Solutions

Solutions, answers, hints or relevant remarks to selected exercises are provided.
Unexplained notation can be found in the text.

Chapter 1

1.1 The only non-empty open and closed subset of R” is R". The union of open
sets is open and the intersection of closed sets is closed.

(a) Interior of a solid ellipse, open and bounded, not compact.

(b) Surface of a cone, closed, not bounded since (7, 0, n) lies in the surface for
all n, not compact.

(¢) First octant in R3—like the first quadrant in R2. Closed, not bounded since
(n, 0, 0) lies in the set for all n. Hence not compact.

d) x%+ y2 + (z = 1)? = 1 is the surface of a sphere with centre (0, 0, 1) and
radius 1. Closed, bounded and hence compact.

(e) Intersection of sphere of radius 2 and centre (0, 0, 2) and cylinder parallel
to z-axis based on circle in (x, y)-plane with centre (0, 0) and radius 2.
Intersection is circle in the plane z = 2 of radius 2 with centre (0, 0, 2),

compact.
12 (a) 9 _92xlo (14+x2 2)+M Of _ 2@+x)x%y 3f_2Z10 (1+
. ox — g y T2y 0y —  14x52 g
2 2)
d 1 X 0 —1 0 x2
(b) 5% = ytan~'(xz) + 1+izz 7 a—f’, =xtan~'(x2), 3 = 1+X§Zz-
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1.3

1.4

1.5

1.6

1.7

1.8
1.9

Solutions
2x —2y 0 0
2y 2x 0 0
/ —_—
Fx,y,z,w) = j 0 . 0 )
2x72w? 0 2aw?x? 27%wx?
2 -4 0 0 2 0
4 2 0 0 1 10
DoF.2=1=2=| 1 o | 27| -4
8 0 -8 —4 -1 36

VF(x,y,2) = Qx—y, —x+2°,3yz2—6). Vf(x, y,2) = (0,0,0) & 2x—y =
0, x+2=0,3y2-6=0y=2x, 2 =x, y2? =2 y=2x,2° =
x,xz2=lewy=2x,2=x,22=1<z=1,x =1, y = 2. Solution
(1,2, 1).

Vf = (2xe¥, x%e?,0), Vg = (zy%€*?, 2ye*?, xyze“) fg = x?y%e¥ e,
V(fg) = (zxy2ey+xz +x2y Ze)+xz 2x yeH-xz +x y €V+XZ, 3y2ey+xz) —
x2e¥ (zy2e*?, 2ye*?, xye®?) + y2e*i(2xe”, x%e¥,0) = fVg + gi.

If P(1) = (x1(2), x2(t), ..., x, (1)) then | P(1)]? = xl(t) + -+ x,%(t) and
LAIPOI?) = 2x1 (x| () 4+ 42x0 (D), (1) = 2D x; (t)xl-(t) =2P(t)o
P'(r) = 2(P(t), P'(t)) where we supposed for convenience that P (¢) and P’ ()
are in the same space. If || P(7)|| does not depend on ¢ then (%(H PO =0
and (P(z), P'(t)) = 0. The inner product of two vectors is zero if and only if
they are perpendicular. In this exercise, which is extensively used in Chaps. 5-8
and 16-18, we used the inner product notation. If we use matrix notation then
P(t)isal x n matrix, P’(¢) is an n x 1 matrix and P (¢) o P’(¢) is a scalar.

2x 0 0 et 0 0
FFX)y=10 2y 2z, GX)=[0 2y -2z
yz Xz Xy yz xz Xy

H(X,y,Z):X2€x+y Z+x222

VH(x,y,z) = Qxe* +x2e* 4+ 2xy%z%, 4y3 + 2x%yz%, —473 + 2x%y?2).
Note F: R3 — R3 hence F’ is a 3 x 3 matrix, G: R3 — R3 hence G’ is a
3 x 3 matrix and (F, G): R?> — R! hence V((F, G)) is a 1 x 3 matrix. This
means Go F'+ FoG'isal x 3 matrix and F' o G + F o G’ would not give the
correct answer since it is not possible to add a 1 x 3 matrix and a 3 x 1 matrix.

D (2 20 2y1/2) — 102 2 0 2y=3/2 0y -

o (2 + 37 +29)712) = (2 4+ y2 4+ 297 2 Ty
Let F = (fis-.os fu)- Then |FIl = (f +--- + f)"/? and g=(IFI) =

_ afj

SR+ B+ T <z LD =k S g =
(v 9y |IF ). V<||F||> = > lvlax (IF) = b e (F.9F) =
HFH (F, >0 v ax = <F”€_VF> We require F(P) # 0 since we divide by
||F]|. The result is not true otherwise, e.g. f(x) = |x|, x € R, is not dif-

ferentiable at the origin. Note the use of the notation Vy in place of Dy for
scalar-valued functions.
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1.10

1.12

1.14 P

1.15

1.19

121 AX =

Let F(x1,...,x,) = (xl,.. , Xp) In Exercise 1.9. Then D¢, F = e; and
- _ _ _(FEDgP)

_(‘T}'(’”F:Q = —Xi/||X||3. Hence V(1/]|X])) = —X/||X||3,

H(x,y,2) = ((y2)? + (2 + 32, (xy2)? = (2 + y2)2, (¢ = y2)? = 24,
(x? — y)? +z4) and Ho(x,y,z) = (xyz)? — (x% 4+ y%)2. Hence % _

2xy27% — dx (x% + y?).

2u 2v 0 0 yz Xz Xy — - -
GoF — 2u —2v 0 0 2x 2y 0| 8% - -
Tl o 0 2w =2t 2y o] 2 - —

0 0 2w 2t 0 0 2z - - =

O = 2uyz —2v-2x = 2xyz-yz — 2(x% +y?)2x = 2xy?2% — dx (x? +y?).
h is the composition

(X1, ..., xp) = (e, ..., &™)
l
(ylv ---’yn)ﬁf(yly---’yn)

g_z _ ex,-g_)fl 02_h — efi g\]j + et 8y,(8 ) = eti 8f + e2x, g}lf yla_){i +
yl fHCnCCleax ZZ?lyl(‘)y +Z;1 1812:0'

= (1,1,1), AX = (0.1,0.05, —0.05), f(P) = 3, f(P + AX) =
3.42628125, Vf(P) = (3,5,3), f(P) + Vf(P) - AX = 3.40, Error=
0.02628125, Errorx 100/ f (P) = 0.87604166 %.
F~1(C) is the intersection of the cone z2 — x> — y2 = 1 and the plane
2x — y = 2. Solving these equations yields y = 2x — 2 and z> = 1 + x? +
4(x — )2 =14 5x% — 8x +4 = (9/5) + 5(x — 4/5)2. This shows that the
level set is a hyperbola.
The level set can be rewritten as y6 + (x — y)2 + (xy — 47)% = 51, hence
yo < 64 and |y| < 2, (x — y)* < 64 implies |x| < |y| + 8 < 10. Hence
Ixy| < 20 and (xy —42)% < 64 implies |4z| < |xy|+ 8 < 28. Hence |z| < 7.
This shows that the level set is bounded. It is also closed.
AX, AY = puY, N # p = MX,Y) = (AX,Y) = (AX,Y) =
(X, AY) = (X, puY) = (X, Y) = A —w(X,Y) =0= X L Y since
A # .
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Chapter 2

2.1 F{(X) = VF(X) = (2x1, —2x2,0,0). F; has full rank except when x| =
x3 = 0. x1 # 0 = {x2, x3, x4} can be taken as the independent variables,
x3 # 0 = {x1, x3, x4} can be taken as the independent variables. F(P;) =
—3.1f x1 # 0let ¢1(x2, x3, x4) = (x5 — 3)!/2 near (x2, x3, x4) = (2,0, —1)

2x1 —2x» O 0
/ —
&) = ( 0 0 2x3 —2x4) ’

full rank < x; or xo # 0 and x3 or x4 # 0. Pairs of independent vari-
ables (x1, x3), (x1,x4), (x2,%3), (x2,x4). F2(P2) = (1,3), ¢2(x2,x3) =

(A+xDHV2 —(x2 =3)12) near (x2,x3) = (0,2), FX) =
2)(1 —2)62 0 0
0 0 2x3 —2x4 |,fullrank < any three of the variables x1, x3,
—2)61 0 0 2)C4
X3, X4 are non-zero. F3(P3) = (=3,-=7,15), &3(x1) =

(\/xl2 + 3, x12 + 8, xl2 + 15) near x| = 1. Other solutions also exist.

