
Appendix A

Mathematical Symbols and Notation

A.1 Symbols

The following symbols are used in the main text primarily with the
denotations given here. While some symbols may be used for pur-
poses other than the ones listed, the meaning should always be clear
in the particular context.

(a0, . . . , an−1) A vector or list, that is, an ordered sequence of n
elements of the same type. Unlike a set (see below), a list
may contain the same element more than once. If used to
denote a vector, then (a0, . . . , an−1) is usually a row vector
and (a0, . . . , an−1)ᵀ is the corresponding (transposed) column
vector.1 If used to represent a list,2 ( ) represents the empty
list and (a) is a list with a single element a. |A| is the length
of the sequence A, that is, the number of contained elements.
A�B denotes the concatenation of A, B. A(i) or ai refers to
the i-th element of A. A(i) ← x means that the i-th element
of A is set to (i.e., replaced by) the quantity x.

{a, b, c, d, . . .} A set, that is, an unordered collection of distinct ele-
ments. A particular element x can be contained in a set at
most once. { } denotes the empty set. |A| is the size (car-
dinality) of the set A. A ∪ B is the union and A ∩ B is the
intersection of two sets A, B. x ∈ A means that the element
x is contained in A.

〈A, B, C〉 A tuple, that is, a fixed-size, ordered sequence of elements,
each possibly of a different type.3

1 In most programming environments, vectors are implemented as one-
dimensional arrays, with elements being referred to by position (index).

2 Lists are usually implemented with dynamic data structures, such as
linked lists. Java’s Collections framework provides numerous easy-to-
use list implementations.

3 Tuples are typically implemented as objects (in Java or C++) or struc-
tures (in C) with elements being referred to by name. 713
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[a, b] Numeric interval; x ∈ [a, b] means a ≤ x ≤ b. Similarly,
x ∈ [a, b) says that a ≤ x < b.

|A| Length (number of elements) of a sequence (see above) or size
(cardinality) of a set A, that is, |A| ≡ card A.

|A| Determinant of a matrix A (|A| ≡ det(A)).
|x| Absolute value (magnitude) of a scalar or complex quantity

x.
‖x‖ Euclidean (L2) norm of a vector x. ‖x‖n denotes the magni-

tude of x using a particular norm Ln.
!x" “Ceil” of x, the smallest integer z ∈ Z greater than x ∈ R.

For example, !3.141" = 4, !−1.2" = −1.
�x� “Floor” of x, the largest integer z ∈ Z smaller than x ∈ R.

For example, �3.141� = 3, �−1.2� = −2.
÷ Integer division operator: a ÷ b denotes the quotient of the

two integers a, b. For example, 5 ÷ 3 = 1 and −13 ÷ 4 =
−3 (equivalent to Java’s “/” operator in the case of integer
operands).

∗ Linear convolution operator (see Sec. 5.3.1).
� Linear correlation operator (see Sec. 23.1.1).
⊗ Outer vector product (see Sec. B.3.2).
× Cross product (between vectors or complex quantities (see

Sec. B.3.3).
⊕ Morphological dilation operator (see Sec. 9.2.3).
� Morphological erosion operator (see Sec. 9.2.4).
◦ Morphological opening operator (see Sec. 9.3.1).
• Morphological closing operator (see Sec. 9.3.2).
� Concatenation operator. Given two sequences A = (a, b, c)

and B = (d, e), A�B denotes the concatenation of A and B,
with the result (a, b, c, d, e). Inserting a single element x at
the end or front of the list A is written as A�(x) or (x)�A,
resulting in (a, b, c, x) or (x, a, b, c), respectively.

∼ “Similarity” relation used in the context of random variables
and statistical distributions.

≈ “Approximately equal” relation.
≡ Equivalence relation.
← Assignment operator: a ← expr means that expression expr

is evaluated and subsequently the result is assigned to the
variable a.

+← Incremental assignment operator: a
+← b is equivalent to a ←

a + b.
:= Function definition operator (used in algorithms). For exam-

ple, f(x) := x2 + 5 defines a function f() with the bound
variable (formal function argument) x.

. . . “upto” (incrementing) iteration, used in loop constructs like
for q ← 1, . . . , K (with q = 1, 2, . . . , K−1, K).

. . . “downto” (decrementing) iteration, for example, for q ←
K, . . . , 1 (with q = K, K−1, . . . , 2, 1).714



A.1 Symbols∧ Logical “and” operator.
∨ Logical “or” operator.
∂ Partial derivative operator (see Sec. 6.2.1). For example,

∂
∂xi

f denotes the first derivative of the multi-dimensional
function f(x1, x2, . . . , xn) : Rn → R along variable xi, ∂2

∂x2
i
f

is the second derivative (i.e., differentiating f twice along
variable xi), etc.

∇ Gradient operator. The gradient of a multi-dimensional func-
tion f(x1, x2, . . . , xn) : Rn → R, denoted ∇f (also ∇f or
grad f), is the vector of its first partial derivatives (see also
Sec. C.2.2).

∇2 Laplace operator (or Laplacian). The Laplacian of a multi-
dimensional function f(x1, x2, . . . , xn) : Rn → R, denoted
∇2f (or ∇2

f ), is the sum of its second partial derivatives (see
Sec. C.2.5).

0 Zero vector, 0 = (0, . . . , 0)ᵀ.
adj Adjugate of a square matrix, denoted adj(A); also called ad-

joint in older texts.
AND Bitwise “and” operation. Example: (0011b AND 1010b) =

0010b (binary) and (3 AND 6) = 2 (decimal).
ArcTan(x, y) Inverse tangent function. The result of ArcTan(x, y)

is equivalent to arctan( y
x) = tan−1( y

x ) but with two argu-
ments and returning angles in the range [−π, +π] (i.e., cov-
ering all four quadrants). ArcTan(x, y) is equivalent to the
ArcTan[x,y] function in Mathematica and the Math.atan2
(y, x) method in Java (but note the reversed arguments!).

