
Appendix A
The Two-Body Problem

Consider two mass points with positions ri.t/ 2 R
3, i D 1; 2 and masses mi,

i D 1; 2. It is assumed that the point masses interact through a central potential
U D U.jr1.t/ � r2.t/j/ and that external forces are neglected. Thus, the system is
closed. The explicit notation of time t is now omitted for the sake of a more compact
presentation. Furthermore, we introduce with pi 2 R

3, i D 1; 2 the point mass’
momentum and the LAGRANGE function [1–5] of the system takes on the form

L.r1; r2; p1; p2/ D p21
2m1

C p22
2m2

� U.jr1 � r2j/ : (A.1)

The moments pi are replaced by

pi D miPri; i D 1; 2 ; (A.2)

and this yields for the LAGRANGE function (A.1)

L.r1; r2; Pr1; Pr2/ D m1

2
Pr21 C m2

2
Pr22 � U.jr1 � r2j/ ; (A.3)

where Pri denotes the time derivative of ri. We note the following symmetries:
the LAGRANGE function is (i) translational invariant, (ii) rotational invariant, and
(iii) time invariant. We know from classical mechanics that each symmetry of
the LAGRANGE function corresponds to a constant of motion (a quantity that
is conserved throughout the motion) and, thus, results in a reduction of the
dimensionality of the 12-dimensional phase space.

Let us demonstrate these symmetries: In order to prove translational invariance,
we transform to center of mass coordinates which are defined as

R D m1r1 C m2r2
m1 C m2

and r D r2 � r1 : (A.4)
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342 A The Two-Body Problem

It is easily verified that we can express the original coordinates r1 and r2 with the
help of (A.4) as

r1 D R C m2

m1 C m2

r and r2 D R � m1

m1 C m2

r : (A.5)

The LAGRANGE function (A.3) is rewritten in these new coordinates (A.4) and this
yields

L.r;R; Pr; PR/ D M

2
PR2 C m

2
Pr2 � U.jrj/

� L.r; Pr; PR/ ; (A.6)

where we introduced the total mass M and the reduced mass m:

M D m1 C m2 and m D m1m2

m1 C m2

: (A.7)

Obviously, the center of mass coordinate R plays in Eq. (A.6) the role of a cyclic
coordinate: It does not appear explicitly in the LAGRANGE function. This means
that the system is translational invariant and we can deduce from LAGRANGE’s
equations that

d

dt

@

@ PRL D @

@R
L D 0 ; (A.8)

and the center of mass momentum is conserved. Hence, we obtain that

@

@ PRL D M PR D const ; (A.9)

with the solution

R.t/ D At C B ; (A.10)

where A;B 2 R
3 are constants determined by the initial conditions of the problem.

As a result, the center of mass moves along a straight line with constant velocity.
We collect all results and reformulate the LAGRANGE function (A.6) as

L.r; Pr/ D M

2
A2 C m

2
Pr2 � U.jrj/

� QL.r; Pr/C const : (A.11)
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Hence, the problem was reduced to a one-body problem with the LAGRANGE

function QL.r; Pr/. In what follows the tilde is omitted and the LAGRANGE function

L.r; Pr/ D m

2
Pr2 � U.jrj/ ; (A.12)

is now studied instead of Eq. (A.11). It is an effective one-body LAGRANGE

function.
In the next step the effect of rotational invariance is investigated. Equation (A.12)

resembles the LAGRANGE function of a particle of mass m which is located at
position r and moves in the field of a central force F 2 R

3. This force points to the
center of the coordinate system (or points from the center of the coordinate system
to the particle). This situation is clearly invariant under a rotation of the coordinate
system since U D U.jrj/ depends only on the modulus of r. Consequently, r is
parallel to F for all t � 0. In such a case the vector of angular momentum ` 2 R

3 is
conserved, since

d

dt
` D M D r � F D 0 ; ! ` D const ; (A.13)

where M is the torque. This allows us to arbitrarily rotate our coordinate system.
We take advantage if this property and rotate it in such a way that

` D j`jez ; (A.14)

where ez is the unit vector in z-direction. Moreover, since the angular momentum `

is given by

` D mr � Pr D const ; (A.15)

and because `kez we conclude that r?ez. This allows us to set z D 0 which
means that the whole motion of the point mass can be described in the x � y
plane. Rotational invariance led us to the conservation of angular momentum and
this made the reduction from a three-dimensional problem to a two dimensional
problem possible. The particular form (A.12) of the LAGRANGE function suggests
the introduction of polar coordinates .�; '/:

L.�; P�; P'/ D m

2

� P�2 C �2 P'2� � U.�/: (A.16)

We solve now LAGRANGE’s equations (A.6) on the basis of Eq. (A.16): The first
step deals with the differential equation for the radius �

d

dt

@

@ P�L D m R� D @

@�
L D m� P'2 � @

@�
U.�/ ; (A.17)
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thus

m R� � m� P'2 C d

d�
U.�/ D 0 : (A.18)

The differential equation for the angle ' follows from

d

dt

@

@ P' L D d

dt
m�2 P' D @

@'
L D 0 ; (A.19)

which corresponds to

d

dt

�
m�2 P'� D 0 : (A.20)

Equation (A.20) is trivially fulfilled since according to Eq. (A.15)

m�2 P' D j`j D const : (A.21)

However, we solve Eq. (A.21) for P'

P' D j`j
m�2

; (A.22)

plug (A.22) into (A.18), and obtain

m R� � j`j2
m�3

C d

d�
U.�/ D 0 : (A.23)

We make use of the time invariance of the LAGRANGE function (A.16). This
equation does not explicitly depend on time t and we have

@

@t
L D 0 : (A.24)

This implies conservation of energy, as can easily be demonstrated. For this purpose,
we regard the total time derivative of the LAGRANGE function L

d

dt
L D P� @

@�
L C R� @

@ P�L C R' @
@ P' L C @

@t
L ; (A.25)

and solve for @
@t L

d

dt

�
P� @
@ P�L C P' @

@ P' L � L

�
D � @

@t
L D 0 : (A.26)
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Consequently

P� @
@ P�L C P' @

@ P' L � L D const ; (A.27)

which states the conservation of energy. We evaluate this expression with the help
of Eq. (A.16). We obtain

P� @
@ P�L C P' @

@ P' L � L D m

2

� P�2 C �2 P'2�C U.�/

D m

2
P�2 C j`j2

2m�2
C U.�/

D E : (A.28)

Here we employed, in the second step, relation (A.22). In summary, time invariance
resulted in:

m

2
P�2 C j`j2

2m�2
C U.�/ D E : (A.29)

This is a first order differential equation in �.
The necessary step required for a solution of the two-body problem can now be

outlined: (i) Calculate R.t/ according to Eq. (A.10), (ii) solve Eq. (A.29) in order to
obtain �.t/, (iii) plug �.t/ into Eq. (A.22) and solve for '.t/, (iv) since z.t/ D 0, the
original vectors r1.t/, r2.t/ can be constructed from �.t/ and '.t/. All integration
constants are uniquely determined by the initial conditions of the problem at hand.

From Eq. (A.29) we obtain

P� D ˙
s
2

m

�
E � U.�/� j`j2

2m�2

�
; (A.30)

which results in an implicit equation for �

t D t0 C
Z �

�0

d�0 m�0
p
2m�02 ŒE � U.�0/� � j`j2 ; (A.31)

where we defined �0 � �.t0/, t0 is some initial time, and we neglected the negative
root. Equation (A.31) defines t as a function of �, t D t.�/, which has to be inverted
to, finally, obtain the required solution � D �.t/. Whether Eq. (A.31) can be solved
analytically depends on the particular form of the potential U.�/. If Eq. (A.31)
cannot be solved analytically one has to employ numerical approximations.
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Finally, the angle ' can be expressed as a function of the radius �, i.e. ' D '.�/.
We get from Eqs. (A.22) and (A.30)

d'

d�
D d'

dt

dt

d�
D ˙ j`j

m�2

�
2

m

�
E � U.�/� j`j2

2m�2

��� 1
2

; (A.32)

integrate over �, and find the desired relation

' D '0 ˙ j`j
Z �

�0

d�0

�0p2m�02 ŒE � U.�0/� � j`j2 ; (A.33)

where '0 � '.t0/.



Appendix B
Solving Non-linear Equations: The NEWTON
Method

We give a brief introduction into the solution of non-linear equations with the help
of NEWTON’s method.1 We regard a differentiable function F.x/ and we would like
to find the solution of the equation

F.x/ D 0 : (B.1)

The simplest approach is to transform the equation into an equation of the form

x D f .x/ ; (B.2)

which is always possible. This equation could be solved iteratively by simply
repeating

xtC1 D f .xt/ ; (B.3)

where we start with some initial value x0. If this method converges, one can
approximate the solution arbitrarily close, however, convergence is not guaranteed
and will in fact depend on the transformation from Eqs. (B.1) to (B.2). A more
advanced technique is the so called NEWTON method [6, 7]. It is based on the
definition of f .x/ as

f .x/ D x � F.x/

F0.x/
; (B.4)

which allows the iteration

xtC1 D xt � F.xt/

F0.xt/
: (B.5)

1This method is also referred to as the NEWTON-RAPHSON method.
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348 B Solving Non-linear Equations: The NEWTON Method

Here F0.x/ denotes the derivative of F.x/ with respect to x. The convergence
behavior of the iteration (B.5) highly depends on the form of the function F.x/
and on the choice of the starting point x0. The routine can be regarded as converged
if jxtC1 � xtj < �, where � is the accuracy required.

If F.x/ is not differentiable one can use the regula falsi or employ stochastic
methods which are discussed in the second part of this book. The iteration of the
method known as regula falsi is [6, 7]

xtC1 D xt � F.xt/
xt � xt�1

F.xt/� F.xt�1/
: (B.6)

A more detailed discussion on methods to solve transcendental equations numer-
ically can be found in any textbook on numerical methods, see for instance
Refs. [8, 9]. We shall also briefly introduce the case of a non-linear system of
equations of the form (B.1) where F.x/ 2 R

N and x 2 R
N . In this case the iteration

scheme is given by

xtC1 D xt � J�1.xt/F.xt/ ; (B.7)

where

J.x/ D rxF.x/ D

0

B
BB
B
@

@F1.x/
@x1

@F1.x/
@x2

: : :
@F1.x/
@xN

@F2.x/
@x1

@F2.x/
@x2

: : :
@F2.x/
@xN

:::
:::

: : :
:::

@FN .x/
@x1

@FN .x/
@x2

: : :
@FN .x/
@xN

1

C
CC
C
A
: (B.8)

is the JACOBI matrix of F.x/. We can also make use of the methods discussed in
Chap. 2 to calculate numerically the derivatives in Eqs. (B.5) or (B.8).



Appendix C
Numerical Solution of Linear Systems
of Equations

We discuss briefly two of the most important methods to solve non-homogeneous
systems of linear equations applying numerical methods. We consider a system of n
equations of the form

a11x1 C a12x2 C : : :C a1nxn D b1 ;

a21x1 C a22x2 C : : :C a2nxn D b2 ;

:::
:::

an1x1 C an2x2 C : : :C annxn D bn ; (C.1)

which is usually transformed into a matrix equation,

Ax D b : (C.2)

The coefficients of the matrix A D faijg as well as the vector b D fbig are assumed
to be real valued and, furthermore, if

nX

iD1
jbij ¤ 0 ; (C.3)

the problem (C.2) is referred to as non-homogeneous (inhomogeneous). The
solution of non-homogeneous linear systems of equations is one of the central
problems in numerical analysis, since numerous numerical methods, such as the
finite difference approach to a boundary value problem, see Chap. 8, can be reduced
to such a problem.
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350 C Numerical Solution of Linear Systems of Equations

The solution of (C.2) is well defined as long as the matrix A is non-singular, i.e.
as long as

det.A/ ¤ 0 : (C.4)

Then the unique solution of (C.2) can be written as

x D A�1b : (C.5)

However, the inversion of matrix A is very complex for n � 4 and one would prefer
methods which are computationally more effective. Basically, one distinguishes
between direct and iterative methods. Since a complete discussion of this huge topic
would be too extensive, we will mainly focus on two methods.

