Appendix A
Vector and Matrix Analysis

A.1 Scalar Product

Consider two complex, n-dimensional column vectors

whose entries are the components in an n-dimensional Cartesian reference and may
depend on position, time, and other parameters. The scalar product of the two vectors
is indicated with a - b and is defined as

a-b=Yab. (A2)
i=1

with a} the complex conjugate of a;. Two non-vanishing vectors a and b are or-
thogonal if a-b = 0. Asb-a = (a - b)*, the order of the factors in the scalar
product matters; in fact it becomes irrelevant only when the factors are real. The
scalar product is distributive and bilinear; if, say, a = h; p; + &2 p2, then

a-(kyby +kaby) =hikipr-by+hikips-bi+hikapi-by+h3kops-by,
(A3)

where hy, hy, ki, ky are complex constants (in (A.3), the product k; b; is the vector
of components k; by;, and so on). The modulus of a is defined as

n 1/2
a=lal=+a-a= (Z |a,~|2) > 0. (A.4)
i=1
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A.2 Schwarz Inequality and Generalizations

Using (A.2, A.3, A.4) one proves the Schwarz inequality
la-b| <ab. (A.S5)

The above is obvious ifa = 0 or b = 0; letb # 0 and definec = a — (a- b) b/bz,
whence ¢ - b = 0. It follows

5 a-b a-b , la-b[*> _Ja-bJ?
@ = e+ 5 b)- ¢+ 3 b)=c+ R (A.6)

which is equivalent to (A.5). The strict equality in (A.5) holds if and only if b = k a,
with k any complex constant. Observing that |a - b|> = %%(a - b) + J%(a - b), from
(A.5) one also derives the inequalities —ab < 9i(a - b) < 4ab. Thanks to this, one
defines the cosine of the angle ¢ between two non-vanishing vectors a and b as

__JN@-b)
T oab

0s ¥

(A7)

Other types of products may be defined besides the scalar product, also involving
higher-rank factors: for instance, n x n matrices of the second rank like

A11 A12 A]n By By ... By,
A21 A22 A Azn 321 Bzz Ce an

a=| 0T T = T T T T s
Anl An2 o Ann Bnl BnZ ce Bnn

and so on. Given a second-rank matrix A of entries A;;, its transpose Q = AT is the
matrix of entries Q;; = A ;. Transposition applies also to vectors: the transpose of
the column vector a defined in (A.1) is the row vectora’” = [ay, ... ,a,]. With these
premises, given the column vectors a, b and the matrices A, B, the products A B,
Ab, and ab’ yield, respectively, an n x n matrix, an n-dimensional column vector,
and an n x n matrix whose entries are

ij —

(AB); =) AuBy,  (Ab); =) Ayb;, (ab"), =ab;. (A9
k=1 j=1

Applying definitions (A.9) one finds

(AB)" =B"A”,  (Ab)" =b’A”,  (ab’)" =ba’. (A.10)
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A.3 Nabla Operator

A further extension of the concepts introduced in this chapter consists in replacing
one or more factors with an operator. An important example is that of the real, vector
operator nabla,!

d/0x)
V= : , (A.1D)

a/0xy,
where xi, ... ,x, are the coordinates of an n-dimensional Cartesian reference. The
product of V and a complex, scalar function f(xi,...,x,) is defined in the same

manner as the product of a vector and a scalar quantity introduced above: V f is a
vector of components (V); f, namely,

af/9x,
V= : . (A.12)

af/0xn

In turn, the scalar product of V and a complex vector a of the same dimension as V
yields
dai day,

Via=—+... .
3x1+ +8xn

(A.13)

The product defined by (A.12) is also called gradient of f, whereas the scalar product
(A.13) is also called divergence of a. The corresponding symbols are V f = grad f
and V - a = div a, respectively. The scalar product of V by itself is called Laplacian
operator

) 92 92
Vi=V.-V=—+...+ —, A.14
ax? dx?2 A-19)
then,
V2a1
3% f 3% f

Vif=—C .. 4+ —=, Via = : ) A.15
! ax? dx?2 . ( )

V2a,

Combining the above definitions yields the identities

V2f=V.(Vf)=divgrad f, V-(f*a)=div(f*a)= f*diva+ grad f - a.
(A.16)

! Symbol V is not a Greek letter. However, the term nabla is a Greek word, meaning “harp”.
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If, in turn, it is a = grad g, the second relation of (A.16) with the aid of the first one
yields the identity

div(f* gradg) = f*V?g + grad f - grad g. (A.17)

A.4 Dyadic Products

Sometimes it is convenient to adopt a notation that uses the basis set of real, mutually-
orthogonal unit vectors iy, . .. ,i, associated with the axes of a Cartesian reference.
By construction it is i, - iy = 8,4, where the Kronecker symbol §, is the entry of
indices rs of a second-rank matrix defined as

1 s=r

8y = (A.18)
0 s#r

The expression of vector a in terms of the basis vectors isa = a;i; + ... + a, i,.
The notation applies also to the higher-rank objects; for instance, in this notation the
matrix A of (A.8) reads

A=Apii] +Apii i) +.oo+ Apprin i) 4+ Apniniy, (A.19)

A group like i, i’ is also called dyadic product. Observing that i, is an n-dimensional
column vector whose rth entry is equal to 1 while all the other entries are equal to O,
the application of the third equation in (A.9) shows thati, i’ is an n x n matrix whose
entry of indices rs is equal to 1, while all the other entries are equal to zero. As a
consequence, the form (A.19) expresses A as a sum of matrices, each associated to an
individual entry. Using this notation, a product like Abreads >, A, i, il Y, by i.
On the other hand, due to the second equation in (A.9), the same product is equal to
Z” A, by i,.. This shows that i, 1 iy = i, 84, that is, the juxtaposition of the right
unit vector of the dyadic product Wlth the next unit vector must be treated as a scalar
product.

The relation defined by the second equation in (A.9) applies also when b is replaced
with a vector operator, with the provision that the operator is meant to act towards
the left. For instance, replacing b with V yields (A V), = Z;f:l dA;;/0x;. It follows
that the divergence of a second-rank matrix is a column vector of the form

dA 3A,; .
divA = § U+ 4+ § axj . (A.20)
J

In turn, considering the product defined by the thlrd equation in (A.9) and replacing
b with V, still with the provision that the operator acts towards the left, yields
(a VT)i_,- = da;/9x;. It follows that the gradient of a column vector is a second-rank
matrix of the form

aan e oT aan T

9
a5 T i, if (A21)

8@1

o oT
—nlyy +—nuL +...+ _ —
ax; ' ax, 2 ax,_; "' ax,

grada =
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whence, from (A.20),
div(fA)= f divA + A grad f, div(ab”) =a divb + (grada)b. (A.22)

A.5 Divergence Theorem

The divergence theorem (or Gauss theorem) states that

fdiVVdV =/n-VdS, (A.23)
v s

where V is an n-dimensional volume, dV = dx; ...dx,, S the (n — 1)-dimensional
surface enclosing V, and n the unit vector normal to the surface element d.S, oriented
in the outward direction with respect to S. Letting v = f* grad g and using (A.17)
yields the first Green theorem

9
/ f % a5 = / (f* Vg +grad f - grad g) dV, (A24)
S \%4

where dg/dn = n - grad g is the derivative of g in the direction of n. It is easily
found that (A.24) is the generalization to n dimensions of the integration by parts.
Rewriting (A.24) after letting v = g grad f*, and subtracting from (A.24), yields
the second Green theorem

/S(f 5—gan>ds_/v(f Vig — gV f*) dv. (A.25)

A special case of the first Green theorem occurs when vector b = grad g is constant;
the relation (A.24) then reduces to

ff*ndS -b = f grad fdV -b, b = const. (A.26)
s 1%

As identity (A.26) holds for any choice of b, the two integrals in it are equal to each
other.

A.6 Vector Product

Another possible product between two vectors is the vector product a A’ b, which
yields a column vector. In contrast with the other products introduced in this section,
the definition of the vector product will be limited to the three-dimensional case; it
is given as the expansion of a determinant, namely,

i b i3 arb; — azb;
an b = al a2 a3 :> an b = Cl3b1 _ a1b3 . (A27)
by by b aiby — axby
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From (A.27) it follows b Aa = —a A b and a A a = 0. The latter also shows
that, if two non-vanishing vectors are parallel to each other, say, b = ka # 0, then
a A b = 0. When the vector product involves the unit vectors associated to the axes
of a right-handed Cartesian reference, the following relations are found:

ii Al =13, b Al3 =1, i; Al =) (A.28)

An intrinsic relation that provides the modulus of a A b is found by specifying (A.7)
for the case of three-dimensional, real vectors, this yielding

(Z?:l a; bi>2

cos?¥ =1 —sin’® = ey

(A.29)
As cos ¥ = 1 when the two vectors are parallel, b = k a, k > 0, while cos ) = —1
when they are antiparallel, b = ka, k < 0, the range of ¢ is [0, 7]. Letting r;; =
a; bj—aj by andobserving that (3°7_ a?) (Y 5_, b?) = (X0_, @i bi)>4+r5+rd +rd,
provides

2 2 2 2
iyt la A b|

)
sin“ ¢ = =
a?b? atb? ’

l]a Ab| =ab sin?, (A.30)

where sin ¢ > 0 due to the range of ¢

A.7 Mixed Product

The vector product a A b can in turn be scalarly multiplied by another vector ¢,
to yield a scalar quantity called mixed product. For the sake of simplicity, in the
definition of the mixed product the three vectors will be considered real. From (A.2)
one finds

3 cy ¢ C3 a day as
arb-c=> @Abyc=|a a a |=|b b b |. (A3D
=1 b1 b2 b3 C1 Cy C3

The two determinants in (A.31) are equal because they transform into each other by
interchanging rows an even number of times. On the other hand, from their equality
it follows aAb-c = a-b Ac, namely, the mixed product is invariant upon interchange
of the “wedge” and “dot” symbols.

Considering three non-vanishing vectors a, b, ¢, where a and b are not parallel
to each other, and remembering the properties of determinants, one finds that the
mixed product vanishes if ¢ is parallel to a or parallel to b. In fact,

aAb-a=aAb-b=0. (A.32)
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It follows that the vector product a A b is normal to both a and b, namely, is normal
to the plane defined by the two non-parallel vectors a and b. If one associates the
plane of a and b with that of the unit vectors i; and i, then, using (A.28), the vector
product simplifies to a A b = (a; b, — a; a;) i3, that provides the information about
the direction of a A b. Finally, using (A.27) twice provides the expression for the
double vector product

an(bAc)=a-cb—a-bc, (aAb)Ac=a-cb—Db-ca. (A.33)

A.8 Rotational of a Vector

The expressions involving the vector product can be extended to the case where one
or two vectors are replaced with the nabla operator (A.11). The vector product

il i2 i3 3&3/8)62 — 8a2/8x3
VAaa=| 9/dx; 0/0xp 8/dx3 |=| 0a;/dx; — daz/ox (A.34)
ay ar as day/dx| — da,/dx;

is also called rotational of a, the corresponding symbol being V A a = rota. Com-
bining (A.34) with the three-dimensional case of (A.12) and (A.13) shows that the
following identities hold:

rot(fa)= f rota+grad f Aa, rotgrad f =0, divrota =0, (A.35)

rotrota = graddiva — V3a, div(aAb)=b-rota—a-roth. (A.36)

Integrating the second equation in (A.36) over a three-dimensional volume V and
using (A.23) yields the identity

fn~aAde=/ (b-rota—a-rotb) dV. (A.37)
s 1%

A special case of (A.37) occurs when vector a is constant. In fact, noting thatn-anb =
—n-bAa=-nAb-a, (A.37) reduces to

a-/nAde:a-/rotde, a = const. (A.38)
N 1%

As identity (A.38) holds for any choice of a, the two integrals in it are equal to each
other.
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Fig. A.1 Rotational theorem
(Sect. A.9): orientation of the n t
unit vectors

b
-n
A.9 Rotational Theorem
The rotational theorem (or Stokes theorem) states that
/n-rotvdS:/t-de, (A.39)
s c

where C is the boundary curve of the open surface S, t the unit vector tangent to
C, and n the unit vector normal to the surface element dS. The direction of the unit
vectors is such that the orientation of b = t A n is external with respect to the curve
(Fig. A.1).

A.10 Helmholtz Theorem

A vector u such that rotu = 0 is called irrotational. From the second identity in
(A.35) one finds that, if u = grad f, then u is irrotational. The inverse is not true in
general; however, if the domain of u is simply connected, the condition rotu = 0
implies that u can be expressed as a gradient: u = grad f.

A vector v such that divv = 0 is called solenoidal. From the third identity in
(A.35) one finds that, if v = rota, then v is solenoidal. The inverse is not true in
general; however, if the domain of v is simply connected, the condition divv = 0
implies that v can be expressed as a rotational: v = rot a.