C The set of complex numbers.
card Size (cardinality) of a set. card(A) = |A| (see also Sec. 3.1).
det Determinant of a matrix (det(A) = |A|).
DFT Discrete Fourier transform (see Sec. 18.3).
e Euler’s constant.
e Unit vector. For example, ex = (1, 0)ᵀ denotes the 2D unit

vector in x-direction. eθ = (cos θ, sin θ)ᵀ is the 2D unit vector
oriented at angle θ and ei, ej, ek are the unit vectors along
the coordinate axes in 3D.

exp Exponential function: exp(x) = ex.
F Continuous Fourier transform (see Sec. 18.1.4).
false Boolean constant (false = ¬true).
grad Gradient operator (see ∇).
h Histogram of an image (see Sec. 3.1).
H Cumulative histogram (see Sec. 3.6).
H Hessian matrix (see Sec. C.2.6).
hom Operator for converting Cartesian to homogeneous coordi-

nates. hom(x) = x maps the Cartesian point x to a corre-
sponding homogeneous point x; the reverse mapping is de-
noted hom−1(x) = x (see Sec. B.5).

i Imaginary unit (i2 = −1), see Sec. A.3. 715
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I Image with scalar pixel values (e.g., an intensity or grayscale
image). I(u, v) ∈ R is the pixel value at position (u, v)

I Vector-valued image, for example, a RGB color image with
3D color vectors I(u, v) ∈ R3 at position (u, v).

In Identity matrix of size n × n. For example, I2 = ( 1 0
0 1 ) is the

2 × 2 identity matrix.
J Jacobian matrix (see Sec. C.2.1).
L1, L2, L∞ Common distance measures or norms (see Eqns. (15.23)–

(15.25)).
M ×N Domain of pixel coordinates (u, v) for an image with M columns

(width) and N rows (height); used as a shortcut notation for
the set {0, . . . , M −1} × {0, . . . , N −1}.

mod Modulus operator: (a mod b) is the remainder of the integer
division a ÷ b (see Sec. F.1.2).

μ Arithmetic mean value.
N The set of natural numbers; N = {1, 2, 3, . . .}, N0 = {0, 1, 2,

. . .}.
nil Null (“nothing”) constant, typically used in algorithms to

denote an invalid quantity (similar to null in Java).
p Discrete probability density function (see Sec. 4.6.1).
P Discrete probability distribution function or cumulative prob-

ability density (see Sec. 4.6.1).
Q Quadrilateral (see Sec. 21.1.4).
R The set of real numbers.
R, G, B Red, green and blue color components.
rank Rank of a matrix A, denoted by rank(A).
round Rounding function: returns the integer closest to the scalar

x ∈ R. round(x) ≡ �x + 0.5�.
σ Standard deviation (square root of the variance σ2).
S1 Unit square (see Sec. 21.1.4).
sgn “Sign” or “signum” function:

sgn(x) =
{ 1 for x > 0

0 for x = 0
−1 for x < 0

τ Interval in time or space.
t Continuous time variable.
t Threshold value.
ᵀ Transpose of a vector (aᵀ) or matrix (Aᵀ).
trace Trace (sum of the diagonal elements) of a matrix, e.g., trace(A).

true Boolean constant (true = ¬false).
u = (u, v) Discrete 2D coordinate variable with u, v ∈ Z.
x = (x, y) Continuous 2D coordinate variable with x, y ∈ R.
XOR Bitwise “xor” (exclusive OR) operator. Example: (0011b

XOR 1010b) = 1001b (binary) and (3 XOR 6) = 5 (decimal).
Z The set of integers.716



A.3 Complex NumbersA.2 Set Operators

|A| The size of the set A (equal to card(A)).
∀x . . . “All” quantifier (for all x, . . . ).
∃x . . . “Exists” quantifier (there is some x for which . . . ).
∪ Set union (e.g., A ∪ B).
∩ Set intersection (e.g., A ∩ B).⋃

i Ai Union of multiple sets Ai.⋂
i Ai Intersection over multiple sets Ai.

\ Set difference: if x ∈ A \ B, then x ∈ A and x /∈ B.

A.3 Complex Numbers

Basic relations:

z = a + i · b (with z, i ∈ C, a, b ∈ R, i2 = −1) (A.1)

s·z = s · a + i·s·b (for s ∈ R) (A.2)

|z| =
√

a2 + b2 (A.3)
|s·z| = s·|z| (A.4)

z = a + i · b = |z| · (cos ψ + i · sin ψ) (A.5)
= |z| · ei·ψ (with ψ = ArcTan(a, b)) (A.6)

Re
(
a + i · b

)
= a Re

(
ei·ϕ)

= cos ϕ (A.7)
Im

(
a + i · b

)
= b Im

(
ei·ϕ)

= sin ϕ (A.8)

ei·ϕ = cos ϕ + i · sin ϕ (A.9)
e−i·ϕ = cos ϕ − i · sin ϕ (A.10)

cos(ϕ) = 1
2 · (

ei·ϕ + e−i·ϕ)
(A.11)

sin(ϕ) = 1
2i · (

ei·ϕ − e−i·ϕ)
(A.12)

z∗ = a − i · b (complex conjugate) (A.13)
z ·z∗ = z∗ ·z = |z|2 = a2 + b2 (A.14)

z0 = (a + i · b)0 = (1 + i · 0) = 1 (A.15)

