
Appendix A
Vector and Matrix Analysis

A.1 Scalar Product

Consider two complex, n-dimensional column vectors

a =

⎡
⎢⎢⎢⎣

a1

...

an

⎤
⎥⎥⎥⎦ , b =

⎡
⎢⎢⎢⎣

b1

...

bn

⎤
⎥⎥⎥⎦ , (A.1)

whose entries are the components in an n-dimensional Cartesian reference and may
depend on position, time, and other parameters. The scalar product of the two vectors
is indicated with a · b and is defined as

a · b =
n∑

i=1

a∗
i bi . (A.2)

with a∗
i the complex conjugate of ai . Two non-vanishing vectors a and b are or-

thogonal if a · b = 0. As b · a = (a · b)∗, the order of the factors in the scalar
product matters; in fact it becomes irrelevant only when the factors are real. The
scalar product is distributive and bilinear; if, say, a = h1 p1 + h2 p2, then

a · (k1 b1 + k2 b2) = h∗
1 k1 p1 · b1 + h∗

2 k1 p2 · b1 + h∗
1 k2 p1 · b2 + h∗

2 k2 p2 · b2,
(A.3)

where h1,h2, k1, k2 are complex constants (in (A.3), the product k1 b1 is the vector
of components k1 b1i , and so on). The modulus of a is defined as

a = |a| = √
a · a =

(
n∑

i=1

|ai |2
)1/2

≥ 0. (A.4)
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A.2 Schwarz Inequality and Generalizations

Using (A.2, A.3, A.4) one proves the Schwarz inequality

|a · b| ≤ a b. (A.5)

The above is obvious if a = 0 or b = 0; let b �= 0 and define c = a − (a · b) b/b2,
whence c · b = 0. It follows

a2 =
(

c + a · b
b2

b
)

·
(

c + a · b
b2

b
)

= c2 + |a · b|2
b2

≥ |a · b|2
b2

, (A.6)

which is equivalent to (A.5). The strict equality in (A.5) holds if and only if b = k a,
with k any complex constant. Observing that |a · b|2 = �2(a · b) + #2(a · b), from
(A.5) one also derives the inequalities −ab ≤ �(a · b) ≤ +ab. Thanks to this, one
defines the cosine of the angle ϑ between two non-vanishing vectors a and b as

cosϑ = �(a · b)

ab
. (A.7)

Other types of products may be defined besides the scalar product, also involving
higher-rank factors: for instance, n × n matrices of the second rank like

A =

⎡
⎢⎢⎢⎢⎢⎣

A11 A12 . . . A1n

A21 A22 . . . A2n

...
...

. . .
...

An1 An2 . . . Ann

⎤
⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎣

B11 B12 . . . B1n

B21 B22 . . . B2n

...
...

. . .
...

Bn1 Bn2 . . . Bnn

⎤
⎥⎥⎥⎥⎥⎦

, (A.8)

and so on. Given a second-rank matrix A of entries Aij , its transpose Q = AT is the
matrix of entries Qij = Aji . Transposition applies also to vectors: the transpose of
the column vector a defined in (A.1) is the row vector aT = [a1, . . . , an]. With these
premises, given the column vectors a, b and the matrices A, B, the products A B,
A b, and a bT yield, respectively, an n× n matrix, an n-dimensional column vector,
and an n × n matrix whose entries are

(A B)ij =
n∑

k=1

Aik Bkj , (A b)i =
n∑

j=1

Aij bj ,
(
a bT

)
ij

= ai bj . (A.9)

Applying definitions (A.9) one finds

(A B)T = BT AT , (A b)T = bT AT ,
(
a bT

)T = b aT . (A.10)
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A.3 Nabla Operator

A further extension of the concepts introduced in this chapter consists in replacing
one or more factors with an operator. An important example is that of the real, vector
operator nabla,1

∇ =

⎡
⎢⎢⎢⎣

∂/∂x1

...

∂/∂xn

⎤
⎥⎥⎥⎦ , (A.11)

where x1, . . . , xn are the coordinates of an n-dimensional Cartesian reference. The
product of ∇ and a complex, scalar function f (x1, . . . , xn) is defined in the same
manner as the product of a vector and a scalar quantity introduced above: ∇f is a
vector of components (∇)if , namely,

∇f =

⎡
⎢⎢⎢⎣

∂f/∂x1

...

∂f/∂xn

⎤
⎥⎥⎥⎦ . (A.12)

In turn, the scalar product of ∇ and a complex vector a of the same dimension as ∇
yields

∇ · a = ∂a1

∂x1
+ . . . + ∂an

∂xn
. (A.13)

The product defined by (A.12) is also called gradient of f , whereas the scalar product
(A.13) is also called divergence of a. The corresponding symbols are ∇f = grad f
and ∇ · a = div a, respectively. The scalar product of ∇ by itself is called Laplacian
operator

∇2 = ∇ · ∇ = ∂2

∂x2
1

+ . . . + ∂2

∂x2
n

, (A.14)

then,

∇2f = ∂2f

∂x2
1

+ . . . + ∂2f

∂x2
n

, ∇2a =

⎡
⎢⎢⎢⎣

∇2a1

...

∇2an

⎤
⎥⎥⎥⎦ . (A.15)

Combining the above definitions yields the identities

∇2f = ∇ · (∇f ) = div grad f , ∇ · (f ∗a) = div (f ∗a) = f ∗ div a + grad f · a.
(A.16)

1 Symbol ∇ is not a Greek letter. However, the term nabla is a Greek word, meaning “harp”.
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If, in turn, it is a = grad g, the second relation of (A.16) with the aid of the first one
yields the identity

div (f ∗ grad g) = f ∗ ∇2g + grad f · grad g. (A.17)

A.4 Dyadic Products

Sometimes it is convenient to adopt a notation that uses the basis set of real, mutually-
orthogonal unit vectors i1, . . . , in associated with the axes of a Cartesian reference.
By construction it is ir · is = δrs , where the Kronecker symbol δrs is the entry of
indices rs of a second-rank matrix defined as

δrs =
⎧⎨
⎩

1 s = r

0 s �= r
(A.18)

The expression of vector a in terms of the basis vectors is a = a1 i1 + . . . + an in.
The notation applies also to the higher-rank objects; for instance, in this notation the
matrix A of (A.8) reads

A = A11 i1 iT1 + A12 i1 iT2 + . . . + An,n−1 in iTn−1 + Ann in iTn , (A.19)

A group like ir iTs is also called dyadic product. Observing that ir is an n-dimensional
column vector whose rth entry is equal to 1 while all the other entries are equal to 0,
the application of the third equation in (A.9) shows that ir iTs is an n×nmatrix whose
entry of indices rs is equal to 1, while all the other entries are equal to zero. As a
consequence, the form (A.19) expresses A as a sum of matrices, each associated to an
individual entry. Using this notation, a product like A b reads

∑
rs Ars ir iTs

∑
k bk ik .

On the other hand, due to the second equation in (A.9), the same product is equal to∑
rs Ars bs ir . This shows that ir iTs ik = ir δsk , that is, the juxtaposition of the right

unit vector of the dyadic product with the next unit vector must be treated as a scalar
product.

The relation defined by the second equation in (A.9) applies also when b is replaced
with a vector operator, with the provision that the operator is meant to act towards
the left. For instance, replacing b with ∇ yields (A ∇)i = ∑n

j=1 ∂Aij /∂xj . It follows
that the divergence of a second-rank matrix is a column vector of the form

div A =
n∑

j=1

∂A1j

∂xj
i1 + . . . +

n∑
j=1

∂Anj

∂xj
in. (A.20)

In turn, considering the product defined by the third equation in (A.9) and replacing
b with ∇, still with the provision that the operator acts towards the left, yields
(a ∇T )ij = ∂ai/∂xj . It follows that the gradient of a column vector is a second-rank
matrix of the form

grad a = ∂a1

∂x1
i1 iT1 + ∂a1

∂x2
i1 iT2 + . . . + ∂an

∂xn−1
i1 iTn−1 + ∂an

∂xn
in iTn (A.21)
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whence, from (A.20),

div (f A) = f div A + A grad f , div (a bT ) = a div b + ( grad a) b. (A.22)

A.5 Divergence Theorem

The divergence theorem (or Gauss theorem) states that∫
V

div v dV =
∫
S

n · v dS, (A.23)

where V is an n-dimensional volume, dV = dx1 . . . dxn, S the (n− 1)-dimensional
surface enclosing V , and n the unit vector normal to the surface element dS, oriented
in the outward direction with respect to S. Letting v = f ∗ grad g and using (A.17)
yields the first Green theorem∫

S

f ∗ ∂g
∂n

dS =
∫
V

(
f ∗ ∇2g + grad f · grad g

)
dV , (A.24)

where ∂g/∂n = n · grad g is the derivative of g in the direction of n. It is easily
found that (A.24) is the generalization to n dimensions of the integration by parts.
Rewriting (A.24) after letting v = g grad f ∗, and subtracting from (A.24), yields
the second Green theorem∫

S

(
f ∗ ∂g

∂n
− g

∂f ∗

∂n

)
dS =

∫
V

(
f ∗ ∇2g − g∇2f ∗) dV. (A.25)

A special case of the first Green theorem occurs when vector b = grad g is constant;
the relation (A.24) then reduces to∫

S

f ∗ n dS · b =
∫
V

grad f dV · b, b = const. (A.26)

As identity (A.26) holds for any choice of b, the two integrals in it are equal to each
other.

A.6 Vector Product

Another possible product between two vectors is the vector product a ∧ b, which
yields a column vector. In contrast with the other products introduced in this section,
the definition of the vector product will be limited to the three-dimensional case; it
is given as the expansion of a determinant, namely,

a ∧ b =

⎡
⎢⎢⎣

i1 i2 i3

a1 a2 a3

b1 b2 b3

⎤
⎥⎥⎦ ⇒ a ∧ b =

⎡
⎢⎢⎣

a2b3 − a3b2

a3b1 − a1b3

a1b2 − a2b1

⎤
⎥⎥⎦ . (A.27)
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From (A.27) it follows b ∧ a = −a ∧ b and a ∧ a = 0. The latter also shows
that, if two non-vanishing vectors are parallel to each other, say, b = k a �= 0, then
a ∧ b = 0. When the vector product involves the unit vectors associated to the axes
of a right-handed Cartesian reference, the following relations are found:

i1 ∧ i2 = i3, i2 ∧ i3 = i1, i3 ∧ i1 = i2. (A.28)

An intrinsic relation that provides the modulus of a ∧ b is found by specifying (A.7)
for the case of three-dimensional, real vectors, this yielding

cos2 ϑ = 1 − sin2 ϑ =
(∑3

i=1 ai bi

)2

a2 b2
. (A.29)

As cosϑ = 1 when the two vectors are parallel, b = k a, k > 0, while cosϑ = −1
when they are antiparallel, b = k a, k < 0, the range of ϑ is [0,π ]. Letting rij =
ai bj−aj bi and observing that (

∑3
i=1 a

2
i ) (

∑3
i=1 b

2
i ) = (

∑3
i=1 ai bi)

2+r2
23+r2

31+r2
12

provides

sin2 ϑ = r2
23 + r2

31 + r2
12

a2 b2
= |a ∧ b|2

a2 b2
, |a ∧ b| = a b sin ϑ , (A.30)

where sin ϑ ≥ 0 due to the range of ϑ .

A.7 Mixed Product

The vector product a ∧ b can in turn be scalarly multiplied by another vector c,
to yield a scalar quantity called mixed product. For the sake of simplicity, in the
definition of the mixed product the three vectors will be considered real. From (A.2)
one finds

a ∧ b · c =
3∑

i=1

(a ∧ b)i ci =

⎡
⎢⎢⎣

c1 c2 c3

a1 a2 a3

b1 b2 b3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

a1 a2 a3

b1 b2 b3

c1 c2 c3

⎤
⎥⎥⎦ . (A.31)

The two determinants in (A.31) are equal because they transform into each other by
interchanging rows an even number of times. On the other hand, from their equality
it follows a∧b·c = a ·b∧c, namely, the mixed product is invariant upon interchange
of the “wedge” and “dot” symbols.

Considering three non-vanishing vectors a, b, c, where a and b are not parallel
to each other, and remembering the properties of determinants, one finds that the
mixed product vanishes if c is parallel to a or parallel to b. In fact,

a ∧ b · a = a ∧ b · b = 0. (A.32)
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It follows that the vector product a ∧ b is normal to both a and b, namely, is normal
to the plane defined by the two non-parallel vectors a and b. If one associates the
plane of a and b with that of the unit vectors i1 and i2 then, using (A.28), the vector
product simplifies to a ∧ b = (a1 b2 − a2 a1) i3, that provides the information about
the direction of a ∧ b. Finally, using (A.27) twice provides the expression for the
double vector product

a ∧ (b ∧ c) = a · c b − a · b c, (a ∧ b) ∧ c = a · c b − b · c a. (A.33)

A.8 Rotational of a Vector

The expressions involving the vector product can be extended to the case where one
or two vectors are replaced with the nabla operator (A.11). The vector product

∇ ∧ a =

⎡
⎢⎢⎣

i1 i2 i3

∂/∂x1 ∂/∂x2 ∂/∂x3

a1 a2 a3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

∂a3/∂x2 − ∂a2/∂x3

∂a1/∂x3 − ∂a3/∂x1

∂a2/∂x1 − ∂a1/∂x2

⎤
⎥⎥⎦ (A.34)

is also called rotational of a, the corresponding symbol being ∇ ∧ a = rot a. Com-
bining (A.34) with the three-dimensional case of (A.12) and (A.13) shows that the
following identities hold:

rot (f a) = f rot a + grad f ∧ a, rot grad f = 0, div rot a = 0, (A.35)

rot rot a = grad div a − ∇2a, div (a ∧ b) = b · rot a − a · rot b. (A.36)

Integrating the second equation in (A.36) over a three-dimensional volume V and
using (A.23) yields the identity

∫
S

n · a ∧ b dS =
∫
V

(b · rot a − a · rot b) dV. (A.37)

A special case of (A.37) occurs when vector a is constant. In fact, noting that n·a∧b =
−n · b ∧ a = −n ∧ b · a, (A.37) reduces to

a ·
∫
S

n ∧ b dS = a ·
∫
V

rot b dV , a = const. (A.38)

As identity (A.38) holds for any choice of a, the two integrals in it are equal to each
other.
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Fig. A.1 Rotational theorem
(Sect. A.9): orientation of the
unit vectors

n

−n

b

t

A.9 Rotational Theorem

The rotational theorem (or Stokes theorem) states that∫
S

n · rot v dS =
∫
C

t · v dC, (A.39)

where C is the boundary curve of the open surface S, t the unit vector tangent to
C, and n the unit vector normal to the surface element dS. The direction of the unit
vectors is such that the orientation of b = t ∧ n is external with respect to the curve
(Fig. A.1).

A.10 Helmholtz Theorem

A vector u such that rot u = 0 is called irrotational. From the second identity in
(A.35) one finds that, if u = grad f , then u is irrotational. The inverse is not true in
general; however, if the domain of u is simply connected, the condition rot u = 0
implies that u can be expressed as a gradient: u = grad f .

A vector v such that div v = 0 is called solenoidal. From the third identity in
(A.35) one finds that, if v = rot a, then v is solenoidal. The inverse is not true in
general; however, if the domain of v is simply connected, the condition div v = 0
implies that v can be expressed as a rotational: v = rot a.

The Helmholtz theorem states that a vector w defined in a simply-connected
domain can be expressed in a unique manner as the sum of an irrotational and a
solenoidal vector:

w = grad f + rot a. (A.40)

Scalar f is found by taking the divergence of both sides of (A.40) and using the
identities div grad f = ∇2f , div rot a = 0. In turn, vector a is found by taking the
rotational of both sides of (A.40) and using the first identity in (A.36) along with the
auxiliary condition div a = 0. By this procedure it is found that f and a fulfill the
relations

∇2f = div w, ∇2a = − rot w. (A.41)
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The right hand sides of (A.41) are known because w is prescribed. As a consequence,
the problem of finding f and a is equivalent to solving a set of Poisson equations. The
solution of (A.41) is unique provided that w vanishes at infinity faster than r−1 [65,
Sect. XI.3]. Unless some additional prescriptions are imposed on f and a, (A.40)
still holds if one adds to f an arbitrary constant and, to a, the gradient of an arbitrary
scalar function.

A.11 Doubly-Stochastic Matrices

Consider a set of M square matrices of order M , S1, . . . , SM , and a set of M real,
non-negative numbers θk such that θ1 + . . . + θM = 1. The matrix

S =
M∑
k=1

θkSk (A.42)

is called convex combination of the Sk matrices.
The following theorem is easily proved: if the matrices Sk are doubly stochastic,2

then S is doubly stochastic as well. In fact from the definition of S it is (S)ij =∑M
k=1 θk(Sk)ij whence, adding the terms row-wise,

M∑
j=1

(S)ij =
M∑
k=1

θk

M∑
j=1

(Sk)ij =
M∑
k=1

θk = 1. (A.43)

The same result is obtained when summing column-wise. As permutation matri-
ces are doubly stochastic, from the above theorem the special case follows: a convex
combination of permutation matrices is a doubly-stochastic matrix. The inverse prop-
erty also holds: a doubly-stochastic matrix is a convex combination of permutation
matrices [5].