In contrast to iterative procedures, direct procedures do not contain any method-
ological errors and can, therefore, be regarded as exact. However, these methods
are often computationally very extensive and rounding errors are in many cases
not negligible. As an example we will discuss the LU decomposition. On the other
hand, many iterative methods are fast and rounding errors can be controlled easily.
However, it is not guaranteed that an iterative procedure converges, even in cases
where the system of equations is known to have unique solutions. Moreover, the
result is an approximate solution. As an illustration for an iterative procedure we
will discuss the GAUSS-SEIDEL method.

C.1 The LU Decomposition

The LU decomposition [6, 10] is essentially a numerical realization of GAUSSIAN

elimination which is based on a fundamental property of linear systems of equa-
tions (C.2). This property states the system (C.2) to remain unchanged when a linear
combination of rows is added to one particular row. This property is then employed
in order to obtain a matrix in triangular form. It was demonstrated by DOOLITTLE

and CROUT [6, 10, 11] that the GAUSSIAN elimination can be formulated as a
decomposition of the matrix A into two matrices L and U:

A D LU : (C.6)

Here, U is an upper triangular matrix and L is a lower triangular matrix. In
particular, U is of the form

U D

0

B
B
B
@

u11 u12 : : : u1n

0 u22 : : : u2n
:::

:::

0 0 : : : unn

1

C
C
C
A
; (C.7)
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and L is of the form

L D

0

B
B
BB
B
@

1 0 : : : 0

m21 1 0 : : : 0

m31 m32 1 : : : 0
:::

:::

mn1 mn2 mn3 : : : 1

1

C
C
CC
C
A
: (C.8)

The factorization (C.6) is referred to as LU decomposition. The corresponding
procedure can be easily identified by equating the elements in (C.6). One can
show that the following operations yield the desired result: For j D 1; 2; : : : ; n one
computes

uij D aij �
i�1X

kD1
mikukj i D 1; 2; : : : ; j ; (C.9)

mij D 1

ujj

 

aij �
j�1X

kD1
mikukj

!

i D j C 1; j C 2; : : : ; n ; (C.10)

with the requirement that ujj ¤ 0. Note that in this notation we used the convention
that the contribution of the sum is equal to zero if the upper boundary is less than the
lower boundary. We rewrite Eq. (C.2) with the help of the LU decomposition (C.6)

Ax D LUx D b ; (C.11)

and by defining y D Ux, we retrieve a system of equations for the variable y:

Ly D b : (C.12)

The particular form of L allows to solve the system (C.12) immediately by forward
substitution. We find the solution

yi D bi �
i�1X

kD1
mikyk ; i D 1; 2; : : : ; n ; (C.13)

and the equation

Ux D y ; (C.14)

remains. It can solved by backward substitution:

xi D 1

uii

 

yi �
nX

kDiC1
uikxk

!

; i D n; n � 1; : : : ; 1 : (C.15)
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We note that this method can also be employed to invert the matrix A. The
strategy is based on the relation

AX D I ; (C.16)

where X D A�1 is to be determined and I is the n-dimensional identity. Equa-
tion (C.16) is equivalent to the following system of equations:

Ax1 D

0

B
B
B
@

1

0
:::

0

1

C
C
C
A
;

Ax2 D

0

B
BB
B
B
@

0

1

0
:::

0

1

C
CC
C
C
A
;

:::
:::

Axn D

0

B
B
B
@

0
:::

0

1

1

C
C
C
A
; (C.17)

where the vectors xi are the rows of the unknown matrix X, i.e. X D .x1; x2; : : : ; xn/.
The n equations of the system (C.17) can be solved with the help of the LU
decomposition.

Furthermore, one can easily calculate the determinant of A using the LU
decomposition. We note that

det.A/ D det.LU/ D det.L/ det.U/ D det.U/ ; (C.18)

since L and U are triangular matrices, the determinants are equal to the product of
the diagonal elements, which yields det.L/ D 1. Hence we have

det.A/ D det.U/ D
nY

iD1
uii : (C.19)

In conclusion we remark that there are many specialized methods which have
been designed particularly for matrices of specific forms, such as tridiagonal
matrices, symmetric matrices, block-matrices, . . . . Such matrices commonly appear
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in physics applications. For instance, we remember that the matrix we encountered
in Sect. 8.2 within the context of a finite difference approximation of boundary
value problems, was tridiagonal. These specialized methods are usually the first
choice if one has a matrix of such a specific form because they are much faster and
more stable than methods developed for matrices of more general form. Since a full
treatment of these methods is beyond the scope of this book, we refer the interested
reader to books on numerical linear algebra, for instance Refs. [10, 11].

C.2 The GAUSS-SEIDEL Method

The GAUSS-SEIDEL method is an iterative procedure to approximate the solution
of non-homogeneous systems of linear equations [6, 12]. The advantage of an
iterative procedure, in contrast to a direct approach, is that its formulation is in
general much simpler. However, one might have problems with the convergence
of the method, even in cases where a solution exists and is unique. We note that
the GAUSS-SEIDEL method is of particular interest whenever one has to deal with
sparse coefficient matrices.1 This requirement is not too restrictive since most of
the matrices encountered in physical applications are indeed sparse. As an example
we remember the matrices arising in the context of a finite difference approach to
boundary value problems, Sect. 8.2.

Again, we use Eq. (C.1) as a starting point for our discussion. It is a requirement
of the GAUSS-SEIDEL method that all diagonal elements of A are non-zero. We then
solve each row of (C.1) for xi. This creates the following hierarchy

x1 D � 1

a11
.a12x2 C a13x3 C : : :C a1nxn � f1/ ;

x2 D � 1

a22
.a21x1 C a23x3 C : : :C a2nxn � f2/ ;

:::
:::

xn D � 1

ann
.an1x1 C an2x2 C : : :C an;n�1xn�1 � fn/ ; (C.20)

or in general for i D 1; : : : ; n

xi D � 1

aii

0

B
B
@

nX

jD1
j¤i

aijxj � fi

1

C
C
A : (C.21)

1A matrix A is referred to as sparse, when the matrix is populated primarily by zeros.
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We note that Eq. (C.21) can be rewritten as a matrix equation

x D Cx C b ; (C.22)

where we defined the matrix C D fcijg via

cij D
8
<

:

�aij

aii
i ¤ j ;

0 i D j ;
(C.23)

and the vector b D fbig as

bi D fi
aii
: (C.24)

We recognize that Eq. (C.21) can be transformed into an iterative form with the help
of a trivial manipulation

xi D xi �

2

6
6
4xi C 1

aii

0

B
B
@

nX

jD1
j¤i

aijxj � fi

1

C
C
A

3

7
7
5 ; (C.25)

or

x.tC1/i D x.t/i ��x.t/i ; (C.26)

where

�x.t/i D x.t/i C 1

aii

0

@
i�1X

jD1
aijx

.tC1/
j C

nX

jDiC1
aijx

.t/
j � fi

1

A : (C.27)

Equation (C.26) in combination with (C.27) produces a sequence of vectors

x.0/ ! x.1/ ! x.2/ ! : : : ! x.m/ ; (C.28)

where x.0/ is referred to as the initialization vector or trial vector. One can prove that
if this sequence converges, it approaches the exact solution x arbitrarily close:

lim
t!1 x.t/ D x : (C.29)

We remark that if the terms x.tC1/i on the right hand side of Eq. (C.27) are replaced

by x.t/i the method is referred to as the JACOBI method.
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To terminate the GAUSS-SEIDEL method, we need an exit condition: One should
terminate the iteration whenever:

� The approximate solution x.t/ obeys the required accuracy � or Q�, for instance

max
�
jx.t/i � x.t�1/i j

	
� � ; (C.30)

where � is the absolute error, or

max

 
jx.t/i � x.t�1/i j

jx.t/i j

!

� Q� ; (C.31)

where Q� is the relative error.
� When a maximum number of iterations is reached. This condition may be

interpreted as an emergency exit which ensures that the iteration terminates even
if the process is not convergent or has still not converged.

Let us discuss one final, however, crucial point of this section: In many cases
the convergence of the GAUSS-SEIDEL method can be significantly improved by
including a relaxation parameter ! to the iterative process. In this case the update
routine (C.26) takes on the form

x.tC1/i D x.t/i � !�x.t/i : (C.32)

If the relaxation parameter ! obeys ! > 1 one speaks of over-relaxation, if ! < 1

of under-relaxation and if ! D 1 the regular GAUSS-SEIDEL method is recovered.
An appropriate choice of the relaxation parameter may fasten the convergence of
the method significantly. The best result will certainly be obtained if the ideal value
of !, !i were known. Unfortunately, it is impossible to determine !i prior to the
iteration in the general case. We remark the following properties:

� The method (C.32) is only convergent for 0 < ! � 2.
� If the matrix C is positive definite and 0 < ! < 2, the GAUSS-SEIDEL method

converges for any choice of x.0/ (OSTROWSKI-REICH theorem, [13]).
� In many cases, 1 � !i � 2. We note that this inequality holds only under

particular restrictions for the matrix C [see Eq. (C.23)]. However, we note without
going into detail, that these restrictions are almost always fulfilled when one is
confronted with applications in physics.

� If C is positive definite and tridiagonal, the ideal value !i can be calculated using

!i D 2

1C p
1 � �2

; (C.33)

where � is the largest eigenvalue of C, Eq. (C.23).
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� Since the calculation of � is in many cases quite complex, one could employ the
following idea: It is possible to prove that

lim
t!1

j�x.tC1/j
j�x.t/j ! �2 : (C.34)

Hence, one may start with ! D 1, perform t0 (20 < t0 < 100) iterations and then
approximate !i with the help of Eq. (C.33) and

�2 � j�x.t0/j
j�x.t0�1/j : (C.35)

The iteration is then continued with the approximated value of !i until conver-
gence is reached.

In conclusion we remark that numerous numerical libraries contain sophisticated
routines to solve linear systems of equations. In many cases it is, thus, advisable to
rely on such routines.



Appendix D
Fast Fourier Transform

Integral transforms are indispensable in modern mathematics and natural science
because they can be employed to simplify complex mathematical problems. In this
Appendix we will discuss the FOURIER transform as one prominent representative
of integral transforms in general. Loosely speaking, the FOURIER transform is the
unambiguous decomposition of a function f .x/ into its frequency components. Its
applications range from the harmonic analysis of periodic signals to the solution of
differential equations and the description of wave phenomena in classical mechanics
[2, 4], electrodynamics [14–16], quantum mechanics [17–19], and many more. Here,
we briefly discuss its numerical implementation, the fast FOURIER transform (FFT)
and its applications in Computational Physics.

We start by recalling the concept of FOURIER series: It is asserted by FOURIER’s
theorem that every square-integrable, d-periodic function f .x/, f .x C d/ D f .x/, can
be (uniquely) represented as1

f .x/ D
X

n2Z
Ofn exp

�
i
2�nx

d

�
; (D.1)

where the complex coefficients Ofn 2 C are related to f .x/ by the inverse transform

Ofn D 1

d

Z d

0

dx f .x/ exp

�
�i
2�nx

d

�
: (D.2)

1In other words, the plane waves exp.in2�x=d/ with period d form a complete, orthonormal basis
in the space of d-periodic, square integrable functions with the scalar product (10.10). We remark
that this also applies to functions which are defined on a compact interval of length d [20].
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The representation (D.1) of f .x/ is referred to as the FOURIER series of f .x/ and
the coefficient (D.2) is the FOURIER coefficient of order n. Equation (D.1) is an
unambiguous expansion of the function f .x/ into contributions which oscillate with
an integer multiple of the frequency 2�=d. There are numerous important properties,
examples and applications of FOURIER series for which we refer to the literature
[21–24].

The concept of FOURIER series can be generalized to the idea of the FOURIER

transform of a square integrable function f .x/ by formally letting d ! 1 [23]. The
FOURIER transform relates the function f .x/ to its transform Of .k/, k 2 R, via2

f .x/ D
Z 1

�1
dk Of .k/ exp.ikx/; (D.3)

and the inverse transform is obtained as

Of .k/ D 1

2�

Z 1

�1
dx f .x/ exp.�ikx/: (D.4)

The transform (D.3) and its inverse (D.4) can be used to considerably simplify
mathematical problems. For instance, a linear differential equation for the function
f .x/ is mapped onto a linear algebraic equation for Of .k/. The solution of the
differential equation is then obtained by back-transforming the solution Of .k/ of the
algebraic equation. Again, we refer to the literature for further applications and the
various properties of the transforms (D.3) and (D.4). Instead, let us concentrate on
the question of how to compute the FOURIER transform (D.2) numerically.