Arithmetic operations:

z1 = (a1 + i·b1) = |z1| ei·ϕ1 (A.16)
z2 = (a2 + i·b2) = |z2| ei·ϕ2 (A.17)

z1 + z2 = (a1 + a2) + i·(b1 + b2), (A.18)
z1 · z2 = (a1 ·a2 − b1 ·b2) + i·(a1 ·b2 + b1 ·a2) (A.19)

= |z1| · |z2| · ei·(ϕ1+ϕ2) (A.20)
z1

z2
= a1 ·a2 + b1 ·b2

a2
2 + b2

2
+ i· a2 ·b1 − a1 ·b2

a2
2 + b2

2
= |z1|

|z2| · ei·(ϕ1−ϕ2)

(A.21)
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Appendix B

Linear Algebra

This part contains a compact set of elementary tools and concepts
from algebra and calculus that are referenced in the main text. Many
good textbooks (probably including some of your school books) are
available on this subject, for example, [35,36,145,264]. For numerical
aspects of linear algebra see [160,190].

B.1 Vectors and Matrices

Here we describe the basic notation for vectors in two and three
dimensions. Let

a =
(

a0
a1

)
, b =

(
b0
b1

)
(B.1)

denote vectors a, b in 2D, and analogously

a =

⎛
⎝a0

a1
a2

⎞
⎠ , b =

⎛
⎝b0

b1
b2

⎞
⎠ (B.2)

vectors in 3D (with ai, bi ∈ R). Vectors are used to describe 2D or
3D points (relative to the origin of the coordinate system) or the dis-
placement between two arbitrary points in the corresponding space.

We commonly use upper-case letters to denote a matrix, for ex-
ample,

A =

⎛
⎝A0,0 A0,1

A1,0 A1,1
A2,0 A2,1

⎞
⎠ . (B.3)

This matrix consists of 3 rows and 2 columns; in other words, A is
of size (3, 2). Its individual elements are referenced as Ai,j , where
i is the row index (vertical coordinate) and j is the column index
(horizontal coordinate).1

1 Note that the usual notation for matrix coordinates is (unlike image
coordinates) vertical-first! 719
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The transpose of A, denoted Aᵀ, is obtained be exchanging rows
and columns, that is,

Aᵀ =

⎛
⎝A0,0 A0,1

A1,0 A1,1
A2,0 A2,1

⎞
⎠
ᵀ

=
(

A0,0 A1,0 A2,0
A0,1 A1,1 A2,1

)
. (B.4)

The inverse of a square matrix A is denoted A−1, such that

A · A−1 = I and A−1 · A = I (B.5)

(I is the identity matrix). Note that not every square matrix has an
inverse. Calculation of the inverse can be performed in closed form
up to the size (3, 3); for example, see Eqn. (21.29) and Eqn. (24.47).
In general, the use of standard numerical methods is recommended
(see Sec. B.6).

B.1.1 Column and Row Vectors

For practical purposes, a vector can be considered a special case of a
matrix. In particular, a the m-dimensional column vector

a =

⎛
⎜⎝ a0

...
am−1

⎞
⎟⎠ (B.6)

corresponds to a matrix of size (m, 1), while its transpose aᵀ is a row
vector and thus like a matrix of size (1, m). By default, and unless
otherwise noted, any vector is implicitly assumed to be a column
vector.

B.1.2 Length (Norm) of a Vector

The length or Euclidean norm (L2 norm) of a vector a = (a1, . . . ,
am−1)ᵀ, denoted ‖a‖, is defined as

‖a‖ =
(m−1∑

i=0

a2
i

)1/2
. (B.7)

For example, the length of the 3D vector x = (x, y, z)ᵀ is

‖x‖ =
√

x2 + y2 + z2. (B.8)

B.2 Matrix Multiplication

B.2.1 Scalar Multiplication

The product of a real-valued matrix and a scalar value s ∈ R is
defined as

s · A = A · s =
[
s · Ai,j

]
=

⎛
⎜⎝ s·A0,0 · · · s·A0,n−1

...
. . .

...
s·Am−1,0 · · · s·Am−1,n−1

⎞
⎟⎠. (B.9)

720



B.2 Matrix
Multiplication

B.2.2 Product of Two Matrices

We say that a matrix is of size (m, n) if consists of m rows and n
columns. Given two matrices A, B of size (m, n) and (p, q), respec-
tively, the product A · B is only defined if n = p. Thus the number
of columns (n) in A must always match the number of rows (p) in
B. The result is a new matrix C of size (m, q), that is,

C = A · B =

⎛
⎜⎝ A0,0 . . . A0,n−1

...
. . .

...
Am−1,0 . . . Am−1,n−1

⎞
⎟⎠

︸ ︷︷ ︸
(m,n)

·

⎛
⎜⎝ B0,0 . . . B0,q−1

...
. . .

...
Bn−1,0 . . . Bn−1,q−1

⎞
⎟⎠

︸ ︷︷ ︸
(n,q)

=

⎛
⎜⎝ C0,0 . . . C0,q−1

...
. . .

...
Cm−1,0 . . . Cm−1,q−1

⎞
⎟⎠

︸ ︷︷ ︸
(m,q)

, (B.10)

with the elements

Cij =
n−1∑
k=0

Ai,k · Bk,j , (B.11)

for i = 0, . . . , m−1 and j = 0, . . . , q−1. Note that this product is not
commutative, that is, A · B �= B · A in general.

