Appendix A
Vectors in Three-Dimensional Space

In this appendix, we review a few key facts about the algebra of ordinary three-
dimensional vectors. In doing so, we recall a few frequently used identities and
obtain a useful analogy that will help us in our exploration of a more general vector
space in Chap. 8.

A.1 Arrow in Space

A vector a, as we were told in our first encounter with it, is an arrow. As an arrow,
it has the length and the direction it points to. However, we assign no significance
to the absolute location of @ in space. Thus, @ and d’, the latter being obtained by
translating a without changing its length or direction, are actually the same vector.

Given a positive number ¢, we may construct another vector that points to the
same direction as a but with its length given by o times that of a. This vector is
denoted by aa. When o < 0, we agree to denote by aa a vector pointing to the
opposite direction with its length — ot (> 0) times that of a. If o = 0, we say that o
is the zero vector and denote it by 0. The length of 0 is zero. We do not associate
with 0 any direction as we have no need to do so. Addition of two vectors @ and b is
defined by means of the parallelogram construction.

A.2 Components of a Vector

It becomes quite tedious, however, to draw arrows and parallelograms each time
we refer to vectors and their additions. We need a more efficient way of handling
vectors. This is accomplished by representing a vector with the help of a coordinate
system.

Given a vector a, its components can be found as follows. For simplicity, let us
first suppose that the vector is on the xy-plane. Figure A.1 illustrates the process.
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Fig. A.1 Components of two-dimensional vectors a and b.

We move the vector, without changing its length or direction, so that the arrow
starts from the origin. Then, the x-coordinate of the tip of the arrow, denoted by
ay in Fig. A.1, is the x-component of a. Likewise, the y-coordinate of the tip is the
y-component of a. As is the case with b, a component of a vector can be a negative
number.

Let e, be the vector whose x- and y- components are 1 and 0, respectively. Simi-
larly, we denote by ey, the vector whose x- and y- components are, respectively, 0 and
1. Then, from what has been said about the multiplication of a vector @ by a num-
ber o, we see that a,e, is a vector represented by an arrow starting from the origin
and ending at the point (ay,0) on the x-axis. Likewise, aye, is a vector represented
by an arrow from the origin to the point (0,a,) on the y-axis. By the parallelogram
construction for adding two vectors, we see that

a=ace,+ayey, (A.1)

which represents the vector @ in terms of its components. (See Fig. A.1.)
Equation (A.1) generalizes naturally to three-dimensional space:

a = ae;+ayey,+aze; . (A.2)
We shall often express this relation by
a = (ay,ay,a;) . (A.3)

The symbol “="is used here instead of “=" since the quantity on the left is a vector,
while the expression on the right is a list of its components. These two things are
conceptually different. In fact, a, being an arrow in three-dimensional space, does
not depend on how the coordinate system is set up, while its components do.

We observe from Fig. A.2 that the x-component of a vector aa is ¢oa, while
Fig. A.3 indicates that the x-component of a + b is a, + b,. Similarly for their y-
components.
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Fig. A.2 Components of @ and multiplication of a vector a by a number .
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Fig. A.3 Addition of two vectors a and b.

A.3 Dot Product

Let a be a vector and denote its x-, y-, and z-components by a,, a,, and a, respec-
tively. Likewise for b. The dot product between these two vectors is defined by

a-b:=ab;+ayby,+ab, . (A4)
Example A.1. Simple identities involving dot product between e;’s: We first
note that
e.=(1,0,0), e,=(0,1,0), and e, =(0,0,1). (A.S)

Then,
e,-e,=1x0+0x1+0x0=0. (A.6)
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Likewise, e, -e; = e -e, = 0. Now,
e e, =1x14+0x0+0x0=1. (A7)

Likewise, ey -ey =e;-e; = 1.

The length of the vector a is denoted by ||a|| and is defined by

la| :==va-a=\/a?+a?+a?. (A.8)

To lighten the notation, we often use a for |a|.
The above definitions allow us to define the angle 6 (@, b) between the two vectors
a and b by the following relations:
a-b

cosO(a,b) = Tallb] where 0<0(a,b)<m. (A9)

Since —1 < cos 0 < 1, you can find 6(a,b) from this formula if and only if

a-b
1< <1. (A.10)
el

That this is always the case follows from the Schwartz inequality proved in Sect. A.5.
Note also that the angle is undefined if either ||a| or ||b| is zero. This is to be
expected since the zero vector does not have a direction associated with it.

Example A.2. Angle between two vectors:

a.
e e
(V) == _=0. A.ll
cos6lexey) = 1o Tey] (&.10)
Thus,
4 T
@) = 5" (A.12)

b. Let a = ae, + aye, so that a = (ay,ay,0). Then,
a-e; ik

~ llalllex] /a2 +a2

These two examples indicate that 6 (a,b) defined by (A.9) agrees with what
we expect on the basis of geometry.

cos O (a,e,) (A.13)
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A.4 Unit Operator

From (A.2), we see that
a-e.=ay,, a-e=a,, and a-e =a;. (A.14)
Substituting these equations back to (A.2), we find
a=(a-e)e.+(a-e)e,+(a-e;e;. (A.15)

Note that (a-b)c, being a scalar (a - b) times a vector (c) is a vector. If we agree to
define
a-(bc):=(a-b)c, (A.16)

we may rewrite (A.15) as
a=a-(e.e;)+a-(ee,)+a-(ece;)=a-(ee.+ee,+ee;). (A.17)

Since ca =acc anda-b = b -a, (A.15) can also be written as

a=e.(e.-a)te e -a)+ele-a). (A.18)
With the definition
(ab)-c:=a(b-c), (A.19)
we can write
a=(eer)-a+(ee,) a+(ee;) a=(eex+ee, +ee;) a. (A.20)

Equations (A.17) and (A.20) indicate that
[:=e.e +epe, +ee, (A21)
is a unit operator in the sense that

afl=Fa=a (A.22)

for any vector a.

A.5 {Schwarz Inequality

This inequality states that
(a-)* < lal*]* (A23)
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for any a and b. To prove it, let ¢ = a + Ab, where A is a real number. Since ||c||> =
cx2 + cy2 + czz, we have

le|l* >0 (A24)
for any A. We compute ||c| as follows:
I>?=c-c=(a+Ab)-(a+Ab)=a-a+Ara-b+Ab-a+A’b-b
la|* +2Aa-b+A%||b|* . (A.25)

le

So, we have
la|*+21a-b+A*|b]* > 0. (A.26)

As indicated above, this inequality holds for any real number A. In particular, it will

hold if we happen to choose A as

a-b

which, of course, is a real number. With this choice of A, (A.26) becomes

(a-b)’

Ja]* >
(LS

(A.28)

Since ||b|? is a positive number, this is equivalent to (A.23) and the proof is com-
plete.

A.6 Cross Product

Consider two (nonzero) vectors b and c. If neither is a scalar multiple of the other,
then, these two vectors are not parallel to each other and hence define a plane. We
define the cross product b x ¢ between two vectors b and ¢ as a vector perpendicular
to the plane defined by b and ¢. By definition, b x ¢ points toward the direction a
right-handed screw advances if it is rotated to bring b toward ¢ by closing the angle
0 (0 < 6 < ) between them. Moreover,

6 xc|:=|b|lc|sinb . (A.29)

Since sin0 = sinmw = 0, no ambiguity arises in the above definition regarding the
direction of b x ¢ even if 6 = 0 or 7, for which b x ¢ = 0.
Let us now introduce another vector @ and consider the expression

a-bxc. (A.30)

Since a - b is a scalar, the cross product sign in this expression makes sense only if
we interpret this expression as a - (b x ¢).
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If the set of three vectors a, b, and ¢ taken in this order forms a right-handed
system as in the x-, y-, and z-axes in a right-handed coordinate system, the expres-
sion (A.30) is the volume V of the parallelepiped whose edges are defined by these
vectors. In fact, if we denote by ¢ the angle between the two vectors @ and b X ¢, we
have

a-bxc=|al|bxc|cos¢ =|a||p]c|sinOcos¢, (A31)

in which ||b||||¢| sin 6 is the area of the base of the parallelepiped defined by b and
¢, while ||a|| cos ¢ is the height of the parallelepiped.

We are certainly free to consider ¢ and a (or a and b) as a pair of vectors defining
the base of the parallelepiped, leading to a different way of computing the same
volume V of the parallelepiped. In this way, we arrive at the identity

a-bxc=b-cxa=c-axb. (A.32)



Appendix B
Useful Formulae

This appendix is meant to serve as a duct-tape to hold your prior knowledge on
calculus. Other useful computational tools needed in the book are included for con-
venience.

B.1 Taylor Series Expansion

In the main body of this book, we frequently use Taylor series expansion. Accord-
ingly, we summarize a few key formulae here.

B.1.1 Function of a Single Variable

Let f(x) be a function of a single variable x and suppose that f(x) is differentiable
at xo however many times we need. Then,

1 d%f
T

flso-+a) = flao) + |

1dy

T a4, (B.I)

X=X

=X0 xX=x(

where the symbol d”" f/dx"|,—y, (n =1,2,3...) indicates that the value of the func-
tion d” f /dx" of x is to be evaluated at x = x¢. Let x = xo + a and rewrite (B.1) as

1 df

312 (x—x0)2+---. (B.2)

X=X

=G+ L )+

X=X

The expression on the right-hand side of this equation is called the Taylor series
expansion of f(x) around x = xp. If xp = 0, the series is also referred to as the
Maclaurin series.
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Example B.1. Exponential function: One famous example of the Maclaurin
series that shows up from time to time is

ex:HH%szr%anr..._ (B.3)
In order to arrive at this result, we recalled that
d"e"
dx" |,—o

=, o=1. (B.4)

Since 0! = 1 by definition, (B.3) can be written more compactly as

=y (B.5)

Note that (B.1) holds for any value of xo provided that f(x) is differentiable at
Xo as many times as we desire. This means that the application of (B.1) need not be
restricted to a particular value of xg, and hence we may rewrite it more simply as

df  1d*f 1 d&f
f(x+a):f(x)+aa+2—!@a2+§@a3+m. (B.6)

When a is replaced by an infinitesimal quantity dx, the second term on the right-
hand side of (B.6) is often written as

df = %dx. (B.7)

The motivation behind this notation becomes clearer if we rewrite this as
af = (L) 1 (B.8)
= @ . .