It appears to be reasonable to start with the concepts developed in Chap. 3.3

For this purpose, we assume that the function f .x/ is solely known on a grid of N
equidistant grid-points x`, ` D 0; : : : ;N � 1. In addition, we note that it is sufficient
to limit our discussion to 2�-periodic functions. Thus, we can choose our grid-
points to be x` D x0C`h where x0 D 0 and h D 2�=N, so that xN�1 D 2�.1�1=N/.

Approximating the integral (D.2) with the help of the forward rectangular rule,
Chap. 3, yields

Ofn D 1

N

N�1X

`D0
f` exp

�
�2�n`

N

�
C O.h2/: (D.5)

It follows from this equation that the coefficients Ofn are periodic in n with period
N due to the finite number of grid-points. Hence, the maximal number of distinct

2We work here with the asymmetric definition of the FOURIER transform. For other definitions,
the pre-factors have to be adapted consistently.
3If f .x/ is not periodic we have to truncate the integral (D.4) and restrict the integration to a suitable
finite interval so that the problem again reduces to the evaluation of Eq. (D.2).
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coefficients is equal to the number of grid-points. The inversion of Eq. (D.5) follows
directly from Eq. (D.1) and reads4

f` D
N�1X

nD0
Ofn exp

�
i
2�n`

N

�
: (D.6)

The transforms (D.5) and (D.6) are referred to as the discrete FOURIER transform
(DFT) and its inverse, respectively. We cast these relations into matrix form by
defining vectors F D . f0; : : : ; fN�1/T and OF D . Of0; : : : ; OfN�1/T together with the
matrix W of elements:

Wnm D !nm
N : (D.7)

Here, !N D exp
�
2� i
N

�
denotes the N-th root of unity. The transformation matrix

W is known as the FOURIER matrix or DFT matrix and it is easy to prove that its
inverse W�1 has the elements

�
W�1�

nm
D !�nm

N : (D.8)

All this allows to rewrite Eqs. (D.5) and (D.6) in compact form:

OF D 1

N
W�1F; and F D W OF: (D.9)

Thus, we reduced the problem of numerically implementing the FOURIER

transform (D.2) to the task of multiplying the N � N complex matrix W with the N-
element vector F. This means that we have to perform N2 complex multiplications
and N.N � 1/ complex additions. However, the symmetry Wnm D Wmn already
suggests that there is further room for improvement. In fact, there are methods that
do much better and these algorithms are known as fast FOURIER transform (FFT)
algorithms.

We limit our presentation to the version proposed by COOLEY and TUKEY [6, 25,
26] which is, with some variations, the most common algorithm. In its simplest form
it is based on the observation that one can always split the FOURIER transform (D.5)
into an even and an odd part

Ofn D 1

N

N=2X

`D0
f2`!

2n`
N C !n

N

N

N=2X

`D0
f2`C1!2n`

N ; (D.10)

4It follows directly from the summation rule of the geometric series that

N�1X

mD0

exp

�
i
2�mn

N

�
D Nın0:
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provided that N is even.5 Since !2k
N D !n

N=2, we can interpret Eq. (D.10) as the linear
combination of two FOURIER transforms of length N=2. Denoting the FOURIER

coefficients of the function values f2` on even grid-points by OAn and of the values
f2`C1 on odd grid-points by OBn, we obtain for n D 1; : : : ;N=2

Ofn D OAn C !n
N

OBn: (D.11)

We now make use of the property that the FOURIER coefficients are periodic, i.e.
OAnCN=2 D OAn, OBnCN=2 D OBn, and that !nCN=2

N D �!n
N . Thus, we can calculate the

remaining coefficients Ofn, n D N=2C 1; : : : ;N with the help of:

OfnCN=2 D OAn � !n
N

OBn: (D.12)

Because of Eqs. (D.11) and (D.12) the N FOURIER coefficients can be computed
as a linear combination of two FOURIER transforms of size N=2. The recursive
application of the very same scheme to OAn and OBn constitutes the core of the FFT
algorithm in its simplest variation [6]. It is also the efficiency of this algorithm that
makes the FOURIER transform an attractive tool for numerical calculations [27]. In
fact, there are several problems in this book where an algorithm based on FFT could
have been evoked. Let us discuss two examples in more detail in order to illustrate
this.

(i) In Chap. 9.3 we could have solved the stationary inhomogeneous heat
equation for its FOURIER coefficients followed by the back-transform.6 Denoting
by OTn the FOURIER coefficients of the temperature T.x/ and by O�n the FOURIER

coefficients of the heat source/drain, we obtain from Eq. (9.20)

OTn D �
O�n

.n!/2
; (D.13)

where ! D 2�=L. Performing the inverse FFT on Eq. (D.13) and adding the
homogeneous solution (9.4) immediately gives the required temperature profile
T.x/. In a similar fashion, FFT could have been used for solving the partial
differential equations discussed in Chap. 11. From the examples in this chapter, the
time-dependent SCHRÖDINGER equation serves as our second application.

(ii) The Hamiltonian of a free point particle (for simplicity in one dimension) is
diagonal in momentum space, H D P2=2m, with the momentum operator (10.6).
Given the position-space representation of the initial state  .x; t/, we can then

5This is not a limitation because we can always choose N to be even.
6Here we use the fact that the plane waves exp.in2�x=d/ form a complete, orthonormal basis of
the functions defined on a compact interval of length L [20].
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compute the time evolved wave packet  .x; t C�t/ for arbitrary�t > 0 according
to Eq. (10.17) as

 .x; t C�t/ D 1

2�„
Z

dp exp

�
� i�t

„
p2

2m
C i

„px

�
O .p; t/; (D.14)

where O .p; t/ is the momentum space representation of the initial state  .x; t/, i.e.
its FOURIER transform with k D p=„. Hence, the time evolution of the free wave
packet is readily computed numerically with the help of the FFT and its inverse.

It is now certainly interesting to investigate whether or not a similar approach
can be applied to solve Eq. (10.1) in the presence of a potential V.x/ which is
diagonal in position space. Although this can be achieved by solving the full
stationary eigenvalue problem (10.9) followed by the application of the eigenvector
expansion (10.17), we present here a more efficient but approximate solution valid
for small time steps �t. In order to see this, we transform Eq. (D.14) into a slightly
more compact form. Denoting by F the FOURIER transform operator, O .p/ D
F .x/, we can write Eq. (D.14) as

 .x; t C�t/ D F�1U�tF .x; t/; (D.15)

where U�t D exp
��i�tp2=2„m

�
is the unitary time evolution operator for the

time interval �t.7 The correct result can not be obtained by multiplying Eq. (D.15)
with the position-space time evolution of the potential V�t D exp.�i�tV.x/=„/
because the operators V and P do not commute. However, by applying the BAKER-
CAMPBELL-HAUSDORFF formula8 [17, 19, 28], we can approximate the time
evolution  .x; t/ !  .x; t C�t/ for a small time step �t by:

 .x; t C�t/ D V�tF
�1U�tF .x; t/ C O.�t2/: (D.16)

An even better approximation is obtained by the symmetrized form

 .x; t C�t/ D F�1U�t=2FV�tF
�1U�t=2F .x; t/ C O.�t3/: (D.17)

This method, known as the split operator technique [29], is a frequently used
method to numerically solve time dependent problems in quantum mechanics with
the help of FFT.

7Ut is the momentum space representation of the free unitary time evolution operator U D
exp.�itP2=2„m/.
8The BAKER-CAMPBELL-HAUSDORFF formula states how the exponential function exp.X C Y/
of two non-commuting operators X and Y can be expanded in terms of products of exponentials of
their commutators [17, 28].



Appendix E
Basics of Probability Theory

E.1 Classical Definition

It is the aim of this Appendix to summarize the most important definitions and
results from basic probability theory as required within this book. For a more in
depth presentation we refer to the literature [30–34].

The classical probability P.A/ for an event A is defined by the number of
favorable results n, divided by the number of possible results m,

P.A/ D n

m
: (E.1)

For two events A and B we can deduce the following rules1

P.A _ B/ D P.A/C P.B/� P.A ^ B/ ; (E.2a)

P.Z/ D 0 impossible event; Z . . . zero element ; (E.2b)

P.I/ D 1 certain event; I . . . identity element ; (E.2c)

0 � P.A/ � 1 ; (E.2d)

P.AjB/ D P.A ^ B/

P.B/
; (E.2e)

1Here we use the symbols _ and ^ to denote the Boolean operators OR and AND, respectively.
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364 E Basics of Probability Theory

where P.AjB/ is the probability for the event A under the constraint that event B is
true. Moreover, if A is the complementary event2 to A we have

P.A/ D 1� P.A/ : (E.3)

The statistical definition of the probability for an event A is given by:

P.A/ D lim
m!1

n

m
: (E.4)

E.2 Random Variables and Moments

A random variable is a functional which assigns to an event ! a real number x from
the set of possible outcomes ˝: x D X.!/ [31].3 Roughly speaking it is a variable
whose value is assigned to the observation of some random process. The mean value
of a discrete random variable X is defined by

hXi D
X

!2˝
X.!/P! ; (E.5)

where P! is the probability for the event !. For instance, in case of a dice-throw
X.!/ � n D 1; 2; : : : ; 6.

We restrict ourselves now to discrete random variables and, thus, x can only
take on discrete values. Furthermore, we introduce the function of random variables
Y D f .X/ and define quite generally its mean value:

h f .X/i � h f i D
X

i

f .xi/Pi : (E.6)

Note that

h1i �
X

i

Pi D 1 : (E.7)

Moments of order k of a random variable X are defined by

mk WD ˝
Xk
˛
; (E.8)

2This means that A _ A D I and A ^ A D Z.
3A more exact formulation will follow in the course of this Appendix.



E Basics of Probability Theory 365

and central moments are introduced via the relation

	k WD ˝
.�X/k

˛ D ˝
.X � hXi/k˛ : (E.9)

Of particular interest is the second central moment, the variance:

var .X/ WD ˝
.X � hXi/2˛ D ˝

X2
˛ � hXi2 : (E.10)

Finally, the standard deviation 
 is defined as the square root of the variance:


 WD std.X/ D
p

var .X/ : (E.11)

We study now a discrete set of observations xi where i D 1; : : : ;N. Then the sample
mean value is given by

x D 1

N

X

i

xi ; (E.12)

and the error (standard deviation) of x (standard error) can be determined from:

var .x / D var

 
1

N

X

i

xi

!

D 
2

N
: (E.13)

We assumed here the xi to be uncorrelated with the consequence that cov
�
xi; xj

� D
var .xi/ ıij [defined in Eq. (E.16)]. Therefore,

standard error D 
x D 
p
N
; (E.14)

where 
 is the standard deviation of the observations as defined above.
In the case of multiple random variables we can proceed as above. For instance,

the expectation value of a function of two random variables is given by

h f .X;Y/i WD
X

i;j

f .xi; yj/Pij ; (E.15)

and the covariance between two random variables:

cov .X;Y/ WD h.X � hXi/.Y � hYi/i D hXYi � hXi hYi : (E.16)
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Fig. E.1 Uncorrelated (left panel) and positively correlated (right panel) variables X and Y

The value of the covariance together with its sign determines important properties
of the random variables X and Y in their relation to each other:

cov .X;Y/ D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
:

> 0 for Y � hYi > 0 ) X � hXi > 0 ;
(positive linear correlation)

< 0 for Y � hYi > 0 ) X � hXi < 0 ;
< 0 for X � hXi > 0 ) Y � hYi < 0 ;

(negative linear correlation)

D 0 no linear dependence between X and Y .

(E.17)

Random variables whose covariance is zero are called uncorrelated. [This property
was used in the derivation of Eq. (E.13).] To give an example, Fig. E.1 compares
schematically uncorrelated and positively correlated random variables X and Y.

E.3 Binomial Distribution and Limit Theorems

The binomial distribution is given by

P.kjn; p/ D
 

n

k

!

pk.1 � p/n�k ; (E.18)

where
�n

k

�
is the binomial coefficient

 
n

k

!

