Epilogue

The approaches and methods described in this book have long histories and have been
employed to make major advances in research on many challenging fundamental
problems. These approaches to modelling and problem reduction still form the basis
for a great deal of current research on more advanced problems. As one example, the
quasi-steady state assumption from Chap. 10 is used as the basis for handling large
systems of complex bio-chemical reactions.

Current directions in modelling of physical systems have also put a new focus on
complex systems [86] and multiscale modelling [33]. These are models that seek to
constructively incorporate layers of understanding that come from different physi-
cal scales, often referred to as micro-, meso-, and macro-scales. Examples include
(i) improved models for materials properties in continuum model settings that are
derived from microscale models at the atomic scale and (ii) systems biology models
of organs or entire physiological systems building from models of cells and biochem-
ical reactions.

One of many active forums for current work on modelling is the journal Multiscale
Modeling and Simulation published by the Society of Industrial and Applied Math-
ematics (SIAM). Many multiscale models make use of asymptotic approaches! to
implement matching of descriptions at different scales in combination with numer-
ical computations to make progress on fundamental questions in a broad array of
application areas. We hope that this book has given readers a strong starting point
for moving on to such advanced and challenging problems.

TW and MB

ncluding boundary layers and other extensions of multiple scales, like averaging [73, 102] and
homogenisation theory [49].
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Appendix A

Trigonometric Identities and Fourier Series

A brief summary of useful trigonometric identities:

sin® x + cos

sinx cosy + cosxsiny = sin(x + y)

sinxcosy = % (sin(x —y) + sin(x +y))

sin(2t) = 2sintcost

.9 1 —cos2t
sin“t = ———
2
. 3 3sint — sin 3¢
sin’t = —— ——

sin?fcost =
4

cost — cos 3t

Zx=1

CcOSxCcosy — sinxsiny = cos(x +y)
sinxsiny = % (cos(x —y) — cos(x +y))
COSXCOSy = % (cos(x —y) + cos(x +y))

cos(2t) = 2cost—1

2 1 + cos?2t
cos t = ———
2
3 3cost + cos 3t
- 4
. 2 sin t + sin 3¢
sint cos t:f

All trigonometric identities can be derived from successive applications of the for-
mulas for the sum or difference of angles (x £ y) and further algebra.

The need for these identities can be eliminated by using Euler’s formula, ¢/ =
cos 0 + isin 6, to replace cosine and sine by their complex representations,

it e—lt

cost = Re(e) =
(e") 5

sint = Im(e") =

then all results follow from algebra and re-grouping e™ to determine coefficients

of cos(nt) and sin(nt) terms.
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A.1 Trigonometric Fourier Series

Analogous to the way that every nth order polynomial can be expressed as a finite
Taylor polynomial, the trigonometric identities allow every nth order product of sines
and cosines to be written as a sum of sines and cosines. Fourier series generalise this
to represent all integrable periodic functions in terms of an infinite series of sines
and cosines.

Expansions of given periodic functions, f(x) on —L < x < L can be written as

fx)=— + Zan cos(®x) + an sin(%%x) (A.1a)

n=1

where forn =0,1,2, ...

/ f(x)cos x) dx b, / f(x) sin x) dx. (A.1b)

The Fourier series for a function f will converge to the value of the function at all
points where f(x) is continuous.
The Fourier expansion can also be written in complex form as

o0 L
, 1 ,
_ inmtx/L _ —mn’x/Ld ) A2
fx) = nzg, cpe Cch = 7L /_Lf(x)e x (A.2)

The Fourier cosine series for a function F(x) given on 0 < x < L can be derived
from the general Fourier series by defining f(x) to be the even extension of F'(x) :

_ F(x) 0<x<L,
f(x)_{F(—x) L<x<0

2 L
Fix)=2 —i—Zan cos(Tx)  a = Z/o F(x) cos("Zx) dx. (A.3)

Similarly, the Fourier sine series for a function F(x) given on 0 < x < L can be
derived from the general Fourier series by defining f(x) to be the odd extension of
F(x) :

o — [F(x) 0<x<lL,

—F(—x) —L<x<0

FO) =3 basin(x) by = = /0 F(x) sin("x) d. (A4)
n=1



Solutions to Selected Problems

Chapter1

1.1 Solving the ODE for m first yields m(¢) = mge™". After substituting m(z) into
the equation for z(z), this equation can be integrated twice and with z'(0) = 0 yields
72(t) = (t — g)(e" — t — 1). From this solution we can see that lift-off occurs (z > 0
fort > 0)ifr > g.

1.2 For (1.8), direct integration yields A(f) = Ao + kt. For (1.9), separation of
variables yields A(t) = Ape and for (1.10) substitution into the equation for
B(t) yields B(t) = By + Ao — Age ¥ For (1.12), note that dA/dt = dB/dt so
B(t) = A(t) 4+ ¢ where from the IC’s ¢ = By — Ay, then substituting into the ODE for
A, separation of variables yields A(f) = Ao(Bo — Ao)/(Bo exp(—k(Ap — Bo)t) — Ao).

1.3 See (10.12a).
1.4 See Exercise4.5 and set F = 0 in (4.49).

1.5 (a) All solutions starting from xo # 0O approach either x = 1. The basin
of attraction of x = —1 is xp < 0 and all solutions having x(t — oco0) — 1
have xog > 0. (b) Second-order equilibria occur where f = 0 has a double root,
) =1— 3x£ = 0, namely x, = :l:l/\/g. Substituting these x, into f(x,) = 0
yields k+ = 42+/3/9. Plotting directions on the phase lines shows these bifurcation
values correspond to the changes in qualitative behaviours.

Chapter2

2.1 Using the hint, we can express the problem as

dfave . d 1 a(t)+eh(r)
= lim —
dt e=0dt \ eh(t) Jar

f(x, 1) dx) .
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We are taking a derivative of a product of functions with the second factor being an
integral, hence we apply Leibniz’s rule (with respect to ¢) to it,

_1 _E/CI+8hfdx+l /u+8h%dx+f( + ht)w_f( t)dﬁ
T e h2 a hJa dt

Now we are ready to consider the limit for ¢ — 0. We will expand out the first two

terms in the Taylor series for ¢ — 0, using Leibniz’s rule again, to take the derivative
of integrals (with respect to ¢),

1/ W[/[e
%g(——Z[/ fdx+ef(a,t)—0i|

aaf of, of da
il Gl e (o)) | (G o) o))

Eliminating null integrals, | a“ g dx = 0, and cancelling terms reduces this to

L e 1T of of da  , of dh
“(- e eh nl
s( h +h[ o1 +f + xar C Maxdr ||,

of af da of dh
= — E—
at | oxdt ox dt

+

Hence we obtain the limit as the convective derivative at x = a(z),

dfay

e—0 dt Jat ox Y=a

In three dimensions it can be shown that

Jpwfav . dfave _ Of vy
fffD(z) av D(H—0 dt ot —a

2.2 Expand the left-hand side of the conservation of momentum equation using the
product rule

favg(t) =

a(pv) B(pvz) av ap ov a(pv)
ar T ax P Ve TV T s

v |:8_,o+ 8(,0\/):|

v
R TR R (i
—_—

=0
_ av Yy av
= P\or Vo
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where the terms on the second line vanish by virtue of the continuity equation (the
conservation of mass).

2.3 (a) Use the trigonometric identity cos a cos b = 2 cos( %[a + b)) cos(%[a — b))
to re-write p as

p =2cos (%[(k +k+e)x— (k) +ok+ 8))t]x) cos (%[(k +e—kx— (wk+e) — a)(k))t])

For ¢ — 0 the Taylor series gives w(k + ¢) = w(k) + o' (k)e + - - - ; using this, for
e — 0 we get

wk+e) —wk) ~ o kKe, wok+e)+wk) ~ 20k)

and then the first term in the expansion of p is

p ~ 2cos(kx — w(k)t) cos (%s[x - a)’(k)t]) =2cos (k [x - ?t]) cos (elx — o' (b)1]),

Matching terms to the prescribed form identifies the phase and group velocities as

(k) d
cp(k) = wT co(k) = d—‘]:.

(b) Substituting p = cos(kx — wt) in the PDE yields
pi+ px = Pt = (@ — k+ ok®) sin(kr — 1) = 0

and forcing the coefficient to vanish yields the dispersion relation,

k

k)= ——.
@) 1+ k2

Similarly, substituting p = exp(kx — @t) yields
Pr+ Px = pra = (=@ + k + &k%) explkx — @1) = 0

yielding the modified dispersion relation

k

ok =15

2.4 (a) Substituting p = P(x — ct) in the BBM PDE yields

dP  dP dP  d’P
—c— + +6P— +
S

- — =0
ds | ds ds | Cds
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(b) Note that we can integrate the ODE to yield

2

d=P
d—cP+P+3P>+c— =0
ds?

Now considering P(s) = Asech?(Bs); for |s| — oo, P — 0 and similarly all deriv-
atives P’, P”, ... — 0. Hence, evaluating the ODE for |s| — oo we can conclude
that the constant of integration is d = 0,

(1—c)P+3P* + & 0
—c C— =
ds?
Substituting in the sech? solution form, after some algebra the ODE gives,

(4A + 16cAB? — 4cA) cosh(2Bs) + (24A% + 4A — 32cAB* — 4cA) =0

The equation is satisfied for all s if the coefficients (in parentheses) are each zero.
The first coefficient yields

2 c—1
(I+c¢)+4cB =0 — B = ,
4c
then the second coefficient is obtained from
5 c—1
6A+1—8cB“—c=0 = A= 5

Hence the soliton is

_p c—1 B2 [c—1
px,t) =P —ct) 5 sec i (x —ct)

—1 1 -1
¢ sechz(— |: ¢ x —+/c? —ct:|),
¢

2 2

where the final line is meant to be of the wavenumber-frequency form, p =
G(kx — ot). To check if this satisfies the modified dispersion relationship found
in the previous exercise, consider if

k(c) = ,/% o) =V —¢,
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are parametric equations for

kK Jle=Dfc  Je—1 /= e
TR T T W TYe meseo.

k) = 7

so yes, this is verified. Also, the definition of the phase speed, ¢ = @/k = ¢ holds.
One of many special properties of solitons is that they satisfy dispersion relations
obtained from the linearised version of the PDE while having their form determined
by the full, nonlinear equation.

