
Appendix A:
Lagrangian Mechanics

Lagrangian mechanics is not only a very beautiful and powerful formulation of
mechanics, but it is also needed as a preparation for a deeper understanding
of all fundamental interactions in physics. All fundamental equations of motion
in physics are encoded in Lagrangian field theory, which is a generalization of
Lagrangian mechanics for fields. Furthermore, the connection between symmetries
and conservation laws of physical systems is best explored in the framework of the
Lagrangian formulation of dynamics, and we also need Lagrangian field theory as a
basis for field quantization.

Suppose we consider a particle with coordinates x.t/ moving in a potential V.x/.
Then Newton’s equation of motion

mRx D �rV.x/

is equivalent to the following statement (Hamilton’s principle, 1834): The action
integral

SŒx� D
Z t1

t0

dt L.x; Px/ D
Z t1

t0

dt
�m

2
Px2 � V.x/

�

is in first order stationary under arbitrary perturbations x.t/ ! x.t/ C ıx.t/ of the
path of the particle between fixed endpoints x.t0/ and x.t1/ (i.e. the perturbation is
only restricted by the requirement of fixed endpoints: ıx.t0/ D 0 and ıx.t1/ D 0).
This is demonstrated by straightforward calculation of the first order variation of S,

ıSŒx� D SŒx C ıx� � SŒx� D
Z t1

t0

dt ŒmPx � ı Px � ıx �rV.x/�

D �
Z t1

t0

dt ıx � .mRx C rV.x// : (A.1)
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578 A. Lagrangian Mechanics

Partial integration and ıx.t0/ D 0, ıx.t1/ D 0 were used in the last step.
Equation (A.1) tells us that ıSŒx� D 0 holds for arbitrary path variation with fixed
endpoints if and only if the path x.t/ satisfies Newton’s equations,

mRx C rV.x/ D 0:

This generalizes to arbitrary numbers of particles (x.t/ ! xI.t/, 1 � I � N), and to
the case that the motion of the particles is restricted through constraints, like e.g. a
particle that can only move on a sphere1. In the case of constraints one substitutes
generalized coordinates qi.t/ which correspond to the actual degrees of freedom of
the particle or system of particles (e.g. polar angles for the particle on the sphere),
and one ends up with an action integral of the form

SŒq� D
Z t1

t0

dt L.q; Pq/:

The function L.q; Pq/ is the Lagrange function of the mechanical system with
generalized coordinates qi.t/, and a shorthand notation is used for a mechanical
system with N degrees of freedom,

.q; Pq/ D .q1.t/; q2.t/; : : : ; qN.t/; Pq1.t/; Pq2.t/; : : : ; PqN.t//:

First order variation of the action with fixed endpoints (i.e. ıq.t0/ D 0, ıq
.t1/ D 0) yields after partial integration

ıSŒq� D SŒq C ıq� � SŒq� D
Z t1

t0

dt

 X
i

ıqi
@L

@qi
C
X

i

ı Pqi
@L

@Pqi

!

D
Z t1

t0

dt
X

i

ıqi

�
@L

@qi
� d

dt

@L

@Pqi

�
; (A.2)

where again fixation of the endpoints was used.
ıSŒq� D 0 for arbitrary path variation qi.t/ ! qi.t/C ıqi.t/ with fixed endpoints

then immediately tells us the equations of motion in terms of the generalized
coordinates,

@L

@qi
� d

dt

@L

@Pqi
D 0: (A.3)

1And it also applies to relativistic particles, see Appendix B.
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These equations of motion are called Lagrange equations of the second kind or
Euler-Lagrange equations or simply Lagrange equations. The quantity

pi D @L

@Pqi

is denoted as the conjugate momentum to the coordinate qi.
The conjugate momentum is conserved if the Lagrange function depends only on

the generalized velocity component Pqi but not on qi, dpi=dt D 0.
Furthermore, if the Lagrange function does not explicitly depend on time, we

have

dL

dt
D pi Rqi C @L

@qi
Pqi:

The Euler-Lagrange equation then implies that the Hamilton function

H D pi Pqi � L

is conserved, dH=dt D 0.
For a simple example, consider a particle of mass m in a gravitational field

g D �gez. The particle is constrained so that it can only move on a sphere of
radius r. An example of generalized coordinates are angles # , ' on the sphere,
and the Cartesian coordinates fX;Y;Zg of the particle are related to the generalized
coordinates through

X.t/ D r sin#.t/ � cos'.t/;

Y.t/ D r sin#.t/ � sin'.t/;

Z.t/ D r cos#.t/:

The kinetic energy of the particle can be expressed in terms of the generalized
coordinates,

K D m

2
Pr2 D m

2

� PX2 C PY2 C PZ2� D m

2
r2
� P#2 C P'2 sin2 #

�
;

and the potential energy is

V D mgZ D mgr cos#:

This yields the Lagrange function in the generalized coordinates,

L D m

2
Pr2 � mgZ D m

2
r2
� P#2 C P'2 sin2 #

�
� mgr cos#;
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and the Euler-Lagrange equations yield the equations of motion of the particle,

R# D P'2 sin# cos# C g

r
sin#; (A.4)

d

dt

� P' sin2 #
� D 0: (A.5)

The conjugate momenta

p# D @L

@ P# D mr2 P#

and

p' D @L

@ P' D mr2 P' sin2 #

are just the angular momenta for rotation in # or ' direction. The Hamilton function
is the conserved energy

H D p# P# C p' P' � L D p2#
2mr2

C p2'
2mr2 sin2 #

C mgr cos# D K C U:

The immediately apparent advantage of this formalism is that it directly yields
the correct equations of motion (A.4, A.5) for the system without ever having to
worry about finding the force that keeps the particle on the sphere. Beyond that
the formalism also provides a systematic way to identify conservation laws in
mechanical systems, and if one actually wants to know the force that keeps the
particle on the sphere (which is actually trivial here, but more complicated e.g.
for a system of two particles which have to maintain constant distance), a simple
extension of the formalism to the Lagrange equations of the first kind can yield
that, too.

The Lagrange function is not simply the difference between kinetic and potential
energy if the forces are velocity dependent. This is the case for the Lorentz force.
The Lagrange function for a non-relativistic charged particle in electromagnetic
fields is

L D m

2
Px2 C qPx � A � qˆ:

This yields the correct Lorentz force law mRx D q.E C v � B/ for the particle, cf.
Section 15.1. The relativistic versions of the Lagrange function for the particle can
be found in equations (B.24, B.25).
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Direct derivation of the Euler-Lagrange equations
for the generalized coordinates qa from Newton’s
equation in Cartesian coordinates

We can derive the Euler-Lagrange equations for the generalized coordinates of a
constrained N-particle system directly from Newton’s equations. This works in the
following way:

Suppose we have N particles with coordinates xi
j, 1 � i � N, 1 � j � 3, moving

in a potential V.x1:::N/. The Newton equations

d

dt
.mi Pxi

j/C @

@xi
j
V.x1:::N/ D 0

can be written as

� d

dt

@

@Pxi
j

� @

@xi
j

��1
2

X
k

mk Px2k � V.x1:::N/
�

D 0; (A.6)

or equivalently

� d

dt

@

@Pxi
j

� @

@xi
j

�
L.x1:::N ; Px1:::N/ D 0; (A.7)

with the Lagrange function

L.x1:::N ; Px1:::N/ D 1

2

X
i

mi Px2i � V.x1:::N/: (A.8)

If there are C holonomic constraints on the motion of the N-particle system, we
can describe its trajectories through 3N � C generalized coordinates qa, 1 � a �
3N � C:

xi
j D xi

j.q; t/: (A.9)

Note that in general xi
j.q; t/ will implicitly depend on time t through the time

dependence of the generalized coordinates qa.t/, but it may also explicitly depend
on t because there may be a time dependence in the C constraints2.

The velocity components of the system are

Pxi
j D dxi

j

dt
D
X

a

Pqa
@xi

j

@qa
C @xi

j

@t
: (A.10)

2A simple example for the latter would e.g. be a particle that is bound to a sphere with radius R.t/,
where R.t/ is a given time-dependent function.
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This implies in particular the equations

@Pxi
j

@Pqa
D @xi

j

@qa
(A.11)

and

@Pxi
j

@qa
D
X

b

Pqb
@2xi

j

@qa@qb
C @2xi

j

@t@qa
: (A.12)

Substitution of (A.11) into (A.12) yields

@Pxi
j

@qa
D
X

b

Pqb
@2 Pxi

j

@qb@Pqa
C @2 Pxi

j

@t@Pqa
: (A.13)

Equation (A.11) also yields

@2 Pxi
j

@Pqa@Pqb
D 0;

and this implies with (A.13)

d

dt

@Pxi
j

@Pqa
D
X

b

Pqb
@2 Pxi

j

@qb@Pqa
C @2 Pxi

j

@t@Pqa
D @Pxi

j

@qa
: (A.14)

With these preliminaries we can now look at the following linear combinations of
the Newton equations (A.7):

X
i;j

@xi
j

@qa
�
� d

dt

@L

@Pxi
j

� @L

@xi
j

�
D 0:

Insertion of equations (A.11, A.14) yields

X
i;j

h@Pxi
j

@Pqa

d

dt

@L

@Pxi
j

� @xi
j

@qa

@L

@xi
j

C
� d

dt

@Pxi
j

@Pqa
� @Pxi

j

@qa

� @L

@Pxi
j

i
D 0;

or after combining terms:

d

dt

X
i;j

�@Pxi
j

@Pqa

@L

@Pxi
j

�
� @L

@qa
D 0: (A.15)
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However, the coordinates xi
j are independent of the generalized velocities Pqa, and

therefore equation (A.15) is just the Lagrange equation (A.3):

d

dt

@L.q; Pq/
@Pqa

� @L.q; Pq/
@qa

D 0: (A.16)

Symmetries and conservation laws in classical mechanics

We call a set of first order transformations

t ! t0 D t � �.t/; qa.t/ ! q0
a.t

0/ D qa.t/C ıqa.t/ (A.17)

a symmetry of a mechanical system with action

SŒq� D
Z t1

to

dt L.q.t/; Pq.t/; t/

if it changes the form dt L.q.t/; Pq.t/; t/ in first order of �.t/ and ıqa.t/ at most by a
term of the form dB D dt.dB=dt/:

ı.dt L.q; Pq; t// � dt0 L.q0.t0/; Pq0.t0/; t0/ � dt L.q.t/; Pq.t/; t/

D dt
d

dt
Bıq;�.q.t/; t/: (A.18)

To see how this implies conservation laws in the mechanical system, we have to
evaluate ı.dt L.q; Pq; t// for the transformations (A.17). We have to take into account
that (A.17) implies

dt0 D dt.1 � P�.t// ; d

dt0
D .1C P�.t// d

dt
;

and therefore also

ı Pqa.t/ D d

dt0
q0

a.t
0/ � d

dt
qa.t/ D P�.t/ d

dt
qa.t/C d

dt
ıqa.t/:

The first order change in dt L is therefore

ı.dt L/ D dt0 L.q0.t0/; Pq0.t0/; t0/ � dt L.q.t/; Pq.t/; t/

D dt

�
ıqa

@L

@qa
C
�

P� d

dt
qa C d

dt
ıqa

�
@L

@Pqa
� P�L � � @L

@t

	
:



584 A. Lagrangian Mechanics

Now we substitute

ı Pqa
@L

@Pqa
D d

dt

�
ıqa

@L

@Pqa

�
� ıqa

d

dt

@L

@Pqa

and

P�
�

Pqa
@L

@Pqa
� L

�
D d

dt

�
� Pqa

@L

@Pqa
� �L

�
� � Rqa

@L

@Pqa
� � Pqa

d

dt

@L

@Pqa
C �

dL

dt

D d

dt

�
� Pqa

@L

@Pqa
� �L

�
C � Pqa

�
@L

@qa
� d

dt

@L

@Pqa

�
C �

@L

@t
:

This yields

ı.dt L/ D dt .ıqa C � Pqa/

�
@L

@qa
� d

dt

@L

@Pqa

�

C dt
d

dt

�
.ıqa C � Pqa/

@L

@Pqa
� �L

�
: (A.19)

Comparison of equations (A.18) and (A.19) implies an on-shell conservation law

d

dt
Qıq;� D 0

with the conserved charge

Qıq;� D �

�
L � Pqa

@L

@Pqa

�
� ıqa

@L

@Pqa
C Bıq;� : (A.20)

Bıq;� is the one-dimensional version of the current K� in Lagrangian field theory and
Qıq;� is the one-dimensional version of the conserved current J�, see the paragraph
after equation (16.14). Bıq;� D 0 in most cases. However, a noticeable exception
are Galilei boosts in nonrelativistic N-particle mechanics (where I enumerates the
particles). The Lagrange function

L D 1

2
mI Px2I � VI<J.jxI � xJj/ (A.21)

satisfies (A.18) for Galilei transformations �.t/ D 0, ıxI.t/ D �vt. In this case
B D �mIxI.t/ � v and the conservation law

Q D mIv � ŒPxI.t/t � xI.t/� D v � ŒPt � MX.t/�
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assures uniform center of mass motion X.t/ with velocity P=M. Other familiar
symmetry transformations of (A.21) include time translations �.t/ D const., which
yields energy conservation,

H D � Q=� D PxI � @L

@PxI
� L D 1

2
mI Px2I C VI<J.jxI � xJj/;

spatial translations ıxI.t/ D � D const., which yields conservation of total
momentum,

P D � @Q

@�
D mI PxI ;

and rotations ıxI.t/ D ' � xI.t/, which yields conservation of total angular
momentum,

M D � @Q

@'
D mIxI � PxI :

The corresponding conserved charges from the symmetries of the Lagrange

function L D �mc
q

c2 � Px2.t/ of a free relativistic particle are

p D @L

@Px D mPxp
1 � .Px=c/2

;

H D cp0 D Px � p � L D mc2p
1 � .Px=c/2

D c
p

p2 C m2c2;

M D x � p;

and the conserved charges which follow from Lorentz invariance ıx� D !��x� ,
!�� D �!��, are

M�� D x�p� � x�p�;

which of course includes the charges Li D �ijkMjk=2 from rotations. See also
Appendix B.



Appendix B: The Covariant Formulation
of Electrodynamics

Electrodynamics is a relativistic field theory for every frequency or energy of
electromagnetic waves because photons are massless. Understanding of electro-
magnetism and of photon-matter interactions therefore requires an understanding of
special relativity. Furthermore, we also want to understand the quantum mechanics
of relativistic electrons and other relativistic particles, and the covariant formulation
of electrodynamics is also very helpful as a preparation for relativistic wave
equations like the Klein-Gordon and Dirac equations.

Lorentz transformations

The scientific community faced several puzzling problems around 1900. Some
of these problems led to the development of quantum mechanics, but two of the
problems motivated Einstein’s Special Theory of Relativity:

• In 1881 and 1887 Michelson had demonstrated that light from a terrestrial light
source always moves with the same speed c in each direction, irrespective of
Earth’s motion.

• The basic equation of Newtonian mechanics, F D d.mu/=dt, is invariant under
Galilei transformations of the coordinates:

t0 D t; x0 D x � vt: (B.1)

Therefore any two observers who use coordinates related through a Galilei
transformation are physically equivalent in Newtonian mechanics.

However, in 1887 (at the latest) it was realized that Galilei transformations do not
leave Maxwell’s equations invariant, i.e. if Maxwell’s equations describe electro-
magnetic phenomena for one observer, they would not hold for another observer

© Springer International Publishing Switzerland 2016
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588 B. The Covariant Formulation of Electrodynamics

moving with constant velocity v relative to the first observer (because it was
assumed that the coordinates of these two observers are related through the Galilei
transformation (B.1)). Instead, Voigt (1887) and Lorentz (1892–1904) realized that
Maxwell’s equations would hold for the two observers if their coordinates would be
related e.g. through a transformation of the form

ct0 D ct � .v=c/xp
1 � .v2=c2/

; x0 D x � vtp
1 � .v2=c2/

; y0 D y; z0 D z; (B.2)

and they also realized that coordinate transformations of this kind imply that light
would move with the same speed c in both coordinate systems,

�x2 C�y2 C�z2 � c2�t2 D �x02 C�y02 C�z02 � c2�t02: (B.3)

Voigt was interested in the most general symmetry transformation of the wave
equations for electromagnetic fields, while Lorentz tried to explain the results of
the Michelson experiment.

In 1905 Einstein took the bold step to propose that then the coordinates
measured by two observers with constant relative speed v must be described by
transformations like (B.2), but not by Galilei transformations1. This was a radical
step, because it implies that two observers with non-vanishing relative speed assign
different time coordinates to one and the same event, and they also have different
notions of simultaneity of events. The same statement in another formulation: Two
different observers with non-vanishing relative speed slice the four-dimensional
universe differently into three-dimensional regions of simultaneity, or into three-
dimensional universes. Einstein abandoned the common prejudice that everybody
always assigns the same time coordinate to one and the same event. Time is not
universal. The speed of light in vacuum is universal.

In the following we use the abbreviations

ˇ D v

c
; � D 1p

1 � ˇ2 :

The transformation (B.2) and its inversion then read

ct0 D �.ct � ˇx/; x0 D �.x � ˇct/; y0 D y; z0 D z; (B.4)

ct D �.ct0 C ˇx0/; x D �.x0 C ˇct0/: (B.5)

The spatial origin x0 D y0 D z0 D 0 of the .ct0; x0; y0; z0/ system satisfies x D
ˇct D vt (use x0 D 0 in x0 D �.x � ˇct/), and therefore moves with velocity vex

1This idea was also enunciated by Poincaré in 1904, but Einstein went beyond the statement of the
idea and also worked out the consequences.
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relative to the .ct; x; y; z/ system. In the same way one finds that the spatial origin of
the .ct; x; y; z/ system moves with velocity �ve0

x through the .ct0; x0; y0; z0/ system.
Therefore this is the special Lorentz transformation between two coordinate frames
with a relative motion with speed v in x-direction as seen from the unprimed frame,
or in .�x0/-direction as seen from the primed frame.

Equation (B.2) tells us that for motion in a certain direction (x-direction in (B.2)),
the coordinate in that direction is affected non-trivially by the transformation, while
any orthogonal coordinate does not change its value. This immediately allows for a
generalization of (B.2) in the case that the relative velocity v points in an arbitrary
direction.

It is convenient to introduce a rescaled velocity vector ˇ D v=c and the
corresponding unit vector Ǒ D ˇ=ˇ D v=v. The .3 � 3/-matrix Ǒ ˝ ǑT projects
any vector x onto its component parallel to ˇ,

xkˇ D Ǒ ˝ ǑT � x;

while the component orthogonal to ˇ is

x?ˇ D x � xkˇ D .1 � Ǒ ˝ ǑT/ � x:

From the form of the special Lorentz transformation (B.2) we know that the
coordinate jxkˇj parallel to v will be rescaled by a factor

� D 1p
1 � .v2=c2/

D 1p
1 � ˇ2 ;

and be shifted by an amount ��vt D ��ˇct. Similarly, the time coordinate ct will
be rescaled by the factor � and be shifted by an amount ��ˇjxkˇj. Finally, nothing
will happen to the transverse component x?ˇ . We can collect these observations in
a .4 � 4/-matrix equation relating the two four-dimensional coordinate vectors,

�
ct0
x0
�

D
�

� � �ˇT

� �ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�
�
�

ct
x

�

This is the general Lorentz transformation between two observers if the spatial
sections of their coordinate frames were coincident at t D 0. The most general
transformation of this kind also allows for constant shifts of the coordinates and for
a rotation of the spatial axes,

�
ct0
x0
�

D
�

� � �ˇT

� �ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�
�
�
1 0T

0 R

�
�
�

ct � cT
x � X

�
; (B.6)

where R is a 3 � 3 rotation matrix. Without the coordinate shifts this is the most
general orthochronous Lorentz transformation, where orthochronous refers to the
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fact that we did not include a possible reversal of the time axis. With the coordinate
shifts included, (B.6) is denoted as an inhomogeneous Lorentz transformation or
a Poincaré transformation. The Poincaré transformations (B.6) and the subset of
Lorentz transformations (T D 0, X D 0) form the Poincaré group and the Lorentz
group, respectively. The Lorentz group is apparently a subgroup of the Poincaré
group, and the rotation group is a subgroup of the Lorentz group.

In four-dimensional notation the 4-vector of coordinates is x� D .ct; x/, and the
4-vector short hand for equation (B.6) is

x0� D ƒ�
�.x

� � X�/: (B.7)

where the .4 � 4/ transformation matrix ƒ is

ƒ D fƒ�
�g D

�
� � �ˇT

� �ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�
�
�
1 0T

0 R

�
: (B.8)

A homogeneous Lorentz transformation of this form is denoted as a proper
orthochronous Lorentz transformation if we also exclude inversions of an odd
number of spatial axis2. This is equivalent to the requirement detR D 1.

We will see below that it plays a role where we attach the indices for the explicit
numerical representation of the matrix ƒ in terms of matrix elements. Usually,
if a matrix is given for ƒ without explicitly defining index positions, the default
convention is that it refers to a superscript row index and a subscript column index,
as above,ƒ D fƒ�

�g. This is important, because as soon as a boost is involved (i.e.
ˇ ¤ 0), we will find that e.g.

ƒ�
�.ˇ/ D ƒ�

�.�ˇ/ ¤ ƒ�
�.ˇ/:

The transformation equation (B.6) is the general solution to the following
problem: Find the most general coordinate transformation fct; xg D fct; x; y; zg !
fct0; x0g D fct0; x0; y0; z0g which leaves the expression �x2 � c2�t2 invariant, i.e.
such that for arbitrary coordinate differentials c�t; �x we have

�x2 � c2�t2 D �x02 � c2�t02: (B.9)

This equation implies in particular that if one of our observers sees a light wave
moving at speed c, then this light wave will also move with speed c for the second
observer,

�x2 � c2�t2 D 0 , �x02 � c2�t02 D 0:

2The two factors of a proper orthochronous Lorentz transformation can be written as exponentials.
This is discussed in Appendix H.
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In fact it suffices to require only that anything moving with speed c will also
have speed c in the new coordinates, and that the spatial coordinates are Cartesian
in both frames. Up to rescalings of the coordinates the most general coordinate
transformation is then the general inhomogeneous Lorentz transformation (B.6).