A.12 Wronskian Determinant

The Wronskian determinant provides the condition of linear independence of func-
tions [51, Sect. 5.2]. Although its properties hold for any number of functions, they
will be discussed here for the case of two functions only, say, u and v defined on
some interval of the independent variable x. It is convenient to seek for the condition
of linear dependence first. If u, v are linearly dependent, then two non-vanishing
constants c1, c2 exist such that

c1 u + c2 v = 0 (A.44)

2 The definition of doubly-stochastic matrix is given in Sect. 7.6.1.
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for all x in the interval. If (A.44) holds, it is easily found that both c1 and c2 must differ
from zero. Also, as the function at the left hand side of (A.44) vanishes identically,
its derivative vanishes as well. Such a derivative exists because u and v are supposed
to be solutions of a second-order differential equation. Then,

c1 u′ + c2 v′ = 0 (A.45)

for all x in the interval. As (A.44, A.45) hold together, for all x the two constants c1,
c2 are the non-trivial solution of a homogeneous algebraic system. Now, if the non-
trivial solution of the algebraic system exists for all x, the determinantW = u v′−u′ v
must vanish identically. That is, the condition W = 0 (identically) is necessary for
the linear dependence of u, v. As a consequence, the condition W �= 0 (identically)
is sufficient for the linear independence of u, v.



Appendix B
Coordinates

B.1 Spherical Coordinates

When the problem in hand has a spherical symmetry it is convenient to describe the
position of a particle by means of the spherical coordinates.

With reference to Fig. B.1, the transformation relations between the Cartesian
(x, y, z) and spherical (r ,ϑ ,ϕ) coordinates are⎧⎪⎪⎨

⎪⎪⎩

x = r sin ϑ cosϕ

y = r sin ϑ sin ϕ

z = r cosϑ

⎧⎪⎪⎨
⎪⎪⎩

r2 = x2 + y2 + z2

cosϑ = z/r

tan ϕ = y/x

(B.1)

that are a special case of (1.26). The limits of the spherical coordinates are 0 ≤ r <

∞, 0 ≤ ϑ ≤ π , 0 ≤ ϕ < 2π . The 3 × 3 matrix of the partial derivatives of the
Cartesian coordinates with respect to the spherical ones, expressed in terms of the
latter (Jacobian matrix), is

∂(x, y, z)

∂(r ,ϑ ,ϕ)
=

⎡
⎢⎢⎣

sin ϑ cosϕ r cosϑ cosϕ −r sin ϑ sin ϕ

sin ϑ sin ϕ r cosϑ sin ϕ r sin ϑ cosϕ

cosϑ −r sin ϑ 0

⎤
⎥⎥⎦ , (B.2)

where the left hand side is a short-hand notation for a matrix whose elements are
J11 = ∂x/∂r , J12 = ∂x/∂ϑ , and so on. The Jacobian determinant is

J = det
∂(x, y, z)

∂(r ,ϑ ,ϕ)
= r2 sin ϑ. (B.3)

The matrix of the partial derivatives of the spherical coordinates with respect to the
Cartesian ones, expressed in terms of the former, is

∂(r ,ϑ ,ϕ)

∂(x, y, z)
=

⎡
⎢⎢⎣

sin ϑ cosϕ sin ϑ sin ϕ cosϑ

(1/r) cosϑ cosϕ (1/r) cosϑ sin ϕ −(1/r) sin ϑ

−(1/r) sin ϕ/ sin ϑ (1/r) cosϕ/ sin ϑ 0

⎤
⎥⎥⎦ ,

(B.4)
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Fig. B.1 Cartesian (x, y, z)
and spherical (r ,ϑ ,ϕ)
coordinates

θ

ϕ

x

z

y

r

whence

det
∂(r ,ϑ ,ϕ)

∂(x, y, z)
= 1

r2 sin ϑ
= 1

J
. (B.5)

To calculate (B.4) consider, e.g., the last term of the second row, (∂ϑ/∂z)xy =
−(1/r) sin ϑ . The second line of the second group of (B.1) yields (∂ cosϑ/∂z)xy =
1/r − z2/r3, where (∂r/∂z)xy = z/r has been used, that in turn derives from
the first line of the second group of (B.1). The relation z = r cosϑ then yields
(∂ cosϑ/∂z)xy = (1/r) sin2 ϑ . On the other hand the same quantity can also be writ-
ten as (∂ cosϑ/∂z)xy = − sin ϑ (∂ϑ/∂z)xy . Comparing the two expressions above
yields the result sought.

Differentiating with respect to time the first of (B.1) yields the relations

⎧⎪⎪⎨
⎪⎪⎩

ẋ = ṙ sin ϑ cosϕ + r ϑ̇ cosϑ cosϕ − r ϕ̇ sin ϑ sin ϕ

ẏ = ṙ sin ϑ sin ϕ + r ϑ̇ cosϑ sin ϕ + r ϕ̇ sin ϑ cosϕ

ż = ṙ cosϑ − r ϑ̇ sin ϑ

(B.6)

that express the components of the velocity in the Cartesian reference as functions of
the generalized coordinates r ,ϑ ,ϕ and generalized velocities ṙ , ϑ̇ , ϕ̇ of the spherical
reference. From (B.6) the expression of the kinetic energy in spherical coordinates
follows:

T = 1

2
m (ẋ2 + ẏ2 + ż2) = 1

2
m

(
ṙ2 + r2ϑ̇2 + r2ϕ̇2 sin2 ϑ

)
. (B.7)

B.2 Polar Coordinates

To describe the motion of particles confined over a plane one may adopt, instead of
the Cartesian coordinates x, y, the polar coordinates r ,ϕ. The relations between the
two groups of coordinates are
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⎧⎨
⎩
x = r cosϕ

y = r sin ϕ

⎧⎨
⎩

r2 = x2 + y2

tan ϕ = y/x
(B.8)

The limits of the polar coordinates are 0 ≤ r < ∞, 0 ≤ ϕ < 2π . The Jacobian
matrix and the Jacobian determinant are, respectively,

∂(x, y)

∂(r ,ϕ)
=

⎡
⎣ cosϕ −r sin ϕ

sin ϕ r cosϕ

⎤
⎦ , J = det

∂(x, y)

∂(r ,ϕ)
= r. (B.9)

Differentiating with respect to time the first of (B.8) yields the relations
⎧⎨
⎩

ẋ = ṙ cosϕ − r ϕ̇ sin ϕ

ẏ = ṙ sin ϕ + r ϕ̇ cosϕ
(B.10)

that express the components of the velocity in the Cartesian reference as functions of
the generalized coordinates r ,ϕ and generalized velocities ṙ , ϕ̇ of the polar reference.
From (B.10) the expression of the kinetic energy in polar coordinates follows:

T = 1

2
m (ẋ2 + ẏ2) = 1

2
m

(
ṙ2 + r2ϕ̇2

)
. (B.11)

B.3 Coordinate Rotation

Consider a coordinate transformation that consists in a rotation around the origin,
bringing a right-handed system of coordinates x = (x1, x2, x3) into another right-
handed system s = (s1, s2, s3). The transformation is described by the linear relations

⎧⎪⎪⎨
⎪⎪⎩

s1 = a11 x1 + a12 x2 + a13 x3

s2 = a21 x1 + a22 x2 + a23 x3

s3 = a31 x1 + a32 x2 + a33 x3

(B.12)

which can be recast in the matrix form s = Ax. It is known that a matrix describing
this type of transformation is orthogonal [42, Sect. 4.2], namely,

3∑
i=1

aij aik = δjk , detA = 1, A−1 = AT , j , k = 1, 2, 3, (B.13)

where apex T indicates the transpose. From (B.13) it follows
(
A−1

)T = A. As a
consequence, the effect of the rotation onto the modulus of a particle’s velocity is
found from

(
ẋT , ẋ

) =
[(

A−1 ṡ
)T

, A−1 ṡ
]

= (
ṡT A, A−1 ṡ

) = (
ṡT , A A−1 ṡ

) = (
ṡT , ṡ

)
.

(B.14)
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In (B.14) the symbol (aT , b) denotes the scalar product between the vectors a and
b, namely, it is equivalent to a · b. The above calculation shows that u2 = (ẋT , ẋ) is
invariant under rotation of the coordinate system. The same reasoning applies to the
modulus of position r2 = (xT , x) = (sT , s).

B.4 Differential Operators Under Coordinate Transformations

Consider the coordinate transformation between the two sets xi , ξi , i = 1, 2, . . . , n:

ξi = ξi(x1, . . . , xn), xi = xi(ξ1, . . . , ξn). (B.15)

If a function f is transformed using the above, the following hold:

∂f

∂xi
=

n∑
j=1

∂f

∂ξj

∂ξj

∂xi
,

∂2f

∂x2
i

=
n∑

j=1

(
∂f

∂ξj

∂2ξj

∂x2
i

+
n∑

k=1

∂2f

∂ξj ∂ξk

∂ξj

∂xi

∂ξk

∂xi

)
. (B.16)

Adding up over i in the second of (B.16) yields

∇2f =
n∑

j=1

(
∂f

∂ξj
∇2ξj +

n∑
k=1

∂2f

∂ξj ∂ξk
∇ξj · ∇ξk

)
, (B.17)

where symbols ∇ and ∇2 indicate, respectively, the gradient and the Laplacian opera-
tor with respect to the coordinates xi . By way of example consider the transformation
(B.1) from Cartesian to spherical coordinates. Remembering (B.4) one finds

∇r · ∇r = 1, ∇ϑ · ∇ϑ = 1

r2
, ∇ϕ · ∇ϕ = 1

r2 sin2 ϑ
, (B.18)

∇r · ∇ϑ = 0, ∇ϑ · ∇ϕ = 0, ∇ϕ · ∇r = 0, (B.19)

whence

∇2f = ∂f

∂r
∇2r + ∂2f

∂r2
+ ∂f

∂ϑ
∇2ϑ + ∂2f

∂ϑ2

1

r2
+ ∂f

∂ϕ
∇2ϕ + ∂2f

∂ϕ2

1

r2 sin2 ϑ
.

(B.20)

In turn, letting γ
.= sin ϑ cosϑ/r , ζ

.= sin ϕ cosϕ/r , σ
.= sin2 ϑ , the terms ∇2r ,

∇2ϑ , ∇2ϕ are found from
⎡
⎢⎢⎣

∂2r/∂x2 ∂2r/∂y2 ∂2r/∂z2

∂2ϑ/∂x2 ∂2ϑ/∂y2 ∂2ϑ/∂z2

∂2ϕ/∂x2 ∂2ϕ/∂y2 ∂2ϕ/∂z2

⎤
⎥⎥⎦ = 1

r
× (B.21)
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×

⎡
⎢⎢⎣

1 − σ cos2 ϕ 1 − σ sin2 ϕ σ

γ ( sin2 ϕ/σ − 2 cos2 ϕ) γ ( cos2 ϕ/σ − 2 sin2 ϕ) 2γ

2ζ/σ −2ζ/σ 0

⎤
⎥⎥⎦ , (B.22)

whence

∇2r = 2

r
, ∇2ϑ = 1

r2

cos θ

sin θ
, ∇2ϕ = 0, (B.23)

∇2f = ∂f

∂r

2

r
+ ∂2f

∂r2
+ ∂f

∂ϑ

1

r2

cos θ

sin θ
+ ∂2f

∂ϑ2

1

r2
+ ∂2f

∂ϕ2

1

r2 sin2 ϑ
= (B.24)

= 1

r

∂2

∂r2
(rf ) + 1

r2 sin ϑ

∂

∂ϑ

(
sin ϑ

∂f

∂ϑ

)
+ 1

r2 sin2 ϑ

∂2f

∂ϕ2
. (B.25)

B.5 Density of States

Consider a function s that depends on the coordinates u, v, w, and on one or more
additional parameters that will collectively be indicated with σ . Let

S(σ ) =
∫∫∫

s(u, v, w, σ ) du dv dw, (B.26)

where the integration is carried out over the whole domain of u, v, w. Next, consider
the transformation from the original variables to the new variables α, β, η,

α = α(u, v, w), β = β(u, v, w), η = η(u, v, w), J = ∂(u, v, w)

∂(α,β, η)
, (B.27)

which is assumed to be invertible, so that the Jacobian determinant J does not vanish.
After the transformation is carried out, (B.26) takes the form

S(σ ) =
∫∫∫

s(α,β, η, σ ) |J | dα dβ dη. (B.28)

It may happen that one is interested in the dependence of s on one of the new
variables, say, η, rather than in the details about its dependence on the whole set of
new variables. In this case one first carries out the integrals with respect to α and β

in (B.28), to find

h(η, σ ) =
∫∫

s(α,β, η, σ ) |J | dα dβ. (B.29)

Then one defines

b(η) =
∫∫

|J | dα dβ. (B.30)
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A function like b(η) plays an important role in many physical problems (e.g.,
Sects. 14.6, 15.8.1, 15.8.2). For this reason, although its derivation in this section
is of a purely formal nature, b(η) will be called density of states in η. Note that the
density of states depends only on the structure of the variable transformation (B.27)
and (at most) on η. The form of (B.29) and (B.30) shows that the ratio s̄ = h/b is
a weighed average of s(α,β, η, σ ) over the two variables α and β, that uses |J | as
weight. Introducing the definition of s̄ into (B.28) gives the latter the form

S(σ ) =
∫

b(η) s̄(η, σ ) dη. (B.31)

If s happens to be independent of α and β, definition (B.29) yields h = s b, whence
s̄(η, σ ) = s(η, σ ). The derivation of b is not limited to a three-dimensional case; in
fact it applies to any number of dimensions. In the following, a few examples in one,
two, and three dimensions are given, in which one of the transformation relations
(B.27), namely, η = η(u, v, w), has a quadratic form; these examples are in fact
particularly significant for the physical applications, where η stands for the energy
and u, v, w stand for the generalized coordinates.

Considering a one-dimensional case with η = u2, one finds3

u = ±η1/2, |J | =
∣∣∣∣∂u

∂η

∣∣∣∣ = 1

2
η−1/2, b(η) = 2

1

2
η−1/2 = η−1/2. (B.32)

This case is straightforward because there are no other variables involved in the
transformation. Instead, in the two-dimensional case with η = u2 + v2, a convenient
transformation involving the second variable is of the polar type (B.8), specifically,
u = η1/2 cosϕ, v = η1/2 sin ϕ. One finds

|J | = 1

2
, b(η) =

∫ 2π

0

1

2
dϕ = π. (B.33)

In the three-dimensional case with η = u2 + v2 + w2, a convenient transformation
involving the other two variables is of the spherical type (B.1), specifically, u =
η1/2 sin ϑ cosϕ, v = η1/2 sin ϑ sin ϕ, w = η1/2 cosϑ . One finds

|J | = 1

2
η1/2 sin ϑ , b(η) =

∫ 2π

0

∫ π

0

1

2
η1/2 sin ϑ dϑ dϕ = 2π η1/2. (B.34)

The above examples show that, despite the fact that the η = η(u, v, w) relation is
quadratic in all cases, the form of b(η) changes depending on the number of spatial
dimensions.

Still considering the case where one of the transformation relations (B.27) has
a quadratic form, the analysis can be extended to arbitrary values of the number

3 Factor 2 in the last expression of (B.32) accounts for the fact that both positive and negative parts
of the segment [− η1/2, +η1/2] must be considered.
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of spatial dimensions. As a starting point, and considering provisionally the three-
dimensional case, one notes from (B.30) that the following equality holds:4

B =
∫

b(η) dη =
∫∫∫

|J | dα dβ dη =
∫∫∫

du dv dw. (B.35)

Remembering the definition of b, it follows that B is the number of states in the
domain of u, v, w. Due to the last integral in (B.34), B is also equal to the volume of
such a domain; in turn, due to the first integral, B can be thought of as the sum of the
volumes of elementary shells of thickness dη, with b(η) the area of each shell (that is,
the area of the two-dimensional surface η = const). These observations provide the
key to extending the analysis to the case where η is a quadratic form in an arbitrary
number of dimensions,

u2
1 + u2

2 + . . . + u2
n = η, η = g2. (B.36)

Letting η = const, (B.36) is the equation of an (n− 1)-dimensional sphere of radius
g ≥ 0 immersed into the n-dimensional space. The problem is thus reduced to
expressing the area of the sphere in terms of η; although it can be solved by using a
generalization of the spherical coordinates to n dimensions, a more elegant approach
consists in finding a recursive expression involving also the sphere’s volume.

To this purpose, let Vn indicate the volume of a sphere of an n-dimensional space,
and let Sn−1 indicate the surface area of the same sphere. When n = 1, the sphere
is a segment whose volume is the length V1 = 2g; for n = 2, the sphere is a circle
whose volume is the area V2 = π g2; for n = 3 it is V3 = (4/3)π g3; for n = 4
it is V4 = π2 g4/2, and so on; in turn, for n = 2 the surface is a circumference
whose area is the length S1 = 2π g; for n = 3 it is S2 = 4π g2; for n = 4 it is
S3 = 2π2 g3, and so on. Consistently with the expression of B as the integral of b
given by (B.35), one finds from the above values the general relation

Vn = g

n
Sn−1. (B.37)

Combining (B.37) with V1 = 2g also yields S0 = 2, that is, the “surface” of
the segment considered above; such a surface is made of the segment’s endpoints
{−1, +1}. From (B.37) it also follows that Vn ∝ gn and Sn−1 ∝ gn−1, whence
Sn ∝ g Vn−1 and V0 = const. From the values found above one finds S2/(g V1) =
S3/(g V2) = 2π ; it follows that Sn = 2π g Vn−1 and V0 = 1. The latter is the
“volume” of a sphere in a zero-dimensional space. The recursive relation involving
the volumes then reads

Vn = g

n
Sn−1 = g

n
2π g Vn−2 = 2π g2

n
Vn−2, V0 = 1, V1 = 2g. (B.38)

4 In the practical applications of the concepts illustrated here, the integrands in (B.35) embed a
constant factor Q0, called density of states in the u, v, w space which, besides describing some
properties of the physical problem under investigation, makes B dimensionless. Here, all variables
involved are dimensionless, and Q0 is set equal to unity.
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The above can further by improved by observing that the sequenceV0, V1, . . . embeds
Euler’s Gamma function of half-integer order; in fact, combining (B.37) and (B.38)
with the definitions of Sect. C.10, yields

Vn = πn/2

Γ (n/2 + 1)
gn, Sn−1 = nπn/2

Γ (n/2 + 1)
gn−1. (B.39)

The last step consists in expressing the result in terms of η. This is accomplished
by noting that b(η) dη = Sn−1(g) dg, where g = √

η and dg = d
√
η = dη/(2

√
η);

then, one finds

b(η) dη = nπn/2η(n−1)/2

Γ (n/2 + 1)

dη

2η1/2
, b(η) = nπn/2

2Γ (n/2 + 1)
ηn/2−1. (B.40)

Letting n = 1, 2, 3 in the second expression of (B.40) renders (B.32), (B.33), (B.34),
respectively.