2.5 Using the given forms, the third equation, ¢, (x, 1, ) = —f = —A cos(kx — wt)
reduces to —wB(1) = —A. Similarly, the fourth equation, f; = ¢, = B'(1) cos(kx —
wt) yields wA = B'(1). The second equation ¢, = B'(0) sin(kx — wt) reduces to
B'(0) = 0. Finally, substituting ¢ into ¢, + ¢,, = 0 yields

, d’B o o
_kB+W=0 o5 B(y) =c1e” + e .

Applying the boundary condition B'(0) = 0 and B'(1) = wA to the general solution
of the ODE yields

wA

citk—ck =0, C]kek_CZke_kzwA Cl :szma

then B(1) = A/w yields the dispersion relation,

_ oA s = Db =2 = 6k = Jkanh(),
k sinh (k) k w

2.6 (a) The initial value problems for the characteristic ODEs are
dpP
— =e X(0)=A, E:P+X—i—t P(0) = cos(A)

First solving for X yields X(r) = A + %(ezt — 1) which can then be plugged into the
equation for P to yield

P(t) = (A+cos(A)e' —A —t — %(1 —

On each characteristic curve, we can invert X (¢, A) to get A = x + %[1 — ¢*], then
substituting into P yields

p(x, 1) = (x + 11— ¥+ cos(x + 1[1 — eZZ])) e

- (x+ - eZ’]) ==,
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(b) The characteristic ODEs are

dx dpP
ZoX+4+4 = =-2pP
dt dt

The general solutions of these equations are
X(t) =ciel —4,  P(1) = cre .

The side conditions give data in two parts.
For A > 0, we have X(0) = A, P(0) = e~ at = 0. Applying this to the general
solution yields
X()=A+4)e —4, P@) =e 2,

Inverting x = X (¢, A) yields A = (x + 4)e™! — 4 > 0 and substituting this into P(z)
yields
px, 1) =exp(4—(x+4e"—21) forx >4 —1).

The second part of the datais givenatx =0 = X (T) = 0 with P(T) = cos(T)
fort >0 = T > 0. Applying these conditions to the general solution yields

X)) =4 T —4,  P(t) = cos(T)e 2T,
Inverting x = X (¢, T) yields T = ¢ — In(1 + x/4) > 0 and substituting this into P(t)

yields

p(x, ) = cos (t —1In (1 + ;—C)) (1 + ;—C)_z forx < 4(e' — 1).

2.7 (a) Expanding out the product rule and using the given velocity yields the PDE

p o 39 -3t
—_— —_— = —2
Jat e 0x reop

and consequently the characteristic ODEs

dx
- = X%, XO0)=A, forl<A<2.

and

dP
— =_2xPe7, PO)=1.
dt
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The problem for X (¢) yields

1 -1
X(1,4) = (Z + 17 - %) ,

and the problem for P(¢) yields

A2 3\?
PA) =5 (e =1+ 1) .

Inverting x = X (¢, A) for A yields

1 1 1 3 -
A=(-41-L1e3)

’ 3 ’

2.10 (a) Substituting in the definitions of p, ¢ in the first equation yields ¢; — 2
¢ = 0 (the wave equation) and ¢, — ¢ = 0, always true by the identity of mixed
partial derivatives of smooth functions.

(b) The system can be written as

%(’;)+QKQ%(’;)=(3)~

Following the approach given in Sect.2.4, we obtain the wavespeeds from

A —1

;|-
M )‘I"‘_c2_x

‘:Az—02=0 - A = *c.

The corresponding eigenvectors are then

M=c Wil —ct)=px 1) —cqx,1)
A =—c Walx+ct)=pk, 1) +cqx, 1)

(b) Then the solutions can be expressed in terms of Wy, W are

1 1
plx, 1) = 3 (Wi(x —ct) + Wa(x + ct)) qx, 1) = % (Wa(x 4 ct) — Wi(x — ct)).
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(c) We can relate A, B to Wy, W, from

d 1
p= B_(f =3 (Wi(x —ct) + Wa(x +ct)) = —cA'(x — ct) + cB' (x + ct)
Lo} 1 ’ /
g=—=—Wax+ct) —Wi(x —ct)) =A"(x — ct) + B'(x + ct)
ax  2c
Both of which yield

1 1
Ax—ct)=——Wilx—ct) Bx+ct)=—Wr(x+ct).
2¢ 2c

(d) At t = 0 the initial condition ¢ (x, 0) = f(x) implies ¢, (x, 0) = g(x, 0) = f'(x)
and ¢, (x, 0) = p(x, 0) = g(x), and consequently

Wix) =g(x) —cf (x)  Wax) =gx) + ¢f'(x)

Hence, from part (c)

A) = — /

() = -5 (g(x) — of ()

A<x>=/ A’(fc)dchrazw—i/ () di +a
0 2 2c 0
1

B'(x) = 7 (g(x) + ¢f'(x))

B(x) =/XB’(5c)d5c+b=w—i—i/xg()"c)dfc—i-b,
0 2 2¢ 0

where a, b are constants of integration.
So using ¢ (x,1) = A(x — ct) + B(x + ct),

1 X—ct
6=1(0—cn—fO) — 2—0/0 o) di + a
xX-+ct
+5 (@ +en—fO)+ %/0 g® di+b

x—+ct
= L+ et) +f(xr—en) + % / e@ di+ (a+b—f(0)).
xX—ct

Checking the initial condition, ¢ (x, 0) = f(x),

1 X
¢(x,0) = F(F() +/(x) + 2—C/ gX)dx+(a+b—f(0),

—_— —
=0
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so the constants of integration should be chosen so that a + b — f(0) = 0, yielding
the D’ Alembert solution.

2.12 The conservation law p; + g(p)y = 0 can be re-written as p; + ¢ (p)px = 0,
from which we can write the characteristic equations as

dP
e 0 - P =f(A) = constant
ax , /

(a) The two characteristic curves will intersect when X (7.1, Ao) = X(f0.1, A1),
namely

_ Al — Ao
q'(f(A1) — q'(f(A0))

4 (F(AoNto,1 + Ao = ' (F(A))10,1 +Aq = fo,1 =

and subsequently using this value of 19 1, x0.1 = ¢'(f(A0))t0,1 + Ao (or equivalently
in terms of Ay).
(b) Minimising 7o ; over all possible Ag, A; to get t,, consider A; = Ag + ¢,

) A — Ay ) e
min — = min —
Avdr ¢ (F(AD) — ' (f(A0))  Ave ¢ (f(Ao + &) — q'(f(Ao))

ty =

Taking the limit ¢ — 0 and recalling the limit definition of the derivative,

1
c=min|—— |50
: Him[ q”(f(X))f/(x)] =

2.13 (a) The characteristic ODEs are dX /dt = P, dP/dt = 0, asin (2.41). Applying
the given initial conditions yields the parametric solutions

X(t,A) =0 —AH)t+A, P(t,A)=9—A% |A| <3
X(t,A)=A, P@t,A)=0 IA| > 3

(b) To invert X (¢, A) = x for the nontrivial part of the solution, we recognise it as a
quadratic equation for A,

1+ 1 —4@xt —92)

A’ —A4+(x—9)=0 = A= 5
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then we can substitute into P to obtain

2
_ 1+ 1 —4@xt—92)

For more general initial conditions, p(x, 0) = f(x), for the inviscid Burgers’ equation
we have X = Pt + A with P on a characteristic curve, so we can still write A = x — Pt
to obtain an implicit equation for the solution, p = f(x — pt), here p = 9 — (x — pr)?,
to yield the equivalent form

_2xt — 13602 —dut + 1

212

p(x, 1)

See below for a graph of this multi-valued solution at time ¢ = 1.

9

(c) The result of Exercise2.12 gives that the time at which the shock forms is deter-
mined by the initial conditions,

. 1 . 1 1
ty = — te = _— = -,
’ mxm( f/(x)) - " xer[“—‘?,n( Zx) 6

and the shock will first form at x, = 3.
(d) The Rankine-Hugoniot equation for the inviscid Burgers’ equation (2.49) and the
result from part (c) give the ODE problem for the shock position as

dx; 2x5t — 1+ /3612 — 4xst + 1
_— = — ’ 1 6 = 3’
dt 412 x:(1/6)

where the solution ahead of the shock is p (x, ) = 0 and the solution behind the
shock, p_ (x, ) is given by the solution above with the positive sign on the square root.
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6 p—(z,t)

4(t)

pi(z,t)

(e) The inviscid Burgers equation is a conservation law for the integral, [ p dx,

pt+(%p2)X=o — %(/pdx):O

Hence the conserved value is set by the area under the initial condition f (9—x2) dx =
36. Using the form of the solution with the shock, the equation that f px, ) dx =36
becomes (for ¢ > 1/6, after the shock forms),

/"s“) 2xt — 1 + /3612 — 4xt + 1
dx =

-3 22

36.
Evaluating the integral yields an implicit algebraic equation for x(t),

o (607 — (1= 4wt 4 36)Y2 — 61 42161 + 541 + 1) = 36.

