, 442

well 136, 395, 535

position 50, 286, 287, 396

positive 578, 580

definite 339, 340, 355, 356, 362, 363,
371, 372, 373, 375, 376, 378, 383,
386, 387, 389, 400, 401, 429, 431,
439, 441, 442, 474, 506, 535, 546,
578

matrix 342, 353, 362

semi-definite 339, 355, 356, 371, 372,
378, 386, 387, 389, 441, 487, 506,
547, 549

potassium 569

potato 542, 543

potential 341

Burgers’ equation 318

Coulomb 503, 529, 564

electric 504

electromagnetic 2, 564

electrostatic 152, 249, 252, 256, 503,
522, 534

energy 6, 61, 152, 242, 318, 340, 362

gravitational 152, 249, 252, 503, 529,
534

logarithmic 253, 256, 383

Newtonian 503, 504, 529, 530, 532

theory 121

velocity 360, 504

power

ansatz 162, 464, 520

series viii, 75, 92, 98, 169, 453, 456,
458, 464, 511, 521

solution 445, 452, 463

pressure 3, 35

price 299

prime meridian 509

principal

quantum number 567, 568

value 283, 572

principle

Dirichlet 368, 400, 410, 416, 424, 443,
506

Duhamel 298

Heisenberg Uncertainty 286, 287

Huygens vii, 503, 551, 560, 562, 564

maximum vii, 169, 213, 291, 312, 318,
443, 537

strong 169, 314, 522

weak 314, 507

minimization 255, 340, 371, 399, 427,
429, 507

Pauli Exclusion 568

superposition 9, 11, 12, 215, 217, 235,
335, 586

symmetry 269, 271, 275

probability 109, 121, 181, 263, 394

density 108, 286, 564

process

diffusion 121, 129, 386

dynamical 7, 15, 172

Gram–Schmidt 372, 378

product 282

convolution 281

cross viii

dot viii, 73, 341, 346, 354, 372, 578,
580, 585
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product (continued )
inner ix, 107, 112, 118, 114, 339, 341,

371, 379, 400, 428, 578
Hermitian 89, 107, 118, 271, 285,

361, 372, 394, 580

L2 73, 220, 230, 247, 342, 346, 358,
359, 371, 439, 477, 505, 515, 517,
525

weighted 341, 344, 354, 358, 359,
365, 378, 438, 506, 569

rule viii
profit 299, 302
program 453
proof ix
proton 564, 569
pseudo-spectral 181
pulse 54, 266, 267, 275
put option 300, 304
pyramid function 412, 414, 418

quadrant 499
quadratic
equation 172, 464, 465
function 340, 362, 401, 416
functional 340, 362, 400, 402
polynomial 316

quadrilateral 416
quantization 287, 394, 564
dispersive 328, 329

quantum
-dynamical system 503
mechanics vii, viii, x, 6, 55, 108, 149,

263, 278, 284, 286, 288, 329, 337,
340, 383, 386, 394, 503, 564, 566,
568

number 566–9
particle 6, 396

quasar 552
quasilinear 174
quasiperiodic 60, 144, 389, 393, 395,

489, 492, 497, 546, 548, 549
quotient
Rayleigh 340, 371, 375, 376, 377, 381,

384, 387
rule viii

radial
derivative 554
displacement 546
Gaussian function 247
symmetry 249, 479, 528, 531, 541,

548
variable 249
vibration 547, 549
wave function 568

radian 509
radiation 65

radio 15, 63, 546
radioactive 22
radius
Bohr 567, 569
of convergence 453, 458
spectral 584

rainbow 459
ramp function 82, 91, 95, 223, 235, 239
higher order 95, 223

random 60, 129
range 585, 586
Rankine–Hugoniot condition 40, 46, 47,

317, 321, 431, 433
rarefaction wave 34, 43, 44, 309, 320,

323, 433
ratio test viii, 75, 462, 468
rational 59, 389
function 218, 279, 452
number 59, 107
time 292, 329

ray 179, 257, 499
Rayleigh quotient 340, 371, 375, 376,

377, 381, 384, 387
reaction vii, 31, 438
-diffusion equation 438

real 6, 371, 571
analysis ix, 219
line xv, 107, 284
number xv, 98, 571
part ix

reciprocal 572
rectangle 121, 156, 214, 248, 255, 312,

361, 374, 415, 418, 445, 482, 488,
493, 496, 497, 499

rectangular
box 508, 526, 536, 547, 550
coordinates viii, 161, 503
drum 499
grid 422
mesh 186, 195, 207, 411, 418
plate 154, 445
pulse 266