That is, we may regard d := dx(d/dx) as a differential operator acting on f. By
analogy, we write

a2 f d\? af d\?
df=—(dx)?=(dx— Ef=—(dx)’=(dx— ... (B.
== (ag) 1o @r= e (e ) ro ®9
With this notation, we can write

Af= [t d) — f) =df 5 f g @b (BIO)

The nth term on the right is referred to as the nth order term. Note that, unless
d"f=0foralln>2,Af #df in general.



B.1 Taylor Series Expansion 399

More often than not, we are interested only in the most significant contribution
(df) to Af. In such a situation, we suppress d’f/2!, d*f/3!,..., and write

Af=df+ho. (B.11)

We say that A f is given by df to the first order of dx. The symbol h.o. stands for the
higher order terms.

It is somewhat amusing to note that (B.10) can be rewritten, in a purely formal
manner, as follows:

1

1 2
flx4dx) = <l+d+2!d + 31

d3+---> fx)=ef(x), (B.12)

indicating that the effect of the operator ¢ is to “advance” x by dx, thus converting
f(x) into f(x+dx). If we were to define d"f by (n!)~'d"f/dx", this expression
would not follow. It should also be noted that, in writing this equation, we have
assumed that f is differentiable as many times as we desire.

Suppose that f(x) is continuously differentiable, that is df/dx exists and is con-
tinuous. Then, for f(x) to take an extremum value at x = xo, it is necessary and
sufficient that

_df

df= | de=0 (B.13)

X=X

for any dx. We often express this fact by saying that “f(xo +dx) — f(xo) is zero fo
the first order of dx.” Because dx is arbitrary, this is equivalent to

df

| =0 (B.14)

X=X

Since df /dx is a function of x, this is an equation for xy.

B.1.2 Function of Multiple Variables

The similar results hold when f is a scalar-valued function of multiple variables. For
example, (B.10) remains valid for f = f(x,y) if the differential operator d is defined
by

0 0d

dimdegtddya. (B.15)

In particular, (B.8) generalizes to

(99N, of, of
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while

d d\? °f
2, _ 2
d°f = (dx8x+dy8y> f 02 (dx)=+2

*f
dxdy

2
dxdy + a—f(dy)z . (B.17)
dy

The condition that f(x,y) takes an extremum value at (x,y) = (xp,y0) is a simple
generalization of (B.14) and is given by

? =0 and g—f =0, (B.18)
P (xy)=(x0.30) Y 1 xy)=(x0.30)
from which we can determine xo and yj.
B.2 Exponential
By definition,
1 n
e = lim <1 + ) . (B.19)
n—soo n

This relation holds with n replaced by a real number x. In fact,
. N4
Im(1£—-) =e . (B.20)
X—yoo X

The simplest way to verify this identity perhaps is to use the Taylor series expansion
of In(1+x):

1 1
In(1+x) :x—§x2—|—§x3—|—-~- . (B.21)
Now, let
1 X
flx) = (1:|:x) . (B.22)
Using (B.21), we find
In f(x) 1 1j:1 x:l:1 ljzl (B.23)
nf(x) =xIn S e e I .
X x  2x27 3x3

Since this expression approaches %1 in the x — o limit, we have established (B.20).
It follows that
a\x I
lim (117) limKli) } — o (B.24)
X—¥o0 X y—poo y

where y := x/a.
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B.3 Summation of a Geometric Series

The following result may be familiar to you:

oo l
Zrl = if |}"‘ <1. (B.25)
5 1—r
To see why this is so, let
SnI=1+V+V2+"'+rn- (B.26)
Then,
rSn:r+r2+...+r”+r”+l. (B.27)

Subtracting (B.27) from (B.26), we find
(1=r)Sy=1-r"", (B.28)

and hence "
1-r"
S, = . (B.29)
1—r

If |r| < 1, lim, . " = 0. This gives (B.25).

B.4 Binomial Expansion

The following identity holds:

MM
(a+o)" =" (N)aNbM_N, (B.30)
N=0
in which ” "
(N) = NN ®:31)

is the binomial coefficient. To see this, let us imagine computing (a -+ b)™ by writ-
ing out M factors of (a+b):

(a+b)x(a+b)x---x(a+Db). (B.32)

We choose from each pair of brackets, either a or b, and form their product. Each
distinct set of choices we make for the brackets yields a product that will show up
in the expansion of (a+b)M. There are 2™ distinct set of choices we can make, and
we get 2M products. But, not all of them have different values.

For example, if we always pick a from each pair of brackets, then, we get a".
There is only one way to do this. So the coefficient of " is just one. If we choose
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b only once and a for the remaining M — 1 times, then, their product is ¢ ~'b. But,
since there are M distinct ways of choosing the pair of brackets from which to pick

b, the coefficient of a~1b is M, and so on. The coefficient (%) of adVbM—N is the

number of distinct ways of choosing N pairs of brackets from which we pick a when
there are M pairs of brackets in total.

B.5 Gibbs-Bogoliubov Inequality

Let f(x) and g(x) be integrable positive functions satisfying

b b
/a f(x)dx:/a g(x)dx. (B.33)
Then,
b b
| romsar= [ remetods, (B.34)

where the equality holds only when f(x) = g(x). This result is known as the Gibbs—
Bogoliubov inequality.
To prove the inequality, we first compute

b b
| e sear= [ e metods

a

[ EOTACI b R EACICNC)
—/a fx)1 g(x)dx /ag( )[g(x)l ) g(x)+1 dx,  (B.35)

where the last equality follows from (B.33). Now, we note that
h(x) :==xlnx+1—-x>0 (B.36)

for all x > O with the equality holding only at x = 1. The validity of this inequality
can be easily established graphically. In fact,

dh
o =, (B.37)

which is negative if 0 < x < 1, zero at x = 1, and positive if x > 1. Thus, the minimum
value of i(x) occurs at x = 1 and it is zero. Replacing x by f(x)/g(x), we see from
(B.35) that

b b
| remrear= [ gz 0, (B.38)

where the equality holds if and only if f(x)/g(x) = 1.



Appendix C
Legendre Transformation

This appendix presents a basic idea of Legendre transformation used in Chaps. 1
and 2.

C.1 Legendre Transformation

The problem we wish to answer is the following: Given a function

y=y(x), (C.1

how do we construct a function
w=w(p) (C2)

containing just as much information as (C.1), where

p::Q?

o (C.3)

By saying “(C.1) and (C.2) contain the same information,” we mean that, given
(C.1) alone, we can find (C.2) and also that we can find (C.1) using (C.2) alone.

Let us first take a very simple-minded approach. As we shall see shortly, this
leads to a failure. However, an approach very similar to this one will work. So, our
effort will not be wasted.

a. Given (C.1), take the derivative, which will give us p as a function of x:

dy
=== . C4
p=q, =rl) (C4
b. Invert this equation to express x as a function of p. Note that this is always pos-
sible provided that p = dy/dx is a monotonic function of x, that is, d%y/dx? does
not change its sign. See Fig. C.1 to understand this point.
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=
=

a b

Fig. C.1 The function p = p(x) can be inverted to give x = x(p) if p = p(x) is monotonic as
indicated in a. If this is not the case, there may be multiple values of x for a given value of p as in
b and the function p = p(x) cannot be inverted.

c. Substitute this function x = x(p) into (C.1). The end result is y expressed as a
function of p. Identify the function so obtained as w in (C.2).

As an example of this approach, let us take yg = x2, for which p = 2x, and hence
x=p/2.S0,wy = p2 /4. This approach, however, has a serious flaw. To see this, let
us take another function y, = (x —a)?, where a is a constant. If you go through the
same procedure, you will find that w, = p2 /4. So, two different functions yg and y,
both give you the same function for w. Thus, the proposed transformation has no
unique inverse.

C.1.1 Representation of a Curve

Let us step back a little and take a little more graphical look at the problem.
By writing down an explicit expression for a function y = y(x), such as y = x?
above, we are actually specifying, in a very compact way, a set

{ ey lyi =y(x)} (C5)

that is, the set of all pairs of numbers (x;,y;) for which y; = y(x;) holds. Now, you
are certainly familiar with a practice of showing a pair of numbers, say (x;,y1) as a
point on a piece of paper. If this is done for all the members of the set, the resulting
collection of points is a curve representing the function y = y(x).

Now, there is an interesting way to draw a curve. You might have tried this back in
your elementary school days, perhaps out of boredom during a class. Draw a number
of lines as shown in Fig. C.2. What do you see? Do you see a curve emerging from
the set of lines? These lines are a set of tangent lines to that curve. So, a curve can
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7 A

\ 4

Fig. C.2 A curve emerges from a set of lines.

be specified by a set of tangent lines. But, each line is determined by its slope p and
the intercept w on the y-axis. Finally, specifying a set of pairs of numbers (p,w) is
equivalent to specifying a function w = w(p). (Provided, of course, that for a given
value of p, there is a unique value of w, that is, if (p,w;) and (p;,w) are both in
the set, then w; = wy. This demands that dp/dx = d?y/dx? be of a definite sign.)

Given a pair of numbers (x;,y;) on a curve y = y(x), it is a simple matter to find
the corresponding pair (p;, w;) for the tangent line of y = y(x) at x = x;:

_dy
p’_dx

X=X;

and  w; =y(x;) — pix; . (C.6)

In this way, a point (x;,y;) on the curve on the xy-plane is mapped to a point (p;, w;)
on the pw-plane. By repeating this process for each point in the set (C.5), we end up
with a function w = w(p), which is then an alternative representation of the original
function y = y(x), but now the independent variable is p instead of x.

C.1.2 Legendre Transformation

The above consideration leads to the following procedure called the Legendre
transformation:

a. Given (C.1), compute p as
dy
== C.7
P=4x €7

which is a function of x.
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b. Solve (C.7) to express x in terms of p.

x=x(p) (C8)

c. Substitute (C.8) into the relation

w=y(x) —px, (C.9)

which is now expressed in terms of p. The resulting function w = w(p) is
called the Legendre transform of y.

Going back to the earlier example, let yo = x?, for which p = 2x and hence x =
p/2. Then, wy = yg — px = —p* /4. On the other hand, if y, = (x —a)?, then p =
2(x—a) and x = p/2 + a, from which you find w, = y, — px = —p* /4 —ap. Unlike
the earlier approach, wy # wy.