Chapter3
3.1 (a, b) Both approaches give

k
—y" + —2y+x2 =0.
x

Multiplying across by x2, this equation can be recognised as an inhomogeneous
Cauchy-Euler equation, x?y” —ky = —x*, solvable in terms of a sum of homogeneous
and particular solutions.

(c) For k = 0 the general solution is y(x) = x*/12 + c¢ix + c¢2. Applying the
boundary conditions yields ¢y = —1/12, ¢c; = 1.

(d) For k = 2 the general solution is y(x) = x*/10 4+ ¢1x? + ¢2/x. Applying the first
boundary conditions yields ¢; = 9/10, ¢c; = 0. The condition y(0) = 1 cannot be
satisfied because unless c; = 0 that term would diverge and the other terms in the
general solution vanish for x = 0.
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3.2

5 | 1 (h/)Z ) | 1 (h/)Z

where §2J,, will be strictly positive unless /’(x) = 0, but from the boundary conditions
on y, the boundary conditions on & are h(0) = h(1) = 0. Hence &’ = O only if 2 = 0.

3.4 (a) The x(¢) Euler-Lagrange equation can be simplified to
0¥y = X" GO A+ 4207 +y7) + 467N + )y — 1)y = 0.

The y Euler-Lagrange equation takes the same form after interchanging x < y.
(b) The Euler-Lagrange equation for y(x) can be reduced to

p_ A+ 0D )
1+ 4k2(x2 + y2)

(c) For (ii), since z is constant on the semicircle, the distance is just the arclength of
the semi-circle, J; = 7 for all k.
For (i), we have y = 0 and z = kx2, hence the arclength can be calculated from

1
1
L@:/JH%W&:I+W+ﬁmmmM
—1

For k = 0, J;(0) = 2 giving the length of the straight line in the xy plane, while for
k > 0 J; is an unbounded monotone increasing function of k, J;(k — oc0) — oc.
Let k. be the value of k for which J;(k,) = 7. Then for 0 < k < k,, the straight-line
path will be shorter than the semi-circle detours. But for k > k., the semi-circle is
shorter.

3.5 (a) After the substitution, the action in terms of 6 () is
I = / %m€2(9/)2 + mgl cos 0 dt

and from (3.21) applied to 6(¢) the resulting Euler-Lagrange is the equation of the
pendulum,

0" + %sin@ =0.

(b) See Exercise 3.27 for the Euler-Lagrange equation for x(¢).
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3.6 Substituting the parametric equation for x, y into the general Lagrangian, L =
Im((X)2 + ()% — mgy yields

L= 1me?©')* + mgtcosd — om (Lwb’ cos(wr) sind — gsin(wr)) + Smo*w? cos® (wr)

Applying (3.21) then yields the (vertically-oscillated) parametrically-driven pendu-
lum equation,

v, 8 . _ w*o . .
0" + 7 sinf = v sin(wt) sin 6.

3.7 (a) Starting from H = —L + y'dyL,

dH d Loy oL
dr — dt ry
(L N dLdy 9L d*y d’>y oL  ,d (3L
T\ Toyar Tayar) T ar oy T a oy
oL ,[oL d [OL
= —-— — y _——— —_— = O’
ot ay dt \ 9y
where the final step makes use of the assumption that 9,L = 0 to leave —y’ times the
Euler-Lagrange equation. Hence H' = 0 and H is a constant, justifying (3.59).

(b) Writing the Lagrangian as L = T(t,y,y') — V (¢, y) the condition that the Hamil-
tonian is the total energy is

aT aT
H=-T+V+y—=T+V = '— =2T

ay’ Yoy T

This is a first order separable ODE for T as a function of y’ and yields T'(z, y, y") =
A(t,y)(y')? where A(t, y) is any function of ¢ and y.

3.8 (a) Att = 0, the mass starts at x = 0,y = 1 from rest, v = 0, hence the initial
energy is Eyp = mg. Equating the energy at later times with E yields

Imv? +mgy=mg = v =281y

Consequently the functional for the time of travel is

14 ()2 , 1+ (y)?
R dx s y — R —
2g(1 —y) 2g(1 —y)


http://dx.doi.org/10.1007/978-3-319-23042-9_3
http://dx.doi.org/10.1007/978-3-319-23042-9_3
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(b) The Euler-Lagrange equation for y(x) can be simplified down to

1(1+_W)“2_1 Y o
2\ a—y3 \ JaO+DH0 -y )

but this is a difficult looking equation, so we turn to a different approach.
(c) The Beltrami identity (3.59) is applicable since L does not explicitly depend on

X, SO
_ [+ 0?2
261 =y)  2e(1+(HDH(1 —y)

1
= = C
V28(1+ 0D —y)

Atx =0,y = 1 and to make C finite, the slope would have to diverge, y — —o0,

so this form is indeterminate. At x = 1, we have y = 0, s0 C = 1//2g(1 + y/'(1)2),
but we don’t know y'(1). Still, we can write a singular ODE problem for y(x),

dy _ 1 B . _
= /—ZgC2(l 5 1, y(0) =1, y(1) =0.

(d) Substituting the parametric equations of the cycloid (3.60) into the ODE gives
a necessary relation between C and k, 1 = 4gC2k. The initial conditions at 0 = 0,
x(0) = 0 and y(0) = 1 are satisfied automatically for any k. The final state, x = 1
and y = 0 at some 6 = 0, yield two coupled equations for finding (k, 0,):

k(@ —sinfy) =0 1 —k(1 —cosBy) =0.

3.10_Following the approach givenin Sect. 3.4.2 withf (x) = 1+(x— 12,5 = yuteh
and b = b, + &c, we obtain the first variation as

b

by
8Ju =y.h| — / y/hdx + 1y, (b)*c.
0

0

The boundary condition at the origin determines that #(0) = 0. Expanding out the
boundary condition y(b) = f(b) yields

Yi(be) =f(b:), i (bi)e +hby) = f'(by)c


http://dx.doi.org/10.1007/978-3-319-23042-9_3
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Solutions to Selected Problems 269

consequently, ¢ = h(by)/(f (bs) — ¥, (bs)). Using this, the first variation can be
re-written as

8, = . (b.) (1 + L) h(b,) — / " s
. 2 be) — ¥, B)) 0o

There are two possible choices for natural boundary conditions that would make
the boundary term vanish for all possible choices of A(b): either y,(b,) = 0 or
(after some algebra) y/, (b)) = 2f’(bs) (we will explore both possibilities). Subject
to natural boundary conditions, applying the fundamental lemma to the critical point
condition 8J, = 0, we obtain the Euler-Lagrange equation y; = 0. After applying
the boundary condition y(0) = 0, viable solutions are of the form y,(x) = Ax. The
boundary condition y, (b,) = 0 would yield A = 0, but this option must be rejected
since the solution would not reach the curve y = f(x). Hence, using y’, (bx) = 2f”(bs),
we get A = 4(b, — 1) and then y,(b,) = f(by) yields the quadratic equation,
3b2 — 2b, — 2 = 0 and the solution

yox) = §<f7— Dy 0<x< ! +3f7.

3.12 Beginning by substituting y = y, + ¢h and expanding for ¢ — 0 yields
5 1
J=J*+8/ /y;:/+y;h/” — 240xhdx + - - -
0

Using integration by parts to get the derivatives off of the 4’s, we arrive at a form
where the fundamental lemma can be applied to critical point condition, yielding the
ODE,

=2y —240x = 0.

Note that all of the boundary terms vanish thanks to
y'(0) given = K(0)=0 y"’(1)given = h"(1) =0
y"(0) given = K”(0)=0 y(1) given = h(1) =0

The ODE can be integrated directly to give the solution as a polynomial, after applying
the four boundary conditions, the final solution is

Ve(x) = —x 4+ 10x% — 4.
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3.13 Beginning by substituting y = y, + ¢h and expanding for ¢ — 0 yields

J=J,+ e/ [Zy;h’ + (1 - 2x)/ 2y*(t)h(t)dt] dx + - -
0 0

Applying integration by parts yields the first variation as

X
(2y;h + (x —x%) / 2y.h dt)
0

The second boundary term vanishes automatically at x = 0 and x = 1 due to
the x(1 — x) factor. The first boundary term vanishes under the natural boundary
conditions

1 1
- / (Zy;’ +2(x — xz)y*) hdx
0

0

2, 0h0)=0 = (HLO=0 or h0)=0 = y.(0) =4}
and
2y, (D) =1 = (D=0 or h(l)=0 = y.(1) =B}

3.14 Beginning by substituting y = y, + ¢h and expanding for ¢ — 0 yields
5 1
J=Ji+e¢ (/ PR/ (y;/)zh + 2y.hdx + y, (0K (1) + y;(l)h’(O)) +---
0
Integrating by parts yields the first variation as
2y« (1) + ¥, (0)) K (1) + (=2y+(0)y1(0) + ¥, (1)) #'(0)
1
+ / (200" + 0D +2v) hx
0
Hence the Euler-Lagrange equation is
dzy* ? d? dzy*
2— — 2y, =0
( dx? ) + dx? (y* dx? ) + 2

and the further natural boundary conditions needed are

{2y (My (D) +y,(0)=0 or K(1)=0 = y, (1) =A}
and

{2y (0)y,(0) +y,.(1)=0 or h'(@©0)=0 = y,(0) =B}
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3.15 (a) Using v = ¢/n(x), functional (3.6) becomes

1 1
o) = - /0 w1+ 0)2dy = L(x,y’>=%x)\/1+<y’)2

Applying (3.21) to this Lagrangian yields

0 d n(x)y’ _0
dx /1 + (y/)Z
which can be integrated once, and applying the initial condition yields

ney .m0 dy )