recurrence relation 454, 456, 459, 467,
471, 525, 539, 543, 570

reduced finite element matrix 418
reflection 506, 571
refraction 179
refrigeration 136, 537
regular 457
boundary value problem 379
mesh 414
point 453, 457, 463
singular point 453, 463, 511, 569
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regularization 317, 442
relative vibrational frequency 495, 548

relativity vii, 2, 31, 56, 63, 295, 504,
560

relaxation parameter 213
remainder term 182

removable discontinuity 80

reparametrization 179
repulsive 529

rescaled

domain 495
Fourier series 96, 264

function 96, 506

reservoir 123
resonant 60, 279, 304, 391, 397, 493,

549
restoring force 169

reverse shock 433

Richardson’s method 194
Riemann

hypothesis 87

geometry 31
integration 217, 219, 270

–Lebesgue Lemma 112, 117, 231, 276

sum 265
zeta function 87

right

angle 73, 581
triangle 413, 417, 419, 423

right-hand

derivative 81
limit 79, 81

rim 486

ring 69, 124, 130, 146
ripple 292

river 31

Robin boundary condition 123, 134,
154, 361, 436, 439

rock 292, 324, 549

rod 534

root ix, 316, 464, 474, 582
Bessel 474, 490, 499

spherical 540, 541, 548

cellar 136, 137, 545
test viii, 75

rope 148, 393, 494

rotated function 155
rotation 305, 506, 517, 528

rough 284, 296

round-off error ix, 184, 190
row vector 216, 578

rubber 493

rule
chain viii, 20, 24, 32, 57, 161, 167,

171, 300, 305, 308, 333, 494, 509,
511, 524

product viii
quotient viii
trapezoid 407

Runge–Kutta method ix

sample 27, 187, 189
sand 498
sawtooth function 78
saxophone 144
scalar
field 242, 345, 359, 439, 505
multiplication 575

scaling 155, 305, 306, 307, 308, 323,
494, 521

symmetry 291, 307, 308, 327, 337,
479

scandium 569
scattering 337, 383, 549, 565
Schrödinger
equation vii, 6, 146, 304, 340, 372,

374, 383, 385, 394, 396, 397, 503,
564

operator 565
science vii, 2, 4
screen 286
sea 332
secant 182, 185
second-order
iterative scheme 203
ordinary differential equation ix, 297,

363, 459, 463
partial differential equation 121, 173
ramp function 95

segment 404
seismology 63, 129, 549
self-adjoint 74, 110, 237, 243, 249, 339,

340, 354, 356, 362, 371, 378, 386,
400, 429, 438, 447, 505, 517, 525,
536, 579

matrix 354, 373
semi-
circle 480, 499
circular disk 170, 418
circular plate 155
infinite bar 136
weak formulation 429

semi-definite
negative 443
positive 339, 355, 356, 371, 372, 378,

386, 387, 389, 441, 487, 506, 547,
549

sensor 23, 303, 561
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separable
coordinates 508
ordinary differential equation ix
solution 68, 121, 124, 141, 156, 163,

306, 320, 386, 388, 439, 463, 482,
509, 517, 520

separation
constant 141, 156, 446, 510
of variables vii, ix, 25, 68, 121, 140,

155, 161, 215, 256, 305, 340, 364,
386, 435, 447, 451, 467, 487, 503,
507, 527, 535, 538, 547, 565

sequence viii, xvi, 98, 104
Cauchy 107, 119

series viii, 2, 9, 11, 67, 68, 75, 100, 121,
156, 256, 435, 455

complex Fourier 89, 582
differentiated 101
doubly infinite 89, 91
eigenfunction 109, 340, 371, 378, 379,

386, 435, 441, 443, 535, 544
eigensolution 440
Fourier viii, 71, 74, 76, 82, 102, 109,

113, 121, 131, 163, 228, 231, 233,
263, 285, 328, 340, 371, 378, 402,
519

–Bessel 477, 492, 493
–Bessel–spherical harmonic 541
complex 89, 582
cosine 85, 87, 144, 148, 233
derivative of 94
double 488
generalized 109, 378
rescaled 495
sine 85, 87, 126, 142, 147, 157, 233,

382
of functions 100
Frobenius 464, 569
Gregory 78, 85, 86
integrated 101
power viii, 75, 92, 98, 169, 453, 456,