At this point, you might wonder why the earlier approach failed. There, we
expressed y as a function of p and called the resulting function w. This latter func-
tion can therefore be written as y = w(dy/dx). But, this is a differential equation
for y, and hence cannot determine y uniquely without specifying a boundary condi-
tion, that is, a pair of numbers such as (x;,y;) through which the curve must pass.
But, what we wanted was a new equation that is equivalent to the original one. In
constructing this new function, we do not wish to carry around the extra piece of
information that y; = y(x;), which pertains to the old one.

C.1.3 Inverse Legendre Transformation

The remaining question now is whether we can start from the function wy (or wy)
and recover the original function yq (or y,). If we can, then y and w are both satis-
factory representation of the same information. Now, given w = w(p), how do we
reconstruct y = y(x)? From (C.9), we have

y=w(p)+px. (C.10)

In order to obtain y(x), all we need to do is to express p as a function of x. Again
from (C.9),
dw =dy— pdx—xdp . (C.11)

But, since p = dy/dx, we have dy = pdx. So, we conclude that
dw = —xdp, (C.12)

and hence
xX=——". (C.13)
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Thus, we can proceed as follows:

a. Given w = w(p), compute the negative of its derivative. This gives x as a
function of p.

b. Solve this equation to express p as a function of x.

c. Substitute the result into (C.10) to obtain y as a function of x.

From (C.10) and (C.13), we see that the procedure is just the Legendre trans-
formation of w = w(p).

Let us see how this goes for wy = —p?/4, for which x = —dw/dp = p/2. So
p = 2x, and hence yo = wq + px = —(2x)% /4 4+ 2x x x = x%.

Exercise C.1. Repeat the same process for w, = —p? /4 — ap to reconstruct y,.

Exercise C.2. Given a function
y=xlnx, (C.14)

a. Perform its Legendre transformation to obtain the function w = w(p).
b. Perform the inverse Legendre transformation to recover the function y = y(x). #

Exercise C.3. Given a function

z=x%¢", (C.15)

a. Perform its Legendre transformation to obtain the function w = w(x, p), where

p:=0dz/dy.

b. Perform the inverse Legendre transformation to recover the function z = z(x, y).

In this problem, treat x as if it is a constant. "



Appendix D
Dirac 6-Function

Dirac originally defined the d-function that bears his name through the following
properties[2]:

/ma(x)dle and 8(x)=0 forx#£0. D.1)

No ordinary function we know from our calculus courses satisfies these properties.
Nevertheless, the §-function permeates our mathematical description of the physical
world. We have also made use of this function in Sect. 3.15 and, more extensively,
in Chap. 4. This appendix summarizes important facts about the Dirac J-function.

D.1 Definition of §(x)

Let 6(x) denote a step function:

1ifx>0
G(X)Z{Oifx<0. (D2)

Because 0(x) is discontinuous at x = 0, it is not differentiable there. If we denote its
derivative by & (x):
do(x)

5(x) = T , (D3)

it is not well-defined at x = 0. Nevertheless, it is possible to assign a meaning to a
definite integral

| rwswar, (D4)

which contains the dangerous point x = 0.
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gn(x) 0(x)

> —T—V
—1/n 0 x 0 x

Fig. D.1 Behavior of g,(x) and 8 (x) := limy,—ye gn (x).

Let g,(x) (n=1,2,...) denote a sequence of sufficiently smooth functions that
approaches 0(x) as n tends toward infinity:

Jillgogn(x) = 6()6) : (D.5)

Since g, (x) is sufficiently smooth, the integral

| s dggix)dx (D.6)

exists for all n provided that f(x) behaves nicely enough. If the limit

- dgn(x)

lggo f(x) o dx D.7)
exists also, then, we adopt
o oo do
[ F()8(x)dx or /7 1) dix)dx (D.8)

as a compact notation for that limit. Equation (D.7) should be contrasted against the
mathematically ill-defined expression

roo d )
| @ [tim g)] ax. (D.9)
which is suggested by a more literal interpretation of (D.4).

As an example of g, (x), let us consider the function depicted in Fig. D.1. More
precisely, we set

lifx>0
gn(x) = {Oifxg—l/n, (D.10)
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gn(x) dg,(x)/dx
A A

Y
\ 4

—1/n 0 X —1/n 0 x

Fig. D.2 Behavior of g,(x) and dg,(x)/dx.

in which 7 is a positive constant. In between x = —1/n and x = 0, we demand that
gn(x) is sufficiently smooth and monotonic. For convenience, we also suppose that
the inflection point, at which d?g, (x)/dx? = 0, occurs only once at x = —1/2n. For
such g, (x), the derivative dg,(x)/dx is nonzero only for —1/n < x < 0 and it takes

the maximum value only once at x = —1/2n. This is shown in Fig. D.2. As a result,
we can rewrite the integral in (D.6) as
= dgn(x) /0 dgn(x)
X dx = X dx. D.11
[mf( ) dx ~1 /nf( ) dx ( )

Integrating by parts, we obtain

0 . 0 .
[ 0B gy, [ Lo
= f(0)~ [ Ol/n dzix)gn(x)dx. (D.12)

But, the last term of this equation becomes vanishingly small with increasing n. So,

tim [~ 7 %% g o) (D.13)

In terms of the compact notation we introduced, this may be written as

| 108w = (). (D.14

which is the desired result.

Exercise D.1. Show that

[ Z F()8(x—a)dx = f(a) . (D.15)
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It is certainly nice not having to write lim,,_... all the time. But, does our notation
make good sense at all? By concealing the limiting process, which we used to get
rid of the last term in (D.12), do we not run a risk of making some serious mistakes?
So, let us see what happens if we ignore the fact that & (x) = d6(x)/dx does not exist
at x = 0 and proceed with (D.8). Since 6(x) = 0 for x <0,

| rseac= [ e oz [T g
= (o) = [ L e = fere0)— fere0)+ £(0) = £10)

(D.16)

in agreement with (D.14). This demonstrates that our compact notation, in which
(D.7) is written as (D.8), is perfectly acceptable.

Itis instructive to seek for an alternative and more intuitive justification of (D.14).
To begin with, we see immediately that

< dgu(x) _ o 1
Kgqrw—@MLFIO—L D.17)

This relation holds for any n. Thus, going to the large n limit, we find
/Swsz (D.18)

According to (D.18), N
[_ﬂ@&@m (D.19)

may be considered as a weighted average of f(x) with §(x) playing the role of the
weighting function. If we regard & (x) as dg, (x)/dx in the limit of 7 — oo, then, &(x)
is seen to be extremely sharply peaked near x = 0. If f(x) is continuous and varies
slowly in this critical region, then, f(x) under the integral sign may be replaced by
f(0) and taken outside:

oo

[ fwswa=r0) [ 8= r(0). (D.20)
where the last equality follows from (D.18).

To summarize, the Dirac d-function arises whenever we differentiate a discontin-
uous function such as 6(x). Even though a function is not differentiable at the point
of discontinuity, we can ignore this inconvenient fact and carry out the computation
consistently provided that 6(x) occurs only inside the integral.

In essence, we pretend that any discontinuity we encounter in our theoretical
description of the physical world, such as 8(x), is an idealization of what is really a
continuous transition as described by g,(x). The alternative approach of not differ-
entiating any function at its point of discontinuity is too restrictive for many of our
purposes.
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D.2 Basic Properties of the 6-Function

The J-function satisfies a number of useful identities. Here, we list several famous
examples:

a.
§(—x) = 6(x) . D21)
b.
x6(x)=0. (D.22)
c. .
O(+ax) = ;5()6) (a>0), (D.23)
which is often expressed as
5(ax) = ﬁa(x) (a£0). (D.24)
d. :
S(¥*—ad*) = m[(?(x—a)—i-S(x—i—a)] . (D.25)
e. N
/ §(a—x)8(b—x)dx = 8(a—b). (D.26)
f.
f(x)0(x—a) = f(a)d(x—a) . (D.27)
. S(r—a)
X —d;i
5(g(x)) = ; @ (D.28)

where q; is the ith root of g(x). It is assumed that there are no coincident roots,
that is, g'(a;) # 0.

Equation (D.21) might appear surprising in view of the graph for dg,(x)/dx
shown in Fig. D.2. We must remember, however, that §(x) is defined only in terms
of an integration in which &(x) occurs as a factor in the integrand. Thus, (D.21)
should really be interpreted as

[ F(0)8(x)dx = [ F(0)8(—x)dx . (D.29)
The same remark applies to other identities.

Exercise D.2. Prove (D.21) — (D.28). n

Despite the wild variation of d(x) at x = 0, it is still meaningful to talk about its
derivative 8'(x) provided that it occurs only inside an integral. As with & (x), the key
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is in the proper definition of such integrals. By definition then,

/:, F)8 (Wdxi=tim [ £(x) Cenlx) . (D.30)

N dx?

By applying integration by parts, either to the expression on the left or to that on the
right, it is straightforward to show that

| 108 mar=—r'0). (D31)

where f'(x) =df(x)/dx.
Exercise D.3. Prove (D.31). v

Exercise D.4. Prove the following identities

a.
x6'(x) = —6(x) . (D.32)
8 (x—y)=-80—x). (D.33)

The second identity implies that 8’(x) is an odd function. This is what we expect
since &(x) is an even function as indicated in (D.21). (Recall cos 0 and sin6.)  /

Higher derivatives of the 6-function can be defined analogously. Thus,

oo oo 3
| 8= tim [ 0T g,
" e digu(x)
/,w F(x)8" (x)dx := lim o f(x) d;4 dx, (D.34)

and so on. Combined with (B.6), this leads to the following Taylor series expansion
of the §-function:

S(x+a)=258(x)+ 8 (x)a+ %5”(x)a2 + %5’”(x)a3 4+ (D.35)

At first sight, the formula seems incorrect because 6 (x+a) = 0 for all x # —a and
the right-hand side is zero except at x = 0. However, identities involving the 6-
function and its derivatives must be understood under the integral sign. The limits
of integration is to some extent arbitrary, but it must include all the critical points
of the integrand, which are x = —a and x = 0 in this case. On the left-hand side, we
have

[ i F)8(x+a)dr = f(—a). (D.36)
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On the right, we have several terms:
[ r@smar=10). [ 1@ = r(0).
[ r@s"war=r"0), [ 08" de=—1"(0) ... D37

where the last two equalities can be established by integration by parts. Thus,

/_ :: F()RHS.Jdx = £(0) —af'(0)+ %az 77(0) — %a?f'”(O) 4. (D38)

But, this is just the Taylor series expansion of f(—a). In other words,

/:f(x) [R.H.S.]dx = f(—a) (D.39)

Comparing (D.36) and (D.39), we see that (D.35) is valid.