22 (1) x> 4+ y* = u?cos’v 4+ u?sin®v = u? = u = £/x2+y2 = g—z =

+x/\/x2+y2, y/x = usinv/ucosv = tanv = v = tan_'(y/x) =

v
5o = /a4y,
aﬁ Ov u v
(i) —cosv —usinv— =1, — sinv + u cos v— = 0. Solving these two
0x 0x 0x Ox
linear equations for % and % gives us % = cosv and g—; = —sinv/u
which agree with (i).
2xx3 2xtx; 00 8 4 00
23 F'(X) = | xx3 x1x3 xixp 0 |,F/(1,2,3, =6 3 2 0],
0 0 0 2x 0 0 0 8

hence 8x; + 4x; = 0, 6x1 + 3x2 + 2x3 = 0, 8x4 = 0. Solution set
{(x1, —2x1,0,0) : x; € R}, Basis = {(1, —2, 0, 0)}, Tangent line = {(1 +
t,1—=2t,3,4):t e R}.

2.4 (a) Let f(x,y,z) =xe’ —z. Surface = f~1(0), Vf(x, y,2) = (e, xe¥, —1),
Vf(1,0,1) = (1,1, —1),Normal line = {(1 +¢,¢, 1 —¢) : t € R}, Tangent
plane ={(x,y,2) : (x = 1) -14+y-14+(z—=1)-(=1) =0} = {(x, y,2) :
x+y—z=0}L

(b) Let F(x,y,z) = (x> 4+ y?> —z2,x + y + z). [ is the set F~!(1,5).

2x 2y =2z 2 4 -4
/ — / —

Tangent line = (1,2,2) + {(x,y,2) : 2x +4y —4z=0,x+y+z=0} =
(1,2,2) +{(x,y,2) :y=3z, x =—4z} ={(1 —4¢,24+3t,2+1¢) : t € R}.
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2.5

2.6

2.7

2.8

2.9

2.10

Equation of plane is ax 4+ by 4+ cz = d. Using (1, 2, 3) and (4, 5, 6) we obtain
a +2b+ 3c = d and 4a + 5b + 6¢c = d. Since the plane is perpendicular
to the plane 7x + 8y + 9z = 10 it follows that (a, b,c) - (7,8,9) = 0, i.e.
7a+8b+9c = 0. Solving fora, b, candd givesb = —2a,c = aandd = 0.
Solution is {(x, y,z) : x —2y + z = 0}.

Let f(x,y,2) = /x+ /¥y + z, Vf(1,4,1) = (1/2,1/4,1/2). Tangent
plane to f~1(4) at (1,4, 1)is {(x, y,2) : (x = 1) - (1/2) + (y — 4) - (1/4) +
z—1-(1/2) =0} ={(x,y,2): 2x +y + 2z =8}

Let f(x,y,2) = xZ 4+ 4y2 + 422, Vf(x,y,z) = (2x, 8y, 8z). Tangent planes
to f~1(1)at (1/+/2,1/4, 1/4) and (+/3/2, 0, 1/4) are ~/2x +2y+2z = 2 and
/3x+2z = 2. Line of intersection = {(, (ﬁ—ﬁ)t/Z, l—t\/§/2) :t € R}L
k = distance squared of line to the origin = (9 — 2\/6)/(12 — 2\/5) = (14 —
V6)/20.

Substitute x> = 14y? intox?42y? = 4to get 1+3y? = 4. Hence 3y* = 3 and
y = +1, x = £+/2. Four points are (£+/2, £1), (a, b) = (+/2, 1). Tangent
line to hyperbola at (v/2, 1), v/2x — y = 1 has slope /2. Normal line to ellipse
points in direction (2+/2,4) and hence has slope 4/2+/2 = +/2. Both lines
pass through (ﬁ, 1) and hence coincide. Tangent lines meet at (0, 1) and at
(£1/4/2,0). Area= /2.

Direction of normal line to paraboloid at (1, 1, 4) is (2, 2, —1). Tangent plane
at (1,1,4) is {(x, y,z) : 2x + 2y — z = 0}. Normal line through (1, 1, 4) is
{(142t,142¢,4—1) : t € R}, t = —9/8 gives the point (—5/4, —5/4,41/8)
on paraboloid and on normal. Normal line through (—5/4, —5/4,41/ 8) has di-

B  (=5/2,-5/2,—1)-2.2.-1) N
rection (=5/2, =5/2, =1), cos ¥ = o S AT A = o7 9/2)1/2 =
i

Let f(x,y,z) = log(x?> + y?) — 2z, § = f~'(0) = Graph(g), where
g(x,y) = Slog(x? + y?), Vf(1, —1, 1 log2) = (1, —1, —2). Tangent plane
={(x,y,2) : x—y—2z =2—log2}, Normal line = {(1+¢, —1—1, %log2—
t):t € R}

At points of contact normals coincide. Hence (f'(x), —1,0) = A2z, 1,2z +
2x) = A=—1=z=—xand f'(x) = (=1)(=2x) = f(x) = x°.
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Chapter 3

3.1

32

33

34

35

3.6

3.7

3.8

3.9

Let g(x,y,2) = xy +yz, filx,y,2) = x>+ 2 — 1, fo(x,y,2) = x — yz.
Vg = MVfi+ Ve = x+z,y) = Mi2x,2y,0) + Xa(1, —z, —y),
y=-XNy =>y=0o0r) =—-1,y =0 = x = 0 which contradicts
x2+y2= Lh=—1=x4+z=A2y+z=>x =2y =yz = z7=2),
y=22x—l=zzx—-1=u*y)-1=y=x>—-y=1-y>—y=
2y>4+y—1=0.Hencey=—lory=1/2,y=—-1=x=0andz = 0.
Solution (0, —1,0) and g(0, —1,0) = 0.If y = 1/2, x = +/3/2, z = £./3.
Maximum = 3+/3/4, minimum = —3+/3/4.

Maximize z on {x2 +y? =1} N{x +y+z=1},(0,0,1) = \;(2x, 2y, 0) +
ML) = =120 =-1=2y\] =>x=y==+1/y2,z =
1F /2. Maximum 1 + «/5, minimum 1 — +/2.

Maximize ab + (1/2)bd subjectto b+ 2a +2¢ = P,b*/4+d*> = c*. (b, a +
1/2)d,0,(1/2)b) = \(2,1,2,0) + X2(0,b/2, —2¢,2d) = ¢ = 2d, b =
V12d, a = (/3 + 1)d = P = (43 + 6)d. Maximum = (2 — +/3) P2 /4.
2x,2y,22) = A(1, 1, =1) + X2(1,3,1) = 2x = A 4+ X\, 2y = A\ +
3\, 2z = —A1 + A2 = 2x — y + z = 0. Together with constraints this gives
solution (0, 1/2, 1/2). Minimum 1/4. The two constraints are planes which
intersect in a line. Question asks to find minimum and maximum distance
squared from line to the origin. Line contains points which tend to infinity so
no maximum.

The two constraints are planes which intersect in a line. This line contains
points which tend to infinity. f consists of positive terms added together and
tends to infinity as either x or y or z goes to infinity. Since f is always positive it
must have an absolute minimum. (2x, 2y, 4z) = A\((1, 1, 1)+ X\ (1, —1,3) =
.. => x = 17/14, y = 16/14, z = 9/14. Minimum = 707/196. z =
3—x—y=0¢x ). f(x,y, x, ) =x*+y* +23 - x — y)> and con-
straint becomes 2x + 4y = 7.

H1(x) = (T —=2x)/4, po(x) = (1/4)(5 — 2x), f(x, p1(x), p2(x)) = x> +
(7 —12x)2/16 + 55 —22x);/8. Lo N .
x 2y 2z X X y

G = Nap T rl = e ===
2 Xy _ i 44 _4b oy

¢ :>a_b_c:>x_ ﬁ’y_ \/§’Z_ V3
(yz, x2, xy) = M—=1/x2, =1/y%, =1/22) = XN #0, x%yz = -\ = xy’z =
xyz2 =>x=y=zand3/x =1 = x = y = z = 3. Minimum 27.
Vix,y,z2) = xyz, ¥z, xz,xy) = AX(1/a, 1/b,1/c) = ... = x/a = y/b =
z/c. Maximum = abc/27.
Join the vertices to the centre and let x, y, z be the angles at the centre. Products
of lengths of sides = 8R3 sin 5 sin % sin§ = f(x,y,z). Sum of squares of
lengths = 4R (sin? 5+ sin? % + sin? 5) = g(x,y,2). R is the radius of the
circle. h(x,y,z) =x+y+z—27.
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(a) Vf = AVh... = cos(x/2) =cos(y/2) =cos(z/2) = x =y =2z.
(b) Vg = A\Vh...=sin(x/2) =sin(y/2) =sin(z/2) =>x =y =z.

3.10 Since x> > 0, 3x> —y> =0=y°> > 0=y > 0. Hence f(x,y) =2y >0

and f(0,0) = 0 implies f has minimum value O at (0, 0). The method of
Lagrange multipliers does not work since the surface 3x2 — y> = 0 does not
have full rank at (0, 0).