458, 464, 511, 521
solution 445, 452, 463

Taylor 75, 169, 171, 182, 183, 193,
453, 458, 463, 521, 576

sesquilinear 372, 394, 580
set
theory 64
diffusion of 485

shallow water 292, 333, 435
sharpen 442
shell 324, 450, 524, 568
spherical 510, 534, 543, 549, 551

shift
phase 292, 324, 334
theorem 271, 274, 284

shock 39, 45, 47
dynamics 15, 431
line 40, 173
reverse 433
wave vii, 2, 5, 15, 31, 37, 130, 195,

292, 315, 316, 317, 320, 324, 399,
427, 431, 433

shore 332
signal 15, 22, 23, 128, 179, 295, 486,

552, 560
processing 63, 263, 582

sign function 94, 225, 270
silver 123
similar triangle 257, 532
similarity
solution vii, 42, 291, 305, 308, 323,

327, 337, 485
transformation 307
variable 308

simple
closed curve 152
eigenvalue 372, 391, 582

simply
connected 243
supported 146, 393

simulation 324
sine transform 274
single-precision 184
singlet 558
singular 173, 582
boundary value problem 379
point 2, 283, 363, 452, 457, 463
irregular 453, 463
regular 453, 463, 511, 569

singularity 251, 256, 427, 454, 553
logarithmic 383, 525

sink 360, 438, 442, 504
slope 21, 37, 182, 185
Smith Prize 3
smooth 5, 284, 441, 536, 576
piecewise 254, 427, 505

smoothing 128, 296, 441, 545
smoothness 7, 105, 276, 402, 410, 428,

430
snare drum 496
soap 153
soda 537
soil 137
soldering iron 292, 297, 304, 481, 534
solid 121, 388
body 2, 15, 65, 144, 440, 503, 504,

522, 546
boundary 154, 504
geometry 423
mechanics 121, 292
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solitary wave 324, 334
soliton 292, 324, 336, 337
solute 22, 121, 438
solution 5, 6, 11, 181, 291, 350, 452
analytic 431
basis 458
classical 5, 7, 17, 51, 144, 255, 399,

410, 427, 428, 432, 535, 546, 556,
558

complex 6
d’Alembert 53, 201, 324, 487
equilibrium 132, 443
fundamental 291, 292, 294, 297, 301,

304, 326, 328, 387, 388, 435, 481,
482, 503, 543, 551, 554, 564

general 12, 67, 253, 390
localized 560
manufactured 210
multiply valued 36, 37
multi-soliton 337
particular 12, 253, 390
power series 445, 452, 463
separable 68, 121, 124, 141, 156, 163,

306, 320, 386, 388, 439, 463, 482,
509, 517, 520

similarity vii, 42, 291, 305, 308, 323,
327, 337, 485

weak 5, 43, 53, 144, 399, 427, 429,
431, 432, 433, 489, 556, 558

sonic boom 173
SOR 212, 402, 411
sound 560, 562
barrier 15, 173
speed 174
wave 121, 551, 552

source 194, 292, 360, 438, 442, 504, 543,
552

space 6, 15, 18, 121, 291, 305, 494, 504
coordinates 3
derivative 291
Euclidean ix, 575, 578
frequency 263, 284
function 63, 74, 99, 109, 215, 220,

340, 342, 344, 386, 400, 576
Hilbert ix, 106, 108, 112, 119, 263,

284, 286, 368, 394
inner product 118, 350, 354, 400, 428,

429, 578, 580
outer 487, 493, 531, 550, 552
physical 263, 284, 503
three-dimensional 503, 528, 544, 552
-time 19, 56, 560
two-dimensional 252
vector ix, 11, 98, 112, 220, 341, 371,

575, 578
span ix, 112, 401, 413, 577

sparse 402, 407, 410
special
function vii, 2, 9, 327, 364, 435, 453,

455, 472, 508, 511
relativity 56

specific heat 122, 124, 132, 438
spectral 181
line 395
radius 584

spectrum 395
continuous 337, 340, 374, 383, 565

speech 63
speed 331, 334
of light 295, 551
of sound 174
wave 19, 22, 24, 50, 51, 65, 140, 195,

197, 292, 330, 334, 396, 486, 488,
492, 495, 549

sphere 108, 508, 511, 517, 521, 522, 523,
526, 532, 534, 552, 555, 560

spherical
Bessel function 435, 503, 539, 540,

543
Bessel root 540, 541, 548
cap 555, 561
capacitor 522, 523, 526, 533
cavity 524, 534
coordinates viii, 3, 503, 508, 520, 524,