B.2.3 Matrix-Vector Products

The product A·x between a matrix A and a vector x is only a special
case of the matrix-matrix multiplication given in Eqn. (B.10). In
particular, if x = (x0, . . . , xn−1)ᵀ is a n-dimensional column vector
(i.e., a matrix of size (n, 1)), then the multiplication

y︸︷︷︸
(m,1)

= A︸︷︷︸
(m,n)

· x︸︷︷︸
(n,1)

(B.12)

is only defined if the matrix A is of size (m, n), for arbitrary m ≥ 1.
The result y is a column vector of length m (equivalent to a matrix
of size (m, 1)). For example (with m = 2, n = 3),

A · x =
(

A B C
D E F

)
︸ ︷︷ ︸

(2,3)

·
⎛
⎝x

y
z

⎞
⎠

︸ ︷︷ ︸
(3,1)

=
(

A·x + B ·y + C ·z
D ·x + E ·y + F ·z

)
︸ ︷︷ ︸

(2,1)

. (B.13)

Here A operates on the column vector x “from the left”, that is, A·x
is the left-sided matrix-vector product of A and x.

Similarly, a right-sided multiplication of a row vector xᵀ of length
m with a matrix of size (m, n) is performed as

x
ᵀ︸︷︷︸

(1,m)

· B︸︷︷︸
(m,n)

= z︸︷︷︸
(1,n)

, (B.14)

721
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where the result z is a n-dimensional row vector; for example (again
with m = 2, n = 3),

x
ᵀ ·B =

(
x, y

)︸ ︷︷ ︸
(1,2)

·
(

A B C
D E F

)
︸ ︷︷ ︸

(2,3)

=
(
x·A+y ·D, x·B+y ·E, x·C+y ·F)︸ ︷︷ ︸

(1,3)

.

(B.15)

In general, if A · x is defined, then

A · x = (xᵀ ·Aᵀ)ᵀ and (A · x)ᵀ = x
ᵀ ·Aᵀ

. (B.16)

Thus, any right-sided matrix-vector product A · x can also be calcu-
lated as a left-sided product x

ᵀ ·Aᵀ by transposing the corresponding
matrix A and vector x.

B.3 Vector Products

Products between vectors are a common cause of confusion, mainly
because the same symbol (·) is used to denote widely different oper-
ators.

B.3.1 Dot (Scalar) Product

The dot product (also called scalar or inner product) of two vectors
a = (a0, . . . , an−1)ᵀ, b = (b0, . . . , bn−1)ᵀ of the same length n is
defined as

x = a · b =
n−1∑
i=0

ai ·bi. (B.17)

Thus the result x is a scalar value (hence the name of this product).
If we write this as the product of a row and a column vector, as in
Eqn. (B.14),

x︸︷︷︸
(1,1)

= a
ᵀ︸︷︷︸

(1,n)

· b︸︷︷︸
(n,1)

, (B.18)

we conclude that the result x is a matrix of size (1, 1), that is, a single
scalar value. The dot product can be viewed as the projection of one
vector onto the other, with the relation

a · b = ‖a‖ · ‖b‖ · cos(α), (B.19)

where α is angle enclosed by the vectors a and b. As a consequence,
the dot product is zero if the two vectors are orthogonal to each other.

The dot product of a vector with itself gives the square of its
length (see Eqn. (B.7)), that is,

a · a =
n−1∑
i=0

a2
i = ‖a‖2

. (B.20)
722



B.4 Eigenvectors and
Eigenvalues

B.3.2 Outer Product

The outer product of two vectors a = (a0, . . . , am−1)ᵀ, b = (b0, . . . ,
bn−1)ᵀ of length m and n, respectively, is defined as

M = a ⊗ b = a · b
ᵀ =

⎛
⎜⎜⎜⎝

a0b0 a0b1 . . . a0bn−1
a1b0 a1b1 . . . a1bn−1

...
...

. . .
...

am−1b0 am−1b1 . . . am−1bn−1

⎞
⎟⎟⎟⎠. (B.21)

Thus the result is a matrix M with m rows and n columns and
elements Mij = ai · bj , for i = 0, . . . , m−1 and j = 1, . . . , n−1. Note
that a · b

ᵀ in Eqn. (B.21) denotes the ordinary (matrix) product of
the column vector a (of size m×1) and the row vector b

ᵀ (of size
1×n), as defined in Eqn. (B.10). The outer product is a special case
of the Kronecker product (⊗) which generally operates on pairs of
matrices.

B.3.3 Cross Product

Although the cross product (×) is generally defined for n-dimensional
vectors, it is almost exclusively used in the 3D case, where the result
is geometrically easy to understand. For a pair of 3D vectors, a =
(a0, a1, a2)ᵀ and b = (b0, b1, b2)ᵀ, the cross product is defined as

c = a × b =

⎛
⎝a0

a1
a2

⎞
⎠×

⎛
⎝b0

b1
b2

⎞
⎠ =

⎛
⎝a1 ·b2 − a2 ·b1

a2 ·b0 − a0 ·b2
a0 ·b1 − a1 ·b0

⎞
⎠ . (B.22)

In the 3D case, the cross product is another 3D vector that is per-
pendicular to both of the original vectors.2 The magnitude (length)
of the vector c relates to the angle θ between a and b as

‖c‖ = ‖a×b‖ = ‖a‖ · ‖b‖ · sin(θ). (B.23)

The quantity ‖a×b‖ corresponds to the area of the parallelogram
spanned by the vectors a and b.

B.4 Eigenvectors and Eigenvalues

This section gives an elementary introduction to eigenvectors and
eigenvalues, which are mentioned at several places in the main text
(see also [27, 64]). In general, the eigenvalue problem is to find solu-
tions x ∈ R

n and λ ∈ R for the linear equation

A · x = λ · x , (B.24)

with the given square matrix A of size (n, n). Any non-trivial3 so-
lution x is an eigenvector of A and the scalar λ (which may be

2 For dimensions greater than three, the definition (and calculation) of
the cross product is considerably more involved.