D.3 Weak Versus Strong Definitions of the 6-Function

Dirac himself defined the d-function by means of (D.1). The d-function we con-
structed by means of g, (x) is consistent with this definition.”® However, there are
other ways of constructing a function that satisfies these defining properties.

As an illustration, let us consider the following step function:

1ifx>0
nx) =4 $ifx=0 (D.40)
0ifx<0,

which may be regarded as the large » limit of a smooth and monotonically increasing
function Ay, (x) satisfying

1ifx>1/2n
ha(x) = ¢ §ifx=0 (D.A41)
0ifx<—1/2n.
Because ()
= dhy(x
——dx=1 D.42
= , (D.42)

we see that 0(x) := dn/dx satisfies (D.18). It is also clear that this §(x) is zero
except at x = 0. So, this §(x) is consistent with (D.1). Moreover, an analysis similar
to what followed (D.11) indicates that

) > dh, (x)
Jim [ FE=g,

dx = £(0) . (D.43)
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We emphasize that the two versions of §-function we considered are nonetheless
not entirely identical. To see this, we note that

dgn( ) dg"
T =1 and / , (D.44)

and taking the limit n — oo,

0 oo
L/éwwzlam As@m:o. (D.45)

—oo

In contrast, for A, (x), we have

0 dh,,(x) B 1
/_ T =~ and / =5 (D.46)
and hence " . .
/5@w=fam /6@M:< (D.47)
J—oo 2 Jo 2

Neither (D.45) nor (D.47) is a part of the defining properties of 6 (x). The orig-
inal definition due to Dirac is called the weak definition of &(x). When it is sup-
plemented by (D.45), (D.47), or any other such relations, the definition is said to be
strong. For our particular purposes, we find it more convenient to work with 6(x)
as the step function rather than 71 (x). Consequently, our §-function satisfies (D.45)
but not (D.47).

D.4 Three-Dimensional 6-Function

Let r be a position vector and (x,y,z) denote its components in a Cartesian coordi-
nate system. Then, §(r) is a short-hand notation expressing the following product
of three one-dimensional d-functions.

o6(r):=0(x)0(y)6(z) . (D.48)

/ §(r)dr = / / / S(x (z)dxdydz (D.49)

is unity if the origin (r = 0) is inside V and zero if it is outside V. If the origin is
on the boundary of V, the value of this integral depends on the strong definition
being adopted for the one-dimensional §-function. Insofar as (D.49) is dimension-
less, 8 (r) has the dimension of the reciprocal volume.

Evidently,
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D.5 fRepresentation of the §-Function

Let us consider a function given by

I (%) = \/Ze”xz . (D.50)

Using (3.91), we see that

oo 0 oo 1
/ h(x)dx=1 and / o () = / () = 3 D.51)
oo —oo 0
for any n. Moreover,
lign hy(x) =0 ifx#0. (D.52)

Thus, the sequence of functions %, (x) defines the Dirac 0-function that is compatible
with (D.47).
Another frequently encountered representation of the d-function is given by

1 /=
S(x)=— / kxdk D.53
W=5 [ ek, (D.53)
where i := 4/ —1 is the imaginary unit. To see this, let

I = _2
fu(x) := 3 [ e TR I (D.54)
In the limit of n — oo, the right-hand side approaches the integral in (D.53). On
the other hand, f,(x) can be evaluated explicitly as follows. We first rewrite the
exponent as

Ko 1/ k . g 2
_E“k":_i %—21\/ﬁx —nx* . (D.55)

Using a new variable s := (k/\/n — 2i\/nx) /2, we find>!

fa(x) = % /m e e ds = \/Ze_""z —8(x) asnm—>oo. (D.56)
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Appendix E
Where to Go from Here

Most of the following textbooks will be accessible to you by now, and should be
consulted according to your interests and needs. I have only included textbooks I
know reasonably well and feel comfortable recommending to students who have
mastered the content of this book.

Statistical Mechanics in General

Chandler D (1987) Introduction to Modern Statistical Mechanics. Oxford, New
York
A very concise yet extremely insightful account of statistical mechanics. Some
familiarity with quantum mechanics will be useful in parts of the book.

Hill TL (1986) An Introduction to Statistical Thermodynamics. Dover, New York
Relatively accessible textbook on statistical mechanics with various applications.

Hill TL (1986) Statistical Mechanics, Principles and Selected Applications.
Dover, New York
More advanced textbook by the same author and publisher as above.

Computer Simulation

Allen M P and Tildesley D J (1987) Computer Simulation of Liquids. Oxford,
New York
Short overview of statistical mechanics followed by an in-depth exposition of
the inner working of molecular level simulation. If you plan to do any kind of
molecular simulation, this will be the best place to start.

Frenkel D and Smit B (2001) Understanding Molecular Simulation, 2nd edn.
Academic Press, San Diego
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Discussion on statistical mechanics is very short, but covers various advanced
algorithm developed in recent years. My recommendation is that you’d read this
after Allen & Tildesley.

Tuckerman M E (2010)  Statistical Mechanics: Theory and Molecular Simulation.
Oxford University Press, New York
Geared towards those with physics background. Nevertheless, chapters on molec-
ular dynamics, free energy calculations, time-dependent phenomena will be
accessible and may be of interest to you.

Theory of Liquids, Density Functional Theory

Goodstein D L (1985)  States of Matter. Dover, New York
Chapter 4 provides a very nice introduction to integral equation theories of simple
liquids.

Evans R (1979) The nature of the liquid-vapor interface and other topics in the
statistical mechanics of non-uniform, classical fluids. Adv. Phys. 28:143-200
This isn’t a book. But, it is probably the most cited article on the subject of
statistical mechanical density functional theory.

Hansen J-P and McDonald I R (1986) Theory of Simple Liquids, 2nd edn. Aca-
demic Press, San Diego
Theories of liquids are treated in great depth.

Mean-Field Theory

Goldenfeld N (1992) Lectures on Phase Transitions and the Renormalization
Group. Addison-Wesley, Reading, Massachusetts
Highly accessible book on phase transition. Though the focus is on critical phe-
nomena, that is, phase behavior near the critical point, the first several chapters
provide a systematic treatment of the mean-field theory.



Appendix F

List of Greek Letters

Greek letters are frequently used in this book, and are listed here for convenience.

Name |Uppercase|Lowercase|| Name |Uppercase|Lowercase
alpha A o nu N v
beta B B Xi ) S
gamma r Y omicron o 0
delta A o pi n T
epsilon E € rho P p
zeta 4 ¢ sigma z c
eta H n tau T T
theta (C] 0 upsilon Y v
iota 1 1 phi D (0]
kappa K K chi X X
lambda A A psi b v
mu M u omega Q w
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Appendix G
Hints to Selected Exercises

Chapter 1

1.1 Since the work required to bring a particle from ry to r4/ is independent of the
path taken, we have

Y(ra,ra) = w(ra,r) +y(r,ry) = w(ra,r) — yra,r) . (G1.1)

1.3 Note that
,_d ,_d
Zm,'v,' = 521’)’1,"}' = $Zm,~(ri—R) =0. (G1.2)
i i i

1.5 Eliminating T from (1.85), we find
m(¥cos 0 +jsin@) = —mgsin6 . (G1.3)

But, & and j can be computed by taking the time derivative of (1.76).
1.6

a. The work required to stretch (or compress) the spring from its natural length [y
to r is given by
W=— [ F-dr, (G1.4)
lo
in which dr = dre, for both stretching and compression. This work is stored in
the harmonic spring as its potential energy.

b.
1 . 1
L= Em[i’2 + (r0)?] + mgrcos 6 — Ek(r— In)?. (G1.5)
1.7 Start from . |
L= 51’1111“12 + §m2f22 —o(n —7'2) (G1.6)

and use the definitions for R and r to express r{ and r; in terms of R and r.
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Derive Lagrange’s equations of motion to see why using R and r is more advan-
tageous than using r; and r».

1.8 Since F is a function of g;’s and ¢ only,

dF L OF  OF

— = —qi+ =, (GL.7)
dr ]:Zl dg; ' ot
from which we obtain 3 dF  OF
== (G1.8)
dg; dt  dg;

and
0 drFr L 9*F . 0°F
ErrriaDY qj+ :
qi dr = 8q,»(?qj 8q,»8t

(G1.9)

1.10 Take the origin to coincide with the source of the field and note that M :=r x p
is perpendicular to r.

1.13 From (1.156),
8H> (aq,.> <8L>
= =) pi| = | = ; (G1.10)
(&t ap zl' ot oy ot ap

where the subscripts g, p indicate that all of g1, ..., gy and py, ..., py are held fixed
when evaluating the partial derivatives. Evaluate (dL/dt), , from

dL=73" (8L> dqi+<a.L> dg; +<aL) e, (GLID
i 9qi qj#i4 94; G4 j#i 9.4

ot
where the subscripts g;-;, ¢ indicates that all of gy, ..., gy except for g; and all of

qis---» gy are held fixed.

1.18 Since {A,B} is a dynamical variable, (1.185) applies:

d J
S {ABY = {({A.B}. H} + 5 {A.B} . (G1.12)

Chapter 2

2.1

c. For an adiabatic reversible expansion, dS = 0.
d. For the process under consideration, both S and N remain constant. From (2.39),
we see that
U3, = Uy, (G2.1)
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which may be solved for U,. Alternatively,

Va
U-U =W=-— Pdv , (G2.2)
Vi

in which P may be expressed as a function of V by means of (2.42).
2.2

a. Note that S, U, V, and N are all extensive quantities. When U, V, N are doubled,
S must double as well.

2.3

a. For a constant V and Ny, ..., N, process,
dQ=dU =TdS. (G2.3)

2.5 For the process under consideration, dS = 0 and hence
Cy
dU = —PdV = ﬁ(PdV—i—VdP) . (G2.4)

2.7

a. The fundamental equation of pure i is obtained by setting N;; to zero:
3 5
S =aN;+NR 51nU+an_§lnM . (G2.5)

After equilibrium is established,
Tf =T7. (G2.6)

In view of (2.26) and (G2.5), this is an equation for U}’ and U ]IZ , the final values
of the internal energy in compartments A and B, respectively. We need one more
equation for these two unknowns. But, since the composite system is isolated,

Uf+U =U5 + Uy, (G2.7)

where the subscript O refers to the initial state. From (G2.6) and (G2.7), we find
that the final temperature is 328.6 K.
b. In addition to (G2.6) and (G2.7), we have

.Uff = .u{)f ) (G2.8)

and
Nf¢+N{; = Ni = 10 (mol). (G2.9)

These four equations lead to Ny, = Nf’f = 5 mol and 328.6 K for the final tem-
perature. ‘ '
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2.10

a. Because the system is isolated, N; can change only through the chemical reaction.
From the stoichiometry of the reaction, we have

SNy = —SL6N; and SNy = —268N; . (G2.10)
c3 c3

Use these relations in the expression for 8.