528, 537, 551, 553, 565
harmonic 109, 435, 503, 517, 519,

528, 538, 540, 549, 565, 568
complex 519, 526, 565
Fourier–Bessel 541

heat equation 543
Helmholtz equation 510, 517, 519,

565
Laplacian 510, 517, 525, 538, 543,

549, 551
shell 510, 534, 543, 549, 551
symmetry 531, 552
wave 552, 554

spike 218, 224, 229
spin 568
spiral 164
spline 27, 210, 283, 400, 408
spring 95, 154, 216, 333, 473
square 369, 385, 415, 426, 444, 449, 479,

489, 492, 496, 499
drum 493
grid 414, 421
hole 426
-integrable 106, 108, 231, 284, 285,

293, 394
least 110, 363



632 Subject Index

square (continued )
mesh 421, 423
plate 255
unit 155, 158, 260, 485

stable 181, 190, 205, 340
conditionally 190
unconditionally 192, 193
von Neumann criterion 198, 199, 205

standard
basis 216, 577, 581
deviation 295

standing wave 55
star 560
state space 286
stationary 20
phase 331
point 331
wave 17

statistics vii
steepest decrease 437
step
function 29, 40, 42, 61, 105, 276, 320
unit 80, 83, 90, 102, 222, 232, 266,

329, 396
size 182, 187, 406
time 197

stiffness 49, 142, 234, 344, 357, 473,
486, 488, 492, 495

elemental 417, 418
stochastic differential equation viii, 299
stone 331
stopping time 128
St. Elmo’s fire 254
strain 341
string 2, 13, 15, 49, 62, 96, 140, 142,

261, 391, 489
Strong Maximum Principle 169, 314,

522
structure 549
Sturm–Liouville
boundary value problem 363, 382
eigenfunction 382
equation 336, 364, 370, 404, 508
operator 364, 365, 480

subatomic particle 108, 149, 279
subsolution 255
subsonic 173, 174
subspace 576
dense 344, 346, 371
finite-dimensional 400, 410, 430
finite element 416

subterranean 129
successive over-relaxation (SOR) 212,

402, 411

sum

convolution 284

geometric 116

partial 75, 100, 110, 113, 229

Riemann 265

trigonometric 116

summer 136, 137, 545

sun 545, 565

supercomputer 565

superconductivity vii

supernova 551

superposition 11, 51, 59, 67, 71, 234,
242, 293, 328, 330, 476, 481, 483,
535, 544, 551, 552, 554

formula 248, 291, 297

principle 9, 11, 12, 215, 217, 235, 335,
586

supersonic 15, 173, 174

support 284, 407, 411, 414

compact 230, 430, 432

surface viii, 324, 504

area 517, 529, 537, 543, 553, 555

curve 505

integral viii, 505, 522, 529, 533

minimal 153, 175

polyhedral 411

wave 292, 333

surfer 332

symbolic program 453

symmetric 188, 211, 249, 358, 579, 583

function 236

matrix 66, 74, 342, 353, 354, 362, 372,
401

symmetry vii, ix, 170, 237, 263, 281,
291, 305, 358, 360, 494, 578

conjugate 580

cylindrical 517

principle 269, 271, 275

radial 249, 479, 528, 531, 541, 548

rotational 305

scaling 291, 307, 308, 327, 337, 479

spherical 531, 552

transformation 495

weighted 358, 380

symplectic 181

synthesizer 63, 496

system

adjoint 350

complete 520, 541, 565

of differential equations 2, 66

dynamical 340, 385

equilibrium 339, 340
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system (continued )
linear ix, 187, 191, 216, 339, 350, 386,

400, 428, 582, 586
finite element 431

orthogonal 73, 113, 570
quantum-dynamical 503

table
of Fourier transforms 272
periodic 503, 568

tail 337
Talbot effect 292, 329, 396
tangent 153, 182, 277
target xvi, 339, 341, 401, 428, 585
tautness 495
Taylor
series 75, 169, 171, 182, 183, 193, 453,

458, 463, 521, 576
formula 75
theorem viii, 203

telegrapher’s equation 62, 146, 393
television 63
temperature 7, 68, 122, 129, 136, 152,