D nŠ

kŠ.n � k/Š
: (E.19)



E Basics of Probability Theory 367

For large values of n STIRLING’s approximation can be applied to calculate an
estimate of nŠ:

nŠ D nnC 1
2 e�n

p
2�


1C O.n�1/

�
: (E.20)

Furthermore, it is easy to prove that the mean value and the variance of the binomial
distribution are given by

hki D np ; (E.21)

var .k/ D np.1� p/ : (E.22)

The DE MOIVRE-LAPLACE theorem states that for var.k/ 	 1

P.kjn; p/ � g.kjk0; 
/ D 1p
2�
2

exp

�
� .k � k0/2

2
2

�
; (E.23)

where k0 D hki and 
 D p
var .k/. We can also deduce that

P.k D npjn; p/ D 1
p
2�np.1� p/

�! 0 ; (E.24)

for n ! 1. From this, BERNOULLI’s law of large numbers follows

P.jk=n � pj < �jn; p/ ! 1 8 � > 0 : (E.25)

E.4 POISSON Distribution and Counting Experiments

If the mean expectation value 	 is independent of the number of experiments n, i.e.
np D 	 � const, it follows from Eq. (E.18) that

lim
n!1 P

�
k
ˇ
ˇ̌n; p D 	

n

	
D exp.�	/	

k

kŠ
DW P.kj	/ : (E.26)

The distribution P.kj	/ is called POISSON distribution. We obtain for the POISSON

distribution:

hki D 	 ; (E.27)

var .k/ D 	 : (E.28)
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It is important to note that counting experiments, as for instance radioactive decay,
follow the Poisson statistics. A typical counting experiment observes within the
time interval t (in average) 	 events. This time interval is now divided into n sub-
intervals with �t D t=n. If the counting events can be assumed to be independent,
the process follows a binomial distribution and we have 	 D np. This is equivalent
to p D 	=n. We return to the case of radioactive decay: We count 	 signals within
one minute which are uniformly distributed over the time interval. The experiment
is now reduced to a time interval of one second and the probability of detecting a
signal consequently reduces to	=60. For p 
 1 but np =	1 the binomial distribution
P.kjn; p/ can be approximated by P.kj	/ and we can use for large values of 	

P.kj	/ D 1p
2�
2

exp

�
� .k � 	/2

2
2

�
; (E.29)

with


 D p
	 � p

k : (E.30)

In most experimentally relevant cases is 	 unknown and is approximated by:

	 D k ˙ p
k : (E.31)

E.5 Continuous Variables

We define the cumulative distribution function (cdf) [31, 32], F.x/, of a continuous
variable x by4

F.x/ WD P.X � xjB/ ; (E.32)

where B is a generalized condition (condition complex). Moreover, we define the
probability density function (pdf), p.x/ by

p.x/ D d

dx
F.x/ : (E.33)

It follows that

p.x/dx D ŒF.x C dx/ � F.x/�
ŠD P.x � X � x C dxjB/ : (E.34)

4For convenience we use here the notation F.x/ for the cumulative distribution function in contrast
to the notation P.x/ used throughout the second part of this book.
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Hence,

F.x/ D
Z x

�1
dx0p.x0/ : (E.35)

Note that the pdf is normalized

Z
dx0p.x0/ D F.1/ D P.X � 1jB/ D 1 ; (E.36)

and non-negative

p.x/ � 0 : (E.37)

E.6 BAYES’ Theorem

We regard a set of discrete events Ai under the generalized condition B. Then we
have the normalization condition

X

i

P.AijB/ D 1 ; (E.38)

and the marginalization rule

P.BjB/ D
X

i

P.BjAi;B/P.AijB/ : (E.39)

BAYES’ theorem [33, 35] for discrete variables follows from Eq. (E.2e) since P.A ^
B/ D P.B ^ A/:

P.AjB;B/ D P.BjA;B/P.AjB/
P.BjB/ : (E.40)

In case of continuous variables the above equations modify accordingly. The
marginalization and BAYES’ theorem for pdfs are then given by

P.BjB/ D
Z

dxP.Bjx;B/p.xjB/ ; (E.41)

and

p.yjx;B/ D p.xjy;B/p.yjB/
p.xjB/ : (E.42)
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E.7 Normal Distribution

The normal distribution (GAUSS distribution) is defined by the pdf:

p.x/ D N .xjx0; 
/ D 1p
2�
2

exp

�
� .x � x0/2

2
2

�
: (E.43)

The corresponding cdf

F.x/ D 1p
2�
2

Z x

�1
dx0 exp

�
� .x

0 � x0/2

2
2

�

D ˚
�x � x0




	
D 1

2
C 1

2
erf

�
x � x0p
2
2

�
; (E.44)

follows. Here ˚.x/ is given by

˚.x/ D 1p
2�

Z x

�1
dx0e�x02=2 ; (E.45)

and erf.x/ is the error function [36, 37]:

erf.x/ D 2p
�

Z x

0

dx0e�x02

: (E.46)

Furthermore, we obtain

hxi D x0 ; (E.47)

var .x/ D 
2 : (E.48)

E.8 Central Limit Theorem

Let S denote a random variable defined by

S D
NX

iD1
ciXi ; (E.49)

where the Xi are independent and identically distributed random numbers with mean
	 and variance 
2 and

lim
N!1

1

N

NX

iD1
ck

i D const ; 8k 2 Z : (E.50)
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Then,

p.SjN;B/ � N ŒSj hSi ; var .S/� ; (E.51)

with

hSi D 	

NX

iD1
ci ; (E.52)

and

var .S/ D 
2
NX

iD1
c2i ; (E.53)

for large values of N. The theorem of DE MOIVRE-LAPLACE is a special case of the
central limit theorem, with the result that the Xi are binomial distributed.

E.9 Characteristic Function

The characteristic function G.k/ of a stochastic variable X is defined by [31, 32]

G.k/ D ˝
eikX

˛ D
Z

I
dxeikxp.x/ ; (E.54)

where I denotes the range of the pdf p.x/. It follows that

G.0/ D 1 and jG.k/j � 1 : (E.55)

Expanding Eq. (E.54) in a Taylor series with respect to k yields

G.k/ D
X

m

.ik/m

mŠ

Z

I
dx xmp.x/ �

X

m

.ik/m

mŠ
hXmi : (E.56)

Hence, the characteristic function is a moment generating function.

E.10 The Correlation Coefficient

We shall briefly define and discuss the correlation coefficient. Two random variables
X and Y form a random vector Z D .X;Y/ which follows the pdf p.Z/ D p.X;Y/
with the normalization

Z
dxdy p.x; y/ D 1 : (E.57)
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The correlation coefficient r is now defined as

r D cov .X;Y/
p

var .X/ var .Y/
; (E.58)

where cov .X;Y/ is the covariance (E.16) of X and Y while var .�/ denotes the
variance (E.10) of the respective argument. It follows from the CAUCHY-SCHWARZ

inequality that 0 � r2 � 1 and, therefore, �1 � r � 1.5

The random variables X and Y are said to be the stronger correlated the bigger
r2 becomes because for statistically independent (uncorrelated) variables we have
p.x; y/ D q1.x/q2.y/ with the consequence that cov .X;Y/ D 0 and, thus, r D 0.

The definition of the correlation coefficient is commonly motivated by the
problem of linear regression: Suppose we have a set of data points Y associated
with data points X. We would like to find a linear function f .X/ D a C bX which
approximates the data points Y as good as possible. The problem may be stated as

˝
ŒY � f .X/�2

˛ D ˝
.Y � a � bX/2

˛ ! min ; (E.60)

where a and b are real constants. This corresponds to GAUSS’s method of minimiz-
ing the square of errors. We have

@

@a

˝
.Y � a � bX/2

˛ D �2 hY � a � bXi D 0 ; (E.61)

and

@

@b

˝
.Y � a � bX/2

˛ D �2 h.Y � a � bX/Xi D 0 : (E.62)

Equations (E.61) and (E.62) result in:

a C b hXi D hYi ; (E.63)

a hXi C b
˝
X2
˛ D hXYi : (E.64)

Both are easily solved for a and b and one obtains

a D hYi � b hXi ; (E.65)

5One defines the scalar product between random variables .X; Y/ D cov .X; Y/ and therefore
kXk2 D .X;X/ D var .X/. The CAUCHY-SCHWARZ inequality reads

j.X; Y/j2 �k X k2k Y k2 ; (E.59)

and therefore 0 � r2 � 1.
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where

b D hXYi � hXi hYi
hX2i � hXi2 D cov .X;Y/

var .X/
: (E.66)

Thus, the linear function f .X/ which approximates the data points Y optimally is
given by

f .X/ D hYi � cov .X;Y/

var .X/
.X � hXi/

D hYi � r

s
var .Y/

var .X/
.X � hXi/ ; (E.67)

and it follows immediately for the squared error:

˝
Œy � F.x/�2

˛ D var .Y/ .1 � r2/ : (E.68)

Hence, the best result is achieved for r D ˙1 in which case the association of the
data points Y with the data points X is really linear while the worst result is found
when r D 0 (no association what so ever).

E.11 Stable Distributions

A stable distribution is a distribution which reproduces itself [32]. In particular,
consider two random variables X1 and X2 which are independent copies of the
random variable X following the distribution pX .6

The pdf pX is referred to as a stable distribution if for arbitrary constants a and
b the random variable aX1 C bX2 has the same distribution as the random variable
cX C d for some positive c and some d 2 R.

For this case one can write down the characteristic function analytically. We will
give a special case, the so called symmetric LÉVY distributions [38]:

G˛.k/ D exp .�
 jkj˛/ : (E.69)

Here 
 > 0 and 0 < ˛ � 2. The pdf of such a distribution shows the asymptotic
behavior

p˛.x/ / ˛

jxj1C˛ ; jxj ! 1 : (E.70)

6Independent copies of a random variable, are random variables, which are independent and follow
the same distribution as the original random variable.
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The normal distribution follows from Eq. (E.69) for ˛ D 2. Moreover, we
observe from Eq. (E.70) that the variance diverges for all ˛ < 2. However,
the existence of the variance was the criterion for the validity of the central
limit theorem formulated in Sect. E.8. We note that stable distributions reproduce
themselves and are attractors for sums of independent identical distributed random
variables. This is referred to as the generalized central limit theorem.

We remark, in conclusion, that for ˛ D 1 the CAUCHY distribution results from
Eq. (E.69), and note that stable distributions are also referred to as LÉVY ˛-stable
distributions [32].



Appendix F
Phase Transitions

F.1 Some Basics

In many systems transitions between different phases can be observed if an external
parameter, such as the temperature or the particle density, changes. Familiar
examples are the liquid-gaseous phase transition or the ferromagnetic-paramagnetic
transition. The two phases exhibit different properties and often develop a different
physical structure, like in disorder-to-order transitions. This suggests the intro-
duction of an order parameter ' which is zero in one phase and takes on some
finite value ' ¤ 0 in the other one.1 For instance, in the case of paramagnetic-
ferromagnetic transitions the magnetization plays the role of the order parameter
[43].

In order to classify phase transitions we briefly repeat some basics from statistical
mechanics [39–42, 44, 45]. In a canonical ensemble the probability to find the
system in micro-state r (as a function of the external parameters temperature T,
volume V and number of particles N) is proportional to the BOLTZMANN-factor

Pr.T;V;N/ D 1

Z.T;V;N/
exp Œ�ˇEr.V;N/� : (F.1)

Here, ˇ D 1=.kBT/, where kB is the BOLTZMANN constant, T is the temperature,
and Er is the energy of micro-state r. The canonical partition function Z.T;V;N/,

Z.T;V;N/ D
X

r

exp Œ�ˇEr.V;N/� ; (F.2)

1The choice of the order parameter may not be unique [39–42].
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ensures the normalization of Pr.T;V;N/ and determines the free energy F.T;V;N/
according to

F.T;V;N/ D � 1
ˇ

ln Z.T;V;N/ : (F.3)

The EHRENFEST classification [46] of phase transitions is based on the behavior
of F near the transition point: If F is a continuous function of its variables at
the transition point and its first derivative with respect to some thermodynamic
variable is discontinuous we call it a first order phase transition. For instance,
transitions from the liquid to the gaseous phase are classified as first order phase
transitions because the density, which is proportional to the first derivative of the
free energy with respect to the chemical potential, changes discontinuously at the
boiling temperature T D TB. We remark the following characteristics of first order
phase transitions:

1. The transition involves a latent heat �Q: The system absorbs or releases energy.
A familiar example is the latent heat of fusion in the case of melting or freezing.