T2 2 & o —n0p

(b) Yes, ny sinf; = ny sin 6.
(©) L(x,y,y) = n(x,y)/1 + (/)2 /c yields the Euler-Lagrange equation

on d [ n(x )y
JI+0N?— - — —=—=—"=)=0
o) dx( Tr@,)z)

dy

3.16 (a) The total kinetic and potential energies are given by

4 14
T:/O %putzdx V:/() %Elu)zcdx

(b) L = T — V then the action is

I3 1 4
J =/ Ldt :/ / (%put2 — %Elu)zc) dx dt
o 1o 0

(c) Substituting #(x, 1) = u.(x, 1) + eh(x, t) and expanding for ¢ — 0 yields

5 131 l
J=Ji+ 8/ / (pusthy — Elugychyy) dxdt + - -
o JO

Splitting the O(e) term into separate integrals, we interchange the order of integration

on the first,
4 1 131 14
/ / plyhy dt dx — / / Elu . hy dx dt
0 Jrn o JO


http://dx.doi.org/10.1007/978-3-319-23042-9_3
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Applying integration by parts with respect to the inner integrals respectively yields

14 1 f 4
1% (/ [M*th } dx — / / M*tth dx dt)
0 to to 0
f 2 1 4
+ EI (/ |:u*xxhx — Usprh i| dt — / / Usexxxxch dx dt)
1o 0 0 0

The perturbation in the solution at initial and final times ¢ = f¢, #; can be assumed
to be zero h(x, tg) = h(x, t1) = 0 to eliminate the first boundary terms. Eliminating
the second boundary term defines natural boundary conditions to remove the u /iy
and U h terms at each time,

(i (0,0) =0  or ~(0) =0 = uw(0,1) =A@}
and

{tixxx(0,2) =0 or h(0)=0 = u.(0,1) =B()}
and similarly for the boundary conditions at x = 1.

Applying the fundamental lemma to [ [ (pusy + Eltsxrn)hdx dt = 0 yields the
beam equation PDE as the Euler-Lagrange equation,

9%u 9%u

L AL
Por o

3.17 Substituting u(x, y) = u.(x, y) + €h(x,y) and expanding for ¢ — 0 yields

j:J*—i—e//k(u*xhx—i—u*yhy) dA+---
D

The first variation can be written in vector form as [ [ kVu, - VhdA then matching
to the product rule with g = kVu, and f = h, it can be expressed as

8Jy = // V - (hkVu) dA — // V- (kVus)hdA
D D

Applying the divergence theorem to the first integral changes it to an integral on the
boundary

8J4 =7{ h(kn - Vu,)ds — // V - (kVuy)hdA
aD D
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Eliminating the boundary integral leads to two choices for natural boundary con-
ditions: (i) homogeneous Neumann conditions, n - Vu = % = 0, or (ii) specified
Dirichlet conditions, 2(dD) = 0 = u(dD) = f(dD) given. Subsequently, the fun-
damental lemma can be applied to the remaining double integral to yield the elliptic
PDE

V. (kVu) = 0.

3.19 (a) The augmented Lagrangian for this problem is

L=1+07 -2 -R),

T

then the Euler-Lagrange problem is

d2y b 5
ﬁ+)»y=0, y(0) =0, y(r) =1, y“dx = 80,
X 0

The ODE is a linear-constant coefficient equation; it breaks down into two cases,
depending on the value of A = 0.
If » = —a® < 0 then the solution of the boundary value problem for the ODE is

sinh (ax)
V() = ——.
sinh (o)
If » = o > 0 then the solution is
sin(ax)
y+(x) = — .
sin(ar)

In the two cases, the integral becomes

g e . B
Ii(a) = / yi dx = [ 2am Sln(zaﬂ')7 Slnh(2a7{) 2077
4a sin® (amr) 4a sinh? (o7r)

I, (o) > 7/3 and has multiple solutions for any value of the constraint greater than
/3 ~ 1.047. Meanwhile 0 < /_(«) < /3 and is monotone decreasing, so there is
a single solution for each value of the constraint.
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ot

3.20 (a) Recall Green’s theorem,

00 0P
f P(x,y>dx+Q(x,y>dy=// (_ _ _) JA
oD p \dx Jy

We have

1 1

We can identify P = —%y, 0= %x, therefore,

1
3 | By —sorola= [ (4+4) aa =,

(b) The Euler-Lagrange equations are

d ax’ d Ay
—N\yt+t——=]=0 —|x+—=]=0
dr (y Tt @’)2) d ( BN (y’)Z)

(c) Integrating once yields

Ax! Ay
Y+ ———= - e
JOTr o2 VO + ()2

and can be re-arranged to yield

)2 + ()")2)2 _ 52

2 2 _ 42
c1=y)" +(@+x =21 ((x’)2+(y’)2
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Hence we have the equation of a circle with radius A = P/(27) and centre (—c3, ¢1).
Having the origin on the circle means that c% + c% = A2, hence we can take c| =
Asin6, co = Lcos6 for any 6.

3.23 (a) The augmented functional is

2 dy 2
1= / 6y2 +x? (d_) +x" — A(24xy — 5) | dx.
1 X

(b) Substituting y(x) = y.(x) + eh(x) and expanding for ¢ — 0 yields the first
variation as

2
81 = / 12y.h + 2%y, W' — 24xh dx
1

Examining the boundary condition y(2) = y(1) 4+ 3 gives that A(2) = h(1),
and applied to the boundary terms produced by integration by parts, 2x2y;h|% =
2(4y,.(2) — ¥, (1))h(1), hence we determine the natural boundary condition

4, (2) =y, () =0
and then the Euler-Lagrange equation is
12y — (2x%y) —24ax =0 =  x%y'42x) — 6y =—12xx.
This is an inhomogeneous Cauchy-Euler equation with solution
y= c1x2 + czx73 + 3Ax

(c) Substituting into the boundary condition, the natural boundary condition and the
integral constraint yields three equations for c1, ¢, A,

7 9
3¢ — ng + 31 =3, 14c; + 102 + 91 =0, 90cy + 12¢p + 1681 = 5.
3.24 The augmented functional for the constrained problem is
23 ()’

1= 2 _
X x3

—A(y+3)dx

The resulting Euler-Lagrange equation for y = y,(x) is

X2y —3xy +3y = %Axs.
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The solution of this inhomogeneous Cauchy-Euler equation is

A
y=cC1x +02x3 + 1—6x5.

Applying the boundary conditions and the integral constraint determine c; =11,
¢ =—8,1=16.

3.26 (a) The Hamiltonian is
H =L+ A = 4x* + 3xu + u® + A3x + u).
The PMP yields

d i
B eru, o 8y —3u—3%.  3x+2u+Ar=0.
dt dt

Eliminating A reduces the problem to a system of two linear ODEs in x, u,

dx du
— =3x4+u — =-5x—-3u
dt

having the general solution

2t 2t

x(t) = cle2l + cpe” u(t) = —6‘162[ — 5coe”
Substituting these into the Hamiltonian yields 7 = 16¢jc;. The Hamiltonian is
indeed a constant, and to enforce /# = 0 we need either ¢; = 0 or ¢c; = 0. The
possibility of ¢; = ¢p = 0 can be excluded because it would give the trivial solution
and could not satisfy the initial condition x(0) = 2. Consider ¢; = 0, then ¢ = 2;
this yields a monotone increasing function for x(¢#) > 2 and could never satisfy the
target condition x(7) = 1. Hence ¢; = 0 yielding x(r) = 2¢~% and the target
condition determines T = % In 2.

(b) Everything remains the same, but since T = }‘ is imposed, we lose the natural
boundary condition, that 7# = 0, so imposing x(0) = 2 and x(}t) = 1 determine
the constants, and

1/2 _ o 20— o1/2
x(1) = (g )eZ’ + (L) e u(t) = —10e%.

e—1 e—1

For this solution, the value of the Hamiltonian is

16(e —2)(2¢'/2 — 1) _

= — ~ —7.21 .
I 12 <0
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This illustrates the maximum in PMP, at the optimal solution (having the optimal
stopping time), the value of the Hamiltonian will be maximised; in general ¢ < 0.

Chapter 4

4.1 For cases (i, ii, iii) the scaled problem is

d?y I
— 0) =TIT7 / 0) = I7
dr? (1 + IMy)? ¥0) 3 YO !