The Helmholtz theorem states that a vector w defined in a simply-connected
domain can be expressed in a unique manner as the sum of an irrotational and a
solenoidal vector:

w = grad f + rota. (A.40)

Scalar f is found by taking the divergence of both sides of (A.40) and using the
identities div grad f = V2 f, divrota = 0. In turn, vector a is found by taking the
rotational of both sides of (A.40) and using the first identity in (A.36) along with the
auxiliary condition diva = 0. By this procedure it is found that f and a fulfill the
relations

V2f =divw, VZa = —rotw. (A.41)
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The right hand sides of (A.41) are known because w is prescribed. As a consequence,
the problem of finding f and a is equivalent to solving a set of Poisson equations. The
solution of (A.41) is unique provided that w vanishes at infinity faster than r ! [65,
Sect. X1.3]. Unless some additional prescriptions are imposed on f and a, (A.40)
still holds if one adds to f an arbitrary constant and, to a, the gradient of an arbitrary
scalar function.

A.11 Doubly-Stochastic Matrices

Consider a set of M square matrices of order M, Sy,...,Sy, and a set of M real,
non-negative numbers 6; such that 6; + ... 4 8y = 1. The matrix

M
S=Y 6 (A.42)
k=1

is called convex combination of the S; matrices.
The following theorem is easily proved: if the matrices S; are doubly stochastic,?
then S is doubly stochastic as well. In fact from the definition of S it is (S);; =

Z,i”:, 0k (Sk);; whence, adding the terms row-wise,

M M M M
DOy =) 6y Soij=) =1 (A43)
j=1 k=1 j=1 k=1

The same result is obtained when summing column-wise. As permutation matri-
ces are doubly stochastic, from the above theorem the special case follows: a convex
combination of permutation matrices is a doubly-stochastic matrix. The inverse prop-
erty also holds: a doubly-stochastic matrix is a convex combination of permutation
matrices [5].

A.12 Wronskian Determinant

The Wronskian determinant provides the condition of linear independence of func-
tions [51, Sect. 5.2]. Although its properties hold for any number of functions, they
will be discussed here for the case of two functions only, say, # and v defined on
some interval of the independent variable x. It is convenient to seek for the condition
of linear dependence first. If u, v are linearly dependent, then two non-vanishing
constants ¢, ¢, exist such that

crut+cv=_0 (A.44)

2 The definition of doubly-stochastic matrix is given in Sect. 7.6.1.
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for all x in the interval. If (A.44) holds, itis easily found that both ¢; and ¢, must differ
from zero. Also, as the function at the left hand side of (A.44) vanishes identically,
its derivative vanishes as well. Such a derivative exists because u and v are supposed
to be solutions of a second-order differential equation. Then,

cu +cvV =0 (A.45)

for all x in the interval. As (A.44, A.45) hold together, for all x the two constants ¢,
¢, are the non-trivial solution of a homogeneous algebraic system. Now, if the non-
trivial solution of the algebraic system exists for all x, the determinant W = uv' —u’ v
must vanish identically. That is, the condition W = 0 (identically) is necessary for
the linear dependence of u, v. As a consequence, the condition W # 0 (identically)
is sufficient for the linear independence of u, v.



Appendix B
Coordinates

B.1 Spherical Coordinates

When the problem in hand has a spherical symmetry it is convenient to describe the
position of a particle by means of the spherical coordinates.

With reference to Fig. B.1, the transformation relations between the Cartesian
(x,y,z) and spherical (r, ¥, ¢) coordinates are

X = rsin® cosg 2 o= xP4+y24+7
y = rsin? sing cos = z/r (B.1)
z = rcost tang = y/x

that are a special case of (1.26). The limits of the spherical coordinates are 0 < r <
00,0 < <m0 < ¢ < 2m. The 3 x 3 matrix of the partial derivatives of the
Cartesian coordinates with respect to the spherical ones, expressed in terms of the
latter (Jacobian matrix), is

sin?® cos¢  r cos cos¢ —r sin ¥ sing
ax,y,2) | . 9 s 9 s " (B.2)
—a(r,ﬂ,gz)) sin® sing  r cos? sing rsintg cose |, .
cos ¥ —r sin 0

where the left hand side is a short-hand notation for a matrix whose elements are
Ji1 = dx/or, Jip = dx /99, and so on. The Jacobian determinant is

a 9 9 .
J = detM =r? sin . (B.3)

a(r, v, @)
The matrix of the partial derivatives of the spherical coordinates with respect to the
Cartesian ones, expressed in terms of the former, is

sin ¥ cos ¢ sin ¢ sin ¢ cos v
0.0.0) | oss (1)) cosd s (/1) sin
0y /r) cos ¥ cos @ /r) cos? sin g /r) sin )
—(1/r)sing/siny  (1/r) cosg/sin 0
(B.4)
© Springer Science+Business Media New York 2015 595
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Fig. B.1 Cartesian (x, y,z) z
and spherical (r, ¥, @)

coordinates ’

22N

X

whence

ar, v, 1 1
PG AL S (B.5)
a(x,y,z) rtsin® J

To calculate (B.4) consider, e.g., the last term of the second row, (91%/9z),, =
—(1/r) sin . The second line of the second group of (B.1) yields (0 cos #//32).y, =
1/r — z2/r3, where (3r/dz),y = z/r has been used, that in turn derives from
the first line of the second group of (B.1). The relation z = r cos ¢ then yields
(0cos?/02)xy = (1/7) sin? ©. On the other hand the same quantity can also be writ-
ten as (0 cos #/0z)xy = — sin ¥} (31/9z)xy. Comparing the two expressions above
yields the result sought.
Differentiating with respect to time the first of (B.1) yields the relations

X = Fsin® cosg+rd cos cosg —r ¢ sind sing
y = Fsing sing+rd cosd sing + r ¢ sind cos g (B.6)
;= Fcos®—rd sind

that express the components of the velocity in the Cartesian reference as functions of
the generalized coordinates r, %, ¢ and generalized velocities 7, I, ¢ of the spherical
reference. From (B.6) the expression of the kinetic energy in spherical coordinates
follows:

1 1 ,
T =m G +y+H) = 3 (72 4+ r*9% 4+ r*¢® sin® 9) . (B.7)

B.2 Polar Coordinates

To describe the motion of particles confined over a plane one may adopt, instead of
the Cartesian coordinates x, y, the polar coordinates r, ¢. The relations between the
two groups of coordinates are
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X = Trcosg rr = )cz—l-y2 (B.8)

y = rsing tangp = y/x

The limits of the polar coordinates are 0 < r < 00, 0 < ¢ < 2m. The Jacobian
matrix and the Jacobian determinant are, respectively,

d(x,y) | cosep —rsing aIx,y)

= , J = det (B.9)
ar, @) sin ¢ r cos@ a(r,e)
Differentiating with respect to time the first of (B.8) yields the relations
X = Fcosep—r¢sin
$oresime (B.10)
y = Fsing+rgcose

that express the components of the velocity in the Cartesian reference as functions of
the generalized coordinates r, ¢ and generalized velocities 7, ¢ of the polar reference.
From (B.10) the expression of the kinetic energy in polar coordinates follows:

1 1
T = Em()e2 + 3% = 3" (P +r*¢?). (B.11)

B.3 Coordinate Rotation

Consider a coordinate transformation that consists in a rotation around the origin,
bringing a right-handed system of coordinates x = (x1, x»,x3) into another right-
handed system s = (s1, 52, 53). The transformation is described by the linear relations

s1 = anxit+apx+asx;
S2 = ax X1+ axnx;+axp;x; (B.12)
s3 = az X;tapxy+assx;s

which can be recast in the matrix form s = Ax. It is known that a matrix describing
this type of transformation is orthogonal [42, Sect. 4.2], namely,

3
Zaij aijp = 8‘]](, detA = 1, A_] e ATg jyk = 1727 39 (B'13)
i=1

where apex T indicates the transpose. From (B.13) it follows (A")T =A Asa
consequence, the effect of the rotation onto the modulus of a particle’s velocity is
found from

(&%) =[(A719)" A8 = (s"A A7 8) = (7. AATI8) = (57, ).
(B.14)
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In (B.14) the symbol (a”,b) denotes the scalar product between the vectors a and
b, namely, it is equivalent to a - b. The above calculation shows that w* = x7,%)is
invariant under rotation of the coordinate system. The same reasoning applies to the
modulus of position 72 = (x7, x) = (s7, s).

B.4 Differential Operators Under Coordinate Transformations

Consider the coordinate transformation between the two sets x;, &,i = 1,2,... ,n:

§=80,....x0),  xi=xi(&1,...,8). (B.15)
If a function f is transformed using the above, the following hold:

Z of o5 92 f Z of 9%; Z 0°f 9508\ 51
8x1 « 08 ox;’ asj ax? « 0808 0x; ax: | '
Adding up over i in the second of (B.16) yields

n 32f
V2, VE;i -V B.17
V= Z(ag, s,+;a$jaék £ sk), (B.17)

where symbols V and V? indicate, respectively, the gradient and the Laplacian opera-
tor with respect to the coordinates x;. By way of example consider the transformation
(B.1) from Cartesian to spherical coordinates. Remembering (B.4) one finds

1
Vr-Vr =1, Vo -V = —, Vo -Vp = ———, B.18
rovr r? Y= e (B-18)
Vr -V =0, Vi - Ve =0, Vo -Vr =0, (B.19)
whence
aif 9 8f a*f 1 af 3% f 1

v? v +—+ V4 Vi ol

F =% o2 o 30272 " ag " YT 902 r2sint o
(B.20)

In turn, letting y = sin® cos¥/r, { = singcosg/r, ¢ = sin’> ¥, the terms Vr,
V2, V2¢ are found from
3%r/ax>  3*r/dy*  8%r/dz?
1
020 /0x*  3%9/3y* %9/ | = - X (B.21)
p/ax? /oyt 8%p/d
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1 —ocos’¢ 1 —osin’g o
x | y(sin®¢/o —2cos’¢) y(cos’g/o —2sin>g) 2y |, (B.22)
2¢ /o —2¢/o 0
whence
’ 2 ) I cosf 2
Vir = —, Vi = = —, Vip =0, (B.23)
r r? sinf
af 2 3*f df 1 cos® 3*f 1 3f 1
Vif="CZ4 — 4 L = - 42— = (B2
=y T T P sing Ta02 2 392 r2 sin® ¥ 29
1 82(f)+ 1 a ) 08f n 1 2 f (B.25)
= - —(r — — | sind — _— .
r or? r2 sin® 99 b r2 sin? 9 g2

B.5 Density of States

Consider a function s that depends on the coordinates u, v, w, and on one or more
additional parameters that will collectively be indicated with o. Let

S(o) = f// s(u,v,w,o)dudvdw, (B.26)
where the integration is carried out over the whole domain of u, v, w. Next, consider
the transformation from the original variables to the new variables «, 8, 1,

_ a(u,v,w)
B’

which is assumed to be invertible, so that the Jacobian determinant J does not vanish.
After the transformation is carried out, (B.26) takes the form

o =o(u,v,w), B=ppuv,w), n=nuvw), J B.27)

S(o) = /// s(ee, B,m,0)|J|dadB dn. (B.28)
It may happen that one is interested in the dependence of s on one of the new
variables, say, 1, rather than in the details about its dependence on the whole set of

new variables. In this case one first carries out the integrals with respect to « and B
in (B.28), to find

h(n,o) = // s(a, B,n,0)|J|dadpB. (B.29)
Then one defines

b() = / |J| de dB. (B.30)
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A function like b(n) plays an important role in many physical problems (e.g.,
Sects. 14.6, 15.8.1, 15.8.2). For this reason, although its derivation in this section
is of a purely formal nature, b(n) will be called density of states in 1. Note that the
density of states depends only on the structure of the variable transformation (B.27)
and (at most) on 7. The form of (B.29) and (B.30) shows that the ratio s = h/b is
a weighed average of s(«, 8,1, 0) over the two variables « and B, that uses |J| as
weight. Introducing the definition of 5 into (B.28) gives the latter the form

S(a):/b(n)f(n,a)dn. B.31)

If s happens to be independent of « and B, definition (B.29) yields & = s b, whence
s(n,0) = s(n,0). The derivation of b is not limited to a three-dimensional case; in
fact it applies to any number of dimensions. In the following, a few examples in one,
two, and three dimensions are given, in which one of the transformation relations
(B.27), namely, n = n(u,v,w), has a quadratic form; these examples are in fact
particularly significant for the physical applications, where 7 stands for the energy
and u, v, w stand for the generalized coordinates.

Considering a one-dimensional case with 1 = u?

, one finds?

ou

u==+n'" || = an

| 1 _ _
=3 172, b =237 V2 =y~ (B.32)

This case is straightforward because there are no other variables involved in the
transformation. Instead, in the two-dimensional case with n = u? +v%, a convenient
transformation involving the second variable is of the polar type (B.8), specifically,
u=n'"?cosg, v =n'"? sinp. One finds

IJI—1 b()—/znld = (B.33)
_2’ 77— o 2 (0—77 .

