
A
Differential Equations

PDEs are frequently solved by reducing them to one or more ODEs. This

appendix contains a brief review of how to solve some of the basic ODEs encoun-

tered in this book.

For notation, we let y = y(x) be the unknown function. Derivatives will

be denoted by primes, i.e., y′ = y′(x), y′′ = y′′(x). Sometimes we use the

differential notation y′ = dy
dx . If f is a function, an antiderivative is defined

as a function F whose derivative is f , i.e., F ′(x) = f(x). Antiderivatives are

unique only up to an additive constant, and they are often denoted by the usual

indefinite integral sign:

F (x) =

∫
f(x)dx+ C.

An arbitrary constant of integration C is added to the right side. However, in

this last expression, it is often impossible to evaluate the antiderivative F at a

particular value of x because the indefinite integral cannot be found in terms

of familiar functions.
(
Take, for example, f(x) = e−x2

.
)
In this case we must

use the general form of the antiderivative as a definite integral with a variable

upper limit,

F (x) =

∫ x

a

f(s)ds+ C,

where a is any constant (observe that a and C are not independent, since

changing one changes the other). If f is continuous at x, by the fundamental

theorem of calculus, F ′(x) = f(x).
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First-Order Equations

An ODE of the first order is an equation of the form

G
(
x, y, y′

)
= 0 or y′ = F (x, y).

There are three types of equations that occur regularly in PDEs: separable,

linear, and Bernoulli. The general solution involves an arbitrary constant C

that can be determined by an initial condition of the form y(x0) = y0.

Separable Equations. A first-order equation is separable if it can be written

in the form
dy

dx
= f(x)g(y).

In this case we separate variables and write

dy

g(y)
= f(x)dx.

Integrating both sides gives
∫

dy

g(y)
=

∫
f(x)dx + C,

which defines the solution implicitly. As noted above, sometimes the antideriva-

tives must be written as definite integrals with a variable upper limit of inte-

gration.

Linear Equations. A first-order linear equation is one of the form

y′ + p(x)y = q(x).

This can be solved by multiplying both sides by an integrating factor of the

form

P (x) = e
∫ x
a

p(s)ds.

This transforms the left side of the equation into a total derivative, and it

becomes
d

dx
(P (x)y) = P (x)q(x).

Now, both sides can be integrated from a to x to find y.

For example, to find an expression for the solution to the initial value prob-

lem

y′ + 2xy =
√
x, y(0) = 3,

We note that the integrating factor is

P (x) = exp

(∫ x

0

2sds

)
= ex

2

.
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Multiplying both sides of the equation by the integrating factor gives

(
yex

2
)′

=
√
xex

2

.

Now, integrating from 0 to x (while changing the dummy variable of integration

to s) gives

y(x)ex
2 − y(0) =

∫ x

0

√
ses

2

ds.

Solving for y gives

y(x) = e−x2

(
3 +

∫ x

0

√
ses

2

ds

)
= 3e−x2

+

∫ x

0

√
ses

2−x2

ds.

Bernoulli Equations. Bernoulli equations are nonlinear equations having the

form

y′ + p(x)y = q(x)yn.

The transformation of dependent variables w = y1−n transforms a Bernoulli

equation into a first-order linear equation for w.

Second-Order Equations

Constant-Coefficient Equations. The linear equation

ay′′ + by′ + cy = 0,

where a, b, and c are constants, occurs frequently in applications. We recall

that the general solution of a linear, second-order, homogeneous equation is a

linear combination of two independent solutions. That is, if y1(x) and y2(x)

are independent solutions, then the general solution is

y = c1y1(x) + c2y2(x),

where c1 and c2 are arbitrary constants. If we try a solution of the form y = emx,

where m is to be determined, then substitution into the equation gives the so-

called characteristic equation

am2 + bm+ c = 0

for m. This is a quadratic polynomial that will have two roots, m1 and m2,

called eigenvalues. Three possibilities can occur: unequal real roots, equal real

roots, and complex roots (which must be complex conjugates).

