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A
Abel, Niels Henrik, 14, 192
Abel’s Lemma, 193
Abel’s Test, 79, 193
Abel’s Theorem, 193
Abel-summable, 197
absolute convergence, 74

of power series, 191
Absolute Convergence Test, 73

for improper integrals, 274
accumulation point, 89
additive inverse, 299
Algebraic Limit Theorem

for continuous functions, 123
for derivatives, 149
for functional limits, 119
for sequences, 50
for series, 71

algebraic number, 31
Alternating Series Test, 74, 79
antichain, 35
Archimedean property, 21, 60, 69
Arzela–Ascoli Theorem, 37, 183, 261
Axiom of Completeness, 15, 16, 18,

68, 71, 138, 297

B
Baire, René Louis, 107
Baire Category Theorem, 109, 144,

166, 263
Baire’s Theorem, 108, 144
Bernoulli, Daniel, 283
Bernoulli, Jakob, 169
Bernoulli, Johann, 158

Bernstein polynomials, 211
Bernstein, Felix, 36
Bernstein, Sergei, 211
binomial formula, 171, 272
Bohr–Mollerup Theorem, 279
Bolzano, Bernhard, 14, 68,

111, 136, 163
Bolzano–Weierstrass Theorem, 64, 68,

71
bounded

sequence, 49
set, 96, 261

C
Cantor, Georg, 25, 85, 297, 302
Cantor diagonalization method, 32, 37
Cantor function, 182
Cantor set, 85, 100, 102, 167, 239, 240,

243
Cantor’s Theorem, 34
cardinal number, 36
cardinality, 25, 36
Carleson, Lennart, 290
category, first or second, 109, 263
Cauchy, Augustin Louis, 14, 68,

111, 212
Cauchy Condensation Test, 59
Cauchy Criterion, 67, 69, 71
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for series, 72
for uniform convergence, 178
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Cauchy product, 82, 83, 197
Cauchy sequence, 66

as a real number, 302
converges, 67
in a metric space, 259

Cesaro means, 55, 294
chain rule, 150, 153
closed set, 90

in a metric space, 260
closure, 91

in a metric space, 261
cluster point, 89
Cohen, Paul, 37
compact, 96

in a metric space, 261
subsets of C[0, 1], 261

Comparison Test, 72
for improper integrals, 274

complement, 6, 92
complete metric space, 259, 262
conditional convergence, 74, 192
connected set, 104, 136
continuity, 122

α, 143, 240
and integrability, 217, 222
and uniform convergence, 178
characterizations of, 123
in a metric space, 260
nowhere, 113
of compositions, 126
of functions on R2, 275
on a set, 122
on compact sets, 129
uniform, 132

Continuous Extension Theorem, 135
continuum hypothesis, 37
Contraction Mapping Theorem, 128
convergence

L2, 285, 290
absolute, 74, 80
Cesaro mean, 285, 294
conditional, 74
metric space, 259
of a Cauchy sequence, 67
of a sequence, 43, 66

of a subsequence, 63
of p–series, 59
of series, 57, 71
pointwise, 174, 177
pointwise for series, 188
uniform, 177
uniform for series, 188

convex function, 278
countable, 26

Q is, 27
R is not, 27
Cantor set is not, 87, 102
subsets, 29
unions, 29

cut, 298
property, 19

D
d’Alembert, Jean Le Rond, 282
Darboux, Gaston, 152
Darboux’s Theorem, 152, 167, 215
De Morgan’s Laws, 7, 11, 94
decimal expansion, 32, 303
decreasing

function, 141
sequence, 56

Dedekind, Richard, 298
Dedekind cut, 298
density

in a metric space, 262
nowhere, 108, 262
of Q, 22, 91

derivative, 145, 148, 234
differentiation

of series, 173, 184
under the integral, 275

dimension, of Cantor set, 87
Dirichlet, Peter Lejeune, 7, 14, 112
Dirichlet kernel, 291, 292, 295
Dirichlet’s function, 7, 112, 141, 216, 225,

246, 254
Dirichlet’s Test, 79
disconnected

set, 104
totally, 106
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discontinuity
all types, 142
essential, 147

divergence
of a sequence, 46, 63
of functional limits, 119

domain, 7
double summation, 41, 79, 240

E
empty set, 5
equivalence classes

of Cauchy sequences, 302
of sets, 36

equivalence relation, 30, 36
Euler, Leonard, 171, 270, 271
Euler’s constant, 237
Euler’s sum, 264
eventually, 48, 54, 73
exponential function, 271
Extreme Value Theorem, 130

F
factorial function, 270
Fejér, Lipót, 294
Fejér kernel, 295
Fejér’s Theorem, 211, 294
Fermat, Pierre de, 111, 152
field, 3, 14, 299
fixed point, 161
Fourier, Joseph, 281
Fourier coefficients, 285

converge to zero, 289
Fourier series, 111, 163, 212, 216,

281
Cesaro mean convergence of, 294
pointwise convergence of,

291
fractal, 88
frequently, 48
function, 7
functional limit, 116
Fundamental Theorem of Calculus,

156, 167, 215, 234, 237,
249, 255

G
Gamma function, 280
gauge, 253
Gauss product formula, 280
Generalized Mean Value Theorem,

158
generalized Riemann integral, 254
Gödel, Kurt, 37
Goldbach, Christian, 271
greatest lower bound, 15, 18

