
Notation Index

1A Indicator function of the set A

2Ω Set of all subsets of Ω

#A Cardinality of the set A

Ac Complement Ω \ A of the set A ⊂ Ω

A ∩ B Intersection of the sets A and B

A ∪ B Union of the sets A and B

A � B Disjoint union of A and B

A ⊂ B A is a (not necessarily strict) subset of B

A \ B Difference set
A � B Symmetric difference of A and B , 28
A × B Cartesian product of A and B

A Subset of 2Ω , usually a σ -algebra
A

∣
∣
B

Trace of the class A on B , 10
A⊗A′ Product of the σ -algebras A and A′, 274
B(E) Borel σ -algebra on E, 8
Berp Bernoulli distribution, 42
βr,s Beta distribution with parameters r and s, 45
bn,p Binomial distribution, 42, 303
b−
r,p Negative binomial distribution, 43, 303

C(E),Cb(E),Cc(E) Space of continuous (bounded) functions, and with compact
support, respectively, 247

Cqv Functions with continuous square variation, 499
C Set of complex numbers
Caua Cauchy distribution, 303
Cov[X,Y ] Covariance of the random variables X and Y , 102
CPoiν Compound Poisson distribution, 333
δx Dirac distribution, 11
E[X] Expectation (or mean) of the random variable X, 101
E[X;A] = E[X1A], 171
E[X|F] Conditional expectation, 173
expθ Exponential distribution, 44, 303
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614 Notation Index

F= (Ft )t∈I Filtration, 191
a.s., a.e. Almost surely and almost everywhere, 30
G(x,y) Greeen function of a Markov chain, 369
Γθ,r Gamma distribution with scale parameter θ > 0 and shape parameter

r > 0, 45, 303
γp = b−

1,p Geometric distribution with parameter p, 42
gcd(M) Greatest common divisor of all m ∈ M ⊂N, 390
H ·X Discrete stochastic integral of H with respect to X, 198
I Set of invariant distributions of a Markov chain, 378
iff If and only if
i.i.d. Independent and identically distributed, 55
Im(z) Imaginary part of z ∈C, 295
λ,λn Lebesgue measure, n-dimensional, 24
Lip(E) Space of Lipschitz continuous functions on E, 249
Lp,Lp Lebesgue spaces of integrable functions, 91, 145, 146
L(X) Distribution of the random variable X

M(E),Mf (E),M≤1,M1(E) Set of measures on E, finite measures on E,
(sub-)probability measures on E, respectively, 16, 247

Mloc,c Space of continuous local martingales, 502
μ ⊗ ν Product of the measures μ and ν, 26, 277
μ ∗ ν Convolution of the measures μ and ν, 60, 279
μ⊗n nth power of a measure μ, 277
μ∗n nth convolution power of a measure μ, 60
μ � ν μ is absolutely continuous with respect to ν, 157
μ ⊥ ν μ and ν are mutually singular, 157
μ ≈ ν μ and ν are equivalent, 157
μ ≤st ν μ is stochastically smaller than (or equal to) ν, 385
N,N0 N= {1,2,3, . . .}, N0 =N∪ {0}
Nμ,σ 2 Normal distribution, 44, 303
dμ

/

dν Radon–Nikodym derivative, 158
Ω Space of elementary events on which P is defined
P Generic probability measure
P[A|B],P[A|F] Conditional probabilities, 170, 173
PX = P ◦ X−1 Distribution of the random variable X, 41
Poiλ Poisson distribution with parameter λ ≥ 0, 43, 303
pn(x, y) = p(n)(x, y) n-step transition probability of a Markov chain, 358
Pn

S,T ,Pn
T See page 499

ϕX Characteristic function of the random variable X, 303
ψX Generating function of the random variable X, 77
Q Set of rational numbers
R Set of real numbers
R=R∪ {−∞,+∞} Two point compactification of the real numbers
Radp = pδ1 + (1 − p)δ−1 Rademacher distribution, 42
Re(z) Real part of z ∈C, 295
sign(x) = 1(0,∞)(x) − 1(−∞,0)(x), sign of x ∈R, 36
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σ(·) σ -algebra or filtration generated by ·, 6, 33, 191
τ k
x Time of the kth visit of a Markov chain at x, 367
T (·) Tail σ -algebra, 62
UA Uniform distribution on A, 12, 31, 303
V 1(G),V 2(G) Variation and square variation of G, 498, 499
Var[X] Variance of the random variable X, 101
v-lim Vague limit, 252
w-lim Weak limit, 252
Xτ Stopped process, 210
〈X〉 Square variation process of X, 206, 499, 503, 507
f (t) ∼ g(t), t → a : ⇐⇒ limt→a f (t)/g(t) = 1
X ∼ μ The random variable X has distribution μ, 41
x ∨ y, x ∧ y, x+, x− Maximum, minimum, positive part, negative part of real num-

bers, 36
�x�, �x� Floor and ceiling of x, 35
z Complex conjugate of z ∈C, 295
Z Set of integers
D= Equal in distribution, 41
D−→

n→∞,
n→∞�⇒ Convergence of distributions, 255

n→∞�⇒
fdd

,
n→∞−→

fdd
Convergence of finite-dimensional distributions, 484

meas−→,
a.s.−→,

a.e.−→ Convergence in measure, almost surely, and almost everywhere,
132
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40. Dvoretzky A, Erdős P, Kakutani S (1961) Nonincrease everywhere of the Brownian mo-
tion process. In: Proceedings of the 4th Berkeley symposium on mathematics, statistics and
probability, vol II. University of California Press, Berkeley, pp 103–116