Minimize g(v) = (Vf(P), V) over (v,v) = h(v) = 1. Vg(v) = A\Vi(v) =
VFf(P) = Avand ||v] =1 = A = x| Vf(P)||/2. Hence g(v) = ... =
+||Vf(P)]||. Maximum increase in direction Vf (P)/||Vf(P)].

3.12 Let y; = x;/i. Maximize nly; ---y, on »;_, yi2 = 1. Use the method in

3.13

Example 3.2 to get y; = yo = ... = y, = 1/4/n at maximum.

If x, y and z are perpendicular distances to the sides, of length a, b and c, then
it is necessary to minimize d, where d? =x? + y2 + 22, subject to constraint
Area = A = (1/2)(ax + by + cz). Minimum = 4A%/(a®> + b + ¢?).

3.14 Nearest point on line, (11, 2, —4). Distance = V6.

3.15

3.16

Since —1 < cosf < —+1, the result in Exercise 2.12 is equivalent to the
Cauchy—Schwarz inequality. We get the equality case by considering when
cosf = +1.

The constraints form a compact subset of R* so the function has a maxi-
mum and a minimum. If (x, y, u,v) = (a,0,b,0) then (xv — yu)?> = 0
and the minimum is 0. Let ¢ = xv — yu. It suffices to consider ¢ # 0. If
(x,y,u,v) = (a,0,0,b) then (xv — yu)2 = a%b? and the maximum is posi-
tive. V((xv—yu)?) = 2¢c(v, —u, —y, x) = A\1(2x, 2y, 0, 0)+X2(0, 0, 2u, 2v),
cv = A\x, c(—u) = A1y, c(=y) = lu,cx = \v. 2?4+ 2yt = )\%xz +
)\%yz — 2b? = )\%az,cz = cox—cuy = c(vx—uy) = A\ (x2+y?) = \a?.
Hence \; = b? and ¢? = ¢%b? = Maximum.

Alternatively, let x = acosf,y = asinf,u = bcos¢,v = bsin¢ then
(xv — yu)* = a®b? sin*(0 — ¢) and as sin?(§ — ¢) ranges between 0 and 1 we
get the above result. Also this exercise is a special case of the Cauchy-Schwarz
inequality.
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Chapter 4
41 () Vf(x,y) =2x+y+2,x+2) = (0,0) = (-2, 2) is the only critical
2 1
point. Hy(x y) = (1 0) , det(Hf(—2,2)) = —1 < 0 = f has a saddle
point at (—2, 2).

(b) local minimum at (1, 1), saddle point at (0, 0). To show the local mini-
mum is an absolute minimum over {(x, y); x > 1/2, y > 1/2} note that
det(Hy(x,y)) =36xy —9 >0whenx > 1/2and y > 1/2.

(©) Vf(x,y,2) = (3x?z—192,2y —z,x> — y),

6xz 0 3x?
’(x,y,2) = Hpeoyo = 0 2 -1
3x2 —1 0
Critical point (2, 8, 16).
192 0 12
Hro8,16) = 0 2 -1
12 -1 0
saddle point.

(d) saddle pointsat (2,4),(—1,4), (2, 1), local maximum at (1, 3) (the change
of variables u = 2 — x, v = 4 — y simplifies the calculations).

(e) local maxima at (£1, £1, 1), (£1, 1, 1), (1, 1, £1).

(f) critical points at (£1 /ﬁ, :I:l/ﬁ, il/ﬁ), local maxima if even number
of negative signs otherwise local minima. Using one variable calculus,
max of xe~* over R is 1/+/2¢'/2 and min is —1/+/2¢'/2. Hence max of
xyze_xz_yz_Z2 over R3 is 1/2+/2¢3/% and min is —1/2+/2¢3/2.

(g) saddle point at (1, 1, 1/2).

(h) saddle point at (2+/2, 2, —2).

(i) saddle point at (—1, 1/2,1/2).

(j) saddle point at (1,2, 1).

4.2 We always have f(x,y,z) > 0. Since f(0,0,0) = 0, f has an absolute

minimum at (0, 0, 0). Critical points satisfy 2ax = 2x (ax2+by*+cz?),2by =
2y(ax? +by? +cz?), 2cz = 2z(ax? 4+ by* + cz?). Critical points are (0, 0, 0),
(£1,0,0), (0,£1,0), (0,0, £1) since if (x, y, z) is a critical point, x # 0
and y # 0 then 2ax/2by = 2x/2y = axy = bxy = a = b contradiction.
Similarly all critical points can have only one non-zero component and this must
be 1. Local minimum at (0, 0, 0), local maxima at (£1, 0, 0), saddle points at
(0, £1,0) and (0, 0, &1). Since 2¢" > x4,x2e_x2 —> Qasx — +o©
and hence f(x,y,z) —> 0 if any one of x, y, z —> F00. Use the method
in Example 3.3 to show that f has an absolute maximum over R? at a critical
point. Absolute maximum a/e.
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4.3

4.4

4.5

4.7
4.8

4.10

Local minimum at (1/4, 1/4, 1/4), degenerate critical points at (x, 0, 0),
©,y,0),(0,0,2), 0,y,1 —y), (x,1 —x,0), (x,0,1 —x),x, vy, zeR.
The function is only defined when x # 0, y # 0 and z # 0. At a critical
point 2x3 = y3 4+ 73 = 3x3 = x3 + y3 + 23, Similarly 2y3 = x3 + 73 and
23 =+ =>=y==x=y=zand (x){(x,x,x) :x #0}isa
set of critical points.

1
Hioaw=g( 1 -2 1

and det(Hf(x,x,x)) =0.

Minimize d*> = (x + 1)®> + (y — 1)> 4+ (xy — 1)%. Critical points satisfy
x+14+xy—1)y =0and y — 1+ (xy — 1)x = 0. Adding we obtain
X2y +y2x =xy(x+y) =0.Ifx =0then y = 1 andif y = O then x = —1.
fy=—x=x342x+1=0=x<0andd?> =2(x + D*+ 2+ 1)? =
x4 4(x + %)2 +2 > 2. Minimum = +/2. Lagrange multipliers can also be
used for this problem.

V(XL X = Yil?) =2 (mX = 3L, o).

2x + 6¢¢y — 2y — 2y¢, = 0, 4y + 6¢¢, — 2x — 2¢ — 2y¢, = 0 and
¢pr = ¢y =0=x =y = ¢ = x = £1. Critical points of ¢ at £(1, 1),
det(H(‘,‘)(l’])) = det(H(b(_],_])) = 1/4. ¢xx(1,1) < 0, local maximum at
(1, 1), ¢xx(—1,—1) > 0, local minimum at (—1, —1). The equation of the
level set yields two solutions; ¢ (x, y) = (y + v/6 — 3x2 — 5y2 + 6xy)/3,
b2 (x,y) = (y — /6 — 3x2 — 5y2 + 6xy)/3. Both have a local maximum at
(1, 1) and both have a local minimum (—1, —1).

|x| <2and|y| <2since x>+ y?> =2and |z| = |1 — x| < 1+ |x| <3 and
F~1(2, 1) is bounded and hence compact since it is clearly closed.
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Chapter 5

51 P'(r) = (6sinh3t, —6cosh3r,6), |[P/(1)] = 6+/2cosh3r, length
= 2sinh 15.
52 (©0n [0, 11, (cos™(s)) = —(1 —sH)~1/2, P'(s) = (—(1 — sH)/2, =5, 0).

5.3 5(0) =12+ 17, PsTH0) = (r cos () sin (s ) A ).
54 (a) s(t) = \/g(e’ —1), s (1) = log(«/L3 +1). Unit speed parametrization t —
(L+1D) (cos(log(\% + 1)), sin(log(4 + 1)), 1) for0 <t <~/3(e—1).
(b) s71(@#) = sinh~ !z /ﬁ). Unit speed parametrization

where 0 <t < «/Esinh(l).

5.5 Let P(t) = (,/r2 — B4 z) for0 <1 <4.

5.6 We need ¢: [0,1] — [0,1], ¢'(t) > 0for0 <t < 1, p(0) = 0, ¢(1) = 1,
#'(0) =0, ¢'(1) = 0. Take ¢(r) = 312 — 2¢3.

(1,2) + 312 — 263) (=2, —4), 0<r<l1
POHy=4(-1,-2)+ @Bt —-D2=20t—-1DHG,2), 1<r<2
4,0)+ Bt —2)2 = 2(t — 2)%)(=3,2), 2<1<3.

5.8 This exercise shows that the rate of change of f at X along two curves, which
pass through X, depends only on the tangents to the curves at Xj.