In the three-dimensional case with n = u?> 4+ v> + w?, a convenient transformation
involving the other two variables is of the spherical type (B.1), specifically, u =
n'/2 sin ¥ cos@, v =n'/? sin® sing, w = n'/? cos®¥. One finds

1 2r |
/1=3 n'/?sin®,  b(n) = / / 3 n'/? sin® do dp =27 n'/2. (B.34)
0 0

The above examples show that, despite the fact that the n = n(u, v, w) relation is
quadratic in all cases, the form of b(n) changes depending on the number of spatial
dimensions.

Still considering the case where one of the transformation relations (B.27) has
a quadratic form, the analysis can be extended to arbitrary values of the number

3 Factor 2 in the last expression of (B.32) accounts for the fact that both positive and negative parts
of the segment [— '/, +-1'/2] must be considered.
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of spatial dimensions. As a starting point, and considering provisionally the three-
dimensional case, one notes from (B.30) that the following equality holds:*

B =/b(n)dn=// |J|dadﬁdn=///dudvdw. (B.35)

Remembering the definition of b, it follows that B is the number of states in the
domain of u, v, w. Due to the last integral in (B.34), B is also equal to the volume of
such a domain; in turn, due to the first integral, B can be thought of as the sum of the
volumes of elementary shells of thickness dn, with b(n) the area of each shell (that is,
the area of the two-dimensional surface n = const). These observations provide the
key to extending the analysis to the case where 7 is a quadratic form in an arbitrary
number of dimensions,

w3+ ..+ ud =, n=g". (B.36)

Letting n = const, (B.36) is the equation of an (n — 1)-dimensional sphere of radius
g > 0 immersed into the n-dimensional space. The problem is thus reduced to
expressing the area of the sphere in terms of #; although it can be solved by using a
generalization of the spherical coordinates to n dimensions, a more elegant approach
consists in finding a recursive expression involving also the sphere’s volume.

To this purpose, let V,, indicate the volume of a sphere of an n-dimensional space,
and let S,,_; indicate the surface area of the same sphere. When n = 1, the sphere
is a segment whose volume is the length V; = 2g; for n = 2, the sphere is a circle
whose volume is the area Vo, = m g2; forn = 3itis V3 = (4/3)m g3; forn = 4
itis V, = n? g4/2, and so on; in turn, for n = 2 the surface is a circumference
whose area is the length S| = 27 g; forn = 3itis S, = 4n g2; forn = 4itis
S3 = 2m? g3, and so on. Consistently with the expression of B as the integral of b
given by (B.35), one finds from the above values the general relation

v,=%s, .. (B.37)
n

Combining (B.37) with V| = 2g also yields Sy = 2, that is, the “surface” of
the segment considered above; such a surface is made of the segment’s endpoints
{—1,+1}. From (B.37) it also follows that V,, o g" and S,_; o g"~', whence
S, o« gV, and V;) = const. From the values found above one finds S,/(g V) =
S3/(g V) = 2m; it follows that S, = 2w g V,—; and Vy = 1. The latter is the
“volume” of a sphere in a zero-dimensional space. The recursive relation involving
the volumes then reads

g g 27 g
V== ,,,1=—2n'gVn,2=
n n

Vn,Q, V() = 1, Vl = 2g. (B38)

* In the practical applications of the concepts illustrated here, the integrands in (B.35) embed a
constant factor Qy, called density of states in the u,v,w space which, besides describing some
properties of the physical problem under investigation, makes B dimensionless. Here, all variables
involved are dimensionless, and Q is set equal to unity.
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The above can further by improved by observing that the sequence Vp, Vi, . .. embeds
Euler’s Gamma function of half-integer order; in fact, combining (B.37) and (B.38)
with the definitions of Sect. C.10, yields

7'["/2 nnn/Z

' “Tw2+n?

- n—1
= Fonin " . (B.39)

n Snfl

The last step consists in expressing the result in terms of 7. This is accomplished
by noting that b() dn = S,_1(g)dg, where g = \/nand dg = d/n = dn/(2 /n);
then, one finds

n an/Zn(nfl)/Z d’? n an/Z
5> b= s————=n"*"".  (B.40)
T'n/2+1) 2pV 2r(n/2+1)

b(n)dn =

Letting n = 1,2, 3 in the second expression of (B.40) renders (B.32), (B.33), (B.34),
respectively.



Appendix C
Special Integrals

C.1 Sine Integral
Define the two functions
t : o0 o3
si() = — = +/ MY ix, N = / sin@x) 4 (C.1)
2 0 X 0 X

The first of them is called sine integral and fulfills the limit lim,_, o, si = 0, whence
N(1) = m/2. To demonstrate the above one starts from the functions

sm( y)

x, y=>0.
(C.2)

o0 sin x
F(y) = / exp(—x) ) 4 Gy = / exp (—xy) 22 g
0 0 X

The following hold true: F(0) =0, G(0) = N(1), F(1) = G(1), and

dF e dG o0 .

— = exp (—x) cos (xy)dx, — = exp(—xy) sinxdx. (C.3)
dy 0 dy 0

Integrating (C.3) by parts twice yields dF/dy = 1/(1 4+ y?),dG/dy = —1/(1 4+ y?)
whence

F(y) =arctany + F(0), G(y)= —arctany+ G{0), 0<y < % (C4)

Itfollows F(1) = F(0)+n/4 = n/4and F(1) = G(1) = G(0)—x /4 = N(1)—n /4.
Combining the above yields the result sought. This implicitly proves the convergence
of the integrals in (C.1). The calculation of the second of (C.1) is now straightforward
and yields

—1/2, a <0,
N(a) = 0, a=0, (C.5)
+/2, a > 0.
© Springer Science+Business Media New York 2015 603
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The integrand in the second of (C.1) is even with respect to x. It follows that an
integration carried out from —oo to 400 yields 2 N (a). Basing on this one also finds

+00 : 400
/ XPUAY) 4 2 N(a) + / COS@Y) 4 —oN@). ()
_ X X

00 1

—00

When calculating the second integral in (C.6) one must let z = +ax, €, Z > 0 and
use the principal part. In fact, observing that the integrand is odd one obtains

T cos (ax) o € cosz *Z cosz
190 dx = +i lim dz + dz)=0. (€7
o0 1Xx =0 _7 Z +e Z

Z—oo

Combining (C.7) with (C.6) provides an integral representation of the Fourier type
for the step function

0 a<0 | | oo .
exp (iax
H(a)=11/2 a=0 =—+—/ de. (C.9)
2 2r J_o X
1 a>0

Still from (C.6), using the identity 21 sinx = exp (ix) — exp (—ix), one finds

0 la] > 1
T gin x )
/ T exp(—iax)dx =N(—a+1)—N(—a—-1)= {x/2 a=+1
- b4 lal < 1
(C9)
From (C.9) one derives integrals of a similar form, where sin x /x is replaced with
sin” x/x", n = 2,3,.... The example with n = 2 is given below: one starts from
d [T sin? +2° gin?
— e exp(—iax)dx:/ - al exp(—iax)dx, (C.10)
da J_o xZ2 oo X

and uses the identity 2 sin® x = 1 — cos (2x) to find

/‘*"o 1 —cos(2x)

00 2ix

+00
exp(—iax)dx = N(—a)—i—/ COSQY) G (ax)dx,

oo 2x
(C.1D)

where N(—a) derives from (C.6) and the integral on the right hand side is obtained by
eliminating the odd part of the integrand. From the identity sin [(a 4 2) x] 4+ sin [(a —
2)x] = 2 sin(a x) cos (2 x) such an integral transforms into

+00 o H _
/ sinfa +2)x] +sinlt@a=2)xl %N(a +2)+ %N(a —2), (C.12)

o 4x
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where the second definition in (C.1) has been used. Combining (C.10), (C.11), and
(C.12) yields

4 e i /2 —2<a<0
sin? x
o = exp(—iax)dx = { —m/2 0<a<?2 (C.13)
- 0 la| > 2

This result shows that the derivative with respect to a of the integral sought is
piecewise constant in the interval —2 < a < 42, and vanishes elsewhere.
The integral is also continuous with respect to @ and does not diverge, because
|'sin? x/x?| < |sinx/x| and (C.9) converges. This reasoning allows one to fix the
integration constants, to finally obtain

oo 2 (/2)(a +2) —2<a<0
/ 5122x exp(—iax)dr =1 —(r/2)(a -2) 0O<a<2 (Cl4)
- 0 lal > 2

By a procedure similar to that used to prove (C.14) one finds

d [+ sin® (ax) + gin? (ax) Ta, a>0

= MY dx = 2 N(a), S Y Ay =

da J_o x?2 —o0 x2 —ma, a<0
(C.15)

C.2 Fourier Transform

Let f(x) be a function defined over the entire x axis. Its Fourier transform is defined
as the integral

+00
G = Fof = \/%_n £0) exp(— ikx)dx. (C.16)

In turn, the Fourier antitransform is defined as

fx)=F'G = G (k) exp (ik x)dk. (C.17)

1 +oo
A/ 27 /;oo
Combining (C.16) and (C.17) provides a representation of f in the form
1 +oo +00
fx)= o f exp (ik x) [ f©&) exp(—iké)ds} dk. (C.18)
T J-oo —00

A sufficient condition for the representation (C.18) is

+00
/ |f(0)]dx < oo. (C.19)

o]
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If f is discontinuous of the first kind at some point x, the left hand side of (C.18)
must be replaced with [ f (xar )+ f(xg)]/2. As the condition (C.19) is sufficient, but
not necessary, there are functions that admit an integral representation like (C.18)
without fulfilling (C.19). An important example is the unit step function shown in
Sect. C.1.

If f depends also on one or more parameters, f = f(x,u,v,... ), thenitis G =
G(k,u,v,...).Inann-dimensional space, defining the vectors x = (x1,... , x,) and
k = (ki,... ,k,), the Fourier transform reads

1 +00 +00
Gk)=FKf=———= fx)exp(—ik-x)dx;...dx,. (C.20)
Qm)? ./_oo —o0

A useful relation is found by differentiating both sides of (C.17). To this purpose,
one must assume that the conditions for exchanging the derivative with the integral
are fulfilled. It is found

d f _ 1 f+w
dx B RV, 27 —00
Iterating the procedure yields

dr f B 1 f+oo

dx” B V2m Jox
showing that, if G (k) is the Fourier transform of f(x), then the Fourier transform of
d" f/dx* is (ik)" G(k). Relations like (C.21) and (C.22) are useful, for instance, in
the solution of linear differential equations with constant coefficients, because they

turn differential relations into polynomial relations (compare with the solution of the
diffusion equation carried out in Sect. 23.4).

ik G(k) exp (ikx) dk. (C.21)

(k)" G(k) exp (ikx) dk, (C.22)

C.3 Gauss Integral

The relation

+o00 0
I = / exp(—x?)dx = / exp (—x?)dx. (C.23)
0 00

is called Gauss integral or Poisson integral. To calculate its value one may start from
the double integral

F(R) = f f exp [—(x% + y»)] dxdy, (C.24)
X(R)

where X' (R) is acircle of radius R centered on the origin. Using the polar coordinates
(B.8) yields

2 R
F(R) = / dﬁ/ exp(— p?)pdp =m [1 —exp(— R?)], (C.25)
0 0
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whence limg_, oo F(R) = . On the other hand, due to (C.24) it is also

+00
Rlim F(R) = // exp [—(x% + y*)]dxdy = lim (/

+a 2
exp ( —xz)dx> .

a

(C.26)
Combining (C.25, C.26) with (C.23) provides
+00
f exp(—x?)dx = /7, I = “/—;. (C.27)
oo 2
From (C.27) it follows that for any A > 0 it is
o0 5 1 |m
Iy(A) = exp(—Ax)dx = - [ —. (C.28)
0 2V A
Another integral generated by exp ( — Ax?) is
o 1
L(L) = / x exp(—Ax?)dx = —. (C.29)
0 2)

Thanks to (C.28) and (C.29) it is possible to calculate all integrals of the form
o0
I,(L) = / x™ exp (— Ax?)dx, n=>0. (C.30)
0
In fact, using the recursive relation

d 9, 2 = a2 2
—1I, = —x" exp(— Ax7)dx = — X exp(—Ax7)dx = —1,4»,
0 0

da oA
(C.31)
in combination with (C.29) yields all the integrals whose index is odd,
!
A %):("’“), m=0,1,2,.... (C.32)
Similarly, combining (C.31) with (C.28) yields all the integrals whose index is even,
2m — 1)!!
hu(h) = (";m—ﬂ) A S 01,2, (C.33)
where
Cm—-DH"=0C2m—-1)2m —3)...3-1, (—Hihr =1, (C.34)

Finally, observing that the integrand of (C.30) is even (odd) if n is even (odd), one
finds

+o00 +00
/ X2 exp (— Ax2)dx = 2 L, (1), / x2m+ 1 exp (— ax?)dx = 0.
—00 —00

(C.35)

The results of this section still hold for a complex A with fix > 0.
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Fig. C.1 Generation of a
Dirac § using a barrier-like
function. The width of the 20l |
peak is equal to a ’
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C.4 Dirac’s

Consider a function Ag(x, a) defined as follows:

1/a —a/2 <x <+4a/2
Ap = / [2=x=+al (C.36)

0 x < —a/2, x>a/2

witha > 0.