Appendix C
Special Integrals

C.1 Sine Integral

Define the two functions

si(t) = −π

2
+

∫ t

0

sin x

x
dx, N (a) =

∫ ∞

0

sin (ax)

x
dx. (C.1)

The first of them is called sine integral and fulfills the limit limt→∞ si = 0, whence
N (1) = π/2. To demonstrate the above one starts from the functions

F (y) =
∫ ∞

0
exp (−x)

sin (xy)

x
dx, G(y) =

∫ ∞

0
exp (−xy)

sin x

x
dx, y ≥ 0.

(C.2)

The following hold true: F (0) = 0, G(0) = N (1), F (1) = G(1), and

dF

dy
=

∫ ∞

0
exp (−x) cos (xy) dx,

dG

dy
=

∫ ∞

0
exp (−xy) sin x dx. (C.3)

Integrating (C.3) by parts twice yields dF/dy = 1/(1 + y2), dG/dy = −1/(1 + y2)
whence

F (y) = arctan y + F (0), G(y) = − arctan y + G(0), 0 ≤ y <
π

2
. (C.4)

It followsF (1) = F (0)+π/4 = π/4 andF (1) = G(1) = G(0)−π/4 = N (1)−π/4.
Combining the above yields the result sought. This implicitly proves the convergence
of the integrals in (C.1). The calculation of the second of (C.1) is now straightforward
and yields

N (a) =

⎧⎪⎪⎨
⎪⎪⎩

−π/2, a < 0,

0, a = 0,

+π/2, a > 0.

(C.5)
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The integrand in the second of (C.1) is even with respect to x. It follows that an
integration carried out from −∞ to +∞ yields 2N (a). Basing on this one also finds

∫ +∞

−∞
exp (i ax)

i x
dx = 2N (a) +

∫ +∞

−∞
cos (ax)

i x
dx = 2N (a). (C.6)

When calculating the second integral in (C.6) one must let z = ±ax, ε,Z > 0 and
use the principal part. In fact, observing that the integrand is odd one obtains

∫ +∞

−∞
cos (ax)

i x
dx = ±i lim

ε→0
Z→∞

(∫ −ε

−Z

cos z

z
dz +

∫ +Z

+ε

cos z

z
dz

)
= 0. (C.7)

Combining (C.7) with (C.6) provides an integral representation of the Fourier type
for the step function

H (a) =

⎧⎪⎪⎨
⎪⎪⎩

0 a < 0

1/2 a = 0

1 a > 0

⎫⎪⎪⎬
⎪⎪⎭

= 1

2
+ 1

2π

∫ +∞

−∞
exp (iax)

ix
dx. (C.8)

Still from (C.6), using the identity 2 i sin x = exp (i x) − exp (−i x), one finds

∫ +∞

−∞
sin x

x
exp ( − i a x) dx = N (−a + 1) − N (−a − 1) =

⎧⎪⎪⎨
⎪⎪⎩

0 |a| > 1

π/2 a = ±1

π |a| < 1

(C.9)

From (C.9) one derives integrals of a similar form, where sin x/x is replaced with
sinn x/xn, n = 2, 3, . . . . The example with n = 2 is given below: one starts from

d

da

∫ +∞

−∞
sin2 x

x2
exp ( − i a x) dx =

∫ +∞

−∞
sin2 x

i x
exp ( − i a x) dx, (C.10)

and uses the identity 2 sin2 x = 1 − cos (2 x) to find

∫ +∞

−∞
1 − cos (2 x)

2 i x
exp ( − i a x) dx = N (−a) +

∫ +∞

−∞
cos (2 x)

2 x
sin (a x) dx,

(C.11)

whereN (−a) derives from (C.6) and the integral on the right hand side is obtained by
eliminating the odd part of the integrand. From the identity sin [(a+2) x]+ sin [(a−
2) x] = 2 sin (a x) cos (2 x) such an integral transforms into

∫ +∞

−∞
sin [(a + 2) x] + sin [(a − 2) x]

4 x
dx = 1

2
N (a + 2) + 1

2
N (a − 2), (C.12)
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where the second definition in (C.1) has been used. Combining (C.10), (C.11), and
(C.12) yields

d

da

∫ +∞

−∞
sin2 x

x2
exp ( − i a x) dx =

⎧⎪⎪⎨
⎪⎪⎩

π/2 −2 < a < 0

−π/2 0 < a < 2

0 |a| > 2

(C.13)

This result shows that the derivative with respect to a of the integral sought is
piecewise constant in the interval −2 < a < +2, and vanishes elsewhere.
The integral is also continuous with respect to a and does not diverge, because
| sin2 x/x2| ≤ | sin x/x| and (C.9) converges. This reasoning allows one to fix the
integration constants, to finally obtain

∫ +∞

−∞
sin2 x

x2
exp ( − i a x) dx =

⎧⎪⎪⎨
⎪⎪⎩

(π/2) (a + 2) −2 < a < 0

−(π/2) (a − 2) 0 < a < 2

0 |a| > 2

(C.14)

By a procedure similar to that used to prove (C.14) one finds

d

da

∫ +∞

−∞
sin2 (ax)

x2
dx = 2N (a),

∫ +∞

−∞
sin2 (ax)

x2
dx =

⎧⎨
⎩

π a, a > 0

−π a, a < 0

(C.15)

C.2 Fourier Transform

Let f (x) be a function defined over the entire x axis. Its Fourier transform is defined
as the integral

G(k) = Fxf = 1√
2π

∫ +∞

−∞
f (x) exp ( − i k x) dx. (C.16)

In turn, the Fourier antitransform is defined as

f (x) = F−1
x G = 1√

2π

∫ +∞

−∞
G(k) exp (i k x) dk. (C.17)

Combining (C.16) and (C.17) provides a representation of f in the form

f (x) = 1

2π

∫ +∞

−∞
exp (i k x)

[∫ +∞

−∞
f (ξ ) exp ( − i k ξ ) dξ

]
dk. (C.18)

A sufficient condition for the representation (C.18) is
∫ +∞

−∞
|f (x)| dx < ∞. (C.19)
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If f is discontinuous of the first kind at some point x0, the left hand side of (C.18)
must be replaced with [f (x+

0 ) + f (x−
0 )]/2. As the condition (C.19) is sufficient, but

not necessary, there are functions that admit an integral representation like (C.18)
without fulfilling (C.19). An important example is the unit step function shown in
Sect. C.1.

If f depends also on one or more parameters, f = f (x, u, v, . . . ), then it is G =
G(k, u, v, . . . ). In an n-dimensional space, defining the vectors x = (x1, . . . , xn) and
k = (k1, . . . , kn), the Fourier transform reads

G(k) = Fxf = 1

(2π )n/2

∫ +∞

−∞
. . .

∫ +∞

−∞
f (x) exp ( − i k · x) dx1 . . . dxn. (C.20)

A useful relation is found by differentiating both sides of (C.17). To this purpose,
one must assume that the conditions for exchanging the derivative with the integral
are fulfilled. It is found

df

dx
= 1√

2π

∫ +∞

−∞
i k G(k) exp (ikx) dk. (C.21)

Iterating the procedure yields

dnf

dxn
= 1√

2π

∫ +∞

−∞
(i k)n G(k) exp (ikx) dk, (C.22)

showing that, if G(k) is the Fourier transform of f (x), then the Fourier transform of
dnf/dxx is (i k)n G(k). Relations like (C.21) and (C.22) are useful, for instance, in
the solution of linear differential equations with constant coefficients, because they
turn differential relations into polynomial relations (compare with the solution of the
diffusion equation carried out in Sect. 23.4).

C.3 Gauss Integral

The relation

IG =
∫ +∞

0
exp (−x2) dx =

∫ 0

−∞
exp (−x2) dx. (C.23)

is called Gauss integral or Poisson integral. To calculate its value one may start from
the double integral

F (R) =
∫ ∫

Σ(R)
exp [−(x2 + y2)] dxdy, (C.24)

whereΣ(R) is a circle of radiusR centered on the origin. Using the polar coordinates
(B.8) yields

F (R) =
∫ 2π

0
dϑ

∫ R

0
exp ( − ρ2) ρ dρ = π [1 − exp ( − R2)], (C.25)
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whence limR→∞ F (R) = π . On the other hand, due to (C.24) it is also

lim
R→∞F (R) =

∫∫ +∞

−∞
exp [−(x2 + y2)] dxdy = lim

a→∞

(∫ +a

−a

exp ( − x2) dx

)2

.

(C.26)

Combining (C.25, C.26) with (C.23) provides
∫ +∞

−∞
exp ( − x2) dx = √

π , IG =
√
π

2
. (C.27)

From (C.27) it follows that for any λ > 0 it is

I0(λ) =
∫ ∞

0
exp ( − λx2) dx = 1

2

√
π

λ
. (C.28)

Another integral generated by exp ( − λx2) is

I1(λ) =
∫ ∞

0
x exp ( − λx2) dx = 1

2λ
. (C.29)

Thanks to (C.28) and (C.29) it is possible to calculate all integrals of the form

In(λ) =
∫ ∞

0
xn exp ( − λx2) dx, n ≥ 0. (C.30)

In fact, using the recursive relation

d

dλ
In =

∫ ∞

0

∂

∂λ
xn exp ( − λx2) dx = −

∫ ∞

0
xn+2 exp ( − λx2) dx = −In+2,

(C.31)

in combination with (C.29) yields all the integrals whose index is odd,

I2m+1 = m!
2
λ−(m+1), m = 0, 1, 2, . . . . (C.32)

Similarly, combining (C.31) with (C.28) yields all the integrals whose index is even,

I2m(λ) = (2m − 1)!!
2m+1

λ−(m+1/2) √π , m = 0, 1, 2, . . . , (C.33)

where

(2m − 1)!! = (2m − 1)(2m − 3) . . . 3 · 1, (−1)!! = 1, (C.34)

Finally, observing that the integrand of (C.30) is even (odd) if n is even (odd), one
finds∫ +∞

−∞
x2m exp ( − λx2) dx = 2 I2m(λ),

∫ +∞

−∞
x2m+1 exp ( − λx2) dx = 0.

(C.35)

The results of this section still hold for a complex λ with �λ > 0.
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Fig. C.1 Generation of a
Dirac δ using a barrier-like
function. The width of the
peak is equal to a
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C.4 Dirac’s δ

Consider a function ΔB(x, a) defined as follows:

ΔB =
⎧⎨
⎩

1/a −a/2 ≤ x ≤ +a/2

0 x < −a/2, x > a/2
(C.36)

with a > 0.
The above definition yields

lim
a→0

ΔB =
⎧⎨
⎩

0 x �= 0

+∞ x = 0
,

∫ +∞

−∞
ΔB(x, a) dx = 1

a

∫ +a/2

−a/2
dx = 1.

(C.37)

As the value of the integral in (C.37) is independent of a, the integral is equal to unity
also in the limit a → 0. Figure C.1 shows how the form of ΔB changes with a: the
width of the peak decreases as a decreases, while its height increases so that the area
subtending the function remains constant. Note that the procedure depicted above
gives a different result if one carries out the integration after calculating the limit.
In other terms, the integration and the limit are to be carried out in a specific order
(integration first). For a continuous function f (x) the mean-value theorem provides

∫ +∞

−∞
ΔB(x, a) f (x) dx = 1

a

∫ +a/2

−a/2
f (x) dx = f (x̄), (C.38)

with −a/2 < x̄ < +a/2. As a consequence,

lim
a→0

∫ +∞

−∞
ΔB(x, a) f (x) dx = f (0). (C.39)
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This result is expressed in a more compact form by defining a linear functional δ(x)
(called Dirac’s symbol) such that

∫ +∞

−∞
δ(x) f (x) dx = f (0). (C.40)

The functional associates the number f (0) to the function f (x). If the reasoning
leading to (C.40) is repeated after shifting ΔB from the origin to another point x0,
one finds the generalization of (C.40)

∫ +∞

−∞
δ(x − x0) f (x) dx = f (x0). (C.41)

From (C.41) and (C.16) one obtains

∫ +∞

−∞
δ(x − x0) dx = 1, Fxδ(x − x0) = 1√

2π
exp ( − i k x0). (C.42)

The antitransform (C.17) then reads

δ(x − x0) = 1

2π

∫ +∞

−∞
exp [i k (x − x0)] dk, (C.43)

that provides an integral representation of the Dirac δ. However, it is important to
note that (C.43) has no meaning unless it is used within an integral like, e.g., (C.41).
With this provision, one can consider the Dirac δ as the “derivative” of the step
function; in fact, after a suitable change in the symbols, one finds that the integral at
the right hand side of (C.43) is the derivative with respect to x of the integral at the
right hand side of (C.8). More details about the integral representation of the Dirac
δ are given in Sect. C.5.

The function ΔB(x, a) defined above is an example of generating function of the
Dirac δ. Several other examples may be given, as shown below. In all cases, if the
generating function Δ(x, x0, a) is centered at some point x0, it is even with respect to
x0 and has the properties lima→0 Δ = 0 if x �= x0 and lima→0 Δ = +∞ if x = x0.
Consider for instance the Lorentzian function (centered at x0 = 0)

ΔL = a/π

a2 + x2
,

∫ +∞

−∞
ΔL dx = 1

π

∫ +∞

−∞
d

dx
arctan

(x
a

)
dx = 1, (C.44)

with a > 0. Apart from the limiting case a → 0 the function has only one maximum
that occurs at x = 0 and equals 1/(aπ ). For x = ±a the function’s value halves
with respect to the maximum, so 2a is conventionally taken as the width of ΔL. The
product 2/π of the maximum value by the conventional width is independent of a
and is of order unity. Finally, for a continuous function f (x) it is

lim
a→0

∫ +∞

−∞
ΔL(x, a)f (x) dx = f (0). (C.45)
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Another example of a δ-generating function is the parameterized Gaussian function
(centered at x0 = 0)

ΔG = exp (−x2/a2)

a
√
π

, a > 0,
∫ +∞

−∞
ΔG(x, a) dx = 1 (C.46)

(more details about this function and integrals related to it are given in Sects. C.3 and
C.8). The function has only one maximum that occurs at x = 0 and equals 1/(a

√
π ).

For x = ±a
√

log 2 � ±0.833 a the function’s value halves with respect to the
maximum, this yielding a conventional width of 2a

√
log 2. The product 2

√
log 2/

√
π

of the maximum value by the conventional width is independent of a and of order
unity. For a continuous function f (x) it is

lim
a→0

∫ +∞

−∞
ΔG(x, a)f (x) dx = f (0). (C.47)

A final example of a δ-generating function is the negative derivative of the Fermi-
Dirac statistics (centered at x0 = 0)

ΔF = − d

dx

1

exp (x/a) + 1
= exp (x/a)

a
[
exp (x/a) + 1

]2 , a > 0, (C.48)

∫ +∞

−∞
ΔF (x, a) dx =

∫ −∞

+∞
d

dx

1

exp (x/a) + 1
dx = 1. (C.49)

(more details about this function and integrals related to it are given in Sect. C.13).
The function has only one maximum that occurs at x = 0 and equals 1/(4a). For x =
±a log (3+√

8) � ±1.76 a the function’s value halves with respect to the maximum,
this yielding a conventional width of 2a log (3+√

8). The product (1/2) log (3+√
8)

of the maximum value by the conventional width is independent of a and of order
unity. For a continuous function f (x) it is

lim
a→0

∫ +∞

−∞
ΔF (x, a)f (x) dx = f (0). (C.50)

The δ-generating functions Δ vanish for x → ±∞, otherwise they would not be
integrable from −∞ to +∞. Assuming that Δ is differentiable with respect to x

yields, after integrating by parts,
∫ +∞

−∞
f (x)

dΔ(x, a)

dx
dx = [Δ(x, a) f (x)]+∞

−∞ −
∫ +∞

−∞
Δ(x, a)

df

dx
dx, (C.51)

with f a differentiable function. In (C.51) the integrated part is zero because Δ

vanishes at infinity. Taking the limit a → 0 at both sides of (C.51) and using (C.40)
yields

∫ +∞

−∞
f (x)

dδ(x)

dx
dx = −

∫ +∞

−∞
δ(x)

df

dx
dx = −f ′(0), (C.52)
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Fig. C.2 Generation of a
Dirac δ using a Lorentzian
function. The width of the
peak is proportional to a
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which is used as the definition of the derivative of δ. Such a definition generalizes to

∫ +∞

−∞
f (x)

dnδ(x)

dxn
dx = (−1)n f (n)(0). (C.53)

C.5 Some Properties of Dirac’s δ

An integral representation of δ is derived from (C.18) after rearranging it as

f (x) =
∫ +∞

−∞

[∫ +∞

−∞
exp [i k (x − ξ )]

2π
dk

]
f (ξ ) dξ (C.54)

and comparing with (C.41):

δ(ξ − x) =
∫ +∞

−∞
exp [i k (x − ξ )]

2π
dk. (C.55)

Replacing k with −k in (C.55) shows that δ is even with respect to its argument,
δ(x − ξ ) = δ(ξ − x). Also, comparing (C.55) with (C.16) shows that δ(ξ − x) is
the Fourier transform of exp (i k x)/

√
2π . The generalization of (C.55) to more than

one dimension is immediate; e.g., the three-dimensional case reads

δ(g − x) =
∫∫∫ +∞

−∞
exp [i k · (x − g)]

(2π )3
d3k. (C.56)

The discrete-case analogue of (C.56) is given by (C.117, C.121), where the gen-
eralization of the Kronecker symbol is given. Note that the latter is dimensionless,
whereas the units of Dirac’s δ depend on its argument: by way of example, the inte-
gral

∫ +∞
−∞ δ(ξ − x) dξ = 1 shows that the units of δ(ξ − x) are the inverse of those of



612 Appendix C Special Integrals

Fig. C.3 Generation of a
Dirac δ using a parameterized
Gaussian function. The width
of the peak is proportional to
a
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dξ ; similarly, the integral
∫∫∫ +∞

−∞ δ(g − x) d3g = 1 shows that the units of δ(g − x)
are the inverse of those of d3g, and so on.