Any constant offset X� between coordinate systems vanishes for differences of
coordinates. Equation (B.7) therefore implies the following equation for Lorentz
transformation of coordinate differentials,

dx0� D ƒ�
˛dx˛: (B.10)

The condition (B.9),

dx2 � c2dt2 D dx02 � c2dt02

can also be written as

���dx0�dx0� D �˛ˇdx˛dxˇ (B.11)

with the special .4 � 4/-matrix (1 is the 3 � 3 unit matrix)

��� D
��1 0T

0 1

�
;

Equation (B.9) also implies

���dx0�dy0� D �˛ˇdx˛dyˇ

for any pair of Lorentz transformed 4-vectors dx and dy (simply insert the 4-vector
dx C dy into (B.11)). This implies that Lorentz transformations leave the Minkowski
metric ��� invariant:

���ƒ
�
˛ƒ

�
ˇ D �˛ˇ: (B.12)

If we multiply this equation with the components �ˇ� of the inverse Minkowski
tensor, we find

���ƒ
�
˛ƒ

�
ˇ�

ˇ� D ı˛
� � �˛

� :

This tells us a relation between the .4 � 4/-matrix ƒ with “pulled indices” and its
inverse ƒ�1:

ƒ�
� � ���ƒ

�
ˇ�

ˇ� D .ƒ�1/��: (B.13)
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Explicitly, if

fƒ�
�g D

�
� � �ˇT

� �ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�
�
�
1 0T

0 R

�

then

fƒ�
�g � f��	ƒ	


�

�g D

�
� �ˇT

�ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�
�
�
1 0T

0 R

�
:

We can also “pull” or “draw” indices on 4-vectors, e.g. dx˛ � �˛ˇdxˇ D
.�cdt; dx/. Let us figure out how this 4-vector transforms under the Lorentz
transformation (B.10):

dx0
� D ���dx0� D ���ƒ

�
˛dx˛ D ���ƒ

�
˛�

˛ˇdxˇ D ƒ�
ˇdxˇ D dxˇ.ƒ

�1/ˇ�:

4-vectors with this kind of transformation behavior are denoted as covariant 4-
vectors, while dx� is an example of a contravariant 4-vector. Another example of a
covariant 4-vector is the vector of partial derivatives

@� � @

@x�
D
�
1

c

@

@t
;r
�
:

We can check that this is really a covariant 4-vector by calculating how it transforms
under Lorentz transformations. According to the chain rule of differentiation we find

@0
� � @

@x0� D @x˛

@x0�
@

@x˛
:

However, we have

dx˛ D .ƒ�1/˛�dx0� ) @x˛

@x0� D .ƒ�1/˛�

and therefore

@0
� D .ƒ�1/˛�@˛ D ƒ�

˛@˛:

Pairs of co- and contravariant indices do not transform if they are summed over.
Assume e.g. that F˛ˇ are the components of a 4 � 4 matrix which transform
according to

F˛ˇ ! F0�� D ƒ�
˛ƒ

�
ˇF˛ˇ:

The combination @˛F˛ˇ then transforms under Lorentz transformations according to

@0
�F0�� D ƒ�

˛@˛ƒ
�
ˇƒ

�
�Fˇ� D ƒ�

��
˛
ˇ@˛Fˇ� D ƒ�

�@˛F˛� ;
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i.e. the summed index pair does not contribute to the transformation. Only “free”
indices (i.e. indices which are not paired and summed from 0 to 3) transform under
Lorentz transformations.

The manifestly covariant formulation of electrodynamics

Electrodynamics is a Lorentz invariant theory, i.e. all equations have the same
form in all coordinate systems which are related by Poincaré transformations.
However, this property is hardly recognizable if one looks at Maxwell’s equations
in traditional notation,

r � E D 1

�0
%; r � E C @

@t
B D 0;

r � B D 0; r � B � 1

c2
@

@t
E D �0j:

“Lorentz invariance” seems far from obvious: How, e.g. would the electric and
magnetic fields transform under a Lorentz transformation of the coordinates?
Apparently we seem to have three 3-dimensional vectors and one scalar in the
equations. We can combine the current density j and the charge density % into a
current 4-vector

j� D .%c; j/:

For the field strengths it helps to recall that the homogeneous Maxwell’s equations
are solved through potentials ˆ, A,

B D r � A; E D � @

@t
A � rˆ:

If one combines the potentials into a 4-vector,

A� D .�ˆ=c;A/;

it is possible to realize that the electromagnetic field strengths Ei, Bi are related to
antisymmetric combinations of the 4-vectors @�, A� ,

F�� D @�A� � @�A� D

0
BB@

0 �E1=c �E2=c �E3=c
E1=c 0 B3 �B2
E2=c �B3 0 B1
E3=c B2 �B1 0

1
CCA : (B.14)
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This electromagnetic field strength tensor F was introduced by Minkowski in
19073. The matrix elements F�� are its covariant components. The contravariant
components of F are

F�� D ��˛��ˇF˛ˇ D @�A� � @�A� D

0
BB@

0 E1=c E2=c E3=c
�E1=c 0 B3 �B2
�E2=c �B3 0 B1
�E3=c B2 �B1 0

1
CCA :

From this one can easily read off the transformation behavior of the fields under
Lorentz transformations,

x� ! x0� D ƒ�
˛x˛;

@� ! @0
� D ƒ�

˛@˛;

A�.x/ ! A0
�.x

0/ D ƒ�
˛A˛.x/

F��.x/ ! F0
��.x

0/ D @0
�A0

�.x
0/ � @0

�A
0
�.x

0/ D ƒ�
˛ƒ�

ˇ.@˛Aˇ.x/ � @ˇA˛.x//

D ƒ�
˛ƒ�

ˇF˛ˇ.x/:

Evaluation of F0
��.x

0/ for a boost

fƒ�
�g D

�
� � �ˇT

� �ˇ 1 � Ǒ ˝ ǑT C � Ǒ ˝ ǑT

�

yields with ˇ D v=c

E0.x0; t0/ D �
�

E.x; t/C v � B.x; t/
�

� .� � 1/ Ǒ� Ǒ � E.x; t/
�

D �
�

E.x; t/C v � B.x; t/
�

� �2

.� C 1/c2
v
�
v � E.x; t/

�
;

B0.x0; t0/ D �

�
B.x; t/ � 1

c2
v � E.x; t/

�
� .� � 1/ Ǒ� Ǒ � B.x; t/

�

D �

�
B.x; t/ � 1

c2
v � E.x; t/

�
� �2

.� C 1/c2
v
�
v � B.x; t/

�
;

3H. Minkowski, Math. Ann. 68, 472 (1910). A translation of his results for dielectric materials into
contemporary tensor notation can be found in R. Dick, Annalen Phys. (Berlin) 18, 174 (2009).
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or expressed in terms of the field strength components parallel and perpendicular to
the relative velocity v between the two observers,

E0
k.x

0; t0/ D Ek.x; t/; B0
k.x

0; t0/ D Bk.x; t/;

E0?.x0; t0/ D �
�

E?.x; t/C v � B?.x; t/
�
;

B0?.x0; t0/ D �

�
B?.x; t/ � 1

c2
v � E?.x; t/

�
:

Electric and magnetic fields mix under Lorentz transformations, i.e. the distinction
between electric and magnetic fields depends on the observer.

The equations

@�F�� D ��0j�

are the inhomogeneous Maxwell’s equations

r � E D 1

�0
%; r � B � 1

c2
@

@t
E D �0j;

while the identities (with the 4-dimensional �-tensor, �0123 D �1)

�����@�F�� D 2�����@�@�A� � 0

are the homogeneous Maxwell’s equations

r � B D 0; r � E C @

@t
B D 0:

These identities can also written in terms of the dual field strength tensor

QF�� D 1

2
���˛ˇF˛ˇ D

0
BB@
0 �B1 �B2 �B3

B1 0 E3=c �E2=c
B2 �E3=c 0 E1=c
B3 E2=c �E1=c 0

1
CCA

as

@� QF�� D 0:

The gauge freedom A�.x/ ! A0
�.x/ D A�.x/ C @�f .x/ apparently leaves the field

strength tensor F�� invariant. In conventional terms this is

ˆ0.x/ D ˆ.x/ � Pf .x/; A0.x/ D A.x/C r f .x/:
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We have written Maxwell’s equations explicitly as equations between 4-vectors,

@�F�� D ��0j�; @� QF�� D 0;

and this ensures that they hold in this form for every inertial observer. This is the
form invariance (or simply “invariance”) of Maxwell’s equations under Lorentz
transformations.

With the identification of the current 4-vector j� D .%c; j/, the local conservation
law for charges can also be written in manifestly Lorentz invariant form,

@

@t
%C r � j D @�j� D 0:

Relativistic mechanics

In special relativity it is better to express everything in quantities which transform
linearly with combinations of the matrices ƒ and ƒ�1. As a consequence of the
transformation law

dx0� D ƒ�
�dx�; (B.15)

ordinary velocities dx=dt and accelerations d2x=dt2 transform nonlinearly under
Lorentz boosts, due to the transformation of the time coordinates in the denomina-
tors. Therefore it is convenient to substitute the physical velocities and accelerations
with “proper” velocities and accelerations, which do not require division by a
transforming time parameter t.

Suppose the x0-frame is the frame of a moving object. In its own frame
the trajectory of the object is x0 D 0. However, we know that the Lorentz
transformation (B.15) leaves the product dx�dx� invariant,

dx0�dx0
� D dx02 � c2dt02 D dx�dx� D dx2 � c2dt2:

Therefore we have in particular for the time dt0 � d
 measured by the moving
object along its own path x0 D 0

d
2 D dt2 � 1

c2
dx2 D

�
1 � v2

c2

�
dt2;

i.e. up to a constant


 D
Z

dt
p
1 � .v2=c2/ D

Z
dt

�
:



B. The Covariant Formulation of Electrodynamics 597

This is an invariant, i.e. it has the same value for each observer. Every observer will
measure their own specific time interval �t between any two events happening to
the moving object, but all observers agree on the same value

�
 D
Z �t

0

dt
p
1 � .v2=c2/

which elapsed on a clock moving with the object.
The time �
 measured by an object between any two events happening to the

object is denoted as the proper time or eigentime of the object.
The definition of eigentime entails a corresponding definition of the proper

velocity or eigenvelocity of an object in an observer’s frame: Divide the change in
the object’s coordinates dx in the observer’s frame by the time interval d
 elapsed
for the object itself while it was moving by dx:

U D dx
d


D �
dx
dt

D �v:

This is a hybrid construction in the sense that a set of coordinate intervals dx
measured in the observer’s frame is divided by a coordinate interval d
 measured in
the object’s frame4.

The notion of proper velocity may seem a little artificial, but it is useful because
it can be extended to a 4-vector using the fact that fdx�g D .dx0; dx/ D .cdt; dx/ is
a 4-vector under Lorentz transformations. If we define

U0 D dx0

d

D cdt

d

D �c;

then

U� D dx�=d
 D .U0;U/ D �.c; v/

is a 4-vector which transforms according to U� ! U0� D ƒ�
˛U˛ under Lorentz

transformations. This 4-velocity vector satisfies

U2 � U�U� � ���U
�U� D U2 � .U0/2 D �c2:

The conservation laws
X

i

p.in/i D
X

i

p.out/
i

X
i

E.in/i D
X

i

E.out/
i

4There is a limit v � c on the physical speed v D jvj of moving objects. No such limit holds for
the “eigenspeed” jUj, but the speed of signal transmission relative to an observer is v, not jUj.
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for momentum and energy in a collision would not be preserved under Lorentz
transformations if the nonrelativistic definitions for momentum and energy would be
employed, due to the nonlinear transformations of the particle velocities. This would
mean that if momentum and energy conservation would hold for one observer, they
would not hold for another observer with different velocity!

However, the conservation laws are preserved if energy and momentum trans-
form linearly, like a 4-vector, under Lorentz transformations. We have already
identified 4-velocities fU�g D �.c; v/ with the property limˇ!0 U D v.

This motivates the definition of the 4-momentum

p0 D mU0; p D mU;

i.e. the relativistic definition of the spatial momentum of a particle of mass m and
physical velocity v is

p D mU D �mv D mvp
1 � .v2=c2/

: (B.16)

The physical meaning of the fourth component

p0 D mU0 D �mc D mcp
1 � .v2=c2/

can be inferred from the nonrelativistic limit: v � c yields

p0 ' mc

�
1C v2

2c2

�
:

This motivates the identification of cp0 with the energy of a particle of mass m and
speed v:

E D cp0 D �mc2 D mc2p
1 � .v2=c2/

: (B.17)

Division of the two equations (B.16) and (B.17) yields

v D c2
p
E
; (B.18)

and subtracting squares yields the relativistic dispersion relation

E2 � c2p2 D m2c4: (B.19)

This is usually written as p�p� D �m2c2.
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Equations (B.19) and (B.18) imply in particular for massless particles the
relations E D cp and v D c.

For the formulation of the relativistic version of Newton’s law, we observe that
the rate of change of 4-momentum with eigentime defines a 4-vector with the units
of force,

f � D d

d

m

dx�

d

D dp�

d

D �

d

dt
p�:

It transforms linearly under Lorentz transformations because we divided a 4-vector
dx� or dp� by invariants d
2 or d
 , respectively.

By convention one still defines three-dimensional forces according to

F D d

dt
p D 1

�
f ;

i.e. F is not the spatial component of a 4-vector, but f D �F is.
For the 0-component f 0 we find with the relativistic dispersion relation E D

c
p

p2 C m2c2,

f 0 D d

d

m

dx0

d

D d

d


�
m�

dx0

dt

�
D d

d

.�mc/ D d

d


E

c
D d

d


p
p2 C m2c2

D pp
p2 C m2c2

� d

d

p D v

c
� d

d

p D v

c
� f : (B.20)

The 4-vector of the force is therefore

.f 0; f / D .ˇ � f ; f / D .�ˇ � F; �F/:

Multiplication of (cf. (B.20))

d

d


E

c
D v

c
� f

with c=� gives energy balance in conventional form,

d

dt
E D cp

p2 C m2c2
p � d

dt
p D v � d

dt
p D v � F:

The nonrelativistic Newton equation for motion of a charged particle in electro-
magnetic fields contains the Lorentz force

F D qE C qv � B:
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We can get a hint at how the relativistic equation has to look like by expressing this
combination of fields in terms of the field strength tensor (B.14),

Ei D cFi
0 D Fi

0

dx0

dt
; "i

jkBk D Fi
j:

The latter equation implies

.v � B/i D "i
jkv

jBk D Fi
jv

j;

and therefore

Fi D qEi C q"i
jkv

jBk D qFi
0

dx0

dt
C qFi

j
dxj

dt
D qFi

�

dx�

dt
:

This would be a spatial part of a 4-vector if we would not derive with respect to the
laboratory time t, but with respect to the eigentime 
 of the charged particle:

f i D �Fi D qFi
�

dx�

d

:

The time component is then

f 0 D qF0i
dxi

d

D q�

1

c
Ei

dxi

dt
D �qˇ � E

and the electromagnetic force 4-vector is

f � D qF��
dx�

d

D .�qˇ � E; �q.E C v � B//:

The equation of motion of the charged particle in 4-vector notation is therefore

m
d2x�

d
2
D qF��

dx�

d

;

or

mRx�.
/ D qF��.x.
//Px�.
/: (B.21)

The time component yields after rescaling with c=� again the energy balance
equation

dE

dt
D qv � E: (B.22)

The spatial part is after rescaling with ��1:

d

dt
p D q.E C v � B/: (B.23)
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The only changes in (B.22, B.23) with respect to the nonrelativistic equations are
the velocity dependences of E and p:

p D mvp
1 � .v2=c2/

; E D mc2p
1 � .v2=c2/

:

The equations (B.21) are completely equivalent to equations (B.23) and (B.22).
Note that equation (B.22) is a consequence of (B.23) just like the equation (B.21)
with � D 0 is also a consequence of the other three equations with spatial values
for �.

The virtue of equations (B.21) is the manifest covariance of these equations,
since linearly transforming equations between 4-vectors must hold in every inertial
frame. Contrary to this, covariance is not apparent in the equations (B.22, B.23),
but since they are equivalent to the manifestly covariant equations (B.21), they
also must hold in every inertial frame. Covariance is only hidden in the nonlinear
transformation behavior of equations (B.22, B.23). However, for practical purposes
the equations (B.22, B.23) are often more useful.

The relativistic Lagrange function for a charged particle in terms of the laboratory
time t is

L.t/ D � mc
q

c2 � Px2.t/C qPx.t/ � A.x.t/; t/ � qˆ.x.t/; t/: (B.24)

This yields the canonical momentum

pcan D @L.t/
@Px D mcvp

c2 � v2
C qA D p C qA;

and the equations of motion in the form (B.23). The relativistic action is

S D
Z

dt L.t/ D
Z �

�mc
p

c2dt2 � dx2 C qdx � A � qdtˆ
�

D
Z

d


 
�mc

r
���� dx�

d


dx�

d

C qA�

dx�

d


!
D
Z

d
 L.
/: (B.25)

The formulation in terms of the eigentime 
 of the particle yields the canonical
momentum (use ���.dx�=d
/.dx�=d
/ D �c2 from the equation c2d
2 D ����
dx�dx� after the derivative)

pcan;� D @L.
/
@Px� D m���

dx�

d

C qA� D p� C qA�;

and the Lagrange equation is the manifestly covariant formulation (B.21) of the
equations of motion.
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The gauge-dependent contributions qA� to the conserved momenta disappear in
the fully covariant energy-momentum tensor of a classical charged particle of mass
m and charge q coupled to electromagnetic fields,

T�
� D 1

�0

�
F�	F

�	 � 1

4
��
�F	
F	


�
C
Z

d
 mcU�.
/U
�.
/ı.x � x.
//

D 1

�0

�
F�	F

�	 � 1

4
��
�F	
F	


�
C mc

v�v
�

p
c2 � v2 ı.x � x.t//: (B.26)

Contrary to the 4-velocity U�, the four quantities v� D dx�=dt D U�=� D .c; v/
are not components of a 4-vector, but still convenient for the representation of
the classical energy-momentum tensor after integration over the eigentime of the
particle.

The corresponding results for the energy density, energy current density and
momentum density of the classical particle plus fields system are

H D cP0 D T00 D �0

2
E2 C 1

2�0
B2 C mc3p

c2 � v2 ı.x � x.t//; (B.27)

S D ceiT
0i D 1

�0
E � B C mc3vp

c2 � v2 ı.x � x.t//; (B.28)

P D 1

c
eiT

i0 D �0E � B C mcvp
c2 � v2 ı.x � x.t// D 1

c2
S; (B.29)

and the stress tensor is

T D
�
�0

2
E2 C 1

2�0
B2
�
1 � �0E ˝ E � 1

�0
B ˝ B

C mc
v ˝ vp
c2 � v2 ı.x � x.t//: (B.30)

Relativistic center of mass frame

Considerations of two-particle systems in relativistic quantum mechanics also
require the relativistic notion of center of mass frames. If two particles have
momenta p1 and p2 in an inertial frame, every inertial frame with the property
that the total momentum P0 D p0

1 C p0
2 of the two-particle system in that frame

vanishes is traditionally denoted as a center of mass frame for the two-particle
system, although “zero total momentum frame” would be a more appropriate name.
We will nevertheless continue to use the traditional name “center of mass frame”.
Two center of mass frames for the system then differ at most by a combination of
a translation and a rotation and possibly an inversion of the time axis. According
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to equation (B.6) the task to actually transform into a center of mass frame then
amounts to find a Lorentz boost into a frame moving with velocity v D cˇ such that
with E D E1 C E2

P0
k D �Pk � �ˇ

E

c
D 0 (B.31)

and

P0? D P? D 0: (B.32)

The condition (B.32) implies that we have to choose ˇkP, and that Pk D P, P0
k D P0.

The condition (B.31) is then solved by

ˇ D c
P
E
;

� D Ep
E2 � c2P2

:

(B.33)

The momentum vectors of the two particles in the center of mass frame are therefore

p0
1;? D p1;? D � p2;? D � p0

2;?;

and

p0
1;k D Ep

E2 � c2P2

�
p1;k � P

E
E1

�
D E2p1;k � E1p2;kp

E2 � c2P2
D � p0

2;k:

The corresponding energies in the center of mass frame are

E0
1 D Ep

E2 � c2P2

�
E1 � c2

P
E

� p1;k
�

D E21 � c2p21 C E1E2 � c2p1 � p2p
E2 � c2P2

;

E0
2 D E22 � c2p22 C E1E2 � c2p1 � p2p

E2 � c2P2
:

For consistency we notice

E0 D E0
1 C E0

2 D
p

E2 � c2P2;

as also implied by P02 D P2 with P0 D 0.
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We also note that if we define the center of energy of the two-particle system,

R D x1E1 C x2E2
E1 C E2

;

and if the particles do not interact, then the center of energy velocity is exactly the
velocity (B.33) of the center of mass frame,

PR D c2
p1 C p2
E1 C E2

D cˇ:

If the particles interact, we need to also take into account the contributions from the
fields which mediate the interactions to the center of energy and to the energy and
momentum balances of the system, see (18.128, 18.129).



Appendix C: Completeness of Sturm-Liouville
Eigenfunctions

Completeness of eigenfunctions of self-adjoint operators is very important in
quantum mechanics. Formulating exact theorems and proofs in general situations
is a demanding mathematical problem. However, the setting of Sturm-Liouville
problems with homogeneous boundary conditions in one dimension is sufficiently
simple to be treated in a single appendix.

Sturm-Liouville problems

Sturm-Liouville problems are linear boundary value problems consisting of a
second order differential equation

d

dx

�
g.x/

d .x/

dx

�
� V.x/ .x/C E%.x/ .x/ D 0 (C.1)

in an interval a � x � b and homogeneous boundary conditions1 (Sturm 1836,
Liouville 1837)

 .a/ D 0;  .b/ D 0: (C.2)

The functions g.x/, V.x/ and %.x/ are real and continuous in a � x � b, and we also
assume that the functions g.x/ and %.x/ are positive in a � x � b.

1General Sturm-Liouville boundary conditions would only require linear combinations of  .x/
and  0.x/ to vanish at the boundaries, but for our purposes it is sufficient to impose the special
conditions  .a/ D 0,  .b/ D 0.
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In ket notation without reference to a particular representation, we would write
equation (C.1) as

E%.x/j .E/i D 1

„2 pg.x/pj .E/i C V.x/j .E/i:

We can assume  .x/ � hxj .E/i to be a real function, and in this appendix we
always assume that a and b are finite. We also require first order differentiability of
g.x/ and continuity of V.x/ and %.x/.

We can also assume  0.a/ > 0. We know that  0.a/ ¤ 0 because  0.a/ D
0 together with  .a/ D 0 and the Sturm-Liouville equation (C.1) would imply
 .x/ D 0. Furthermore, linearity of the Sturm-Liouville equation implies that we
can always change the sign of  .x/ to ensure  0.a/ > 0.

Multiplication of equation (C.1) with  .x/ and integration yields

HŒ � �
Z b

a
dx
�
g.x/ 02.x/C V.x/ 2.x/

� D E
Z b

a
dx %.x/ 2.x/ � Eh j i

where the last equation defines the scalar product

h�j i D
Z b

a
dx %.x/�.x/ .x/: (C.3)

It is easy to prove that (C.3) defines a scalar product since h j i � 0 and h j i D
0 ,  .x/ D 0, and

0 � h C ��j C ��i D h j i C 2�h j�i C �2h�j�i (C.4)

has a minimum for

� D � h j�i
h�j�i ;

which after substitution in (C.4) yields the Schwarz inequality

h j�i2 � h j ih�j�i:

The Sturm-Liouville equation (C.1) arises as an Euler-Lagrange equation from
variation of the action

SŒ � D Eh j i � HŒ �

D
Z b

a
dx
�
E%.x/ 2.x/ � g.x/ 02.x/ � V.x/ 2.x/

�
(C.5)

with fixed endpoints  .a/ and  .b/.
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The stationary values of SŒ � for arbitrary fixed endpoints  .a/ and  .b/ are

SŒ �
ˇ̌
ˇ
on�shell

D g.a/ .a/ 0.a/ � g.b/ .b/ 0.b/;

where the designation “on-shell” means that  .x/ satisfies the Euler-Lagrange
equation (C.1) of SŒ �.