The above definition yields
0 X 7& 0 +o00 1 +a/2
lim Ag = , / AB(x,a)dxz—/ dx =1.
a—0 —+00 x=0 —00 a —a/2

(C.37)

As the value of the integral in (C.37) is independent of a, the integral is equal to unity
also in the limit @ — 0. Figure C.1 shows how the form of Ap changes with a: the
width of the peak decreases as a decreases, while its height increases so that the area
subtending the function remains constant. Note that the procedure depicted above
gives a different result if one carries out the integration after calculating the limit.
In other terms, the integration and the limit are to be carried out in a specific order
(integration first). For a continuous function f(x) the mean-value theorem provides

+00 1 +a/2
| aaswa=s [ fwa=ro. e
—00 —a/2
with —a/2 < x < +a/2. As a consequence,
+00
lin%) Ap(x,a) f(x)dx = f(0). (C.39)

—00
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This result is expressed in a more compact form by defining a linear functional 6(x)
(called Dirac’s symbol) such that

+00
/ 3(x) f(x)dx = f(0). (C.40)

o0

The functional associates the number f(0) to the function f(x). If the reasoning
leading to (C.40) is repeated after shifting Ap from the origin to another point x,
one finds the generalization of (C.40)

+00
/ 8(x — xp) f(x)dx = f(x0). (C41)

[ee]

From (C.41) and (C.16) one obtains

+00 1
S(x —xg)dx =1, F8(x — xp) = exp(—1ik xp). C.42
[m ( 0) ( 0) Nox p( 0) (C42)

The antitransform (C.17) then reads

+00
S(x — xp) = % f exp ik (x — xo)] dk, (C.43)

that provides an integral representation of the Dirac §. However, it is important to
note that (C.43) has no meaning unless it is used within an integral like, e.g., (C.41).
With this provision, one can consider the Dirac § as the “derivative” of the step
function; in fact, after a suitable change in the symbols, one finds that the integral at
the right hand side of (C.43) is the derivative with respect to x of the integral at the
right hand side of (C.8). More details about the integral representation of the Dirac
§ are given in Sect. C.5.

The function Ag(x, a) defined above is an example of generating function of the
Dirac 4. Several other examples may be given, as shown below. In all cases, if the
generating function A(x, xg, @) is centered at some point xy, it is even with respect to
xo and has the properties lim,_,o A = 0 if x # xp and lim, .y A = +o0 if x = Xxo.
Consider for instance the Lorentzian function (centered at xo = 0)

+00 1 R |
AL = _a/m / Apdx = — / g arctan (f> dx =1, (C44)
T a

,
a? + x? oo oo dx

with a > 0. Apart from the limiting case a — 0 the function has only one maximum
that occurs at x = 0 and equals 1/(am). For x = %a the function’s value halves
with respect to the maximum, so 2a is conventionally taken as the width of Ay . The
product 2/m of the maximum value by the conventional width is independent of a
and is of order unity. Finally, for a continuous function f(x) it is

+00

lim Ar(x,a) f(x)dx = £(0). (C.45)

a—0 — 00
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Another example of a §-generating function is the parameterized Gaussian function
(centered at xo = 0)

_exp(—x2/a?)
-,

(more details about this function and integrals related to it are given in Sects. C.3 and
C.8). The function has only one maximum that occurs at x = 0 and equals 1/(a+/7).
For x = +a./Tog2 >~ +0.833a the function’s value halves with respect to the
maximum, this yielding a conventional width of 2a /Tog 2. The product 2./Tog 2/ /7
of the maximum value by the conventional width is independent of a and of order
unity. For a continuous function f(x) it is

+00
Ag > 0, / Ag(x,a)dx = 1 (C.46)

oo

+o0
lim Ag(x,a) f(x)dx = f(0). (C47)

a—0 0

A final example of a §-generating function is the negative derivative of the Fermi-
Dirac statistics (centered at xg = 0)

ap=- L L eeWa) L 4y
dx exp(x/a)+1 4 [exp (x/a) + 1]
/+°°A( )d —/_wi;d —1 (C.49)
o FLXa)ax = 100 dx exp(x/a)+1 =0 '

(more details about this function and integrals related to it are given in Sect. C.13).
The function has only one maximum that occurs at x = 0 and equals 1/(4a). For x =
+alog(3+ \/g) =~ +1.76 a the function’s value halves with respect to the maximum,
this yielding a conventional width of 2a log (3+ V/8). The product (1/2) log 3+ V%)
of the maximum value by the conventional width is independent of a and of order
unity. For a continuous function f(x) itis

+00

lim Ap(x,a)f(x)dx = f(0). (C.50)

a—0 J_

The §-generating functions A vanish for x — o0, otherwise they would not be
integrable from —oo to +00. Assuming that A is differentiable with respect to x
yields, after integrating by parts,

+00 dA(x,a) 400

£ S5 dr = (A @) FOOIS - f
o X

—00

df
A(x,a) —dx, (C.51)
_ dx
with f a differentiable function. In (C.51) the integrated part is zero because A
vanishes at infinity. Taking the limit @ — 0 at both sides of (C.51) and using (C.40)
yields

+00 +oo
fx) o) dx = —/ 8(x) ﬂ dx = —f/(0), (C.52)
o dx _ dx

o]
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Fig. C.2 Generation of a 0.8
Dirac § using a Lorentzian
function. The width of the
peak is proportional to a

A, (x,a)

which is used as the definition of the derivative of . Such a definition generalizes to

+00 ( ) _ n )
= (—D" f0). (C.53)

C.5 Some Properties of Dirac’s §

An integral representation of § is derived from (C.18) after rearranging it as

+00 400 ik _
00 = f [ / e kbl 4 dk] £(&)de (C.54)
and comparing with (C.41):
+00 : _
S(E —x) = f %ﬁfén dk. (C.55)

Replacing k& with —k in (C.55) shows that § is even with respect to its argument,
8(x — &) = §(§ — x). Also, comparing (C.55) with (C.16) shows that §(§ — x) is
the Fourier transform of exp (ik x)/ V2 7. The generalization of (C.55) to more than
one dimension is immediate; e.g., the three-dimensional case reads

+oo _
5(g —x) = / / / eXp[‘(l;ﬂ(; LU (C.56)

The discrete-case analogue of (C.56) is given by (C.117, C.121), where the gen-
eralization of the Kronecker symbol is given. Note that the latter is dimensionless,
whereas the units of Dirac’s § depend on its argument: by way of example, the inte-
gral ff;o 8(& — x)d&é = 1 shows that the units of §(§ — x) are the inverse of those of
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Fig. C.3 Generation of a 15
Dirac § using a parameterized
Gaussian function. The width
of the peak is proportional to

a

Ag(x,a)

dé&; similarly, the integral ffffz 8(g — x)d3g = 1 shows that the units of (g — X)
are the inverse of those of dg, and so on.

A generalization of Dirac’s § is found by replacing 6(x) with §[g(x)], with g(x) a
function having one or more zeros. Let x| be a simple zero of ¢, namely, ¢’(x;) # 0,
and consider the contribution of it to the integral fj;o 8[g(x)] dx. Observing that in
a finite neighborhood I of x; there are no other zeros, one can determine such a
contribution by replacing g (x) with ¢’(x;) (x —x;); in this way, to bring the calculation
back to the standard form one may provisionally scale the differential dx by 1/¢'(x;).
However, if the scaling factor were negative, the evenness of § would be violated;
thus, the correct scaling factor is |¢’(x;)|, and

1
/1MMXHf@)¢X=-j——-f@0- (C57)
I lq’(x1)|

If g has n simple zeros, from (C.57) it follows

+00 1 1
/ SlqO] f(x) dx = ——— () +...+ ——— f(x).  (C58)
—0 lg'(x ) lg’(xn)]

C.6 Moments Expansion
For a given function f(k) consider the integral
+0o0
M, = / k" f (k) dk, n=0,1,... (C.59)
—00

It is assumed that the integral converges for any n. This implies that f vanishes at
infinity with a strength larger than any power. As the present considerations apply to
a distribution function, the vanishing of f is typically of the exponential type. The
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quantity M, is called moment of order n of function f. Thanks to its properties, f
can be Fourier transformed; let

+00
s =Ff= \/%—n - f (k) exp(=iyk)dk. (C.60)

Using the Taylor expansion exp (—iy k) = Y .-, (—iyk)"/n! yields

1 (=i M, ,

= — (C.61)
o n=0 n! 27
The latter is the Taylor expansion of g around the origin; it follows
(—1)" M, (d"g )
- - "= ) (C.62)
V2w dy" /,

The above analysis shows that, if the moments M, of f (k) are known, from them
one constructs the Fourier transform g(y) = F f by means of a Taylor series. Then,
one recovers the original function from the inverse transform f(k) = F~'g. In
conclusion, the knowledge of the set of moments of f is equivalent to the knowledge
of f. The result holds true also in the multi-dimensional case f = f(k), where

+00

Mimin = /// K Ky K fk)d’k,  Lm,n=0,1,... (C.63)
-0

is the moment of order [ + m + n of f.

If only the lower-order moments are used, then the Taylor series for the Fourier
transform is truncated and provides an approximation g for g. As a consequence of
this approximation, the inverse transform f = F~'g provides an approximate form
of the original function f.

An extension of the above concepts is obtained by replacing the monomial ex-
pression k! k%' k% with a function «(k), that can be expressed by a polynomial
interpolation. In this case, in fact, the integral of «(k) f(k) is a combination of
moments of f. A further generalization consists in considering f, o, or both, as
functions of other variables besides K:

+00
M, (r, 1) = / / / a(r,k, 1) £(r,k, 1) d’k. (C.64)

If f(r,k,¢) is the solution of a differential equation generated by an operator A,
say, Af = 0, one can derive a set of moments from such an equation by selecting

different forms of «:
+00
/// a Af &k = 0. (C.65)
—00

Each moment depends on the other variables r, . If operator A contains the deriva-
tives with respect to r, ¢, or both, then the moment of Af = 0 is a differential
equation in r, ¢, or both.
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Fig. C.4 Generation of a
Dirac § using a Fermi-Dirac
statistics. The width of the
peak is proportional to a

C.7 Error Function

The error function and the complementary error function are defined, respectively,
as

erf (x) = % /x exp(— 52) dé&, erfc (x) = 1 — erf (x). (C.66)
0

From the definitions (C.66) and from the Gauss integral (C.23) the following
properties are derived:

% erf (x) = % exp (— x?), erf (—x) = —erf (x), (C.67)
erf (—oo)=—1, erf(0)=0, erf(+o00)=1, (C.68)
erfc(—o0) =2,  erfc(0)=1,  erfc(+ o0)=0. (C.69)
Integrating by parts yields
/0 ' erfc (&) dé = x erfc (x) + % [1 —exp(—x?)]. (C.70)

Applying the de I’Hopital rule shows that the first term at the right hand side of (C.70)
vanishes for x — +oc0. It follows

+0o0 1
f dx = —. C.71
/0 erfc (x) dx NG (C.71)

Still applying the de I’'Hdpital rule shows that
erf (x) 2 i erfc (x) YN

lim

s im ———— = 1i s C.72
x=0 X ﬁ x—+00 eXp (=x2) x>t x ( )
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whence

1 exp (—x?)

JT

2
erf (x) > —x for |x| K1, erfc (x) =~

JT

for x> 1.
(C.73)

Other applications of the integration by parts yield

Y:/Xg erfc (&) dg = x° erfc(x)—Y—L /x.s;: [iexp(—g—-z)] de =
0 0

NG a
= 1 erfe () 4 L erf () = —— x exp(—x?) (C.74)
—2x eric (x 461‘ X Zﬁxexp X7). .

C.8 Parametrized Gaussian Function

The relations introduced in Sects. C.3 and C.7 are useful for investigating the
properties of function

exp [—(x — §)?/(4a)]

Al =)= 4 a

> 0. (C.75)
The behavior of A in the limit a — 0 depends on the argument x — &, namely

lim ACx — €,a) = 0 §#x (C.76)

+o00 E=x

In contrast, its integral over & is independent of x and a. In fact, using (C.23) after
letting u = (x — &)/+/4a yields

+oo 1 +oo )
[ A(x—E,a)dé—ﬁ/oo exp(—pu-)du =1. (C.77)

o0

Adopting the same variable change leading to (C.77) and using (C.23, C.66) yields

0
1 X
A(x — &,a)dé = — erfc (—) . (C.78)
w/700 2 RV, da

The relations (C.77, C.78) hold also in the limit for @ — 0, provided the limit is
calculated after the integration. This property is typical of the functions that generate
the Dirac § (Sect. C.4). In fact it can be shown that for a continuous function g(x)
the following holds:

+00
(lll_%/ 8(6) A(x —§,a)d§ = g(x). (C.79)
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Other examples of §-generating functions are given in Sect. C.4. This section is
concluded by showing that A(x — &, a) admits an integral representation of the form

1 +oo
Alx —&,a) = T / exp [ik(x — &) — ak*] dk. (C.80)
To prove (C.80) one recasts the argument of the exponential by means of the identity
_Ey i(x — £)7?
ko —8) —akt = —F = =S (C.81)
4a 2a

and uses (C.23) with \/a [k—i(x —&)/(2a)] as the integration variable. Itis interesting
to note in passing that letting & = 0, a = ¢'2/2 in (C.80) yields

exp[—x%/20%)] = exp ( — o2 k?/2) exp (ik x) dk, (C.82)

o +00
A/ 2 ./;oo

namely, the Gaussian function is the Fourier transform of itself.