A generalization of Dirac’s δ is found by replacing δ(x) with δ[q(x)], with q(x) a
function having one or more zeros. Let x1 be a simple zero of q, namely, q ′(x1) �= 0,
and consider the contribution of it to the integral

∫ +∞
−∞ δ[q(x)] dx. Observing that in

a finite neighborhood I1 of x1 there are no other zeros, one can determine such a
contribution by replacingq(x) withq ′(x1) (x−x1); in this way, to bring the calculation
back to the standard form one may provisionally scale the differential dx by 1/q ′(x1).
However, if the scaling factor were negative, the evenness of δ would be violated;
thus, the correct scaling factor is |q ′(x1)|, and

∫
I1

δ[q(x)] f (x) dx = 1

|q ′(x1)| f (x1). (C.57)

If q has n simple zeros, from (C.57) it follows

∫ +∞

−∞
δ[q(x)] f (x) dx = 1

|q ′(x1)| f (x1) + . . . + 1

|q ′(xn)| f (xn). (C.58)

C.6 Moments Expansion

For a given function f (k) consider the integral

Mn =
∫ +∞

−∞
knf (k) dk, n = 0, 1, . . . (C.59)

It is assumed that the integral converges for any n. This implies that f vanishes at
infinity with a strength larger than any power. As the present considerations apply to
a distribution function, the vanishing of f is typically of the exponential type. The
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quantity Mn is called moment of order n of function f . Thanks to its properties, f
can be Fourier transformed; let

g(y) = Ff = 1√
2π

∫ +∞

−∞
f (k) exp (−i y k) dk. (C.60)

Using the Taylor expansion exp (−i y k) = ∑∞
n=0 (−i y k)n/n! yields

g(y) =
∞∑
n=0

1

n!
(−i)n Mn√

2π
yn. (C.61)

The latter is the Taylor expansion of g around the origin; it follows

(−i)n Mn√
2π

=
(

dng

dyn

)
0

. (C.62)

The above analysis shows that, if the moments Mn of f (k) are known, from them
one constructs the Fourier transform g(y) = Ff by means of a Taylor series. Then,
one recovers the original function from the inverse transform f (k) = F−1g. In
conclusion, the knowledge of the set of moments of f is equivalent to the knowledge
of f . The result holds true also in the multi-dimensional case f = f (k), where

Ml+m+n =
∫∫∫ +∞

−∞
kl1 k

m
2 kn3 f (k) d3k, l,m, n = 0, 1, . . . (C.63)

is the moment of order l + m + n of f .
If only the lower-order moments are used, then the Taylor series for the Fourier

transform is truncated and provides an approximation g̃ for g. As a consequence of
this approximation, the inverse transform f̃ = F−1g̃ provides an approximate form
of the original function f .

An extension of the above concepts is obtained by replacing the monomial ex-
pression kl1 k

m
2 kn3 with a function α(k), that can be expressed by a polynomial

interpolation. In this case, in fact, the integral of α(k) f (k) is a combination of
moments of f . A further generalization consists in considering f , α, or both, as
functions of other variables besides k:

Mα(r, t) =
∫∫∫ +∞

−∞
α(r, k, t) f (r, k, t) d3k. (C.64)

If f (r, k, t) is the solution of a differential equation generated by an operator A,
say, Af = 0, one can derive a set of moments from such an equation by selecting
different forms of α: ∫∫∫ +∞

−∞
αAf d3k = 0. (C.65)

Each moment depends on the other variables r, t . If operator A contains the deriva-
tives with respect to r, t , or both, then the moment of Af = 0 is a differential
equation in r, t , or both.
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Fig. C.4 Generation of a
Dirac δ using a Fermi-Dirac
statistics. The width of the
peak is proportional to a
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C.7 Error Function

The error function and the complementary error function are defined, respectively,
as

erf (x) = 2√
π

∫ x

0
exp ( − ξ 2) dξ , erfc (x) = 1 − erf (x). (C.66)

From the definitions (C.66) and from the Gauss integral (C.23) the following
properties are derived:

d

dx
erf (x) = 2√

π
exp ( − x2), erf (−x) = − erf (x), (C.67)

erf (−∞) = −1, erf (0) = 0, erf ( + ∞) = 1, (C.68)

erfc (−∞) = 2, erfc (0) = 1, erfc ( + ∞) = 0. (C.69)

Integrating by parts yields
∫ x

0
erfc (ξ ) dξ = x erfc (x) + 1√

π

[
1 − exp (−x2)

]
. (C.70)

Applying the de l’Hôpital rule shows that the first term at the right hand side of (C.70)
vanishes for x → +∞. It follows

∫ +∞

0
erfc (x) dx = 1√

π
. (C.71)

Still applying the de l’Hôpital rule shows that

lim
x→0

erf (x)

x
= 2√

π
, lim

x→+∞
erfc (x)

exp (−x2)
= lim

x→+∞
1/

√
π

x
, (C.72)
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whence

erf (x) � 2√
π
x for |x| � 1, erfc (x) � 1√

π

exp (−x2)

x
for x � 1.

(C.73)

Other applications of the integration by parts yield

Y =
∫ x

0
ξ erfc (ξ ) dξ = x2 erfc (x) − Y − 1√

π

∫ x

0
ξ

[
d

dξ
exp (−ξ 2)

]
dξ =

= 1

2
x2 erfc (x) + 1

4
erf (x) − 1

2
√
π
x exp (−x2). (C.74)

C.8 Parametrized Gaussian Function

The relations introduced in Sects. C.3 and C.7 are useful for investigating the
properties of function

Δ(x − ξ , a) = exp [−(x − ξ )2/(4 a)]√
4π a

, a > 0. (C.75)

The behavior of Δ in the limit a → 0 depends on the argument x − ξ , namely

lim
a→0

Δ(x − ξ , a) =
⎧⎨
⎩

0 ξ �= x

+∞ ξ = x
(C.76)

In contrast, its integral over ξ is independent of x and a. In fact, using (C.23) after
letting μ = (x − ξ )/

√
4a yields

∫ +∞

−∞
Δ(x − ξ , a) dξ = 1√

π

∫ +∞

−∞
exp ( − μ2) dμ = 1. (C.77)

Adopting the same variable change leading to (C.77) and using (C.23, C.66) yields

∫ 0

−∞
Δ(x − ξ , a) dξ = 1

2
erfc

(
x√
4a

)
. (C.78)

The relations (C.77, C.78) hold also in the limit for a → 0, provided the limit is
calculated after the integration. This property is typical of the functions that generate
the Dirac δ (Sect. C.4). In fact it can be shown that for a continuous function g(x)
the following holds:

lim
a→0

∫ +∞

−∞
g(ξ )Δ(x − ξ , a) dξ = g(x). (C.79)
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Other examples of δ-generating functions are given in Sect. C.4. This section is
concluded by showing that Δ(x− ξ , a) admits an integral representation of the form

Δ(x − ξ , a) = 1

2π

∫ +∞

−∞
exp [ik(x − ξ ) − ak2] dk. (C.80)

To prove (C.80) one recasts the argument of the exponential by means of the identity

ik(x − ξ ) − ak2 = − (x − ξ )2

4a
− a

[
k − i(x − ξ )

2a

]2

, (C.81)

and uses (C.23) with
√
a [k−i(x−ξ )/(2a)] as the integration variable. It is interesting

to note in passing that letting ξ = 0, a = σ 2/2 in (C.80) yields

exp [−x2/(2 σ 2)] = σ√
2π

∫ +∞

−∞
exp ( − σ 2 k2/2) exp (i k x) dk, (C.82)

namely, the Gaussian function is the Fourier transform of itself.

C.9 Euler’s Beta Function

The function defined by the integral

B(λ, μ) =
∫ 1

0
xλ−1 (1 − x)μ−1 dx, (C.83)

with λ, μ complex numbers such that �(λ) > 0, �(μ) > 0, is called Euler’s Beta
function or Euler’s integral of the first kind [65]. Letting x = y/(y+1) and replacing
y with x gives (C.83) the equivalent form

B(λ, μ) =
∫ +∞

0
xλ−1 (1 + x)−(λ+μ) dx. (C.84)

Limiting the variables’ range to 0 < �(λ), �(μ) < 1 and letting

μ = 1 − λ, T0(λ) = B(λ, 1 − λ) (C.85)

yields

T0(λ) =
∫ +∞

0

xλ−1

1 + x
dx = π

sin (λπ )
. (C.86)

The last equality is demonstrated by applying Cauchy’s residue theorem [114,
Sect. 64] to the function f (z) = zλ−1/(1 + z), with z complex, that over the real
axis reduces to the integrand of (C.86). The relation (C.86) can be exploited for
calculating other integrals. For instance, for λ real one lets λ = 1/(2μ), x = y2μ to
find ∫ +∞

0

1

1 + y2μ
dy = π/(2μ)

sin [π/(2μ)]
, μ >

1

2
. (C.87)
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C.10 Euler’s Gamma Function

The function defined by the integral

Γ (λ) =
∫ +∞

0
xλ−1 exp (−x) dx, (C.88)

with λ a complex number such that �(λ) > 0, is called Euler’s Gamma function
or Euler’s integral of the second kind [33, Sect. 1.3].5 The negative of its derivative
Γ ′ = dΓ/dλ calculated for λ = 1 is called Euler’s constant, γ = −Γ ′(1) =∫ +∞

0 exp (−x) log (x) dx � 0.5772. From (C.88) one finds Γ (1) = 1 and, after
integrating by parts,

Γ (λ + 1) = λΓ (λ). (C.89)

If λ = n = 1, 2, . . . (C.89) yields

Γ (n + 1) = nΓ (n) = n(n − 1)Γ (n − 1) = . . . = n!. (C.90)

The definition of Γ is extended by analytic continuation to the complex plane with
the exception of the points λ = 0, −1, −2, . . . , −n, . . . . At each negative integer
−n, the function Γ has a simple pole with a residue equal to (−1)n/n! [65], namely,

lim
λ→−n

(λ + n)Γ (λ) = (−1)n

n! , n = 0, 1, 2 . . . (C.91)

A straightforward calculation shows that the beta and gamma functions are connected
by the relation [65]

Γ (λ)Γ (μ) = Γ (λ + μ)B(λ, μ). (C.92)

Thanks to (C.92) one extends the definition of B to the complex plane with the
exception of the points λ, μ, λ + μ = 0, −1, −2, . . . , −n, . . . . Moreover, limiting
the variables’ range to 0 < �(λ), �(μ) < 1 and lettingμ = 1−λ so that Γ (λ+μ) =
Γ (1) = 1, from (C.86) one finds

Γ (λ)Γ (1 − λ) =
∫ +∞

0

xλ−1

1 + x
dx = T0(λ), 0 < �(λ) < 1. (C.93)

For λ = 1/2 (C.93) yields

Γ

(
1

2

)
= √

π (C.94)

5 As remarked in [33], Legendre’s notation Γ (λ) is unfortunate because the argument that appears
at the right hand side of the definition is λ− 1. Gauss used the notation Π (λ− 1) for the left hand
side of C.88.
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whence, thanks to (C.89),

Γ

(
3

2

)
= 1

2
Γ

(
1

2

)
= 1

2

√
π , Γ

(
5

2

)
= 3

2
Γ

(
3

2

)
= 3

4

√
π , . . . (C.95)

Iterating (C.95) and comparing with (C.33) shows that Γ (m + 1/2) = 2 I2m(1),
m = 0, 1, 2, . . .

C.11 Gamma Function’s Asymptotic Behavior

Euler’s Gamma function introduced in Sect. C.10, considered for real values of λ,
lends itself to a significant application of the asymptotic analysis. Specifically, one
seeks another function f (λ), expressible through elementary functions, such that
limλ→∞ [Γ (λ + 1)/f (λ)] = 1. The asymptotic analysis applied to the Γ function
shows that [26]

lim
λ→∞

Γ (λ + 1)

λλ+1/2 exp (−λ)
= √

2π , (C.96)

namely, the function sought is f (λ) = √
2π λλ+1/2 exp (−λ). Equation (C.96) is

called Stirling’s formula. Remembering (C.90) one has Γ (λ + 1) = Γ (n + 1) = n!
when λ is a natural number. From (C.96) it follows

n! � √
2π nn+1/2 exp (−n) = √

2π n (n/e)n , (C.97)

that provides an approximation to the factorial for n � 1. Letting by way of example
n = 10, the rounded value of the right hand side of (C.97) turns out to be 3 598 696,
that differs from 10! = 3 628 800 by less than 1%.

The asymptotic value of the derivative of logΓ is also of interest, for instance
when determining the equilibrium distribution of particles in statistical mechanics
(Sects. 6.4, 15.8.1,15.8.2). Using (C.96) one finds

d

dλ
logΓ (λ + 1) � 1

2 λ
+ log λ � log λ, λ � 1. (C.98)

C.12 Integrals Related to the Harmonic Oscillator

Consider the integral

I (s) =
∫ 1

0

dξ√
1 − ξ s

, (C.99)

where s is a real parameter, s > 0. Letting u = ξ s one finds 1/
√

1 − ξ s = (1 −
u)1/2−1, dξ = u1/s−1 du/s whence, using (C.83, C.92, C.94),

I (s) = 1

s
B(1/s, 1/2) =

√
π

s

Γ (1/s)

Γ (1/s + 1/2)
. (C.100)
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By way of example I (2) = π/2, which can also be derived directly from (C.99).
When s → ∞ one can use (C.91) with n = 0. It follows

lim
s→∞ I (s) = 1. (C.101)

Now consider the integral

J (s) =
∫ 1

0

dξ√
1/ξ s − 1

, (C.102)

still with s > 0. The same procedure used for calculating I (s) yields

J (s) = 1

s
B(1/s + 1/2, 1/2) =

√
π

s

Γ (1/s + 1/2)

Γ (1/s + 1)
= π

s

1

I (s)
, (C.103)

and lims→∞ J (s) = 0. By way of example J (1) = π/2, which can also be derived
directly from (C.102). The integrals (C.100, C.103) appear in the theory of the
harmonic oscillator (Sect. 3.3 and Problems 3.1, 3.2).

C.13 Fermi Integrals

The Fermi integral of order α is defined as

Φα(ξ ) = 1

Γ (α + 1)

∫ ∞

0

xα

1 + exp (x − ξ )
dx, α > −1, (C.104)

where Γ is defined by (C.88) and α is a real parameter. The constraint α > −1
guarantees the convergence of the integral. If −ξ � 1 one has exp (x − ξ ) ≥
exp (−ξ ) � 1 and, from (C.88),

Φα(ξ ) � exp (ξ )

Γ (α + 1)

∫ ∞

0
xα exp (−x) dx = exp (ξ ), ξ � −1. (C.105)

A relation between Fermi integral of different order is found by considering, for
some α > 0, the integral of order α − 1:

1

Γ (α)

∫ ∞

0

xα−1

1 + exp (x − ξ )
dx = 1

α Γ (α)

∫ ∞

0

xα exp (x − ξ )[
1 + exp (x − ξ )

]2 dx, (C.106)

where the right hand side is derived through an integration by parts. Observing that
α Γ (α) = Γ (α+1) and using again (C.104) shows that the right hand side of (C.106)
is equal to dΦα/dξ . Then,

dΦα

dξ
= Φα−1,

d logΦα

dξ
= Φα−1

Φα

. (C.107)
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The Fermi integrals are positive by construction; from the first relation in (C.107)
it then follows that the Fermi integrals are monotonically-increasing functions of
the argument ξ . The Fermi integral of order 0 is expressed in terms of elementary
functions,

Φ0 = log
[
exp (ξ ) + 1

]
. (C.108)

Approximations for the Fermi integrals are found, e.g., in [6, Appendix C]. In the
applications to the semiconductor theory the Fermi integrals of small half-integer
order (1/2, 3/2) are the most important ones (Sects. 18.2, 19.6.4). Remembering
(C.94, C.95), they read

Φ1/2(ξ ) =
∫ ∞

0

2 x1/2/
√
π

1 + exp (x − ξ )
dx, Φ3/2(ξ ) =

∫ ∞

0

(4/3) x3/2/
√
π

1 + exp (x − ξ )
dx.