47 GpeReT? L 2 VoT
m=""PETE == m=: =
3L Re L L

(i) Starting with ITy = 1 we get L = VT then [73 = 1 setsL = 2, T = 2/V,
I =87 GpeRe/(3V3) = ¢ — 0

Tyt O=1 yO=-1
a2~ (+my? T YT

(i1) Starting with IT{ = 1 we get L = 47TGpERET2/3 then 73 = 1 sets T =

V3/QRaGpeRg) and L =2 and ITy = Vp/3/(87GpeRg) = ¢ — 0

e L W

— = — = = —&

a2 = (4 M2 7 Y
(iii) Starting with IT3 = 1, we get L = 2, then I1y = 1 sets T = 2/V( and
I =87 GpeRe/(3V3) = ¢ — 0

&y _ : O=1 (0 =-1
a2 T O+my: T YT

For (iv) the scaled problem is

d’y I,
arr (y+1ID)?
_ GMET2 _ Re 2 VoT

I = Ih=— [Ih=— Il4=—
1 K 2= 3= 4 L

yO0) =13 y(0) =114

Setting [13 = [Ty = 1 yieldsL=2and T=2/Vpand [T, = Rg/2=¢ — 0

d?y 1,
arr  (y+e)?

yO =1 y(0)=-1


http://dx.doi.org/10.1007/978-3-319-23042-9_4
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4.2 Defining the nondimensionalized solution as X = Lx(¢) with T = Tz, we can
write the scaled problem as

X'+ x=M;sin(ILt), x0)=1, x'(0)=1Ih

with L = X being an imposed scale set by the IC and derived timescale T = /M/K
being the inverse of the natural frequency wg = /K/M and

_ F _ 2 woVo
KXo o Xo

4.3 The choice of scalings L = B/vKM, T = M/B yields the nondimensional
problem

X 4 x 4% =0 sin(L),  xO0) =1k, x0) =,

with parameters

FK1/2M3/2 M AK1/2M1/2 CK1/2M3/2
=78 172=a)§, H3=T, 4= g
4.5 (a) After some algebra, we get the scalings
DE? E E? DE
= ) Y= =% = =1 T= ’
CFH F FH BCH
then the dimensionless parameters follow as
AF BCH? BC 3GE
*=g P=mEzr Y=pg = F
BE D“E DE F

and u = Xo/X,0 =Yo/Y,w =2Zy/Z
)X =a—y,8y =x—zand0 =y —y> + %8)}3 — z. Solving the last equation
for z = f(y) yields a phase plane system for (x, y)

/

X=a—y By =x—y+y*—187°

A mismatch will occur unless the initial conditions satisfy o = f (o).
X =a—y,0=x—z,y7 =y—y*+ %83}3 — z. Using the second equation, the
other two reduce to

/

X =a—y ﬁx/:y—y2+%8y3—x.
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Equating the two expressions for x’ yields y (¢ —y) =y — y* + %8y3 — x. Finally,
implicitly differentiating and using the equation for x’ yields

’ o=y

M NI Sy

A mismatch will occur unless the initial conditions satisfy o = u.

4.7 The final nondimensionalized system is
1
hy + huy + uh, =0 u,—l—uux—{—lﬁhx:O
T

where the Froude number is defined as Fr = U//gH.

4.9 (a)Lets =W/L then IT} =41+ 8)(1 + 1/9).

(b) My = 7(B(1 +8) — VB + T +38)(3( + 1/8) — VB/5 + (/5 + 3).
I enipse > 11 rect if the aspect ratio is sufficiently large or small.

(c)Letx = I,y =Mz and z = 1 /1712 for a more convenient calculations: z =
glx,y) = %(% — x)(% —Nx+y-— %). Using multivariable calculus, determine the
critical points of g: g« (x,y) = gy(x,y) = 0 yielding (x,y) = (0, %), (%, %), (%, 0)
or (%, %). Of these possibilities, (%, %) maximises g = 1/432 and hence minimises
M i > 12+/3. Note that (12+/3 & 20.78) > (12.56 ~ 41) as is expected from the
result that the circle minimises the perimeter-to-area ratio, 17 circ = 47.

4.11 IT; = AT/B, IT, = AC/B?, IT; = A2D/B3, T = (B/A)f(AC/B?, A2D/B3)

4.12 (a) The equations for the dimensional exponents for cancelling out units in the
IT’s are:

A—-3B—-C+E+F=0 [m]
B+C+D=0 [kg]
—2A—-C—-2D—-F=0 [s]
These three equations are linearly independent (as can be seen by reducing them to

echelon form), so ¥ = 3. There are 6 given quantities and 3 base units (r = 3), so
we getn — 7 = 6 — 3 = 3 free parameters.

Chapters

5.1 Using the rescaled solution (5.1), we can rewrite Burgers’ equation as

n uT _ T
Uz 3 Uty = L K Uy -

To make this scale invariant, the coefficient factors need to be set to one. The nor-
malising the first yields U = L/T. Normalising the second yields L = T!/? and


http://dx.doi.org/10.1007/978-3-319-23042-9_5
http://dx.doi.org/10.1007/978-3-319-23042-9_5
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subsequently U = T~1/2, A scale-invariant similarity variable can be obtained from
ITy = LT¢ = TV/2T1/2 = T9 hence ¢ = 1/2 and hence determines n = xt~!/2.
Likewise a scale-invariant similarity function is determined by [T, = UT¢ =
T-1/2T4 = T°, hence d = 1/2 and f(n) = t'/?u yielding the similarity solution
form u(x, £) = t~'/2f(n). Substituting this into Burgers’ equation yields

df Iif dzf
(rend) s o

5.2 Applying (5.1)—(5.3) and the integral yields

uT o0
Uy + (T) uuy, =0, (U2L)/ Wde = 1.
0

Making the PDE scale invariant selects the scaling relation U = L/T. Then making
the integral scale-invariant determines L = T%/3 and consequently U = T~1/3,
Further, this determines the similarity variable n = x/¢>/3 and the similarity solution
as u(x, t) = t~/3f (). Substituting this into the inviscid Burgers equation yields the

ODE for f(n),
f 2
_(f d) f / fran=1

The similarity solution likewise reduces the generalised Burgers equation, u(u; +
Ully) = Ky, to the ODE

af 2df d2f
2n— .
(f+ d AR dn dn
5.3 (a, b) Applying (5.1) to the PDE yields

ou UT\ odu
o ~ T(T+]u3 ©
ot +( L ) ax = )

To make this equation scale invariant, we need U = L/T (from the first coefficient)
and T°t1U3 = 1 in the second one. The boundary condition must be scale invariant
as well,

3
u(0, 1) = (TU) I = Uu=T?,

consequently L = T# (from L = UT). Satisfying the second condition for the scale
invariance of the PDE, T°T1U3 = T+ T9 = TO determines o = —10.


http://dx.doi.org/10.1007/978-3-319-23042-9_5
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(c) The scale-invariant similarity variable is 7 = x/¢* and the form of the similarity
solution is u(x,t) = t3f (7). Substituting this form into the PDE reduces it to the

ODE,
df df 4
3 —dp— 4 =t
f ndn+fdn A

5.4 Satisfying scale-invariance in the heat equation determines L = T!/? and the
similarity variable n = x/¢'/2.

(a) The boundary condition will be scale invariant for U = T2. This yields the form
of the similarity solution as u(x, t) = 2f (). Substituting in the PDE yields the ODE
problem

o —guf =", fO) =1, f(1—o00) 0.

(b) Here the boundary condition will be scale-invariant if U = L = T'/? yielding
the similarity solution u(x, f) = t'/2f (), satisfying the ODE problem,

e—nfY=¢", fO =2 f(n— o0)— 0.

(c) Here the boundary condition will be scale-invariant if U = 1/L = T~/? yielding
the similarity solution u(x, f) = t~/2f (1), satisfying the ODE problem,

—LE+nfy=f" FO) =f02  fo— o0) = 0.

(d) Here the integral condition will be scale-invariant if L’U = 1, or U = T—3/2
yielding the similarity solution u(x, r) = ~3/2f (), satisfying the ODE problem,

—3Gf +uf) =1, /0 nfdn=1, f(n— o0)—0.

(¢) Here L = T = 1 but U is a free parameter. The solution can be written as
u(x, t) = Ce'e™, which is actually a travelling wave, u = Ce~ "9,

5.5 Applying (5.1) to the PDE yields

= (5) s+ (0T

The two coefficients must be normalised in order to make the PDE scale-invariant.
The first coefficient determines L = T!/2 and the second sets U = T~1/3. The scale-
invariant similarity variable is 7 = x/¢'/? and the form of the similarity solution is
u(x, t) = t~13f(y), satisfying the ODE

—3f = ="+


http://dx.doi.org/10.1007/978-3-319-23042-9_5
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5.6 (a) Applying (5.1) to the PDE yields

du UT\ 8 ( ;0u UT\ 8 ([ 9%u
o (=) 2 (A () 2 (22
ot L2 ] ox dx L4 /] ax \U 9x3
The two coefficients must be normalised in order to make the PDE scale-invariant.
The first coefficient determines L2 = U3T; substituting this into L* = UT determines
U = T~!/3 and subsequently L = T'/3. The scale-invariant similarity variable is then
n = x/t'/> and the form of the similarity solution is u(x, f) = r~1/3f (), satisfying
the ODE /
!
—s(F+ ) == =@

Note that the form and scaling of the similarity solution has already been determined,
the additional integral condition happens to be consistent, [ fdn = 1.

(b) Applying y 3
u(x,t) = Unx, 1), x = Lx, t=t.+Tt

to the PDE yields the same scalings, U = T~!/> and L = T'/3. However the similarity
variable and solution now take a modified form,

X

= m u(x, 1) = (tc — l‘)_l/sf(fl),

n

and the similarity function satisfies the modified ODE
/
) == - @

In part (a), the similarity solution evolves to a limiting behaviouras T — oo (f — 00),
while for this finite-time blow-up case, divergence occurs as T — 0 (t — ¢.).

5.8 The similarity solutions are
he, 1) =7 2038, ue, ) = 8g a3,

Chapter6

6.2 Atleading order itis straightforward to identify 8o = 1 and xp = 3 as atriple root
of (xp—3)* = 0. The nextiteration, x ~ 348;x; yields §}x; = 216¢ hence §; = ¢!/3
and x1 is given by the one of the three cube roots of 216, namely x; = 6¢/>7*/3 for
k =0, 1,2. Going on, we will get §, = ¢2/3 and

x~3+4+683 1823 x~3—1B+i3vV3)e!? — (4 Fi4/3)e?3
6.3 Observe that setting ¢ = 0 in the equation yields a contradiction (‘60 = 0’),

hence the solutions must be singular in order to yields valid balances. Let x = §X to
yield


http://dx.doi.org/10.1007/978-3-319-23042-9_5
http://dx.doi.org/10.1007/978-3-319-23042-9_6
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e983X3 —5638%X% —20e8X + 60 = 0.
— — =\ =
(1) 2) 3) 4)

Consider the different possibilities for dominant balances to determine the distin-
guished limits yielding solutions. This is a third order polynomial, so there must be
exactly three roots that must represented within the set of distinguished limits.
These distinguished limits are given by

e Balancing terms (3,4): § = e x~3/e
e Balancing terms (2, 3): § = e72, x ~ —4/82
e Balancing terms (1, 2): § = g3, x ~ 5/@3

6.5 (a) The solution is given by

12

1 ..5 1 2.8
V(Z‘)’\’—z ﬁf;‘l‘ — 160°¢ t.