41. Egoroff D (1911) Sur les suites des fonctions measurables. C R Acad Sci Paris 152:135–157
42. Elliott RJ, Kopp PE (1999) Mathematics of financial markets. Springer finance. Springer,

New York
43. Ellis RS (1985) Entropy, large deviations, and statistical mechanics. Grundlehren der Math-

ematischen Wissenschaften, vol 271. Springer, New York
44. Elstrodt J (2011) Maß- und Integrationstheorie, 7th edn. Springer, New York
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period of a state, 390
positive recurrent, 368
recurrent, 368
reversible, 415
speed of convergence, 405
transient, 368
weakly irreducible, 370

Markov inequality, 108
conditional, 179

Markov kernel, 180
Markov process, 352
Markov property, 351, 352

strong, 356
Markov semigroup, 289
Martingale, 194

backwards, 236
convergence theorem (a.s.), 220
convergence theorem (backwards), 236
convergence theorem (L1), 221
convergence theorem (Lp), 222
convergence theorems (RCLL), 474
local, 502
square variation, 206

Martingale problem, 601
discrete, 362
well-posed, 603

Martingale representation theorem, 579
Martingale transform, 198
Maximal-ergodic lemma, 443
MCMC, see Markov chain Monte Carlo

method
Mean, 101



634 Subject Index

Mean field, 539
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Premeasure, 11
Previsible, 191, 566
Probability distribution function, 26
Probability generating function, 77
Probability measure, 11
Probability space, 16
Probability vector, 12
Product measurable, 566
Product measure, 26, 28, 277, 286, 289
Product-σ -algebra, 274
Product space, 274
Product topology, 274
Progressively measurable, 566
Prohorov metric, 253, 397
Prohorov’s theorem, 261
Projective limit, 288
Propp–Wilson algorithm, 404

Q
Q-Q-plot, 327
Q-matrix, 362
Quadratic covariation process, 507

R
Rademacher distribution, 42
Radon measure, 247
Radon–Nikodym derivative, 158
Random measure, 544
Random variable, 41
Random walk, 353

Chung–Fuchs theorem, 448
Green function (table), 377
on a graph, 415
Pólya’s theorem, 371
random environment, 437
range, 447
recurrence, 371

symmetric simple, 190
Random walk in a random environment, 437
Rate function, 522, 527
Rayleigh’s monotonicity principle, 420
RCLL, 472
Rectangle, 9
Rectangular cylinder, 275
Recurrent, 368
Reflection principle, 357

Brownian motion, 470
Regular conditional distribution, 181
Regularity of measures, 30, 247
Rejection sampling, 187
Relatively compact, 246
Replicable, 201
Resistance, 416
Resistance metric, 429
Restriction, 10
Reversible, 399, 415
Riemann integral, 95
Riemann zeta function, 50
Ring, 3
Risk-neutral, 202

S
Schauder functions, 477
SDE, see stochastic differential equation
Semi-inner product, 153
Semiring, 3
Separable, 246
Separating family, 249
Separating points, 296
Shannon’s theorem, 116
Shift, 442
σ -additive, 11
σ -algebra, 1

exchangeable, 233
invariant, 440
of τ -past, 193
product, 274
tail, 61, 234

σ -compact, 246
σ -field, see σ -algebra
σ -ring, 3
σ -subadditive, 11
Signed measure, 162
Simple function, 38
Simple random walk, 415
Singular, 157
Site percolation, 66
Size-biased distribution, 268
Skorohod coupling, 385
Skorohod’s embedding theorem, 512
Slowly varying, 348
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Slutzky’s theorem, 255
Source coding theorem, 119
Spectral gap, 406
Spin, 399
Square integrable, 101
Square variation, 500
Square variation process, 206, 503
Stable distribution, 312, 343, 344
Standard deviation, 101
Stationary, 439
Step function, 95
Stirling’s formula, 316, 523
Stochastic differential equation, 589

pathwise uniqueness, 601
strong solution, 590
strong solution under Lipschitz conditions,

593
weak solution, 598

Stochastic integral, 480
discrete, 198

Stochastic kernel, 180
composition, 282
consistent family, 289
product, 281
semigroup, 289