If we think of the Sturm-Liouville problem as a one-dimensional scalar field
theory, G.x/ D 1=4g2.x/ would play the role of a metric in a � x � b and HŒ �
would be the energy of the field  .x/ if  .x/ is normalized, h j i D 1.

Suppose  i.x/ and  j.x/ are solutions of the Sturm-Liouville problem (C.1, C.2)
with eigenvalues Ei and Ej, respectively. Use of the Sturm-Liouville equation (C.1)
and partial integration yields

Ei

Z x

a
d� %.�/ j.�/ i.�/ D

Z x

a
d�  j.�/

�
V.�/ i.�/ � d

d�

�
g.�/

d

d�
 i.�/

�	

D
Z x

a
d�
�
V.�/ j.�/ i.�/C g.�/ 0

j .�/ 
0
i .�/

� � g.x/ j.x/
d

dx
 i.x/;

and after another integration by parts we find

.Ei �Ej/

Z x

a
d� %.�/ i.�/ j.�/ D g.x/

�
 i.x/

d

dx
 j.x/ �  j.x/

d

dx
 i.x/

�
: (C.6)

This equation implies for Ei D Ej

d

dx
ln i.x/ D d

dx
ln j.x/;

i.e.  i.x/ has to be proportional to  j.x/: There is no degeneracy of eigenvalues in
the one-dimensional Sturm-Liouville problem.

For x D b, equation (C.6) implies the orthogonality property

.Ei � Ej/h ij ji D 0

and taking into account the absence of degeneracy yields

h ij ji / ıij:

Liouville’s normal form of Sturm’s equation

We can gauge the functions g.x/ and %.x/ away through a transformation of
variables
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x ! X D
Z x

a
d�

s
%.�/

g.�/
;  .x/ ! ‰.X/ D .%.x/g.x//1=4  .x/:

This yields

0 � X � B D
Z b

a
dx

s
%.x/

g.x/
; ‰.0/ D 0; ‰.B/ D 0;

and the Sturm-Liouville equation (C.1) assumes the form of a one-dimensional
Schrödinger equation,

d2

dX2
‰.X/ � V.X/‰.X/C E‰.X/ D 0 (C.7)

with

V.X/ D V.x/

%.x/
C g.x/%00.x/C %.x/g00.x/

4%2.x/
� 5g.x/%02.x/

16%3.x/
� g02.x/
16g.x/%.x/

C g0.x/%0.x/
8%2.x/

:

Second order differentiability of %.x/ and g.x/ is usually assumed. However, we
only have to require continuity of the positive functions %.x/ and g.x/ since we can
deal with ı-function singularities in one-dimensional potentials,.

Equation (C.7) is Liouville’s normal form of the Sturm-Liouville equation.

Nodes of Sturm-Liouville eigenfunctions

For the following reasoning we assume that we have smoothly continued the
functions V.x/, %.x/ > 0 and g.x/ > 0 for all values of x 2 R. It does not matter
how we do that.

To learn more about the nodes of the eigenfunctions  i.x/ of the Sturm-Liouville
boundary value problem, let us now assume that  .x; �/ and  .x; �/ are solutions
of the incomplete initial value problems

�%.x/ .x; �/ D V.x/ .x; �/ � d

dx

�
g.x/

d .x; �/

dx

�
;  .a; �/ D 0; (C.8)

�%.x/ .x; �/ D V.x/ .x; �/ � d

dx

�
g.x/

d .x; �/

dx

�
;  .a; �/ D 0; (C.9)
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with � > �, but contrary to the boundary value problem (C.1, C.2) we do not
impose any conditions at x D b. In that case there exist solutions to the Sturm-
Liouville equations for arbitrary values of the parameters �;�, and we can again
require

d .x; �/

dx

ˇ̌
ˇ̌
xDa

> 0;
d .x; �/

dx

ˇ̌
ˇ̌
xDa

> 0:

We recall the following facts from the theory of differential equations: The solution
 .x; �/ to the initial value problem (C.8) is unique up to a multiplicative constant,
and  .x; �/ depends continuously on the parameter �.

The last fact is important, because it implies that the nodes y.�/ of  .x; �/,
 .y.�/; �/ D 0, depend continuously on �. Continuity of y.�/ is used in the
demonstration below that the boundary value problem (C.1, C.2) has a solution for
every value of b.

Multiplication of equation (C.8) with  .x; �/ and equation (C.9) with  .x; �/,
integration from a to x > a, and subtraction of the equations yields

.� � �/
Z x

a
d� %.�/ .�; �/ .�; �/

D
Z x

a
d�

�
 .�; �/

d

d�

�
g.�/

d .�; �/

d�

�
�  .�; �/ d

d�

�
g.�/

d .�; �/

d�

�	

D g.x/

�
 .x; �/

d .x; �/

dx
�  .x; �/d .x; �/

dx

�
: (C.10)

Now assume that y.�/ is the first node of  .x; �/ larger than a:

 .y.�/; �/ D 0; y.�/ > a:

Substituting x D y.�/ in (C.10) yields

.� � �/
Z y.�/

a
dx %.x/ .x; �/ .x; �/ D g.y.�// .y.�/; �/

d .x; �/

dx

ˇ̌
ˇ̌
xDy.�/

:

(C.11)

We know that

.� � �/%.x/ .x; �/ > 0

for a < x < y.�/ and that

g.y.�//
d .x; �/

dx

ˇ̌
ˇ̌
xDy.�/

< 0:
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This implies  .x; �/ must change its sign at least once for a < x < y.�/, and in
particular y.�/ < y.�/:

The location of the leftmost node y.�/ > a of the function  .x; �/ moves closer
to a if � increases.

We are not really concerned with differentiability properties of the leftmost node
y.�/, but we can express the previous observation also as

y.�/ > a;
dy.�/

d�
< 0:

Now assume that � is small enough2 so that even y.�/ > b. Then we can increase
the parameter � until we reach a value � D E1 such that y.E1/ D b. This is then the
lowest eigenvalue of our original Sturm-Liouville boundary value problem (C.1),
and the corresponding eigenfunction is

 1.x/ D  .x; � D E1/: (C.12)

The eigenfunction  1.x/ for the lowest eigenvalue E1 has no nodes in a < x < b.
Now we consider the first and the second node of  .x; �/ for x > a,

a < y.�/ � y1.�/ < y2.�/;  .y1.�/; �/ D 0;  .y2.�/; �/ D 0;

and we integrate from y1.�/ to y2.�/,

.� � �/
Z y2.�/

y1.�/
dx %.x/ .x; �/ .x; �/

D
Z y2.�/

y1.�/
dx

�
 .x; �/

d

dx

�
g.x/

d .x; �/

dx

�
�  .x; �/ d

dx

�
g.x/

d .x; �/

dx

�	

D g.y2.�//  .y2.�/; �/
d .x; �/

dx

ˇ̌
ˇ̌
xDy2.�/

� g.y1.�//  .y1.�/; �/
d .x; �/

dx

ˇ̌
ˇ̌
xDy1.�/

:

We know

.� � �/%.x/ .x; �/ < 0

2The alert reader might worry that all y.�/ might be smaller than b, so that there is no finite small
value � with y.�/ > b, or otherwise that all y.�/ might be larger than b, so that no finite value E1
with y.E1/ D b would exist. These cases can be excluded through Sturm’s comparison theorem,
to be discussed later.
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for y1.�/ < x < y2.�/, and

g.y1.�//
d .x; �/

dx

ˇ̌
ˇ̌
xDy1.�/

< 0; g.y2.�//
d .x; �/

dx

ˇ̌
ˇ̌
xDy2.�/

> 0:

This tells us that  .x; �/ has to change sign in the interval y1.�/ < x < y2.�/, i.e.
it must have at least one node there. We know that the first node y1.�/ < y1.�/ is
outside of this interval. Therefore we can infer that at least the second node y2.�/
of  .x; �/ must be smaller than y2.�/: y2.�/ < y2.�/. We can repeat this reasoning
for the pair of adjacent nodes yn�1.�/, yn.�/ of  .x; �/, and we always find for
� > � that yn.�/ < yn.�/,

a < yn.�/;  .yn.�/; �/ D 0;
dyn.�/

d�
< 0:

All nodes of the function  .x; �/ on the right hand side of x D a move closer to a if
� increases.

Therefore we can repeat the reasoning above which had let us to the first solution
 1.x/ with eigenvalue E1 of our Sturm-Liouville problem. To find the second
eigenfunction, we increase � > E1 until we hit a value � D E2 such that y2.E2/ D b,
and the corresponding eigenfunction

 2.x/ D  .x;E2/

will have exactly one node y1.E2/ in the interval, a < y1.E2/ < b.
The corresponding result for yn.�/ tells us that in the n-th step we will find a

parameter � D En with yn.En/ D b and eigenfunction

 n.x/ D  .x;En/;

and this function will have n � 1 nodes a < y1.En/ < y2.En/ < : : : < yn�1.En/ <

yn.En/ D b inside the interval.

Sturm’s comparison theorem and estimates for the locations
of the nodes yn.�/

Sturm’s comparison theorem makes a statement about the change of the nodes yn >

a of the solution  .x; �/ of

d

dx

�
g.x/

d .x; �/

dx

�
C .�%.x/ � V.x//  .x; �/ D 0;  .a; �/ D 0; (C.13)
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if the functions g.x/, %.x/ and V.x/ change. To prove the comparison theorem, we do
not use Liouville’s normal form, but perform the following simple transformation
of variables,

X D
Z x

a

dx0

g.x0/
; ‰.X; �/ D  .x; �/:

This transforms (C.13) into the following form,

d2‰.X; �/

dX2
C .�R.X/ � V.X//‰.X; �/ D 0; ‰.0; �/ D 0; (C.14)

R.X/ D g.x/%.x/ > 0; V.X/ D g.x/V.x/;

and the nodes Yn > 0 of ‰.X; �/ are related to the nodes yn > a of  .x; �/ through

Yn D
Z yn

a

dx

g.x/
: (C.15)

Now we consider another Sturm-Liouville problem of the form (C.14), but with
different functions

�S.X/ � W.X/ > �R.X/ � V.X/;

d2ˆ.X; �/

dX2
C .�S.X/ � W.X//ˆ.X; �/ D 0; ˆ.0; �/ D 0; (C.16)

and we denote the positive nodes ofˆ.X; �/ with Zn. We also require again‰0.0/ >
0, ˆ0.0/ > 0. Equations (C.14, C.16) imply

Z Yn

Yn�1

dX ŒV.X/ � W.X/ � � .R.X/ � S.X//� ‰.X; �/ˆ.X; �/

D ˆ.Yn; �/
d‰.X; �/

dX

ˇ̌
ˇ̌
XDYn

�ˆ.Yn�1; �/
d‰.X; �/

dX

ˇ̌
ˇ̌
XDYn�1

: (C.17)

The following terms in (C.17) have all the same sign,

ŒV.X/ � W.X/ � � .R.X/ � S.X//� ‰.X; �/
ˇ̌
ˇ
Yn�1<X<Yn

;

d‰.X; �/

dX

ˇ̌
ˇ̌
XDYn�1

; � d‰.X; �/

dX

ˇ̌
ˇ̌
XDYn

:

This implies that ˆ.X; �/ must change its sign in Yn�1 < X < Yn, and since this
must hold for every n � 1 we find

Zn < Yn:
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Increasing �R.X/ � V.X/ moves the nodes Yn > 0 of the function ‰.X; �/ to the
left. From this we can first derive bounds for the nodes Yn > 0 which arise from the
nodes of the solutions of

‰00
min.X; �/C .�Rmax � Vmin/‰min.X; �/

D ‰00
min.X; �/C gmax .�%max � Umin/‰min.X; �/ D 0; (C.18)

‰min.0; �/ D 0;

and

‰00
max.X; �/C .�Rmin � Vmax/‰max.X; �/

D ‰00
max.X; �/C gmin .�%min � Umax/‰max.X; �/ D 0; (C.19)

‰max.0; �/ D 0:

Here we use the bounds of the continuous functions g.x/, V.x/, %.x/ on a � x � b,

0 < gmin � g.x/ � gmax; Umin � V.x/ � Umax;

0 < %min � %.x/ � %max:

The solutions of both equations (C.18) and (C.19) have nodes if (recall that both
g.x/ > 0 and %.x/ > 0)

� > Umin=%max;

and the two solutions are

‰min.X; �/ / sin
�p

gmax .�%max � Umin/X
�
;

‰max.X; �/ / sin
�p

gmin .�%min � Umax/X
�
:

This yields bounds for the nodes Yn > 0 of ‰.X; �/,

n�p
gmax .�%max � Umin/

� Yn � n�p
gmin .�%min � Umax/

: (C.20)

However, we also know from equation (C.15) that gminYn � yn � a � gmaxYn, and
therefore3

3These bounds can be strengthened by a longer proof, but the present result is completely sufficient
for our purposes.
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a C gminn�p
gmax .�%max � Umin/

� yn � a C gmaxn�p
gmin .�%min � Umax/

: (C.21)

This implies in particular that there is no accumulation point for the nodes yn of
 .x; �/, and yn must grow like n for large n.

For our previous proof that  1.x/ (C.12) has its first node at y1 D b, we needed
the assumption that there are small enough values of � such that the first node y1.�/
of  .x; �/ satisfies y1.�/ > b. We can now confirm that from the lower bound
in (C.21). It will suffice to choose

Umin

%max
< � <

Umin

%max
C g2min�

2

%maxgmax.b � a/2
: (C.22)

We also needed the assumption that for large enough � the first node y1.�/ > a
would be smaller than b. This is easily confirmed from the upper bound in (C.21).
It is sufficient to choose

� >
Umax

%min
C g2max�

2

%mingmin.b � a/2
: (C.23)

Eigenvalue estimates for the Sturm-Liouville problem

We have found that the Sturm-Liouville boundary value problem (C.1, C.2) has an
increasing, non-degenerate set of eigenvalues

E1 < E2 < : : :

and arises as an Euler-Lagrange equation for the action

SŒ � D Eh j i � HŒ � (C.24)

D
Z b

a
dx
�
E%.x/ 2.x/ � g.x/ 02.x/ � V.x/ 2.x/

�
:

For every continuous function  .x/ in a � x � b we define the normalized function

O .x/ D  .x/ph j i :

Since SŒ � is homogeneous in  ,  .x/ is a stationary point of SŒ � if and only if
O .x/ is a stationary point of

SŒ O � D E � HŒ O �;
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which implies also that O .x/ is a stationary point of the functional

HŒ O � D HŒ �

h j i D
R b

a dx


g.x/ 02.x/C V.x/ 2.x/

�
R b

a dx %.x/ 2.x/
: (C.25)

We have already found that there is a discrete subset O n.x/, n 2 N, of stationary
points of HŒ O � which satisfy the boundary conditions O n.a/ D 0, O n.b/ D 0, and
are mutually orthogonal,

h O mj O ni D ımn:

Use of the Sturm-Liouville equation and the boundary conditions yields the
values of the functional HŒ O � at the stationary points O n.x/,

HŒ O n� D En:

We already know E1 < E2 < : : :, and therefore we have found that the functional
HŒ O � has a minimum

HŒ O 1� D E1

on the space of functions

Fa;b D f .x/; a � x � bj .a/ D 0;  .b/ D 0; h j i D 1g ;
and in general we have a minimum

HŒ O n� D En

on the space of functions

F .n/
a;b D f .x/; a � x � bj .a/ D 0;  .b/ D 0; h j i D 1; h ij i D 0;

1 � i � n � 1g :

The explicit form of HŒ O � in equation (C.25) shows that all the eigenvalues En

increase if g.x/ increases or V.x/ increases or %.x/ decreases.
However, those continuous functions must be bounded on the finite interval a �

x � b,

0 < gmin � g.x/ � gmax; Umin � V.x/ � Umax;

0 < %min � %.x/ � %max:

Therefore we can replace those functions with their extremal values to derive
estimates for the eigenvalues En.
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The Sturm-Liouville problems for the extremal values are

gmin=max 
00
n .x/C �

En;min=max%max=min � Umin=max
�
 n.x/ D 0;

 n.a/ D 0;  n.b/ D 0;

with solutions

 n.x/ / sin
�

n�
x � a

b � a

�

and corresponding eigenvalues

En;min=max D 1

%max=min

�
Umin=max C gmin=max

n2�2

.b � a/2

�
:

This implies the bounds

1

%max

�
Umin C gmin

n2�2

.b � a/2

�
� En � 1

%min

�
Umax C gmax

n2�2

.b � a/2

�
: (C.26)

In particular, at most a finite number of the lowest eigenvalues En can be negative,
and the eigenvalues for large n must grow like n2.

Both of these observations are crucial for the proof that the set  n.x/ of
eigenfunctions of the Sturm-Liouville problem (C.1, C.2) provide a complete basis
for the expansion of piecewise continuous functions in a � x � b.

Completeness of Sturm-Liouville eigenstates

We now assume that the Sturm-Liouville eigenstates are normalized,

h ij ji D ıij:

Let �.x/ be an arbitrary smooth function on a � x � b with �.a/ D 0 and �.b/ D 0,
and define

'n.x/ D �.x/ �
nX

iD1
 i.x/h ij�i:

Then we have

0 � h'nj'ni D h�j�i �
nX

iD1
h ij�i2;
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i.e. for all n we have a Bessel inequality

h�j�i �
nX

iD1
h ij�i2:

We also have h'nj ii D 0, 1 � i � n, and 'n.a/ D 0, 'n.b/ D 0, i.e.

'n.x/ 2 F .nC1/
a;b :

Therefore the minimum property of the eigenvalue EnC1 implies

EnC1 � HŒ'n�

h'nj'ni : (C.27)

We have

HŒ'n� D HŒ�� � 2
nX

iD1
h ij�i

Z b

a
dx
�
g.x/�0.x/ 0

i .x/C V.x/�.x/ i.x/
�

C
nX

i;jD1
h ij�ih jj�i

Z b

a
dx
�
g.x/ 0

i .x/ 
0
j .x/C V.x/ i j.x/

�
:

In the first sum, partial integration and use of the Sturm-Liouville equation yields

Z b

a
dx
�
g.x/�0.x/ 0

i .x/C V.x/�.x/ i.x/
� D Ei

Z b

a
dx %.x/�.x/ i.x/

D Eih ij�i:
In the double sum, partial integration and use of the Sturm-Liouville equation yields

Z b

a
dx
�
g.x/ 0

i .x/ 
0
j .x/C V.x/ i j.x/

� D Ei

Z b

a
dx %.x/ i.x/ j.x/

D Eiıij:

This implies

HŒ'n� D HŒ�� �
nX

iD1
Eih ij�i2: (C.28)

Since at most finitely many of the eigenvalues Ei can be negative, equation (C.28)
tells us that the functional HŒ'n� must remain bounded from above for n ! 1,
e.g. for

E1 < E2 < � � � < EN < 0 � ENC1 < : : :



618 C. Completeness of Sturm-Liouville Eigenfunctions

we have the bound

HŒ'n� � HŒ��C
NX

iD1
jEijh ij�i2:

On the other hand, equation (C.27) yields for n > N (to ensure EnC1 > 0),

h'nj'ni D h�j�i �
nX

iD1
h ij�i2 � HŒ'n�

EnC1

and since EnC1 grows like n2 for large n while HŒ'n� must remain bounded, we find
the completeness relation

lim
n!1h'nj'ni D lim

n!1

Z b

a
dx %.x/

 
�.x/ �

nX
iD1

 i.x/h ij�i
!2

D 0 (C.29)

or equivalently,

h�j�i D lim
n!1

nX
iD1

h�j iih ij�i:

Completeness of the series

1X
iD1

 i.x/h ij�i 	 �.x/

in the sense of equation (C.29) is denoted as completeness in the mean, and is
sometimes also expressed as

l:i:m:n!1
nX

iD1
 i.x/h ij�i D �.x/;

where l.i.m. stands for “limit in the mean”. Completeness in the mean says that the
series

P1
iD1  i.x/h ij�i approximates �.x/ in the least squares sense.

Completeness in the mean also implies for the two piecewise continuous
functions f and g

f .x/˙ g.x/ 	
1X

iD1
 i.x/h ijf i ˙

1X
iD1

 i.x/h ijgi

and therefore

hf jgi D 1

4
.hf C gjf C gi � hf � gjf � gi/ D lim

n!1

nX
iD1

hf j iih ijgi: (C.30)
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Completeness in the sense of (C.30) is enough for quantum mechanics, because it
says that we can use the completeness relation

1 D lim
n!1

nX
iD1

j iih ij

in the calculation of matrix elements between sufficiently smooth functions (where
“sufficiently smooth D continuously differentiable to a required order” depends
on the operators we use). This is all that is really needed in quantum mechanics.
However, for piecewise smooth functions, the relation also holds pointwise almost
everywhere (see Remark 3 below).

I would like to add a few remarks:

1. The completeness property (C.29) also applies to piecewise continuous functions
in a � x � b and functions which do not vanish at the boundary points, because
every piecewise continuous function can be approximated in the mean by a
smooth function which vanishes at the boundaries.

2. If �.x/ is a smooth function satisfying the Sturm-Liouville boundary conditions,
as we have assumed in the derivation of (C.29), the series under the integral sign
will even converge uniformly to �.x/,

lim
n!1

nX
iD1

 i.x/h ij�i D �.x/;

i.e. for all a � x � b and all values � > 0, there exists an n.�/ such that

ˇ̌
ˇ̌
ˇ�.x/ �

nX
iD1

 i.x/h ij�i
ˇ̌
ˇ̌
ˇ < � if n � n.�/: (C.31)

Uniformity of the convergence refers to the fact that the same n.�/ ensures (C.31)
for all a � x � b.

3. If �.x/ is piecewise smooth in a � x � b, it can still be expanded pointwise
in Sturm-Liouville eigenstates. Except for points of discontinuity of �.x/, and
except for the boundary points if �.x/ does not satisfy the same boundary
conditions as the eigenfunctions  i.x/, the expansion

�.x/ D lim
n!1

nX
iD1

 i.x/h ij�i

holds pointwise, and the series converges uniformly to �.x/ in every closed
interval which excludes discontinuities of �.x/ (and the series converges to the
arithmetic mean in the points of discontinuity). The boundary points must also
be excluded if �.x/ does not satisfy the Sturm-Liouville boundary conditions.