Case (I). m1, m2 real and unequal. In this case two independent solutions are

y1 = em1x y2 = em2x.
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Case (II). m1, m2 real and equal, i.e., m1 = m2 ≡ m. In this case two indepen-

dent solutions are
y1 = emx y2 = xemx.

Case (III). m1 = α+ iβ, m2 = α− iβ are complex conjugate roots. In this case

two real, independent solutions are

y1 = eαx sinβx y2 = eαx cosβx.

Of particular importance are the two equations

y′′ + a2y = 0, y′′ − a2y = 0

which have general solutions

y(x) = c1 cos ax+ c2 sinax, y = c1e
−ax + c2e

ax,

respectively. Equivalently, this second solution can be written

y = c1 coshax+ c2 sinh ax.

These equations occur so frequently that it is best to memorize their solutions.

Cauchy–Euler Equations. It is difficult to solve second-order linear equa-

tions with variable coefficients. The reader may recall power series methods are

generally applied. However, there is a special equation that can be solved with

a simple formula, namely, a Cauchy–Euler equation of the form

ax2y′′ + bxy′ + cy = 0.

This equation admits power functions as solutions. Hence, if we try a solu-

tion of the form y = xm, where m is to be determined, then we obtain upon

substitution the characteristic equation

am(m− 1) + bm+ c = 0.

This quadratic equation has two roots, m1 and m2. Thus, there are three cases:

Case (I). m1, m2 real and unequal. In this case two independent solutions are

y1 = xm1 and y2 = xm2 .

Case (II). m1, m2 real and equal, i.e., m1 = m2 ≡ m. In this case two indepen-

dent solutions are
y1 = xm and y2 = xm lnx.

Case (III). m1 = α+ iβ, m2 = α− iβ are complex conjugate roots. In this case

two real, independent solutions are

y1 = xα sin(β lnx) and y2 = xα cos(β lnx).
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Particular Solutions

The general solution of the nonhomogeneous equation

y′′ + p(x)y′ + q(x)y = f(x)

is

y = c1y1(x) + c2y2(x) + yP(x),

where y1 and y2 are independent solutions of the homogeneous equation (when

f(x) ≡ 0), and yP(x) is any particular solution to the inhomogeneous equation.

For constant-coefficient equations a particular solution can sometimes be found

by judiciously ‘guessing’ the form from the form of f(x); this method is called

the method of undetermined coefficients. In all cases, however, there is a general

formula, called the variation of parameters formula, which gives the particular

solution in terms of the two linearly independent solutions y1 and y2 of the

homogeneous equation. The formula, which is derived in elementary texts, is

given by

yP (x) = y2(x)

∫ x

a

y1(s)f(s)

W (s)
ds− y1(x)

∫ x

a

y2(s)f(s)

W (s)
ds,

where

W (x) = y1(x)y
′
2(x)− y2(x)y

′
1(x)

is the Wronskian.

There are several introductory texts on differential equations. A classic text

is Boyce and DiPrima (1995), as well as later editions. Birkhoff and Rota (1978)

and Kelley and Peterson (2004) are two more advanced texts.
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L2 convergence, 137

acoustic approximation, 54
acoustics, 52
adjoint
– formal, 185
advection, 14, 40
advection-decay, 15
age of the earth, 100
age-structured model, 229
Airy function, 124
aquifer, 32

Bernoulli equation, 281
Bessel’s equation, 183
Bessel’s inequality, 141
best approximation in L2, 140
boundary condition, 4
Burgers equation, 38

Cauchy problem, 80, 87
Cauchy–Euler equation, 282
Cauchy–Schwarz inequality, 144
cell aggregation, 249
CFL condition, 266
characteristic coordinates, 16
characteristics, 20, 89
chemotaxis, 250
complete orthonormal system, 142
conservation law, 12, 14
constitutive equation, 14
convergence of series, 136
convolution theorem, 108