C.9 Euler’s Beta Function
The function defined by the integral

1
B(h, pn) = / 7N = x)r 1 dx, (C.83)
0

with A, u complex numbers such that H(A) > 0, R(u) > 0, is called Euler’s Beta
Sfunction or Euler’s integral of the first kind [65]. Letting x = y/(y+1) and replacing
y with x gives (C.83) the equivalent form

400
B, n) = / 7N 4 x)" 3 gy, (C.84)
0
Limiting the variables’ range to 0 < 9t(%), f(n) < 1 and letting
uw=1-=2x, To(A) = B(A, 1 — 1) (C.85)
yields
+oo  .A—1
To() = / Y = (C.86)
0 1+x sin (A7)

The last equality is demonstrated by applying Cauchy’s residue theorem [114,
Sect. 64] to the function f(z) = 21 /(1 + z), with z complex, that over the real
axis reduces to the integrand of (C.86). The relation (C.86) can be exploited for
calculating other integrals. For instance, for A real one lets A = 1/(2u), x = y?* to
find

dy = n> —. (C.87)

/ e m/2u)
o L4y sin [7r/(2mw)1’

R =
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C.10 Euler’s Gamma Function
The function defined by the integral
+00
rxx)zzjm 21 exp (—x)dx, (C.88)
0

with A a complex number such that (X)) > 0, is called Euler’s Gamma function
or Euler’s integral of the second kind [33, Sect. 1.3].° The negative of its derivative
I’ = dI'/dx calculated for A = 1 is called Euler’s constant, y = —I''(1) =
]0+°° exp (—x) log (x)dx ~ 0.5772. From (C.88) one finds I"(1) = 1 and, after
integrating by parts,

FO.+1)=AT Q). (C.89)
IfA=n=12...(C.89) yields
Fh+D)=nl)=ntn—DHI'n—1)=...=nl (C.90)

The definition of I is extended by analytic continuation to the complex plane with
the exception of the points A = 0,—1,—2,...,—n,.... At each negative integer
—n, the function I" has a simple pole with a residue equal to (—1)"/n! [65], namely,

(=D"

n!

Alim A+n) I ()= , n=0,12... (C91)
A straightforward calculation shows that the beta and gamma functions are connected
by the relation [65]

) rw) =Iro+w Bk, p. (C.92)

Thanks to (C.92) one extends the definition of B to the complex plane with the
exception of the points A, u, A +pu =0,—1,-2,...,—n,... . Moreover, limiting
the variables’ range to 0 < R(1), N(u) < landlettingu = 1 —Asothat I'(A+up) =
I'(1) = 1, from (C.86) one finds

400 ,A—1
FG)I(l—3) = / dx = To(h), 0 <M < 1. (C.93)
0 1 +x
For A = 1/2 (C.93) yields
r (%) —J7 (C.94)

3 As remarked in [33], Legendre’s notation I'(1) is unfortunate because the argument that appears
at the right hand side of the definition is A — 1. Gauss used the notation /7(A — 1) for the left hand
side of C.88.
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whence, thanks to (C.89),

3 1 1 1 5 3 3 3
(5)=37(5)=3v" r(3)=3r(3)=1v7 ~ ©»
Iterating (C.95) and comparing with (C.33) shows that I'(m + 1/2) = 2 I,,/(1),
m=0,1,2,...

C.11 Gamma Function’s Asymptotic Behavior

Euler’s Gamma function introduced in Sect. C.10, considered for real values of A,
lends itself to a significant application of the asymptotic analysis. Specifically, one
seeks another function f(A), expressible through elementary functions, such that
lim;, o [I"(A + 1)/f(X)] = 1. The asymptotic analysis applied to the I" function
shows that [26]

r(.+1 —
namely, the function sought is f(A) = /27 A**1/2exp (—1). Equation (C.96) is
called Stirling’s formula. Remembering (C.90) one has I'(A + 1) =I'(n + 1) = n!
when A is a natural number. From (C.96) it follows

n! =~ 2w n" V2% exp (—n) = V27 n (n/e)", (C.97)

that provides an approximation to the factorial for n >> 1. Letting by way of example
n = 10, the rounded value of the right hand side of (C.97) turns out to be 3 598 696,
that differs from 10! = 3 628 800 by less than 1%.

The asymptotic value of the derivative of log I" is also of interest, for instance
when determining the equilibrium distribution of particles in statistical mechanics
(Sects. 6.4, 15.8.1,15.8.2). Using (C.96) one finds

d 1
—log I'A+1) >~ — +logh >~ logA, A 1. C.98
o o A+1 2)\+0g og > (C.98)

C.12 Integrals Related to the Harmonic Oscillator

Consider the integral

I(s)—f1L (C.99)
o VT-E -

where s is a real parameter, s > 0. Letting u = £° one finds 1//1 — &% = (1 —
u)!/2=1, d& = u'/*~" du/s whence, using (C.83, C.92, C.94),

JT /s

AR S A — (C.100)
s T'(1/s+1/2)

I(s) = %B(l/s, 1/2) =
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By way of example /(2) = m/2, which can also be derived directly from (C.99).
When s — oo one can use (C.91) with n = 0. It follows

lim 7(s) = 1. (C.101)

§—>00

Now consider the integral

1
J(s) = —_— C.102
o= = 1

still with s > 0. The same procedure used for calculating (s) yields

1 f rd/s+1/2 = 1
J _—Bl 1/2,1/2 _— = — C.103
() s+ V2D =" 10550 =5 16) (€.103)
and lim_, o, J(s) = 0. By way of example J(1) = 7 /2, which can also be derived
directly from (C.102). The integrals (C.100, C.103) appear in the theory of the
harmonic oscillator (Sect. 3.3 and Problems 3.1, 3.2).

C.13 Fermi Integrals

The Fermi integral of order « is defined as

xoz

1 oo
Dy (5) = IRCES) /0 TTexp(— ) dx, a>—1, (C.104)

where I" is defined by (C.88) and « is a real parameter. The constraint ¢ > —1
guarantees the convergence of the integral. If —§& > 1 one has exp(x — §) >
exp (—&) > 1 and, from (C.88),

_ exp@) [, B _ _
¢a(§)_m A x% exp(—x)dx = exp (&), E>—1. (C.105)

A relation between Fermi integral of different order is found by considering, for
some « > 0, the integral of order o — 1:

/ dx = / P =E) 4 (c.106)
r(a) l—i—exp(x—E) al@ Jo [1+expx—8)

where the right hand side is derived through an integration by parts. Observing that
a I'(a) = I'(¢+1) and using again (C.104) shows that the right hand side of (C.106)
is equal to d®,, /d&. Then,

do, dlog @, . Dy

=&, 4, = .
dég : de D,

(C.107)
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The Fermi integrals are positive by construction; from the first relation in (C.107)
it then follows that the Fermi integrals are monotonically-increasing functions of
the argument &£. The Fermi integral of order 0O is expressed in terms of elementary
functions,

@y = log [exp (&) + 1]. (C.108)

Approximations for the Fermi integrals are found, e.g., in [6, Appendix C]. In the
applications to the semiconductor theory the Fermi integrals of small half-integer
order (1/2, 3/2) are the most important ones (Sects. 18.2, 19.6.4). Remembering
(C.94, C.95), they read

RN _[* @ yE
220 = [ e g e o= [

(C.109)

C.14 Holder’s Inequality

Holder’s inequality states that for any pair of real constants b,c > 1 such that
1/b+1/c=1itis

1/b 1/¢
/lFG|dx < (/|F|”dx) </|G|"dx> , (C.110)
n n n

where F', G are any complex functions defined over the real interval 1 and such that
the integrals in (C.110) converge. The inequality is proven starting from the function
o) =r"—br+b—1,r >0,b > 1, whose first derivative is ¢'(r) = br®~! — b
and the second one ¢” = b (b — 1) P2 Asa consequence, for r > 0 the function
has only one minimum, located at » = 1. The inequality 7 45 > b r + 1 then holds,
whence

rb—_l+i>1 C—L>1 (C.111)

b cr — T bh—1 ’ '

Let Fi(x) and G(x) be any two complex functions defined over n and fulfilling the
normalization condition

/|F1|bdx :/|G1|"dx =1 (C.112)
n n

Letting r>~! = |F;|”~'/|G| and replacing in (C.111) yields

A" 1GII
b

11
—|F1 G| =0, —+-=1 (C.113)
b ¢
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Since the function at the left hand side of (C.113) is non negative, its integral is non

negative as well. Integrating (C.113) over n and using the normalization condition
(C.112) yields

1 1
/|F1G1|dx§—+—:1. (C.114)
0 b ¢

On the other hand the normalization condition also yields

1/b 1/c
</|Fl|bdx> - </|G1|“dx) =1, (C.115)
n n
1/b 1/c
/|F1G1|dx < <f|Fl|bdx> (f|G1|Cdx> : (C.116)
n n n

As (C.116) is homogeneous, it still holds after replacing F;, G; with F = A F} and
G = u Gy, where A, u are arbitrary positive real numbers. This proves Holder’s
inequality (C.110).

whence

C.15 Integrals Related to the Electromagnetic Modes

In several applications (e.g., calculations related to the modes of the electromagnetic
field, Sect. 5.5) one must evaluate integrals of the form

Y:/exp[i(k:l:k’)»r]d3r, (C.117)
Vv

where k = k(ny, ny, n3) is given by

2w, 2, 2,
k=n —i+n,—1i,+n3—1is, n; =0,+1,£2,..., (C.118)
d; d, ds
i, ip, i3 being the unit vectors parallel to the coordinate axes. The integration domain
in (C.117) is a box whose sides d;, d,, d3 are aligned with the axes and start from
the origin (Fig. 5.1). The volume of the box is V = djdyds;. As (k £ K) -r =
(k1 £ k1) x1 + (ko £ &%) x2 4+ (k3 £ k) x3, where the upper (lower) signs hold together,
the integral becomes Y = Y| ¥, Y3, with

Y, fdi ik £ k)x ]y = SRk £k)dil —1 (C.119)
P = €X 1 i ) X; X; = .
i ) p i i) Xi i ik + kl,)
Letting 6; = (k; £ k!)d; /2 = 7 (n; £ n}), (C.119) becomes
16;) — —1i6; . sinb;
Y = dy exp iy SRUO —ex0(Z16) _ ooy % (o)

216; 6;
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It follows that ¥; = 0 if n; £ n} # 0, while ¥; = d; if n; & n} = 0. Combining the
three integrals shows thatitis ¥ = 0if k £k’ # 0, whileitis Y = Vifk + k' = 0.
The result is recast in a compact form by means of the three-dimensional extension
of the Kronecker symbol (A.18):

Y =V§k+K,0]=Vsk+k], (C.121)

where the last form is obtained by dropping the zero for the sake of conciseness.
Compare (C.117, C.121) with (C.56) and the comments therein.