Appendix D: Properties of Hermite Polynomials

We use the following equation as a definition of Hermite polynomials,

Hn.x/ D exp

�
1

2
x2
��

x � d

dx

�n

exp

�
�1
2

x2
�
; (D.1)

because we initially encountered them in this form in the solution of the harmonic
oscillator in Chapter 6. We can use the identity

�
x C d

dx

�
f .x/ D exp

�
�1
2

x2
�

d

dx

�
exp

�
1

2
x2
�

f .x/

	

to rewrite equation (D.1) in the form

Hn.x/ D exp

�
1

2
x2
��
2x � exp

�
�1
2

x2
�

d

dx
exp

�
1

2
x2
�	n

exp

�
�1
2

x2
�

D
�

exp

�
1

2
x2
��
2x � exp

�
�1
2

x2
�

d

dx
exp

�
1

2
x2
�	

exp

�
�1
2

x2
�	n

D
�
2x � d

dx

�n

1; (D.2)

or we can use the identity

�
x � d

dx

�
f .x/ D � exp

�
1

2
x2
�

d

dx

�
exp

�
�1
2

x2
�

f .x/

	

to rewrite equation (D.1) in the Rodrigues form

Hn.x/ D exp
�
x2
� �� d

dx

�n

exp
��x2

�
: (D.3)
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The Rodrigues formula implies

1X
nD0

Hn.x/
zn

nŠ
D

1X
nD0

�
exp

�
x2
� @n

@zn
exp

��.x � z/2
�	

zD0
zn

nŠ

D exp
�
x2
�

exp
��.x � z/2

� D exp
�
2xz � z2

�
: (D.4)

The residue theorem then also yields the representation

Hn.x/ D nŠ

2� i

I
dz

exp
�
2xz � z2

�
znC1 ; (D.5)

where the integration contour encloses z D 0 in the positive sense of direction, i.e.
counter clockwise.

Another useful integral representation for the Hermite polynomials follows
from (D.2) and the equation

Z 1

�1
du .2u/n exp

��.u C v/2
� D

Z 1

�1
du

�
� 2v � @

@v

�n

exp
��.u C v/2

�

D
�

� 2v � @

@v

�n p
�:

This yields in particular for v D �ix,

Z 1

�1
du .2u/n exp

��.u � ix/2
� D in

p
�Hn.x/: (D.6)

Combination of equations (D.4) and (D.6) yields Mehler’s formula1,

1X
nD0

Hn.x/Hn.x
0/

zn

nŠ
D

1X
nD0

Hn.x/
1p
�nŠ

Z 1

�1
du .�2iuz/n exp

��.u � ix0/2
�

D 1p
�

Z 1

�1
du exp

��4ixuz C 4u2z2
�

exp
��.u � ix0/2

�

D 1p
1 � 4z2

exp

 
�4z

z
�
x2 C x02� � xx0

1 � 4z2

!
: (D.7)

This requires jzj < 1=2 for convergence. In Sections 6.3 and 13.1 we need this in
the form for jzj < 1,

1F.G. Mehler, J. Math. 66, 161 (1866).
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1X
nD0

Hn.x/Hn.x
0/

zn

2nnŠ
exp

�
�x2 C x02

2

�

D 1p
1 � z2

exp

 
�
�
1C z2

� �
x2 C x02� � 4zxx0

2 .1 � z2/

!
: (D.8)

Indeed, applications of this equation for the harmonic oscillator are usually in
the framework of distributions and require the limit jzj ! 1. In principle we should
therefore replace the corresponding phase factors z in Sections 6.3 and 13.1 with
z exp.��/, and take the limit � ! C0 after applying any distributions which are
derived from (D.8).



Appendix E:
The Baker-Campbell-Hausdorff Formula

The Baker-Campbell-Hausdorff formula explains how to combine the product
of operator exponentials exp.A/ � exp.B/ into a single operator exponential
expŒˆ.A;B/�, if the series expansion for ˆ.A;B/ provided by the Baker-Campbell-
Hausdorff formula converges.

We try to determine ˆ.A;B/ as a power series in a parameter �,

expŒ�A� � expŒ�B� D expŒˆ.�A; �B/�; ˆ.�A; �B/ D
1X

nD1
�ncn.A;B/:

We also use the notation of the adjoint action of an operator A on an operator B,

A.ad/ ı B D �ŒA;B�:
We start with

expŒ˛A� � expŒˇB� D expŒˆ.˛A; ˇB/�:

This implies with Lemma (6.22) the equations

B D expŒ�ˆ.˛A; ˇB/�
@

@ˇ
expŒˆ.˛A; ˇB/� D

1X
nD1

.�/n
nŠ

n
Œˆ.˛A; ˇB/; @ˇ�

D �
1X

nD1

.�/n
nŠ

n�1
Œ ˆ.˛A; ˇB/; @ˇˆ.˛A; ˇB/�

D
1X

nD1

1

nŠ

�
ˆ.˛A; ˇB/.ad/

�n�1 ı @ˇˆ.˛A; ˇB/

D expŒˆ.˛A; ˇB/.ad/� � 1
ˆ.˛A; ˇB/.ad/

ı @ˇˆ.˛A; ˇB/
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and

A D � expŒˆ.˛A; ˇB/�
@

@˛
expŒ�ˆ.˛A; ˇB/� D �

1X
nD1

1

nŠ

n
Œˆ.˛A; ˇB/; @˛�

D
1X

nD1

1

nŠ

n�1
Œ ˆ.˛A; ˇB/; @˛ˆ.˛A; ˇB/�

D
1X

nD1

1

nŠ

��ˆ.˛A; ˇB/.ad/
�n�1 ı @˛ˆ.˛A; ˇB/

D 1 � expŒ�ˆ.˛A; ˇB/.ad/�

ˆ.˛A; ˇB/.ad/
ı @˛ˆ.˛A; ˇB/:

For the inversion of these equations, we notice

�
exp.z/ � 1

z

��1
D z

exp.z/ � 1 D z
exp.�z=2/

exp.z=2/ � exp.�z=2/

D z

2

exp.z=2/C exp.�z=2/

exp.z=2/ � exp.�z=2/
� z

2

D z

2
coth

z

2
� z

2
D 1C

1X
nD1

.�/nC1

.2n/Š
Bnz2n � z

2
;

�
1 � exp.�z/

z

��1
D z

1 � exp.�z/
D z

exp.z=2/

exp.z=2/ � exp.�z=2/

D z

2

exp.z=2/C exp.�z=2/

exp.z=2/ � exp.�z=2/
C z

2

D z

2
coth

z

2
C z

2
D 1C

1X
nD1

.�/nC1

.2n/Š
Bnz2n C z

2
;

where the coefficients Bn are Bernoulli numbers.
The previous equations yield (with ˆ.˛A; ˇB/.ad/ ı A D �Œˆ.˛A; ˇB/;A�)

@˛ˆ.˛A; ˇB/ D ˆ.˛A; ˇB/.ad/

2
coth

ˆ.˛A; ˇB/.ad/

2
ı A

� 1

2
Œˆ.˛A; ˇB/;A�;

@ˇˆ.˛A; ˇB/ D ˆ.˛A; ˇB/.ad/

2
coth

ˆ.˛A; ˇB/.ad/

2
ı B

C 1

2
Œˆ.˛A; ˇB/;B�;
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@�ˆ.�A; �B/ D
h
@˛ˆ.˛A; ˇB/C @ˇˆ.˛A; ˇB/

i
˛DˇD�

D ˆ.�A; �B/.ad/

2
coth

ˆ.�A; �B/.ad/

2
ı .A C B/

C 1

2
ŒA � B; ˆ.�A; �B/�;

i.e.

@�ˆ.�A; �B/ D A C B C
1X

nD1

.�/nC1

.2n/Š
Bn � Œˆ.�A; �B/.ad/�2n ı .A C B/

C 1

2
ŒA � B; ˆ.�A; �B/�: (E.1)

Equation (E.1) provides us with a recursion relation for the n-th order coefficient
functions cn.A;B/,

.n C 1/cnC1.A;B/ D 1

2
ŒA � B; cn.A;B/�C

bn=2cX
mD1

.�/mC1

.2m/Š
Bm

�
X

1�k1;k2;:::k2m
k1C:::Ck2mDn

Œck2m.A;B/; Œ: : : ; Œck2 .A;B/; Œck1 .A;B/;A C B�� : : :��; (E.2)

with

c0.A;B/ D 0; c1.A;B/ D A C B:

The floor function bxc maps to the next lowest integer smaller or equal to x, i.e.
bn=2c D n=2 if n is even, bn=2c D .n � 1/=2 if n is odd.

The result (E.2) yields for the next three terms

c2.A;B/ D 1

2
ŒA;B�;

c3.A;B/ D 1

12
ŒA � B; ŒA;B��C 1

6
B1ŒA C B; ŒA C B;A C B��

D 1

12
ŒA; ŒA;B��C 1

12
ŒB; ŒB;A��;

c4.A;B/ D 1

96
ŒA � B; ŒA; ŒA;B��C ŒB; ŒB;A���

C 1

16
B1ŒA C B; ŒŒA;B�;A C B��
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D 1

96

�
ŒA; ŒA; ŒA;B��� � ŒB; ŒB; ŒB;A���C ŒA; ŒB; ŒB;A���

�ŒB; ŒA; ŒA;B��� � ŒA; ŒA; ŒA;B���C ŒB; ŒB; ŒB;A���

CŒA; ŒB; ŒB;A��� � ŒB; ŒA; ŒA;B���
�

D 1

48
ŒA; ŒB; ŒB;A��� � 1

48
ŒB; ŒA; ŒA;B��� D 1

24
ŒA; ŒB; ŒB;A���:

The Jacobi identity

ŒA; ŒB;C��C ŒB; ŒC;A��C ŒC; ŒA;B�� D 0

was used in the last step for c4.



Appendix F:
The Logarithm of a Matrix

Exponentials of square matrices G, M D exp G D P1
nD0 Gn=nŠ, are frequently

used for the representation of symmetry transformations. Indeed, the properties of
continuous symmetry transformations are often discussed in terms of their first order
approximations 1C G, where it is assumed that continuity of the symmetries allows
for parameter choices such that max jGijj � 1. It is therefore of interest that the
logarithm G D ln M of invertible square matrices can also be defined, although the
existence of G does not imply that it can be chosen to satisfy max jGijj � 1 for M
close to the unit matrix, see below.

Suppose M is a complex invertible square matrix which is related to its Jordan
canonical form through

M D T � ˚n Jn � T�1:

Each of the smaller square matrices Jn has the form

J D �1 (F.1)

or the form

J D

0
BBBBBBBB@

� 1 0 0 : : : 0 0 0

0 � 1 0 : : : 0 0 0
:::
:::
:::
:::
:::
:::
:::
:::

0 0 0 0 : : : � 1 0

0 0 0 0 : : : 0 � 1

0 0 0 0 : : : 0 0 �

1
CCCCCCCCA
; (F.2)

and det.M/ ¤ 0 implies that none of the eigenvalues � can vanish.
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In the case (F.1) we have

J D exp.ln�1/ ; ln J D ln�1:

However, it is also possible to construct the logarithm of a Jordan block matrix (F.2).
The direct sum of the logarithms of all the matrices Jn then yields the logarithm of
the matrix M,

M D exp.T � ˚n ln Jn � T�1/; ln M D T � ˚n ln Jn � T�1:

Suppose the Jordan matrix (F.2) is a .�C 1/� .�C 1/ matrix. We define .� C 1/

� .� C 1/ matrices Nn, 0 � n � �, according to .Nn/ij D ıiCn;j, i.e. N0 is the
.� C 1/ � .� C 1/ unit matrix and N1�n�� has non-vanishing entries 1 only in the
n-th diagonal above the main diagonal. These matrices satisfy the multiplication law
Nm � Nn D ‚.� � m � n C �/NmCn, which also implies Nn D .N1/

n.
Each .� C 1/ � .� C 1/ Jordan block can be written as J D �N0 C N1, and its

logarithm can be defined through

X D ln J D

0
BBBBBBBB@

ln� ��1 ���2=2 ��3=3 : : : .�/��1���=�
0 ln� ��1 ���2=2 : : : .�/��2��.��1/=.� � 1/
:::

:::
:::

:::
:::

:::

0 0 0 0 : : : ���2=2
0 0 0 0 : : : ��1
0 0 0 0 : : : ln�

1
CCCCCCCCA

D N0 ln� �
�X

nD1

.��/�n

n
Nn: (F.3)

We can prove exp.X/ D J in the following way. The N-th power of X is (here
0 < � < 1 is introduced to avoid the ambiguity of the ‚ function at 0)

XN D N0.ln�/
N C .�/N

�C1�NX
1�n1;n2:::nN

‚

 
� C � �

NX
iD1

ni

!

� .��/
�n1�n2�:::�nN

n1 � n2 � : : : � nN
Nn1Cn2C:::CnN

:

� .�/NN ln�
�C2�NX

1�n1;n2:::nN�1

‚

 
� C � �

N�1X
iD1

ni

!

� .��/
�n1�n2�:::�nN�1

n1 � n2 � : : : � nN�1
Nn1Cn2C:::CnN�1



F. The Logarithm of a Matrix 631

C .�/N
�

N
2

�
.ln�/2

�
�C3�NX

1�n1;n2:::nN�2

‚

 
� C � �

N�2X
iD1

ni

!

� .��/
�n1�n2�:::�nN�2

n1 � n2 � : : : � nN�2
Nn1Cn2C:::CnN�2

C : : :

� N.ln�/N�1
�X

nD1

.��/�n

n
Nn:

We can combine terms in the form

XN D N0.ln�/
N C

NX
mD1

.�/m
�

N
m

�
.ln�/N�m

�
�C1�mX

1�n1;n2:::nm

‚

 
� C � �

mX
iD1

ni

!
.��/�n1�n2�:::�nm

n1 � n2 � : : : � nm
Nn1Cn2C:::Cnm

D N0.ln�/
N C

�X
MD1

.��/�MNM

min.N;M/X
mD1

.�/m
�

N
m

�
.ln�/N�m

�
MC1�mX

1�n1;n2:::nm
n1Cn2C:::CnmDM

1

n1 � n2 � : : : � nm
:

This is after isolation of the term with M D 1 in the sum,

XN D N0.ln�/
N C N

.ln�/N�1

�
N1 C‚.� � 2C �/

�
�X

MD2
.��/�MNM

 min.N;M/X
mD1

.�/m
�

N
m

�
.ln�/N�m

�
MC1�mX

1�n1;n2:::nm
n1Cn2C:::CnmDM

1

n1 � n2 � : : : � nm

!
:

Only the first two terms survive in

exp.X/ D 1C
1X

ND1

XN

NŠ
D �N0 C N1 D J



632 F. The Logarithm of a Matrix

because the sum over N in the term of order M reduces to

1X
NDm

.ln�/N�m

.N � m/Š
D �;

and the remaining sums yield for M � 1

MX
mD1

.�/m
mŠ

MC1�mX
1�n1;n2:::nm

n1Cn2C:::CnmDM

1

n1 � n2 � : : : � nm

D 1

2� i

I
jzj<1

dz
MX

mD1

.�/m
mŠ

1X
n1;n2:::nmD1

zn1Cn2C:::Cnm�M�1

n1 � n2 � : : : � nm

D 1

2� i

I
jzj<1

dz
1X

mD1

.�/m
mŠ

1X
n1;n2:::nmD1

zn1Cn2C:::Cnm�M�1

n1 � n2 � : : : � nm

D 1

2� i

I
jzj<1

dz
1X

mD1

.�/m
mŠ

 1X
nD1

zn

n

!m

z�M�1

D 1

2� i

I
jzj<1

dz
1X

mD1

Œln.1 � z/�m

mŠ
z�M�1

D 1

2� i

I
jzj<1

dz
�
z�M�1 � z�M

� D �ıM;1:

Equation (F.3) is a special case of a general procedure to define functions M !
f .M/ of square matrices [16], and for every n 2 Z, the matrix X C 2� inN0 is also a
logarithm of J.

A glance at (F.3) tells us that we should avoid matrices with Jordan blocks in
their eigenvalue decomposition if we want to find logarithms with the property
max j.ln M/ijj � 1 for max jMij �ıijj � 1. This can be achieved if we use hermitian
and unitary matrices, and if M does not satisfy this condition, we can use its polar
decomposition

M D H � U D .M � MC/1=2 � Œ.M � MC/�1=2 � M� (F.4)

in terms of a hermitian and a unitary factor, or a symmetric and an orthogonal factor
if M is real. The factors will then have logarithms with small matrix elements
if M is close to the unit matrix, i.e. the analysis of continuous symmetries in
finite-dimensional vector spaces eventually requires the analysis of up to two first
order transformations 1 C ln H and 1 C ln U. This is the case e.g. for Lorentz
transformations, where H is the pure boost part and U is the rotation.



Appendix G: Dirac � matrices

It is useful for the understanding and explicit construction of � matrices to discuss
their properties in a general number d of spacetime dimensions. � matrices in more
than four spacetime dimensions are regularly used in theories which hypothesize the
existence of extra spacetime dimensions. On the other hand, variants of the Dirac
equation in two space dimensions or three spacetime dimensions have also become
relevant in materials science for the description of electrons in Graphene and other
two-dimensional materials.

�-matrices in d dimensions

The condition (21.35), f��; ��g D �2��� , implies that any product of n gamma
coefficients �˛ � �ˇ � : : : � �! can be reduced to a product of n � 2 coefficients if
two indices have the same value. We can also re-order any product such that the
indices have increasing values. These observations imply that the d coefficients ��
can produce at most 2d linearly independent combinations

1; �0; �1; : : : ; �d�1; �0 � �1; �0 � �2; : : : ; �0 � �1 � : : : � �d�1: (G.1)

We are actually interested in matrix representations of the algebra generated
by (21.35), and consider the coefficients �� and the objects in (G.1) as matrices
in the following. We first discuss the case that d is an even number of spacetime
dimensions, and we define multi-indices J through

�J D ��1 � ��2 � : : : � ��n ; �1 < �2 < : : : < �n; n.J/ D n: (G.2)

It is easy to prove that

tr.�J/ D 0: (G.3)

© Springer International Publishing Switzerland 2016
R. Dick, Advanced Quantum Mechanics, Graduate Texts in Physics,
DOI 10.1007/978-3-319-25675-7

633



634 G. Dirac � matrices

For even n.J/ this follows from the anti-commutativity of the � -matrices and the
cyclic invariance of the trace. For odd n.J/ this follows from the fact that there is at
least one � -matrix not contained in �J , e.g. �1, and therefore

tr.�J/ D �tr.�21 ��J/ D �tr.�1 ��J � �1/ D tr.�21 ��J/ D �tr.�J/ D 0:

The product �I ��J reduces either to a �-matrix �K if I ¤ J, or otherwise

�2I D ˙1;

and this implies orthogonality of all the �-matrices and 1,

tr.�I ��J/ / ıIJ :

For even number of spacetime dimensions d this implies that all the 2d matrices
in (G.1) are indeed linearly independent, and therefore a minimal matrix represen-
tation of (21.35) requires at least .2d=2 � 2d=2/-matrices. We will see by explicit
construction that such a representation exists, and because 2d=2 is the minimal
dimension, the representation must be irreducible, i.e. cannot split into smaller
matrices acting in spaces of lower dimensions. The representation also turns out
to be unique up to similarity transformations

�� ! � 0
� D A � �� � A�1:

For odd number of spacetime dimensions d, we also define the matrices �J

according to (G.1), but now the previous proof of tr.�J/ D 0 only goes through
for all the matrices �J except for the last matrix in the list,

�0;1;:::d�1 D �0 � �1 � : : : � �d�1:

For odd d, this matrix contains an odd number of � -matrices, and it contains all
� -matrices, such that the previous proof of vanishing trace for odd n.J/ does not go
through for this particular matrix. Furthermore, this matrix has the properties

Œ�0;1;:::d�1; �J� D 0; (G.4)

�20;1;:::d�1 D .�/.dC2/.d�1/=21 D .�/.d�1/=21: (G.5)

Commutativity with all other matrices implies that in every irreducible represen-
tation

�0;1;:::d�1 D ˙.�/.d�1/=41; (G.6)

see the following subsection for the proof.
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This also implies that every product �J of n.J/ � .d C 1/=2 � matrices is up to
a numerical factor a product �I of n.I/ D d � n.J/ � .d � 1/=2 � matrices,

h
�J

i
n.J/�.dC1/=2 D

h
1 ��J

i
n.J/�.dC1/=2 /

h
�0;1;:::d�1 ��J

i
n.J/�.dC1/=2

/
h
�I

i
n.I/�.d�1/=2:

Therefore there are only 2d�1 linearly independent matrices in (G.1) for odd d,
and the minimal possible dimension of the representation is only 2.d�1/=2. The
explicit construction later on confirms that the minimal dimension also works for
odd number of spacetime dimensions. There are two different equivalence classes
of matrix representations with dimension 2.d�1/=2.

We can summarize the results on the dimensions of � matrices in d space(-time)
dimensions by the statement the irreducible representations of the Dirac algebra
are provided by 2bd=2c � 2bd=2c matrices, where the floor function in the exponents
rounds to the next lowest integer and is also often written in terms of Gauss brackets:
bd=2c � Œd=2�G D d=2 if d is even, bd=2c � Œd=2�G D .d � 1/=2 if d is odd.

Proof that in irreducible representations �0;1;:::d�1 / 1
for odd spacetime dimension d

�0;1;:::d�1 commutes with all �J . Suppose that we have an irreducible matrix
representation of (G.1) in a vector space V of dimension dimV . If � is an eigenvalue
of �0;1;:::d�1 / 1,

det.�0;1;:::d�1 � �1/ D 0;

we have

dim
�
.�0;1;:::d�1 � �1/ � V

�
� dimV � 1;

and

�J � .�0;1;:::d�1 � �1/ � V D .�0;1;:::d�1 � �1/ ��J � V:

The last equation would imply that .�0;1;:::d�1 � �1/ � V , if non-empty, would be
an invariant subspace under the action of the � -matrices, in contradiction to the
irreducibility of V . Therefore we must have

.�0;1;:::d�1 � �1/ � V D ;; �0;1;:::d�1 D �1



636 G. Dirac � matrices

in every irreducible representation. Equation (G.5) tells us that

� D ˙.�/.d�1/=4:

The proof is simply an adaptation of the proof of Schur’s lemma from group
theory.

Recursive construction of �-matrices in different dimensions

We will use the following conventions for the explicit construction of � -matrices:
Up to similarity transformations, the � -matrices in two spacetime dimensions are

�0 D
�
0 1

1 0

�
; �1 D

�
0 1

�1 0
�
: (G.7)

For the recursive construction in higher dimensions d � 3 we now assume that
��, 0 � � � d � 2, are � -matrices in d � 1 dimensions.