2. Both phases can coexist at the transition point.
3. A metastable phase can be observed.

In a second order phase transition the first derivative of the free energy F with
respect to some thermodynamic variable is continuous but the second derivative
of F exhibits a discontinuity. For instance, in a ferromagnetic phase transition the
magnetization (first derivative of F with respect to the external magnetic field B)
changes continuously while the magnetic susceptibility � (the second derivative of
F with respect to B) is discontinuous at the CURIE temperature Tc [43].

The modern classification is based on the behavior of the order parameter near
the critical point. The order parameter changes discontinuously for first order
phase transitions while it changes continuously for second and higher order phase
transitions. Second order transitions are typically related to spontaneous symmetry
breaking, as for instance in the paramagnetic-ferromagnetic transition. Based on
this observation, LANDAU developed a general description of second order phase
transitions which we briefly discuss in the following section.

F.2 LANDAU Theory

We regard a second order phase transition characterized by the scalar order
parameter ' [47]. Since h'i changes continuously at T D Tc, it is convenient to
define ' in such a way that h'i jT�Tc D 0 while h'i jT<Tc ¤ 0.
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For the free energy F.T; h; '/, one chooses

F.T; h; '/ D F0.T/C V

�
a.T � Tc/

2
'2 C b

4
'4 � h'

�
; (F.4)

where a and b are some material constants and h denotes the external field. This
ansatz is motivated by the theory of the paramagnetic-ferromagnetic phase transition
[43]. Thus, in equilibrium we have

ıF

ı'
D 0 ; (F.5)

which results in

a.T � Tc/' C b'3 D h : (F.6)

For h D 0 and T < Tc we obtain

h'0i D
r

a

b
.Tc � T/ � .Tc � T/� ; (F.7)

where � D 1=2 is called the critical exponent. For T � Tc we have h'0i D 0. We
now regard a weak external field h. The order parameter will change

' D h'0i C ı' : (F.8)

Again, we obtain for equilibrium:

ıF

ı'
D a.T � Tc/.h'0i C ı'/C b.h'0i C ı'/3 � h D 0 : (F.9)

Neglecting contributions of order O.ı'2/ yields for the susceptibility

� D @

@h
h'i D hı'i

h
� jT � Tcjı ; (F.10)

where ı D �1 is a second critical exponent. This is the CURIE-WEISS law [43].
Finally for T D Tc we obtain from Eq. (F.6)

' D
�

h

b

� 1
3

� h
1
� ; (F.11)
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with the third critical exponent �. The LANDAU theory is a mean-field approxima-
tion since local fluctuations of the order parameter are neglected.2 Although the
critical exponents obtained with LANDAU’s approach deviate from experimental
values, the theory is qualitatively correct. We remark that the critical exponents are
universal (a property referred to as universality [40]) as they depend only on the
dimensionality and the symmetry of the interaction.

2The extension to space dependent order parameters is referred to as GINZBURG-LANDAU theory
[48].



Appendix G
Fractional Integrals and Derivatives in 1D

This section introduces briefly the common definitions and notations associated with
fractional calculus in one dimension [49].

The RIEMANN-LIOUVILLE fractional integrals of order ˛ 2 C ŒR.˛/ > 0�,
I˛aCf .x/ and I˛b�f .x/ on a finite interval Œa; b� on the real axis R are given by

I˛aCf .x/ WD 1

� .˛/

Z x

a
dx0 f .x0/

.x � x0/1�˛
for .x > a; R.˛/ > 0/; (G.1a)

I˛b�f .x/ WD 1

� .˛/

Z b

x
dx0 f .x0/

.x0 � x/1�˛
for .x < b; R.˛/ > 0/ ; (G.1b)

where � .x/ denotes the Gamma function [36, 37], R.˛/ is the real part of ˛, and
f .x/ is a sufficiently well behaved continuous, differentiable function for which
the integrals in (G.1) exist. The corresponding RIEMANN-LIOUVILLE fractional
derivatives D˛

aCf .x/ and D˛
b�f .x/ of order ˛ 2 C ŒR.˛/ � 0� are defined by

D˛
aCf .x/ WD

�
d

dx

�n

.In�˛
aC f /.x/

D 1

� .n � ˛/
�

d

dx

�n Z x

a
dx0 f .x0/

.x � x0/˛�nC1 for x > a ; (G.2a)

and

D˛
b�f .x/ WD

�
� d

dx

�n

.In�˛
b� f /.x/

D 1

� .n � ˛/
�

� d

dx

�n Z b

x
dx0 f .x0/

.x0 � x/˛�nC1 for x < b ; (G.2b)
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with n D ŒR.˛/� C 1. Here ŒR.˛/� denotes the integer part of R.˛/. For a ! �1
and b ! C1 the RIEMANN-LIOUVILLE fractional integrals and derivatives are
referred to as WEYL fractional integrals and derivatives. In what follows, they will
be denoted by I˛˙ and D˛˙, respectively.

If ˛ 2 C ŒR.˛/ � 0� and Œa; b� 2 R is a finite interval, then the left- and right-
sided CAPUTO fractional derivatives CD˛

aCf .x/ and CD˛
b�f .x/ are defined by

CD˛
aCf .x/ D D˛

aCf .x/ �
n�1X

kD0

f .k/.a/

� .k � ˛ C 1/
.x � a/k�˛ ; (G.3a)

and

CD˛
b�f .x/ D D˛

b�f .x/ �
n�1X

kD0

.�1/kf .k/.b/

� .k � ˛ C 1/
.b � x/k�˛ ; (G.3b)

with

n D
(
ŒR.˛/�C 1 ˛ … N ;

˛ ˛ 2 N0 :
(G.3c)

This is, however, equivalent to

CD˛
aCf .x/ D 1

� .n � ˛/
Z x

a
dx0 f .n/.x0/

.x � x0/˛�nC1

D .In�˛
aC Dnf /.x/ ; (G.4a)

and

CD˛
b�f .x/ D .�1/n

� .n � ˛/

Z b

x
dx0 f .n/.x0/

.x0 � x/˛�nC1

D .�1/n.In�˛
b� Dnf /.x/ : (G.4b)

The symmetric fractional integrals I˛jxj and derivatives D˛
jxj are referred to as

RIESZ fractional integrals or derivatives and are of the form

I˛jxj D I˛C C I˛�
2 cos

�
˛�
2

� ; (G.5)

for ˛ 2 .0; 1/ and

D˛
jxj D

8
ˆ̂
<

ˆ̂
:

.�1/ n
2

D˛
C

CD˛
�

2 cos .˛�=2/ for n D ŒR.˛/�C 1 � 2k; k 2 N0 ;

.�1/ n�1
2

D˛
C

�D˛
�

2 sin .˛�=2/ for n D ŒR.˛/�C 1 � 2k C 1; k 2 N0 :

(G.6)



Appendix H
Least Squares Fit

H.1 Motivation

In numerous physics applications a set of corresponding data points .xk; yk/ was
measured or calculated and a set of certain parameters f˛jg characterizing a function
f .xk; f˛jg/ is to be determined in such a way that

�2 D
X

k

ck


yk � f .xk; f˛jg/

�2 ! min : (H.1)

This is referred to as a least squares fit problem [6, 7]. Here, ck � 0 are weights,
which indicate the relevance of a certain data point .xk; yk/ for the fitting routine, and
f .x; f˛jg/ is referred to as the model function. Besides numerous applications within
the context of experimentally obtained data points, we already came across such a
problem in our discussion of data analysis in Chap. 19. Here it was of interest to
determine the experimental auto-correlation time by fitting an exponential function
to the measured auto-correlation coefficient A.k/, discussed in Sect. 19.3. Hence, we
note that in many applications the parameters f˛jg can be associated with a physical
property of interest.

We distinguish between two different cases: (i) the function f .xk; f˛jg/ is a linear
function of the parameters f˛jg and (ii) the function f .xk; f˛jg/ is not linear in its
parameters f˛jg. It should be emphasized that in both cases the function does not
need to be linear in xk. This section will discuss methods for linear as well as non-
linear least squares fits. However, before proceeding some comments on the data
points fykg seem to be required.
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382 H Least Squares Fit

Suppose the points .xk; yk/ stem from a measurement which has been repeated
N-times. In this case for every value xk we have N different values fy j

kg and we may
use the arithmetic mean

yk D 1

N

X

j

y j
k ; (H.2)

instead of yk in expression (H.1). We may also calculate the variance var .yk/ via1

var .yk/ D 1

N

X

j

.y j
k � yk/

2 : (H.3)

If we assume that the data points y j
k follow a normal distribution with mean hyki

and variance var .yk/ we may proceed in the following way: The weights ck are
chosen as

ck D 1

var .yk/
: (H.4)

The resulting fit parameters f˛jg are then regarded as mean values of parameters
where the variances var .˛i/ as well as the covariances cov

�
˛i; ˛j

�
can be obtained

from the matrix

Nij D 1

2

@2�2

@˛i@˛j
; (H.5)

via inversion, i.e.

C D N�1 ; (H.6)

and

Cij D cov
�
˛i; ˛j

�
: (H.7)

The matrix C is commonly referred to as covariance matrix.

1In many cases one employs the bias corrected variance var .yk/B D N
N�1

var .yk/. For a detailed
discussion of the bias corrected variance the interested reader is encouraged to consult a statistics
textbook [45, 50–53].
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H.2 Linear Least Squares Fit

In this particular case the model function f .xk; f˛jg/ is defined as

f .xk; f˛jg/ D
X

j

˛j'j.xk/ ; (H.8)

where 'j.xk/ are linear independent basis functions, which do not have to be linear
in xk. The particular case of a linear regression, discussed in Sect. E.10, is included.
Equation (H.8) specifies the model function f .xk; f˛jg/ in (H.1) and this yields

�2 D
X

k

ck

2

4yk �
X

j

˛j'j.xk/

3

5

2

; (H.9)

which is supposed to tend to a minimum. We calculate

@�2

@˛`
D �2

X

k

ck'`.xk/

2

4yk �
X

j

˛j'j.xk/

3

5 ŠD 0 ; (H.10)

and arrive at:

X

j

˛j

X

k

ck'`.xk/'j.xk/ D
X

k

ckyk'`.xk/ ; 8`: (H.11)

This equation can be reformulated as the linear equation

M˛ D ˇ ; (H.12)

where the vectors ˛ D .˛1; ˛2; : : :/
T and ˇ D .ˇ1; ˇ2; : : :/

T with

ˇi D
X

k

ckyk'i.xk/ ; (H.13)

and the matrix M

Mij D
X

k

ck'i.xk/'j.xk/ ; (H.14)

have been introduced.
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Equation (H.12) can, for instance, be solved with the help of the methods
discussed in Appendix C. It is also particularly simple to determine the covariances
because we have

Nij D 1

2

@2�2

@˛i@˛j
D Mij ; (H.15)

and the covariances follow from Eqs. (H.6) and (H.7).

H.3 Nonlinear Least Squares Fit

Before we discuss the most general case of a completely arbitrary model function
f .xk; f˛jg/ we want to point out that it is in most cases of advantage to linearize the
model function if at all possible. For instance, if the model function is an exponential
function, it may be linearized by taking the data points ln.yk/ instead of yk.

However, if this is not possible there are numerous alternatives to find a solution
of the problem. For instance, the GAUSS-NEWTON method can be employed if
the model function f .xk; f˛jg/ and its derivatives with respect to the parameters
˛j are known analytically. Another possibility is offered by the application of an
deterministic optimization algorithm as they will be introduced in Appendix I. If
even this method is not applicable, the methods of stochastic optimization, discussed
in Chap. 20, might be an obvious choice.