2.11 Show that
52— 851

Sp=s1+ (up —uy) (G2.11)

Uz —uj

and interpret this equation graphically. Note also that
sfV=s1Vi+sV, and uV =u1Vi+uVs, (G2.12)

where V; denotes the volume of the part having the internal energy density ;.

2.14 Recall that the molar internal energy U := U /N of an ideal gas is a function
only of T and hence remains constant for an isothermal process. In addition, from
(2.146), P is constant for processes in which 7 and u are both constant as in steps a
and c. (This holds true for a single component system in general as we shall see in
Sect. 2.11.)

You will also have to choose a convention for the definition of heat. Adopting the
Convention 2 in Sect. 2.6.5, we have the following results for each step, where AU,
W, and Q are, respectively, the change in the internal energy of the working fluid,
work done on the working fluid, and the heat received by the fluid:

a. AU=UAN,W = —RTAN, and Q = (U + RT)AN.

b. AU=0,W=—(N+AN)(u,— 1), and Q = (N+AN) (1, — ).
¢. AU =—UAN,W =RTAN, and Q = —(U +RT)AN.

d. AU=0,W :N(/.Lh 7“[), and 0 = 7N(,Llh 7#1).

217

a. 2 mol.

b. 3 mol. In part ¢, you will see that this corresponds to the minimum of G even
though u # u?.

2.20 Atgiven T and Uy, ..., U., £2 of a homogeneous system is a linear function
of V.

2.21

a. Looking at the variables with respect to which derivatives are computed and the
list of variables being fixed, we see that 7, V, and Ny, ..., N, are used as the
independent variables in this problem. The Helmholtz free energy F becomes a
fundamental equation when expressed in terms of these variables. So, you can
probably do something with F.



G Hints to Selected Exercises 427

2.22 The number of Maxwell relations we have is

(c+2)(c+1)

5 (272 —1). (G2.13)

For ¢ = 1, this amounts to 21. For ¢ = 2, the number of Maxwell relations is 90. Of
course, not all of them are of any use. This little computation also tells you that you
should never attempt to memorize Maxwell relations. Knowing how to derive one
when needed is more important.

2.23 Note that dU = TdS — PdV holds for any process in which Ny, ..., N, are held
fixed. In particular, it holds for a process in which T is also fixed.

Chapter 3
3.2
a. Note that
aC O _BH( ). f _BH(af o -
oC _ [ 9 BH )yl q f:/ e BHG P qul dp! G3.1
B 25 q’dp (—H)e q’dp (G3.1)
b. Note that

= (H?) — (H)*. (G3.2)

c. In evaluating the partial derivative of C, the limits of integrals and the number of
mechanical degrees of freedom f are both treated as constant. This implies that
the system volume and the number of particles in it are both fixed.

1(a))? = [ /0 we“xzdx] x [ /O we"yzdy} (G3.3)

using polar coordinates. To do this, replace dxdy by rd@dr. Other equations are
obtained by repeatedly differentiating I(a) with respect to a.

3.4 Evaluate

3.5 The probability we seek is the integration of e A% dr" dp" /C with respect to ¥
andp,, ..., py-

3.8

a. We need to find the Hamiltonian first. Recall Exercise 1.7, where we consid-
ered the Lagrangian of two particles interacting through the interparticle potential
¢ (r). Here, r :==r; —r; is the vector pointing from m; to m;. Now, ¢ is usually a
function only of ||r|. In this part of the problem, ||r|| =/ is constant and ¢ can be
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dropped from the Lagrangian. Thus,
1 PSS B,
L= 5M||R|| + 5/.L||r\| . (G3.4)

Note that, even though ||| is constant, 7 is not necessarily zero since r can still
change its orientation.
b. Cy = Skp/2.
c. Cy =Tkp/2. Note that
/ (x—i—l)zefﬁkxz/zdx ~ / (x—i—l)ze*ﬁk"z/zdx = / (o —&-lz)e*Bk"z/zdx ;
1 J —oo J —oco

(G3.5)
where x :=r—1.
3.9
b. When considering dH /JE, recall that
JH dH 0H JH
% =\ 37935 3 (G3.6)
JE JE;’ JE,’ JE,
and that
me - E = meEy +meyEy +mg E; . (G3.7)

c. Take appropriate partial derivatives of E> = E,> + Ey2 +E2.
3.10 Which step of the derivation breaks down in the absence of the surroundings?

3.11 Consider a system AB consisting of two subsystems A and B. Assuming that
the interaction between A and B is sufficiently weak, show that

—Sap/kp = (Inpap)ap = (INpa)a+ (Inpp)s (G3.8)

where, the thermal average (X),; is defined by

(X = [ Xe BHadgmdp™dg"dp”
a

= G3.9
fefﬁHabdqmdpmdqndpn ( )

for any dynamical variable X, where (¢™, p™) denotes the generalized coordinates
and momenta of subsystem A, while (¢", p") denotes those of subsystem B. Simi-
larly,

_ [Ye PHadgmdpm
- Je PHadgmdp™

and likewise for the thermal averages for subsystem B.

(Y)a: (G3.10)

3.12 Compute C’ and show that F /N is independent of the size of the system using
(3.153).
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3.13 Draw a graph for Inx. Then, note that
N
InN!= ) Ini (G3.11)
i=1

and interpret the right-hand side graphically.

3.15 Recall that the number of mechanical degrees of freedom is the number of
variables we need to specify in order to uniquely determine the configuration of the
system. This number is 5.

For example, we can give the Cartesian coordinates (x2,y2,z2) of the particle of
mass my and then specify the orientation of the bond connecting the two particles
by giving two polar angles 6 and ¢. The former can be replaced by (X,Y,Z), the
coordinates of the center of mass of the molecule. But, the degrees of freedom still
is 5.

Alternatively, we can argue as follows. The positions of particles can be speci-
fied by 6 variables (x1,y1,z1) and (x2,y2,22). However, these variables are not all
independent. Instead, they are subject to the constraint that

(x1 —x2)*+ (1 =) + (@1 ) =17. (G3.12)
Thus, the number of independent variables, or the number of variables we need to
specify,is6 —1 =35.
3.16

a.
VN

where A := h//2nmkpT .

3.17 From (2.174), W' = F; — F; = kgT InZ;/ Z; for an isothermal process, where
subscripts i and f refer to the initial and final state, respectively.

3.18

d*r¢ Bl
: =m;b— . G3.14
m; a2 m; ar;_; ( )
3.19 Lagrange’s equations of motion lead to
d d

To see that this reduces to (G3.14), recall (3.229) and note that

o(ri,....rNn) =¢(r1+R,....,ryn+R) =0 (rf,....ry) (G3.16)
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since ¢ is a function only of the relative position of the particles. Using dr?/dr; = I,
where [ is the unit matrix, we have

AP(ry,....ry) _ AO(rf,...,ry) '

= G3.17
8r,- 87’? ( )
3.20 From Lagrange’s equations of motion, we find
dv,- dv 8(1)
i— =mi | b—— | — =—. G3.18
Mg T ( dr > or; ( )

Moving the m;dV /dt term to the left, we see that this is noting but (G3.15). We
also see that the force exerted on the ith particle by the external field is modified by
—dV /ds. In particular, if dV /dt = b, then, the particle “feels” no external field at all.
If this seems surprising, recall how your body feels lighter when an elevator starts
to go down. Extrapolate that feeling to a free fall, for which dV /dr = g.

3.22 Use (G3.14). Since ¢ depends only on the relative position of particles, we
have

N
0= (| +dr,....rfy+dr) = 0(r,...rf) = X 9 4riho. (G3.19)

for any dr, implying that

N a(p
=0. 2
;ar? 0 (G3.20)
3.23 In (3.274),
pi-2xri=m;- (Qxr)+m|2xr)|?. (G3.21)

Chapter 4

4.1 If A and B are distinct species, then,
S/ —§' = kgInCJ, — kzInCj, = 2NkpIn2 . (G4.1)

If A and B are identical species, then,
;G o (N))?
S — 8" =kgln |2 7(21\/)' . (G4.2)

Using (3.153), -
sf -8 ~0 (G4.3)
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for a large enough N. Using (3.152) instead, we see that

sf—st 1
~ —1 N G4.4

which vanishes with increasing N. This is what one expects since, macroscopically,
the initial and the final states are identical.

What about small N? For N = 3, for example, (S —S;)/kg = In(16/5), which
is not negligible. This should not be a surprise, though. With the partition now
removed, the system can explore a much larger number of microstates, such as those
in which all the particles occupy the same half of the total available volume 2V. Such
states were not accessible when the partition was in place. As N increases, however,
microstates are completely dominated by those with equal (or nearly equal) parti-
tioning of particles between the two compartments.

4.2

4.3

b. We divide the n-dimensional space into concentric spherical shells of width dr
centered around the origin. Ignoring the higher order terms, the volume dS,, of
the spherical shell can be written as

dS, = S,(r+dr)—S,(r) = %dr ) (G4.5)
where S,,(r) := U,r". Thus,
ds, = nU,""~'dr (G4.6)
and 7, may be written as
I = /0 T U e dr (G4.7)
d. Change variables by
5i = ng . (G4.8)

Note that this is a vector equation and that ds;, for example, represents a volume
element in three-dimensional space. Thus,
dPideiydPiz dpi

dsi = dSl'deideiZ = (sz)3/2 = (ZmE)3/2 . (G49)

Also,
N
H=EY |si| (G4.10)
i=1
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4.5
S=—kg(ln(p/Q)) . (G4.11)

We note that p(E)dE is the probability of finding the system in the energy interval
(E — dE,E]. The number of microstates within this interval is given by Q(E)dE.
Thus, p/Q is the probability of find the system at a particular microstate. If
microstates can be counted as in quantum mechanical systems, then, (G4.11) may
be written as

S=—kgy pilnp;, (G4.12)
i

where the summation is over all microstates that are accessible to the system.