For the construction of � -matrices in an odd number d of spacetime dimensions
there are two inequivalent choices,

�0 D ˙ i.d�3/=2�0�1 : : : �d�2 D ˙
��1 0

0 1

�
; �i D �i; 1 � i � d � 2;

�d�1 D � i�0: (G.8)

For the construction of � -matrices in an even number d � 4 of spacetime
dimensions there is only one equivalence class of representations,

�0 D
�
0 1

1 0

�
; �i D

�
0 ��0�i

�0�i 0

�
; 1 � i � d � 2;

�d�1 D
�
0 ��0
�0 0

�
: (G.9)

Note that it does not matter from which of the two possible representations ˙�0 in
the odd number d � 1 of lower dimensions we start since �0 intertwines the two
possibilities,

�0�i�0 D ��i; 1 � i � d � 1:

The possibility of similarity transformations implies that there are infinitely many
equivalent possibilities to construct these bases of � -matrices. The construction
described here was motivated from the desire to have Weyl bases (i.e. all �� have
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only off-diagonal non-vanishing .2.d=2/�1 � 2.d=2/�1/ blocks) in even dimensions,
and to have the next best solution, viz. Dirac bases (i.e. �0 D ˙diag.1;�1/, all
� i like in a Weyl basis), in odd dimensions. Note that all the representations (G.8)
and (G.9) of the � -matrices in odd or even dimensions fulfill

�C
0 D �0; �C

i D ��i;

or equivalently

�C
� D �0���0: (G.10)

Every set of � -matrices is equivalent to a set satisfying equation (G.10). We will
prove this in the following subsection.

Proof that every set of �-matrices is equivalent to a set
which satisfies equation (G.10)

In this section we do not use summation convention but spell out all summations
explicitly.

We define 2bd=2c � 2bd=2c matrices X0 D �0, Xi D i�i,

fX�;X�g D 2ı��

and prove that the matrices X� are equivalent to a set of unitary matrices Y�. Since
the matrices Y� also satisfy Y�1

� D Y�, unitarity also implies hermiticity of Y�. We

use the abbreviation N D 2bd=2c, and consider the set S of N � N matrices

1; XI D X�1 � : : : � X�n ; n � On D
�

d; d even
d�1
2
; d odd

This set does not form a group, but only a group modulo Z2. But this is sufficient
for the standard argument for equivalence to a set of unitary matrices.

The N � N matrix

H D 1 C
X

I

XC
I � XI D HC

is invariant under right translations in the set S (i.e. right multiplication of all
elements by some fixed element Z), because that just permutes the elements, up
to possible additional minus signs which cancel in H,

H D ZC � Z C
X

I

.XI � Z/C � .XI � Z/:
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H also has N positive eigenvalues, because

H � ˛ D h˛ ˛;  C̨ � ˇ D ı˛ˇ; (G.11)

implies

h˛ D  C̨ � H � ˛ D 1C
X

I

jXI � ˛j2 > 0: (G.12)

If we define the matrix ‰ with columns  ˛ , equations (G.11) and (G.12) imply

diag.h1; : : : hN/ D ‰C � H �‰; H D ‰ � diag.h1; : : : hN/ �‰C:

Now define

Y� D ‰ � diag.
p

h1; : : :
p

hN/ �‰C � X� � .‰ � diag.
p

h1; : : :
p

hN/ �‰C/�1:

These matrices are indeed unitary,

YC
� � Y� D

�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1 � XC

�

�
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C�2 � X�

�
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1

D
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1 � XC

� � H � X�

�
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1

D
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1

�ŒXC
� � X� CP

I.ZI � X�/
C � .ZI � X�/�

�
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1

D
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1 � H

�
�
‰ � diag

�p
h1; : : :

p
hN

�
�‰C��1 D 1;

which concludes the proof of equivalence of the matrices X� to a set of matrices Y�
which are both unitary and hermitian.
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Equivalence of the � matrices to hermitian or anti-hermitian matrices also implies
that every reducible representation of � matrices is fully reducible.

Uniqueness theorem for � matrices

Every irreducible matrix representation of the algebra generated by (21.35) is
equivalent to one of the representations constructed in the previous section.

We first consider the case of even number of dimensions d. The theorem says that
in this case every irreducible matrix representation of (21.35) is equivalent to the
representation in terms of 2d=2 � 2d=2 constructed in equation (G.9).

Proof. Suppose the N1 � N1 matrices �1;� and the N2 � N2 matrices �2;�, 0 � � �
d � 1, are two sets of matrices which satisfy the conditions (21.35). V1 is the N1-
dimensional vector space in which the matrices �1;� act. We use the representations
from the previous section, equation (G.9), for the matrices �2;�. This implies N1 �
N2 D 2d=2.

We denote the components of the matrices �1;� and �2;� with �1;�a
b and �2;�˛ˇ ,

respectively, and define again multi-indices J for the two sets of � matrices (cf.
equation (G.2)),

�r;J D �r;�1 � �r;�2 � : : : � �r;�n ; 1 � r � 2; �1 < �2 < : : : < �n; n.J/ D n:

The squares of these matrices satisfy

�r;I
2 D ˙1 D sI1; (G.13)

where the sign factor

sI D .�/n.I/Œn.I/C1�=2��1�1 (G.14)

arises as the product of the factor .�/n.I/Œn.I/�1�=2 from the permutations of �
matrices times a factor .�/n.I/ from the sign on the right hand side of (21.35). Only
��1�1 appears on the right hand side of (G.14) because we have only one timelike
direction. For the case of general spacetime signature one could simply include the
product ��1�1��2�2 : : : ��n�n .

The results from the previous section for even d tell us that a set �r;I with fixed
r, after augmentation with the Nr � Nr unit matrix �r;0 D 1, contains 2d linearly
independent matrices.

We define the N1 � N2 different N1 � N2 matrices Ea
˛ with components

.Ea
˛/bˇ D ıa

bı˛ˇ:
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We use these matrices to form the N1 � N2 matrices

�a
˛ D Ea

˛ C
X

J

sJ�1;J � Ea
˛ ��2;J;

i.e. in components,

.�a
˛/bˇ D ıa

bı˛ˇ C
X

J

sJ.�1;J/
b

a.�2;J/
˛
ˇ: (G.15)

Suppose I ¤ J. The conditions (21.35) imply that there is always a multi-index
K ¤ I such that

�r;I ��r;J D ˙�r;K ;

and inversion of this equation yields

sIsJ�r;J ��r;I D ˙ sK�r;K :

This implies

�1;I ��a
˛ D �1;I � Ea

˛ C Ea
˛ ��2;I C

X
J¤I

sJ�1;I ��1;J � Ea
˛ ��2;J

D
�

sI�1;I � Ea
˛ ��2;I C Ea

˛

C
X
J¤I

sIsJ�1;I ��1;J � Ea
˛ ��2;J ��2;I

�
��2;I

D
�

sI�1;I � Ea
˛ ��2;I C Ea

˛ C
X
K¤I

sK�1;K � Ea
˛ ��2;K

�
��2;I

D �a
˛ ��2;I : (G.16)

We know that the matrices (G.15) are not null matrices, �a
˛ ¤ 0, because we

know that the 2d matrices f1; �2;Jg are linearly independent,

ıa
b1 C

X
J

sJ.�1;J/
b

a�2;J ¤ 0:

This implies that the N1-dimensional vector space V1 with basis vectors e1;b, 1 �
b � N1, contains non-vanishing sets of N2 D 2d=2 � N1 basis vectors

e1;ˇ D e1;b.�a
˛/bˇ; 1 � ˇ � 2d=2 � N1;
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which are invariant under the action of the � matrices,

e1;b.�1;�/bc.�a
˛/cı D e1;b.�a

˛/bˇ.�2;�/
ˇ
ı:

Therefore the representation of � matrices in V1 is either reducible into invariant
subspaces of dimension 2d=2, or we have N1 D 2d=2. In the latter case we must have

det.�a
˛/ ¤ 0;

because representations spaces of dimension 2d=2 are irreducible, and therefore

�1;� D �a
˛ � �2;� � .�a

˛/�1

is equivalent to the representation from the previous section for even d. Thus
concludes the proof for even d.

For odd d we observe that the matrices ��, 0 � � � d�2, form a set of � matrices
for a .d � 1/-dimensional Minkowski space, which according to the previous result
is either reducible or equivalent to the corresponding representation (G.9) from the
previous section. However, using those matrices, the missing matrix �d�1 can easily
be constructed according to the prescription

�d�1 D ˙.�/.d�1/.d�2/=4�0 � �1 � : : : � �d�2: (G.17)

Now assume that the matrices ��, 0 � � � d�2, are 2.d�1/=2�2.d�1/=2 matrices,
i.e. they form an irreducible representation of � matrices for a .d � 1/-dimensional
Minkowski space. In that case completeness of the set

�J D ��1 � ��2 � : : : � ��n ; 0 � �1 < �2 < : : : < �n � d � 2 (G.18)

in GL.2.d�1/=2/ implies that (G.17) are the only options for the construction of
�d�1. Completeness of the set (G.18) also implies that the two options for the sign
in (G.17) correspond to two inequivalent representations.

On the other hand, if the matrices ��, 0 � � � d � 2, form a reducible
representation of � matrices for a .d � 1/-dimensional Minkowski space, they
must be equivalent to matrices with irreducible 2.d�1/=2 � 2.d�1/=2 matrices O��,
0 � � � d � 2, in diagonal blocks. Then one can easily prove from the anti-
commutation relations and the completeness of the set

O�J D O��1 � O��2 � : : : � O��n ; 0 � �1 < �2 < : : : < �n � d � 2

in 2.d�1/=2-dimensional subspaces that the matrix �d�1 must consist of 2.d�1/=2 �
2.d�1/=2 blocks which are proportional to O�0 � O�1 � : : : � O�d�2. The property �2d�1 D �1

can then be used to demonstrate that �d�1 must be equivalent to a matrix which only
has matrices

O�d�1 D ˙.�/.d�1/.d�2/=4 O�0 � O�1 � : : : � O�d�2
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in diagonal 2.d�1/=2 � 2.d�1/=2 blocks, i.e. a representation of � matrices for odd
number d of dimensions is either equivalent to one of the two irreducible 2.d�1/=2-
dimensional representations distinguished by the sign in (G.17), or it is a reducible
representation.

In the recursive construction of � matrices described above, I separated the two
equivalence classes of irreducible representations through the sign of �0 instead
of �d�1, cf. (G.8). We can cast the sign from �d�1 to �0 through the similarity
transformation

�0 ! �0 � �d�1 � �0 � �0 � �d�1 D ��0;
�d�1 ! �0 � �d�1 � �d�1 � �0 � �d�1 D ��d�1;

�i ! �0 � �d�1 � �i � �0 � �d�1 D �i; 1 � i � d � 2:

Contraction and trace theorems for � matrices

Here we explicitly refer to four spacetime dimensions again. The generalizations to
any number of spacetime dimensions are trivial.

Equation (21.35) implies

�
�
 D � 4:

The higher order contraction theorems then follow from (21.35) and application of
the next lower order contraction theorem, e.g.

�
���
 D f�
 ; ��g�
 � ���
�
 D 2��;

�
�����
 D 4���; �
�����	�
 D 2�	����:

The trace of a product of an odd number of � matrices vanishes. The trace of a
product of two � matrices is determined by their basic anti-commutation property,

tr
�
����

� D � 4���: (G.19)

The trace of a product of four � matrices is easily evaluated using their anti-
commutation properties and cyclic invariance of the trace

tr
�
��������

� D 8������ � tr
�
��������

� D 8������ � tr
�
��������

�
D 8������ � 8������ C tr

�
��������

�
D 8������ � 8������ C 8������ � tr

�
��������

�
;
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i.e.

tr
�
��������

� D 4������ � 4������ C 4������: (G.20)

For yet higher orders we observe

tr
�
�˛1 : : : �˛2n����

� D � 2��� tr.�˛1 : : : �˛2n/ � tr
�
���˛1 : : : �˛2n��

�
D � 2��� tr.�˛1 : : : �˛2n/C tr

�
�˛1���˛2 : : : �˛2n��

�
C 2��˛1 tr.�˛2 : : : �˛2n��/

D � 2��� tr.�˛1 : : : �˛2n/ � tr
�
�˛1 : : : �˛2n����

�

� 2
2nX

iD1
.�/i��˛i tr

�
�˛1 : : : �˛i�1�˛iC1

: : : �˛2n��
�
;

i.e. we have a recursion relation

tr
�
�˛1 : : : �˛2n����

� D � ��� tr.�˛1 : : : �˛2n/

�
2nX

iD1
.�/i��˛i tr

�
�˛1 : : : �˛i�1�˛iC1

: : : �˛2n��
�
:

This yields for products of six � matrices

tr
�
�	�
��������

� D � 4�	
������ C 4�	��
���� � 4�	���
��� C 4�
������	

� 4�
������	 C 4�
������	 � 4�	������
 C 4�	������


� 4�	������
 C 4�	
������ � 4�	��
���� C 4�	���
���

� 4�	
������ C 4�	��
���� � 4�	���
���; (G.21)

and the trace of the product of eight � matrices contains 105 terms,

tr
�
�˛�ˇ�	�
��������

� D 4�	
�������˛ˇ � 4�	��
�����˛ˇ C 4�	���
����˛ˇ

� 4�
������	�˛ˇ C 4�
������	�˛ˇ � 4�
������	�˛ˇ C 4�	������
�˛ˇ

� 4�	������
�˛ˇ C 4�	������
�˛ˇ � 4�	
�������˛ˇ C 4�	��
�����˛ˇ

� 4�	���
����˛ˇ C 4�	
�������˛ˇ � 4�	��
�����˛ˇ C 4�	���
����˛ˇ

� 4�
������ˇ�˛	 C 4�
������ˇ�˛	 � 4�
������ˇ�˛	 C 4�����ˇ��
�˛	

� 4�����ˇ��
�˛	 C 4��ˇ�����
�˛	 � 4�
���ˇ����˛	 C 4�
���ˇ����˛	

� 4�
ˇ�������˛	 C 4�
���ˇ����˛	 � 4�
���ˇ����˛	 C 4�
ˇ�������˛	

� 4�
���ˇ����˛	 C 4�
���ˇ����˛	 � 4�
ˇ�������˛	 C 4�	������ˇ�˛
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� 4�	������ˇ�˛
 C 4�	������ˇ�˛
 � 4�����ˇ��	�˛
 C 4�����ˇ��	�˛


� 4��ˇ�����	�˛
 C 4�	���ˇ����˛
 � 4�	���ˇ����˛
 C 4�	ˇ�������˛


� 4�	���ˇ����˛
 C 4�	���ˇ����˛
 � 4�	ˇ�������˛
 C 4�	���ˇ����˛


� 4�	���ˇ����˛
 C 4�	ˇ�������˛
 � 4�	
�����ˇ�˛� C 4�	��
���ˇ�˛�

� 4�	���
��ˇ�˛� C 4�
���ˇ��	�˛� � 4�
���ˇ��	�˛� C 4�
ˇ�����	�˛�

� 4�	���ˇ��
�˛� C 4�	���ˇ��
�˛� � 4�	ˇ�����
�˛� C 4�	
��ˇ����˛�

� 4�	��
ˇ����˛� C 4�	ˇ��
����˛� � 4�	
��ˇ����˛� C 4�	��
ˇ����˛�

� 4�	ˇ��
����˛� C 4�	
�����ˇ�˛� � 4�	��
���ˇ�˛� C 4�	���
��ˇ�˛�

� 4�
���ˇ��	�˛� C 4�
���ˇ��	�˛� � 4�
ˇ�����	�˛� C 4�	���ˇ��
�˛�

� 4�	���ˇ��
�˛� C 4�	ˇ�����
�˛� � 4�	
��ˇ����˛� C 4�	��
ˇ����˛�

� 4�	ˇ��
����˛� C 4�	
��ˇ����˛� � 4�	��
ˇ����˛� C 4�	ˇ��
����˛�

� 4�	
�����ˇ�˛� C 4�	��
���ˇ�˛� � 4�	���
��ˇ�˛� C 4�
���ˇ��	�˛�

� 4�
���ˇ��	�˛� C 4�
ˇ�����	�˛� � 4�	���ˇ��
�˛� C 4�	���ˇ��
�˛�

� 4�	ˇ�����
�˛� C 4�	
��ˇ����˛� � 4�	��
ˇ����˛� C 4�	ˇ��
����˛�

� 4�	
��ˇ����˛� C 4�	��
ˇ����˛� � 4�	ˇ��
����˛� C 4�	
�����ˇ�˛�

� 4�	��
���ˇ�˛� C 4�	���
��ˇ�˛� � 4�
���ˇ��	�˛� C 4�
���ˇ��	�˛�

� 4�
ˇ�����	�˛� C 4�	���ˇ��
�˛� � 4�	���ˇ��
�˛� C 4�	ˇ�����
�˛�

� 4�	
��ˇ����˛� C 4�	��
ˇ����˛� � 4�	ˇ��
����˛� C 4�	
��ˇ����˛�

� 4�	��
ˇ����˛� C 4�	ˇ��
����˛�: (G.22)



Appendix H:
Spinor representations of the Lorentz group

The explicit form of the Lagrange density (21.74) for the Dirac field and the
appearance of the factor ‰ D ‰C � �0 are determined by the requirement of
Lorentz invariance of L and the transformation properties of spinors under Lorentz
transformations. However, before we can elaborate on these points, we have to
revisit the Lorentz transformation (B.8), which is also denoted as the vector
representation because it acts on spacetime vectors. We can discuss this in general
numbers n of spatial dimensions and d D n C 1 of spacetime dimensions.

Generators of proper orthochronous Lorentz transformations
in the vector and spinor representations

We can write the two factors of a proper orthochronous Lorentz transformation (B.8)
as exponentials of Lie algebra elements,

ƒ.u; �/ D ƒ.u/ �ƒ.�/ D exp.u � K/ � exp

�
1

2
�ijLij

�
: (H.1)

For the boost part we use explicit construction to prove that every proper Lorentz
boost can be written in the form exp.u � K/.

For the rotation part we can use the general result that every element of a compact
Lie group can be written as a single exponential of a corresponding Lie algebra
element, or we can use the fact that a general n � n rotation matrix consists of
n orthonormal row vectors, which fixes the general form in terms of n.n � 1/=2

parameters, and then demonstrate that the n.n � 1/=2 parameters �ij of exp.�ijLij=2/

provide a general parametrization of n orthonormal row vectors.

© Springer International Publishing Switzerland 2016
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Alternatively, we can consider (H.1) as an example for the polar decomposi-
tion (F.4) and infer the representation in terms of matrix exponentials from the
results on matrix logarithms in Appendix F.

The boost part is

ƒ.u/ D exp.u � K/ D exp
�
�i0Li0

� D exp
�
i�i0Mi0

�
(H.2)

and the spatial rotation is

ƒ.�/ D exp

�
1

2
�ijLij

�
D exp

�
i

2
�ijMij

�
; (H.3)

where �ij is the rotation angle in the ij plane. The generators are (in the vector
representation),

�
L��

�	

 D i

�
M��

�	

 D �

�	���
 � �	���

�
: (H.4)

These matrices generate the Lie algebra so.1; d � 1/,

ŒL��;L	
 � D ��	L�
 C ��
L�	 � ��	L�
 � ��
L�	

D � .L��/	�L�
 � .L��/
 �L	�: (H.5)

In 4-dimensional Minkowski space, the angles �ij are related to the rotation angles
'i around the xi-axis according to

'i D 1

2
�ijk�jk; �ij D �ijk'k: (H.6)

To see how the boost vector u is related to the velocity v D cˇ, we will explicitly
calculate the boost matrix ƒ.u/. We have with a contravariant row index and a
covariant column index, as in (B.8),

u � K D uiLi0 D iuiMi0 D

0
BBB@

0 �u1 : : : �ud�1
�u1 0 : : : 0
:::

:::
:::

�ud�1 0 : : : 0

1
CCCA D

�
0 �uT

�u 0

�
;

.u � K/2 D
�

u2 0T

0 u ˝ uT

�
; .u � K/2n D u2n

�
1 0T

0 Ou ˝ OuT

�
; (H.7)

.u � K/2nC1 D u2nC1
�

0 �OuT

�Ou 0

�
: (H.8)
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For the interpretation of the .d � 1/� .d � 1/ matrices Ou ˝ OuT and 1� Ou ˝ OuT , note
that for every .d � 1/-dimensional spatial vector r

rk D Ou. OuT � r/ D . Ou ˝ OuT/ � r

is the part rk of the vector which is parallel to u, and

r? D r � rk D .1 � Ou ˝ OuT/ � r

is the part of the vector which is orthogonal to u.
Substitution of the results (H.7, H.8) into (H.2) yields for the boost in the direction
Ou D Ǒ

ƒ.u/ D
�

cosh.u/ 0T

0 1C Ou ˝ OuT.cosh.u/ � 1/
�

C sinh.u/

�
0 �OuT

�Ou 0

�

D
�

� � �ˇT

� �ˇ 1 � Ou ˝ OuT C � Ou ˝ OuT

�
;

i.e.

� D cosh.u/; ˇ D tanh.u/; u D artanh.ˇ/ D 1

2
ln

�
1C ˇ

1 � ˇ
�
:

The parameter u is usually denoted as the boost parameter or rapidity of the Lorentz
transformation.

It may also be worthwhile to write down the corresponding rotation matrix in
4-dimensional Minkowski space. If we use the 3 � 3 matrices from Section 7.4 for
the spatial subsections of the rotation matrices1 Lmn,

.Li/jk D 1

2
�imn.Lmn/jk D �ijk; (H.9)

the rotation matrices take the following form,

ƒ.�/ D exp

�
1 0T

0 ' � L

�
D
�
1 0T

0 exp.' � L/

�
; (H.10)

with the 3 � 3 rotation matrix

exp.' � L/ D O' ˝ O'T C
�
1 � O' ˝ O'T

�
cos' C O' � L sin': (H.11)

Application of the matrix O' � L generates a vector product,

. O' � L/ � r D � O' � r:

1In this Appendix we use underscore only for 2� 2 matrices.
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The anticommutation relations (21.35) imply that the properly normalized
commutators of � -matrices,

S�� D i

4
Œ��; ��� (H.12)

also provide a representation of the Lie algebra so(1,d-1) (H.5),

ŒS��; S	
 � D i
�
��	S�
 C ��
S�	 � ��	S�
 � ��
S�	

�
D i.L��/	

�S�
 C i.L��/

�S	�: (H.13)

See equations (H.16–H.18) for the proof.
This representation of the Lorentz group is realized in the transformation of Dirac

spinors  .x/ under Lorentz transformations

x0 D ƒ.�/ � x D exp

�
1

2
���L��

�
� x;

 0.x0/ D U.ƒ/ � .x/ D exp

�
i

2
���S��

�
� .x/: (H.14)

The anticommutation relations (21.35) also imply invariance of the � -matrices
under Lorentz transformations x0 D ƒ.�/ � x,

� 0� D ƒ�
�.�/ exp

�
i

2
���S��

�
� �� � exp

�
� i

2
�	
S	


�
D ��; (H.15)

see equation (H.19). This invariance property of the � -matrices also implies form
invariance of the Dirac equation under Lorentz transformations,

i„��@0
� 

0.x0/ � mc 0.x0/ D exp

�
i

2
���S��

�
�
�

i„��@� .x/ � mc .x/
�
;

i.e. all inertial observers can use the same set of � -matrices, and the Dirac equation
has the same form for all of them.