5.9 To show (TX,TY) = (X,Y) expand |T(X + Y)||? and |T(X — Y)|?> and
consider the difference. Use exercise 2.12 to show that angles are preserved. To
show that area is preserved it suffices (?) to show that the area of rectangles is
preserved. (Hint: think of Riemann sums.)


http://dx.doi.org/10.1007/978-1-4471-6419-7_5
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Chapter 6

6.1 (a) F(P(t))- P'(t) =t, 27%; (b) F(P(1))- P'(t) = 1> + 2t +31°, 85/84; (c)
F(P(t)) - P'(t) = (cose, e, e') - (0,1,¢") = e+ e, (e84 8e —1)/2.

6.2 (a) x> 4+ yz + €*%, (b) does not have a potential, (c) xy + z> + sin(xyz), (d)
sin()c2 + yz).

6.4 (a) UseExercise 1.10, (—2y+z, 2x—3z, —x+3y) /1 X |I>; (b) (xz2 —xy?, yx2—
yz* z2yr = 2x?) /11X (1% (©) (0,0, 0).

6.6 This exercise shows that div and curl operate like derivatives. In (b) the minus
sign is, perhaps, unexpected. A very careful application of the definitions is
needed to verify these formulae.

6.9 UseExercise 6.7, V(f (1 X)) = V(f(Vx2 +y2+22)) = F/(IXIDX/|I X and

2 -
VA(£UIXID) (f(IIXII) "X“) (f<” D ||X||)

(f aArx - ||X||)

2 2 2, .2

x4+ yr 422 , 2(x* 4+ y* 4+ z9)

=X —=—-+ fUXI)  ——=5——
I X1l X3

Then g harmonic < V2(f (I XI)) = 0 ¢ 2f'(r)/r+f"(r) =0 & > f"(r)+
2rf'(r) = (r2f'(r)) =0 f'(r)=C/r* & f(r) =B+ (A/r).
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Chapter 7
7.1 P(t) = (3cost,9sint),0 < t < 2, ellipse, Curvature 27(9sin2t +
81 cos? £)~3/2, maximum curvature at (0, +9).
2 (2y\2 2 2x82
2B+ 23 b
72 (k| = |2 TR e | a 1If the ellipse has an anti-
2x12 2y\2 3/2 x2b2 | a?y? 3/2
(E2+@&9) (22 + %)
clockwise orientation then |k| = k, otherwise kK = —|k|.
7.4 Let P(t) = (x(1), y(¢), z(t)) be unit speed. P'(r) = (x'(¢), ¥y (1), 7' () is

7.5

7.6

1.7

7.11

7.12

independent of ¢ <> all tangents are parallel <& P(t) = (@ + bt,c + dt,e +
fo).
@ T = (A + 02 -1 = n'2V2)/2,N@6) = (1 =0 1+
H2,0/v2, B) = (=1 + 020 = ' VD)2, k() = T(t) =
V2/4T—12.(0) T(1) = (=(1 = )'2, —1,0), N(1) = (1, —=(1 —1H)/2,0),
Bt) = (0,0,1), k(t) = 1/A/1—t2, 7(t) = 0. () T@t) = (1 +
D72 2.0 +2)7VV5 NG = (0 4 2)7Y2,0, =1 + 12)71/?2),
B(t) = (=2t(1 + 37121, =21 + 5712 /5, k(1) = 1//501 + 12),
T(t) =2/ V51 +1%). (The point of this exercise was to calculate the Frenet-
Serret apparatus directly. The curve in (b) lies in the xy-plane. By Proposition
8.1, 7(t) = 0 and B(¢t) = £(0, 0, 1). It is necessary to calculate B(¢) in order
to check which sign to take but the above advance information is useful in order
to know what to expect.)
IP ()| = a sec a. Let ab = cos . Then Q(t) := (a cos bt, a sin bt, t sin &)
is unit speed. T'(r) = (—ab?cosbt, —ab’sint,0), k() = ab®, N() =
(—cosbt, —sinbt,0), N(0O) = (—1,0, 0), and normal points into cylinder,
hence centre of curvature = Q(t) + k(O)N@®) = Q@) + T'(t) = ((a —
ab?) cos bt, (a —ab?) sin bt, t sin ), a helix, on the cylinder x>+ y? = a?(1 —
b2,
o) = (a cos(% sinh~! (5)).a sin(% sinh~! ($)). V/b* +12) is a unit speed
parametrization. Osculating plane at Q(¢) := (q1(7), q2(2), g3(1)) is perpen-
dicular to Q'(r) x Q”(¢) and tangent plane at Q(¢) is perpendicular to Q(f) :=
(q1(t). q2(1), 0). It suffices to show [Q'(r) x Q"(t) - Q(1)] /1 Q"W - 1QM)I]
= a(t) is constant. [|Q(1)| = a, Q'(t) x Q"(t) - Q(t) = ab/(* + t?),
10" ()| = bva? + b%/a(t? + b?) and a(t) = a/+/a® + b2. Alternatively, if
P(t) = (acost,asint, bcosh %’) and P(r) = (acost, asint, 0) then results
in Chap. 8 show it suffices to prove [P'(r) x P"(t) - P()] | P'(t) x P"(1)]| -
|P(¢)|| is constant. | P(r)|| = a, P'(t) x P"(t) - P(t) = [a®*cosh(at/b)]/b,
and

|P'(1) x P"(0)|| = [a*(a® + b*)'/? cosh(at /b)]/b.

Q'(t) = B(¢) implies Q is unit speed and Q' = T= = B, Q" = TF/ =B =
—7N = kg Np. Hence kg = 7 (since 7 > 0 and ks is positive) and Ng = —N.
By = Ti xNg = Bx(=N) =T, By = —:Ng = T' = £N.Hence 7 = .
X =71T + KB.


http://dx.doi.org/10.1007/978-1-4471-6419-7_7
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Chapter 8

8.1
8.2

8.3

8.4

8.5
8.6

8.7

By inspection one can take u = (0, 0, 1) in (a) and (b) and u = (0, 1, 0) in (¢).
T =0, —t2,—t2-D/Q+272+2H2 Nty=(1 + 21722 +
172, 1=172) (646t 2+6:H)1/2 B(r) = (1, =1, 1) //3, k(1) = 2t 3/3(2+
2072 4 207H732 71y = 0.

Note By inspection P(¢)-(1, —1,1) = —1so I liesinthe plane x —y+z = —1.
By Proposition 8.1, 7(¢) = O and B(t) = +(1, —1, 1)/\/5. To know which sign
to take it was necessary to do the above calculations.

P'(0) = (—tan 8, cot0, v/2), || P'(0)|| = 25, P"(0) = (—sec? f, —cosec?0),
0), [P/ (0) x P"(0)| = 4+/2/(sin?20), k() = sin20//2.

_ 2
P =321, 1= 14, [P0 = 3V20+2), () = (325, A5,

1 _ 1 1 " _ 42 1 42
72), T()-(0,0,£1) = iﬁ’ P'(t) x P"(t) = 18(Q2¢t,1 —t~, —1 — 1),

IP/() x P"(0)|| = 18v/2(1 4+ 12), k(t) = 1/3(1 + 32, P”(t) = 6(0, —1, 1),
(P"(1), P'(t) x P"(t)) = —18-6-2, 7(t) = —1/3(1 + 1*)%.

R(1) = (V2/3)e™, (1) = (1/3)e™".

The normal plane at P(¢) is {X : (P(t) — X, P'(¢)) = 0}. If Xq lies in every
normal plane then (P () — X¢, P'(t)) = O for all t. Hence %(P(t) —Xo, P(t)—
Xo) = 0and || P(t) — Xoll is independent of ¢, and the curve lies on a sphere.
(P(0), P'(0)) = —2sin20,{(a, b, ¢), P'(0)) = 2a sin 20+2b sin § + 2¢ cos 26.
Hence a = —1, b = 0 and ¢ = 0 imply (P(#) — (a, b, ¢), P'(6)) = 0. Centre
(—1,0,0), radius 2.

P'(t) = (a,2bt,3t%), |P'(t)||> = a® + 4b*t> + 9t*, P"(t) = (0,2b, 61),
P'(t) x P"(t) = (6bt%, —6at,2ab), | P’ (1) x P"()||* = 36b%t* + 36a%t% +
4a2b?, P" (1) = (0,0, 6), P"(t) - P'(t) x P"(t) = 12ab,

(1) /K1) = | P () |P(P"(t) - P'(t) x P"(1))/||P'(t) x P"(0)|°
= 12ab(a® + 4b*t* + 9t*)3/% ) (36b%1* + 36a°t> + 4a’b*)3/?.