We describe now the GAUSS-NEWTON method which is essentially a general-
ization of the NEWTON method presented in Appendix B. The GAUSS-NEWTON

method is a method developed to minimize the expression (H.1) iteratively. The
derivatives

@f .xk; f˛jg/
@˛`

; (H.16)

are assumed to be known analytically. This is an iterative algorithm and, thus, an
iteration index is introduced and indicated by a superscript index n like in ˛n

j . The
algorithm is described by the following steps:

1. Choose a set of initial values f˛0j g for the iteration.
2. Linearize the function f .xl; f˛n

j g/ and insert the result into Eq. (H.1):

�2 �
X

k

ck

(

yk � f .xk; f˛n
j g/�

X

`

�
@f .xk; f˛jg/

@˛`

�

f˛jgDf˛n
j g
.˛` � ˛n

` /

) 2
:

(H.17)
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We introduce the following abbreviations for a more compact notation:

df n
k;` D

�
@f .xk; f˛jg/

@˛`

�

f˛jgDf˛n
j g
; (H.18)

and

f n
k D f .xk; f˛n

j g/ : (H.19)

3. We have to solve

@�2

@˛i
D �2

X

k

ckdf n
k;i

"

yk � fk �
X

`

df n
k;`.˛` � ˛n

` /

#
ŠD 0 ; (H.20)

for all parameters f˛jg. Therefore, we introduce vectors ˛ D .˛1; ˛2; : : :/
T , ˇ D

.ˇ1; ˇ2; : : :/
T with

ˇi D
X

k

ck.yk � f n
k /df n

k;i ; (H.21)

and the matrix M with elements:

Mij D
X

k

ckdf n
k;idf n

k;j : (H.22)

This transforms Eq. (H.20) into a linear system of equations

M.˛ � ˛n/ D ˇ ; (H.23)

which is solved for�˛n D ˛� ˛n. Please note that ˛n denotes the vector ˛ after
n iterations. The vector ˛nC1 for the next iteration step is guessed from:

˛nC1 D ˛n C�˛n : (H.24)

4. The iteration is terminated if for all parameters the desired accuracy was
achieved. For instance, the condition j˛nC1

j � ˛n
j j � � can be used with � a

small parameter. A criterion for the relative error can be formulated in analogue.

Some comments concerning the covariance matrix are in order: It is more
complicated in the nonlinear case because we also have to consider the second
partial derivatives of the model function f .xk; f˛`g/. However, if these can for some
reason be neglected we obtain, again, that Nij D Mij, as in Appendix, Sect. H.2.
Another, more serious problem is found in the fact that the GAUSS-NEWTON

method suffers from severe instability problems. However, a possible remedy was
formulated by D. MARQUART [54] who suggested to multiply the diagonal elements
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of the matrix M with a factor .1C �/ where � > 0. A detailed analysis shows that
one can choose � sufficiently large and in such a way that the value of �2n decreases
monotonically, i.e. �2nC1 � �2n for all iteration steps n. However, an increase of �
decreases the convergence rate and more iterations are necessary until the required
accuracy was obtained. It is therefore desirable to choose � values in such a way
that the error decreases monotonically but that, at the same time, a convergence
rate is maintained which is as large as possible. A possible strategy is to start with
some given value of � and to reduce it after every iteration step by a constant rate.
However, if at some point the error �2 increases, i.e. �2nC1 > �2n, then � has again to
be increased.



Appendix I
Deterministic Optimization

I.1 Introduction

We use the term deterministic optimization to distinguish these particular optimiza-
tion methods from the stochastic optimization methods discussed in Chap. 20. There
are numerous different deterministic methods designed to find the minimum (or
maximum) of a given function f .x/, where x can be a vector. Roughly speaking,
we can distinguish between methods which require the knowledge of the Hessian,1

methods which need gradients only, and methods which are based on function values
only. For instance, if the gradient of a function is known analytically one may exploit
NEWTON’s method, as it was introduced in Appendix B. Note that such an approach
requires the Hessian of the function f .x/.

We plan to discuss here in some detail two specific methods, namely the method
of steepest descent and the method of conjugate gradients. Both methods require
the knowledge of the gradient of the function, however, the gradient can also be
approximated with the help of finite differences (see Chap. 2). A discussion of
additional methods is beyond the scope of this book and the interested reader is
referred to the available literature [55].

However, before discussing these two methods in more detail, let us briefly
consider the quadratic problem which can be solved analytically. In this case the
function f .x/ can be written as

f .x/ D 1

2
xTAx � bTx C c ; (I.1)

1The Hessian, or HESSE matrix, H 2 R
N�N of a function f .x/, x 2 R

N is the Jacobian of the
Jacobian J.x/ of f .x/ defined in Eq. (B.8). Thus, it is the matrix of second order partial derivatives
of a function. It describes the local curvature of a function of many variables.
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where x 2 R
N , A 2 R

N�N , b 2 R
N and c 2 R where we restrict the discussion to real

valued functions for reasons of simplicity. We demonstrate now that for symmetric
and positive definite matrices A, i.e. AT D A and xTAx > 0 for all x ¤ 0, the
minimum of f .x/ is given by x D A�1b. The gradient of f .x/ is readily evaluated
and is given by2:

rf .x/ D 1

2
ATx C 1

2
Ax � b : (I.2)

This immediately yields the desired result:

Ax D b : (I.3)

It follows that x D A�1b is a minimum because we assumed A to be positive
definite. It is possible to solve the optimization problem even if A is not symmetric
by inverting the symmetrized matrix

�
A C AT

�
=2. Finally, the linear equation (I.3)

can be solved with the methods discussed in Appendix C.

I.2 Steepest Descent

The most simple gradient based method is the method of steepest descent [6]. It
is based on the rather straight forward idea of moving in each iteration step into
the opposite direction of the gradient, i.e. downhill. Hence, we may formulate it
mathematically in the following way: Let xn be the current position of our search
for the minimum. Then we choose

xnC1 D xn � ˛nrf .xn/ ; (I.4)

where the step-size in direction of the negative gradient, ˛n, has to be determined in
an additional step. The step-size should be chosen in such a way that we reach the
line minimum in direction rf .xn/:

d

d˛n
f ŒxnC1.˛n/� D �rf .xnC1/ � rf .xn/

ŠD 0 : (I.5)

2We remember from vector analysis that

rx

�
xT Ax

� D rx

�
xT A

�

„ ƒ‚ …
DA

x C rx

�
xT AT

�

„ ƒ‚ …
DAT

x D .A C AT /x :
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Hence, we observe that for an optimal choice of ˛n the search directions are
orthogonal. In practice ˛n is estimated with the help of a separate minimization
technique, such as bisection. This technique has already been used in our discussion
of the shooting methods in Chap. 10.

We provide an example which is supposed to make the method more transparent
and to help in the discussion of its caveats: We want to determine the global
minimum of the function

f .x; y/ D cos.2x/C sin.4y/C exp.1:5x2 C 0:7y2/C 2x : (I.6)

Its gradient is easily evaluated

@f .x; y/

@x
D �2 sin.2x/C 3x exp.1:5x2 C 0:7y2/C 2 ; (I.7)

and

@f .x; y/

@y
D 4 cos.4y/C 1:4y exp.1:5x2 C 0:7y2/ : (I.8)

We define the algorithm steepest descent with the following steps:

1. Choose some initial values x0 and y0.
2. Calculate the gradient rf .xn; yn/ in iteration step n.
3. Determine ˛n in such a way that

f ŒxnC1.˛n/; ynC1.˛n/� ! min ; (I.9)

which is equivalent to

g.˛n/ WD rf ŒxnC1.˛n/; ynC1.˛n/� � rf .xn; yn/ D 0 : (I.10)

This is achieved by a bisection technique similar to the one employed in
Sect. 10.3,

a. Set ˛a
n D 0 and chose ˛b

n arbitrary.
b. Increase ˛b

n until g.˛a
n/g.˛

b
n/ < 0.

c. Define

˛c
n D ˛a

n C ˛b
n

2
; (I.11)

and determine g.˛c
n/.
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Fig. I.1 Iteration sequence
of the method of steepest
descent for three different
starting points

d. If g.˛a
n/g.˛

c
n/ < 0, set ˛b

n D ˛c
n and return to step c. Otherwise, set ˛a

n D ˛c
n

and return to step c.
e. The bisection is terminated if jg.˛a

n/j < �, with � some required accuracy for
the bisection part.

4. Check whether j f .xnC1; ynC1/ � f .xn; yn/j � 
 with 
 some required accuracy.
Return to step 2 for the next iteration step if the algorithm is not converged.

The above algorithm was executed for the function f .x; y/ given by Eq. (I.6) for
three different starting points, (0:8; �0:75), (0:8; 1:05), and (�1:05; 1:05). The
function f .x; y/ as well as the iteration sequence towards the minimum for all three
starting points is illustrated in Fig. I.1.

We note the following properties of the method: First of all it is a rather slow
method due to the orthogonality of subsequent search directions. Moreover, as we
observe from Fig. I.1, we can only find the local minimum closest to the starting
point and not the global minimum of the function f .x; y/. The convergence rate is
also highly affected by the choice of the initial position. However, it is a very simple
method which works in spaces of arbitrary dimension.

I.3 Conjugate Gradients

The method of conjugate gradients [6, 55] is based on the definition of N orthogonal
search directions f ig in an N dimensional space. In contrast to steepest descent it
is designed in such a way that we take only one step in each search direction and the
minimum is found after at most N steps, if the function f .x/ is of the quadratic
form (I.1). In the more general case, however, it will take more steps but will,
nevertheless, be much more efficient than the method of steepest descent. Let us
formulate the method for a general function f .x/.
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We approximate the function f .x/, with x 2 R
N , in the vicinity of the reference

point xn in the n-th iteration step up to second order and name the resulting function
Of .x/:

Ofn.x/ WD f .xn/C rf .xn/ � .x � xn/C 1

2
.x � xn/ � Œ�f .xn/.x � xn/�

� f .xn/� bT
n .x � xn/C 1

2
.x � xn/

TAn.x � xn/ : (I.12)

Here, An denotes the Hessian3 at position xn and bn is the negative gradient at xn.
In particular, for a quadratic function f .x/ the equality Of .x/ D f .x/ holds. We now
write the minimum Ox of f .x/ as a linear combination of search directions f ig with
coefficients �i and the initial point x0:

Ox D x0 C
MX

iD0
�i i : (I.13)

Note that in the quadratic case (I.1) this sum will be restricted to M D N � 1. At
each iteration instance we have the relation

xnC1 D xn C �n n ; (I.14)

together with the goal

xM
ŠD Ox : (I.15)

Let us define now a couple of useful quantities. The deviation from the minimum at
iteration step n C 1, ınC1, is given by

ınC1 D xnC1 � Ox
D xn C �n n � Ox
D ın C �n n : (I.16)

We define, furthermore, the residual

rnC1 WD �rOfn.xnC1/

D bn � An.xnC1 � xn/

D bn � �nAn n ; (I.17)

3Note that the Hessian is always symmetric for real valued functions f .x/ due to the symmetry of
second order derivatives.
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where we employed that

1

2
r 

.x � xn/

TAn.x � xn/
� D An.x � xn/ : (I.18)

Finding the minimum of the quadratic approximation Of .x/ of f .x/ around xn is
equivalent to the condition

rnC1 D 0 : (I.19)

In particular, we have to find the product �n n in such a way that rnC1 D 0. Of
course, we could invert the Hessian An in order to obtain this result. However,
this would be too expensive from a computational point of view. The idea is to
apply the ideal search strategy for quadratic functions to Ofn.x/ in order to obtain
xnC1. Hence, the method of conjugate gradients executes packages of N steps,
where each package solves the quadratic problem around xn, until the minimum
of the original function f .x/ has been found. Therefore, we have to generalize the
relations (I.14), (I.16), and (I.17) for iterations within step n.