Verification of the Lorentz commutation relations
for the spinor representations

The anti-commutation relations (21.35) imply

Œ����; �	� D ��f��; �	g � f��; �	g�� D 2��	�� � 2��	��
D 2.L��/	


�
 ; (H.16)
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where the matrices L�� were given in (H.4). Equation (H.16) also implies

ŒS��; �	� D i.L��/	

�
 (H.17)

and

ŒS��; S	
 � D i

4
ŒS��; Œ�	; �
 �� D i

4
ŒŒS��; �	�; �
 � � i

4
ŒŒS��; �
 �; �	�

D � 1

4
.L��/	

�Œ��; �
 �C 1

4
.L��/


�Œ��; �	�

D i.L��/	
�S�
 C i.L��/


�S	�: (H.18)

Equation (H.17) implies the Lorentz invariance of the � -matrices,

exp

�
i

2
���S��

�
�	 exp

�
� i

2
���S��

�
D
�

exp

�
�1
2
���L��

�	 


	

�


D ƒ�1.�/	
�
 : (H.19)

Scalar products of spinors and the Lagrangian
for the Dirac equation

The hermiticity relation (G.10) implies the following hermiticity property of the
Lorentz generators,

SC
�� D �0S���

0;

and therefore

 0C.x0/ D  C.x/ � �0 exp

�
� i

2
���S��

�
�0:

The adjoint spinor

 .x/ D  C.x/ � �0

therefore transforms inversely to the spinor  .x/,

 
0
.x/ D  .x/ � exp

�
� i

2
���S��

�
;

and the product of spinors

 .x/ ��.x/ D  C.x/ � �0 ��.x/
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is Lorentz invariant. This yields a Lorentz invariant Lagrangian for the Dirac
equation,

L D i„c

2

�
 .x/ � �� � @� .x/ � @� .x/ � �� � .x/

�
� mc2 .x/ � .x/: (H.20)

The spinor representation in the Weyl and Dirac bases
of �-matrices

In even dimensions, the construction (G.9) yields � -matrices of the form

�0 D
�
0 1

1 0

�
; �i D

�
0 
 i

�
 i 0

�
; (H.21)

with hermitian .2.d=2/�1 � 2.d=2/�1/ matrices 
 i, which satisfy

f
 i; 
 jg D 2ıij: (H.22)

The spinor representation of the Lorentz generators in this Weyl basis is

S0i D i

2
�0�i D i

2

��
 i 0

0 
 i

�
; (H.23)

Sij D i

4
Œ�i; �j� D � i

4

 
Œ
 i; 
 j� 0

0 Œ
 i; 
 j�

!
: (H.24)

This is the advantage of a Weyl basis: The 2d=2 components of a spinor explicitly
split into two Weyl spinors with 2.d=2/�1 components. The two Weyl spinors
transform separately under proper orthochronous Lorentz transformations. A Dirac
spinor representation in even dimensions is therefore reducible under the group of
proper orthochronous Lorentz transformations. However, the form of S0i tells us that
the two Weyl spinors are transformed into each other under time or space inversions.
Therefore the representation of the full Lorentz group really requires the full 2d=2-
dimensional Dirac spinor.

The rotation generators in the Dirac representation in even dimensions are the
same as in the Weyl basis, but the boost generators become

S0i D � i

2

�
0 
 i


 i 0

�
: (H.25)

For an odd number of spacetime dimensions our construction provides � -matrices
of the form,
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�0 D ˙
��1 0

0 1

�
; �i D

�
0 
 i

�
 i 0

�
; 1 � i � d � 2;

�d�1 D �i

�
0 1

1 0

�
:

The rotation generators Sij, 1 � i; j � d � 2, are the same as in d � 1 dimensions,
but rotations of the .i; d � 1/ plane are generated by

Si;d�1 D 1

2

�

 i 0

0 �
 i

�
; (H.26)

and the boost generators are off-diagonal,

S0i D 
 i

2

�
0 
 i


 i 0

�
; S0;d�1 D ˙1

2

�
0 �1
1 0

�
: (H.27)

The proper orthochronous Lorentz group therefore mixes all the 2.d�1/=2 compo-
nents of a Dirac spinor in odd dimensions.

Construction of the vector representation from the spinor
representation

Equation (21.35) implies

tr.����/ D �2bd=2c���: (H.28)

This and the invariance of the � -matrices (H.15) can be used to reconstruct the
vector representation of a proper orthochronous Lorentz transformation from the
corresponding spinor representation,

ƒ�
�.�/ D �2�bd=2ctr

�
exp

�
� i

2
���S��

�
� �� � exp

�
i

2
�	
S	


�
� ��
	
: (H.29)

We can also use equation (H.28) to transform every vector into a spinor of order 2
(or every tensor of order n into a spinor of order 2n),

x.�/ D x���; x� D �2�bd=2ctrŒ�� � x.�/� ;

and the invariance of the � -matrices implies

x0� D ƒ�
�.�/x

� , x0.�/ D exp

�
i

2
���S��

�
� x.�/ � exp

�
� i

2
�	
S	


�
:
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Construction of the free Dirac spinors from Dirac
spinors at rest

We use c D 1 and d D 4 in this section. The Dirac equation in momentum
space (21.41) is for a Dirac spinor  .E; 0/ at rest

.m � E�0/ .E; 0/ D 0: (H.30)

The hermitian 4 � 4 matrix �0 can only have eigenvalues ˙1, which each must be
two-fold degenerate because �0 is traceless. Therefore Dirac spinors at rest must
correspond to energy eigenvalues E D ˙m. To construct the free Dirac spinors for
arbitrary on-shell momentum 4-vector we can then use a boost into a frame where
the fermion has on-shell momentum 4-vector ˙p,

�˙E
0

�
!

�˙pp2 C m2

˙p

�
D ƒ �

�˙m
0

�
; (H.31)

and equation (H.14) then implies

 .˙
p

p2 C m2;˙p/ D U.ƒ/ � .˙m; 0/:

The Lorentz boost which takes us from the rest frame of the fermion into a frame
where the fermion has on-shell momentum 4-vector ˙p is

ƒ.u/ D fƒ�
�.u/g D

�
� � �ˇT

� �ˇ 1 � Ou ˝ OuT C � Ou ˝ OuT

�

D 1

m

 p
p2 C m2 pT

p m1 � mOp ˝ OpT Cp
p2 C m2 Op ˝ OpT

!
;

i.e. with E.p/ � p
p2 C m2,

� D cosh.u/ D 1

m

p
p2 C m2 D E.p/

m
; �ˇ D Ou sinh.u/ D � p

m
; (H.32)

v D ˇ D � pp
p2 C m2

:

The minus sign makes perfect sense: We have to transform from the particle’s rest
frame into a frame which moves with speed v D �vparticle relative to the particle to
observe the particle with speed vparticle D p=E.p/.
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The rapidity parameter of the particle is

u D artanh.ˇ/ D 1

2
ln

�
1C ˇ

1 � ˇ
�

D 1

2
ln

 p
p2 C m2 C jpjp
p2 C m2 � jpj

!

D ln

 p
p2 C m2 C jpj

m

!
:

The general boost matrix acting on the spinors is

U.u/ D exp
�
iuiSi0

� D exp

�
1

2
ui�0�i

�
D cosh

�u

2

�
C Ou � �0� sinh

�u

2

�
;

U2.u/ D exp
�
2iuiSi0

� D exp
�
ui�0�i

� D cosh.u/C Ou � �0� sinh.u/ :

In the present case we have

U2.u/ D 1

m

�p
p2 C m2 � p � �0�

�
;

i.e. we can also write

U.u/ D 1p
m

qp
p2 C m2 � p � �0�: (H.33)

The corresponding boost matrices in the Dirac representation (21.36) are

�0�i D
�

0 �
 i

�
 i 0

�
;

U.u/ D
�

cosh
�

u
2

� �OuT � � sinh
�

u
2

�
�Ou � � sinh

�
u
2

�
cosh

�
u
2

�
�

D 1p
m

�
E.p/ p � �
p � � E.p/

�1=2
:

For the evaluation of the hyperbolic functions, we note

cosh
�u

2

�
D
r

cosh.u/C 1

2
D
r

E.p/C m

2m
;

sinh
�u

2

�
D
r

cosh.u/ � 1
2

D
r

E.p/ � m

2m
D jpjp

2m.E.p/C m/
:

This yields

U.u/ D 1p
2m.E.p/C m/

�
E.p/C m p � �

p � � E.p/C m

�
: (H.34)
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The rest frame spinors satisfying equation (H.30) in the Dirac representation are

u.0; 12 / D

0
BB@

p
2m
0

0

0

1
CCA ; u.0;� 1

2 / D

0
BB@

0p
2m
0

0

1
CCA ;

v.0;� 1
2 / D

0
BB@

0

0p
2m
0

1
CCA ; v.0; 12 / D

0
BB@

0

0

0p
2m

1
CCA ;

and application of the spinor boost matrix (H.34) yields the spinors u.p;˙ 1
2
/ and

v.p;˙ 1
2
/ in agreement with equations (21.45–21.48). The initial construction there

from m � � � p gave us the negative energy solutions v.�p;˙ 1
2
/ for momentum 4-

vector .�E.p/; p/, whereas the construction from equation (H.31) gave us directly
the negative energy solutions v.p;˙ 1

2
/ for momentum 4-vector �p D .�E.p/;�p/,

which in either derivation are finally used in the general free solution (21.49).



Appendix I: Transformation of fields
under reflections

In this Appendix we will assume d D 4 for the number of spacetime dimensions.
The proper orthochronous Lorentz transformations were introduced in Appendix B
and we have discussed exponential representations of boosts and rotations in
equations (H.1–H.27). However, the relativistic line element ds2 D ����dx�dx�

is also invariant under reflections1

P� W dx� ! �dx�; dx� ! dx�.� ¤ �/:

The product of any two spatial reflections is a rotation of the corresponding spatial
plane by � , cf. (H.10, H.11),

PiPj D exp.i�Mij/;

and this implies that we can write any particular spatial reflection as a combination
of the reflection P D P1P2P3 of all spatial directions with a rotation by � ,

Pi D P exp

�
i

2
��ijkMjk

�
:

Therefore it is sufficient to discuss the two discrete Lorentz transformations T D P0
(reversal of time direction) and P. The spatial inversion P is also denoted as a parity
transformation.

1The reflections dt ! �dt or dxi ! �dxi (or up to constant shifts, t ! �t, xi ! �xi) are
usually denoted as time or space inversions. This convention likely originated from the fact that in
algebraic fields (here “field” refers to the mathematical definition of a set which allows for addition,
subtraction, multiplication, and division where possible) x ! �x is the inversion operation with
respect to addition. However, the operations P� are reversals of time or spatial directions which
arise from reflections at 3-dimensional hyperplanes located at some coordinate value X�: x� !
2X� � x�. Therefore we prefer the designation reflections for these transformations.

© Springer International Publishing Switzerland 2016
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We can determine the transformation properties of fields under P and T from the
requirement that electrodynamics should be invariant under these transformations,
i.e. we postulate that the equations

Œ„@ � iQA�2� � m2c2� D 0; ��Œi„@� C qA��‰ � mc‰ D 0; (I.1)

� 1

�0c
@�F�� D q‰��‰ C iQc

�
@��C �� � �C � @�� C i

Q

„ �
CA��

	
(I.2)

hold in this form also for an observer that uses reflected spatial axes or uses
decreasing values of t to label the future.

We know already from classical electrodynamics how electromagnetic fields and
charge distributions transform under P and T, see e.g. [19],

T W t0 D �t; x0 D x; j00.x; t/ D j0.x;�t/; j0.x; t/ D �j.x;�t/;

E0.x; t/ D E.x;�t/; B0.x; t/ D �B.x;�t/;

P W t0 D t; x0 D �x; j00.x; t/ D j0.�x; t/; j0.x; t/ D �j.�x; t/;

E0.x; t/ D �E.�x; t/; B0.x; t/ D B.�x; t/:

The transformation properties of the electromagnetic fields imply that (up to gauge
transformations) the vector potentials transform according to

T W A0
0.x; t/ D A0.x;�t/; A0.x; t/ D �A.x;�t/;

P W A0
0.x; t/ D A0.�x; t/; A0.x; t/ D �A.�x; t/:

The components of A�.x/ transform under P like the derivative operators @�, such
that the covariant derivatives transform like D0

0 D D0, D0
i D �Di. We can therefore

get the correct transformation behavior of the currents on the right hand side of
Maxwell’s equations (I.2) and preserve the matter equations (I.1) if we transform
the matter fields (up to gauge transformations) according to

P W �0.x; t/ D �.�x; t/; ‰0.x; t/ D �0‰.�x; t/:

On the other hand, the partial derivatives and vector potentials pick up relative minus
signs under time reversal T:

„@0 � iqA0.x; t/ D �„@0
0 � iqA0

0.x; t
0/; „r � iqA.x; t/ D „r C iqA.x; t0/:

The transformation properties of scalar and spinor fields under time reversal
therefore need to invoke complex conjugations to preserve the matter equations
of motion (I.1), and they need to reverse the signs of some of the derivatives of
the Dirac field after complex conjugation while leaving the other derivative terms
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unchanged. In a Dirac of Weyl basis of � matrices (21.36, 21.37), this can be
achieved (up to gauge transformations) through the transformation laws2

T W �0.x; t/ D ��.x;�t/; ‰0.x; t/ D �1�3‰
�.x;�t/:

Relativistic electrodynamics is invariant under P and T and also under charge
conjugation (21.3, 21.79). However, as a general property relativistic field theories
only need to be invariant under the combination CPT, see e.g. Vol. I of [41], which
also provides original references for the CPT theorem. In our conventions, CPT acts
on scalar and spinor fields and real vector potentials according to

CPT W �0.x/ D �.�x/; ‰0.x/ D �5‰.�x/; A0
�.x/ D A�.�x/:

Here the �5 matrix is defined as

�5 D i�0�1�2�3:

It takes the following explicit forms in the Dirac or Weyl representations:

�
.D/
5 D

�
0 1

1 0

�
; �

.W/
5 D

�
1 0

0 �1
�
:

2Time reversal and charge conjugation also require a transposition of operator products if the
fermionic field ‰ is not a c number field but an operator.



Appendix J: Green’s functions in d dimensions

We denote the number of spatial dimensions with d in this appendix, and we suspend
the use of summation convention until we reach (J.62).

Green’s functions are solutions of linear differential equations with ı function
source terms. Basic one-dimensional examples are provided by the conditions

d

dx
S.x/ � �S.x/ D � ı.x/; d2

dx2
G.x/ � �2G.x/ D � ı.x/; (J.1)

with solutions

G.x/ D a

2�
exp.��jxj/C a � 1

2�
exp.�jxj/C A exp.�x/C B exp.��x/; (J.2)

and

S.x/ D d

dx
G.x/C �G.x/

D a‚.�x/ exp.�x/C .a � 1/‚.x/ exp.�x/C 2�A exp.�x/

D C exp.�x/C‚.�x/ exp.�x/ D C0 exp.�x/ �‚.x/ exp.�x/; (J.3)

C0 D C C 1 D 2�A C a:

That the functions (J.2, J.3) satisfy the conditions (J.1) is easily confirmed by using

d

dx
jxj D ‚.x/ �‚.�x/;

d

dx
‚.˙x/ D ˙ı.x/:

The solutions of the conditions in the limit � ! 0 are

G.x/ D ˛x C ˇ � jxj
2
; S.x/ D d

dx
G.x/ D ˛ C ‚.�x/ �‚.x/

2
: (J.4)
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The appearance of integration constants signals that we can impose boundary
conditions on the Green’s functions. An important example for this is the require-
ment of vanishing Green’s functions at spatial infinity, which can be imposed if the
real part of � does not vanish. For positive real � this implies the one-dimensional
Green’s functions

G.x/ D 1

2�
exp.��jxj/; S.x/ D ‚.�x/ exp.�x/:

However, in one dimension we cannot satisfy the boundary condition of vanishing
Green’s functions at infinity if � D 0, and we will find the same result for the scalar
Green’s function G.x/ in two dimensions. We can satisfy conditions that the Green’s
functions (J.4) should vanish on a half-axis x < 0 or x > 0 for � D 0 by choosing
˛ D 
1=2, ˇ D 0. On the other hand, if � D ik is imaginary with k > 0, the
Green’s function

G.x/ D i

2k
exp.ikjxj/

describes the spatial factor of outgoing waves expŒi.kjxj � !t/�, i.e. the one-
dimensional version of outgoing spherical waves.

Green’s functions for Schrödinger’s equation

We are mostly concerned with Green’s functions associated with time-independent
Hamilton operators

H D p2

2m
C V.x/ D

Z
ddx jxi

�
� „2
2m
�C V.x/

�
hxj:

Note that the number of spatial dimensions d is left as a discrete variable.
The inversion condition for the energy-dependent Schrödinger operator,

.E � H/Gd;V.E/ D 1 (J.5)

is in x representation the condition

�
E C „2

2m
� � V.x/

�
hxjGd;V.E/jx0i D ı.x � x0/: (J.6)

The equations (J.5) and (J.6) show that we should rather talk about a Green’s
operator Gd;V.E/ (or a resolvent in mathematical terms), with matrix elements
hxjGd;V.E/jx0i. We will instead continue to use the designation Green’s function
both for Gd;V.E/ and the Fourier transformed operator Gd;V.t/ and for all their
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representations in x or k space variables (or their matrix elements with respect to any
other quantum states). The designation Green’s function originated from the matrix
elements Gd;V.x; x0I E/ � hxjGd;V.E/jx0i. These functions preceded the resolvent
Gd;V.E/ because the inception of differential equations preceded the discovery of
abstract operator concepts and bra-ket notation.

The Green’s function Gd;V.E/ can eventually be calculated perturbatively in terms
of the free Green’s function Gd.E/ � Gd;VD0.E/. The equations

.E � H0/Gd;V.E/ D 1C VGd;V.E/; .E � H0/Gd.E/ D 1; (J.7)

yield

Gd;V.E/ D Gd.E/C Gd.E/VGd;V.E/

D Gd.E/C Gd.E/VGd.E/C Gd.E/VGd.E/VGd;V.E/

D
1X

nD0
Gd.E/ .VGd.E//

n D
1X

nD0
.Gd.E/V/

n Gd.E/: (J.8)

From the geometric series appearing in (J.8) we can also find the representations

Gd;V.E/ D Gd.E/
1

1 � VGd.E/
D 1

1 � Gd.E/V
Gd.E/

which are of course equivalent to the original condition .E�H/Gd;V.E/ D 1 through

.E � H0 � V/�1 D
�
.E � H0/

h
1 � .E � H0/

�1 V
i��1

D
�
1 � .E � H0/

�1 V
��1

.E � H0/
�1

and the corresponding relation with E � H0 extracted on the right hand side of V .
Whether the formal iteration (J.8) yields a sensible numerical approximation

depends on the potential V , the energy E, and on the states for which we wish to
calculate the corresponding matrix element of Gd;V.E/. We defined H0 D p2=2m
as the free Hamiltonian, and we have used the first two terms of (J.8) in potential
scattering theory in the Born approximation. Other applications of series like (J.8)
in perturbation theory would include a solvable part V0 of the potential in H0 and
use only a perturbation V 0 D V � V0 for the iterative solution. However, our main
concern in the following will be the free Green’s function Gd.E/.

The variable E in (J.5) can be complex, but Gd;V.E/ will become singular for
values of E in the spectrum of H. It is therefore useful to explicitly add a small
imaginary part if E is constrained to be real, which is the most relevant case for
us. To discuss the implications of a small imaginary addition to E, consider Fourier
transformation of (J.5) into the time domain. Substitution of
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Gd;V.E/ D
Z 1

�1
dt Gd;V.t/ exp.iEt=„/; (J.9)

Gd;V.t/ D 1

2�„
Z 1

�1
dE Gd;V.E/ exp.�iEt=„/; (J.10)

yields

�
i„ d

dt
� H

�
Gd;V.t/ D ı.t/: (J.11)

We can solve this equation in the form

Gd;V.t/ D a

i„‚.t/Kd;V.t/C a � 1
i„ ‚.�t/Kd;V.t/ D a �‚.�t/

i„ Kd;V.t/; (J.12)

if Kd;V.t/ is the solution of the time-dependent Schrödinger equation

�
i„ d

dt
� H

�
Kd;V.t/ D 0

with initial condition Kd;V.0/ D 1. Indeed, we have found this solution and used it
extensively in Chapter 13. It is the time evolution operator

Kd;V.t/ D U.t/ D exp

�
� i

„Ht

�
: (J.13)

Equations (J.12) and (J.13) imply that the Green’s function in the energy represen-
tation is

Gd;V.E/ D a

i„
Z 1

0

dt expŒi.E � H C i�/t=„�

� 1 � a

i„
Z 0

�1
dt expŒi.E � H � i�/t=„�

D a

E � H C i�
C 1 � a

E � H � i�
; (J.14)

with a small shift � > 0.
The time-dependent Green’s function (J.12) solves the inhomogeneous equation

�
i„ d

dt
� H

�
F.t/ D J.t/
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in the form

F.t/ D F0.t/C
Z 1

�1
dt0 Gd;V.t � t0/J.t0/

D F0.t/C a

i„
Z t

�1
dt0 exp

�
� i

„H.t � t0/
�

J.t0/

C a � 1
i„

Z 1

t
dt0 exp

�
� i

„H.t � t0/
�

J.t0/; (J.15)

where F0.t/ is an arbitrary solution of the Schrödinger equation

�
i„ d

dt
� H

�
F0.t/ D 0:

The Green’s function (J.12, J.14) with a D 1 is the retarded Green’s function,
because the solution (J.15) receives only contributions from J.t0/ at times t0 < t
for a D 1. The Green’s function with a D 0 is denoted as an advanced Green’s
function, because it determines F.t/ from back evolution of future values of J.t/.

We will now specialize to the retarded free Green’s function. So far we have
found the following representations for this Green’s function,

Gd.t/ D ‚.t/

i„ exp

�
� it

2m„p2
�
; (J.16)

Gd.E/ D � 2m

„2 Gd.E/ D 1

E C i� � .p2=2m/
: (J.17)

The rescaled Green’s function Gd.E/ is an inverse Poincaré operator

�
�C 2mE

„2
�

hxjGd.E/jx0i D � ı.x � x0/; (J.18)

and has been introduced to make the connection with electromagnetic Green’s
functions and potentials more visible.