P parametrizes a generalised helix < a” 4+ 4b*t> +9t* = a/(36b%*t* 4 36a%1> +
4a’b?) for some o € R & a = 1/4b? and 4b? = o364 < 4b* = 94°.
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242 Solutions

Chapter 9

9.1 [ x2dx - [[*sin2 ydy = [x3/31}[x/2 — (sin 2x)/41]/* = (7 — 2)/24.
9.2 (a) [y {Jy xcos(x + y)dy}dx =3,
[l 1—x2 1
® [ {fli‘[ﬁ_;;(ﬁ +y2)dy}dx = 83 [1(1 = )22 + $Ddx =
3mw/2; or alternatively, let x = rcosf,y = 1 4+ rsin6,dxdy = rdrd0
and [} [77(r2 + 1 4 2r sinO)rdrd6 = 37/2,
2
© ST, Hdxldy = [F(=y+ ¥y} dy = 9/4.
2 [ pdy—y?
93 [ { N dx}dy — 8/3.
94 LetF = (Q,—P). If t — (x(¢), y(¢)) is a unit speed parametrization then
n = (y’, —x’). Now apply Green’s Theorem.

95 @ fi [J5" e dx}dy =36t - 12,
b) Jy {JE erayfax = - 1.
96 [l —xndxdy = f} [0 = xndy}dx = @r — /8. The

x2+y?2<1
x=0,y=0
calculations are easier using polar coordinates.
9.7 20m.
9.8 (a) Once Green’s theorem has been used, symmetry implies that the answer is
0.
(b) By Green’s theorem [ = II 2xdx dy. This can be evaluated in

(x—2)2+y2<4
the usual fashion but some geometry avoids all the calculations:

/ = // 2(x = 2)dxdy + 4 // dxdy =0+ 4n.4 = 16m7.
r .

(x—2)2+y2<4 (x—2)2+y2<4

The first integral is zero since x — 2 has average value 0 on the disc and the
second integral is 4 x (area of disc).

© Jr= [[(=3y —4x*y)dxdy = f35 dx - f14 —3ydy — f35 4x2dx - f14 ydy =
o
—1025.


http://dx.doi.org/10.1007/978-1-4471-6419-7_9
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Chapter 10
10.1 (a) (u,v) — (acoshucosv,bcoshusinv, csinhu), —o00 < u < +00,0 <
v < 2.
() (u,v) — (acoshu,bsinhucosv, csinhusinv), —co < u < 400,00 <
v < 2m;

10.2

10.3

10.4
10.5

10.6

10.7

10.8

(a) P is easily seen to be injective. For the remainder see Example 13.5.
(b) (P2)y = (c0s6,0,1), (P2)g = (—xsinb, ycosd, 0) and

(P2)y x (P2)g = (—y cos, —x sin, y cos? 6).

If (P2)x x (P2)p = O then cos@ = sinf = 0. This is impossible since
cos?0 + sin20 = 1. If Pr(x,0) = Py(x;1,0;) then x +a = x| + a and
cos = cos fy, sinf = sin f;. Hence x = x| and 6 = 0.
©) (P3)y x (P3)y = (u + v,v — u,=2) # (0,0,0), P3(uj,vi) =
P3(up,v2) = ur+vi=ur+voandu; — vy =ur — vy = uy —uy =
v —v; =—(vp —v1) = v =v2and u; = us.
Parametrize the ellipsoid ((x/~/21r)% + (y/~/2tr)? + (z/~/2th)* = 1 using
ellipsoidal polar coordinates and take the § = 7 /4 cross section.
Parametrization formula unchanged. Range 0 < 0 < 7/2,0 < ¢ < w/2.
1€0,0,1) + t((u,v,0) — (0,0, N)?> =1 = r2u? + 2?2 + 1 —1)? = 1.
Hence t = Oort = 2/(1 + u? + v%), p(u,v) = (2u/(1 +u? + %), 2v/
(L+u?+02), 1=2/(1 + u? + v?). ¢(ur, v1) = Guz, v2) = ul +v} =
u% + v% (from third coordinate) = u; = uy and v; = vy from the first and
second coordinates and ¢ is injective. ¢, X ¢, = (—Zu(l + u? + v?)72,
—2v(1 +u?+v)72, 1 — @ +vH2) (1 +u? +vH)72) # (0,0,0) for all
(u, v) € R2. Also ¢(R?) = S\(0, 0, 1).
Let P(u) = (ucosu, usinu, ux/3),0 < u < 2, Length = foz(4 +u)2du =
2(+/2 + sinh~!(1)). (Use u = 2sinh6, sinh='(1) = log(l 4+ +/2) and
sinh(2 sinh~! (1)) = ((1 +2)2— (1 + ﬂ)‘z) /2 =22
Vix,y,z2) = 14+ y,x+2z,v) # (0,0,0) since either y # —1 or y # 0.
Up = {(x,y,2) : y # 0} and go(x, ) = (x,y, =5=2), (x,y) € R\
(0, )5y # 00 U = {(x,3,2) €8, y # —1}and ¢1(y,2) = (75,5, 2)
for (y,z) € R\ {(v,2); y # —1}. (U, ¢o) and (U1, ¢1) are graphs and hence
parametrized surfaces.
At time ¢, L is at units above the xy-plane. The (x, y) coordinates of a point
u units along L are (u sin bt, u cos bt) after time 7.
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Chapter 11

11.1

11.2

11.3

11.4

11.5

11.6

11.7

P(r,0) = (rcos9,rsin9,r2), 0<r <20<86 <2m EG— F? =

r2(1 4+ 4r?), surface area = 7(17°/> — 1) /6.

(@) P(x,0) = (x,x>cosf, x’sin#),0 < x < 1,0 < <271, EG — F? =
x6(1 + 9x4). Use substitution u = 1 + 9x*, surface area = 7r(103/2 —
1)/27.

(b) P(x,0) = (x,x%cosf,x%sinf),0 <x < 1,0 <0 <21, EG — F? =
x*(1 + 4x?). Surface area = OZW fol X214+ 4x2dx = %’r Osmhil(z)
sinh2(0) cosh?(0)d0 = % [3™ P (cosh(40) — 1)df = m(18v/5 —
log(2 + V5) /32 (use substitution 2x = sinh # and identity sinh ™! (x) =
log(x + +/x2 + 1)).

E =1, F = 0, G = r? + 1, surface area = 027rf01«/1 +r2drdf =

27 [y Sinh (D cosh2 ¢ dp = (/2 + log(1 + +/2)). Substitution r = sinh ¢.
If P(x,y) = (x,y, fx.y)) then E = 1+ f2, F = fo fyand G = 1 + f2.
Hence EG — F> = (1 = fA)(+ fH — f2 17 = 1+f,?+fy2 = 14+|VFI%

Use parametrization P(r 9) (rcosf,rsinf,r?/3),0 <0 <2m,0 <r <

/3. Surface area = V3, T+ (4r2/9)drdf = (7321 — 97 /6.

Using P(x, y) = (x, y, xy) By Exercise 11.4, surface Area=  [[ (1 +
x24y2<a?

x? 4+ y?)2dx dy. Change to polar coordinates, (x, y) —> (r cos @, r sin ).
Alternatively, let P;(r,0) = (rcos#, rsinf, ; sin20),0 < 0 < 2m, 0 <r <a.
Then E = | + r2sin226, F = 5 sin46, G = r2(14r2 cos? 20), EG — F? =

r2 4+t Surfacearea—/ / 1+ r2drdd = 2n((1 +a*)>? — 1)/3
r=0

(substitution u = 1 + r2).
First octant = 0 < 6 < m/2, between the planes = 0 < r < 8\/§, in-
side cylinder = r2cos?0 < r?/4 = cosf < 1 :> 7/3 <0 <72 E =

(r2/64)+1,F = 0,G = r2. Surface area= f”/z V3 T+ (2/68) drdf =
2247/9.
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Chapter 12

. 8 18
121 S C{(x,y,2) : 6x+3y+2z=6},n(p) = (6,3,2)/7,F-n= %,ng =3
VEG — F2dx dy = 13(Area §) = 9. Area of triangle in R3 with vertices
ff y 7 g
s

ata,b and c is %H(a —b) x (a — ¢)||. Alternatively, using projections onto
coordinate planes, [[F= [[(f.g.h) = [[ f+ [[ g+ [[ h=1123+
S S Pyz Py ny
2.3.1.343.1.1.2 = 9. Also, P(x,y) = (x,y, (6 — 6x —3y)/2), (x,y) €
triangle A in xy-plane with vertices (0, 0), (1, 0) and (0, 2) parameterizes S
and Py x P, = (3,3/2, 1) has the correct orientation. [[F = [[(F, Py x
S A

Py)dxdy = 9(Area A) = 9.

123 ¢(u,v) = (u, v, uvd), ¢, = (1,0,v%), ¢, = (1,0, 3uv?) and ¢, x ¢, =
(—v3, =3uv?, 1). Hence F(¢(u, v)) - ¢y (1, V) X Py (u, v) = 2+ 18u?v*+20°.
Answer 467.