3 An obvious but trivial solution is x = 0 (where 0 denotes the zero-
vector). 723
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complex-valued) is the associated eigenvalue. Eigenvalue and eigen-
vectors thus always come in pairs 〈λj , xj〉, usually called eigenpairs.
Geometrically speaking, applying the matrix A to an eigenvector only
changes the vector’s magnitude or length (by the associated eigen-
value λ), but not its orientation in space. Equation (B.24) can be
rewritten as

A · x − λ · x = 0 or
(
A − λ · In

) · x = 0 , (B.25)

where In is the (n, n) identity matrix. This homogeneous linear equa-
tion has non-trivial solutions only if the matrix (A−λ·In) is singular,
that is, its rank is less than n and thus its determinant det() is zero,
that is,

det
(
A − λ · In

)
= 0 . (B.26)

Equation (B.26) is called the “characteristic equation” of the matrix
A and can be expanded to a n-th order polynomial in λ. This poly-
nomial has a maximum of n distinct roots, which are the eigenvalues
of A (that is, solutions to Eqn. (B.26)). A matrix of size (n, n) thus
has up to n non-distinct eigenvectors x1, x2, . . . , xn, each with an
associated eigenvalue λ1, λ2, . . . , λn.

If they exist, the eigenvalues of a matrix are unique, but the
associated eigenvectors are not! This results from the fact that, if
Eqn. (B.24) is satisfied for a vector x (and the associated eigenvalue
λ), it also applies to any scaled vector sx, that is,

A · sx = λ · sx , (B.27)

for arbitrary s ∈ R (and s �= 0). Thus, if x is an eigenvector of A,
then sx is also an (equivalent) eigenvector.

Note that the eigenvalues of a real-valued matrix may generally
be complex. However, (as an important special case) if the matrix A
is real and symmetric, all its eigenvalues are guaranteed to be real.

Example
For the real-valued (non-symmetric) 2 × 2 matrix

A =
( 3 −2

−4 1
)

,

the two eigenvalues and their associated eigenvectors are

λ1 = 5, x1 = s·
( 4

−4
)

, and λ2 = −1, x2 = s·
(−2

−4
)

,

for any nonzero s ∈ R. The result can be easily verified by inserting
pairs 〈λ1, x1〉 and 〈λ2, x2〉, respectively, into Eqn. (B.24).

B.4.1 Calculation of Eigenvalues

Special case: 2×2 matrix
For the special (but frequent) case of n = 2, the solution can be found
in closed form (and without any software libraries). In this case, the
characteristic equation (Eqn. (B.26)) reduces to724
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1: RealEigenValues2x2 (A, B, C, D)
Input: A, B, C, D ∈ R, the elements of a real-valued 2×2 ma-
trix A =

(
A B
C D

)
. Returns an ordered sequence of real-valued

eigenpairs 〈λi, xi〉 for A, or nil if the matrix has no real-valued
eigenvalues.

2: R ← A+D
2

3: S ← A−D
2

4: if (S2 + B · C) < 0 then
5: return nil � A has no real-valued eigenvalues
6: else
7: T ← √

S2 + B · C
8: λ1 ← R + T � eigenvalue λ1
9: λ2 ← R − T � eigenvalue λ2

10: if (A − D) ≥ 0 then
11: x1 ← (S + T, C)ᵀ � eigenvector x1
12: x2 ← (B,−S − T )ᵀ � eigenvector x2

13: else
14: x1 ← (B,−S + T )ᵀ � eigenvector x1
15: x2 ← (S − T, C)ᵀ � eigenvector x2

16: return (〈λ1, x1〉, 〈λ2, x2〉) � λ1 ≥ λ2

Alg. B.1
Calculating the real eigenval-
ues and eigenvectors for a 2 × 2
real-valued matrix A. If the
matrix has real eigenvalues,
an ordered sequence of two
“eigenpairs” 〈λi, xi〉, each con-
taining the eigenvalue λi and
the associated eigenvector xi,
is returned (i = 1, 2). The
resulting sequence is ordered
by decreasing eigenvalues. nil
is returned if A has no real
eigenvalues.

det
(
A − λ · I2

)
=

∣∣∣∣
(

A B
C D

)
− λ

(
1 0
0 1

)∣∣∣∣ =
∣∣∣∣A−λ B

C D−λ

∣∣∣∣ (B.28)

= λ2 − (A + D) · λ + (AD − BC) = 0 . (B.29)

The two possible solutions to this quadratic equation,

λ1,2 = A + D

2 ±
[(A + D

2

)2
− (AD − BC)

]1/2

= A + D

2 ±
[(A − D

2

)2
+ BC

]1/2

= R ±
√

S2 + BC,

(B.30)

are the eigenvalues of the matrix A, with

λ1 = R +
√

S2 + B · C,

λ2 = R −
√

S2 + B · C.
(B.31)

Both λ1, λ2 are real-valued if the term under the square root is pos-
itive, that is, if

S2 + B · C =
(A − D

2

)2
+ B · C ≥ 0 . (B.32)

In particular, if the matrix is symmetric (i.e., B = C), this condition
is guaranteed (because B · C ≥ 0). In this case, λ1 ≥ λ2. Algorithm
B.14 summarizes the closed-form computation of the eigenvalues and
eigenvectors of a 2 × 2 matrix.

4 See [27] and its reprint in [28, Ch. 5]. 725
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General case: n×n

In general, proven numerical software should be used for eigenvalue
calculations. See the example using the Apache Commons Math
library in Sec. B.6.5.