The equations (J.16, J.17) do not generate any spectacular dependence on the
number d of spatial dimensions in the k-space representation of the retarded free
Green’s functions,

hkjGd.t/jk0i D ‚.t/

i„ exp

�
�i

„t

2m
k2
�
ı.k � k0/ � Gd.k; t/ı.k � k0/;

hkjGd.E/jk0i D ı.k � k0/
k2 � .2mE=„2/ � i�

� Gd.k;E/ı.k � k0/; (J.19)
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and also the d-dependence of the mixed representations is not particularly
noteworthy, e.g.

hxjGd.t/jki D hxjkiGd.k; t/ D ‚.t/

i„p
2�

d exp

�
ik � x � i

„t

2m
k2
�
;

hxjGd.E/jki D hxjkiGd.k;E/ D 1p
2�

d

exp.ik � x/

k2 � .2mE=„2/ � i�
:

The x-representation of the time-dependent Green’s function,

hxjGd.t/jx0i D 1

.2�/d

Z
ddkGd.k; t/ expŒik � .x � x0/� � Gd.x � x0; t/;

is

Gd.x; t/ D ‚.t/

i„.2�/d
Z

ddk exp

�
i

�
k � x � „t

2m
k2
�	

D ‚.t/

i„
r

m

2� i„t

d

exp

�
i
mx2

2„t

�
: (J.20)

This equation holds in the sense that Gd.x � x0; t � t0/ has to be integrated with an
absolutely or square integrable function J.x0; t0/ to yield a solution F.x; t/ (J.15) of
an inhomogeneous Schrödinger equation.

The representation of the retarded free Green’s function in the time-domain
is interesting in its own right, but in terms of dependence on the number d of
dimensions, the operator i„Gd.t/ and its representations i„Gd.k; t/ and i„Gd.x; t/ are
simply products of d copies of the corresponding one-dimensional Green’s function
i„G1.t/ and its representations. Free propagation in time separates completely in
spatial dimensions1.

The interesting dimensional aspects of the Green’s function appear if we
represent it in the energy domain and in x-space,

hxjGd.E/jx0i D 1

.2�/d

Z
ddk Gd.k;E/ expŒik � .x � x0/�

� Gd.x � x0;E/: (J.21)

This requires a little extra preparation.

1This is a consequence of the separation of the free non-relativistic Hamiltonian H0 D p2=2m.
However, this property does not hold in relativistic quantum mechanics, and therefore the free
time-dependent Green’s function in the relativistic case is not a product of one-dimensional Green’s
functions, see (J.44).
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Polar coordinates in d dimensions

Evaluation of the d-dimensional Fourier transformation in (J.21) involves polar
coordinates in d-dimensional k space. Furthermore, it is also instructive to derive the
zero energy Green’s function Gd.0/ directly in x space, which is also conveniently
done in polar coordinates. Therefore we use x space as a paradigm for the discussion
of polar coordinates in d dimensions with the understanding that in k space,

r D p
x2 is replaced with k D

p
k2.

We define polar coordinates r; �1; : : : �d�1 in d dimensions through

x1 D r sin �1 � sin �2 � : : : � sin �d�2 � sin �d�1; ' D �

2
� �d�1

x2 D r sin �1 � sin �2 � : : : � sin �d�2 � cos �d�1;
:::

xd�1 D r sin �1 � cos �2;

xd D r cos �1:

This yields corresponding tangent vectors along the radial coordinate lines,
cf. (5.18),

ar D @x
@r

D er;

and along the �i coordinate lines

ai D @x
@�i

D r sin �1 � sin �2 � : : : sin �i�1ei:

Here we defined the unit tangent vector along the �i coordinate line

ei D ai

jaij :

This should not be confused with Cartesian basis vectors since we do not use any
Cartesian basis vector in this section.

The induced metric is g�� D a� � a� , see Section 5.4. This yields in the present
case

g��
ˇ̌
ˇ
�¤� D 0; grr D 1;

and

gii D r2 sin2 �1 � sin2 �2 � : : : � sin2 �i�1; 1 � i � d � 1:
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The Jacobian determinant (5.28) of the transformation from polar to Cartesian
coordinates and the related volume measure (5.27) are then

p
g D rd�1 sind�2 �1 � sind�3 �2 � : : : � sin �d�2

and

ddx D drd�1 : : : d�d�1 rd�1 sind�2 �1 � sind�3 �2 � : : : � sin �d�2: (J.22)

In particular, the hypersurface area of the .d � 1/-dimensional unit sphere is

Sd�1 D 2�

d�2Y
nD1

Z �

0

d� sinn � D 2
p
�

d

�.d=2/
: (J.23)

The gradient operator r D P
� a�@� is

r D er
@

@r
C

d�1X
iD1

ei

r sin �1 � sin �2 � : : : � sin �i�1
@

@�i
:

For the calculation of the Laplace operator, we need the derivatives (recall that we
do not use summation convention in this appendix)

ej � @er

@�j
D sin �1 � sin �2 � : : : sin �j�1

and

ej � @ei

@�j
D ıj;iC1 cos �i C‚.j > i C 1/ cos �i � sin �iC1 � : : : � sin �j�1:

This yields

� D @2

@r2
C d � 1

r

@

@r
C 1

r2

d�1X
iD1

1

sin2 �1 � sin2 �2 � : : : � sin2 �i�1
@2

@�2i

C 1

r2

d�2X
iD1

d�1X
jDiC1

cot �i

sin2 �1 � sin2 �2 � : : : � sin2 �i�1
@

@�i
:

We only need the radial part of the Laplace operator for the direct calculation of
the zero energy Green’s function Gd.x;E D 0/ � Gd.r/. The condition

�Gd.r/ D 1

rd�1
d

dr
rd�1 d

dr
Gd.r/ D � ı.x/



J. Green’s functions in d dimensions 667

implies after integration over a spherical volume with radius r,

Sd�1rd�1 d

dr
Gd.r/ D 2

p
�

d

�.d=2/
rd�1 d

dr
Gd.r/ D �1:

This yields

Gd.r/ D

8̂
ˆ̂<
ˆ̂̂:

.a � r/=2; d D 1;

�.2�/�1 ln.r=a/; d D 2;

�
�

d�2
2

� �
4
p
�

d
rd�2

��1
; d � 3:

(J.24)

The integration constant determines for d D 1 and d D 2 at which distance a the
Green’s function vanishes. For d � 3 the vanishing integration constant / a2�d is
imposed by the usual boundary condition limr!1 Gd�3.r/ D 0.

The free Green’s function in the x-representation with full energy dependence is
still translation invariant and isotropic, hxjGd.E/jx0i � Gd.x � x0;E/ D Gd.jx �
x0j;E/, and can be gotten from integration of the condition

�Gd.x;E/C 2m

„2 EGd.x;E/ D � ı.x/: (J.25)

The result (J.24) motivates an ansatz

Gd.x;E/ D fd.r;E/Gd.r/: (J.26)

This will solve (J.25) if the factor fd.r;E/ satisfies

d2

dr2
fd.r;E/C 3 � d

r

d

dr
fd.r;E/C 2m

„2 Efd.r;E/ D 0; fd.0;E/ D 1:

This yields together with the requirement Gd.x;E/jE<0 2 R and analyticity in E
(and the convention

p�EjE>0 D �i
p

E),

Gd.x;E/ D ‚.�E/p
2�

d

 p�2mE

„r

! d�2
2

K d�2
2

�p�2mE
r

„
�

C i
�

2

‚.E/p
2�

d

 p
2mE

„r

! d�2
2

H.1/
d�2
2

�p
2mE

r

„
�
; (J.27)

where the conventions and definitions from [1] were used for the modified Bessel
and Hankel functions.
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The result (J.27) tells us that outgoing spherical waves of energy E > 0 in d
dimensions are given by Hankel functions,

Gd.x;E > 0/ D i�

2
p
2�

d

 p
2mE

„r

! d�2
2

H.1/
d�2
2

�p
2mE

r

„
�
;

with asymptotic form

Gd.x;E > 0/
ˇ̌
ˇ
kr�1

' 1

2k

�
k

2�r

� d�1
2

exp

�
ikr � i

d � 3
4

�

�
;

while d-dimensional Yukawa potentials of range a are described by modified Bessel
functions,

Vd.r/ D 1p
2�

d
rd�2

� r

a

� d�2
2

K d�2
2

� r

a

�
;

with asymptotic form

Vd.r � a/ ' exp.�r=a/

2
p

ad�3p
2�r

d�1 :

The result (J.27) can also be derived through Fourier transformation (J.21) from
the energy-dependent retarded Green’s function in k space,

Gd.x;E/ D 1

.2�/d

Z
ddk Gd.k;E/ exp.ik � x/;

Gd.k;E/ D 1

k2 � .2mE=„2/ � i�
;

or in terms of poles in the complex k plane (where k � jkj for d > 1),

Gd.k;E/ D ‚.E/

.k �p
2mE=„2 � i�/.k Cp

2mE=„2 C i�/

C ‚.�E/

.k � i
p�2mE=„2/.k C i

p�2mE=„2/ : (J.28)

This yields for d > 1 (for the # integral see [32], p. 457, no. 6)
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Gd.x;E/ D Sd�2
.2�/d

Z 1

0

dk
Z �

0

d#
kd�1 exp.ikr cos#/

k2 � .2mE=„2/ � i�
sind�2 #

D 1

2d�1p�dC1
�
�

d�1
2

�
Z 1

0

dk
Z �

0

d#
kd�1 exp.ikr cos#/

k2 � .2mE=„2/ � i�
sind�2 #

D 1p
2�

dp
rd�2

Z 1

0

dk

p
k

d

k2 � .2mE=„2/ � i�
J d�2

2
.kr/

D ‚.�E/p
2�

d

 p�2mE

„r

! d�2
2

K d�2
2

�p�2mE
r

„
�

C i
�

2

‚.E/p
2�

d

 p
2mE

„r

! d�2
2

H.1/
d�2
2

�p
2mE

r

„
�
: (J.29)

For the k integral for E > 0 see [33], p. 179, no. 28. The real part of the
integral for E < 0 is given on p. 179, no. 35. The integrals can also be performed
with symbolic computation programs, of course. The k integral actually diverges
for d � 5, but recall that we have found the same solution for arbitrary d from
the ansatz (J.26). Fourier transformation of (J.28) for d D 1 directly yields the
result (20.6), which also coincides with (J.29) for d D 1.

The time evolution operator in various representations

We have seen that the Green’s function Gd;V.t/ in the time domain is intimately
connected to the time evolution operator

U.t/ D exp.�iHt=„/

through equations (J.12, J.13). We can also define an energy representation for the
time evolution operator in analogy to equations (J.9, J.10),

U.E/ D
Z 1

�1
dt U.t/ exp.iEt=„/ D 2�„ı.E � H/: (J.30)

Indeed, we have encountered this representation of the time evolution operator
already in the frequency decomposition (5.14) of states,

j .!/i D p
2�U.„!/j .t D 0/i:

The free d-dimensional evolution operator in the time domain is simply the
product of d one-dimensional evolution operators,
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U0.t/ D exp

�
� it

2m„p2
�
;

hkjU0.t/jk0i D U0.k; t/ı.k � k0/; U0.k; t/ D exp

�
�i

„t

2m
k2
�
;

hxjU0.t/jki D 1p
2�

d exp

�
ik � x � i

„t

2m
k2
�
;

and

hxjU0.t/jx0i D 1

.2�/d

Z
d3k exp



ik � .x � x0/

�
U0.k; t/ D U0.x � x0; t/;

U0.x; t/ D
r

m

2� i„t

d

exp

�
i
mx2

2„t

�
:

Just like for the free Green’s functions, the dependence on d becomes more
interesting in the energy domain. The equation

U0.k;E/ D 2�„ı
 

E � „2k2
2m

!
D �

r
2m

E
ı

 
jkj �

p
2mE

„

!

yields

U0.x;E/ D 1

.2�/d

Z
ddk exp.ik � x/U0.k;E/

D ‚.E/Sd�2
2d.�„/d�1

p
2m

dp
E

d�2 Z �

0

d# exp
�

i
p
2mE

r

„ cos#
�

sind�2 #

D ‚.E/
m

„

 
1

�„r

r
mE

2

! d�2
2

J d�2
2

�p
2mE

r

„
�
: (J.31)

We have encountered several incarnations of the time evolution equation

j .t/i D U0.t � t0/j .t0/i;
e.g. with hkj i � hkj .0/i,

hxj .t/i D
Z

ddk hxjU0.t/jkihkj i

D 1p
2�

d

Z
ddk exp

�
i

�
k � x � „t

2m
k2
�	
 .k/

D
Z

ddx0 U0.x � x0; t � t0/hx0j .t0/i:
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Equation (J.31) implies with j i � j .t D 0/i the .x; !/ representation for free
states in terms of their .x; t D 0/ representations,

hxj .!/i D 1p
2�

Z
dt exp.i!t/ hxj .t/i

D 1p
2�

Z
ddx0

Z
dt exp.i!t/ hxjU0.t/jx0ihx0j i

D 1p
2�

Z
ddx0 hxjU0.„!/jx0ihx0j i

D ‚.!/
mp
2�„

�
1

�

r
m!

2„
� d�2

2

�
Z

ddx0 J d�2
2

 r
2m!

„ jx � x0j
!

hx0j ipjx � x0jd�2 : (J.32)

In turn, equation (5.12) implies for the initial state

j i D 1p
2�

Z
d! j .!/i;

and therefore the kernel in (J.32) must yield a d-dimensional ı function,

mp
2�

d„

Z 1

0

d!

 r
2m!

„
1

jxj

! d�2
2

J d�2
2

 r
2m!

„ jxj
!

D ı.x/;

or in terms of magnitude of wave number,

1p
2�

d

Z 1

0

dk k

�
k

r

� d�2
2

J d�2
2
.kr/ D ı.x/: (J.33)

However, this is just the familiar relation

1

.2�/d

Z
ddk exp.ik � x/ D ı.x/

after evaluation of the angular integrals in polar coordinates in k space.
In particular, for d D 1 we find

hxj .!/i D ‚.!/

r
m

�„!
Z

dx0 cos

 r
2m!

„ .x � x0/
!

hx0j i: (J.34)
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In two dimensions we find

hxj .!/i D ‚.!/
mp
2�„

Z
d2x0 J0

 r
2m!

„ jx � x0j
!

hx0j i; (J.35)

and in three dimensions we find

hxj .!/i D ‚.!/
mp
2�3„

Z
d3x0 sin

 r
2m!

„ jx � x0j
!

hx0j i
jx � x0j : (J.36)

The free states in the .x; !/ representation are a superposition of stationary radial
waves, where each point contributes with weight hx0j i.

Relativistic Green’s functions in d spatial dimensions

Although the theory in this subsection is relativistic, we will not use manifestly
Lorentz covariant 4-vector notation like x D .ct; x/, k D .!=c; k/ for the space-time
and momentum variables because we are also interested in mixed representations of
the Green’s functions like G.x; !/. For the manifestly covariant notation see the
note at the end of this Appendix.

The relativistic free scalar Green’s function in the time domain must satisfy

�
� � 1

c2
@2

@t2
� m2c2

„2
�

Gd.x; tI x0; t0/ D � ı.x � x0/ı.t � t0/: (J.37)

This yields after transformation into .k; !/ space

Gd.k; !I k0; !0/ D Gd.k; !/ı.k � k0/ı.! � !0/; (J.38)

where the factor Gd.k; !/ is

Gd.k; !/ D 1

k2 � !2

c2
C m2c2

„2 � i�
: (J.39)

The shift �i�, � > 0, into the complex plane is such that this reproduces the retarded
non-relativistic Green’s function (J.19) in the non-relativistic limit

! ) mc2 C E

„ ;

when terms of order O.E2/ are neglected. However, in the relativistic case this yields
both retarded and advanced contributions in the time domain. This convention for
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the poles in the relativistic theory was introduced by Richard Feynman2 and yields
the Green’s functions of Stückelberg and Feynman.

The solution in x D .ct; x/ space is then

Gd.x; tI x0; t0/ D Gd.x � x0; t � t0/;

Gd.x; t/ D 1

2�

Z
d! Gd.x; !/ exp.�i!t/; (J.40)

Gd.x; !/ D 1

.2�/d

Z
ddk Gd.k; !/ exp.ik � x/: (J.41)

The integral is the same as in (J.29) with the substitution

2m

„2 E ! !2

c2
� m2c2

„2 ;

i.e.

Gd.x; !/ D ‚.mc2 � „j!j/p
2�

d

 p
m2c4 � „2!2

„cr

! d�2
2

�K d�2
2

�p
m2c4 � „2!2 r

„c

�

C i
�

2

‚.„j!j � mc2/p
2�

d

 p„2!2 � m2c4

„cr

! d�2
2

�H.1/
d�2
2

�p
„2!2 � m2c4

r

„c

�
: (J.42)

The ! D 0 Green’s functions

�
� � m2c2

„2
�

Gd.x/ D � ı.x/; Gd.x/ D 1p
2�

d

�mc

„r

� d�2
2

K d�2
2

�mc

„ r
�
;

yield again the results (J.24) in the limit m ! 0, albeit with diverging integration
constants in low dimensions,

adD1 D „
mc
; adD2 D 2„

mc
exp.��/:

In terms of poles in the complex k plane, the complex shift in (J.39) implies

2R.P. Feynman, Phys. Rev. 76, 749 (1949).
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Gd.k; !/ D c2‚.„! � mc2/�
ck �p

!2 � .mc2=„/2 � i�
� �

ck Cp
!2 � .mc2=„/2 C i�

�

C c2‚.mc2 � „!/�
ck � i

p
.mc2=„/2 � !2

� �
ck � i

p
.mc2=„/2 � !2

� : (J.43)

However, in terms of poles in the complex ! plane, equation (J.39) implies

Gd.k; !/ D � c2�
! � c

p
k2 C .mc=„/2 C i�

� �
! C c

p
k2 C .mc=„/2 � i�

� :

Fourier transformation to the time domain therefore yields a representation of the
relativistic free Green’s function which explicitly shows the combination of retarded
positive frequency and advanced negative frequency components,

Gd.k; t/ D 1

2�

Z
d! Gd.k; !/ exp.�i!t/

D ic‚.t/
exp

�
�i
q

k2 C .mc=„/2 ct

�

2

q
k2 C .mc=„/2

C ic‚.�t/
exp

�
i
q

k2 C .mc=„/2 ct

�

2

q
k2 C .mc=„/2

: (J.44)

On the other hand, shifting both poles into the lower complex ! plane,

G.r/
d .k; !/ D � c2�

! � c
p

k2 C .mc=„/2 C i�
� �
! C c

p
k2 C .mc=„/2 C i�

� ;

yields the retarded relativistic Green’s function

G.r/
d .k; t/ D 1

2�

Z
d! G.r/

d .k; !/ exp.�i!t/

D c‚.t/
sin

�q
k2 C .mc=„/2 ct

�
q

k2 C .mc=„/2
D c2‚.t/Kd.k; t/; (J.45)
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cf. equation (21.9). If Kd.x; t/ exists, then one can easily verify that the properties

�
� � 1

c2
@2

@t2
� m2c2

„2
�
Kd.x; t/ D 0;

Kd.x; 0/ D 0;
@

@t
Kd.x; t/

ˇ̌
ˇ̌
tD0

D ı.x/

imply that G.r/
d .x; t/ D c2‚.t/Kd.x; t/ is a retarded Green’s function.

On the other hand, shifting both poles into the upper complex ! plane,

G.a/
d .k; !/ D � c2�

! � c
p

k2 C .mc=„/2 � i�
� �
! C c

p
k2 C .mc=„/2 � i�

� ;

yields the advanced relativistic free Green’s function

G.a/
d .k; t/ D 1

2�

Z
d! G.a/

d .k; !/ exp.�i!t/

D �c‚.�t/
sin

�q
k2 C .mc=„/2 ct

�
q

k2 C .mc=„/2

D �c2‚.�t/Kd.k; t/ D G.r/
d .k;�t/: (J.46)

Retarded relativistic Green’s functions in .x; t/ representation

Evaluation of the Green’s functions G.r/
d .x; t/ and Gd.x; t/ for the massive Klein-

Gordon equation is very cumbersome if one uses standard Fourier transformation
between time and frequency. It is much more convenient to use Fourier transforma-
tion with imaginary frequency, which is known as Laplace transformation. We will
demonstrate this for the retarded Green’s function. We try a Laplace transform of
G.r/

d .x; t/ in the form3

3Assuming only <w � 0 assumes that the retarded Green’s functions are integrable along the time
axis. This makes physical sense since the impact of a perturbation which occurred at time t0 D 0

at the point x0 D 0 that is felt at the point x should decrease with time. The assumption can also be
justified a posteriori from the explicit results (J.58–J.60), which show that the Green’s functions
for d � 3 oscillate and decay for t ! 1. For Laplace transforms of less well behaved functions
G.x; t/ one can require <w > � if exp.��t/G.x; t/ is bounded for t ! 1. The vertical integration
contour for the inverse transformation (J.48) must then be to the right of � � i1 ! � C i1.
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gd.x;w/ D
Z 1

0

dt exp.�wt/G.r/
d .x; t/; <w � 0: (J.47)

The completeness relation for Fourier monomials,

ı.t/ D 1

2�

Z 1

�1
d! exp.�i!t/ D 1

2� i

Z i1

�i1
dw exp.wt/

then yields the inversion of (J.47),

G.r/
d .x; t/ D 1

2� i

Z i1

�i1
dw exp.wt/gd.x;w/: (J.48)

The condition (J.37) on the d-dimensional scalar Green’s functions then implies

�
� � w2

c2
� m2c2

„2
�

gd.x;w/ D � ı.x/ (J.49)

with solution

gd.x;w/ D 1

.2�/d

Z
ddk

exp.ik � x/

k2 C .w=c/2 C .mc=„/2 :

In one dimension this yields

g1.x;w/ D
c exp

�
�pw2 C .mc2=„/2 jxj=c

�

2
p

w2 C .mc2=„/2 : (J.50)

In higher dimensions, we need to calculate

gd.x;w/ D Sd�2
.2�/d

Z 1

0

dk
Z �

0

d# kd�1 sind�2 #
exp.ikr cos#/

k2 C .w=c/2 C .mc=„/2

D 1p
2�

d

Z 1

0

dk
kd�1

k2 C .w=c/2 C .mc=„/2
1p

kr
d�2 J d�2

2
.kr/: (J.51)

We can formally reduce (J.51) for d � 3 to the corresponding integrals in lower
dimensions by using the relation

�
�1

x

d

dx

�n J�.x/

x�
D J�Cn.x/

x�Cn
;

However, this would not save the day for the non-existent functions G.r/
d�4.x; t/, although we can

find functions gd.x;w/ (J.54, J.55) for every number d of dimensions.
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see number 9.1.30, p. 361 in [1]. This yields for d D 2n C 1

1p
kr

d�2 J d�2
2
.kr/ D k�2n

�
�1

r

@

@r

�n p
krJ� 1

2
.kr/

D
r
2

�
k�2n

�
�1

r

@

@r

�n

cos.kr/; (J.52)

and for d D 2n C 2,

1p
kr

d�2 J d�2
2
.kr/ D k�2n

�
�1

r

@

@r

�n

J0.kr/: (J.53)

The resulting relations for the Green’s functions in the .x;w/ representations are
then

g2nC1.x;w/ D
�

� 1

2�r

@

@r

�n
1

�

Z 1

0

dk
cos.kr/

k2 C .w=c/2 C .mc=„/2

D
�

� 1

2�r

@

@r

�n c exp
�
�pw2 C .mc2=„/2 r=c

�

2
p

w2 C .mc2=„/2 ; (J.54)

and

g2nC2.x;w/ D
�

� 1

2�r

@

@r

�n
1

�

Z 1

0

dk
kJ0.kr/

k2 C .w=c/2 C .mc=„/2

D
�

� 1

2�r

@

@r

�n
1

2�
K0
�p

w2 C .mc2=„/2 r

c

�
: (J.55)

Inverse Laplace transformation yields the retarded Green’s functions G.r/
d .x; t/,

G.r/
2nC1.x; t/ D

�
� 1

2�r

@

@r

�n c

2
‚.ct � r/J0

�
mc

p
c2t2 � r2=„

�
; (J.56)

G.r/
2nC2.x; t/ D

�
� 1

2�r

@

@r

�n c

2�

‚.ct � r/p
c2t2 � r2

cos
�

mc
p

c2t2 � r2=„
�
: (J.57)

We note that the retarded Green’s functions for fixed r decrease like t�.nC1/ D
t�b.dC1/=2c for t ! 1, except the ı function singularities become unacceptable for
d � 4.