(C.109)

C.14 Hölder’s Inequality

Hölder’s inequality states that for any pair of real constants b, c > 1 such that
1/b + 1/c = 1 it is

∫
η

|F G| dx ≤
(∫

η

|F |b dx

)1/b (∫
η

|G|c dx

)1/c

, (C.110)

where F , G are any complex functions defined over the real interval η and such that
the integrals in (C.110) converge. The inequality is proven starting from the function
ϕ(r) = rb − b r + b − 1, r > 0, b > 1, whose first derivative is ϕ′(r) = b rb−1 − b

and the second one ϕ′′ = b (b − 1) rb−2. As a consequence, for r > 0 the function
has only one minimum, located at r = 1. The inequality rb +b ≥ b r+1 then holds,
whence

rb−1

b
+ 1

c r
≥ 1, c = b

b − 1
> 1. (C.111)

Let F1(x) and G1(x) be any two complex functions defined over η and fulfilling the
normalization condition ∫

η

|F1|b dx =
∫
η

|G1|c dx = 1. (C.112)

Letting rb−1 = |F1|b−1/|G1| and replacing in (C.111) yields

|F1|b
b

+ |G1|c
c

− |F1 G1| ≥ 0,
1

b
+ 1

c
= 1. (C.113)



C.15 Integrals Related to the Electromagnetic Modes 621

Since the function at the left hand side of (C.113) is non negative, its integral is non
negative as well. Integrating (C.113) over η and using the normalization condition
(C.112) yields

∫
η

|F1 G1| dx ≤ 1

b
+ 1

c
= 1. (C.114)

On the other hand the normalization condition also yields

(∫
η

|F1|b dx

)1/b

=
(∫

η

|G1|c dx

)1/c

= 1, (C.115)

whence
∫
η

|F1G1| dx ≤
(∫

η

|F1|b dx

)1/b (∫
η

|G1|c dx

)1/c

. (C.116)

As (C.116) is homogeneous, it still holds after replacing F1, G1 with F = λF1 and
G = μG1, where λ, μ are arbitrary positive real numbers. This proves Hölder’s
inequality (C.110).

C.15 Integrals Related to the Electromagnetic Modes

In several applications (e.g., calculations related to the modes of the electromagnetic
field, Sect. 5.5) one must evaluate integrals of the form

Y =
∫
V

exp [i (k ± k′) · r] d3r , (C.117)

where k = k(n1, n2, n3) is given by

k = n1
2π

d1
i1 + n2

2π

d2
i2 + n3

2π

d3
i3, ni = 0, ±1, ±2, . . . , (C.118)

i1, i2, i3 being the unit vectors parallel to the coordinate axes. The integration domain
in (C.117) is a box whose sides d1, d2, d3 are aligned with the axes and start from
the origin (Fig. 5.1). The volume of the box is V = d1 d2 d3. As (k ± k′) · r =
(k1 ±k′

1) x1 + (k2 ±k′
2) x2 + (k3 ±k′

3) x3, where the upper (lower) signs hold together,
the integral becomes Y = Y1 Y2 Y3, with

Yi =
∫ di

0
exp [i (ki ± k′

i) xi] dxi = exp [i (ki ± k′
i) di] − 1

i (ki ± k′
i)

. (C.119)

Letting θi = (ki ± k′
i) di/2 = π (ni ± n′

i), (C.119) becomes

Yi = di exp (i θi)
exp (i θi) − exp ( − i θi)

2 i θi
= di exp (i θi)

sin θi
θi

. (C.120)
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It follows that Yi = 0 if ni ± n′
i �= 0, while Yi = di if ni ± n′

i = 0. Combining the
three integrals shows that it is Y = 0 if k ± k′ �= 0, while it is Y = V if k ± k′ = 0.
The result is recast in a compact form by means of the three-dimensional extension
of the Kronecker symbol (A.18):

Y = V δ[k ± k′, 0] = V δ[k ± k′], (C.121)

where the last form is obtained by dropping the zero for the sake of conciseness.
Compare (C.117, C.121) with (C.56) and the comments therein.

C.16 Riemann’s Zeta Function

The function defined by

ζ (λ, a) =
∞∑
k=1

1

(k + a)λ
, (C.122)

where λ is a complex number with �(λ) > 1 and a ≥ 0 is real, is called Riemann’s
Zeta function. It can be represented in integral form by combining it with the Gamma
function (C.88): letting x = (k + a) y in the latter, then replacing y back with x,
yields

Γ (λ) = (k + a)λ
∫ +∞

0
xλ−1 exp [−(k + a) x] dx. (C.123)

Dividing (C.123) by (k + a)λ, letting k = 1, 2, . . . , and adding over k provides

Γ (λ)
∞∑
k=1

1

(k + a)λ
=

∫ +∞

0
xλ−1 exp (−ax)

[ ∞∑
k=1

exp ( − kx)

]
dx, (C.124)

where
∑∞

k=1 exp ( − k x) = exp (−x) [1 + exp (−x) + exp (−2 x) + . . . ] =
1/[ exp (x) − 1], so that from (C.122),

ζ (λ, a) = 1

Γ (λ)

∫ +∞

0

xλ−1

exp (x) − 1
exp (−a x) dx, �(λ) > 1. (C.125)

Remembering (C.89) one finds that (C.125) fulfills the recursive relation

∂

∂a
ζ (λ, a) = −λ ζ (λ + 1, a). (C.126)

Also, letting a = 0 and λ = 2m, with m = 1, 2, . . . transforms (C.125) into

∫ +∞

0

x2m−1

exp (x) − 1
dx = Γ (2m) ζ (2m, 0) = (2π )2m

4m
|B2m|, (C.127)
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with B2m = (−1)m+1 |B2m|, m ≥ 1 the Bernoulli number6 of order 2m [44]. Thanks
to (C.127) one calculates integrals used in different applications. For instance, letting
m = 2 and using B4 = −1/30

∫ +∞

0

x3

exp (x) − 1
dx = 1

15
π4, (C.128)

that is used in (15.78) to calculate the Lagrangian multiplier in the equilibrium
statistics for photons. From (C.125) one derives another important class of integrals;
in fact, replacing x with 2 x in the denominator of (C.125) yields

∫ +∞

0

xλ−1

exp (2 x) − 1
exp (−a x) dx = 2−λ Γ (λ) ζ (λ, a/2), �(λ) > 1 (C.129)

whence, using the identity 2/[ exp (2 x) − 1] = 1/[ exp (x) − 1] − 1/[ exp (x) + 1]
within (C.125), (C.129) provides

∫ +∞

0

xλ−1

exp (x) + 1
exp (−a x) dx = Γ (λ)

[
ζ (λ, a) − 21−λ ζ (λ, a/2)

]
. (C.130)

Letting a = 0 and λ = 2m, m = 1, 2, . . . in the latter, and using (C.127), transforms
(C.130) into

∫ +∞

0

x2m−1

exp (x) + 1
dx = π2m

2m

(
22m−1 − 1

) |B2m|. (C.131)

For instance, for m = 1 and m = 2, (C.131) provides

∫ +∞

0

x

exp (x) + 1
dx = 1

12
π2,

∫ +∞

0

x3

exp (x) + 1
dx = 7

120
π4. (C.132)

6 The Bernoulli numbers are defined by the series expansion x/[ exp (x) − 1] = ∑∞
0 Bn x

n/n!,
with |x| < 2π . It is B0 = 1, B1 = −1/2, B2 = 1/6, B4 = −1/30. Apart from B1, all Bernoulli
numbers of odd index vanish.



Appendix D
Tables

Table D.1 Fundamental
constants

Quantity Symbol Valuea Units

Vacuum permittivity ε0 8.85419 × 10−12 F m−1

Speed of light c 2.99792 × 108 m s−1

Electron charge q 1.60219 × 10−19 C

Electron rest mass m0 9.10953 × 10−31 kg

Proton rest mass M0 1.67265 × 10−27 kg

Boltzmann constant kB 1.38066 × 10−23 J K−1

Planck constant h 6.62616 × 10−34 J s

Reduced Planck c. h̄ 1.05459 × 10−34 J s

Atomic radius ra ∼ 10−10 m

Electron radius re 2.81794 × 10−15 m
aThe ratio between the proton and electron rest masses isM0/m0 �
1836. The vacuum permeability is found from μ0 = 1/(c2ε0)

Table D.2 Greek alphabet Small Capitala Name Small Capital Name

α A Alpha ν N Nu, ni

β B Beta ξ Ξ Xi

γ Γ Gamma o O Omicron

δ Δ Delta π Π Pi

ε E Epsilon  P Rho

ζ Z Zeta σ Σ Sigma

η H Eta τ T Tau

θ , ϑ Θ Theta υ Υ Upsilon

ι I Iota φ, ϕ Φ Phi

κ K Kappa χ X Chi

λ Λ Lambda ψ Ψ Psi

μ M Mu, mi ω Ω Omega
aSymbol ∇ is not a Greek letter. However, its name nabla is a
Greek word, meaning “harp”
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Solutions

Problems of Chap. 1

1.1 The distance between A and B is a functional of y:

G[y] =
∫
AB

√
dx2 + dy2 =

∫ b

a

√
1 + ẏ2 dx.

As g(y, ẏ, x) = √
1 + ẏ2 it is ∂g/∂y = 0, whence the Euler–Lagrange equation

reads

0 = d

dx

∂g

∂ẏ
= d

dx

2ẏ

2 g
= ÿg − ẏ(2ẏÿ/2 g)

g2
= ÿ

g3
(g2 − ẏ2) = ÿ

g3
,

that is, ÿ = 0, y = c1x + c2. The two constants are found from c1a + c2 = ya ,
c1b + c2 = yb.

1.2 Letting H = E one finds

x2

a2
+ p2

b2
= 1, a = √

2E/c, b = √
2mE.

The curves are ellipses whose axes are proportional to
√
E. The area of each ellipse is

π a b = 2πE/ω, withω = √
c/m. As shown in Sect. 3.3, ω is the angular frequency

of the oscillator, so that the area becomes E T , with T = 2π/ω the period. As time
evolves, the phase point follows the curve in the clockwise direction; in fact, as the
phase point reaches the maximum elongation xM > 0 from the left, the momentum
at xM changes from positive to negative.

1.3 Letting H = E one finds for the maximum elongation xM = (s E/c)1/s . Note
that the units of c depend on the value of s. The form of the constant-energy curves
becomes more and more rectangular as s increases. As in the previous exercise, the
phase point follows the curve in the clockwise direction.

© Springer Science+Business Media New York 2015 627
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Problems of Chap. 2

2.1 From (2.49) one finds

J (E) = √
mc

∮ √
2E/c − x2 dx,

where the integration path is the ellipse described in Problem 1.2. Letting x =√
2E/c sin ϕ transforms the above into

J (E) = 2

√
m

c
E

∫ 2π

0
cos2 ϕ dϕ = 2π

ω
E, ω =

√
c

m
.

The first of (2.51) then yields ν = ẇ = ∂H/∂J = ∂E/∂J = ω/(2π ).

Problems of Chap. 3

3.1 Like in problem 1.3, letting H = E > 0 one finds for the maximum elongation
xM = (s E/c)1/s , where the units of c depend on the value of s. The motion is limited
to the interval [−xM , +xM ] and the potential energy is symmetric with respect to the
origin. Using (2.47) and exploiting the symmetry yields

T = 4

√
m

2

∫ xM

0

dx√
E − V (x)

=
√

8m

E

∫ xM

0

[
1 − (x/xM )s

]−1/2
dx.

Letting ξ = x/xM and using (C.99, C.100) yields

T =
√

8m

E
xM

∫ 1

0

dξ√
1 − ξ s

= √
8π m

(1/s)Γ (1/s)

Γ (1/s + 1/2)

( s
c

)1/s
E1/s−1/2.

The result shows that the case s = 2, namely, that of the linear harmonic oscillator,
is special. In fact, the period does not depend on the total energy, whereas for s �= 2
it does. Still in the case s = 2 one finds T = 2π/ω, ω = √

c/m, as should be
(compare with the results of Sect. 3.3). In turn, the case s → ∞ yields s1/s → 1,
c1/s → 1 whence, using (C.101), lims→∞ T = √

8m/E. The above is the period
in a square well of length 2 (compare with the description of Sect. 3.2). In fact, as
s → ∞, the potential energy c|x|s/s transforms into a square well with xM = 1.
The potential energy is shown in Fig. D.1 for some values of s. Thanks to the result
of this problem one may tune the form of the potential energy to make the period
proportional to a chosen power h = 1/s − 1/2 ≥ −1/2 of the energy. For instance,
letting s = 2/3 makes T proportional to E, namely, T = √

m/(3c3) 2πE.

3.2 The solution is similar to that of Problem 3.1. Letting H = E < 0 one finds for
the maximum elongation xM = [k/(s |E|)]1/s , where the units of k depend on the
value of s. The motion is limited to the interval [−xM , +xM ] and the potential energy
is symmetric with respect to the origin. Using (2.47) and exploiting the symmetry
yields
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Fig. D.1 Form of the
potential energy c|x|s/s for
c = 1 and different values of
s (Problem 3.1)
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T = 4

√
m

2

∫ xM

0

dx√
E − V (x)

=
√

8m

|E|
∫ xM

0

[
(xM/x)s − 1

]−1/2
dx.

Letting ξ = x/xM and using (C.102, C.103) yields

T =
√

8m

|E| xM
∫ 1

0

dξ√
1/ξ s − 1

= √
8π m

Γ (1/s + 1/2)

s Γ (1/s + 1)

(
k

s

)1/s

|E|−1/s−1/2.

The Coulomb case s = 1 yields T = √
2mπ k |E|−3/2 (in fact, in the Coulomb

case and for a closed trajectory the period is always proportional to |E|−3/2, compare
with (3.81)). Note that in the case considered here the particle crosses the origin
because the initial conditions are such that its trajectory is aligned with the x axis.
The limit s → ∞ yields s1/s → 1, c1/s → 1 whence, using (C.101, C.103),
lims→∞ T = 0. The potential energy is shown in Fig. D.2 for some values of s.

3.3 The O reference is chosen as in Sect. 3.13.5, whence T1a = E = (m1/m)EB .
From (3.36) one extracts μ/s0 = tan [(π − χ )/4], to find

2μ/s0

1 − (μ/s0)2
= 2μ s0

s2
0 − μ2

= tan

(
π − χ

2

)
= 1

tan (χ/2)
,

where s0 is given by the second of (3.33). It follows that s2
0 − μ2 = 2 λ s0 and

tan (χ/2) = λ/μ. Then, noting that (3.23) contains sin2 (χ/2) = tan2 (χ/2)/[1 +
tan2 (χ/2)], and using (3.73), one finds sin2 (χ/2) = 1/(1 + c2/λ2). The expression
of λ is taken from the first of (3.32), with α given by (3.75). Inserting the result into
(3.23) yields

T1b = α2 (1 − m1/m2)2 + c2 T 2
1a

α2 (1 + m1/m2)2 + c2 T 2
1a

T1a , T1a − T1b = 4 (m1/m2) T1a

(1 + m1/m2)2 + (c/α)2 T 2
1a

.
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Fig. D.2 Form of the
potential energy −k|x|−s/s

for k = 1 and different values
of s (Problem 3.2)
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Fig. D.3 Normalized loss of
energy c (T1a − T1b)/α as a
function of the normalized
initial energy c T1a/α

(Problem 3.3), for different
values of the ratio m1/m2
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Obviously it is T1b < T1a . It follows that T1a − T1b is the loss of energy due to the
collision. It is also interesting to note that using the normalized energies c T1a/α and
c T1b/α makes the expressions above to depend on the m1/m2 ratio only. The loss
of energy is drawn in normalized form in Fig. D.3 for different values of m1/m2.

Problems of Chap. 4

4.1 Using primes to indicate derivatives, a first integration yields

ϕ′ = ϕ′(c) − H , H (x) =
∫ x

c

 (ξ )

ε0
dξ ,

where H is integrated by parts:∫ x

a

H (ξ ) dξ = x H (x) − a H (a) −
∫ x

a

ξ
 (ξ )

ε0
dξ.
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Integrating ϕ′ and using the expression of
∫ x

a
H (ξ ) dξ yields the solution

ϕ = ϕ(a) + ϕ′(c) (x − a) − x

∫ x

c

 (ξ )

ε0
dξ + a

∫ a

c

 (ξ )

ε0
dξ +

∫ x

a

ξ
 (ξ )

ε0
dξ.

4.2 Letting c = a in the solution to Problem 4.1 yields at any point x within [a, b]
the expression

ϕ(x) = ϕ(a) + ϕ′(a) (x − a) − x

∫ x

a

 (ξ )

ε0
dξ +

∫ x

a

ξ
 (ξ )

ε0
dξ.

For x > b it is  = 0 so that the solution of ϕ′′ = 0 is linear and has the form
ϕ(x) = ϕ(b) + ϕ′(b) (x − b). The term ϕ(b) in the latter is obtained by letting x = b

in the above expression of ϕ(x). One finds ϕ(b) = ϕ(a)+ϕ′(a) (b−a)−bM0 +M1,
with

M0 =
∫ b

a

 (ξ )

ε0
dξ , M1 =

∫ b

a

ξ
 (ξ )

ε0
dξ

the first two moments of  /ε0 (compare with Sect. C.6). The derivative ϕ′ is found
from Problem 4.1 with c = a, and reads

ϕ′(x) = ϕ′(a) −
∫ x

a

 (ξ )

ε0
dξ ,

whence ϕ′(b) = ϕ′(a) −M0. Using the expressions of ϕ(b), ϕ′(b) thus found yields

ϕ(x) = ϕ(a) + ϕ′(a) (x − a) − M0 x + M1, x > b.

4.3 From the findings of Problem 4.2 one observes that the solution ϕ is invariant for
any charge density  ̃ that leaves M0 and M1 unchanged. Due to this, if both M0, M1

differ from zero, the new charge density must contain two adjustable parameters in
order to fit the values of M0, M1 through the expressions introduced in Problem 4.2.
If only one moment differs from zero, one parameter suffices, while no parameter is
necessary if both moments are equal to zero. Figure D.4 gives an example of charge
density such that M0 = 0 and M1 = 0.

4.4 The starting point is the solution for x > b found in Problem 4.2. When the
charge density is removed, the new solution reads

ϕ(x) = ϕ̃(a) + ϕ̃′(a) (x − a).