B.5 Homogeneous Coordinates

Homogeneous coordinates are an alternative representation of points
in multi-dimensional space. They are commonly used in 2D and
3D geometry because they can greatly simplify the description of
certain transformations. For example, affine and projective trans-
formations become matrices with homogeneous coordinates and the
composition of transformations can be performed by simple matrix
multiplication.5

To convert a given n-dimensional Cartesian point x = (x0, . . . ,
xn−1)ᵀ to homogeneous coordinates x, we use the notation6

hom(x) = x. (B.33)

This operation increases the dimensionality of the original vector by
one by inserting the additional element 1, that is,

hom

⎛
⎜⎝x0

...
xn−1

⎞
⎟⎠ =

⎛
⎜⎜⎜⎝

x0
...
xn−1
1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

x0
...
xn−1
xn

⎞
⎟⎟⎟⎠ . (B.34)

Note that the homogeneous representation of a Cartesian vector is not
unique, but every multiple of the homogeneous vector is an equivalent
representation of x. Thus any scaled homogeneous vector x′ = s · x
(with s ∈ R, s �= 0) corresponds to the same Cartesian vector (see
also Eqn. (B.39)).

To convert a given homogeneous point x = (x0, . . . , xn)ᵀ back to
Cartesian coordinates x we simply write

hom−1(x) = x. (B.35)

This operation can be easily derived as

hom−1

⎛
⎜⎜⎜⎝

x0
...
xn−1
xn

⎞
⎟⎟⎟⎠ = 1

xn

·

⎛
⎜⎝x0

...
xn−1

⎞
⎟⎠ =

⎛
⎜⎝ x0

...
xn−1

⎞
⎟⎠ , (B.36)

provided that xn �= 0. Two homogeneous points x1, x2 are considered
equivalent (≡), if they represent the same Cartesian point, that is,

x1 ≡ x2 ⇔ hom−1(x1) = hom−1(x2). (B.37)

It follows from Eqn. (B.36) that
5 See Chapter 21, Sec. 21.1.2.
6 The operator hom( ) is introduced here for convenience and clarity.726
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hom−1(x) = hom−1(s · x) (B.38)

for any nonzero factor s ∈ R. Thus, as mentioned earlier, any scaled
homogeneous point corresponds to the same Cartesian point, that is,

x ≡ s · x. (B.39)

For example, for the Cartesian point x = (3, 7, 2)ᵀ, the homogeneous
coordinates

hom(x) =
(

3
7
2
1

)
≡

( −3
−7
−2
−1

)
≡

(
9
31
6
3

)
≡

(
30
70
20
10

)
. . . (B.40)

are all equivalent. Homogeneous coordinates can be used for vector
spaces of arbitrary dimension, including 2D coordinates.

B.6 Basic Matrix-Vector Operations with the
Apache Commons Math Library

It is recommended to use proven standard software, such as the
Apache Commons Math7 (ACM) library, for any non-trivial linear
algebra calculation.

B.6.1 Vectors and Matrices

The basic data structures for representing vectors and matrices are
RealVector and RealMatrix, respectively. The following ACM ex-
amples show the conversion from and to simple Java arrays of element-
type double:
import org.apache.commons.math3.linear.MatrixUtils;
import org.apache.commons.math3.linear.RealMatrix;
import org.apache.commons.math3.linear.RealVector;

// Data given as simple arrays:
double[] xa = {1, 2, 3};
double[][] Aa = {{2, 0, 1}, {0, 2, 0}, {1, 0, 2}};

// Conversion to vectors and matrices:
RealVector x = MatrixUtils.createRealVector(xa);
RealMatrix A = MatrixUtils.createRealMatrix(Aa);

// Get a single matrix element Ai,j :
int i, j; // specify row (i) and column (j)
double aij = A.getEntry(i, j);

// Set a single matrix element to a new value:
double value;
A.setEntry(i, j, value);

// Extract data to arrays again:
double[] xb = x.toArray();
double[][] Ab = A.getData();

7 http://commons.apache.org/math/. 727
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RealMatrix At = A.transpose();

B.6.2 Matrix-Vector Multiplication

The following examples show how to implement the various matrix-
vector products described in Sec. B.2.3.
RealMatrix A = ...; // matrix A of size (m, n)
RealMatrix B = ...; // matrix B of size (p, q), with p = n
RealVector x = ...; // vector x of length n

// Scalar multiplication C ← s · A:
double s = ...;
RealMatrix C = A.scalarMultiply(s);

// Product of two matrices: C ← A · B:
RealMatrix C = A.multiply(B); // C is of size (m, q)

// Left-sided matrix-vector product: y ← A · x:
RealVector y = A.operate(x);

// Right-sided matrix-vector product: y ← x
ᵀ · A:

RealVector y = A.preMultiply(x);

B.6.3 Vector Products

The following code segments show the use of the ACM library for
calculating various vector products described in Sec. B.3.
RealVector a, b; // vectors a, b (both of length n)

// Multiplication by a scalar c ← s · a:
double s;
RealVector c = a.mapMultiply(s);

// Dot (scalar) product x ← a · b :
double x = a.dotProduct(b);

// Outer product M ← a ⊗ b:
RealMatrix M = a.outerProduct(b);

B.6.4 Inverse of a Square Matrix

The following example shows the inversion of a square matrix:
RealMatrix A = ... ; // a square matrix
RealMatrix Ai = MatrixUtils.inverse(A);

B.6.5 Eigenvalues and Eigenvectors

The following code segment illustrates the calculation of eigenvalues
and eigenvalues of a square matrix A using the class EigenDecompo-
sition of the Apache Commons Math API. Note that the eigenval-728
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ues returned by getRealEigenvalues() are sorted in non-increasing
order. The same ordering applies to the associated eigenvectors.

import org.apache.commons.math3.linear.EigenDecomposition;
...