4.6
S = —kg(In(A,A,p/Q)) . (G4.13)

The expression in the natural logarithm can be interpreted as follows. Let us first

rewrite it as A A D(EV E.VdEAV
wiwp( ’ ) — 7[7( ’ ) - (G414)
Q(E,V) Q(E,V)dE x 7 %

In this expression, p(E,V)dEdV is the probability that the system is found with its
energy and volume in their respective intervals (E — dE,E] and (V,V +dV]. The
factor Q(E,V)dE is the number of microstates consistent with the given interval of
E when the system volume is exactly equal to V. From the discussion below (4.105),
dV /A,,A,, may be regarded as “the number of states” accessible to the piston when
the system volume is allowed to be anywhere in (V,V + dV]. The denominator is
then the number of microstates accessible to the system+piston consistent with the
above intervals for E and V. Note that we may safely ignore here the change in Q
due to the infinitesimal change in V as it leads a higher order term in the denominator
of (G4.14). It follows that (G4.14) gives the probability of finding the system at a
particular microstate.

4.7

1 knT N+1
Y= (?}) . (G4.15)

4.10

¢. You will need to prove two identities:

1 P
N _LfopN (9w _ ko (G4.16)
ON TV N \dn,/ oP ), 'V
The first one follows from the Gibbs—Duhem relation.
4.11 5
2U NkgT LN
kgT = == . p="1E a - (G4.17)

AN v M g Ty
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4.12
b. —kgTInX = 0.
C. - -

X:/ e*ﬁPVEdV:/ av £1. (G4.18)

0 0
Chapter 5
5.2 The integral
/e—ﬁll/(rN')drNr (G5.1)

in (5.9) may be separated into terms depending on the number N of adsorbed parti-
cles. Denoting by Iy the value of the integral obtained under the constraint that there
are N adsorbed particles, we have

!
Iy = (V—y)NN <%> ﬁAN , (G5.2)

where A is defined by (5.13). The coefficient (%) is the number of distinct ways of
choosing N sites among M sites. Then, N;!/(N; — N)! gives the number of distinct
ways of occupying these sites with N distinguishable particles chosen from the total
of N; particles. Note that the correction due to indistinguishability of identical par-
ticles is dealt with by the N;! factor in the partition function Z and plays no role at
this stage. Here, we are simply trying to evaluate the integral given above. Suppose,
for example, that N = 1. As we allow each of ry, ..., ry, to move through the entire
system under the constraint that N = 1, each of them will be found inside a given
adsorption site.

53 T < 3w/(kzIn9).

54
a. ¢ =x/(1+4x), where x := ePH+€),
b.
2, 9.2 3.2 44
¢:@_ X+ X7+ 2x°y +3x7y" +x7y G5.3)

4 144x+2x2 +4x2y 4+ 4x3y? - xtyt
where y := ef".
c. 9 =1 /(1+x%).
5.5

a. Compare graphs for e* and 1 +x.

b. &' =M,

¢. Fexact < F. So, the free energy obtained under the mean-field approximation is
an upper bound to the exact free energy.
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5.6 Note that fu = (df/d¢)r as we saw in (5.52). Also, show that the intercept
(at ¢ = 0) of the tangent line is proportional to the pressure P of the two phases.

5.7
a. T, = zw/4kp.

Chapter 6

6.1 Using (6.19), find the expressions for A, §V%, and §VP. Use them in (6.23).

Chapter 7

7.2 Recall the vector identity

V-la(x)f(x)] = f(x)V-a(x) +a(x) - Vf(x) (Go.1)

where a is a vector-valued function of x while f is a scalar-valued function of x.
You will also need to use the divergence theorem:

/V-a(x)dr:/n-a(x)dA7 (G6.2)
v A

where A is the surface of V and n is the outward unit normal on A.

7.5 Show that
Bu
- e —Bwl(r

7.6

a. Using (7.57), show that ny(r) = ny(r)eP(¥s=Va) where we suppressed the r
dependence of y’s in the exponent.

7.7 Subtract (7.76) from the same equation applied to the perturbed state, in which
the external field is y, + 6y and the corresponding equilibrium density profile is
ng+ oén.

7.8 Compute Q2 [l’lb + 6n, l//b] —-Q [I’l}77 l[/b]
7.10 Note that

([ OF _[(odf o
“_(31\7>T7v_(9”)r and P=—f+un. (G6.4)
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Chapter 8

8.1

a. Adding ¥ to the both sides of x+ 6" = x, you get X+ (x+ 0") = X+ x. Then, use
V2, V1, V4, V1, and V3 in this order to show that 8’ = 0.

b. For the particular element x that is appearing in Ox, show that x+ Ox = x and then
use part a.

c. Adding X on both sides of x+y = 0, you get x =X+ (x+y). Using V2, V1, V4,
V1, and V3 in this order, show that the right-hand side is y.

d. Show that x + (—1)x = Ox and use parts b and c.

e. Using partd, ax = a[(—1)x].

f. Letx € V. Then, for a particular vector ctx € V, show that o.x+ o8 = ax and use
part a.

g. Show that ox + aXx = o0 = 0 and use part c.

8.2
b. Set o = 0 in (8.43) and notice that Oy = 6 from Exercise 8.1b.
8.3 Use induction. That is, first establish the orthogonality of | and b, by directly

computing (by,b5). Then, assuming that the vectors in the set {by,...,b,} (m <r)
are orthogonal to each other, consider the scalar product between b; (i < m) and
Vo

8.4 Since {by,...,b,} forms a basis of V, we may write x = a1b; + - + @by,
where, from S1 and the orthonormality of the basis, o = (x, b;).

8.5 Suppose that F(x) = (x, f) = (x,g) for al x € V and deduce f = g.
8.6

(8.53): Use D1, F1, and D1 in this order.
(8.54): Use D1, F2, and D1 in this order.

8.7

V3:  Show that a linear function © defined by ©(x) := (x,0) serves as the zero
__ vector inV, whgre 0 is the zero vector inV.
V4: Define F €V by F(x) := (x, f) for all x € V and show that (F +F)(x) = O (x).

8.8

a. Show that T(x)+T(0y) =T (x) forx € V.
8.9 Show that (y|+ (6| = (] for (y| € V..
8.11 Use (8.62), (8.63), and (8.73).

8.12 Let |y) := c|o) and consider the adjoint of X T|7/>. You will need (8.67) and
(8.79).

8.13 Use (8.85) twice to compute (o|(X)7|B).
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8.17

ot O S\ *
c. Show that (8[X"[y) = (y1X[8)" = (8|B)(e[y).
8.23 Start from (¢|A|¢) and use a closure relation.

8.26 Using the closure relation,

fp) = [ £ (xlp)dr = [ xbo)(alp)dr. (@8.1)
8.29 The time dependence drops out if A is diagonal in the energy representation or
equivalently, [A, H] = 0.
8.33

a. Note that U |¢g.1) = U U;|da,0) = |¢¢,0).
c. Recall (8.147).

Appendix D

D.2

a. Lety=—x.

c. From part a, §(—ax) = §(ax). Thus, it is sufficient to show that 6 (ax) = §(x)/a.
Lety = ax.

d. Lets=x*—d2 Then,x=Vs+a2ifx>0andx=—Vs+a2ifx < 0.

g. In the vicinity of x = a;, we can write g(x) = g'(a;)(x — a;).

D4

b. Apply integration by parts. In doing so, note that §(x — y) is zero as x — =-oo for
any fixed value of y. For the integral involving 6’(y — x), use the chain rule:

d ,
a5(y—x)=—5 (y—x). (GD.1)
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Notes

!'Lanczos C (1997) Linear Differential Operators. Dover, New York.

2 The statement does not hold if F depends on the third or higher time derivatives
of r.

3 If a particle of mass 1 kg is accelerated by 1 m/s?, the magnitude of the force
acting on it is 1 N, where N is a unit of force called Newton.

4 The symbol “=" stands for “has the components given by.” Note that mg is
a vector, while (0,0, —myg) is its representation in terms of components. These two
things are conceptually different. In fact, g, being an arrow with a certain length,
exists independently of the choice of the coordinate system, while its components
do not. To emphasize this distinction, we used “=" instead of “=."

3 More precisely, F = —F . + €. For a reversed path considered just above (1.21),
F = —F.—e€. Since W is linear in F, however, the contribution from € drops out in
the limit of | e|| — 0.

6 If this expectation turned out to be false, we would have to believe, at least
within the framework of classical mechanics, that the mechanical degrees of free-
dom is greater than f, requiring more variables than those in the set (g1, ..., g7, ¢,

-+» qy) for the complete specification of the mechanical state of the system.

7 This problem is motivated by Problem 2.8-1 of Ref. [1] of Chap. 2.

8 This brings forward a close analogy between thermodynamics and the anal-
ysis of mechanical systems at rest. A mechanical system is in equilibrium if its
potential energy is stationary with respect to “virtual displacements” of its various
constituent parts. As in variations considered in thermodynamics, the virtual dis-
placements must satisfy any mechanical constraints imposed on the system. A gen-
eralization of this principle to mechanical systems in motion leads to Hamilton’s
principle. In all cases, perturbations are denoted by the same symbol 8.

9 If this sounds too abstract, go to the produce section during your next visit to a
grocery store and look for a fine plastic net containing either garlic bulbs or onions.
That net makes a fairly accurate representation of the partition considered here.

19 One such example is found in the footnote straddling pages 257 and 258 of
Ref. [3] of Chap. 2.

1 This formulation of the second law is due to Nishioka, who attributed it to
Gibbs.

12 To appreciate the necessity of the condition just indicated, recall the definition
of the partial derivative of f(x,y) with respect to x:

al — lim f(x+8ay)7f(xay)'
dx =0 I3

Thus, df/dx = dg/dx holds only if f(x,y) = g(x,y) within an interval containing
the x value at which the derivative is evaluated.

13" Allow for the three-dimensional perspective in Fig. 3.2a, even though the
dimension of a phase space is an even number.
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14 That is, if there is no time-dependent external field. If such a field is present,
then we cannot predict the future or the past of a given mechanical system based
solely on the knowledge of ¢/ and p/ at some instant. We also need to know the
exact time dependence of the external field.

15 It might be argued that there is a more sensible choice for the bounds on the
components of momentum. According to the special theory of relativity, the speed
of an object v cannot exceed that of the light c. Moreover, as v approaches ¢, our
formula for H is no longer valid. However, for common systems of our interest, the
values of B = (kgT)~' and m are such that the Boltzmann factor becomes negligible
well before the relativistic effects become significant. This being the case, what
bounds we place on the components of momentum or whether we replace H by its
relativistic counterpart has no bearing on our results.