153, 291, 312, 341, 436, 449, 504,
508, 522, 535

equilibrium 133, 154, 214, 246, 435,
537

fluctuation 137
gradient 341, 437, 535
initial 131, 544
maximum 169
minimum 169
mean 136

tension 49, 142, 486
test
function 220, 225, 230, 429, 553
integral viii, 105
ratio viii, 75, 462, 468
root viii, 75
Weierstrass M 100, 105

tetrahedron 423
theorem ix
Carleson 117
Cauchy–Kovalevskaya 175
convergence 82
convolution 284
dilation 271, 274
divergence viii, 505, 529
existence 67, 364, 457
fundamental viii, 16, 39, 223, 236,

243, 245, 267
Green viii, 3, 168, 215, 243, 437
implicit function 49
shift 271, 274, 284
Taylor viii, 203
uniqueness 62, 67, 151, 169, 522

thermal
conductivity 65, 123, 437
diffusivity 124, 134, 186, 293, 298,

438, 535
energy 121, 122, 132, 134, 139, 169,

295, 304
equilibrium 127, 152, 153, 169, 441,

448, 479, 522, 536
reservoir 123

thermodynamics vii, viii, 2, 7, 12, 123,
130, 139, 242, 295, 312, 341, 436,
452

thermomechanics 121, 153
thermometer 306
thermonuclear explosion 561
third-order evolution equation 324
three-dimensional
delta function 527
space 503, 528, 544, 552

thunder 551, 552, 560
timbre 63
time 2, 3, 6, 7, 15, 18, 39, 121, 130, 286,

291, 299, 305, 307, 395, 442, 494
exercise 302
irrational 292, 329, 332
rational 292, 329
-reversible 497
space- 19, 56, 560
step 197
stopping 128

tone 63, 487
topology viii
toroidal
coordinates 508
membrane 361

torus 493
total
energy 61, 151
heat 444, 485, 537

traffic 15, 31, 38, 44
train 19, 20
trajectory 565
transatlantic cable 139
transcendental equation 1, 134
transfer coefficient 156
transform
cosine 274
Fourier 263, 264, 265, 269, 273, 274,

278, 282, 284, 285, 293, 297, 325,
330, 337, 340, 374, 462

discrete 582
inverse 263, 265, 269
table 272
two-dimensional 274, 278
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transform (continued )
Hilbert 283
Laplace 263
sine 274

transformation
Hopf–Cole 318
linear 285
similarity 307
symmetry 495

translation 21, 155, 291, 295, 305, 328,
506, 528, 551

transport
equation 2, 19, 31, 51, 65, 181, 195,

291, 315, 324, 330, 434
nonlinear 38, 46, 130, 292, 308, 315,

317, 427, 431
nonuniform 24

transpose 216, 339, 341, 353, 578
transverse vibration 393
trapezoid rule 407
traveling wave 21, 51, 195, 291, 292,

305, 316, 330, 333, 334, 497
triangle 40, 58, 144, 197, 199, 205, 210,

257, 411, 414, 415, 416, 418
equilateral 260, 415, 417, 419, 424,

426
inequality ix, 107, 526, 572, 579, 581
isosceles 413, 415, 417, 421
obtuse 414
right 413, 417, 419, 423
similar 257, 532
wave 44, 48, 322

triangulation 411, 414, 417
Tricomi equation 173, 178, 462
tridiagonal 188, 191, 211, 407
trigonometric 340, 371, 388, 487, 490
ansatz 546
Ferrers function 516
function 60, 63, 70, 72, 74, 89, 109,

113, 125, 130, 189, 231, 264, 273,
374, 445, 451, 452, 457, 499, 508,
511, 519, 536

polynomial 71, 75, 91, 108, 111, 119,
400, 402

sum 116
triple integral viii, 505, 553
trumpet 63, 144
two-dimensional
delta function 246, 255
Fourier transform 274, 278
space 252

type 172, 173

Uncertainty Principle 286, 287
unconditionally stable 192, 193
underdamped 146

unidirectional 19, 324
uniform 50, 99, 104, 435, 436, 438, 485,

508, 528, 535, 537
convergence 99, 100–102, 104, 378,

519
uniqueness ix, 2, 29, 130, 245, 314, 340,

355, 400, 429, 458
theorem 62, 67, 151, 169, 522

unit 217, 281
circle 167, 258
disk 155, 166
imaginary 571
impulse 215–218, 234, 280, 551, 562
multiplicative 575
norm 108, 286, 394
normal 153, 244, 433, 436, 437, 504,