– Fourier transforms, 120
cooling of a sphere, 198
Crank–Nicolson scheme, 274

d’Alembert’s formula, 87
diffusion, 29, 40
diffusivity, 63
Dirichlet condition, 63
Dirichlet problem, 193
Dirichlet’s principle, 65, 194
discriminant, 73
dispersion, 124
dispersion relation, 11
divergence theorem, 61, 62, 191
domain of dependence, 89
Duhamel’s principle, 102, 209

eigenfunction, 158
eigenfunction method
– sources, 210
eigenvalue, 158
eigenvalue problem, 168
eigenvalues
– the Laplacian, 217
elliptic, 73
energy argument, 173, 194
energy integral, 194
energy spectrum, 142
epidemic waves, 241
equation of state, 53
erf function, 82
erfc function, 110
Euler’s method, 258
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Euler–Lotka equation, 232
evolution equation, 4
exterior Dirichlet problem, 191

Fick’s law, 29
Fisher’s equation, 40, 254
Fourier coefficients, 139
Fourier cosine series, 143, 148
Fourier integral theorem, 118
Fourier series, 145
– exponential form, 151
– pointwise convergence, 152
– uniform convergence, 152
Fourier sine series, 135, 145, 148
Fourier sine transform, 184
Fourier transform, 117
Fourier’s law, 31
Fourier’s method, 130
Fredholm alternative, 222
frequency spectrum, 119
function space, 134
fundamental frequencies, 56
fundamental modes, 56

gas dynamics, 53
Gauss–Seidel method, 271
Gaussian function, 118
generalized Fourier series, 139
Gibbs phenomenon, 154
Gram–Schmidt orthogonalization, 144
Green’s function, 85, 162, 221
– infinite domain, 222
Green’s identity, 65, 170
Green’s second identity, 193

harmonic functions, 187
heat condution
– higher dimensions, 60
heat equation, 3, 31, 63
– Fourier transforms, 121
heat flow in a disk, 187
heat kernel, 83
hyperbolic, 73

implicit scheme
– heat equation, 273
initial condition, 4
inner product, 133
integration by parts, 226
inverse problems, 112

Lagrange’s identity, 170
Laplace transform, 106
– inversion, 107

Laplace’s equation, 63, 186
Laplacian, 62
– cylindrical coordinates, 69
– polar coordinates, 69
– spherical coordinates, 70
Lax–Wendroff method, 268
Legendre polynomials, 144
Legendre’s differential equation, 226
Leibniz rule, 10
linearization, 246
logistic model, 39

mass balance, 53
mathematical model, 2
maximum principle, 67
McKendrick–von Forester equation, 230
mean-square convergence, 137
method of characteristics, 17
method of images, 224
method of moments, 234
momentum balance law, 53

nerve impulses on axons, 125
Neumann condition, 63
nonhomogeneous equations, 207
nonlocal boundary condition, 231
norm of a function, 134
normal derivative, 64

orthogonal, 135
orthonormal, 135

parabolic, 73
parameter identification, 112, 125, 186
Parseval’s equality, 142
particular solutions, 283
periodic boundary conditions, 172, 180
periodic function, 148
perturbation equation, 246
pi theorem, 80
plane wave, 11
pointwise convergence, 136
Poisson integral representation, 85
Poisson’s equation, 63
Poisson’s integral formula, 190
potential function, 187

quantum mechanics, 57

radiation condition, 64
rapidly decreasing functions, 117
Rayleigh quotient, 174
reaction–advection–dispersion, 33
reaction–diffusion equations, 42
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reaction-advection, 17
region of influence, 89
renewal equation, 232

Schrödinger equation, 57
Schwartz class, 117
self-adjoint, 177
semi-infinite domain, 96
separation of variables, 156
signaling problem, 91
singular SLPs, 182
solution, 7
sound speed, 54
source function, 162
spatial patterns, 245
square integrable, 133
stability, 93
stable age structure, 231
standing wave, 56
steady–state, 34
Sturm–Liouville problem, 167
subsurface temperatures, 100
superposition, 6

survivorship function, 232
symmetric boundary conditions, 177

Taylor’s theorem, 258
telegraph equation, 56
time scale: diffusion, 31
traffic flow, 24
transmission line, 56
traveling waves, 238
trigonometric series, 145
Turing system, 253

uniform convergence, 137

variation of parameters, 104, 283
von Neumann stability analysis, 263

wave equation, 52, 54
– damped, 55
wave front solution, 239
well-posed, 34
well-posed problem, 93
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