For x > b the two solutions become equal to each other by letting ϕ̃(a) = ϕ(a) −
M0 a + M1 and ϕ̃′(a) = ϕ′(a) − M0.
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Fig. D.4 Example of charge
density such that M0 = 0 and
M1 = 0

ρ0

− ρ
0

− ξ 0 ξ0 ξ

ρ

4.5 Considering that the value of h is unknown, the integrals that define the moments
(Problem 4.2) must be extended from −∞ to +∞. One finds μ = M0, h = M1/M0.
If h ≥ a, the solution is given by ϕ = ϕ(a) + ϕ′(a) (x − a) − M0 x + M1 for
x ≥ h, while it is given by ϕ = ϕ(a) + ϕ′(a) (x − a) for x < h. If h < a, the
solution is given by ϕ = ϕ(a) + ϕ′(a) (x − a) for x ≥ h, while it is given by
ϕ = ϕ(a) + ϕ′(a) (x − a) − M0 x + M1 for x < h. At h the electric potential is
continuous, ϕ(h+) = ϕ(h−) = ϕ(a) + ϕ′(a) (h − a), whereas the electric field is
discontinuous, ϕ′(h−) − ϕ′(h+) = M0. The case M0 �= 0, M1 = 0 yields μ = M0,
h = 0, while the case M0 = 0, M1 �= 0 can not be fulfilled by μδ(x − h).

Problems of Chap. 5

5.1 From n = n(x1) one finds that gradn = i1 dn/dx1 is parallel to x1 whereas
dn/dx2 = dn/dx3 = 0. From the eikonal Eq. (5.57) it follows

d

ds

(
n

dx2

ds

)
= 0,

d

ds

(
n

dx3

ds

)
= 0,

whence n dx2/ds = const, n dx3/ds = const. The ratio of the latter relations yields
dx2/dx3 = const, namely, x2 = ax3 + b, where a, b are constants. This expression
is one of the two parametric equations u(x1, x2, x3) = 0, v(x1, x2, x3) = 0 describing
the ray, and shows that the ray belongs to a plane parallel to x1. By a suitable rotation
around x1, such that x2 → x ′

2, x3 → x ′
3, the plane of the ray is made parallel

to the plane x1 x
′
2, so that the third coordinate x ′

3 is fixed. In the new reference,
let ϑ be the angle between the direction of the ray and x1 at some point P ; it is
dx1 = cosϑ ds, dx ′

2 = sin ϑ ds. The eikonal equation in the new reference then
provides

n
dx ′

2

ds
= const, n sin ϑ = const.
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5.2 Like in Problem 5.1 one considers the case where the refraction index depends
only on the x1 coordinate. Let the medium be made of three regions separated by
two planes parallel to each other.

The two external regions A and B have a constant refraction index, nA and,
respectively, nB �= nA. The internal region I, whose thickness is s, has a refraction
index that varies continuously from nA to nB as x1 varies from the A-I interface
to the I-B interface. Applying the solution of Problem 5.1 to this case shows that
nA sin ϑA = const everywhere in region A, hence the ray is a straight line there;
similarly it is nB sin ϑB = const everywhere in region B, with the same constant. It
follows

nB sin ϑB = nA sin ϑA.

Unless ϑA = 0, the position of the ray along the x ′
2 axis at the I-B interface is

different from that at the A-I interface; if, however, s is made to vanish, the position
becomes the same, this yielding the Descartes law of refraction: the ray crossing an
interface between two media is continuous, whereas its slopes on the two sides of the
interface fulfill (D). The result still holds in the cases where the interface between the
two media is not planar, provided its curvature is small enough to make geometrical
optics applicable.

Problems of Chap. 6

6.1 Letting ϑ = β h ν, with β = 1/(kB T ), the Boltzmann distribution takes the
form Nn = N0 exp (−nϑ), whence

∞∑
n=0

Nn = N0
[
1 + exp (−ϑ) + exp (−2ϑ) + . . .

] = N0

1 − exp (−ϑ)
,

and

∞∑
n=0

n h ν Nn = h ν N0
[
exp (−ϑ) + 2 exp (−2ϑ) + 3 exp (−3ϑ) + . . .

]
.

Observing that n exp (−nϑ) = −d exp (−nϑ)/dϑ , one finds

∞∑
n=0

n h ν Nn = −h ν
d

dϑ

( ∞∑
n=0

Nn − N0

)
= h ν

N0 exp (−ϑ)[
1 − exp (−ϑ)

]2 ,

whence

En =
∑∞

n=0 n h ν Nn∑∞
n=0 Nn

= h ν

exp (ϑ) − 1
= h ν

exp (β h ν) − 1
.
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Problems of Chap. 8

8.1 Consider the homogeneous equation associated to (8.76), g′′ + a g′ + b g = 0,
and let f = g h and u = h′; this splits (8.76) into the system

g′′ + a g′ + b g = 0, g u′ + (2 g′ + a g) u = c.

If g is known, then u is found by integrating a first-order equation, whence f =
g
∫

u dξ . To find g one lets A(x) = ∫
a dξ , g = exp (−A/2) w, this transforming

the homogeneous equation for g into

w′′ + q w = 0, q = b − a2/4 − a′/2,

which is a time-independent Schrödinger equation.

Problems of Chap. 9

9.1 Inserting the expression of ck into the one-dimensional form of (9.26) yields

A (x − u t ; k0) =
√
σ/2

π3/4

∫ +∞

−∞
exp

[
i (x − u t) (k − k0) − σ 2 k2/2

]
dk.

Following the same procedure as in Sect. C.8 one finds

i (x − u t) (k − k0) − 1

2
σ 2 k2 = − (x − u t)2

2 σ 2
− σ 2

2

(
k − j

x − u t

σ 2

)2

,

whence

A (x − u t ; k0) = 1

π1/4
√
σ

exp

[
−i k0 (x − u t) − (x − u t)2

2 σ 2

]
.

The particle’s localization is determined by

|A(x − u t)|2 = 1√
π σ

exp

[
− (x − u t)2

σ 2

]
.

Using again the results of Sect. C.8 yields ||A|| = 1.

9.2 Remembering that |ψ |2 = |A|2, the one-dimensional form of (9.23) reads

x0(t) =
∫ +∞

−∞
x |A|2 dx =

∫ +∞

−∞
(x − u t) |A|2 dx + u t

∫ +∞

−∞
|A|2 dx.

Letting s = x − u t one finds that the integral of s |A(s)|2 vanishes because the
integrand is odd and the integration domain is symmetric with respect to the origin.
Using the result ||A|| = 1 of Problem 9.1 then yields x0(t) = u t .
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Problems of Chap. 10

10.1 To determine the time evolution of the expectation value of the wavepacket for
a free particle one starts from the general expression (9.5), with wk(r) andEk = h̄ ωk
given by (9.22), and ck given by the second relation in (9.6). The wave function is
assumed normalized,

∫ +∞
−∞ |ψ(r, t)|2 d3r = ∫ +∞

−∞ |c(k)|2 d3k = 1. Using the first
spatial coordinate x1 and defining mk = ck exp (−iωk t), the following are of use:
x1 wk = −i ∂wk/∂k1, x2

1 wk = −∂2wk/∂k
2
1 , and

−
∫ +∞

−∞
mk

∂wk

∂k1
dk1 =

∫ +∞

−∞
wk

∂mk

∂k1
dk1,

∫ +∞

−∞
mk

∂2wk

∂k2
1

dk1 =
∫ +∞

−∞
wk

∂2mk

∂k2
1

dk1,

where the last two equalities are obtained by integrating by parts and observing that,
due to the normalization condition, ck and ∂ck/∂k1 vanish at infinity. In turn,

i
∂mk

∂k1
=

(
u1 t ck + i

∂ck

∂k1

)
exp (−iωk t), u1 = ∂ωk

∂k1
= h̄ k1

m
,

−∂2mk

∂k2
1

=
[(

u2
1 t

2 + i
h̄

m
t

)
ck + 2 i u1 t

∂ck

∂k1
− ∂2ck

∂k2
1

]
exp (−iωk t).

The expectation value 〈x1〉 = 〈ψ |x1|ψ〉 involves an integration over r to calculate
the scalar product, an integration over k to calculate the integral expression of ψ ,
and an integration over k′ to calculate the integral expression of ψ∗. Performing the
integration over r first, letting c′

k = c(k′), ω′
k = ω(k′), and using (C.56) yields

〈x1〉 =
∫∫∫ +∞

−∞

(
u1 t |ck|2 + i c∗

k
∂ck

∂k1

)
d3k.

Letting ck = ak + i bk, with ak and bk real, and using the asymptotic vanishing of
ck, one finds

∫∫∫ +∞

−∞
i c∗

k
∂ck

∂k1
d3k = x01, x01 =

∫∫∫ +∞

−∞

(
∂ak

∂k1
bk − ∂bk

∂k1
ak

)
d3k,

where x01 is a real constant. Repeating the calculation for x2 and x3, and letting
u = gradkω, r0 = (x01, x02, x03), finally yields

〈r〉 = r0 +
∫∫∫ +∞

−∞
u t |ck|2 d3k,

d

dt
〈r〉 =

∫∫∫ +∞

−∞
u |ck|2 d3k = const.

If |ck|2 is even with respect to all components of k, the expectation value of r does
not change with respect to the initial value r0. Otherwise, it moves at constant speed.
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10.2 The time evolution of the standard deviation of position is found following the
same line and using the same symbols and relations as in Problem 10.1, starting with

〈x2
1 〉 =

∫∫∫ +∞

−∞

[(
u2

1 t
2 + i

h̄

m
t

)
|ck|2 + 2i u1 t c

∗
k
∂ck

∂k1
− c∗

k
∂2ck

∂k2
1

]
d3k.

An integration by parts combined with the normalization condition for ck shows that
∫∫∫ +∞

−∞
2i u1 t c

∗
k
∂ck

∂k1
d3k = −i

h̄

m
t + 2 t

∫∫∫ +∞

−∞
u1

(
∂ak

∂k1
bk − ∂bk

∂k1
ak

)
d3k,

where the second term at the right hand side is real, whereas the first one cancels out
in the expression of 〈x2

1 〉. Finally, another integration by parts yields

−
∫∫∫ +∞

−∞
c∗

k
∂2ck

∂k2
1

d3k =
∫∫∫ +∞

−∞

∣∣∣∣∂ck

∂k1

∣∣∣∣
2

d3k.

In conclusion,

〈x2
1 〉 =

∫∫∫ +∞

−∞

∣∣∣∣u1 t ck + i
∂ck

∂k1

∣∣∣∣
2

d3k.

Repeating the calculation for x2 and x3 yields

〈r · r〉 =
∫ +∞

−∞

∣∣u t ck + i gradkck
∣∣2 d3k,

where the definition of the squared length of a complex vector is found in (A.2) and
(A.4). The standard deviation of the wave packet in the r space is the positive square
root of 〈r · r〉 − 〈r〉 · 〈r〉 = ∑3

i=1 (�xi)2, where the expression of 〈r〉 was derived in
Prob. 10.1. It is easily shown that the standard deviation diverges with t . In fact, the
leading term of 〈x2

1 〉 and, respectively, 〈x1〉2 is

〈x2
1 〉 ∼ t2

∫∫∫ +∞

−∞
u2

1 |ck|2 d3k, 〈x1〉2 ∼ t2

(∫∫∫ +∞

−∞
u1 |ck|2 d3k

)2

,

the first of which is positive, whereas the second one is non negative. Letting f = ck,
g = u1ck in the Schwartz inequality (8.15) and using the normalization condition of
ck yields

∫∫∫ +∞

−∞
u2

1|ck|2 d3k >

(∫∫∫ +∞

−∞
u1|ck|2 d3k

)2

,

where the strict inequality holds because f and g are not proportional to each other.
For the leading term it follows that (�x1)2 = 〈x2

1 〉 − 〈x1〉2 ∼ const × t2, where the
constant is strictly positive. The same reasoning applies to x2, x3. In conclusion, the
standard deviation �xi associated with the ith coordinate diverges in time with the
first power of t .
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10.3 Still with reference to the wave packet of a free particle used in Problems 10.1
and 10.2, the time evolution of the expectation value in the p space is found
starting with the first component p1 of momentum. The corresponding operator
is p̂1 = −i h̄ ∂/∂x1, and the following relations are of use: p̂1wk = h̄ k1 wk,
p̂2

1wk = h̄2 k2
1 wk. The expectation value 〈p1〉 = 〈ψ |p1|ψ〉 involves an integration

over r to calculate the scalar product, an integration over k to calculate the integral
expression of ψ , and an integration over k′ to calculate the integral expression of
ψ∗. Performing the integration over r first, letting c′

k = c(k′), ω′
k = ω(k′), and using

(C.56) yields

〈p1〉 =
∫∫∫ +∞

−∞
h̄ k1 |ck|2 d3k = p01.

The real constant p01 defined above is independent of time. In conclusion, repeating
the calculation for p2 and p3, and letting p0 = (p01,p02,p03), the following holds:
〈p〉 = p0. If |ck|2 is even with respect to all components of k, the expectation value
of p is zero.

10.4 The calculation of 〈ψ |p̂2
1|ψ〉 is carried out following the same line as in

Problem 10.3, leading to

〈p2
1〉 =

∫∫∫ +∞

−∞
h̄2 k2

1 |ck|2 d3k.

Repeating the calculation for x2 and x3 yields

〈p · p〉 =
∫∫∫ +∞

−∞
h̄ k · h̄ k |ck|2 d3k.

In turn, the standard deviation of the wave packet in the p space is the positive square
root of 〈p ·p〉−〈p〉 · 〈p〉 = ∑3

i=1 (�pi)2. Letting f = ck, g = h̄k1ck in the Schwartz
inequality (8.15) and using the normalization condition of ck yields

∫∫∫ +∞

−∞
h̄2 k2

1 |ck|2 d3k >

(∫∫∫ +∞

−∞
h̄ k1 |ck|2 d3k

)2

,

where the strict inequality holds because f and g are not proportional to each other. It
follows that (�p1)2 = 〈p2

1〉−〈p1〉2 is strictly positive and constant in time. The same
reasoning applies top2, p3. In conclusion, the standard deviation�pi associated with
the ith component of momentum is constant in time.

10.5 One finds 〈x〉 = x0, dh̄ β/dx = h̄ k0, 〈pe〉 = h̄ k0,

〈 p2
e

2m

〉
= h̄2 k2

0

2m
, 〈Q〉 = h̄2

8mσ 2
, 〈T 〉 = h̄2

2m

(
k2

0 + 1

4 σ 2

)
.

One notes that for a fixed 〈T 〉 all non-negative values of the “convective” and “ther-
mal” parts that add up to 〈T 〉 are allowed. In the particular case of a free particle,
where 〈T 〉 = 〈E〉, the above shows that different values of the average momentum
and “dispersion” may combine to yield the same total energy.
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Problems of Chap. 11

11.1 Letting b− = π a
√

2m (
√
E − √

E − V0)/h̄, b+ = π a
√

2m (
√
E +√

E − V0)/h̄ and remembering that sinh b � b when |b| � 1 yields, with m fixed,

R(a → 0) =
(
b−

b+

)2

= (
√
E − √

E − V0)2

(
√
E + √

E − V0)2
,

that coincides with the first relation in (11.11). Conversely, when a > 0 is fixed and
m is let grow one finds

R � exp [2 (b− − b+)] = exp
(
−4π a

√
2m

√
E − V0/h̄

)
,

namely, limm→∞ R = 0, this recovering the classical limit.

11.2 The maximum of the cotangent’s argument s
√

2m (E − V0)/h̄2 is found by
letting E = 0. Thus,

γ = s

h̄

√−2mV0 � 13.4,
13.4

π
� 4.3.

As a consequence, the cotangent has four complete branches and one incomplete
branch in the interval V0 < E < 0, corresponding to five eigenvalues E1, . . . ,E5.
Using the normalized parameter 0 < η = √

1 − E/V0 < 1, the equation to be
solved reads

η2 − 1/2

η
√

1 − η2
= cot (γ η) .

Over the η axis, the 5 branches belong to the intervals (0,π/γ ), (π/γ , 2π/γ ),
(2π/γ , 3π/γ ), (3π/γ , 4π/γ ), (4π/γ , 1).

Problems of Chap. 13

13.1 Letting Z = 1 one finds that the lowest total energy of the electron in the
hydrogen atom has the value

E1(Z = 1) = − m0

2 h̄2

(
q2

4π ε0

)2

.

As noted in Sect. 13.5.2, the electron is bound as long as E < 0. As a consequence,
the minimum energy for which it becomes free is limn→∞ En = 0. The hydrogen
atom’s ionization energy is thus found to be

Eion = 0 − E1(Z = 1) = |E1(Z = 1)| = m0

2 h̄2

(
q2

4π ε0

)2

.

Replacing the constants’values of Table D.1 yieldsEion � 2.18×10−18 J � 13.6 eV.
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13.2 The time-dependent wave function is in this case ψ =
w(Emin) exp (−iEmin t/h̄), whence |ψ |2 = exp (−2 r/a)/(π a3). Taking the
Jacobian determinant J = r2 sin ϑ from (B.3) and using the definitions of Sect. 10.5
one finds

〈r〉 =
∫ ∞

0

∫ π

0

∫ 2π

0
r

exp (−2 r/a)

π a3
r2 sin ϑ dr dϑ dϕ = 3

2
a.

From (13.89) one finds a1 = a(Z = 1) = 4π h̄2 ε0/(m0 q
2) � 5.3×10−11 m � 0.53

Å, where the constants’ values are taken from Table D.1. Note that a1 = r1/2, with
r1 is the radius of the ground state derived from the Bohr hypothesis (Sect. 7.4.4).
The expectation value of r turns out to be 〈r〉 � 0.8 Å.