505
sphere 108
square 155, 158, 260, 485
step function 80, 83, 90, 102, 222,

232, 266, 329, 396
unitary 286
universe 130, 503, 553, 560, 564
unstable 136, 190, 389
mode 145, 340, 547

upper triangular matrix 211
upwind scheme 200

value of option 302
variable 1
change of viii, 51, 58, 175, 179, 318,

511
characteristic 20, 22, 25, 30, 32, 51,

52, 552
complex 163, 571
dependent 3
frequency 286
independent 3, 6, 15, 291, 300
physical 286
radial 249
separation of vii, ix, 25, 68, 121, 140,

155, 161, 215, 256, 305, 340, 364,
386, 435, 447, 451, 467, 487, 503,
507, 527, 535, 538, 547, 565

similarity 308
variance 287
vector 66, 98, 571, 575
addition 571
analysis viii
calculus 242, 507, 571
column 216, 578
field 242, 243, 346, 359, 360, 439, 505,

507, 526
electric 341, 546, 551
magnetic 341, 546, 551
velocity 3, 152, 244, 504



Subject Index 635

vector (continued )
row 216, 578
space ix, 11, 98, 112, 220, 341, 371,

575, 578
complex 289, 571, 575, 580
finite-dimensional ix, 11, 98, 109,

215, 220
infinite-dimensional ix, 11, 99, 109,

215, 340, 342, 371, 400, 577
vehicle 38, 44
velocity 7, 19, 35
fluid 341
group 292, 331
initial 50, 55, 59, 145, 487, 546, 547,

551, 554, 557, 560, 562
phase 330
potential 360, 504
vector field 3, 152, 244, 504

vertex 411, 415, 416
polygon 414, 423

vertical axis 18
vibration 10, 15, 49, 60, 121, 140, 142,

149, 172, 340, 385, 389, 503, 546
elastic 486
electromagnetic 2
equation 340, 388, 390
frequency 389, 395, 487, 495, 548
radial 547, 549
transverse 393

video 63
violin 13, 15, 49, 63, 144, 497
viscosity 3, 291, 315, 317
Vlasov equation vii
volatility 299, 302, 304
volume 243, 543
von Karman equation vii
von Neumann stability 198, 199, 205

water 2, 3, 15, 121, 149, 243, 331
deep 331
shallow 292, 333, 435

wave 2, 15, 54, 121, 149, 292, 324, 388
acoustic 15
compression 36, 44
delta 558
dispersive 2, 324, 459
elastic 121
electromagnetic 15, 121, 388, 503,

546, 551
equation 2, 8, 13, 15, 50, 64, 121, 140,

149, 151, 152, 169, 172, 173, 178,
181, 195, 201, 291, 315, 324, 339,
340, 371, 374, 385, 389, 427, 434,
435, 467, 486, 488, 494, 503, 545,
551, 552, 554, 556, 558, 561

damped 207

wave (continued )
flood 15, 31
function 108, 286, 288, 394, 396, 564,

565, 568
light 551
N– 48
number 330
operator 50, 487
oscillatory 292, 327
packet 331
-particle duality 55, 149
rarefaction 34, 43, 44, 309, 320, 323,

433
shock vii, 2, 5, 15, 31, 37, 130, 195,

292, 315, 316, 317, 320, 324, 399,
427, 431, 433

solitary 324, 334
sound 121, 551, 552
speed 19, 22, 24, 50, 51, 65, 140, 195,

197, 292, 330, 334, 396, 486, 488,
492, 495, 549

spherical 552, 554
standing 55
surface 292, 333
traveling 21, 51, 195, 291, 292, 305,

316, 330, 333, 334, 497
triangle 44, 48, 322

weak
convergence 99, 230, 270, 327, 429
formulation 428, 429, 430, 432
maximum principle 314, 507
solution 5, 43, 53, 144, 399, 427, 429,

431, 432, 433, 489, 556, 558
weakening spring 473
wedge 35, 43
Weierstrass M–test 100, 105
weight function 379
weighted
adjoint matrix 342
average 213
inner product 341, 344, 354, 358, 359,

365, 378, 438, 506, 569
Sturm–Liouville differential operator

365
symmetry condition 358, 380

well-posed 136, 395, 535
white 441
width 334
wind instrument 15, 144
winter 136, 137, 545
wire 153, 158, 160, 169, 393
wolf 438

X-ray 546
xylophone 144
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yard 307

zenith
angle 508, 515
differential equation 510

zero
complex 87
eigenvalue 131, 439, 582
element 428
function 114, 219, 231, 281, 456, 463
matrix 583
mean 78, 92
measure 102, 104, 108, 114, 117

zeta function 87
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