(b) Note that after factoring out r2, the magnitude of the terms follows
0(1) » 0(er’) > 0(*1°)

with the ordering being preserved if £7° « 1, namely 0 < t < O(s~!/3).

6.6 Observe that setting ¢ = 0 in the equations yields —y = 1 and y = 4, hence
we get a contradiction (y is overdetermined). Rescale each variable independently,
x = §8(¢)X and y = o ()Y and carry out dominant balance of the system to obtain
8 = ¢~ ! (from a dominant balance in the first equation) and o = 0 (from a dominant
balance in the second equation). Subsequently,

1
x~—-(5-5¢) y~4—>5e¢.
€
6.7 Taking the logarithm of the equation, we get

In(2) +21In(x) — 5x = 31In(2) + In(s)

It is easy to identify In(e) — —oo as the dominant term on the righthand side. Now,
substitute x = dgxp with the assumption that §o — oo,

In(2) + 21n(8p) + 2 In(xg) — S589x0 = 3 In(2) + In(e)

Since x9 = O(1), so is its log. Since z > In(z) as z — oo the 58pxp term is the
largest term on the left-hand side of the equation. Hence we get that xo = 1/5
and o = —In(e). Note that we have put the negative sign in §p rather than in the
coefficient so that the gauge function is positive (In(z) — —oo forz — 0). In general
for dealing with logarithms, it may be better to write them as §y = ln(é). The next
iteration, x ~ 8oxg + 81x1 (with 89 >> §1) yields a dominant balance between terms
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coming from the original 2 In(x) and 5x terms to determine 61 = ln(ln(‘];)) and the
solution as
x~Ltin(d) + 2in(n(l)).

6.10 (a) Substituting 7 = 14 en and u = 1 4 ev into the PDEs and then collecting
O(¢e) terms yields the linearised system

Me+ve+ne=0 v +v+Fn =0
(b) We can then write the system in the form
9 (n n 1 1Y (n)_ (O
ar \ v Fr21)ax\v) \o
—
M

Consequently the determinant condition for the wavespeeds is

1—x Fr2

_ _ 2 -2
L= = A= =H

|MT—AH=‘

and hence the waves generated will have speeds
A=1£F!

and if Fr > 1 then A+ > 0 and all waves will move to the right (downstream,
subcritical), while if Fr < 1 then A+ 2 0 and the two classes of waves move in
opposite directions.

Chapter?7

7.3 Noting that the inhomogeneous boundary conditions are O(1), the dominant is
finite and the coefficient 3 < (4 — x2) < 4 is bounded on the domain, we expect the
solution to be finite and bounded, hence we will assume 8 = 0 and seek solutions
of the form y = Y(X). Letting X = (x — x,) /& for @« > 0, equivalently we have
X = x4« + €*X. The inhomogeneous term then becomes

cos(5x) = cos(Fxx + &% 5X)

There are two cases that need to be considered for the scaling of this term with respect
to the position of the boundary layer:

Xe =0 = cos(5x) = cos(e*FX) ~ 1
Xe =1 == cos(3x) = —sin(e*FX) ~ —e*FX


http://dx.doi.org/10.1007/978-3-319-23042-9_7
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To determine the dominant balances, examine

el 72y 4 04—y = cos(5x),
—_— — 2
@ @ @)

where term (3) is either O(¢°) or O(¢?) as described above.
For o = 0, we recover the outer distinguished limit which yields the leading order
outer solution

cos(5x)
yO(-x) - 4_x2 .
Note that this solution does not satisfy either boundary condition (with yp(0) = —1/4

and yp(1) = 0, so we will need boundary layers at both x,, = 0 and x,, = 1. First
consider the case that the boundary layer is on the left edge of the domain, x, = 0,
making term (3) be O(1). Then the dominant balance for the singular distinguished
limit is between terms (1, 2) yielding o = L Term (3) is of the same order, O(1),
and hence also takes part in the dominant balance. The resulting leading order inner
problem for y = Y(X) with X = x/e!/? is

Y —4Yp=1, YO0 =-1 = Yi=-ZeX__

where we note that we have eliminated an un-matchable exponentially growing term
for X — oo. Applying the matching condition between this inner solution and the
outer solution,

lim Y} = lim yp = ——,
X—o00 0 x—>0y0 4

which fortunately yields consistency and gives the overlap as —1/4.

For the boundary layer at x, = 1, term (3) is O(¢%). The singular distinguished
limit is still @ = 1 but now only terms (1, 2) are involved in the dominant balance,
yielding the leading order inner problem for y = ¥ (X) with X = (x — 1)/&!/?,

Y] —3Y =0, Y0)=2 = Y&=02e"*

and again, an unmatchable exponentially growing term (for X — —o0) has be
excluded. Here, applying the matching condition between this inner solution and the
outer solution,
lim Y& = lim yp =0,
X——00 x—1
again yielding consistency of the construction process, here with zero overlap.
Forming the left and right boundary layer corrections by subtracting the respective

matching overlaps from their inner solutions, we can write the composite solution
(7.22) as


http://dx.doi.org/10.1007/978-3-319-23042-9_7
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cos(5x) B ge—”‘/ﬁ 4 0eV3TE-D)

YT TG

7.4 (a) Given that the boundary occurs at x,, = 0, the singular solution will have the
form y = /Y (X) with X = x/¢% and & > 0. The homogeneous initial condition
provides no information. The second initial condition gives

4
YO == = L0 =47
&

hence Y’(0) = 0 and 8 — o = —2. Using this in the ODE, we get

eIy 12672y — 62y = 56X .
—_— e <~
(1 ) 3) 4)

It can be shown that the only consistent singular dominant balance is between terms
(1, 2), yielding &« = 1, hence 8 = —1. Consequently, the inner problem is

Y 4+2Y —6sY =5¢°X,  Y(0)=0, Y'(0)=4,
which reduces to the leading order problem
Y420 =0 =  Yo(X)=2(1-e¢),

satisfying both initial conditions.
(b) Applying the matching condition,

lim ¢ Piamer Yinner(X) = lim ¢ Bouter Youter (X),
X—00 x—0

we get from the inner solution that the limit is 2 /& hence the outer solution must be
scaled by Bouer = — 1 and satisfy initial condition yoyer (0) = 2.
(c) Using B = —1, a = 0 for the scaling of the outer solution yields the equation for

Y = Youter
O 427y —6ely=5x,  y0) =2
which at leading order reduces to

29 —6y0 =0  yo(x) =2¢".

Consequently, we can construct the composite solution from the outer solution plus
the inner solution minus the overlap as
(63): _ e—Zx/s).

y~%€3x+%(1—€_zx/8)—%=
& & &

™ |
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7.5 (a) The leading order outer solution is given by
2y =" =0 =  y)=-In(3(—0),

where the choice of the constant of integration depends on which boundary condition
applies to the outer solution.
(b) Assuming the solution to be finite, y = O(1), hence 8 = 0, dominant balances
are determined by
el 20y 42y’ — 0¥ =0,
—— —— ~—~—
M () (©)

The outer distinguished limit is obtained by balancing terms (2,3) at « = 0. The
singular distinguished limited follows from balancing terms (1,2) at « = 1. The
leading order inner problem and its general solution is

Y) 42 =0 =  Yo(X)=C)+ Cre .

As yet we have not determined the position of the boundary layer (x,), but from the
form of Yy(X) we can see that only the choice x, = 0 can yield a nontrivial inner
solution. Consequently, applying the boundary condition

Yo(0) =0 =  YoX)=Ci(l—e ).

(c) Meanwhile we know that the other boundary condition, y(1) = 0 must apply to
the outer solution (since there is no boundary possible at x, = 1), hence the final
form of the outer solution becomes

yo() = —In ($(x + 1))

Asymptotic matching to the inner solution then determines that C; = In(2). Conse-
quently the leading order composite solution is

y~—In(3(x+1) — InQ2)e >/,

(d) Expanding the outer solution as y ~ yo + €y1, the exponential term can be written
as
& ~ @OTEVL _ Y0 V1 . Y0 (1 ey + %gzy% +.. ) '
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Collecting O(¢) terms in the ODE, the equation for y; is then

In ($(x+ 1)

N Y0 — — —_
Yo +2y; +y1e y1(x) 26+ 1)

7.7 (a) The outer solution is given by

D By /N -

2(4 —x2)

(b) At x, = 2, the limiting behaviour of the outer solution for x — 2 determines
that 8 = %a and the dominant balance of terms in the ODE determines the singular

distinguished limit as o« = %, B = % with the inner problem being

4X + 23X 1Y =Y X =11

At x,, = 0, there is one inner solution that must be matchable to the outer solution,
y(x — 0) ~ £2 = O(1), hence it must have 8 = 0. A dominant balance in the ODE
yields @ = 1 with the inner problem

X242 =4—Y, X=2
£

At x, = O there is a different inner solution that satisfies the initial condition y(0) =
3/¢e, hence having § = —1. Determination of the dominant balance with this value
of B yields ¢ = 2 and the ODE

X4V =4 -y X =2,
&

since this solution exists on a narrower domain (82 < ¢), this is sometimes called
an inner-inner solution.

