A

Differential Equations

PDEs are frequently solved by reducing them to one or more ODEs. This
appendix contains a brief review of how to solve some of the basic ODEs encoun-
tered in this book.

For notation, we let y = y(z) be the unknown function. Derivatives will
be denoted by primes, i.e., v = y'(z), y”" = y’(z). Sometimes we use the
differential notation 3’ = Z—z. If f is a function, an antiderivative is defined
as a function F whose derivative is f, i.e., F'(x) = f(x). Antiderivatives are
unique only up to an additive constant, and they are often denoted by the usual
indefinite integral sign:

Fz) = / f@)de + C.

An arbitrary constant of integration C' is added to the right side. However, in
this last expression, it is often impossible to evaluate the antiderivative F at a
particular value of x because the indefinite integral cannot be found in terms

of familiar functions. (Take7 for example, f(z) = e wz.) In this case we must
use the general form of the antiderivative as a definite integral with a variable

upper limit,
F(z) = / f(s)ds+ C,

where a is any constant (observe that a and C' are not independent, since
changing one changes the other). If f is continuous at x, by the fundamental
theorem of calculus, F'(x) = f(z).
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First-Order Equations

An ODE of the first order is an equation of the form

G(x,y,y')z() or y' = F(x,y).

There are three types of equations that occur regularly in PDEs: separable,
linear, and Bernoulli. The general solution involves an arbitrary constant C'
that can be determined by an initial condition of the form y(zp) = yo.

Separable Equations. A first-order equation is separable if it can be written
in the form

Y~ F@)t).

In this case we separate variables and write

dy _ x)dx
@—f()d-

Integrating both sides gives

/% ~ [ s@yz+c.

which defines the solution implicitly. As noted above, sometimes the antideriva-
tives must be written as definite integrals with a variable upper limit of inte-
gration.

Linear Equations. A first-order linear equation is one of the form

Y +p(x)y = q(x).

This can be solved by multiplying both sides by an integrating factor of the
form
P(z) = ela P()ds,

This transforms the left side of the equation into a total derivative, and it
becomes

L (P(e)y) = P@)a(e).

Now, both sides can be integrated from a to z to find y.
For example, to find an expression for the solution to the initial value prob-
lem

Yy + 2y =z, y0)=3,
We note that the integrating factor is

P(z) = exp (/OI 2sds) ="
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Multiplying both sides of the equation by the integrating factor gives
/
(ye””2) = Vze®.

Now, integrating from 0 to = (while changing the dummy variable of integration
to s) gives

) —y0) = | " aetds.

Solving for y gives
y(z) = e (3 +/ \/Ees2ds) =3¢ —|—/ \/5682_w2d5.
0 0

Bernoulli Equations. Bernoulli equations are nonlinear equations having the
form

y' +pl)y = qlx)y”.
The transformation of dependent variables w = y!=" transforms a Bernoulli
equation into a first-order linear equation for w.

Second-Order Equations

Constant-Coefficient Equations. The linear equation

ay” + by + cy =0,

where a,b, and ¢ are constants, occurs frequently in applications. We recall
that the general solution of a linear, second-order, homogeneous equation is a
linear combination of two independent solutions. That is, if y;(z) and ya(z)
are independent solutions, then the general solution is

y = c1y1(z) + caya(w),

where ¢; and ¢, are arbitrary constants. If we try a solution of the form y = ™%,
where m is to be determined, then substitution into the equation gives the so-
called characteristic equation

am?+bm—+c=0

for m. This is a quadratic polynomial that will have two roots, m; and ma,
called eigenvalues. Three possibilities can occur: unequal real roots, equal real
roots, and complex roots (which must be complex conjugates).

Case (I). mq, mo real and unequal. In this case two independent solutions are
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Case (II). m1, mo real and equal, i.e., m; = mg = m. In this case two indepen-
dent solutions are

Case (III). mq = a+1if, ma = a —if3 are complex conjugate roots. In this case
two real, independent solutions are

y1 = e*sinfr  ys = e* cos fx.

Of particular importance are the two equations

/.

y' +a’y=0, y' —ad’y=0
which have general solutions
y(r) = c1 cosax + cosinazr, y=cre” ** + coe?”,
respectively. Equivalently, this second solution can be written
y = ¢1 coshax + co sinh azx.

These equations occur so frequently that it is best to memorize their solutions.

Cauchy—Euler Equations. It is difficult to solve second-order linear equa-
tions with variable coefficients. The reader may recall power series methods are
generally applied. However, there is a special equation that can be solved with
a simple formula, namely, a Cauchy-Euler equation of the form

az?y” + bxy' + cy = 0.

This equation admits power functions as solutions. Hence, if we try a solu-
tion of the form y = 2™, where m is to be determined, then we obtain upon
substitution the characteristic equation

am(m —1) +bm+c¢=0.

This quadratic equation has two roots, mi; and ms. Thus, there are three cases:
Case (I). mq, mo real and unequal. In this case two independent solutions are

y1 =™t and yo = 2.

Case (IT). m1, meo real and equal, i.e., m1 = mo = m. In this case two indepen-
dent solutions are
y1 =™ and yo =z Inz.

Case (IIT). my = a+1i8, ma = a —if8 are complex conjugate roots. In this case
two real, independent solutions are

y1 = 2%sin(flnx) and yo = 2 cos(flnx).
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Particular Solutions

The general solution of the nonhomogeneous equation

y' +p@)y +a(@)y = f(2)
is
y =y (@) + coy2(x) + yp(2),

where y; and ys are independent solutions of the homogeneous equation (when
f(z) =0), and yp(x) is any particular solution to the inhomogeneous equation.
For constant-coefficient equations a particular solution can sometimes be found
by judiciously ‘guessing’ the form from the form of f(x); this method is called
the method of undetermined coefficients. In all cases, however, there is a general
formula, called the variation of parameters formula, which gives the particular

solution in terms of the two linearly independent solutions y; and ys of the
homogeneous equation. The formula, which is derived in elementary texts, is

given by

where
W(x) = y1(2)ys(x) — ya(2)y; (2)

is the Wronskian.

There are several introductory texts on differential equations. A classic text
is Boyce and DiPrima (1995), as well as later editions. Birkhoff and Rota (1978)
and Kelley and Peterson (2004) are two more advanced texts.
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— Fourier transforms, 120
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Euler-Lotka equation, 232
evolution equation, 4
exterior Dirichlet problem, 191

Fick’s law, 29

Fisher’s equation, 40, 254
Fourier coefficients, 139
Fourier cosine series, 143, 148
Fourier integral theorem, 118
Fourier series, 145

— exponential form, 151

— pointwise convergence, 152
— uniform convergence, 152
Fourier sine series, 135, 145, 148
Fourier sine transform, 184
Fourier transform, 117
Fourier’s law, 31

Fourier’s method, 130
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frequency spectrum, 119
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gas dynamics, 53
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Gibbs phenomenon, 154
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— infinite domain, 222
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— Fourier transforms, 121
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implicit scheme

— heat equation, 273
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pi theorem, 80
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pointwise convergence, 136
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quantum mechanics, 57
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reaction-advection, 17
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Schrodinger equation, 57
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solution, 7

sound speed, 54

source function, 162
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square integrable, 133
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Taylor’s theorem, 258
telegraph equation, 56
time scale: diffusion, 31
traffic flow, 24
transmission line, 56
traveling waves, 238
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uniform convergence, 137
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well-posed, 34
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