H
halting problem, 37
Hardy, Godfrey Harold, 1, 166
harmonic series, 58

alternating, 83, 237
Heine, Eduard, 298
Heine–Borel Theorem, 98

I
increasing

function, 141
sequence, 56

infimum, 15, 18
infinite products, 61, 78
infinite series, 57, 71

associative property, 65
comparison test, 72
converges, 71
double summations, 79
of functions, 188
partial sum, 71
products of, 72, 82
ratio test, 78

integer, 3
countable, 27

integral
generalized Riemann, 248, 249,

254
improper, 257, 276
Lebesgue, 247, 250, 290
lower, 220
Riemann, 220
substitution formula, 238, 257
upper, 220, 234
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Integral Remainder Theorem, 267
integration-by-parts, 237, 266,

275, 278
interior, 95, 261
Interior Extremum Theorem, 151
intermediate value property, 139, 147

of derivatives, 152
Intermediate Value Theorem, 136
interpolation, 206, 270
inverse function

continuity, 140
differentiability, 155

irrational number, 1, 4, 11
isolated point, 90

K
Kolmogorov, Andrey, 291
Kronecker, Leopold, 3, 11

L
Lagrange, Joseph Louis, 200
Lagrange’s Remainder Theorem,

200, 209, 267
least upper bound, 15, 17, 297, 302
Lebesgue, Henri, 167, 211, 226, 249
Lebesgue integral, 247
Lebesgue’s Theorem, 242
Legendre, Adrien Marie, 280
length, of Cantor set, 86, 239
L’Hospital, Guillaume François

Antoine de, 158
L’Hospital’s rule, 159
lim inf, 61
lim sup, 61
limit

functional, 116
of a sequence, 43
of Riemann sums, 217, 251
right-hand, 141
superior, 61, 196

limit point, 89
in metric space, 260

Lipschitz function, 135, 160
lower integral, 220
lower sum, 218

M
Mandlebrot, Benoit, 88
maximum, 16

attained on compact sets, 130
Mean Value Theorem, 155, 156, 255

generalized, 158, 201
measure zero, 240, 249, 290
Meray, Charles, 298
metric, 258

discrete, 259
metric space, 109, 258, 275

complete, 259
minimum, 16
monotone

function, 115, 141, 144, 167, 223,
227

sequence, 56
Monotone Convergence Theorem,

56, 68, 71
multiplicative inverse, 299

N
natural logarithm, 61, 237, 272
natural number, 2
neighborhood, 43, 88

in a metric space, 260
Nested Compact Set Property, 97, 103
Nested Interval Property, 20, 60,

68, 138
Newton, Isaac, 171
nowhere

continuous, 113
dense, 108, 262, 263
differentiable, 163, 262, 263

O
one-to-one, 12, 25
onto, 12, 25
open cover, 98
open set, 88

in a metric space, 260
Order Limit Theorem, 53
ordered field, 3, 15, 299
ordering, 299
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P
partial sum, 57
partition, 218

δ-fine, 251
δ(x)-fine, 253
refinement, 218
tagged, 223, 250

perfect set, 102
pointwise convergence, 174

for series, 188
of Fourier series, 290, 291

polygonal function, 207, 264
power series, 84, 111, 169, 171, 191,

282
differentiation of, 194, 195
uniform convergence of, 194

power set, 34
preimage, 12, 137
proof

by contradiction, 9
by induction, 10
contrapositive, 9
of convergence, 45

Q
quantifiers, 45, 47, 48

R
radius of convergence, 192
range, 7
Ratio Test, 78
rational number, 1, 3, 302

countable, 27
real number, 4, 14

as a Cauchy sequence, 302
as a cut, 298
uncountable, 27

rearrangement, 40, 75
refinement, 218

common, 219
Riemann, Bernhard, 14, 216
Riemann integral, 216, 220

and continuity, 222, 246
and discontinuity, 224, 225,

238, 242

criterion for existence, 221,
223, 251

improper, 248, 274

properties of, 228
Riemann sum, 216, 223, 250
Riemann–Lebesgue Lemma, 289

Riemann-zeta function, 270
Rolle, Michel, 156
Rolle’s Theorem, 156

S

Schröder, Ernst, 36
Schröder–Bernstein Theorem, 32, 36
separated sets, 104

sequence, 42
sequential criterion

for continuity, 114, 123

for functional limits, 118
for integrability, 223

set, 5
Fσ , 107, 142
Gδ, 107

closed, 90
compact, 96
complement of, 6

connected, 104
disjoint, 5
empty, 5

fat, 109
first or second category, 109, 263

inclusion, 6
meager, 109, 263
of measure zero, 240

open, 88
perfect, 102
subset, 6

square roots, 1, 60
Squeeze Theorem, 54, 122

Stone, Marshall, 211
Stone–Weierstrass Theorem, 212
subsequence, 62

substitution formula, 238, 257
summation-by-parts, 78, 193
supremum, 15
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T
Taylor, Brook, 199
Taylor series, 197, 266, 284, 295

formula for coefficients, 199
remainder formula, 200, 205,

208, 267
Thomae, K.J., 114
Thomae’s function, 114, 141, 226, 239
total variation, 238
transcendental number, 31
triangle inequality, 8, 12, 51, 258
trigonometric series, 282

U
uniform convergence, 177

and continuity, 178, 188
and differentiation, 184, 186, 188
and integration, 231, 248
of improper integrals, 277
of power series, 192, 194
of series, 188

uniformly
α-continuous, 241
continuous, 132
continuous in R2, 276

uniqueness
of generalized Riemann integral,

254
of limits, 46

upper bound, 15, 302
upper integral, 220
upper sum, 218

W
Wallis’s product, 78, 265, 281
Wallis, John, 78, 265
wave equation, 283
Weierstrass, Karl, 14, 68,

111, 162, 166, 205
Weierstrass Approximation Theorem,

205, 295
Weierstrass M-Test, 189, 277
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