Chapters
8.1 (a) Using the method of separation of variables, we get (8.8),

o0
UX,Y) = Z Cy sinh(ZZY) sin (% X)

n=1


http://dx.doi.org/10.1007/978-3-319-23042-9_8
http://dx.doi.org/10.1007/978-3-319-23042-9_8
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Evaluating the boundary condition along Y = H yields

ouU

= i (”TFLCn cosh(%H)) sin(%X) — XL
n=1

and the Fourier sine series determines the final form of the solution as

o0

2

v = n—=1 \ nm cosh (@)

L v, ~ ~
/ e Xk sin(-X) dX | sinh(FZY) sin(7F=X)
0

(b) The leading order outer problem, scaled with U = 1m is
ugyy = 0, up(x,0) =0, ugy = He 3

yielding uo(x, y) = He™3¥y.
(c) Substituting X = Lx, Y = Hy and taking the ¢ — 0 limit of the separation of
variables solution yields U = (Fourier sine series of e ¥)Hy.

8.2 (a) The leading order outer problem is
uoyy =0,  wuo(x,0) =sin(5Smx),  wup(x, 1) = cos(3mx)

yielding ug(x, y) = (cos(3mx) — sin(57x))y + sin(5mwx).

(b) Since lim,_.o up(x,y) = y, the boundary layer correction at xi‘ = 0 can be
expressedas VX (X, y) = U(x, y)—ywith VL (0, y) = sin(%ny)—y and homogeneous
Dirichlet boundary conditions on rest of the boundary of the semi-infinite strip,
0<y<1,x>0.Then

e8]

vE(xL (=D” —nnXt L
X", y) = —2Z—e sin(nry) X~ =

> 0.
— (4n? — Dnw -

™ | =

Similarly, the right boundary layer correction can be determined to be

o0
R(yR Sk DTXR rR_x—1

X, 2k +1 Xt'=—<0.
Vi E kT 1)3713 sin((2k + Dmy) =

k=0

(d) The nondimensional form of the flux is

1 % + 1
L/ ux(1,y)dy ~ [/O Sty —1) + — Zss‘“(( k + )ny) &y
k=0

(2k + 1)272
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The value of the flux is dominated by the O(1/¢) contribution from the boundary
layer correction

1% 16 (1.0518) ~ 0.543
el (2k+1)3n3w 3 TTH

k=0

8.3 Let f(x) = F(X). (a) The scaled form of the no-flux condition on the top
boundary is

uy + 2157 sin(Brx)uy =0 aty =f(x) = 15+ 5cos(3mx).
(b) The O(1) outer problem is
ugyy =0 ugy(x,0) =0 wugy(x,f(x)) =0
The O(¢) outer problem is
Uopy +u1yy =0 u1y(x,0) =0 uyy(x, f) + 157 sin(Brx)upy (x, f) =0
yielding the solutions
up(x,y) = G20, ui(x,y) = —3CH@Y + Ca(v)

where the top boundary condition gives the compatibility condition

d dcC
- ((15 + 500s(371x))—2) =0
x dx

(d) Applying matching of the outer solution to the boundary layers implies zeroing the
n = 0 coefficients in the cosine series expansions of the boundary layer corrections
yields the boundary conditions on C;(x),

1 20 y3
=— X o) | dy=0 C2(0) = —
=55 A [ 100 2( )} y == 2(0)
1 10
doy = — [3y2—C2(1)] dy=0 = (1) = 100.
10 Jo

8.5 (a) The O(1) problem is
Gy =0.  do(x.0)=0 =  go(x.y) = Colx. ).
The O(e?) problem is

by +doxx =0, ¢, (1,00 =0 = ¢1(x,y) = —5Coulx, 1) + Ci(x, 1).
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The O(¢%) problem is

boy + 1 =0, ¢y, 0) =0 = $1(x.y) = 25 Conxrr(x. 1) — §Crax (v, DY + Co(x, ).
(b, ¢) See Exercise9.12.

Chapter9

9.1 Using the initial conditions, xo(¢) = cos(f) + 2 sin(#). Using the O(¢) equation
with xo(#) specified and the initial conditions x;(0) = —l,x’1 0 =1, x1(t) =
[115sin(f) — 12 cos(t)] + [60¢ sin(¢) — 120z cos(t)] + [11 cos(3¢) + 2 sin(3¢)] with
the homogeneous, secular and non-resonant respond terms grouped respectively.

9.2 (a)xg = acosf withd ~ (2 + %saz)t works for any a > 0. (b) xo = acos6
with wg = 3, w1 = 0 satisfies the problem only for a = 2.

9.3 (a) The amplitude equations are

B_a-dwrmy, L_oip - Swia
dt 2" 8 Coodr 28 '

(b) Note that 282 = 2494 4 298 — 2R4R Expanding out 2R4E yields

dR 152

— = 5R(1 — 3R

dt ( k)

which has R, = 2 as an equilibrium. Note that this matches the periodic solution
determined in Exercise 9.2(b), but now, using MMTS, we have a prediction for rate
of convergence to the limit cycle.

+it

9.5 (b) Suppressing the e resonant forcing terms in the O(¢) equation for X yields

dc 3, .
= ~1pc+ Ew(|C|zc + 3e77,

with the second solvability condition being exactly the complex conjugate of the
above equation (and hence yielding no independent information).
(c) Substituting into the amplitude ODE for C reduces to the algebraic equation

3 1 ;
]' 2 0
)/_—lﬂ—i-—OlM — —e l'


http://dx.doi.org/10.1007/978-3-319-23042-9_9
http://dx.doi.org/10.1007/978-3-319-23042-9_9
http://dx.doi.org/10.1007/978-3-319-23042-9_9
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Separating real and imaginary parts of this equation yields

cosf ,3 , Sinf sin 0
aM -’ —2 aM

y = %aMZ—

For fixed «, B, expressing sin = 4+/1 — cos? 6, we can solve the second equation
to get cos @ = /1 — 482M?2. Substituting this into the first equation gives the final
(real-valued) form of the detuning relation:

J1 = 4p2Mm2

M) = JaM* +
yM) = 5a Y,

Entrained solutions exist up to a critical amplitude set by the damping, M < M, =
1/(2B). Noting that the terms f = x+eax> can be interpreted as a restoring force due
to a spring, the case of « > 0 is called a hardening spring since the restoring force
is stronger than for the corresponding linear Hooke’s law spring [54]. Conversely,
the case o < 0 is called a softening spring. In contrast to the case of a linear oscil-
lator near resonance (see Fig.4.1), for « # 0, the amplitude of the forced solution
is shifted away from the oscillator’s natural frequency by the amplitude-dependent
detuning, y (M). For hardening (softening) springs, the resonant peak gets shifted
above (below) the (zero-amplitude) linear natural frequency. See below for a plot
of the detuning relation plotted for a hardening spring case, « > 0 along with the
(undamped) resonant “backbone” curve y = %aMZ.

=
0 J
0
~
9.6 The amplitude equations are ‘? = 0 and % -3 y1eld1ng the solution
sin(?)
x(t) ~ 1 4et °

3

lg4 _dB _lp_
9.7 The amplitude equations ared +3A=0,7—3B=0.


http://dx.doi.org/10.1007/978-3-319-23042-9_4
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9.8 (c, d) The amplitude equation is determined by forcing the coefficient of the

resonant forcing term (e_i4’) in the equation for X; to vanish, % — %AQ =0,
2 —idt

yielding the solution x ~ —=—e¢

9.10 Substituting the expansion into the ODE, at leading order we get
Xon +Xo = ' 7PX3 + &' P cost.

The inhomogeneous forcing terms will be higher order if —1 < g < 1 to yield
Xo(t, 7) = A(x)e + B(t)e ™. In the equation for X, deferring the resonant terms
to higher order requiresa —y > Oand 1 + 8 —y > O with 1 —  —y = O needed to
make the remaining forcing term be O(1). Finally, in the equation for X, balancing
resonant terms leads to o = 4/3, 8 = 1/3, y = 2/3 with amplitude equations

dA 1 10 dB 1 10
Qi 4 ~+ —A’B=0 2i— + -+ —AB =0,
e w2t

yielding a stable limit cycle with Xo(r) = —(6/5)'/3 cos .

9.11 (a) The trivial solution x = 0 is an equilibrium state. Linear stability analysis
yields A2 + 1 4+ee~2* = 0 with O(1) solutions A ~ =i+ s%ieﬁ‘, both of these have
Re(A) > 0 so the trivial solution is unstable. (b) The amplitude equations are

dA . dB .

— — 5(Asin2 + Bcos2) =0, — + 53(Acos2 — Bsin2) = 0.

dt dt

9.12 (a) Taking 9, of the first equation in (9.36) yields Fo; = —Coy and hence Coyy =
Coxy from the second equation. Taking d,, of the first equation yields Foy, = —Cozx
then using this in d; of the second equation yields Fo; = Foyy.

(b) The O(1) equations determine that f;y = co, at leading order. There is one §29,
term from the O(1) equations that gets added to the 0(£2) (9.37) equations. The sum
of 9, of the first equation plus the second cancels the cy, fi terms to yield the KdV
equation (9.38) depending only on fy(z, 7).

913 AD ~2 -1 a@ ~ 44 3¢
Chapter 10

10.1 (a) f(x) = —x> + 9x + 322,

(b) (x4, yx) = (0,0) is the only equilibrium point; the eigenvalues from its linear
stability are A = (9 = /81 — 16¢)/(2¢) > 0, so it is an unstable node.