We have, in particular, for every iteration step n

xnC1 D xn C
N�1X

`D0
�`n 

`
n ; (I.20)

together with the definitions

x`C1n D x`n C �`n 
`
n ; (I.21)

where xnC1 � xN
n . Furthermore, we define the deviation

ı`C1n D x`C1n � xnC1 D ı`n C �`n 
`
n ; (I.22)

and the residual

r`C1n D �rOfn.x`C1n /

D bn � An.x
`C1
n � xn/ : (I.23)

In contrast to relation (I.17), Eq. (I.23) features the difference .x`C1n �xn/ rather than
.xnC1 � xn/. We insert the recurrence (I.21) and obtain

r`C1n D bn � An.x
`
n � xn/ � �`nAn 

`
n

D r`n � �`nAn 
`
n : (I.24)
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Hence, in contrast to relation (I.17) Eq. (I.24) defines a recurrence relation. Again,
we want to choose the search directions `n and the step length �`n in such a way that
we find the minimum as quickly as possible. Suppose we already knew the search
direction  `n . The line minimum in this direction is then given by

d

d�`n
Ofn.x`C1n / D r Of .x`C1n / �  `n

D �r`C1n � `n
D �.r`n � �`nAn 

`
n /

T `n

D �.r`n/T `n C �`n. 
`
n /

TAn 
`
n

ŠD 0 ; (I.25)

and we have

�`n D .r`n/
T `n

. `n /
TAn `n

: (I.26)

Hence, the remaining unknown quantities in our algorithm are the search directions
 `n . So far, the only information we obtained is that the search direction  `n is
orthogonal to the residual r`C1n , see Eq. (I.25).

However, we also know that

0 D An .xnC1 � xn/� bn

D An

N�1X

`D0
�`n 

`
n � bn ; (I.27)

and therefore

0 D �
 k

n

�T
An

N�1X

`D0
�`n 

`
n � �

 k
n

�T
bn ; (I.28)

for arbitrary k. A sufficient condition to ensure the validity of relation (I.28) is to
impose An-orthogonality:

˝
 k

n

ˇ
ˇ `n

˛
An

� . k
n/

TAn 
`
n D ık;`

˝
 k

n

ˇ
ˇ k

n

˛
An
: (I.29)

We note that
˝
 k

n

ˇ
ˇ `n

˛
A constitutes indeed a scalar product since An is positive

definite in the neighborhood of a minimum.
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Let us briefly demonstrate that the choice (I.29) fulfills Eq. (I.28). First of all we
note that we obtain from Eq. (I.24)

r`C1n D bn �
X̀

kD0
�k

nAn 
k
n ; (I.30)

and, therefore, we derive the coefficients �`n from Eq. (I.26) in the convenient form:

�`n D bT
n 

`
n˝

 `n
ˇ
ˇ `n

˛
An

: (I.31)

The condition of orthogonality (I.29) is used to rewrite Eq. (I.28) as

0 D �k
n

˝
 k

n

ˇ̌
 k

n

˛
An

� �
 k

n

�T
bn ; (I.32)

which together with Eq. (I.31) proves the equality (I.28). Hence, the strategy is clear:
We choose an initial direction  0n and then construct the further directions in such
a way that they fulfill An-orthogonality (I.29). Before discussing the construction of
search directions in more detail we observe the following property:

. k
n /

Tr`n D . k
n /

Tbn �
`�1X

mD0
�m

n

˝
 k

n

ˇ
ˇ m

n

˛
An

D
(
. k

n/
Tbn for k � ` ;

0 else.
(I.33)

This means that all search directions  k
n for k � `� 1 are orthogonal to the residual

r`n, or in other words, all residuals r`n are orthogonal (in the classical sense) to all
previous search directions.

We shall now briefly outline the resulting update algorithm for search directions:
Let f'`ng be a set of linear independent vectors that span our search space for Ofn.x/.4
We write the search direction  k

n as

 k
n D 'k

n C
k�1X

`D0
ˇk`

n  
`
n ; (I.34)

together with

 0n D '0n : (I.35)

4In principle these linear independent vectors f'`ng do not need to depend on the index n, i.e. on
the actual position xn. However, we consider here the most general case as will soon become clear.
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The expansion coefficients ˇ`kn can be determined recursively by imposing An-
orthogonality for all ` < k:

0 D ˝
 k

n

ˇ̌
 `n
˛
An

D ˝
'k

n

ˇ
ˇ `n

˛
An

C
k�1X

mD0
ˇkm

n

˝
 m

n

ˇ
ˇ `n

˛
An

D ˝
'k

n

ˇ̌
 `n
˛
An

C ˇk`
n

˝
 `n
ˇ̌
 `n
˛
An
; (I.36)

and, therefore:

ˇk`
n D �

˝
'k

n

ˇ
ˇ `n

˛
An˝

 `n
ˇ̌
 `n
˛
An

: (I.37)

This procedure is known as the GRAM-SCHMIDT conjugation [6, 12].
Now, the question arises how one should choose the basis vectors '`n and whether

or not it is advantageous to choose the '`n as a function of n. A particularly clever
choice is to take the residuals, i.e.

'`n D r`n : (I.38)

In this case we have for ` < k

ˇk`
n D �

˝
rk

n

ˇ̌
 `n
˛
An˝

 `n
ˇ
ˇ `n

˛
An

D � .r
k
n/

TAn 
`
n˝

 `n
ˇ̌
 `n
˛
An

D � .rk
n/

T

˝
 `n
ˇ
ˇ `n

˛
An

�
r`n � r`C1n

�`n

�
; (I.39)

where we used recurrence (I.24). We now calculate with the help of Eq. (I.34)

.rk
n/

T.r`n/ D .rk
n/

T `n � .rk
n/

T
`�1X

mD0
ˇ`mn  

m
n D 0 ; (I.40)
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for ` < k due to the orthogonality of the search direction and the residuals, see
Eq. (I.33). Hence, we obtain for all ` < k

ˇk`
n D 1

�k�1
n

.rk
n/

Trk
nı`C1;k˝

 k�1
n

ˇ
ˇ k�1

n

˛
An

D .rk
n/

Trk
n

.rk�1
n /Trk�1

n

ı`;k�1 : (I.41)

Hence, the name conjugated gradients.
We are now in a position to describe the algorithm for the method of conjugated

gradients:

1. Choose an initial position x0.
2. Determine the vector bn and the matrix An for a given position xn.
3. Perform the following N steps in order to calculate xnC1:

a. Set

 0n D r0n D bn and �0n D bT
n 

0
n˝

 0n
ˇ
ˇ 0n

˛
An

; (I.42)

as well as

xnC1 D xn C �0n 
0
n : (I.43)

b. Calculate for k D 1; : : : ;N � 1 the residuals,

rk
n D rk�1

n � �k�1
n An 

k�1
n ; (I.44)

the new search directions

 k
n D rk

n C .rk
n/

Trk
n

.rk�1
n /Trk�1

n

 k�1
n ; (I.45)

the step lengths

�k
n D bT

n 
k

˝
 k

n

ˇ̌
 k

n

˛
An

; (I.46)

and, finally, the modified positions

xnC1 D xn C �k
n 

k
n : (I.47)
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4. If j f .xnC1/ � f .xn/j < �, with � some required accuracy, terminate the iteration,
otherwise return to step 2. In case of a convex function f .x/ terminate also after
N steps.

Strictly speaking, this algorithm is only valid for convex functions because we
note that one might get into trouble whenever a position is reached at which the
Hessian is not positive definite. It is therefore desirable to exclude the Hessian from
the algorithm. This can be achieved by an algorithm developed by FLETCHER and
REEVES [56]. Based on our previous discussion the generalization is rather obvious:
If we do not want to use the Hessian explicitly, we have to determine the step length
�`n by minimizing f .x`n C �`n 

`
n / for a given search direction  `n numerically. The

residuals are then taken to be the exact gradient of the function f .x`n/ rather than of
Ofn.x`n/. The next search direction  kC1

n is then determined via

 kC1
n D �rf .xkC1

n /C krf .xkC1
n /k2

krf .xk
n/k2

 k
n : (I.48)

Hence, we have the following algorithm (FLETCHER-REEVES algorithm):

1. Choose an initial position x0.
2. Perform the following N steps in order to calculate xnC1:

a. Set

 0n D �rf .xn/ : (I.49)

b. Calculate for k D 0; : : : ;N � 1 �k
n by minimizing f .xk

n C �k
n 

k
n /, the new

position xkC1
n D xk

n C �k
n 

k
n , and the new search direction via

 k
n D �rf .xkC1

n /C krf .xkC1
n /k2

krf .xk
n/k2

 k
n : (I.50)

3. If j f .xnC1/ � f .xn/j < �, with � some required accuracy, terminate the iteration,
otherwise return to step 2.

The resulting sequence of steps towards the minimum for the same function and
initial conditions as were used for Fig. I.1 is illustrated in Fig. I.2. In comparing
Figs. I.1 and I.2 we note immediately that the search strategy developed for the
method of conjugate gradients superbly outperforms the search strategy of the
method of steepest descent. In particular, if the ratio between the gradient in x and
y direction is large, a strategy of orthogonal search directions is disadvantageous.
This particular case is illustrated in Fig. I.3 for both, steepest descent and conjugate
gradients. Here we investigate the convex function

f .x; y/ D x2 C 10y2 ; (I.51)
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Fig. I.2 Iteration sequence of the method of conjugated gradients for three different starting points

Fig. I.3 Comparison of the iteration sequence between the method of steepest descent and the
method of conjugated gradients

together with an initial position .x0; y0/ D .1:9; 0:4/. The resulting sequence
of points towards the minimum is illustrated in Fig. I.3. In the case of steepest
descent the sequence approaches the minimum rather slowly since subsequent
search directions have to be orthogonal to each other in the classical sense.
The advantage of conjugate gradients is that An-orthonormality accelerates the
convergence towards the minimum. In this example we reach it within two steps
and a required absolute accuracy of 
 D 10�7.

As a final remark we note that also the method of conjugate gradients will
only find the local minimum closest to the initial position. Hence, the outcome of
the method highly depends on the choice of x0. Moreover, the calculation of the
gradients may be very tedious and time-consuming from a numerical point of view.
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GAUSS distribution See Probability density

function
GAUSS peak 134
GAUSS-NEWTON method 384
Gaussian process 251
Generalized diffusion model

characteristic waiting time 287
jump length pdf 286
jump pdf 285
length variance 287
waiting time pdf 286

Genetic algorithm See Stochastic
optimization

GIBBS sampling See MARKOV-chain
Monte-Carlo sampling

Grid-point 18, 119, 132, 148, 161, 274
distance between 18, 119, 159, 171
equally spaced 18, 32, 159
variable spaced 18

H

HAMILTON

equations of motion 74

function 74, 75, 327
HAMILTON operator See Operator
Heat capacity 230, 302
Heat equation

heat source/drain 134
homogeneous 131
inhomogeneous 134, 360
stationary, one-dimensional 131
thermal diffusivity 131
time-dependent heat equation see Partial

differential equation
HEISENBERG model 227
Hessian matrix See Deterministic

optimization
Hill climbing See Stochastic optimization
Histogram technique 191, 312, 319
Hit and miss integration 213

I

Ill-conditioned 9
problems 10

Implicit midpoint rule 58
Importance sampling 219, 297–299
Induced instability 10
Integrable system 95
Integration See Quadrature
Integrator

ADAMS-BASHFORD method 67
backward EULER method 65
BUTCHER tableau 70
CRANK-NICOLSON method 66, 164, 172

algorithmic form 69
explicit EULER method 57, 65, 68

algorithmic form 69
explicit midpoint rule 68

algorithmic form 70
forward EULER method 65
implicit EULER method 58, 65

algorithmic form 69
implicit midpoint rule 58, 66, 69
leap-frog method 66, 107
linear multi-step methods 66, 67
predictor - corrector method 68
RUNGE-KUTTA method 66, 68

e-RK-4 72, 89
e-RK-4, algorithmic form 72
explicit, algorithmic form 70

simple integrators 65
STÖRMER-VERLET method 66, 106
symplectic integrators

EULER method 59, 75, 106
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flow of the system 73
RUNGE - KUTTA method 76

velocity VERLET algorithm 108
Inverse transformation method 200, 220
ISING model 219

antiferromagnetism 226
exchange interaction 225
expectation value

energy 229
energy per particle 233

ferromagnetism 226
HAMILTON function 226
HAMILTON operator 227

one-dimensional chain 228
Z2 symmetry 242

heat capacity 230
magnetic susceptibility 229, 230
magnetization 229, 236
mean field approximation 227
molecular field 228
nearest neighbor interaction 228
numerics

auto-correlation 239
cold start 239
cooling strategy 242
error on expectation values 242
hot start 239
initial configuration 238
lattice geometry 237
measurement 240
size effect 242
thermalization 239, 240
thermalization length 239

paramagnetism 226
phase transition 234
spin correlation function 234
thermodynamic limit 234
transfer matrix 232

eigenvalue 233
two-dimensional solution 234

J

Jackknife averages 314
JACOBI determinant 199
JACOBI matrix 74, 79, 348
JACOBI method 160, 354