C.16 Riemann’s Zeta Function

The function defined by

oo

1
thha)=Y ——, (C.122)
k; k +a)*

where X is a complex number with :(A) > 1 and @ > 0 is real, is called Riemann’s
Zeta function. It can be represented in integral form by combining it with the Gamma
function (C.88): letting x = (k + a) y in the latter, then replacing y back with x,
yields

+o00
ro) =k+al f x* 1 exp[—(k + a) x]dx. (C.123)
0

Dividing (C.123) by (k + a)*, letting k = 1,2,. .., and adding over k provides

e} 400 00
() Z m =/0 X! exp (—ax) |:Z exp(— kx):| dx, (C.124)
k=1

k=1

where Y 7 exp( — kx) = exp(—x)[l + exp(—x) + exp(—2x) + ... ] =
1/[exp (x) — 1], so that from (C.122),

x)hfl

1 +00
t(A,a) = ey /(; xp (o) — 1 exp (—a x)dx, RA) > 1. (C.125)

Remembering (C.89) one finds that (C.125) fulfills the recursive relation
]
a—;(k,a) =-AZ(A+1,a). (C.126)
a

Also, lettinga = 0and A = 2m, withm = 1,2, ... transforms (C.125) into

/+m x2m—1 (2n)2m
0 dm

dx=T2m)¢2m,0) =

Bm; C.127
SR |Bow| (C.127)
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with By, = (—1)Y"*t! | By, |, m > 1 the Bernoulli number® of order 2 m [44]. Thanks
to (C.127) one calculates integrals used in different applications. For instance, letting
m = 2 and using By = —1/30

+00 x3 1
/ — = dx = —7n*, (C.128)
o exp(x)—1 15

that is used in (15.78) to calculate the Lagrangian multiplier in the equilibrium
statistics for photons. From (C.125) one derives another important class of integrals;
in fact, replacing x with 2 x in the denominator of (C.125) yields

+00 A—1
/0 exp:;T exp(—ax)dx =27 I'(W) £ (h,a/2), RO > 1 (C.129)

whence, using the identity 2/[exp(2x) — 1] = 1 /[exp(x) — 1] — 1/[exp(x) + 1]
within (C.125), (C.129) provides

+0o A—1
/ —expx(x) 1 exp(—ax)dx = I'(A) [¢(h,a) — yl-1 tGna/2)]. (C.130)
0

Lettinga =0and A =2m,m = 1,2,... inthe latter, and using (C.127), transforms
(C.130) into

+o00 x2m—l szm
/ ——————dx = =— (2*"7' = 1) |Boul. (C.131)
0 exp(x)+1 2m

For instance, for m = 1 and m = 2, (C.131) provides

+00 X 1 400 x3 7
2 4
/ ——dx = — 77, / ——dx=—7a". (C.132)
0o exp(x)+1 12 o expx)+1 120

6 The Bernoulli numbers are defined by the series expansion x/[exp (x) — 1] = Zg" B, x"/n!,
with |x| < 2mw.Itis By = 1, B = —1/2, B, = 1/6, B4 = —1/30. Apart from By, all Bernoulli
numbers of odd index vanish.



Appendix D
Tables

Table D.1 Fundamental

Value?®

Units

8.85419 x 1072 |[Fm™!

2.99792 x 108 |ms~!

Quantity Symbol
constants

Vacuum permittivity | &g

Speed of light c

Electron charge q

1.60219 x 107 | C

Electron rest mass | mg

9.10953 x 103! | kg

Proton rest mass M,

1.67265 x 107 | kg

Boltzmann constant | kp

1.38066 x 10723 | JK~!

Planck constant h

6.62616 x 1073 | J s

Reduced Planck c. | &

1.05459 x 1073* | J s

Atomic radius Ta

~ 10710

Electron radius Te

2.81794 x 107 | m

4The ratio between the proton and electron rest masses is My /my =~
1836. The vacuum permeability is found from g = 1/ (o)

Table D.2 Greek alphabet Small | Capital* | Name | Small | Capital | Name
o A Alpha |v N Nu, ni
B B Beta & = Xi
1% r Gamma | o (0] Omicron
8 A Delta b4 I Pi
& E Epsilon | o P Rho
¢ zZ Zeta o X Sigma

H Eta T T Tau
0,9 |© Theta |v T Upsilon
[ 1 ITota b, | P Phi
K K Kappa | x X Chi
A A Lambda | ¥ '4 Psi
" M Mu, mi |w 2 Omega

4Symbol V is not a Greek letter. However,

Greek word, meaning “harp”

© Springer Science+Business Media New York 2015
M. Rudan, Physics of Semiconductor Devices,
DOI 10.1007/978-1-4939-1151-6

its name nabla is a
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Solutions

Problems of Chap. 1

1.1 The distance between A and B is a functional of y:

b
G[y]:/ \/dx2+dy2=/ V1+y2dx.
AB a

As g(v,y,x) = /1+y%itis dg/dy = 0, whence the Euler-Lagrange equation
reads

Zga_g=i2_y=yg—y'(Zy'ﬁ/Zg)zj(gz_y.z)zi
dx 9y dx2g g2 3 g

that is, ¥ = 0, y = c1x + ¢;. The two constants are found from cja + ¢; = y,,
cib+c = .

1.2 Letting H = E one finds

2 p?
;4_?:1, a=+/2E/c, b=~2mE.

The curves are ellipses whose axes are proportional to ~/E. The area of each ellipse is
mab=2nE/w,withw = \/c/m. As shown in Sect. 3.3, w is the angular frequency
of the oscillator, so that the area becomes E T, with T = 2 7 /w the period. As time
evolves, the phase point follows the curve in the clockwise direction; in fact, as the
phase point reaches the maximum elongation x,; > 0 from the left, the momentum

at x), changes from positive to negative.

1.3 Letting H = E one finds for the maximum elongation xy = (s E/c)'/*. Note
that the units of ¢ depend on the value of s. The form of the constant-energy curves
becomes more and more rectangular as s increases. As in the previous exercise, the
phase point follows the curve in the clockwise direction.

© Springer Science+Business Media New York 2015 627
M. Rudan, Physics of Semiconductor Devices,
DOI 10.1007/978-1-4939-1151-6
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Problems of Chap. 2

2.1 From (2.49) one finds

J(E)=4+/mc ?{\/ZE/C — x2 dx,

where the integration path is the ellipse described in Problem 1.2. Letting x =
/2 E /c sin ¢ transforms the above into

m 2 ) 2 c
J(EY=2,/—E cos“pdp = — E, w=,—.
C 0 w m

The first of (2.51) then yields v =w =0H/0J = dE/0J = w/(2 ).

Problems of Chap. 3

3.1 Like in problem 1.3, letting H = E > 0 one finds for the maximum elongation
xy = (s E/c)'/s, where the units of ¢ depend on the value of s. The motion is limited
to the interval [ —x,,, +x,] and the potential energy is symmetric with respect to the
origin. Using (2.47) and exploiting the symmetry yields

Yy CRRT TR
“V2 )y VE-vem VE [ x/xm

Letting £ = x/x) and using (C.99, C.100) yields

ISm 8m — Sam /sy (1/s) ( )1/S Els—172
m r'a/s+1/2)

The result shows that the case s = 2, namely, that of the linear harmonic oscillator,
is special. In fact, the period does not depend on the total energy, whereas for s 7# 2
it does. Still in the case s = 2 one finds T = 27 /w, w = \/c/m, as should be
(compare with the results of Sect. 3.3). In turn, the case s — oo yields s'/¥ — 1,
c'/* — 1 whence, using (C.101), lim;_,o, T = /8m/E. The above is the period
in a square well of length 2 (compare with the description of Sect. 3.2). In fact, as
s — 00, the potential energy c|x|*/s transforms into a square well with x,, = 1.
The potential energy is shown in Fig. D.1 for some values of s. Thanks to the result
of this problem one may tune the form of the potential energy to make the period
proportional to a chosen power h = 1/s — 1/2 > —1/2 of the energy. For instance,
letting s = 2/3 makes T proportional to £, namely, T = \/m/(3¢3) 27 E.

3.2 The solution is similar to that of Problem 3.1. Letting H = E < 0 one finds for
the maximum elongation x,; = [k/(s |E|)]'/*, where the units of k depend on the
value of s. The motion is limited to the interval [—x,,, +x,,] and the potential energy
is symmetric with respect to the origin. Using (2.47) and exploiting the symmetry
yields
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Fig. D.1 Form of the 10
potential energy c|x|*/s for — 56
¢ = 1 and different values of — 2
s (Problem 3.1) — abs(x)
i - (3/2) [abs(0)]>”
— 6[abs)]"®

Potential energy (a. u.)
W

0
Position (a. u.)

T—4\/E/XM_dx - S_m/w[(x Jxy =17 dx
N2 )y VE=ve VIE S, ™ ‘

Letting £ = x/x) and using (C.102, C.103) yields

_8moptde T+ 1/2) (T
r= EXM/O NG Y TS (§> £ '

The Coulomb case s = 1 yields T = +/2m 7 k |E|~>/% (in fact, in the Coulomb
case and for a closed trajectory the period is always proportional to | E|~3/?, compare
with (3.81)). Note that in the case considered here the particle crosses the origin
because the initial conditions are such that its trajectory is aligned with the x axis.
The limit s — oo yields s/ — 1, ¢!/ — 1 whence, using (C.101, C.103),
lim;_, o T = 0. The potential energy is shown in Fig. D.2 for some values of s.

3.3 The O reference is chosen as in Sect. 3.13.5, whence Ty, = E = (m/m) Ep.
From (3.36) one extracts u /sy = tan [(w — x)/4], to find

2 11/ 2 1L So (n—x) 1
= = tan = S
1—(u/s0)® 53— u? 2 tan (x /2)

where sy is given by the second of (3.33). It follows that sé — u? = 2xrsp and
tan (x /2) = A/u. Then, noting that (3.23) contains sin® x/2) = tan® (x /2)/[1 +
tan” (x /2)], and using (3.73), one finds sin” (x /2) = 1/(1 + c?/A?). The expression
of A is taken from the first of (3.32), with « given by (3.75). Inserting the result into
(3.23) yields

2 1— 2 2T2
Ty, = o (L —mi/my) +ec 12‘1 Tia, Tia—Tuw
a2 (1 +my/my)* + T,

_ 4(my/ma) Ty,
(L+mi/my)? + (c/aP T
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Fig. D.2 Form of the
potential energy —k|x|~* /s
for k = 1 and different values
of s (Problem 3.2)

Fig. D.3 Normalized loss of
energy c (T, — Tip)/ asa
function of the normalized
initial energy ¢ T,/
(Problem 3.3), for different
values of the ratio m/m;

Potential energy (a. u.)

Solutions

0
Position (a. u.)

Obviously it is Ty, < T,. It follows that Ty, — Tjp is the loss of energy due to the
collision. It is also interesting to note that using the normalized energies ¢ T}, /« and
¢ T1p /o makes the expressions above to depend on the m;/m, ratio only. The loss
of energy is drawn in normalized form in Fig. D.3 for different values of m/m,.

Problems of Chap. 4

4.1 Using primes to indicate derivatives, a first integration yields

¢ =¢'(c)—H, H(X)=/ %f)dif,

where H is integrated by parts:

* o)

/H(E)dész(X)—aH(a)—/ fzdé
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Integrating ¢’ and using the expression of fa * H(£)dg yields the solution

<p=so(a)+¢/(c)(x—a)_x/ @d“ / @dH/ €@d$

4.2 Letting ¢ = a in the solution to Problem 4.1 yields at any point x within [a, b]
the expression

<P(X)=(p(a)+(p’(g)(x_a)_x/ @df-k/ E@dé

For x > b itis o = 0 so that the solution of ¢” = 0 is linear and has the form
o(x) = @(b) + ¢'(b) (x — b). The term ¢(b) in the latter is obtained by letting x = b
in the above expression of ¢(x). One finds ¢(b) = ¢(a)+¢'(a) (b—a)—b My + M|,

with
MOZ/ %é)ds M1=/ s@ds

0

the first two moments of ¢/g¢ (compare with Sect. C.6). The derivative ¢’ is found
from Problem 4.1 with ¢ = a, and reads

() = ¢'(a) / ?ds

0

whence ¢'(b) = ¢'(a) — M. Using the expressions of ¢(b), ¢'(b) thus found yields
p(x) = g(a) + ¢'(a) (x —a) — Mo x + M, x > b.

4.3 From the findings of Problem 4.2 one observes that the solution ¢ is invariant for
any charge density o that leaves M, and M| unchanged. Due to this, if both My, M,
differ from zero, the new charge density must contain two adjustable parameters in
order to fit the values of M, M; through the expressions introduced in Problem 4.2.
If only one moment differs from zero, one parameter suffices, while no parameter is
necessary if both moments are equal to zero. Figure D.4 gives an example of charge
density such that My = 0 and M| = 0.

4.4 The starting point is the solution for x > b found in Problem 4.2. When the
charge density is removed, the new solution reads

p(x) = @(a) + ¢'(a) (x — a).

For x > b the two solutions become equal to each other by letting ¢(a) = ¢(a) —
Mya + M, and ¢'(a) = ¢'(a) — M.
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Fig. D.4 Example of charge
density such that My = 0 and
M, =0

4.5 Considering that the value of % is unknown, the integrals that define the moments
(Problem 4.2) must be extended from —oo to +00. One finds u = My, h = M,/ M,.
If A > a, the solution is given by ¢ = ¢(a) + ¢'(a) (x — a) — Myx + M, for
x > h, while it is given by ¢ = ¢(a) + ¢'(a) (x —a) for x < h. If h < a, the
solution is given by ¢ = ¢(a) + ¢'(a) (x — a) for x > h, while it is given by
¢ = ¢a)+ ¢'(a)(x —a) — Myx + M, for x < h. At h the electric potential is
continuous, (ht) = ¢(h™) = @(a) + ¢'(a) (h — a), whereas the electric field is
discontinuous, ¢'(h~) — ¢'(h*) = My. The case My # 0, M| = 0 yields u = Mo,
h = 0, while the case My = 0, M| # 0 can not be fulfilled by u 8(x — h).