(¢) The slow manifold is yg(xg) = (xg - 3x8 — 9xp) /4.

(e) The slow manifold has local extrema at y(—1) = 5/4 and y(3) = —27/4. In
the fast evolution stages, y is constant and x evolves from the extrema value to the
other value on the slow manifold, satisfying y = S(x). Solving the cubic S(x) = 5/4
yields xmax = 5 and solving S(x) = —27/4 yields xmin = —3.


http://dx.doi.org/10.1007/978-3-319-23042-9_9
http://dx.doi.org/10.1007/978-3-319-23042-9_9
http://dx.doi.org/10.1007/978-3-319-23042-9_9
http://dx.doi.org/10.1007/978-3-319-23042-9_10
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() Implicitly differentiating the equation for the slow manifold, % (y = S(x)), and
applying ‘Zl—t = —x yields the equation for evolution on the slow manifold,

dx 4x / dx /3x2—6x—9
A AN — = = Z
dt 3x2 —6x—9 g(x) 4x

The limit cycle is composed of two fast and two slow stages, P = Tfag,1 + Tsiow,2 +
Ttast.3 + Tsiow.a ™~ Tsiow,2 + Tsiow 4. Stage 2 starts at x = 5 and ends at x = 3,

1 (39 9
Tslow,2 = 1 ;+6_Sde:3+Zln(3/5)'
5

Similarly, stage 4 starts at x = —3 and ends at x = —1,

1 /719 9
Tslow,4:Z/ )—C+6—3xdx:6—zln(3).
-3

Therefore the period is P ~ 9 — (9/4) In(5) ~ 5.38.

10.2 (a) Setting ¢ = 0 in the 7’ equation yields the slow manifold as z = S(y) =
y—y>+ % y? and then the leading order slow system is

_— = 2 — _— = — — 5
i Yo oY +Y5 = 3%

The only equilibrium point of the slow system is (xy, y«) = (%, 2), which is a stable
spiral point with eigenvalues A = %(—1 = 3i). Consequently the + — oo solution

will be (x,y,2) ~ (3,2, 5 = SQ)).
Note that the initial condition is not on the slow manifold since 0 # S(3), therefore
there will be an initial layer governed by the fast system (for the distinguished limit

with & = 1 set by the 7’ equation),

d—X—s(Z—Y) d—y—e(X—Z) d—Z—Y—Y2+lY3—Z

ar ©odr ©odr 3
Atleading order, the initial layer will have Xo(T") = 1, Yo(T) = 3, constants set by the
initial conditions. Then the last relation is Z{; = 3 — Z yielding Zo(T) = 3(1 — e T
which connections the initial condition to the point (x, y, z) = (1, 3, 3) on the slow
manifold.
(b) Setting ¢ = 0 in the y’ equation yields the relation x = z. Using that result in
the x" gives a second expression for z’ that could be matched to the 7' equation to
yield2 —y =y —y> + %y3 — z. The expression for z = z(y) is monotone increasing
and hence could be inverted to yield y = y(z) to describe the slow manifold as a
parametric curve in 3D. Implicitly differentiation gives motion on this curve as
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dy — 2-—y

dr 2 —2y+y?

which has a stable equilibrium point at y, = 2. Consequently the solution for # — oo
will approach (x,y,2) ~ (3 = x(3), 2, 3 = z2(2)).

Since the initial condition does not lie on the slow manifold, there will be an initial
layer governed by the fast system,

dx dy dz
Z=e2-Y), —=X-Z —
dT dT dT

=e(r-r+4r'-2).

At leading order, the initial layer will have Xo(T) = 0, Zo(T) = 1, constants set by
the initial conditions. Then the last relation is Y(’) = —1, describing linear decrease
of Yy from the initial value Y((0) = 3 until it reaches the slow manifold, at z(y) = 1
(aty ~ 2.1517).

10.3 (a) The dimensional rate equations are

dA 2 B 5 dC _
T = 2KA% 1 2B —kgAB. = =kiA? —koB —k3AB, = =k3AB.
(c) The scaled problem is
da db dc
— = 24> 4+ 2M;b — yab, — =da’> —Mb—Ihab, — = Ihab
7 a” + 1 a 8dt a 1 2d 7 2d
where
Bo k2Bo k3Bo
&= ) I, = — =
Ao k1AZ kiAo

(d) By setting ¢ = 0 in the b’ equation, we get the slow manifold, b = S(a
a?/(ITy + ITya). Substituting the slow manifold for b in the rate equations for o/, ¢
yields

da 3Ia? dc Iha®

E:_H1+H2a E_Iﬂ—i—nza’

which is consistent with the overall expectation of the sum ¢ + %a being conserved.
Undoing the dimensional scalings, we get

dA 3k1kaA® ;
aT =~ kot koA~ G andFA) =3GA)
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10.5 The reactions take the form
A+ B — 2P B=2C C+A=D+P D+B—P+C

The rate equations are

dA dB

. _KAC+kuDP = = —kyB+k,C%2 —ksBD
IT 3AC + kg 0T 1B+ koC 5
Z—$= 2k1B — 2koC? — k3AC + k4DP + ksBD

dD dP

—=k3AC — k4DP —ksBD — = kzAC — k4DP + ksBD

ar_ o 4 ° dT 8 4DF 4%

Using the QSSA applied to the intermediates sets C’ = D’ = 0 yielding the slow
manifold-type relations

kiB ksA  [kiB

C=_|— A
ko kaP +ksBYV ko

Substituting these into the rate equation for P’ yields

ap_ans®2 g ks
aT " B+aA Tk T ks

Chapter 11
11.1 Integrals of the Gaussian yield

o o0 o0
/ p(x, ) dx = Cy, / xp(x, 1) dx = C,Cs, / xp(x, 1) dx = Cy (C3 +2(t + C2)).
o0 o0 o0

Matching these results with (11.3), (11.4) and (11.7) determines

Ci =M, /fdx c =M | / fd C ! / 2 d L
= = s = — = — X dx, = — X —_ .
1 0 3 MO MO 2 2M() ZM(%

11.2 (a) Integrating the PDE against x"* and applying the boundary conditions yields
(noting that p(]x| = oo0) — 0 implies that 9, p(|x| = c0) — 0)

aM am aM:
—0=4M(), —1—2M0=4M1, —2—4M1=6M0+4M2.
dt dt dt

Solving this system of linear ODEs and applying the initial conditions, M(0) =
V7T, M1 (0) = 0, M2(0) = 1/7 yields


http://dx.doi.org/10.1007/978-3-319-23042-9_11
http://dx.doi.org/10.1007/978-3-319-23042-9_11
http://dx.doi.org/10.1007/978-3-319-23042-9_11
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Moy = Ve, M@ =2Vt Mo = V7 (42 + 60+ ) e,

(b) Integrating the PDE against x°, x' and applying the boundary conditions yields

dM

3 M
oo 3220 amy, B oMy =3+ 4M,.
dt 0x t

x=0 d

11.3 (a) Integrating the PDE against x°, x! and applying the boundary conditions
yields

DO~ mo, B =My~ (o)~ 00,0,
(b) Substituting the separation of variables form into the PDE yields that Ay = 1+k>
fork =0, 1,2, ....Namely, all modes decay exponentially since A > 0,but g = 1
decays the least rapidly.

Examining the initial condition at t = 0, p(x, 0) = f(x) and obtaining the Fourier
cosine series coefficients (see Appendix A) yields

1 (7 2 (7
apg = —/ f dx, a; = —/ f cos(kx) dx.
T Jo T Jo

Retaining the slowest-decaying mode from the series for p(x, ¢) then yields
e—l T
,o(x,t)fv—/ fdx ast— oo.
T Jo

(b) Integrating the PDE against x°, x' and applying the boundary conditions (o0 — 0
as |x| — oo) yields
My am, dM,
— = —M,, — = —-M, —= =2My — M>.
dt dt dt
11.4 (a) Integrating the PDE directly yields M(/) )+ p(co, 1) — p(0,1) = —2My (1),
then applying the boundary conditions yields

dM _
7 (B —2)Mo.

(b) Integrating the PDE directly yields the same initial form as in part (a), but the
new birth condition yields the ODE

dM
— = —2My + M.
7 0+ M
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Integrating the PDE against ¢3¢ similarly yields
dM,

— = —4M,.
dt

11.5 (a) Mo = [fdx, M, = [ xf dx.
(b) Note that the porous medium equation can be re-written as p; = %( ,04) +v to make
integration by parts more convenient,

+2 / ot dx) > 0,

where the boundary terms vanish due to the boundary conditions and the integral is
positive-definite.

dM,
— =1 / () dx = § (x2<p4>x —2xp*
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Gauge function, 129
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Group velocity, 39
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Lagrange multiplier, 63
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Newton’s second law, 4
Noether’s theorem, 77
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Optimal control theory, 69
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Passive transport, 24

Peclet number, 97, 225, 242
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Phase plane analysis, 4

Phase velocity, 29, 39

Plane wave, 29
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Pontryagin maximum principle, 83
Population dynamics, 8, 23, 230
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Projectile motion, 87
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R

Rankine-Hugoniot equation, 37
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Rate constant, 5
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Resonant forcing, 186, 187
Reynolds equation, 240
Reynolds transport theorem, 26
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Similarity function, 116
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SIR model, 9
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Slow manifold, 203
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246

State equation, 69
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Sub-dominant terms, 134
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Taylor series, 10, 130
Translation invariance, 120
Transport equation, 24
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Triple deck, 163, 165
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Van der Pol equation, 195, 202, 210
Variation
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Verhulst equation, 8
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Weak form, 27, 54
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