K

KEPLER problem
absolute error 56

conservation
of energy 344

differential equation 53
explicit EULER 77
HAMILTON equations of motion 59, 76
HAMILTON function 59, 76
implicit EULER 77
LAGRANGE equation 343
LAGRANGE function 341–343
pericenter velocity 81
perihelion 79
rotational invariance 343
symplectic EULER 77
translational invariance 341

L

L2-norm 141
LAGRANGE polynomial 38, 39, 68
LANDAU theory 376
LANDÉ factor 227
LANGEVIN equation See Stochastic

differential equation
LAPLACE equation See Partial differential

equation
Law of large numbers 215
Leap-frog See Integrator and/or Molecular

dynamics
Least squares fit 381

linear 383
model/test function 381
nonlinear

GAUSS-NEWTON method 384
LEGENDRE polynomial 41

orthonormality condition 42
RODRIGUES formula 42

LENNARD-JONES potential 104, 110
LÉVY flight 288

diffusion equation 289
fat-tailed jump length pdf 289
jump length pdf 289

LÉVY process 251
Linear equations 120, 124, 173

GAUSS-SEIDL method 160, 353
relaxation parameter 355

inhomogeneous 121
JACOBI method 160, 354
LU decomposition 350
non-homogeneous 349
sparse matrix 353
tridiagonal matrix 124, 133, 135, 173,

174, 352
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Linear multi-step methods 66, 67
Loop algorithm 308
LU decomposition 350

M

Machine-number 7
Magnetic susceptibility 229, 230, 302
Magnetization 229, 236, 302
Marginalization rule 203, 260, 369
MARKOV process 251

CHAPMAN-KOLMOGOROV equation
252, 255

detailed balance 257, 258
equilibrium distribution function 257
global balance 257
HAMILTON’s equations of motion 257
hierarchy of pdfs 252
MARKOV property 252
master equation 255, 256
POISSON process 254

transition probability 254
waiting time 254

precursor state 251
time-homogeneous 255
transition probability 252
transition rate 255
WIENER process 253

transition probability 253
MARKOV-chain 221, 259

absorbing state 261
aperiodic state 261, 274
CHAPMAN-KOLMOGOROV equation

260, 267
closed set of states 260
continuous state space 266
continuous time 266
detailed balance 221, 263, 297, 299
equilibrium distribution 262, 263
ergodic state 261
irreducible 260, 262
irreducible class 260
MARKOV property 259
null recurrent state 261
periodic state 261, 274
positive recurrent state 261
recurrent state 261
reversible 263
stationary distribution 262, 297
transient state 261
transition matrix 259

transition probability 299
MARKOV-chain Monte-Carlo sampling

GIBBS sampling 301
METROPOLIS algorithm 219, 237, 297

acceptance probability 221, 237, 300
asymmetric proposal probability 300
correlations 222
initialization 222
thermalization 222

METROPOLIS-HASTINGS algorithm 298,
300, 328

slice sampling 301
MAXWELL - BOLTZMANN distribution 112
Mean-value integration See Quadrature
Methodological error See Error
METROPOLIS-HASTINGS algorithm See

MARKOV-chain Monte-Carlo
sampling

METROPOLIS algorithm See MARKOV-
chain Monte-Carlo sampling

Midpoint rules 66, 68, 69
Molecular dynamics 103

barometric formula 115
boundary conditions 109
constant temperature 111
external potential 104
finite volume effects 110
forces 105
initial conditions 112
leap-frog method see Integrator
LENNARD-JONES potential 104
natural units 112
NEWTON equations of motion 104,

105
STÖRMER - VERLET method 106
system temperature 111
thermal equilibrium 112
time-reversal symmetry 108
total kinetic energy 111
total velocity shift 110
two-particle interaction 104
velocity VERLET algorithm 108

Monte-Carlo integration See Quadrature

N

NÉEL temperature 226
NEWTON method 78, 347
NEWTON-COTES rules 38
Normal distribution See Probability density

function
Normalization condition 126
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O

Open integration rule 34
Operator

expectation value 141
HAMILTON operator 139, 171, 360
Hermitian 141
kinetic energy 140
LAPLACE operator 131
momentum 140
position 147
potential energy 140
time-evolution operator 171, 361

Ordinary differential equation 53, 57
collocation point 72
eigenvalue problem 125, 126, 140
explicit 63, 64
homogeneous 118
homogeneous boundary value problem

126, 148
initial value problem 63
integrators see Integrator
linear boundary value problem 117

ORNSTEIN-UHLENBECK process 284
master equation 284

P

Paramagnetism 226
Partial differential equation

diffusion equation see Diffusion equation
elliptic 157, 158
hyperbolic 157, 167
LAPLACE equation

charge density 158
parabolic 157, 163
POISSON equation 158

charge density 158, 161
convergence condition 162
electric field 158
electrostatic potential 158
iterative solution 160

split operator technique 171, 359, 361
time-dependent heat equation 163

CRANK-NICOLSON method 164
explicit EULER method 164, 165
implicit EULER method 164, 165
stability 164

time-dependent SCHRÖDINGER equation
see SCHRÖDINGER equation

wave equation
explicit EULER method 167

one-dimensional 167
PAULI matrix 227
Pdf See Probability density function, See

Stochastic process
Pendulum 2

period 3
Phase space 94
Phase transition

critical exponent 377
CURIE-WEISS law 228, 377
CURIE temperature 225, 226, 376
first order 376
modern classification 376
NÉEL temperature 226
second order 225, 376

LANDAU theory 376
order parameter 225, 376

universality 378
POINCARÉ map 96
POINCARÉ section 96
POISSON distribution See Probability density

function
POISSON equation See Partial differential

equation
POISSON process 254
Poor person’s assumption 312
POTTS model 302

HAMILTON function 302
heat capacity 302
magnetic susceptibility 302
magnetization 302
phase transition

first order 305
histogram technique 305
second order 305

Predictor-corrector method See Integrator
Probability

classical 363
conservation 200
correlation coefficient 371
event 363

certain 363
complimentary 364
impossible 363

Probability density function 112, 186
binomial distribution 366
BOLTZMANN distribution 215, 220, 229,

236, 307, 319, 327, 331
CAUCHY distribution 331
�2 distribution 193
composite pdf 206
exponential distribution 208
GAUSS distribution 370
LÉVY ˛-stable distributions 374
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normal distribution 198, 204, 218, 254,
285, 370

piecewise defined 206
POISSON distribution 255, 367
stable distribution 373
TSALLIS distribution 332

Q

Quadrature 31
backward rectangular rule 33, 57, 65
central rectangular rule 34, 58, 65, 68,

107, 218
closed integration rule 34, 35
elemental area 33, 35
forward rectangular rule 33, 56, 65, 148,

358
GAUSS-HERMITE 45
GAUSS-LEGENDRE 41

error 45
grid-point 43, 45
weight 43, 45

improper integrals 48
integral transform 48
Monte-Carlo integration 211, 218, 220,

236
approximation of � 211
error 218, 219
expectation value 214
hit and miss 213
mean-value 214
mean-value integration 214

multiple integrals 49
NEWTON-COTES rules 38

closed 38
open 39

open integration rule 34
rectangular rule 32, 34, 39

error 33, 34
ROMBERG method 39
SIMPSON rule 37, 39

error 40
three-eight rule 38, 39
total error 40

trapezoidal rule 35, 39, 66
error 36, 39
total error 40

R

Random number 184
non-uniform distribution 186, 197
pseudo 185
real 185
sequence

correlation 185, 190
moments 185, 190
moments error 190

uniform distribution 185, 298
Random number generator

criteria 186
FIBONACCI 188

lagged 188
linear congruential 187, 212

PARK-MILLER parameters 187
shuffling 187

MARSAGLIA-ZAMAN 188
carry bit 189

period 186
quality

�2 test 191
hypothesis test 191
spectral test 191
statistical tests 190

seed 187
shift register 188

Random sampling See also MARKOV-chain
Monte-Carlo sampling

direct method 197
importance sampling 219, 297–299
inverse transformation 200, 220
n-sphere 326
probability mixing 206
rejection method 202, 219, 220

acceptance probability 202
envelope 202
histogram test 205

simple sampling 298
Random variable 183, 248, 364

central moments 365
characteristic function 371
mean value 364
moments 364
standard deviation 365
uncorrelated 366
variance 365

Random walk 273
biased 274
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definition 273
moments 275
probability of first return 278
recurrence 277
recurrence probability 278
transition rate 273
unbiased 274
variance 276

Randomness 183
definition

CHAITIN 184
event 184
measurement 184
probability 184

Rectangular rules 33, 34, 56–58, 65, 68, 107,
148, 218

Reflection principle 277
Regula falsi 348
Rejection method 202, 205, 219, 220
Relative error See Error
RIEMANN-LIOUVILLE fractional derivative

292, 379
RIEMANN-LIOUVILLE fractional integral

379
RIESZ fractional derivative 292, 380
RIESZ fractional integral 380
ROMBERG method 39
Roundoff error See Error
RUNGE-KUTTA methods 66, 68, 70, 72, 76

S

SCHRÖDINGER equation
basis 142
dimensionless variables 144
eigenenergy 140
eigenfunction 140
GAUSS wave packet 176
stationary

one-dimensional 127, 143
time-dependent 170, 360

CRANK-NICOLSON method 172
explicit EULER method 171

time-evolution operator 171, 361
total wave-function 142
wave-function 139

normalization 143
Series expansion

LAGRANGE polynomial 38, 73
LEGENDRE polynomials 43
TAYLOR 19, 23, 32, 34, 66, 69, 106–108,

168, 255, 318

Shooting method 124
NUMEROV method 127, 147, 149

SIMPSON rule 37, 39
Simulated annealing See Stochastic

optimization
Slice sampling See MARKOV-chain

Monte-Carlo sampling
Split operator technique 359, 361
Stability 5, 9, 157

COURANT-FRIEDRICHS-LEWY condition
158, 168

definition 9
Standard deviation 365
Standard error See Error
Statistical bootstrap 242, 314
Steepest descent See Deterministic

optimization
STIRLING approximation 11, 278, 367
Stochastic differential equation 183, 284

random force 284
Stochastic matrix 259
Stochastic optimization

ant colony optimization 337
cost function 323
deluge algorithms 336
genetic algorithm 334

traveling salesperson problem 335
grouping genetic algorithms 337
hill climbing 325

N-queens problem 326
simulated annealing 327

AARTS schedule 331
acceptance probability 329
fast 331
generalized 332
geometric cooling schedule 330
initial temperature 329
traveling salesperson problem 332

threshold algorithms 336
Stochastic process

auto-correlation function 249
auto-covariance function 249
conditional pdf 250
definition 248
Gaussian process 251
hierarchy of pdfs 249
independent increments 251
LÉVY process 251
moments 249
pdf 249
random variable 248

realization 248
random walk 251
state space 248
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stationary increments 250
stationary process 250
time span 248
time-homogeneous process 250
transition probability 250
WIENER process 251

Stochastic variable See Random variable
STÖRMER-VERLET method 66, 106
Subtractive cancellation 7, 19
SWENDSEN-WANG algorithm 307
Symplectic integrators 59, 73, 75–77
Symplectic mapping 74

T

TAYLOR theorem See Series expansion
Thermodynamic equilibrium 221
Thermodynamic expectation value 219
Time series plot 312
Time-dependent heat equation See Partial

differential equation
Trapezoidal rule 35, 39, 66
Traveling salesperson problem 332, 335
Truncation error See Error
Two-body problem See KEPLER problem

V

Variance 147, 218, 365
velocity VERLET algorithm 108
Violation of energy conservation 75, 79

W

Wave equation See Partial differential
equation

Wave-function See SCHRÖDINGER equation
WEYL fractional derivative 380
WEYL fractional integral 380
White noise 281

Gaussian 282
WIENER process 251, 253, 279

continuous limit 280
drift term 281
independent increments 280
self-similarity 281
standard process 281

WOLFF algorithm 308
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