Problems of Chap. 14

14.1 From h
(0)
bg = [A/(2π )3]/(q2

c + q2) and q = |b − g| one finds

H
(0)
b (Eg) = A2

(2π )6

∫ π

0

∫ 2π

0

1

(q2
c + q2)2

sin ϑ dϑ dϕ,

A = κ Z e2/ε0. Observing that b is a fixed vector one can use it as the reference
for angle ϑ , so that q2 = (b − g) · (b − g) = b2 + g2 − 2 b g cosϑ . From g = b

it follows q2 = 4 g2 sin2 (ϑ/2). On the other hand it is sin ϑ dϑ = d sin2 (ϑ/2)
whence, integrating over ϕ and letting μ = sin2 (ϑ/2),

H
(0)
b (Eg) = A2

(2π )5

∫ 1

0

dμ

(q2
c + 4 g2 μ)2

= A2/(2π )5

q2
c (q2

c + 4 g2)
.

The dependence on Eg is found through the relation Eg = h̄2 g2/(2m).

Problems of Chap. 15

15.1 After selecting a number 0 < η < 1/2, define E+ and E− such that P (E+) =
η, P (E−) = 1 − η. It follows

E+ − E− = 2 kB T log
1 − η

η
.

Letting, e.g., η = 0.1 one finds E(P = 0.9) − E(P = 0.1) = 2 kB T log 9 �
4.39 kB T . Similarly, letting η = 0.01 one finds E(P = 0.99) − E(P = 0.01) =
2 kB T log 99 � 9.19 kB T . At T = 300 K it is kB T � 25.8 meV. From the above
results one findsE(P = 0.9)−E(P = 0.1) � 113 meV andE(P = 0.99)−E(P =
0.01) � 237 meV, respectively.
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Problems of Chap. 19

19.1 Using (19.115) and adding up the two expressions in (19.118) one finds

μp = q

(
m

1/2
hh

m
3/2
hh + m

3/2
hl

+ m
1/2
hl

m
3/2
hh + m

3/2
hl

)
τp = q τp

mh

.

Using the values taken from Table 17.3 yields

m0

mh

= 0.51/2

0.53/2 + 0.163/2
+ 0.161/2

0.53/2 + 0.163/2
,

whence mh � 0.377m0. As for ap, using the common value of the relaxation time
in (19.122) yields

ap = q τp

μ2
p

(
μph

mhh

+ μpl

mhl

)
.

Replacing the expressions (19.118) of μph, μpl ,

ap = m
3/2
hh + m

3/2
hl

m
1/2
hh m

1/2
hl

(
m

1/2
hh + m

1/2
hl

) = 0.53/2 + 0.163/2

0.51/2 0.161/2
(
0.51/2 + 0.161/2

) � 1.33.

Problems of Chap. 21

21.1 Using kB T /q � 26 mV (compare with (19.162)) and ni � 1010 cm−3

(Table 18.2), one finds

ψ0 = kB T

q
log

(
NA ND

n2
i

)
� 0.65 V. (D.1)

21.2 The relations to be used are (21.51), (21.55), and (21.57). If kp = 0, kn > 0,
one finds Yp = 0, Yn = 1 − exp [−m(b)]. On the other hand it is in this case

m(b) = ∫ b

a
kn dx > 0, whence Yn < 1. If, instead, kn = 0, kp > 0, one finds

Yn = 0, Yp = 1 − exp [m(b)] with m(b) = − ∫ b

a
kp dx < 0, whence Yp < 1. In

conclusion, the condition for avalanche never occurs.

Problems of Chap. 22

22.1 The differential capacitance of the MOS structure, extracted from (22.19) and
(22.20), reads

C

Cox
= 1

1 + Cox/Csc
, Csc = ±

√
2 εsc

LA

dF

dus
> 0,
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where the plus (minus) sign holds for us > 0 (us < 0). From (22.3) and (22.5) one
finds dF 2/dus = A(us); on the other hand it is dF 2/dus = 2F dF/dus , whence

Csc = ± εsc√
2LA

A

F
,

Cox

Csc
= ± F

r A
, r = εsc tox

εox

√
2LA

.

Then, the C(VG) relation is found by eliminating us from

u′
G = us ± 2 r F ,

C

Cox
= 1

1 ± F/(r A)
.

In particular, from (22.26) one finds C(V ′
G = 0) = Cox/[1 + 1/(

√
2 r)].

Problems of Chap. 23

23.1 The maximum initial profile is N (x = 0, t = 0) = 2Q/
√
πc1. Remembering

(23.26), at the end of the diffusion process the profile has become N (x, t = tP ) =
2Q [π (c1+c2)]−1/2× exp

[−x2/(c1 + c2)
]
, whenceN (x = 0, t = tP ) = 2Q [π (c1+

c2)]−1/2, with tP the process duration and c2 = 4D tP . From N (x = 0, t = tP ) =
(2/3)N (x = 0, t = 0) it follows 1/

√
c1 + c2 = 2/(3

√
c1), c2 = (5/4) c1 and,

finally, tP = (5/16) (c1/D) = 5,000 s.

23.2 The initial and final profiles areNi(x) = 2Q exp (−x2/c1)/(πc1)1/2 and, from
(23.26), Nf (x) = 2Q exp [−x2/(c1 + c2)]/[π (c1 + c2)]1/2. Letting Nf = Ni and
defining r = [(c1 + c2)/c1]1/2 and a2 = (c1 + c2) c1/c2 yields r = exp (x2/a2),
whence x̄ = 104 × a ( log r)1/2 � 2.68 μm

23.3 Converting to seconds one finds tP = 14,400 s, whence c2 = 4D tP =
14.4 × 10−6 cm2. Considering that N (x, t = 0) = 2Q exp (−x2/c1)/(πc1)1/2 and,
from (23.26), N (x, t = tP ) = 2Q exp [−x2/(c1 + c2)]/[π (c1 + c2)]1/2, the ratio
sought is N (x = 0, t = tP )/N (x = 0, t = 0) = [c1/(c1 + c2)]1/2 = 0.385.

23.4 Due to (23.26), the final profile is Nf = 2Q exp [−x2/(c1 + c2)]/[π (c1 +
c2)]1/2. From N (x̄) = Nf (0) one has exp (−x̄ 2/c1) = [c1/(c1 + c2)]1/2. As a
consequence, the position sought is x̄ = [(c1/2) log (1 + c2/c1)]1/2 = 0.83 μm.

23.5 Due to (23.26) the final profile is Nf = 2Q exp [−x2/(c1 + c2)]/[π (c1 +
c2)]1/2. Let α = 1.1. From the condition Nf (0) = N (x = α

√
c1) one derives

1/[π (c1+c2)]1/2 = exp (−α2)/(πc1)1/2, whence c1 = c2/[ exp (2α2)−1] = 0.976×
10−9 cm2.

23.6 Letting c2 = 4D t = 2.4 × 10−8 cm2 and r = c2/(c1 + c2) = 4/7, one
eliminates Q at x = x0 to find N1/N2 = √

1 + r exp [−r x2
0/(c1 + 2 c2)], whence

x0 = 104 × [(1/r) (c1 + 2 c2) log (
√

1 + r N2/N1)]1/2 = 4.06 μm.

23.7 Remembering (C.71) one has Q = ∫ ∞
0 NS erfc(x/

√
c) dx = NS

√
c/π ,

whence c = 4D t = λ2, t = λ2/(4D) = 2.99 × 1016 nm2 s−1 � 5 min.
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Fig. D.5 Normalized profiles hN/Q resulting from the drive-in diffusion of Problem 23.8. The
coordinate is μ = x/h. Each profile corresponds to the value of b(t) shown in the legend. The
parameter is defined by b = 4 a/h2, while a = a(t) is defined by the second of (23.10). As explained
in Sect. 23.5.2, only the profile’s portion on the right of the origin must be considered

23.8 As indicated in Sect. 23.5.2, the initial profile must preliminarily be mirrored
onto the negative axis with N0 = 2Q (h + x)/h2 for −h ≤ x ≤ 0 and with
N0 = 0 for x < −h. Then, the profile is obtained from (23.13) as the portion of
N (x) = (2Q/h2) (I− + I+) calculated for x ≥ 0, where

I− =
∫ 0

−h

(h + ξ )Δ(x − ξ , t) dξ , I+ =
∫ +h

0
(h − ξ )Δ(x − ξ , t) dξ

and Δ(x − ξ , t) is given by (C.75). Letting η = (ξ − x)/(4 a)1/2, μ = x/h, b =
4 a/h2, and using (C.66) yields

N = (Q/h)
[
(μ + 1)Y− + (μ − 1)Y+ − (b/π )1/2 (Z− + Z+)

]
,

with Y∓ = erfc(μ/
√
b) − erfc[(μ± 1)/

√
b ] and Z∓ = exp (−μ2/b) − exp [−(μ±

1)2/b]. When t → 0+ it is b → 0. This makes the Z∓ terms to vanish, while the
terms containing Y∓ render the initial condition N0. When t > 0 the dose is found
by integrating hN over μ from 0 to +∞. A somewhat lengthy calculation based
on the expressions of Appendix C.7 shows that the integral of (b/π )1/2 (Z− + Z+)
vanishes whereas that of (μ+1)Y−+(μ−1)Y+ yields unity. As expected, the result
of the dose calculation is Q. The normalized profile hN/Q is shown in Fig. D.5
as a function of the normalized coordinate μ at different values of the parameter
b = b(t).

Problems of Chap. 24

24.1 The relation between time t and oxide thickness s is given by (24.11), s2/cp +
s/cl = t ′ with t ′ = t + s2

i /cp + si/cl . Solving for s and discarding the negative
solution yields s = [(c2

p/c
2
l +4cpt ′)1/2 −cp/cl]/2, with cp/cl = 0.05 μm. It follows

t ′ = t + s2
i /cp + si/cl � 136/60 +0.995+0.237 = 3.50 h and 4cpt ′ = 0.620 μm2.
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The total oxide thickness and the thickness of silicon that is consumed in the second
process are, respectively, s = [(0.052 + 4cpt ′)1/2 − 0.05]/2 � 0.369 μm and
h = 0.44 (s − si) � 70 nm.

24.2 The gradient sought is found by remembering that, from (24.10), it is cp =
2 w k0 NGDO and cl = w k0 NG vr , whence cl/cp = vr/(2DO) = 20 μm−1,
vr/DO = 4 × 105 cm−1. On the other hand, from (24.7,24.6), −DO gradN =
−DO dN/dx = vrNI whence dN/dx = −NO vr/DO = −4 × 1017 cm−4.

24.3 Converting the units one finds cp = 738 nm2 min−1, cl = 14.8 nm min−1.
Letting h be the thickness of silicon consumed one has h = 0.44 (s − si), s =
si + h/0.44 whence, from (24.11), t = (s2 − s2

i )/cp + (s − si)/cl = 150 min.

24.4 Converting the units yields cp = 2000 nm2 min−1, cl = 50 nm min−1. From
(24.10) it follows vr/DO = 2cl/cp = 0.05, 1 + s vr/DO = 2 whence, using (24.8),
NI = NO/(1 + s vr/DO) = 15 × 1011 cm−3.

24.5 Converting the units yields cp = 11.4 nm2 s−1, cl = 0.237 nm s−1. From
(24.10) the duration of the first process is found as t1 = (s2

f − s2
i )/cp + (sf − si)/cl .

Similarly, that of the second process is t2 = (s2 − s2
f )/cp + (s − sf )/cl . As the

coefficients cp, cl are the same one adds the expressions of t1 and t2 to each other
and lets s = si +Δs1 +Δs2. This yields t1 + t2 = (s2 − s2

i )/cp + (s − si)/cl = 202
s.

24.6 Converting the units yields cl = 16.67 nm min−1. Using the definitions (24.10)
of cp and cl one finds r = DO/vr = cp/(2 cl), whence tP = [(s2 − s2

i )/(2r) + s −
si]/cl = 13.9 min.

24.7 Letting t = tP and multiplying the first of (24.10) by cp yields s2 +bs+ c = 0
with b = cp/cl , c = −s2

i − (cp/cl) si − cpt . Here si and cptP are given while
cp/cl = 2DO/vr = 2.25 × 10−6 cm. Solving for s and discarding the negative root
provides the final thickness s = [(b2 − 4c)1/2 − b]/2 = 76.1 nm.

24.8 From the relation ΔP = s πr2 pSi, where ΔP , s are the weight and thickness
of the epitaxial layer, and r the wafer’s radius, one finds 2 r = 2

√
ΔP/(πspSi) �

20.4 cm � 8 in.

24.9 The surface concentration NS of SiCl4 is found from the relations s/t = cl =
wF2 = w vr NS , whence NS = s/(w vr t) = 1 × 1016 cm−3.

24.10 Using 1/w = 5 × 1022 cm−3 in the relations (24.22,24.23) yields t = s/cl =
s/(wFI ) = 2 min.

24.11 Letting tP be the duration of the process one has, from (24.22,24.23),
cl = s/tP = w vr NI , whence, using 1 μm = 10−4 cm, vr = s/(wNI tP ) = 200
cm min−1.

24.12 From (24.21) and the second of (24.23) one finds b = (vr +vG)/(vG wNG) =
(NG/NS) (wNG)−1 = a/(wNG), whence NG = a/(w b) = 2 × (5 × 1022/4.87 ×
105) = 2.05 × 1017 cm−3.



Bibliography

References

1. N. D. Arora, J. R. Hauser, and D. J. Roulston. Electron and hole mobilities in silicon as
a function of concentration and temperature. IEEE Transactions on Electron Devices, ED-
29(2):292–295, Feb. 1982.

2. N. W. Ashcroft and N. D. Mermin. Solid State Physics. Saunders, 1976.
3. G. Baccarani, M. Rudan, and G. Spadini. Analytical IGFET model including drift and

diffusion currents. Solid-State and Electron Devices, 2:62–68, 1978.
4. R. Becker. Electromagnetic Fields and Interactions. Dover, New York, 1982.
5. G. Birkhoff. Tres observaciones sobre el algebra lineal. Univ. Nac. Tucuman Rev. Ser. A,

5:147–150, 1946 (in Spanish).
6. J. S. Blakemore. Semiconductor Statistics. Dover, New York, 1987.
7. D. Bohm. Quantum Theory. Dover, New York, 1989.
8. D. Bohm and J. P. Vigier. Model of the causal interpretation of quantum theory in terms of a

fluid with irregular fluctuations. Phys. Rev., 96(1):208–216, 1954.
9. M. Born and E. Wolf. Principles of Optics. Pergamon Press, 6th edition, 1980.

10. A. Bravais. Mémoire sur les systèmes formés par les points distribués régulièrement sur
un plan ou dans l’espace. J. Ecole Polytech., 19(1):128, 1850 (in French. English version:
Memoir 1, Crystallographic Society of America, 1949).

11. R. Brunetti, P. Golinelli, L. Reggiani, and M. Rudan. Hot-Carrier Thermal Conductivity for
HydrodynamicAnalyses. In G. Baccarani and M. Rudan, editors, Proc. of the 1996 ESSDERC
Conference, pages 829–832. Edition Frontiers, 1996.

12. R. Brunetti, M. C.Vecchi, and M. Rudan. Monte CarloAnalysis ofAnisotropy in the Transport
Relaxation Times for the Hydrodynamic Model. In C. Gardner, editor, Fourth Int. Workshop
on Computational Electronics (IWCE), Phoenix, 1995.

13. C. Y. Chang and S. M. Sze. ULSI Technology. McGraw-Hill, 1996.
14. A. G. Chynoweth. Ionization Rates for Electrons and Holes in Silicon. Phys. Rev., 109(5):1537,

March 1958.
15. C. Cohen-Tannoudji, B. Diu, and F. Laloë. Quantum Mechanics. John Wiley & Sons, New

York, 1977.
16. L. Colalongo, M. Valdinoci, A. Pellegrini, and M. Rudan. Dynamic Modeling of Amorphous-

and Polycrystalline-Silicon Devices. IEEE Trans. El. Dev., ED-45:826–833, 1998.
17. L. Colalongo, M. Valdinoci, and M. Rudan. A Physically-Based Analytical Model for a-Si

Devices Including Drift and Diffusion Currents. In K. Taniguchi and N. Nakayama, editors,
Simulation of Semiconductor Processes and Devices 1999 (SISPAD), pages 179–182, Kyoto,
September 1999. IEEE.

18. L. Colalongo, M. Valdinoci, M. Rudan, and G. Baccarani. Charge-Sheet Analytical Model
for Amorphous Silicon TFTs. In H. E. Maes, R. P. Mertens, G. Declerck, and H. Grünbacher,

© Springer Science+Business Media New York 2015 645
M. Rudan, Physics of Semiconductor Devices,
DOI 10.1007/978-1-4939-1151-6



646 Bibliography

editors, Proc. of the 29th Solid State Device Research Conference (ESSDERC), pages 244–
245, Leuven, September 1999. Edition Frontiers.

19. A. H. Compton. A Quantum Theory of the Scattering of X-Rays by Light Elements. Phys.
Rev., 21(5):483–502, May 1923.

20. L. N. Cooper. Bound Electron Pairs in a Degenerate Fermi Gas. Phys. Rev., 104:1189–1190,
November 1956.

21. C. R. Crowell. The Richardson constant for thermionic emission in Schottky barrier diodes.
Solid-State Electron., 8(4):395–399, 1965.

22. C. G. Darwin and R. H. Fowler. Fluctuations in an Assembly in Statistical Equilibrium. Proc.
Cambridge Phil. Soc., 21 (391):730, 1923.

23. S. Datta. Quantum Transport: Atom to Transistor. Cambridge University Press, Cambridge,
2006.

24. L. de Broglie. La mécanique ondulatoire et la structure atomique de la matière et du
rayonnement. J. Phys. Radium, 8(5):225–241, 1927 (in French).