16 Alternatively, we note that

2
2o (4 _ @2
dr (dr)2”’
where d/ is the magnitude of an infinitesimal displacement during the infinitesimal

time interval df. Since the r-, 8- and ¢- axes are locally orthogonal to each other,
the Pythagorean theorem applies, leading to

(d1)? = (dr)? + (rd6) + (rsin6d¢)?

which yields the same result upon division by (dr)2.

17 In addition, the total linear momentum P and the total angular momentum M
are such quantities.

18 More precisely, this is the standard deviation of the x values obtained through
repeated measurements performed on a system prepared in an identical quantum
mechanical state. See Sects. 8.5 and 8.7.2 for details.

9For a homogeneous system, the contribution from the interaction between the
adjacent pair of parts, say i and j, can be regarded as being shared equally between
these parts. One can then regard g; and g; as including this contribution. However,
the subsequent argument will not hold unless one assumes the statistical indepen-
dence between the different parts, which requires that the interaction between them
be sufficiently weak.

20 Lety = 1/x. Then, xInx = —(Iny)/y — 0 as y — -oo.

21 Because H has the explicit A dependence, the statistical weight of a given
microstate changes with time. We can safely ignore this time dependence because
AA is infinitesimally small.

22 To see this more explicitly, we consider the ratio between

192,
b3 2
20E,2|,

a5,
E, |,

Ea2 and E,,
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which is given by
E, oT
2T 0Ey|,

The quantity —E,dT /JE}|o is the change in T of system B when its energy changes
from E,, to E,, — E,. Provided that f, < f}, this should be negligibly small com-
pared to T itself.

23 According to (4.72), Z is the Laplace transform of Q(E).

24 The number of microstates accessible to system B is given by (4.62) irrespec-
tive of the precise value H assumes within the interval (E — dE, E].

23This is a simplified version of the problem discussed in p.132 of Kubo R (1965),
Statistical Mechanics. North-Holland Personal Library, Amsterdam.

26 If there are more than one species present in the system, this should be the
semi-grand potential as the system we are considering is open only to one of the
species. The corresponding ensemble is the semi-grand canonical ensemble.

27 Let us see this through an explicit computation. Suppose that none of the M
sites is initially occupied and we place N particles one by one. The probability that
the first particle is placed on the ith site is 1/M. The probability that the second
particle is placed on the site is

M—1 1
M CM-1 M
with (M — 1) /M representing the probability that the first particle is placed on a site
other than the ith one while 1/(M — 1) is the probability that the second particle is
placed on the ith site. Similarly, the probability that the nth particle is placed on the
ith site is
M—-1 M-2 M—-n+1 1 1
—— X —— X X X =—,
M M—1 M—n+2 M-n+1 M
which is independent of n. The probability that the ith site is occupied at some
point in the process of placing N particles on M sites is obtained by adding these
probabilities from n = 1 to N. This gives N/M.

28 Courtesy of Professor Zhen-Gang Wang.

29 More precisely, N! is the long-time average of the instantaneous number of
molecules in region 1. Even then, Nl-l is well defined when the instantaneous value is
defined by this convention.

30°A solid angle is measured by steradians, sr for short. We shall omit sr in what
follows.

31 Because molecules interact at least over a distance of a few atomic diameters,
the energy and entropy densities are expected to change continuously across the
boundaries. In contrast, the number density can be made to vary discontinuously.
The point is that 8& (r) in the varied state exhibits the r dependence that is difficult
to predict.

32 This implies that the actual variation of the system under consideration is
such that & (r) + 6&(r) is spherically symmetric within the solid angle @ except
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for the region right next to the boundaries, where the effect of the surroundings in
an infinitesimally different state of the matter cannot be ignored.

3 The condition is necessary but not sufficient because we have considered
reversible variations only. In other words, if there are additional variables incapable
of a reversible variation, they are held fixed when computing 6U. The system may
not remain in equilibrium if we allow these variables to change as well.

34 1n Sect. 2.8.1, we called such a process differentiation.

35 In making this claim, we are ignoring the effect on y of bending the interface.
This is acceptable for flat or nearly flat interfaces.

36 If R is infinite as is the case for flat interfaces, we have to go back to the original
definition (6.27) instead of (6.39). The latter is always satisfied as seen from (6.43).

37 Even though we have no prior knowledge on where the nucleus might form,
we can always make a proper choice for B after the fact. This is permissible since B
is purely a theoretical construct introduced entirely for the convenience of compu-
tation.

38 This is often taken as the starting assumption when developing thermodynam-
ics of interfaces. As we have seen, however, this is one of the consequences of
thermodynamics of interfaces. The distinction is of paramount importance.

3 Open or half-open intervals, i.e., a < x < b, a <x < b, or a < x < b are also
possible.

40 The partial derivative of f with respect to u; is defined by

9 im f(ul,...,ui,],ui—ks,u”],...,un)—f(ul,...,un)
814,' e—0 S '

This suggests that we define the functional derivative of % with respect to u(x) as

BF . Flul)+ed —x)] = Flu(¥)]
5M(x) £=0 £ '

This alternative definition is consistent with the one we adopted. In fact, applying
(7.12) to the numerator on the right with §u(x) replaced by €6 (x' —x), we find

Fulx)+ed(x —x)] - Flu)] = /%85(}/ —x)dx’ +h.o. = 85(2(%;) +h.o.

When this expression is substituted into the above definition, we obtain an equality
between 0.% /du(x) computed according to the two definitions.

41 Strictly speaking, we have only shown that a scalar A;, to be interpreted as
the chemical potential of species i of the interfacial region, is equal to the chemical
potential of the same species in the surroundings. This itself does not imply unifor-
mity of the chemical potential across the interfacial region. The same applies to the
temperature. These remarks do not affect the development of our theory, however.

42 As far as known to me, this observation is due to Ref. [6] of Chap. 7, which
refers to €2, as the density functional and € as the grand potential.
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43 Is it possible that the difference between n%(r, u] and n°(r,u + Su] is entirely
in the higher order terms and thus dn(r) = 0 for all #? To see how this might happen,
consider the integral

/ Sn(r)du(r / / r’ Su(r')drdr’ .

Using (7.55) and (7.56), we can show that

sn(r) 520
5u?) T Suimsut)

which is a covariance matrix and hence is positive semi-definite. (To see a matrix
here, imagine dividing up V into many tiny volume elements and labeling each of
them. If r and 7/ are in the ith and jth volume elements, respectively, 52 /Su(r)Su(r’)
may be regarded as the i jth element of the matrix. In this picture, an integration over
V becomes the sum over one of the indices on the matrix.) It follows that

—kpT = ((r,rM)a(r /™)) = (a(r,r") (A rY))

/ Sn(r)u(r)dr <0
\%4

for any Su(r). If du(r) is not identically zero, the equality holds only in the absence
of any fluctuation of A. Excluding this situation, therefore, dn(r) is no-zero at least
for some r.

4 We note that 6n in (7.114) is limited to only those variations that can be pro-
duced by some perturbation du and we have argued for the invertibility of (7.114)
only for such 6n. Could there be dn that cannot be produced by any Su? The
assumption is that there is none. That is, when du exhausts all possible scalar-valued
functions on V, so does the corresponding &7 given by (7.114). This will be the case
if we divide up the volume V into many tiny volume elements and replace on(r) and
ou(r) by (éni,...,0ny) and (Ouy,...,Sup), respectively. Here M is the number of
the volume elements and a quantity bearing the subscript i is to be evaluated inside
the ith volume element.

45 Even though e™P(r) = €"P(r),

6F6XC [n vrep] 6FCXC [n vrep}

nt nt
6€rep( ) # 6erep( )
In fact,
ksT = n®(r)
exc rep _ _ b rep
sFnclnv? = =2 | () DT (rpmrar
Thus,
SFa v kgT nD(r), 5 5 8FC[n, v
o) 2 e A sy

46 We assume that r is finite in order to avoid the question of convergence of the
sum.
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47 Taking a partial derivative of the equation with respect to x, we find

a(rex)
dx\Xx a2 )

which indicates that the quantity in the brackets is a constant.

48 As an example, plot "¢ (n = 1,2,3,...) for increasingly larger values of n
for x > 0. However, the statement is by no means universally true. For example, the
product between a rapidly increasing function ¢* and a rapidly decreasing function
e * is a constant.

49 Based on the physical interpretation we have given to (4.99), it is tempting to
believe that the equation holds even for quantum mechanical systems provided only
that the piston can be regarded as a classical mechanical object. Because the piston
is usually a macroscopic object, no significant error is expected to arise from such a
treatment.

30 Technically dg, (x)/dx will be zero at x = 0 since we demanded smoothness of
gn(x). This does not affect our practical use of §(x) because dg,(x)/dx is nonzero
only in the immediate left of x = 0 and we are only concerned with nice enough
).