RealMatrix A = MatrixUtils.createRealMatrix(new double[][]
{{2, 0, 1},
{0, 2, 0},
{1, 0, 2}});

EigenDecomposition ed = new EigenDecomposition(A);

if (ed.hasComplexEigenvalues()) {
System.out.println("A has complex Eigenvalues!");

}
else {

// get all real eigenvalues:
double[] lambda = ed.getRealEigenvalues(); // = (3, 2, 1)
// get the associated eigenvectors:
for (int i = 0; i < lambda.length; i++) {

RealVector x = ed.getEigenvector(i);
...

}
}

B.7 Solving Systems of Linear Equations

This section describes standard methods for solving systems of linear
equations. Such systems appear widely and frequently in all sorts of
engineering problems. Identifying them and knowing about standard
solution methods is thus quite important and may save much time
in any development process. In addition, the solution techniques
presented here are very mature and numerically stable. Note that
this section is supposed to give only a brief summary of the topic and
practical implementations using the Apache Commons Math library.
Further details and the underlying theory can be found in most linear
algebra textbooks (e.g., [145, 190]).

Systems of linear equations generally come in the form⎛
⎜⎜⎜⎜⎜⎝

A0,0 A0,1 · · · A0,n−1
A1,0 A1,1 · · · A1,n−1
A2,0 A2,1 · · · A2,n−1

...
...

. . .
...

Am−1,0 Am−1,1 · · · Am−1,n−1

⎞
⎟⎟⎟⎟⎟⎠ ·

⎛
⎜⎜⎜⎝

x0
x1
...

xn−1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

b0
b1
b2
...

bm−1

⎞
⎟⎟⎟⎟⎟⎠ , (B.41)

or, in the standard notation,

A · x = b, (B.42)

where the (known) matrix A is of size (m, n), the unknown vector x
is n-dimensional, and the (known) vector b is m-dimensional. Thus
n corresponds to the number of unknowns and m to the number 729



Appendix B
Linear Algebra

of equations. Each row i of the matrix A thus represents a single
equation

Ai,0 ·x0 + Ai,1 ·x1 + . . . + Ai,n−1 ·xn−1 = bi (B.43)

or
n−1∑
j=0

Ai,j ·xj = bi , (B.44)

for i = 0, . . . , m−1. Depending on m and n, the following situations
may occur:

• If m = n (i.e., A is square) the number of unknowns matches the
number of equations and the system typically (but not always,
of course) has a unique solution (see Sec. B.7.1 below).

• If m < n, we have more unknowns than equations. In this case
no unique solution exists (but possibly infinitely many).

• With m > n the system is said to be over-determined and thus
not solvable in general. Nevertheless, this is a frequent case that
is typically handled by calculating a minimum least squares so-
lution (see Sec. B.7.2).

B.7.1 Exact Solutions

If the number of equations (m) is equal to the number of unknowns
(n) and the resulting (square) matrix A is non-singular and of full
rank m = n, the system A · x = b can be expected to have a unique
solution for x. For example, the system8

2 · x0 + 3 · x1 − 2 · x2 = 1,

−x0 + 7 · x1 + 6 · x2 = −2, (B.45)
4 · x0 − 3 · x1 − 5 · x2 = 1,

with

A =

⎛
⎝ 2 3 −2

−1 7 6
4 −3 −5

⎞
⎠ , x =

⎛
⎝x0

x1
x2

⎞
⎠ , b =

⎛
⎝ 1

−2
1

⎞
⎠ , (B.46)

has the unique solution x = (−0.3698, 0.1780, −0.6027)ᵀ. The fol-
lowing code segment shows how the previous example is solved using
class LUDecomposition of the ACM library:
import org.apache...linear.DecompositionSolver;
import org.apache...linear.LUDecomposition;

RealMatrix A = MatrixUtils.createRealMatrix(new double[][]
{{ 2, 3, -2},
{-1, 7, 6},
{ 4, -3, -5}});

RealVector b = MatrixUtils.createRealVector(new double[]
{1, -2, 1});

DecompositionSolver solver =
new LUDecomposition(A).getSolver();

RealVector x = solver.solve(b);

An exception is thrown if the matrix A is non-square or singular.
8 Example taken from the Apache Commons Math User Guide [4].730
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B.7.2 Over-Determined System (Least-Squares Solutions)

If a system of linear equations has more equations than unknowns
(i.e., m > n) it is over-determined and thus has no exact solution. In
other words, there is no vector x that satisfies A · x = b or

A · x − b = 0. (B.47)

Instead, any x plugged into Eqn. (B.47) yields some non-zero “resid-
ual” vector ε, such that

A · x − b = ε. (B.48)

A “best” solution is commonly found by minimizing the squared norm
of this residual, that is, by searching for x such that

‖A · x − b‖2 = ‖ε‖2 → min . (B.49)

Several matrix decompositions can be used for calculating the “least-
squares solution” of an over-determined system of linear equations.
As a simple example, we add a fourth line (m = 4) to the system in
Eqns. (B.45) and (B.46) to

A =

⎛
⎜⎜⎝

2 3 −2
−1 7 6

4 −3 −5
2 −2 −1

⎞
⎟⎟⎠ , x =

⎛
⎝x0

x1
x2

⎞
⎠ , b =

⎛
⎜⎜⎝

1
−2

1
0

⎞
⎟⎟⎠ , (B.50)

without changing the number of unknowns (n = 3). The least-
squares solution to this over-determined system is (approx.) x =
(−0.2339, 0.1157, −0.4942)ᵀ. The following code segment shows the
calculation using the SingularValueDecomposition class of the ACM
library:
import org.apache...linear.DecompositionSolver;
import org.apache...linear.SingularValueDecomposition;

RealMatrix A = MatrixUtils.createRealMatrix(new double[][]
{{ 2, 3, -2},
{-1, 7, 6},
{ 4, -3, -5},
{ 2, -2, -1});

RealVector b = MatrixUtils.createRealVector(new double[]
{1, -2, 1, 0});

DecompositionSolver solver =
new SingularValueDecomposition(A).getSolver();

RealVector x = solver.solve(b);

Alternatively, an instance of QRDecomposition could be used for
calculating the least-squares solution. If an exact solution exists (see
Sec. B.7.1), it is the same as the least-squares solution (with zero
residual ε = 0).
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This part outlines selected topics from calculus that may serve as a
useful supplement to Chapters 6, 16, 17, 24, and 25, in particular.