25. L. de Broglie. Interpretation of quantum mechanics by the double solution theory. In Annales
de la Fondation Louis de Broglie, volume 12(4), pages 1–23. Fondation Louis de Broglie,
1987 (translated from the original 1972 version, in French).

26. N. G. de Bruijn. Asymptotic Methods in Analysis. Dover, New York, 1981.
27. E. De Castro. Fondamenti di Elettronica—Fisica elettronica ed elementi di teoria dei

dispositivi. UTET, Torino, 1975 (in Italian).
28. B. E. Deal and A. S. Grove. General relationship for the thermal oxidation of silicon. J. Appl.

Phys., 36:3770, 1965.
29. P. Debye and E. Hückel. The theory of electrolytes. I. Lowering of freezing point and related

phenomena. Physikalische Zeitschrift, 24:185–206, 1923.
30. P. A. M. Dirac. The Quantum Theory of the Emission and Absorption of Radiation. Proc. R.

Soc. Lond. A, 114:243–265, 1927.
31. P. A. M. Dirac. The Quantum Theory of the Electron. Proc. R. Soc. Lond. A, 117:610–624,

Feb. 1928.
32. P. A. M. Dirac. The Principles of Quantum Mechanics. Oxford University Press, Oxford, 4th

edition, 1992.
33. H. M. Edwards. Riemann’s Zeta Function. Dover, New York, 2001.
34. A. Einstein. Über einen die Erzeugung und Verwandlung des Lichtes betreffenden heuris-

tischen Gesichtspunkt. Annalen der Physik, 17(6):132–148, 1905 (in German). English
translation: D. ter Haar, The Old Quantum Theory, Pergamon Press, 91–107, 1967.

35. A. Einstein. On the Movement of Small Particles Suspended in a Stationary Liquid Demanded
by the Molecular-Kinetic Theory of Heat. In Investigations on the theory of the Brownian
movement, chapter 1. Dover, New York, 1956.

36. A. Fick. Über Diffusion. Ann. der Physik, 94:59–86, 1855 (in German). Phil. Mag. 10, 30,
1855 (in English).

37. G. Floquet. Sur les équations différentielles linéaires à coefficients périodiques. Annales
Scientifiques de l’Ec. Norm. Sup., 12(2):47–88, 1883 (in French).

38. A. Forghieri, R. Guerrieri, P. Ciampolini, A. Gnudi, M. Rudan, and G. Baccarani. A new
discretization strategy of the semiconductor equations comprising momentum and energy
balance. IEEE Trans. on CAD ICAS, 7(2):231–242, 1988.

39. D. H. Frisch and L. Wilets. Development of the Maxwell-Lorentz Equations from Special
Relativity and Gauss’s Law. Am. J. Phys., 24:574–579, 1956.

40. A. Gnudi, F. Odeh, and M. Rudan. Investigation of non-local transport phenomena in small
semiconductor devices. European Trans. on Telecommunications and Related Technologies,
1(3):307–312 (77–82), 1990.

41. I. I. Gol’dman and V. D. Krivchenkov. Problems in Quantum Mechanics. Pergamon Press,
London, 1961.

42. H. Goldstein, C. Poole, and J. Safko. Classical Mechanics. Addison Wesley, third edition,
2002.



Bibliography 647

43. P. Golinelli, R. Brunetti, L. Varani, L. Reggiani, and M. Rudan. Monte Carlo Calculation
of Hot-Carrier Thermal Conductivity in Semiconductors. In K. Hess, J. P. Leburton, and U.
Ravaioli, editors, Proc. of the Ninth Intl. Conf. on Hot Carriers in Semiconductors (HCIS-IX),
pages 405–408, Chicago, 1995. Plenum Press, New York.

44. I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products. Academic Press,
New York, 1980.

45. T. Grasser, R. Korsik, C. Jungemann, H. Kosina, and S. Selberherr. “A non-parabolic six
moments model for the simulation of sub-100nm semiconductor devices”. J. of Comp.
Electronics, 3:183–187, 2004.

46. A. S. Grove. Physics and Technology of Semiconductor Devices. J. Wiley & Sons, 1967.
47. G. Hardy, J. E. Littlewood, and G. Pólya. Inequalities. Cambridge University Press,

Cambridge, second edition, 1952.
48. W. Heisenberg. Über den anschaulichen Inhalt der quantentheoretischen Kinematik und

Mechanik. Zeitschrift für Physik, 43:172–198, 1927 (in German). English translation: J.
A. Wheeler and H. Zurek, Quantum Theory and Measurement, Princeton Univ. Press, 62–84,
1983.

49. S.-M. Hong, A.-T. Pham, and C. Jungemann. Deterministic Solvers for the Boltzmann
Transport Equation. Computational Microelectronics, S. Selberherr, Ed. Springer Verlag,
Wien-New York, 2011.

50. K. Huang. Statistical Mechanics. Wiley, New York, second edition, 1987.
51. E. L. Ince. Ordinary Differential Equations. Dover, New York, 1956.
52. L. Infeld. On a New Treatment of Some Eingenvalue Problems. Phys. Rev., 59:737–747,

1941.
53. J. D. Jackson. Classical Electrodynamics. John Wiley & Sons, New York, second edition,

1975.
54. C. Jacoboni. Theory of Electron Transport in Semiconductors. Springer, New York, first

edition, 2010.
55. C. Jacoboni, R. Brunetti, and P. Bordone. Theory of Transport Properties of Semiconductor

Nanostructures, volume 4 of Electronics materials, E. Schöll, Ed., chapter 3 “Monte Carlo
simulation of semiconductor transport”, pages 59–101. Chapman and Hall, first edition, 1998.

56. C. Jacoboni and P. Lugli. The Monte Carlo Method for Semiconductor Device Simulation.
Computational Microelectronics, S. Selberherr, Ed. Springer Verlag, Wien-New York, 1989.

57. C. Jacoboni and L. Reggiani. The Monte Carlo method for the solution of charge transport in
semiconductors with applications to covalent materials. Rev. Mod. Phys., 55:645–705, 1983.

58. W. Jones and N. H. March. Theoretical Solid State Physics. Dover, 1973.
59. C. Jungemann, M. Bollhöfer, and B. Meinerzhagen. Convergence of the Legendre Polynomial

Expansion of the Boltzmann Equation for Nanoscale Devices. In G. Ghibaudo, T. Skotnicki,
S. Cristoloveanu, and M. Brillouët, editors, Proc. of the 35th Solid State Device Research
Conference (ESSDERC), pages 341–344, Grenoble, September 2005.

60. M. Kac. Some remarks on the use of probability in classical statistical mechanics. Acad. Roy.
Belg. Bull. Cl. Sci. (5), 42:356–361, 1956.

61. E. H. Kennard. Zur quantenmechanik einfacher bewegungstypen. Zeitschrift für Physik,
44:326, 1927 (in German).

62. P. Kiréev. La Physique des Semiconducteurs. MIR, Moscou, 1975 (in French).
63. C. Kittel. Introduction to Solid State Physics. J. Wiley & Sons, New York, seventh edition,

1953.
64. D. B. M. Klaassen. A unified mobility model for device simulation—I. Model equations and

concentration dependence. Solid-State Electr., 35(7):953–959, 1992.
65. C. Lanczos. The Variational Principles in Mechanics. Dover, NewYork, fourth edition, 1970.
66. L. Landau and E. Lifchitz. Physique statistique. MIR, Moscou, 1967 (in French).
67. L. Landau and E. Lifchitz. Mécanique. MIR, Moscou, 1969 (in French).
68. L. Landau and E. Lifchitz. Théorie des Champs. MIR, Moscou, 1970 (in French).
69. A. Landé. New Foundations of Quantum Mechanics. Cambridge University Press, 1965.



648 Bibliography

70. A. Landé. Solution of the Gibbs Entropy Paradox. Philosophy of Science, 32(2):192–193,
April 1965.

71. ed. Levy, R. A. Microelectronics Materials and Processes, volume E-164 of NATO ASI.
Kluwer, 1986.

72. M. J. Lighthill. Fourier Analysis and Generalized Functions. Cambridge University Press,
Cambridge, 1962.

73. C. Lombardi, S. Manzini, A. Saporito, and M. Vanzi. A physically based mobility model for
numerical simulation of nonplanar devices. IEEE Transaction on CAD, 7(11):1164–1171,
novembre 1988.

74. A. M. Lyapounov. Problème Général de la Stabilité du Mouvement. Ann. Fac. Sc. Univ.
Toulouse, 9(2):203–475, 1907 (in French).

75. W. Maly. Atlas of IC Technologies: an Introduction to VLSI Processes. The Ben-
jamin/Cummings Publishing Co., 1987.

76. M. Marcus and H. Minc. A Survey of Matrix Theory and Matrix Inequalities. Dover, 1992.
77. E. Merzbacher. Quantum Mechanics. J. Wiley & Sons, New York, 1970.
78. A. Messiah. Mécanique Quantique. Dunod, Paris, 1969 (in French. English edition: Quantum

Mechanics, Dover, New York, 1999).
79. M. Muskat and E. Hutchisson. Symmetry of the Transmission Coefficients for the Passage

of Particles through Potential Barriers. Proc. of the Nat. Academy of Sciences of the USA,
23:197–201, April 15 1937.

80. D. A. Neamen. Semiconductor Physics and Devices. Irwin, 1992.
81. W. Pauli. The Connection Between Spin and Statistics. Phys. Rev., 58:716–722, October

1940.
82. M. Planck. On an Improvement of Wien’s Equation for the Spectrum. In The Old Quantum

Theory, page 79. Pergamon Press, 1967.
83. S. Reggiani, M. Rudan, E. Gnani, and G. Baccarani. Investigation about the high-temperature

impact-ionization coefficient in silicon. In R. P. Mertens and Cor L. Claeys, editors, Proc.
of the 34th Solid State Device Research Conference (ESSDERC), pages 245–248, Leuven,
September 21–23 2004. IEEE.

84. S. Reggiani, M. C. Vecchi, A. Greiner, and M. Rudan. Modeling hole surface- and bulk-
mobility in the frame of a spherical-harmonics solution of the BTE. In K. De Meyer and
S. Biesemans, editors, Simulation of Semiconductor Processes and Devices 1998 (SISPAD),
pages 316–319. Springer-Verlag, Wien, Austria, 1998.

85. F. Reif. Fundamentals of Statistical and Thermal Physics. McGraw-Hill, New York, 1985.
86. M. Rudan and G. Baccarani. On the structure and closure condition of the hydrodynamic

model. VLSI Design (Special Issue, J. Jerome, Ed.), 3(2):115–129, 1995.
87. M. Rudan, E. Gnani, S. Reggiani, and G. Baccarani. The density-gradient correction as a

disguised pilot wave of de Broglie. In G. Wachutka and G. Schrag, editors, Simulation of
Semiconductor Processes and Devices 2004 (SISPAD), pages 13–16, Munich, September
2–4 2004. Springer.

88. M. Rudan, A. Gnudi, E. Gnani, S. Reggiani, and G. Baccarani. Improving the Accuracy
of the Schrödinger-Poisson Solution in CNWs and CNTs. In G. Baccarani and M. Rudan,
editors, Simulation of Semiconductor Processes and Devices 2010 (SISPAD), pages 307–310,
Bologna, September 6–8 2010. IEEE.

89. M. Rudan, A. Gnudi, and W. Quade. Process and Device Modeling for Microelectronics, chap-
ter 2 “A Generalized Approach to the Hydrodynamic Model of Semiconductor Equations”,
pages 109–154. G. Baccarani, Ed. Elsevier, 1993.

90. M. Rudan, M. Lorenzini, and R. Brunetti. Theory of Transport Properties of Semiconductor
Nanostructures, volume 4 of Electronics materials, E. Schöll, Ed., chapter 2 “Hydrodynamic
simulation of semiconductor devices”, pages 27–57. Chapman and Hall, first edition, 1998.

91. M. Rudan and F. Odeh. Multi-dimensional discretization scheme for the hydrodynamic model
of semiconductor devices. COMPEL, 5(3):149–183, 1986.

92. M. Rudan, F. Odeh, and J. White. Numerical solution of the hydrodynamic model for a
one-dimensional semiconductor device. COMPEL, 6(3):151–170, 1987.



Bibliography 649

93. M. Rudan, M. C. Vecchi, and D. Ventura. Mathematical problems in semiconductor physics,
chapter “The Hydrodynamic Model in Semiconductors — Coefficient Calculation for the
Conduction Band of Silicon”, pages 186–214. Number 340 in Pitman Research Notes in
Mathematical Series P. Marcati, P. A. Markowich, R. Natalini, Eds. Longman, 1995.

94. E. Schrödinger. Quantisierung als eigenwertproblem (erste mitteilung). Annalen der Physik,
384(4):361–376, 1926 (in German).

95. E. Schrödinger. Statistical Thermodynamics. Dover, New York, 1989.
96. M. Schwartz. Principles of Electrodynamics. Dover, New York, 1987.
97. W. Shockley. The Theory of p-n Junctions in Semiconductors and p-n Junction Transistors.

Bell Syst. Tech. J., 28:435, 1949.
98. W. Shockley. Electrons and Holes in Semiconductors. Van Nostrand Book Co., 1950.
99. J. C. Slater. Quantum Theory of Matter. McGraw-Hill, New York, 1968.

100. J. W. Slotboom and H. C. DeGraaff. Measurement of bandgap narrowing in silicon bipolar
transistors. Solid-State Electron., 19(2):857–862, 1976.

101. J. W. Slotboom and H. C. DeGraaff. Bandgap narrowing in silicon bipolar transistors. IEEE
Trans. El. Dev., 28(8):1123–1125, August 1977.

102. J. C. F. Sturm. Mémoire sur les équations différentielles linéaires du deuxième ordre. Journal
de Mathématiques Pures et Appliquées, 1:106–186, 1836 (in French).

103. S. M. Sze. Physics of Semiconductor Devices. John Wiley & Sons, NewYork, 1981.
104. S. M. Sze. Semiconductor Devices—Physics and Technology. J. Wiley & Sons, 1985.
105. S. M. Sze. VLSI Technology. McGraw-Hill, 1988.
106. S. Takagi, A. Toriumi, M. Iwase, and H. Tango. On the Universality of Inversion Layer

Mobility in Si MOSFET’s: Part I—Effects of Substrate Impurity Concentration. IEEE Trans.
El. Dev., 41(12):2357–2362, December 1994.

107. D. ter Haar. On a Heuristic Point of View about the Creation and Conversion of Light. In The
Old Quantum Theory, pages 91–107. Pergamon Press, 1967.

108. R. Thoma, A. Emunds, B. Meinerzhagen, H.-J. Peifer, and W. L. Engl. Hydrodynamic
Equations for Semiconductors with Nonparabolic Band Structure. IEEE Trans. El. Dev.,
38(6):1343–1353, 1991.

109. R. C. Tolman. Note on the Derivation from the Principle of Relativity of the Fifth Fundamental
Equation of the Maxwell-Lorentz Theory. Phil. Mag. S. 6, 21(123):296–301, 1911.

110. R. C. Tolman. Statistical Mechanics. Dover, NewYork, 1979.
111. M. Valdinoci, D. Ventura, M. C. Vecchi, M. Rudan, G. Baccarani, F. Illien, A. Stricker, and

L. Zullino. Impact-ionization in silicon at large operating temperature. In K. Taniguchi and
N. Nakayama, editors, Simulation of Semiconductor Processes and Devices 1999 (SISPAD),
pages 27–30, Kyoto, September 1999. IEEE.

112. M. C. Vecchi and M. Rudan. Modeling Electron and Hole Transport with Full-Band Structure
Effects by Means of the Spherical-Harmonics Expansion ot the BTE. IEEE Trans. El. Dev.,
45(1):230–238, 1998.

113. G. H. Wannier. Statistical Physics. Dover, NewYork, 1996.
114. J. Ward Brown and R. V. Churchill. Complex Variables and Applications. McGraw-Hill,

NewYork, 1996.
115. R. Weinstock. Calculus of Variations. Dover, NewYork, 1974.
116. H. Weyl. Quantenmechanik und gruppentheorie. Zeitschrift für Physik, 46(1–2):1–46, 1927

(in German).
117. J. A. Wheeler and W. H. Zurek. Quantum Theory and Measurement, pages 62–84. Princeton

Univ. Press, 1983.
118. N. Wiener. The Fourier Integral and Certain of Its Applications. Dover, NewYork, 1958.


	Appendix A Vector and Matrix Analysis
	A.1 Scalar Product
	A.2 Schwarz Inequality and Generalizations
	A.3 Nabla Operator
	A.4 Dyadic Products
	A.5 Divergence Theorem
	A.6 Vector Product
	A.7 Mixed Product
	A.8 Rotational of a Vector
	A.9 Rotational Theorem
	A.10 Helmholtz Theorem
	A.11 Doubly-Stochastic Matrices
	A.12 Wronskian Determinant

	Appendix B Coordinates
	B.1 Spherical Coordinates
	B.2 Polar Coordinates
	B.3 Coordinate Rotation
	B.4 Differential Operators Under Coordinate Transformations
	B.5 Density of States

	Appendix C Special Integrals
	C.1 Sine Integral
	C.2 Fourier Transform
	C.3 Gauss Integral
	C.4 Dirac’s δ
	C.5 Some Properties of Dirac’s δ
	C.6 Moments Expansion
	C.7 Error Function
	C.8 Parametrized Gaussian Function
	C.9 Euler’s Beta Function
	C.10 Euler’s Gamma Function
	C.11 Gamma Function’s Asymptotic Behavior
	C.12 Integrals Related to the Harmonic Oscillator
	C.13 Fermi Integrals
	C.14 Hölder’s Inequality
	C.15 Integrals Related to the Electromagnetic Modes
	C.16 Riemann’s Zeta Function

	Appendix D 
Tables
	Solutions
	Bibliography