31 Since s is now a complex variable, we are abusing (3.91). The procedure can
be justified by using a contour integration in the complex plane.
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A
Absolute fugacity, 200
Absolute temperature, 48
Acceleration, 4
Action integral, 15
Adiabatic process, 48
Adjoint, 326, 328
Angular momentum

total, 32
Angular velocity, 164
Annihilation operator. See Operator
Anti-commutator, 342
Anti-hermitian. See Operator
Anti-linearity, 318
Apparent force, 163
Auxiliary surface, 251

B

Barker-Henderson scheme, 290

Basis, 314

Basis vector, 314

Binding energy, 206

Binodal line, 301

Binomial coefficient, 210, 401

Blip function, 295

Body. See Closed system

Boltzmann constant, 50

Boltzmann factor, 128

Boltzmann’s entropy formula. See
Entropy formula

Bose-Einstein statistics, 384

Boson, 384

Bra, 321

Bra space, 321

C
Canonical ensemble. See Statistical ensemble
Canonical partition function. See
Partition function
Carnahan-Starling formula, 292
Carnot cycle. See Cycle
Center of mass, 13
Centrifugal force, 163
Centrifugal potential energy, 166
Chemical potential, 53
Classical limit, 384
Classical mechanical device, 46
Classical theory approximation, 247
Classical trace. See Trace
Closed system, 43
Closure relation, 332
Coefficient of thermal expansion, 56
Common tangent construction, 109
Commutator, 327
Compatible measurement, 341
Complete set of commuting observables,
335,338
Compressibility equation of state, 305
Condition of equilibrium
constant temperature system, 88
energy representation, 69
entropy representation, 64
isolated system, 50, 63, 69
open system, 266
perfect equilibrium, 72
reversible work source, 71
Configurational integral, 149
Conservative force, 6
Conserved quantity, 11. See also Constant
of motion
Constant of motion, 11, 28, 39
Cooperative phenomena, 212

(© Springer International Publishing Switzerland 2015 443

1. Kusaka, Statistical Mechanics for Engineers,

DOI 10.1007/978-3-319-13809-1



444

Coordination number, 220
Coriolis force, 163
Creation operator. See Operator
Critical nucleus, 244
Critical temperature, 220
Cross product, 394
Cycle, 77
Carnot, 80

D
Degeneracy of an eigen value, 329
Degenerate eigen value, 329
Density functional, 266
Density functional theory, 266
Density of states, 174, 382
Density operator, 267, 378
Density profile, 267, 283
Diathermal, 62
Differentiation, 63
Dirac  -function, 409

strong definition, 416

weak definition, 416
Discontinuous variation, 233
Dispersion, 341
Dividing surface, 237
Dot product, 391
Driving force of phase separation, 109
Dual space, 320
Dynamical variables, 39
Dyson series, 355

E
Efficiency of a heat engine, 80
Ehrenfest’s theorem, 376
Eigenket, 329

energy, 359
Eigensubspace, 329
Eigenvalue, 329

energy, 359
Energy, 11, 351
Energy eigenfunction, 363
Energy eigenket. See Eigenket
Energy eigenvalue. See Eigenvalue
Energy function, 25
Engine

heat, 79

material, 79
Ensemble. See Statistical ensemble
Ensemble average, 116, 125
Enthalpy, 56, 94
Entropy, 48

additivity of, 49

extensivity of, 49
Entropy formula

Index

Boltzmann, 173

Gibbs, 128
Equilibrium

metastable, 64

neutral, 64

perfect, 72

stable, 64

thermodynamic, 49

unstable, 64
Equimolar dividing surface, 251
Equipartition theorem, 134
Ergodic problem, 148
Euler force, 163
Euler relation, 82

generalized, 99
Excess Helmholtz free energy, 283
Exchange effect, 384
Explicit time dependence, 20
Extensive quantity, 45

F
Fermi-Dirac statistics, 384
Fermion, 384
First law of thermodynamics, 44
Fluctuation

probability of, 50
Free energy functional. See Density functional
Functional, 260
Functional derivative, 262
Functional inverse, 278
Fundamental equation, 51
Fundamental property relation, 54

G
Galilean transformation, 157
Gamma function, 178
Gas constant, 58
Generalized coordinate, 20
Generalized momentum, 25
Generalized velocity, 20
Gibbs adsorption equation, 243
Gibbs free energy, 93, 193
Gibbs phase rule, 86
Gibbs’s entropy formula. See Entropy formula
Gibbs-Bogoliubov inequality, 402
Gibbs-Duhem relation, 84

generalized, 100
Gibbs-Helmbholtz equation, 93, 129
Gibbs-Tolman-Koenig equation, 250
Gradient of a function, 8
Gram-Schmidt orthogonalization, 319
Grand canonical partition function. See

Partition function
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Grand potential, 94, 198
Ground state, 370

H
Hamilton’s equations of motion, 36
Hamilton’s principle, 15
Hamiltonian, 35
Hamiltonian operator. See Operator
Hard sphere potential, 286
Hard-sphere diameter, 286
Heat

definition, 44

open system, 59
Heat bath, 87
Heat capacity

constant pressure, 56

constant volume, 55
Heat engine. See Engine
Heisenberg picture, 357
Heisenberg uncertainty principle, 144, 341
Heisenberg’s equation of motion, 358
Helmholtz free energy, 88, 184
Hermit polynomials, 372
Hermitian, 326
Higher order terms, 399
Homogeneity

of space, 29

of time, 33
Hypothetical system. See Reference system

1
Ideal gas, 56
Ideal gas mixture, 94
Incompatible measurement, 341
Inertial frame, 1
Intensive quantity, 49
Internal energy, 45

additivity of, 45

extensivity of, 45
Internal virial. See Virial
Intrinsic grand potential, 271
Intrinsic Helmholtz free energy, 282
Isothermal compressibility, 202
Isothermal-isobaric partition function. See

Partition function

Isotropy of space, 31

J
Jacobi’s identity, 40, 327

K

Ket, 321

Ket space, 321
Kinetic energy

of a many particle system, 13
of a particle, 10
Kronecker delta, 40

L
Lagrange’s equations of motion, 17
Lagrangian, 14
Langevin function, 136
Laplace equation, 240
Legendre transform, 35, 92, 406
Legendre transformation, 34, 405
inverse, 406
Lennard-Jones diameter, 287
Lennard-Jones potential, 287
truncated and shifted, 287
Lever rule, 109
Linear combination, 313
Linear functional, 319
Linear independence, 313
Linear momentum, 25
total, 30
Linear operator. See Operator
Linearly dependent, 313
Liouville’s theorem, 122, 380
Local density approximation, 291

M
Maclaurin series, 397
Macrostate, 45
Massieu function, 95
Material engine. See Engine
Material point, 2
Matrix element, 332
Maximum work principle, 77
Maxwell relation, 96
Maxwell-Boltzmann distribution, 133
Mean-field approximation, 214, 218, 302
Mechanical degrees of freedom, 20
Mechanical energy
of a many particle system, 13
of a particle, 11
Mechanical momentum, 166
Mechanical state
of f mechanical degrees of freedom, 20
of a many particle system, 11
of a particle, 4
Metastable phase, 50
Microcanonical ensemble. See Statistical
ensemble
Microcanonical partition function. See
Partition function
Microstate, 45
Molar heat capacity
constant pressure, 56

445
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constant volume, 56
Momentum, 25, 347
Momentum operator. See Operator

N
Neumann series, 354
Newton’s equations of motion
of a particle, 2
of a many particle system, 11
Norm, 317, 323
Nucleation, 245, 301
Nucleation rate, 245
Number operator. See Operator

(0}
Observable, 330
Open system, 43
Operator
annihilation, 369
anti-Hermitian, 341
creation, 370
Hamiltonian, 351
linear operator, 321
momentum, 347
number, 368
position, 343
time evolution, 350
time ordering, 354
translation, 344
unit, 327, 393
unitary, 328
Orthogonality
of kets, 323
Orthogonality of a vector, 317
Orthonormal basis, 318
Outer product, 328

P

Packing fraction, 292

Pair distribution function, 281, 283

Pair potential, 151, 280

Pairwise additivity, 151, 280

Partial molar quantity, 98

Particle, 2

Partition function
canonical, 145, 184, 382
grand canonical, 198
isothermal-isobaric, 193
microcanonical, 172, 385

Path function, 45

Phase, 85

Phase point, 114

Phase space, 114

Phase trajectory, 114

Planck constant, 144
Poisson bracket, 39
Poisson theorem, 40
Position operator. See Operator
Potential energy
of a particle, 7
due to gravity, 6
inter-particle interaction, 12
Principle of equal weight, 172
Principle of equipartition of energy. See
Equipartition theorem

Q

Quasi-static chemical work, 59

R

Radial distribution function, 281, 284
Reduced mass, 23

Reference system, 237

Reversible process, 48

Reversible variation, 74

Reversible work source, 71

Routhian, 37

S

Scalar product, 317

Scalar product space, 317

Schrodinger equation, 351
time dependent wave equation, 363
time independent wave equation, 363

Schrodinger picture, 356

Second law of thermodynamics, 48

Semi-grand potential, 94

Solid angle, 232

Span, 313

Specific heat, 56

Spectrum, 329

Speed, 4

Spinodal decomposition, 220, 301

State function, 45

Stationary state, 359

Statistical ensemble, 120
canonical, 125, 381
microcanonical, 171, 385

Statistical equilibrium, 118

Stirling’s formula, 143

Superficial density, 242

Supersaturation ratio, 248

Surface excess quantity, 237

Surface of tension, 240

Surface tension, 240

T
Taylor series expansion, 397
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functional, 265
Thermal average. See Ensemble average
Thermal wavelength, 147
Thermodynamic integration method, 154, 279
Thermodynamic limit, 201
Time dependent Schrodinger wave equation.

See Schrodinger equation

Time evolution operator. See Operator

Time independent Schrodinger wave equation.

See Schrodinger equation

Time ordered exponential, 355
Time ordering operator. See Operator
Tolman correction, 250, 253
Tolman length, 252
Trace, 334

classical, 273
Translation operator. See Operator
Trivial solution, 313

Truncated and shifted Lennard-Jones potential.

See Lennard-Jones potential

U

Uncertainty principle. See Heisenberg
uncertainty principle

Unit operator. See Operator

Unitary operator. See Operator
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A\
Variation, 63
Vector, 310
Vector space, 310
complex, 310
dimension of, 314
real, 310
Velocity, 3
Virial, 150
Virial equation of state, 306

w
Wave function, 344
coordinate-space, 349
momentum-space, 349
WCA separation, 289
Weak interaction, 138
Weighted density approximation, 292
Widom’s test particle insertion method, 153
Work
macroscopic, 44
mechanical, 4

Z
Zero vector, 310, 389



	A Vectors in Three-Dimensional Space
	A.1 Arrow in Space
	A.2 Components of a Vector
	A.3 Dot Product
	A.4 Unit Operator
	A.5 †Schwarz Inequality
	A.6 Cross Product

	B Useful Formulae
	B.1 Taylor Series Expansion
	B.1.1 Function of a Single Variable
	B.1.2 Function of Multiple Variables

	B.2 Exponential
	B.3 Summation of a Geometric Series
	B.4 Binomial Expansion
	B.5 Gibbs–Bogoliubov Inequality

	C Legendre Transformation
	C.1 Legendre Transformation
	C.1.1 Representation of a Curve
	C.1.2 Legendre Transformation
	C.1.3 Inverse Legendre Transformation


	D Dirac δ-Function

	D.1 Definition of δ(x)

	D.2 Basic Properties of the δ-Function

	D.3 Weak Versus Strong Definitions of the δ-Function

	D.4 Three-Dimensional δ-Function

	D.5 †Representation of the δ-Function

	References and Further Reading

	E Where to Go from Here
	F List of Greek Letters
	G Hints to Selected Exercises
	Index