124 P@,v) = (b 4+ acosB)cosp, (b+ acosh)siny,asinh),0 < 0, < 2.
This surface is a torus (see Table 11.1). F(P (6, v)) = (acosf cos, acosb
sint, asin®). (F, Py x Py) = —a*(b + acosf), [[F = —4nab. Since

S

Py x Py(0,0) = —a(b +a)(1, 0, 0) points inwards, P is not consistent with
the orientation. Answer = —(—472a2b).
12.5 Use spherical polar coordinates (see Table 11.1) with range 0 < 0 < 7/2,
0 <t <2m EG — F? = a*sin? 6.
(@) y2 + 22 = a?sin? @sin ¢ 4 a? cos? 6, 4na* /3
(b) E;?_G —FO2(x2 432+ (z4+a)>) V2 =asinf/(2+2cos 0)'/2, 2ma (2 —
2).

12.6 Truncated cone, f(r,0) = (rcosf,rsinf,r),0 < 6 < 2w, 1 <r < 3,
fr X fo = (—rcosf, —rsinb,r), (F(f(r, 0)), fr x fo) =2r, 16m.
12.7 F, x Fy = (sinf, —cosO,r). (G(F(r,0)), F, x Fp) = --- = —rb / > +

032, [ G = [7{[2(=rb | (% + 6%)32)dr)d6 = 7(3 — V/10)/v/2.
S

12.8 Method (b). Use polar coordinates on each coordinate plane and z = 0 on the
xy—plane. I 0% + z%»dydz + [[ tan l'(x/z2)dzdx +
Py.(S) P..(S)
II 0eX 7 dx dy = II r2rdr do+ II Ordr dt =
Py (S) O<r<a,0<f<m/2 O<r<a,0<f<m/2
a’mw(2a® + 7)/16.
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Chapter 13

13.1

13.2

13.3

13.4

13.5

13.6

(a) curl(zi — xk) = (0,2, 0), (37 — 8)2a?%/3.

(b) curl(—yi + xj) = (0,0, 2), ma’.

(c) curl(—zj + yk) = (2,0, 0), 84%/3.

P x Py = (‘Trz sin 0, _Trzcose, r), curl(y,z,x) = (—=1,—-1,-1), P x
Py -(—-1,—-1,-1) = é(sin@ + cosf) — r. fr vdx + zdy + xdz =
fob { OZW(’H—z(sinH + cos ) — r)d9} dr = —wb?.

The mapping 6 —> (b + bcosf, b — bcos ¥, /2b sin 0),0 < 60 < 2, para-
metrizes I a circle of radius /2b containing the points (20, 0, 0), (b, b, ﬁb),
(0,2b,0) and (b, b, —«/Eb). Since curl(y,z,x) = (—1,—1,—1) and n -
(-1,-1,—-1) = =2, Jrydx + zdy + xdz = —V/2(Area circle)= —+v/2
7(v/2b)? = —2/27b>.

I coils around S n times. [ —ydx +xdy = fozﬂ(b +acosnt)?dr = T(2b% +
a?). Area:fo1 f()z” r(b + acosnt)®drdt = w(b* + %).

If G is the vector field in Example 6.6 then curl(G) = F. For d > O let
'y = {(x,y,2) : x4 y2 =1- dz}. Then I'j, U I'. suitably oriented is
the boundary of Sy . and P(0) = (V1 —d?cos0,+1 —d?sinf, /1 — d?),

0 < 6 < 2m, parametrizes [y so that the sphere above the plane z = d is
on the left as Ty is rotated. Hence G(P(0)) - P'(#) = (sinf, —cos 0, 0) -
V1 —d?(—siné, cosf,0) = —+/1 —d? and de G=(—1-d%1(Ty) =
—V/1—d?27/1 —d? = —27(1 — d?). By Stokes’ Theorem

//F:/G—/G:Zﬂ(cz—bz).
Fc

Sb,c Fb

P(r,0) = (rcosf, rsin6, b(1— ’Caﬂ),o <r <a,0 < 0 < 27 parametrises

the portion § of the plane inside the cylinder. P, x Py = (br/a, 0, r), curl(y —

z,z2—x,x—y) = (=2, -2, -2), [[(curl(y—z, z—x, x—y), P- x Pp)dr df =
S

—2ma(a + b). Orientation inconsistent with positive answer. Choose opposite
orientation. Answer 2mwa(a + b).
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Chapter 14

14.1

14.2

14.3
14.4

14.5

14.7
14.8

14.9

14.10
14.11

P(r,0,z) = (rcosf,a +rsinf,2),0 <r <a,0 <0 <2m, 0 <z <
(a®> + r* + 2arsinb) /4a, |det (P")| = r.

f(@r,0,z) = (rcosf,rsinf,z),0 <0 <m,0 <z <r,0 <r < 2asinb,
volume= [ { [3°" { i rdz}dr} a6 = 8a*/3 [ sin0(1 — cos? 6)d0 =

32a3 /9. Note that the parametrization in Exercise 14.1 leads to an unsuitable
integral. Use Fig. 14.13.
Use (r,0,z) — (rcosf,rsinf,z),0 <r < 1,0 <0 <27, 0 <z < 2.
Paraboloid and cone intersect when x2 + y2 =72 =2 z, 24z7-2=
0,z =1, z = —2. Above plane z = 0, hence z = 1. Region projects onto the
disc {(x, y, 1) : X2+ y2 < 1} with paraboloid above and cone below. Para-
metrization (r, 60,z) — (rcosf,rsinf,z),0 <r < 1,0 < 0 < 2m,r <
z <2 —r2. Volume = 027r {fol {frz_rz rdz} dr} do = %ﬂ.
(a) 8
() %?; 216
(c) & — ==,
2/3. ! ’
Vo= (O g dyldx = 4093 — 842 + 1)/15. By symmetr

0 WJo o yiax ysy y
the second volume is 8V.
(a) Volume = foza A(x)dz = Oﬁ” n(z2/3)dz + fj%a n(4a® — 2)dz =
(ma) /3 + wa3(13—6 —3J/3) = 8”3“3 (2 — +/3). (b) Use spherical po-
lar coordinates w : (r,0,1) — (rsinfcos, rsinfsiny, rcosh), 0 <
6 < 7/6,0 < r < 2a,and 0 < 1) < 2. Since det(w') = r’sin6,
Volume= foﬂ/ﬁ sin 0d6 - foza r2dr - f027r dy = 8”3—“3(2 — /3). See also Exam-
ple 15.3.
A
12
det(F') = uv, [[[ xdxdydz = [} uldu [;j v(1 — v)dv [;j dw = 1/24,

1%

dxdyd 1Pl pl a2
j\;ff% =Jo Jo Jo ‘wdudvdw=1/2.
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248 Solutions
Chapter 15
15.2 div(F) = y% + x2. Interior of § = {(rcosf,rsinf,z) : 0 < r < /3,

7/2 <60 <371/2,0 < z < —r cos 0}, div(F) = r?, 184/3/5.
153 (4TS xazydy)dx = aPeb)24.
15.4 Order of integration is important, first x and then y to get (e — 2)/2e.
15.5 div(x%, —y2, 3xz) = 5x — 2y,

xdxdydz = /// vdx dy dz = 7. Solution 3.
x,y,x>0 x,y,x>0

x2+y?+x2<4 x4y x?<4

15.8 Volume = [[ (ax? + by*)dx dy where D = {(x, y) : (x/c)> + (y/d)* < 1}.

D
If P(r,0) = (rccosf,rdsinf),0 < r < 1,0 < 0 < 27 then dxdy =
red - drdf. Volume = [ [Z7(ac®r? cos® 0 + bd*r?sin2 O)red - drdf =
cd fol r3dr - foz”(ac2 cos? 0 + bd? sin® 0)d = cdr(ac* + bd?) /4.
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Solutions 249

Chapter 16

16.1

16.2

16.3

16.4

16.5

16.6
16.7

16.8
16.9

E=1,F=0,G=1+b1=0,m=—b1*+b>)"12,
K =-b* [ (12 + b))%
Since the surface of a cone always lies on one side side of each tangent plane,
K > 0, and since it contains a line, K = 0 and O is a principal curvature.
P(r,0) = (rcosf,rsinf,r), n = (—cosf, —siné, 1)/«/5, E=2F =
0,.G=r31=0,m=0,n= —r/ﬁ. Principal curvatures 0, —l/r«/§.
Use (16.6), E=5F =4,G=5n=(-2,-2,1)/3,1l = -2/3,m = 0,
n = -2/3.¢,(1,1) = (1,0,2), ¢(1,1) = (0,1,2), v = 2, v3 = 1,
kp(v) =10/123.