Problems of Chap. 5

5.1 From n = n(x;) one finds that gradn = i;dn/dx; is parallel to x; whereas
dn/dx; = dn/dx; = 0. From the eikonal Eq. (5.57) it follows

d < de> d ( dX3>

— (n—=])=0, — (n—])=0,

ds ds ds ds
whence n dx;/ds = const, n dx3/ds = const. The ratio of the latter relations yields
dx,/dx; = const, namely, x, = ax3 + b, where a, b are constants. This expression
is one of the two parametric equations u(x1, x», x3) = 0, v(xy, X2, x3) = 0 describing
the ray, and shows that the ray belongs to a plane parallel to x;. By a suitable rotation
around x, such that x, — xj}, x3 — xé, the plane of the ray is made parallel
to the plane x; x5, so that the third coordinate x} is fixed. In the new reference,
let ¥ be the angle between the direction of the ray and x; at some point P; it is
dx; = cos®¥ds,dx; = sin? ds. The eikonal equation in the new reference then
provides

!

z = const, n sin ¥ = const.
h)
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5.2 Like in Problem 5.1 one considers the case where the refraction index depends
only on the x; coordinate. Let the medium be made of three regions separated by
two planes parallel to each other.

The two external regions A and B have a constant refraction index, n4 and,
respectively, np # n4. The internal region I, whose thickness is s, has a refraction
index that varies continuously from n4 to np as x; varies from the A-I interface
to the I-B interface. Applying the solution of Problem 5.1 to this case shows that
n4 sinty = const everywhere in region A, hence the ray is a straight line there;
similarly it is np sin 5 = const everywhere in region B, with the same constant. It
follows

ng sinvp = ny sin94.

Unless 94 = 0, the position of the ray along the x) axis at the I-B interface is
different from that at the A-I interface; if, however, s is made to vanish, the position
becomes the same, this yielding the Descartes law of refraction: the ray crossing an
interface between two media is continuous, whereas its slopes on the two sides of the
interface fulfill (D). The result still holds in the cases where the interface between the
two media is not planar, provided its curvature is small enough to make geometrical
optics applicable.

Problems of Chap. 6

6.1 Letting 9 = Bhv, with 8 = 1/(kg T), the Boltzmann distribution takes the
form N, = Ny exp (—n ¥), whence

[ee]

D Ny =No [1 +exp(—1)+exp(—29) +...]
n=0

1 —exp(=0)’

and
o0
Znh VN, =hv Ny [exp (=) +2exp(—29)+3exp(=39) +...].
n=0
Observing that n exp (—n ¥) = —dexp (—n ¥)/dv, one finds
o oo
d N, -9
Znthn =—hv— (ZN,, —No> =hv&)2,
n=0 do n=0 [1 — eXp (_ﬁ)]
whence

& _ YagnhvN, hv _ hv
TN, exp(@ -1 exp(Bhv)—1’
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Problems of Chap. 8

8.1 Consider the homogeneous equation associated to (8.76), g”" +a g’ ' +bg =0,
and let f = g h and u = A’; this splits (8.76) into the system

g +ag +bg=0, g +Qg +ag)u=c.

If g is known, then u is found by integrating a first-order equation, whence f =
g Judg. To find g one lets A(x) = [ad§, g = exp(—A/2)w, this transforming
the homogeneous equation for g into

w 4+qgw=0, g=b—a’/4—d)2,

which is a time-independent Schrodinger equation.

Problems of Chap. 9

9.1 Inserting the expression of ¢ into the one-dimensional form of (9.26) yields

2 +o00
A(x—ut;ko)z—“;/4 expi (x —ut) (k — ko) — 0> k2/2] dk.
T —00

Following the same procedure as in Sect. C.8 one finds

1 —ut)? 2 —ut\?
i(x—ut)(k—ko)—chka:—M—a—<k—jx u)
o

202 2

whence

A(x —ut;ky = —iky (x —ut)

1
—n'/“ﬁ exp|:

The particle’s localization is determined by

|A(x —ut))* =

1 (x —ut)?
exp| ————|.
JTo P o?
Using again the results of Sect. C.8 yields ||A|| = 1.
9.2 Remembering that |[y|> = |A|?, the one-dimensional form of (9.23) reads
+00 +00 +00
xo(t) = / x|APdx = / (x —ut)|APdx +ut / |A|? dx.

o0 o] —00

Letting s = x — ut one finds that the integral of s|A(s)|*> vanishes because the
integrand is odd and the integration domain is symmetric with respect to the origin.
Using the result ||A|| = 1 of Problem 9.1 then yields x(¢t) = ut.
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Problems of Chap. 10

10.1 To determine the time evolution of the expectation value of the wavepacket for
afree particle one starts from the general expression (9.5), with wi(r) and Ex = & w
given by (9.22), and ¢k given by the second relation in (9.6). The wave function is

assumed normalized, [*2 |y (r,0)?d*r = [T |c(k)|?d*k = 1. Using the first
spatial coordinate x| and defining my = cx exp (—iwg t), the following are of use:
X1 Wk = —18wk/3k1, x1 Wk = —Bzwk/akz, and

+00 3Wk +o0 8mk +00 32Wk +00 32mk
- my— dk; = wk —— dkj, my—— dk; = wk —- dky,
VTS o Bk K o k3

where the last two equalities are obtained by integrating by parts and observing that,
due to the normalization condition, ck and dck/dk; vanish at infinity. In turn,

Bwk _ hkl

8k1 m ’

0 ac
i%:(wltck—i—la—;) exp (—iwkt), U =

9 h do 9
_ Tk I:(u212+iat> ck+2iu1ta—2 - chk} exp (—i wy 7).

The expectation value (x;) = (¥ |x;|¥) involves an integration over r to calculate
the scalar product, an integration over k to calculate the integral expression of i,
and an integration over K’ to calculate the integral expression of v *. Performing the
integration over r first, letting ¢} = c(k’), 0 = w(k’), and using (C.56) yields

+00 ack
(x1) = /]/ urt |Ck|2 —i—iclt— d3k.
s 0k

Letting cx = ax + 1bx, with ax and by real, and using the asymptotic vanishing of
ck, one finds

+oo 8ck +oo 8ak 8bk
i d&*k = xo1, — b — — &k,
/]/;oo e kakl o or= /// <3k1 KT ok ak)

where x(; is a real constant. Repeating the calculation for x; and x3, and letting
u = grad, w, rop = (Xo1, X2, X03), finally yields

~+00 d +00
r) =ry+ /// ur|cx? d’k, —(r) = /// u |cx|? d*k = const.
o dt oo

If |c|? is even with respect to all components of k, the expectation value of r does
not change with respect to the initial value ry. Otherwise, it moves at constant speed.
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10.2 The time evolution of the standard deviation of position is found following the
same line and using the same symbols and relations as in Problem 10.1, starting with

oo . h . % 8Ck 3 Ck
(x}) :[//_oo |:<u%t2+1;t> el + 21wyt cf — ok, I Bkz} d’k.

An integration by parts combined with the normalization condition for ¢k shows that
+0o0 +oo 9 ob
/// 2iu1tck—d*k——1—t+2z//[ w (X b, — X g ) &k,
— ok ok, ki

where the second term at the right hand side is real, whereas the first one cancels out
in the expression of (x7). Finally, another integration by parts yields

+o0 82 400 9
e [ e
oo 8k akl
In conclusion,
+00 aCk
<x%>=///_w ultck—i—la—kl d’k.

Repeating the calculation for x, and x3 yields
+00
(r.r):/ |utck+1gradkck| d’k,

where the definition of the squared length of a complex vector is found in (A.2) and
(A.4). The standard deviation of the wave packet in the r space is the positive square
rootof (r-r) — (r) - (r) = Zle (Ax;)?, where the expression of (r) was derived in
Prob. 10.1. It is easily shown that the standard deviation diverges with 7. In fact, the
leading term of (xlz) and, respectively, (x;)? is

+00 +00
<x%>~r2/// Pl Pk (n)? ~ (/// ur lexd d3),

the first of which is positive, whereas the second one is non negative. Letting f = cy,
g = ujck in the Schwartz inequality (8.15) and using the normalization condition of

ck yields
+0o0o +o00 2
//f ul|ex|* P’k > </// u1|ck|2d3k> ,
—0o0 —0oQ

where the strict inequality holds because f and g are not proportional to each other.
For the leading term it follows that (Ax;)? = (x?) — (x;)?> ~ const x t2, where the
constant is strictly positive. The same reasoning applies to x,, x3. In conclusion, the
standard deviation Ax; associated with the ith coordinate diverges in time with the
first power of 7.



Solutions 637

10.3 Still with reference to the wave packet of a free particle used in Problems 10.1
and 10.2, the time evolution of the expectation value in the p space is found
starting with the first component p; of momentum. The corresponding operator
is py = —ihd/dx;, and the following relations are of use: pywx = hk| wy,
ﬁfwk = h? k% wk. The expectation value (p;) = (¥ |p;|¥) involves an integration
over r to calculate the scalar product, an integration over Kk to calculate the integral
expression of ¥, and an integration over k' to calculate the integral expression of
¥*. Performing the integration over r first, letting ¢, = c(k’), wj, = w(k’), and using

(C.56) yields
+00
<p1>=f// Bk el &k = por.

The real constant py; defined above is independent of time. In conclusion, repeating
the calculation for p, and ps3, and letting po = (po1, Po2, Po3), the following holds:
(p) = po. If |cx|? is even with respect to all components of k, the expectation value
of p is zero.

10.4 The calculation of (| ﬁfhﬁ) is carried out following the same line as in

Problem 10.3, leading to
+00
(P} = /// B2 k2 || dk.
—00

Repeating the calculation for x, and x3 yields

+o00
(p-p) =/// hk-hk |og* dk.

In turn, the standard deviation of the wave packet in the p space is the positive square
rootof (p-p)—(p)- (p) = Z?:1 (Ap;)?*. Letting f = cx, g = hikjcg in the Schwartz
inequality (8.15) and using the normalization condition of ci yields

+00 +o00 2
/ff B2 k7 | |* &k > (/f/ hk, |ck|2d3k> ,

where the strict inequality holds because f and g are not proportional to each other. It
follows that (Ap;)* = (p}) — (pi1)? is strictly positive and constant in time. The same
reasoning applies to p,, p3. In conclusion, the standard deviation Ap; associated with
the ith component of momentum is constant in time.

10.5 One finds (x) = xo, dh B/dx = ko, (p.) = h ko,

<P§>:h2k3 (0) o (T) " (k2+ 1).

2m 2m’ T 8mo? “o2m 07 352

One notes that for a fixed (7T') all non-negative values of the “convective” and “ther-
mal” parts that add up to (7') are allowed. In the particular case of a free particle,
where (T') = (E), the above shows that different values of the average momentum
and “dispersion” may combine to yield the same total energy.
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Problems of Chap. 11

11.1 Letting b~ = wa~2m(KE — JVE = Vo)/h, bT = wa~2mKE +
Vv E — Vy)/h and remembering that sinh » >~ b when |b| <« 1 yields, with m fixed,

Rl 0) — E)z_(ﬁ—«/—E—Vo)z
(a — )—<bJr = BT JETr

that coincides with the first relation in (11.11). Conversely, when a > 0 is fixed and
m is let grow one finds

R~exp[2(b~ —b")] =exp (—4nav2m VE - VO/P'Z),

namely, lim,,_, o, R = 0, this recovering the classical limit.

11.2 The maximum of the cotangent’s argument s /2 m (E — Vp)/h? is found by
letting E = 0. Thus,

13.4
y = %,/—2141 Vo~ 134, —— ~43.
4

As a consequence, the cotangent has four complete branches and one incomplete
branch in the interval V) < E < 0, corresponding to five eigenvalues Ey,... , Es.
Using the normalized parameter 0 < n = /T — E/Vy < 1, the equation to be
solved reads

2
nt—1/2
———— =cot(yn).
ny1—mn?

Over the n axis, the 5 branches belong to the intervals (0,7/y), (x/y,27/y),
@r/y,3n/y), B[y, 4n/y), (4r/y, D).

Problems of Chap. 13

13.1 Letting Z = 1 one finds that the lowest total energy of the electron in the
hydrogen atom has the value

m q° :
0
E(Z=1)=-"0 .
1 )= "o <4n80)

As noted in Sect. 13.5.2, the electron is bound as long as E < 0. As a consequence,
the minimum energy for which it becomes free is lim,_.» £, = 0. The hydrogen
atom’s ionization energy is thus found to be

Eon=0—E(Z=1)=|E(Z=1)] = 20 e\
ion 1 1 th 47‘[80 .

Replacing the constants’ values of Table D.1 yields Ejon ~ 2.18 x 10718 J ~ 13.6eV.
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13.2 The time-dependent wave function is in this case =
W(Emin) exp (=i Emin t/H), whence |¥|> = exp(—2r/a)/(ma®). Taking the
Jacobian determinant J = r2 sin ¢ from (B.3) and using the definitions of Sect. 10.5

one finds
21 2 3
/ / / exp (= %r/a) 2singdrdode = =
Tal 2

From (13.89)onefindsa; = a(Z = 1) = 47 i g9/(mp g*) ~ 5.3x 107" m ~ 0.53
A, where the constants’ values are taken from Table D.1. Note that a 1 =r1/2, with
ry is the radius of the ground state derived from the Bohr hypothesis (Sect. 7.4.4).
The expectation value of r turns out to be (r) >~ 0.8 A.