Stochastic matrix, 359
Stochastic order, 385

infinitely divisible distribution, 551
negative binomial distribution, 554

Stochastic process, 189
adapted, 191
binary splitting, 200
duality, 605
explosion, 365
Galton–Watson, 83, 229
Gaussian, 190, 464
independent increments, 190
indistinguishable, 457
integrable, 190
Markov property, 351
modification, 457
path, 459
Poisson, 353
predictable, 191, 566
previsible, see predictable
product measurable, 566
progressively measurable, 566
stationary, 190
stationary increments, 190
stopped, 210
strong Markov property, 356
version, 457

Stochastically larger, 385
Stone–Weierstraß theorem, 296

Stopped process, 210
Stopping time, 192
Strassen’s theorem, 386
Stratonovich integral, 583
Strong Markov property, 356
Strong solution, 590
Student’s t -distribution, 332
Sub-probability measures, 247
Subadditive, 11

sequence, 456
Subharmonic, 378
Submartingale, 194
Subordinator, 552
Supermartingale, 194
Symmetric difference, 28
Symmetric simple random walk, 190

T
Tail σ -algebra, 61, 234
t -distribution, 332
Dynkin p l@Dynkin’s π -λ, 6
Theorem

approximation of measures, 28
Arzelà–Ascoli, 485
Bayes’ formula, 170
Beppo Levi, 93
Berry–Esseen, 327
Bochner, 313
Borel–Cantelli lemma, 51

conditional version, 228
Carathéodory, 18, 22
central limit theorem, 321
Choquet–Deny, 396
Chung–Fuchs, 375, 448
continuous mapping, 257
Cramér, 524, 530
dominated convergence, 141
Donsker, 488
Egorov, 136
ergodic

Birkhoff, 444
von Neumann, 445

Etemadi, 112
extension to measures, 22
factorization lemma, 38
Fatou’s lemma, 93
de Finetti, 239, 269
Fischer–Riesz, 152
Fréchet–Shohat, 319
Fubini, 278
Fubini for Itô integrals, 583
Fubini for transition kernels, 283
fundamental theorem of calculus, 251
Glivenko–Cantelli, 115
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Theorem (cont.)
Hahn decomposition, 162
Hartman–Wintner, 517
Helly, 263
Hewitt–Savage, 238
Ionescu–Tulcea, 285
iterated logarithm, 510, 517
Jordan decomposition, 164
Kantorovich–Rubinstein, 385
Kesten-Stigum, 230
Kolmogorov–Chentsov, 460
Kolmogorov’s criterion for weak relative

compactness, 486
Kolmogorov’s extension, 288
Kolmogorov’s inequality, 121
Kolmogorov–Sinai, 455
Kolmogorov’s three-series theorem, 326
large deviations, 524
Lebesgue decomposition, 158
Lévy’s continuity theorem, 311
Lévy–Khinchin, 336, 339
Lindeberg–Feller, 322
Lindvall, 496
Lusin, 40, 250
Markov chain convergence, 397
martingale representation theorem, 579
measure extension, 18
method of moments, 316
monotone convergence, 93
optional sampling, 209, 214
optional sampling, continuous time, 463
optional stopping, 211
optional stopping, continuous time, 463
π -λ, 6
Paley–Wiener–Zygmund, 467
Poisson approximation, 81
Pólya, 312
Pólya’s for random walks, 371
Portemanteau, 254
Prohorov, 261
Rademacher–Menshov, 123
Radon–Nikodym, 158, 226
Rayleigh’s monotonicity principle, 420
regular conditional distribution, 182, 185
Sanov, 532
Shannon, 116
Skorohod coupling, 385
Skorohod embedding, 512
Slutzky, 255
Solomon, 437
source coding, 119
Stone–Weierstraß, 296
Strassen, 386

Stroock–Varadhan, 604
Thomson’s principle, 421
three-series, 326
Varadhan’s lemma, 536
Yamada–Watanabe, 596

Thomson’s principle, 421
Three-series theorem, 326
Tight, 260
Topological space, 8
Topology, 7

vague, 253
weak, 252

Total variation norm, 164
Totally bounded, 247
Totally continuous, 160
Tower property, 174
Trace, 10
Transformation formula, 39
Transient, 368
Transition kernel, 180, 352
Transition matrix, 358
Transition probabilities, 352
Translation invariant, 360
Trap, 412
Two-stage experiment, 273

U
Uncorrelated, 102
Uniform distribution, 12, 31
Uniformly equicontinuous, 310
Uniformly integrable, 136
Unit flow, 421
Unit network, 416
Upcrossing, 219
Usual conditions, 472

V
Vague convergence, 252
Vague topology, 253
Varadhan’s lemma, 536
Variance, 101
Variation, 498

p -, 500
square, 500

Version, 457
Vitali set, 8
Voter model, 224

W
Wald’s identity, 103
Wasserstein metric, 385
Watson integral, 376
Weak convergence, 252
Weak solution, 598
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Weak topology, 252
Weierstraß’s approximation theorem, 109
Weight function, 12
Weiss ferromagnet, 539
White noise, 480
Wiener process, 484

Wright–Fisher diffusion, 606
interacting, 609

Wright’s evolution model, 361

Y
Young’s inequality, 151
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