2 2
By (16.6), ki p (V) = m%

ozE)—|—2v1v2(m—ozF)+v%(n—ozG) = Oforall (v, ) &l =aFE, m =aF
and n = aG.
E = 1+y2,F=xy,G =1+4+xZandl =0,m = (1+x2+y2)_1/2,n =0.
At an umbilic point / = «F implies &« = 0 and m = «F implies o # 0.
Hence there are no umbilics.
K = 36uv- (1+9u®*+9v*) =2, elliptic points uv > 0, hyperbolic points when
uv < 0.
m =n =0 = K = 0. This is the cylinder over the ellipse x> + (y/2)*> = 1.
u — (av, —bv,0) + u(a, b, v), v — (au, bu, 0) + v(a, —b, u).

2 2
K = ez (3 + 30+ 5)
It suffices to note that the coefficient of A\ in (16.9) is En + Gl — 2Fm.
P(x,y) = (x,y,logcosy —logcosx), E = sec’x, F = — tan x tan v, G =
sec?y, ! = sec’x /(1+tan® x+tan® y)!/2, m = 0,n = —sec’y /(1+tan® x +
tan? y)1/2.

= « (constant) for all (v, vp) < vf(l —
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Solutions

Chapter 17

17.1
17.2

17.3

17.4

Use toroidal polar coordinates, L(x Py + yPy) = Py + 3 i;‘ﬁ)f 7Py

¢(u7 'U) - (I/l, v’uz - 21)2), ¢u - (150’ 2”)9 d)v - (07 15 —41)), ¢MM -
0,0,2), duy = (0,0,0), pppy = (0,0, —4), E = 1 + 4u®, F = —8uv,
G = 1+ 1603 n = (=2u,4v, D)/ + 4u® + 16vH)2, 1 = 2/(1 +

42 16092 m = 0, = —4/(1+ du® + 1602)1 2. o (Hgerizse ) =

lvigu+vadyll
2v%—4v% . _ .
G Do Let P(D = ¢(V21.1) = (V21,1,0). By the chain

rule P'(t) = /2¢+ by, and kp() (P’ (1)) = C(2(+v/2)? —4) = 0. The straight
line t —> P(t) lies in S.

Suppose « # 0 and n; and ny, the normals to S; and S», are linearly indepen-
dent. If n; - my = cos 6, then ||ny — (ny, mo)ny||> = sin” 6 and sin @ # 0. Let
P denote a unit speed parametrization of I" with P(0) = p and P'(t) = T (¢).
If N is the normal to T in R3 then T L ny, np and N € span(ng, ny). Then
DT = P’(t) = kNand \; = —(Dtn;, T) = (n;, DtT) = (n;, kN). Hence

kN = (n;, kN)n; + (ny —mnj cos @, KN) (my — mnj cos 6)

sin sin 6
2 2.2
and k2 = /\%—i- ! 2/\1/\2:122?)\1 o 9, k2sin? 0 = /\% sin 6 + /\%—2)\1)\2 cos 8
—}—)\%00529 = A%—}—A%—Z)\l)\zcos&, k=0= A = X\ =0.n; and n, are
not linearly independent = n; = £ny and A\; = £ ;.
P(1) = (1,1,2) and P'(D)/IP'(D] = (2.1,6)/v/41 = v, S = g7 1(0)

2u,2v,—1 v, o

where g(u, v, w) = u? +v> —w, Vg/||Vg| = (4;2:?41]—”2’“))1/2, ﬁ coincides
with non § and is defined on an open set containing S. Calculate D(Vg/|| Vg|)
and —Dy(Vg/|IVgl) = —D(Vg/[Vgl) - v.

10 -8 0

o =L - Ve g
Do 1.2 =5 | =8 10 0 ). Dy(eip (1. 1.2) = o= (4, ~2.4),

17.5

4 4 0
— 1 u _ . _
Kky(p) = 9\/ﬂ(4, 2,4)-(2,1,6)/+/41 = 10/123.
Use Euler’s formula.
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Chapter 18

18.1

18.2

18.3

18.4

18.5

18.6

18.7

Cylinder = f=10), f(x,y,2) = x>+ y> — 1, Vf = (2x,2y,0). Hence
n(p()) || (2cos(at + b),2sin(at +b),0), ¢'(t) = (a2 cos(at + b),
a’sin(at + b), 0).

Unit speed parametrization ¢(¢) = (x(¢), y(t)) = x"x" + y”y’ = 0. Note
that ¢ is also unit speed. n(p(2)) || (' (¢), —x'(t) cos 0, —x'(¢) sin #), while
'@ = "),y (t)cosb, y'(t)sinf) = ¢"(t) = a()n(p(r)) where
at) = x"@)/y' () if y'(r) # 0 and a(r) = y”(t)/x'(t) if x'(¢) # 0. Since
 is a unit speed geodesic (18.5) implies ¢ () = T'(t) = kn (1)n(p(2)), and
the normal curvature at P(z, 0p) is x”/(t)/y'(t), if y'(t) # 0, and y” () /x' (1),
if x'(t) #0.

If P(¢) = a+ rb parametrizes the straight line then P has constant speed and,
since P"(t) = T'(t) = 0, (18.4) implies the geodesic curvature is zero and,
by Proposition 18.2, straight lines are geodesics. (xo, Yo, z0) + t(a, b, c) lies
in the surface z = x2 — y2 & (xo + ta)® — (yo + th)? = zg + tc for all
t & (2xoa — 2yob — o)t + (a*> — b*)t> = O for all 7. Lettinga = 1, b =
1, 2xg —2ypo =canda =1, b = —1, 2x9 + 2yp = c gives two lines on the
surface.

Since P is unit speed 7' (1) = P’(¢t) and K, (1) = kp(T(¢)). By (18.3),
T, =0 & n =—x,T & Lp(T (1)) = ku(1)T(t) & T (1) is a principal
curvature for all t < I' is a line of curvature. I' a geodesic = Ky, = 0 =
T'" = kN = kun. Hence N = +n, B =T x N = T x (&n) = Fn, and
—7N = B' = F(ny) = F(7gn) = F1g(£N) = —7,N and 7 = 7.

By Proposition 8.1, I' lies in a plane. Using the proof in Example 8.2, we
see that the non-zero curvature is constant. An application of the result in
Example 8.4 completes the proof.

By (18.5), since the tangent space to S at P(t) is 2 dimensional and 7'(t) L
N(t), we have kp) (T (t)) = 0 <= N(t)|Ins(t) <= N(P (1)) € Ts(P(t))
<= Ts(P(t)) = span {T(t), N(t)} <= tangent plane= osculating plane.
Assume sphere has centre at the origin and radius r. Let P be a unit speed
parametrization of the curve. By (16.5) the normal curvature is +1/r and,
by (18.5), k4 (t) constant <= k(t) constant. By Example 8.2, x(¢) # 0 and
T(t)(P(t)—c, B(t)) = —(ﬁ)’ = 0. This implies 7(¢) = 0 and Exercise 18.5
implies the required result.
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Index

A

Absolute area, 136

Absolute curvature, 70

Absolute geodesic curvature, 219
Absolute maximum, 43

Absolute minimum, 45
Acceleration, 220

Angle, 23, 53,75, 81, 110, 214, 222
Annulus, 180

Anticlockwise direction, 48, 69, 98, 141
Area, 29, 33, 53, 93, 123, 221
Arithmetic mean, 28

Asymptotic curve, 226

Axis of rotation, 65

Azimuth, 116

B
Basis, 26, 78
orthonormal, 76, 213, 217
unit vector, 2
Bijective mapping, 106
Binormal, 74
Boundary, 3, 27, 121, 143, 149, 180, 185
Bounded set, 3
Bugle surface, 215

C

Calva, 225
Catenary, 203
Catenoid, 203

Cauchy-Schwarz inequality, 31, 34, 53, 87,

91, 132
Chain rule, 5, 17
Change of variables, 118, 167
Circle of curvature, 72

S. Dineen, Multivariate Calculus and Geometry,

Clockwise direction, 48
Closed curve, 48
Closed set, 3
Colatitude, 116
Compact set, 3, 28
Cone, 108, 196
parametrization of, 173
Connected set, 60
Connected surface, 219
Constant Gaussian curvature, 209
Constant geodesic curvature, 226
Constraint, 25
Continuous function, 3, 94
Convex set, 43, 61
Coordinate curve, 111, 204, 208
Coordinate function, 26
Coordinate plane, 140
Coordinate system, 114, 169
Coordinates
Cartesian, 106
curvilinear, 114
cylindrical, 133, 173, 176
elliptical, 173
geographical, 109, 133
polar, 106, 181
spherical, 109
toroidal, 186
spherical, 133, 172
toroidal, 126, 134
Corner, 52
Counterclockwise direction, 69
Critical point, 35
Cross product, 21, 53, 64, 141
properties of, 75
Cross section, 114, 162, 193
Cubical grid, 168
Curl, 64, 154
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Curvature, 70, 74, 91
absolute, 70
centre of, 72, 81
circle of, 72
Gaussian, 207-215, 221
constant, 209
negative, 225
zero, 197
geodesic
absolute, 219
constant, 226
zero, 219, 220
geometric significance of, 71
intrinsic, 218
line of, 202
mean, 203, 214
normal, 194, 213, 218
principal, 195, 207
radius of, 72
total, 224
Curve
closed, 48
directed, 47
piecewise smooth, 52
oriented, 47
parametrized, 49
Cylinder, 9, 27, 50, 81, 108, 123, 124, 150,
159, 173, 175, 176, 191, 196