Problems of Chap. 14

14.1 From hy) = [A/(27)*]/(q% + ¢*) and ¢ = |b — g| one finds

© AZ 27 1
H (E,) = —— ———— sind dd do,
b (Fe) (27'[)6/0 fo @+ar " ¢

A = Kk Z e*/gy. Observing that b is a fixed vector one can use it as the reference
for angle ¥, sothat g> = (b—g)- (b—g) = b>+ g2 —2bgcos®. Fromg = b
it follows ¢> = 4 g2 sin’ (19/2). On the other hand it is sin ¥ d = dsin® (:#/2)
whence, integrating over ¢ and letting i = sin? (1%/2),

A? /1 du A%/2n)
0

Qn)y -

HY(Ey) = = :
b (Ee) (@2+48>n?  q2(g>+4g?)

The dependence on Ej is found through the relation E; = h* g2 /(2 m).

Problems of Chap. 15

15.1 After selecting a number 0 < n < 1/2, define E™ and E~ such that P(E™)
n, P(E7) =1 — n. It follows

1 —
Et —E =2k T log

Letting, e.g., n = 0.1 one finds E(P = 0.9) — E(P = 0.1) = 2kp T log9 ~
4.39kp T. Similarly, letting n = 0.01 one finds E(P = 0.99) — E(P = 0.01) =
2kp T 10g99 ~ 9.19kp T. At T = 300 K itis kg T =~ 25.8 meV. From the above
results one finds E(P =0.9)—E(P =0.1) ~ 113meVand E(P =0.99)— E(P =
0.01) ~ 237 meV, respectively.
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Problems of Chap. 19

19.1 Using (19.115) and adding up the two expressions in (19.118) one finds

/2 v gt

_ hh hl _ 4%

Hp =4 ( 32 2t 3 3/2) Tp = — -
My, + My~ My +my,

Using the values taken from Table 17.3 yields

my 0.5'72 N 0.16'/2
my,  0.5324+0.1632  0.532 4 0.163/2°

whence my, >~ 0.377 myg. As for a,, using the common value of the relaxation time

in (19.122) yields
0 =12 (M_f + @) |
Ky \Mpp My

Replacing the expressions (19.118) of wpp, f4pi,

L my. +mp)’ 3 0.5%2 4 0.16%> ~ 133
Py apn 12 12\ 1/2 172 1/2 7
m2 mb (mhﬁ +ml ) 0.5'/2.0.16'/2 (0.5'/2 +0.16'/2)
Problems of Chap. 21

21.1 Using k3 T/q ~ 26 mV (compare with (19.162)) and n; ~ 10'° cm™3
(Table 18.2), one finds

Yo =

kg T (NAND
log 5
1

) ~0.65 V. D.1)

21.2 The relations to be used are (21.51), (21.55), and (21.57). If k, = 0, k,, > O,
one finds ¥, = 0, ¥, = 1 — exp[—m(b)]. On the other hand it is in this case

m(b) = fab k, dx > 0, whence ¥, < 1. If, instead, k, = 0, k, > 0, one finds

Y, =0,Y, =1— exp[m(b)] with m(b) = —fub k, dx < 0, whence ¥, < 1. In
conclusion, the condition for avalanche never occurs.

Problems of Chap. 22

22.1 The differential capacitance of the MOS structure, extracted from (22.19) and
(22.20), reads
c 1 V2e,. dF

- = s CSC - :i:
Cox I+ Cox/Csc L, du

> 0,
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where the plus (minus) sign holds for u; > 0 (u; < 0). From (22.3) and (22.5) one
finds dF?/du; = A(uy); on the other hand it is d F?/du, = 2 F dF/du,, whence

Co =+ Esc é Cox —:f:i - Esc lox
* V2L, F’ Coe rA’ cox V2 La

Then, the C (V) relation is found by eliminating u, from

C 1

Ug =u; £2rF, =
Con  1EF/(rA)

In particular, from (22.26) one finds C(V}, = 0) = Cox/[1 + 1/(V2r)].

Problems of Chap. 23

23.1 The maximum initial profile is N(x = 0,7 = 0) = 2Q/,/mci. Remembering
(23.26), at the end of the diffusion process the profile has become N(x,t = tp) =
20 [w(c1+e)] 72 x exp[—x?/(c1 + ¢2)], whence N(x = 0,7 = tp) =20 [7(c1+
¢2)]71/2, with tp the process duration and ¢; = 4D tp. From N(x = 0,t = tp) =
(2/3)N(x = 0,t = 0) it follows 1//ci +¢2 = 2/(3/c1), c2 = (5/4) ¢y and,
finally, 7p = (5/16) (¢;/D) = 5,000 s.

23.2 The initial and final profiles are N;(x) = 2 Q exp (—x?/c;)/(;wc1)'/? and, from
(23.26), Ny(x) =20 exp [—x?/(c1 + ¢2)l/[m(ci + c2)]'/?. Letting Ny = N; and
defining r = [(c; + ¢2)/c1]1"? and a® = (c| + ¢2) c1/cy yields r = exp (x%/a?),
whence ¥ = 10* x a (logr)'/? ~ 2.68 um

23.3 Converting to seconds one finds tp = 14,400 s, whence ¢c; = 4Dtp =
14.4 x 107® cm?. Considering that N(x,t = 0) = 2 Q exp (—x2/c1)/(mcy)"/? and,
from (23.26), N(x,t = tp) = 2 Q exp[—x2/(c| + c2)]/[7 (c1 + ¢2)]"/?, the ratio
soughtis N(x = 0,t =tp)/N(x = 0,t = 0) = [c1/(c1 + ¢2)]'/* = 0.385.

23.4 Due to (23.26), the final profile is Ny = 2 Q exp [—x2/(c1 + c))/[m (e +
¢2)]"/2. From N(x) = N¢(0) one has exp (=x2%/c)) = [c1/(c1 + )]/ As a
consequence, the position sought is X = [(c;/2) log (1 + ¢3/c1)]"/? = 0.83 pm.

23.5 Due to (23.26) the final profile is Ny = 2 Q exp [—x2/(c1 + )/ [m(cr +
2)]'/?. Let & = 1.1. From the condition N;(0) = N(x = a ./c{) one derives
1/[n(ci+c2)]"/? = exp(—a?)/(ey)'/?, whence c; = ¢, /[ exp 2a?)—1] = 0.976
1072 cm?.

23.6 Lettingc; = 4Dt = 2.4 x 1078 cm? and r = ¢,/(c; + ¢3) = 4/7, one
eliminates Q at x = x¢ to find N;/N, = +/1 +r exp[—r xé/(cl + 2 ¢;)], whence
xo = 10* x [(1/7) (c; +2¢32) log (+/1+ 7 Ny /N)]'/? = 4.06 pm.

23.7 Remembering (C.71) one has Q = fooo Nserfc(x/s/c)dx = Ng./c/m,
whencec =4 Dt =A%t =A?/(4 D) =2.99 x 10! nm? s~! ~ 5 min.
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Normalized diffused profile

Normalized coordinate

Fig. D.5 Normalized profiles 4 N/Q resulting from the drive-in diffusion of Problem 23.8. The
coordinate is © = x/h. Each profile corresponds to the value of b(¢) shown in the legend. The
parameter is defined by b = 4 a/h?, whilea = a(t) is defined by the second of (23.10). As explained
in Sect. 23.5.2, only the profile’s portion on the right of the origin must be considered

23.8 Asindicated in Sect. 23.5.2, the initial profile must preliminarily be mirrored
onto the negative axis with Ny = 2 Q (h + x)/h* for —h < x < 0 and with
Ny = 0 for x < —h. Then, the profile is obtained from (23.13) as the portion of
N(x) = (2 Q/h?>) (I~ + I'") calculated for x > 0, where

0 +h
1—=/ (h+8) Ax — £,1)de, 1+=/ (h— €) AGx — £,1)dé
—h 0

and A(x — &,1) is given by (C.75). Letting n = (¢ — x)/(4a)"/?, u = x/h, b =
4a/h?, and using (C.66) yields

N=Q/W)[(u+ DY +u—-DY*—@/m)*(Z + 2],

with YF = erfc(uu/~/b) — erfc[(u + 1)/+/b ] and ZF = exp (—u?/b) —exp [—(u £
1)2/b]. When t — 07 itis b — 0. This makes the ZT terms to vanish, while the
terms containing ¥ ¥ render the initial condition Ny. When ¢ > 0 the dose is found
by integrating 2 N over u from O to +-00. A somewhat lengthy calculation based
on the expressions of Appendix C.7 shows that the integral of (b/m)'/?>(Z~ + Z*)
vanishes whereas that of (u+1) Y~ +(u—1) Y yields unity. As expected, the result
of the dose calculation is Q. The normalized profile 2 N/Q is shown in Fig. D.5
as a function of the normalized coordinate w at different values of the parameter
b = b(1).

Problems of Chap. 24

24.1 The relation between time ¢ and oxide thickness s is given by (24.11), s /c »+
s/c, =t witht’ = t + s?/c, + si/c;. Solving for s and discarding the negative
solution yields s = [(cf)/c,2 +4c,,t’)1/2 —cp/cl/2, withep,/c; = 0.05 pm. It follows
t'=t+s?/c,+si/cr ~136/60+0.995+0.237 = 3.50 hand 4c,¢" = 0.620 jLm?.
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The total oxide thickness and the thickness of silicon that is consumed in the second
process are, respectively, s = [(0.05% + 4c,t")!/? — 0.05]/2 =~ 0.369 pm and
h=044(s —s;) ~ 70 nm.

24.2 The gradient sought is found by remembering that, from (24.10), itis ¢, =
2 wkoNg Do and ¢, = wky Ngv,, whence ¢;/c, = v,/(2Dp) = 20 pm=!,
v,/Do = 4 x 10° cm™'. On the other hand, from (24.7,24.6), —D gradN =
—DodN/dx = v,N; whence dN /dx = —No v, /Do = —4 x 107 cm™.

1 1

24.3 Converting the units one finds ¢, = 738 nm?min~!, ¢; = 14.8 nm min~'.
Letting /# be the thickness of silicon consumed one has 7 = 0.44(s — s5;), s =
s; + h/0.44 whence, from (24.11), t = (s — sl.z)/cp + (s — s;)/c; = 150 min.

24.4 Converting the units yields ¢, = 2000 nm? min~!, ¢, = 50 nm min~'. From

(24.10) it follows v,/ Do = 2¢;/c, = 0.05, 1 + s v, /Do = 2 whence, using (24.8),
N;=No/(1+sv,/Dp) =15 x 10" cm™3.

24.5 Converting the units yields ¢, = 11.4 nm?s~!, ¢, = 0.237 nm s~'. From

(24.10) the duration of the first process is found as ¢; = (sj% — siz)/c,, +(sp—si)/cr.
Similarly, that of the second process is t, = (s> — s]%)/cp + (s — s¢)/c;. As the
coefficients c,, ¢; are the same one adds the expressions of #; and f, to each other
and lets s = s5; + As; + Asy. This yields t) + 1, = (s — siz)/c,, + (s —s57)/c; =202
S.

24.6 Converting the units yields ¢; = 16.67 nm min~'. Using the definitions (24.10)
of ¢, and ¢; one finds r = Do /v, = ¢, /(2 ¢;), whence tp = [(s> — siz)/(Zr) + 5 —
si]/c; = 13.9 min.

24.7 Letting t = tp and multiplying the first of (24.10) by ¢, yields s> +bs +c¢ = 0
with b = ¢,/c;, ¢ = —s? — (cp/c1)si — cpt. Here s; and c,tp are given while
cp/cr=2Do/v, =225 X 10~® cm. Solving for s and discarding the negative root
provides the final thickness s = [(b> — 4¢)'/> — b]/2 = 76.1 nm.

24.8 From the relation AP = s r? ps;, where AP, s are the weight and thickness
of the epitaxial layer, and r the wafer’s radius, one finds 2r = 2 /AP /(7w sps;) =~
20.4 cm =~ 8 in.

24.9 The surface concentration Ng of SiCly is found from the relations s/t = ¢; =
w F, = wv, Ng, whence Ny = s/(wv,t) = 1 x 10" cm™3.

24.10 Using 1/w =5 x 10?> cm™ in the relations (24.22,24.23) yields t = s/
s/(wFy) = 2 min.

24.11 Letting tp be the duration of the process one has, from (24.22,24.23),
¢ = s/tp = wv, N;, whence, using 1 pm = 10~* cm, v, = s/(wNytp) = 200
cm min—'.

24.12 From (24.21) and the second of (24.23) one finds b = (v, +vg)/(vg w Ng) =
(Ng/Ns)wNg)™' = a/(wNg), whence Ng = a/(wb) = 2 x (5 x 10%2/4.87 x
10%) = 2.05 x 10'7 cm—3.
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