The retarded relativistic Green’s functions in one, two and three dimensions are
therefore

G.r/
1 .x; t/ D c

2
‚.ct � jxj/J0

�
mc

p
c2t2 � x2=„

�
; (J.58)
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G.r/
2 .x; t/ D c

2�

‚.ct � r/p
c2t2 � r2

cos
�

mc
p

c2t2 � r2=„
�
; (J.59)

and

G.r/
3 .x; t/ D c

4�r
ı.r � ct/ � mc2

4�„
‚.ct � r/p

c2t2 � r2
J1
�

mc
p

c2t2 � r2=„
�
: (J.60)

The .x; t/ representations of the corresponding advanced Green’s functions then
follow from (J.46) as

G.a/
d .x; t/ D G.r/

d .x;�t/:

The propagator function Kd.x; t/ for the free Klein-Gordon fields follows from
(J.45, J.46) as

c2Kd.x; t/ D G.r/
d .x; t/ � G.a/

d .x; t/: (J.61)

The functions G.r/
d�4.x; t/ and Kd�4.x; t/ do not exist, but the corresponding

functions G.r/
d .k; t/ D c2‚.t/Kd.k; t/ (J.45) and G.r/

d .k; !/ exist in any number of
dimensions.

Green’s functions for Dirac operators in d dimensions

We now restore summation convention. The Green’s functions for the free Dirac
operator must satisfy

�
i��@� � mc

„
�

Sd.x; t/ D � ı.x/ı.t/: (J.62)

Since the Dirac operator is a factor of the Klein-Gordon operator, the solutions
of the equations (J.62) and (J.37) are related by

Sd.x; t/ D
�

i��@� C mc

„
�

Gd.x; t/ (J.63)

and

Gd.x; t/ D
Z

ddx0
Z

dt0 Sd.x0 � x; t0 � t/ � Sd.x0; t0/

D
Z

ddx0
Z

dt0 Sd.x0; t0/ � Sd.x0 C x; t0 C t/: (J.64)
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The free Dirac Green’s function in wave number representation is (here k2 �
k�k�)

Sd.k/ D „ mc � „��k�
„2k2 C m2c2 � i�

; (J.65)

where the pole shifts again correspond to the Feynman propagator with retarded and
advanced components.

Green’s functions in covariant notation

The relativistic free scalar Green’s function satisfies

p2 C m2c2

„2 Gd D 1; (J.66)

i.e. in the k D .!=c; k/ domain

hkjGdjk0i D Gd.k/ı.k � k0/; (J.67)

where the factor Gd.k/ is

Gd.k/ D 1

k2 C .m2c2=„2/ � i�
: (J.68)

This yields after transformation into x D .ct; x/ space (D D d C 1/,

hxjGdjx0i D 1

.2�/D

Z
dDk

Z
dDk0 hkjGdjk0i expŒi.k � x � k0 � x0/�;

D 1

.2�/D

Z
dDk Gd.k/ expŒik � .x � x0/� D Gd.x � x0/; (J.69)

which satisfies

�
@2 � m2c2

„2
�

hxjGdjx0i D
�
@02 � m2c2

„2
�

hxjGdjx0i D � ı.x � x0/: (J.70)

The relation to (J.37–J.60) is

hxjGdjx0i D 1

c
Gd.x; tI x0; t0/; hkjGdjk0i D cGd.k; !I k0; !0/;

Gd.k/ D Gd.k; !/:
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Translation invariance (J.67, J.69) implies that the Green’s function in mixed
representation is proportional to plane waves, hxjGdjki D Gd.k/hxjki.

The fermionic Green’s function satisfies

� � p C mc

„ Sd D 1; Sd D mc � � � p

„ Gd; (J.71)

or in various representations,

�
i� � @ � mc

„
�

hxjSdjx0i D � ı.x � x0/; (J.72)

hkjSdjk0i D Sd.k/ı.k � k0/; hxjSdjki D Sd.k/hxjki; (J.73)

Sd.k/ D
�mc

„ � � � k
�

Gd.k/ D .mc=„/ � � � k

k2 C .m2c2=„2/ � i�
; (J.74)

hxjSdjx0i D Sd.x � x0/ D 1

c
Sd.x � x0; t � t0/

D 1

.2�/D

Z
dDk Sd.k/ expŒik � .x � x0/�

D
�

i� � @C mc

„
�

Gd.x � x0/: (J.75)

The pole shifts in (J.68, J.74) correspond to the Feynman conventions. For the
retarded Green’s functions G.r/

d and S.r/d both poles have to be shifted into the lower
k0 plane. Note that as a consequence of (J.75) the fermionic Green’s function also
satisfies

i@0
�Sd.x � x0/�� C mc

„ Sd.x � x0/ D ı.x � x0/: (J.76)

Green’s functions as reproducing kernels

Suppose that V is a .d C 1/-dimensional spacetime volume with boundary @V . The
equation (J.70) and the Klein-Gordon equation imply for a free field �.x/ and for x
in V the relation

�.x/ D
Z
V

dDx0 �.x0/
�

m2c2

„2 � @02
�

Gd.x � x0/

D
Z
V

dDx0 @0�
�

Gd.x � x0/
$
@0
� �.x

0/
	
:
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The Gauss theorem in D spacetime dimensions then yields a representation for all
values of �.x/ inside of V in terms of the values of the Klein-Gordon field on the
boundary @V ,

�.x/ D
Z
@V

ddx0 n�
�

Gd.x � x0/
$
@0
� �.x

0/
	
; (J.77)

where n� is an outward bound normal vector with n0 D 1 on spacelike boundaries
t0 D constant, t0 > t, and n0 D �1 on t0 D constant, t0 < t. If Gd.x � x0/ is in
particular the retarded Green’s function,

G.r/
d .x � x0/ D c‚.t � t0/Kd.x � x0; t � t0/; (J.78)

or the advanced Green’s function,

G.a/
d .x � x0/ D c‚.t0 � t/Kd.x � x0; t0 � t/; (J.79)

and @V contains only the spacelike surface t0 < t, or only the spacelike surface
t0 > t, then (J.77) is the solution (21.8) of the initial value problem (t0 < t) or future
value problem4 (t0 > t) for the Klein-Gordon field.

For free Dirac fields the Dirac equation and (J.76) implies for x 2 V the equation

 .x/ D i
Z
@V

ddx0 n�Sd.x � x0/�� .x0/: (J.80)

This yields again the initial/final value solution (21.64) if @V contains only the
spacelike surface t0 < t or only the spacelike surface t0 > t, since the retarded and
advanced Green’s functions are related to the time evolution kernel (21.65) through

S.r/d .x � x0/ D i‚.t � t0/Wd.x � x0; t � t0/�0;

S.a/d .x � x0/ D �i‚.t0 � t/Wd.x � x0; t � t0/�0;

see also equations (J.75), (J.78), (J.79) and (21.67).

Liénard-Wiechert potentials in low dimensions

The massless retarded Green’s functions solve the basic electromagnetic wave
equation for the electromagnetic potentials in Lorentz gauge,

4The future value problem or backwards evolution problem asks the question: Which field
configuration �.x/ at time t yields the prescribed field configuration �.x0/ at time t0 > t through
time evolution with the equations of motion?
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�
@�@

� � m2c2

„2
�

A�.x/ D ��0j�.x/; @�A�.x/ D 0;

A�.x/ D �0

Z
ddC1x0 G.r/

d .x � x0/j�.x0/:

In three dimensions this yields the familiar Liénard-Wiechert potentials from the
contributions of the currents on the backward light cone of the spacetime point x,

A�dD3.x; t/ D �0

4�

Z
d3x0 1

jx � x0j j�
�

x0; t � 1

c
jx � x0j

�
: (J.81)

However, in one and two dimensions, the Liénard-Wiechert potentials sample
charges and currents from the complete region inside the backward light cone,

A�dD1.x; t/ D �0c

2

Z 1

�1
dx0
Z t�.jx�x0j=c/

�1
dt0 j�.x0; t0/; (J.82)

A�dD2.x; t/ D �0c

2�

Z
d2x0

Z t�.jx�x0j=c/

�1
dt0

j�.x0; t0/p
c2.t � t0/2 � .x � x0/2

: (J.83)

Stated differently, a ı function type charge-current fluctuation in the spacetime
point x0 generates an outwards traveling spherical electromagnetic perturbation on
the forward light cone starting in x0 if we are in three spatial dimensions. However,
in one dimension the same kind of perturbation fills the whole forward light cone
uniformly with electromagnetic fields, and in two dimensions the forward light
cone is filled with a weight factor Œc2.t � t0/2 � .x � x0/2��1=2. How can that
be? The electrostatic potentials (J.24) for d D 1 and d D 2 hold the answer
to this. Those potentials indicate linear or logarithmic confinement of electric
charges in low dimensions. Therefore a positive charge fluctuation in a point x0
must be compensated by a corresponding negative charge fluctuation nearby. Both
fluctuations fill their overlapping forward light cones with opposite electromagnetic
fields, but those fields will exactly compensate in the overlapping parts in one
dimension, and largely compensate in two dimensions. The net effect of these
opposite charge fluctuations at a distance a is then electromagnetic fields along
a forward light cone of thickness a, i.e. electromagnetic confinement in low
dimensions effectively ensures again that electromagnetic fields propagate along
light cones. This is illustrated in Figure J.1.
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−+

ct

x

Fig. J.1 The contributions of nearby opposite charge fluctuations at time t D 0 in one spatial
dimension generate net electromagnetic fields in the hatched “thick” light cone region
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Symbols
N-point function, 285
ı function, 25
� tensor, 126
� matrices, 507, 633

Construction in d dimensions, 636
Dirac basis, 507
Invariance under Lorentz transformations,

648
Weyl basis, 508

�5 matrix, 657
f -sum rule, 316
2-spinor, 160

A
Absorption cross section, 267
Active transformation, 81
Adjoint operator, 77
Amplitude vector, 454
Angular momentum, 125

in relative motion, 122
in relativistic field theory, 537

Angular momentum density
for electromagnetic fields, 426
for scalar Schrödinger field, 330
for spin 1/2 Schrödinger field, 331
in relativistic field theory, 537

Angular momentum operator, 125
Addition, 163
Commutation relations, 127
in polar coordinates, 125

Annihilation operator, 105
for non-relativistic particles, 340
for photons, 391

for relativistic fermions, 514
for relativistic scalar particles, 499

Anti-commutator, 335
Auger process, 263

B
Baker-Campbell-Hausdorff formula, 110, 625
Berry phase, 280
Bethe sum rule, 319
Bloch factor, 187
Bloch function, 187
Bloch operators, 449
Bloch state, 187
Bohmian mechanics, 154
Bohr magneton, 521
Bohr radius, 141

for nuclear charge Ze, 144
Boost parameter, 647
Born approximation, 213
Born-Oppenheimer approximation, 432
Boson number operator, 536
Bra-ket notation, 63, 72

in linear algebra, 72
in quantum mechanics, 73

Brillouin zone, 188, 446

C
Canonical quantization, 333
Capture cross section, 266
Center of mass motion, 121
Charge conjugation, 496

Dirac field, 515
Klein-Gordon field, 496

© Springer International Publishing Switzerland 2016
R. Dick, Advanced Quantum Mechanics, Graduate Texts in Physics,
DOI 10.1007/978-3-319-25675-7

687



688 Index

Charge operator
for the Dirac field, 513
for the Klein-Gordon field, 499
for the Schrödinger field, 336

in terms of Schrödinger picture
operators, 340

Christoffel symbols, 96
in terms of metric, 101

Classical electron radius, 423
Clebsch-Gordan coefficients, 165
Coherent states, 112

for the electromagnetic field, 392
overcompleteness, 116

Color center, 58
Spherical model, 152

Commutator, 86
Commutators involving operator products, 337
Completeness in the mean, 618
Completeness of eigenstates, 30, 605
Completeness relations, 34

Example with continuous and discrete
states, 50

for Fourier monomials, 186
for free spherical waves, 139
for hydrogen eigenstates, 151
for spherical harmonics, 135
for Sturm-Liouville eigenfunctions, 618
for time-dependent Wannier states, 192
for transformation matrices for photon

wave functions, 388
for Wannier states, 191, 449
in cubic quantum wire, 90
in linear algebra, 68

Compton scattering, 555
Non-relativistic limit, 565
Scattering cross section, 565

Confluent hypergeometric function, 141
Conjugate momentum, 579
Conservation laws, 324
Conserved charge, 326

and local phase invariance, 541
Conserved current, 326

and local phase invariance, 541
Correlation function, 285
Coulomb gauge, 384
Coulomb potential, 398

Domination for low-energy interactions,
555

Coulomb waves, 147
Covalent bonding, 436
Covariant derivative, 304
Creation operator, 105

for non-relativistic particles, 340
for photons, 391

for relativistic fermions, 514
for relativistic scalar particles, 499

D
Darwin term, 528
Decay rate, 256
Degeneracy pressure, 381
Density of states, 227

in d dimensions, 234
in radiation, 234
in the energy scale, 233
inter-dimensional, 488
non-relativistic particles, 234

Differential scattering cross section, 269
for photons, 421

Dihydrogen cation, 432
Dimensions of states, 92
Dipole approximation, 308
Dipole line strength, 317
Dipole selection rules, 308
Dirac � matrices, see � matrices
Dirac equation, 507

Free solution, 510
Non-relativistic limit, 520
Relativistic covariance, 648
with minimal coupling, 508

Dirac picture, 242, 247
in quantum field theory, 349

Dirac’s ı function, 25
Dual bases, 66

E
Eddington tensor, 126
Effective mass, 198
Ehrenfest’s theorem, 24

for N particles, 364
Electric dipole line strength, 317
Electromagnetic coupling, 301
Electron-electron scattering, 565
Electron-nucleus scattering, 550
Electron-photon scattering, 555
Energy-momentum tensor, 327

for scalar quantum electrodynamics, 533
for classical charged particle in

electromagnetic fields, 602
for spinor quantum electrodynamics, 515
for the Maxwell field, 389
in quantum optics, 396

Energy-time uncertainty relation, 56, 89
Euler-Lagrange equations, 322, 579

for field theory, 323
Exchange hole, 379
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Exchange integral, 367
Exchange interaction, 367

F
Fermi momentum, 237
Fermion number operator, 537
Field operator, 334
Field quantization, 333
Fine structure constant, 140
Floor function, 627
Fock space, 341
Foldy-Wouthuysen transformation, 527
Fourier transformation

between frequency and time domain, 90
Fourier transforms, 25
Frequency-time Fourier transformation, 90

G
Gauss bracket, 635
Gaussian wave packet, 53

Free evolution, 54
Width, 53

Golden Rule, 261
Golden Rule #1, 263
Golden Rule #2, 265
Green’s function, 52, 209

Relations between scalar and spinor
Green’s functions, 678

advanced, 663
for Dirac operator, 678
in d dimensions, 659
inter-dimensional, 487
retarded, 52, 210, 247, 482, 487, 663

Group, 124
Group theory, 124

H
Hamiltonian density

for spinor QED, 517
for the Dirac field, 513
for the Klein-Gordon field, 500
for the Maxwell field, 389
for the Schrödinger field, 328
in Coulomb gauge, 519
in scalar QED, 533

Hard sphere, 216
Harmonic oscillator, 103

Coherent states, 112
Eigenstates, 106

in k-representation, 108
in x-representation, 107

Eigenvalues, 106
Solution by the operator method, 104

Hartree-Fock equations, 372
Heisenberg evolution equation, 247
Heisenberg Hamiltonian, 367
Heisenberg picture, 242, 247
Heisenberg uncertainty relations, 85
Hellmann-Feynman theorem, 82
Hermite polynomials, 107, 621
Hermitian operator, 32
Higher order commutator, 110
Hubbard model, 449
Hydrogen atom, 139

bound states, 139
ionized states, 147

Hydrogen molecule ion, 436

I
Induced dipole moment, 312
Interaction picture, see Dirac picture
Ionization rate, 256

J
Junction conditions for wave functions, 48

K
Kato cusp condition, 445
Klein’s paradox, 503

Oblique incidence, 535
Klein-Gordon equation, 496

Non-relativistic limit, 501
with minimal coupling, 496

Klein-Nishina cross section, 564
Kramers-Heisenberg formula, 422
Kronig-Penney model, 193
Kummer’s function, 141
Kummer’s identity, 149

L
Ladder operators, 105
Lagrange density, 321

for the Dirac field, 513, 650
for the Klein-Gordon field, 498
for the Maxwell field, 383
for the Schrödinger field, 323

Lagrange function, 578
for particle in electromagnetic fields, 301
for small oscillations in N particle system,

452
Lagrangian field theory, 321
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Laue conditions, 70
Liénard-Wiechert potentials, 681
Lippmann-Schwinger equation, 209
Lorentz group, 125, 590

Generators, 646
Spinor representation, 648

in Weyl and Dirac bases, 650
Vector representation, 646

Construction from the spinor
representation, 651

Lorentzian absorption line, 412
Lowering operator, 105

M
Matrix logarithm, 629
Maxwell field, 383

Covariant quantization, 529
Quantization in Coulomb gauge, 390

Mehler formula, 109, 246, 622
Minimal coupling, 304

in the Dirac equation, 508
in the Klein-Gordon equation, 496
in the Schrödinger equation, 302
to relative motion in two-body problems,

394
Mollwo’s law, 58

Spherical model, 152
Momentum density

for the Dirac field, 513
for the Klein-Gordon field, 500
for the Maxwell field, 389
for the Schrödinger field, 328
in Coulomb gauge, 519
in scalar QED, 533
in spinor QED, 517

Mott scattering, 555
Møller operators, 254
Møller scattering, 565

N
Noether’s theorem, 326
Non-linear Schrödinger equation, 365
Non-relativistic limit

Dirac equation, 520
Klein-Gordon equation, 501

Normal coordinates, 454
Normal modes, 454
Normal ordering, 391

for Dirac fields, 514
for Klein-Gordon fields, 499
for photons, 391

Number operator, 106

for the Schrödinger field, 336
in terms of Schrödinger picture

operators, 340

O
Occupation number operator, 106
Optical theorem, 216
Oscillator strength, 314

P
Parabolic coordinates, 100, 221
Parity transformation, 655
Passive transformation, 65
Path integrals, 283
Pauli equation, 520
Pauli matrices, 159
Pauli term, 412
Perturbation theory, 171, 241

and effective mass, 198
Time-dependent, 241
Time-independent, 171

with degeneracy, 176, 181
without degeneracy, 171, 175

Phonons, 463
Photoelectric effect, 15
Photon, 390
Photon coupling

to Dirac field, 508
to Klein-Gordon field, 496

Photon coupling to relative motion, 394
Photon flux, 410
Photon scattering, 416
Planck’s radiation laws, 7
Poincaré group, 125, 590
Polar coordinates in d dimensions, 665
Polarizability tensor

Dynamic, 312
Frequency dependent, 313
Static, 310

Potential scattering, 207
Potential well, see Quantum well
Probability density, 20
Propagator, 52, 247

Q
Quantization

of the Dirac field, 513
of the Klein-Gordon field, 497
of the Maxwell field, 390
of the Schrödinger field, 334
Phonons, 463
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Quantum dot, 44
Quantum field, 334
Quantum virial theorem, 80
Quantum well, 44
Quantum wire, 44

R
Raising operator, 105
Rapidity, 647
Rashba term, 528
Rayleigh scattering, 423
Rayleigh-Jeans law, 6
Reduced mass, 121
Reflection coefficient

for ı function potential, 49
for a square barrier, 42
for Klein’s paradox, 505

Relative motion, 121
Relativistic spinor momentum eigenstates, 513
Relativistic spinor plane wave states, 513
Reproducing kernels, 680
Rotation group, 124

Defining representation, 128
Generators, 129
Matrix representations, 127

Rutherford scattering, 220

S
Scalar, 160
Scattering

Coulomb potential, 220
Hard sphere, 216

Scattering amplitude, 269
in potential scattering, 213

Scattering cross section, 208
for two particle collisions, 545

Scattering matrix, 254, 353
for ı potential in one dimension, 49
with vacuum processes divided out, 353

Schrödinger equation
Time-dependent, 19
Time-independent, 38

Schrödinger picture, 242
Schrödinger’s equation, 17
Second quantization, 333
Self-adjoint operator, 30, 77
Separation of variables, 97
Shift operator, 109
Sokhotsky-Plemelj relations, 29
Sommerfeld’s fine structure constant, 140
Spherical Coulomb waves, 147
Spherical harmonics, 132

Spin, 353
Spin-orbit coupling, 163, 522, 528

Vector model, 332
Spinor, 160
Squeezed states, 117
Stark effect, 309
Stefan-Boltzmann constant, 10
Stimulated emission, 414
Stress-energy tensor, see also energy-

momentum tensor, 328
Summation convention, 64
Symmetric operator, 32
Symmetries and conservation laws, 324
Symmetry group, 124

T
Tensor product, 64
Thomas-Reiche-Kuhn sum rule, 316
Thomson cross section, 422, 565
Time evolution operator, 52, 243

Two evolution operators in the interaction
picture, 249

as solution of initial value problem, 245
Composition property, 245
for harmonic oscillator, 246
on states in the interaction picture, 248
Unitarity, 245

Time ordering operator, 243
Tonomura experiment, 23
Transition frequency, 253
Transition probability, 253
Transmission coefficient

for ı function potential, 49
for a square barrier, 42
for Klein’s paradox, 505

Transverse ı function, 388
Tunnel effect, 42
Two-particle state, 357
Two-particle system, 121

U
Uncertainty relations, 85
Unitary operator, 78

V
Vector, 160
Vector addition coefficients, 165
Virial theorem, 79

W
Wannier functions, 190
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Wannier operators, 449
Wannier states, 190

Completeness relations, 191
Time-dependent, 192

Wave packets, 51
Wave-particle duality, 16
Wien’s displacement law, 5

Y
Yukawa potentials, 479

Z
Zeeman term, 158

from minimal coupling, 318
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