D
Degenerate critical points, 40
Derivative, 5
directional, 7, 111
partial, 1, 7, 35, 98, 187
first-order, 7
higher-order, 8
Determinant, 14, 26, 38, 75, 212, 213
Differentiable function, 4
Differentiation
implicit, 18
Directed curve, 47, 219
piecewise smooth, 52
Directed interval, 97
Distance, 49, 219
Divergence, 65, 179
Divergence theorem, 180190
Dot product, 2
Double integral, 93

E
Edge, 222
Eigenspace, 38

Index

Eigenvalue, 12, 38, 197, 213

Eigenvector, 12, 38, 197, 213

Ellipse, 23, 27, 73, 80, 113

Ellipsoid, 23, 33, 109, 196, 225
parametrization of, 109

Elliptic point, 194

Equator, 222

Euler’s formula, 213

Euler—Poincaré characteristic, 223-226

Extremal value, 55

F
Face, 223
Final point, 47, 52, 219
Flat spot, 195, 207
Frenet approximation, 85
Frenet—Serret apparatus, 78, 85, 86, 90, 91
Frenet—Serret equations, 78, 83, 84, 86, 87,
89,91, 217
Fubini’s theorem, 95, 161
Full rank, 14, 38
Function
continuous, 3
differentiable, 4
integrable, 93
Riemann integrable, 161
scalar-valued, 138
smooth, 48
Fundamental theorem of calculus, 59, 97,
149, 179

G

Gauss map, 209

Gauss’ divergence theorem, 180
Gauss—Bonnet formula, 224
Gauss—Bonnet theorem, 222
Gaussian curvature, 195, 207, 221
Generalised helix, 87, 92

Genus, 225

Geodesic, 220, 226

Geodesic curvature, 217, 218
Geodesic torsion, 218, 226
Geodesic triangle, 222

Geometric mean, 28

Gradient, 5, 19

Graph, 8, 15, 94, 105, 120, 193
Green'’s theorem, 98, 141, 162, 179

H
Hanging chain, 203
Harmonic function, 67, 101



Index

Helicoid, 131
Helicoloid, 204
Helix, 50, 53, 78, 81
Hemisphere, 105, 159
Hessian, 35, 197
Hilbert’s Lemma, 209
Hyperbola, 23
Hyperbolic point, 195

I
Implicit differentiation, 18

Implicit function theorem, 9, 15, 119

Independent variables, 13
Index, 225
Initial point, 47, 52,91, 219
Inner normal, 73
Inner product, 2, 53, 77
Integrable function, 93
Integral

double, 93

line, 56

triple, 167
Interior angle, 222

Intermediate value theorem, 43, 83, 87

International date line, 115
Inverse mapping theorem, 119

J
Jacobian, 171

L

Lagrange multipliers, 26-33, 36, 200

Lambert’s equal area projection, 123
Laplacian, 67
Latitude
parallels of, 115
Length, 2, 49, 53, 221
Length function, 51
Level set, 8, 15, 109
Line
normal, 19
tangent, 19
Line integral, 150
Line of curvature, 202
Linear approximation, 5, 13, 19
Linear mapping, 2
Linearly independent solutions, 13
Lines of longitude, 115
Local maximum, 4
Longitude
lines of, 115

255

M
Matrix, 3
Matrix of coefficients, 14
Maximum, 4
global, 43
local, 4, 25, 36
strict, 4, 36, 39
Maximum existence theorem, 4
Maximum rank, 14
Mean value theorem, 124
Mercator’s projection, 115, 123
Meridian, 115, 123
Minimal surface, 203
Minimum, 4
local, 4, 36
strict, 4, 36, 39
Minimum existence theorem, 4
Moving frame, 76
Multiplicity, 38

N

Negative Gaussian curvature, 225

Non-degenerate critical points, 40

Non-umbilic points, 202

Norm, 2

Normal, 111, 136, 141, 150, 180
unit, 69, 73, 146

Normal curvature, 194, 213

Normal form, 20

Normal line, 19

Normal plane, 19, 92

Normal section, 194

(0]

Open set, 3

Open set of type I, 94

Open set of type I, 95

Oriented curve, 47

Oriented surface, 136
Orthonormal basis, 76, 213, 217
Osculating plane, 74, 81, 85
Outer normal, 184

P

Paraboloid, 23, 127, 128, 131, 165, 177, 191
solid, 173

Parallelepiped, 136, 168, 174

Parallels of latitude, 115

Parametric form, 20

Parametrization, 47, 169



256

unit speed, 52
Parametrization of cone, 133
Parametrization of cylinder, 133
Parametrization of ellipsoid, 173
Parametrization of paraboloid, 127
Parametrization of solids, 133, 172
Parametrization of sphere, 133, 172
Parametrization of surface of revolution, 134
Parametrization of torus, 125, 134
Parametrized curve, 49
Parametrized surface, 104
Partial derivative, 1,7
Partition, 52, 93
Pentagon, 33
Perpendicular vectors, 2, 21, 69, 111, 197
Plane

normal, 19

tangent, 19
Polar coordinates, 175, 181
Polygon, 43
Positive interval, 135
Potential

scalar, 59

vector, 65
Principal curvature, 195, 207
Principal curvature direction, 195, 197, 207
Principal minor, 38
Profile curve, 108
Projection, 145, 170
Pythagoras’ theorem, 77, 86, 218

Q

Quadratic approximation, 72

R
Radius of curvature, 72
Rank
full, 14, 25
maximum, 14, 26
Rectangle, 33, 93, 121, 224
Riemann sum, 56, 93, 121, 137, 161, 169
Riemannian geometry, 208
Right-hand rule, 74, 141, 217

S
Saddle point, 35, 36, 39, 196
Scalar field, 59
Scalar product, 2
Scalar valued function, 138
Set

bounded, 3

Index

closed, 3
compact, 3, 28
connected, 60
convex, 43
open, 3
Shape, 123
Shape operator, 211
Shortest path, 219
Smooth function, 48
Solid, 172
Solid cylinder, 173, 180
Solid ellipsoid, 173
Solid of revolution, 173
Solid sphere, 181
Solid torus, 173, 185
Speed, 49
Sphere, 3,9, 85,92, 108, 128, 138, 172, 209,
224
solid, 172
Sphere of closest fit, 208
Spiral staircase, 155
Square filling curve, 124
Stokes’ Theorem, 149, 179
Surface, 119
connected, 219
minimal, 203, 205
normal, 217
of revolution, 105
orientable, 138
oriented, 136
parametrized, 104
positive side of, 136
simple, 104
Surface area, 29, 121, 122, 201
Surface of revolution, 131, 134
Surface tension, 203
Symmetric matrix, 35
Symmetric operator, 212
System of equations, 13

T
Tangent

space, 19, 211

unit, 58
Tangent line, 19
Tangent plane, 19, 137, 193
Tangent space, 111
Tangent vector, 111
Taylor series, 84
Tetrahedron, 178
Theorem

Gauss divergence, 180
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Gauss—Bonnet, 222
Green’s, 98
implicit function, 119
intermediate value, 43
Inverse Mapping, 119
maximum existence, 4
minimum existence, 4
Pythagoras, 77, 86, 218
Theorema Egregium, 208
Torsion, 74, 91
geometric significance of, 83-86
zero, 83
Torus, 125, 159, 173, 185, 198,209, 214,227
parametrization of, 185
Triangle, 33, 53, 75, 145, 222
Triple integral, 162

U

Umbilic point, 195, 196, 207
Uniform continuity, 161

Unit normal, 184, 193

Unit speed parametrization, 47, 69

Unit tangent, 221
Unit vector basis, 2
Upper half-plane, 43

\%

Vector field, 55, 138, 225
conservative, 59
continuous, 55
smooth, 55

Velocity, 49

Vertex, 223

Volume, 29, 94, 137, 161

Volume of torus, 173

Al
Weingarten mapping, 211, 214

Z
Zero torsion, 226
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