C.1 Parabolic Fitting

Given a single-variable (1D), discrete function g : Z �→ R, it is some-
times useful to locally fit a quadratic (parabolic) function, for exam-
ple, for precisely locating a maximum or minimum position.

C.1.1 Fitting a Parabolic Function to Three Sample Points

For a quadratic function (second-order polynomial)

y = f(x) = a · x2 + b · x + c (C.1)

with parameters a, b, c to pass through a given set of three sample
points pi = (xi, yi), i = 1, 2, 3, means that the following three equa-
tions must be satisfied:

y1 = a · x2
1 + b · x1 + c,

y2 = a · x2
2 + b · x2 + c,

y3 = a · x2
3 + b · x3 + c.

(C.2)

Written in the standard matrix form A · x = b, or⎛
⎝x2

1 x1 1
x2

2 x2 1
x2

3 x3 1

⎞
⎠ ·

⎛
⎝a

b
c

⎞
⎠ =

⎛
⎝y1

y2
y3

⎞
⎠ , (C.3)

the unknown coefficient vector x = (a, b, c)ᵀ is directly found as

x = A−1 · b =

⎛
⎝x2

1 x1 1
x2

2 x2 1
x2

3 x3 1

⎞
⎠−1

·
⎛
⎝y1

y2
y3

⎞
⎠ , (C.4)

assuming that the matrix A has a non-zero determinant. Geometri-
cally this means that the points pi must not be collinear. 733
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Example:
Fitting the sample points p1 = (−2, 5)ᵀ, p2 = (−1, 6)ᵀ, p3 = (3,
−10)ᵀ to a quadratic function, the equation to solve is (analogous to
Eqn. (C.3)) ⎛

⎝ 4 −2 1
1 −1 1
9 3 1

⎞
⎠ ·

⎛
⎝a

b
c

⎞
⎠ =

⎛
⎝ 5

6
−10

⎞
⎠ , (C.5)

with the solution⎛
⎝a

b
c

⎞
⎠=

⎛
⎝ 4 −2 1

1 −1 1
9 3 1

⎞
⎠−1

·
⎛
⎝ 5

6
−10

⎞
⎠ = 1

20 ·
⎛
⎝ 4 −5 1

−8 5 3
−12 30 2

⎞
⎠·

⎛
⎝ 5

6
−10

⎞
⎠=

⎛
⎝−1

−2
5

⎞
⎠.

Thus a = −1, b = −2, c = 5, and the equation of the quadratic
fitting function is y = −x2 − 2x + 5. The result for this example is
shown graphically in Fig. C.1.

Fig. C.1
Fitting a quadratic function to
three arbitrary sample points. p1 = (−2, 5)ᵀ

p2 = (−1, 6)ᵀ

p3 = (3, −10)ᵀ

�
�

�

�3 �2 �1 1 2 3

�10

�5

5

x
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C.1.2 Locating Extrema by Quadratic Interpolation

A special situation is when the given points are positioned at x1 =
−1, x2 = 0, and x3 = +1. This is useful, for example, to esti-
mate a continuous extremum position from successive discrete func-
tion values defined on a regular lattice. Again the objective is to
fit a quadratic function (as in Eqn. (C.1)) to pass through the points
p1 = (−1, y1)ᵀ, p2 = (0, y2)ᵀ, and p3 = (1, y3)ᵀ. In this case, the
simultaneous equations in Eqn. (C.2) simplify to

y1 = a − b + c,

y2 = c, (C.6)
y3 = a + b + c,

with the solution

a = y1 − 2 · y2 + y3

2 , b = y3 − y1

2 , c = y2. (C.7)

To estimate a local extremum position, we take the first derivative
of the quadratic fitting function (Eqn. (C.1)), which is the linear
function f ′(x) = 2a · x + b, and find the position x̆ of its (single) root
by solving

2a · x + b = 0. (C.8)
734
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With a, b taken from Eqn. (C.7), the extremal position is thus found
as

x̆ = −b

2a
= y1 − y3

2 · (y1 − 2y2 + y3) . (C.9)

The corresponding extremal value can then be found by evaluating
the quadratic function f() at position x̆, that is,

y̆ = f(x̆) = a · x̆2 + b · x̆ + c, (C.10)

with a, b, c as defined in Eqn. (C.7). Figure C.2 shows an example
with sample points p1 = (−1, −2)ᵀ, p2 = (0, 7)ᵀ, p3 = (1, 6)ᵀ. In
this case, the interpolated maximum position is at x̆ = 0.4 and the
corresponding maximum value is f(x̆) = 7.8.

p1 = (−1, −2)ᵀ

p2 = (0, 7)ᵀ

p3 = (1, 6)ᵀ

�

�
�

��

�1.5 �1.0 �0.5 0.5 1.0 1.5

�10

�5

5

x

y = f(x) Fig. C.2
Fitting a quadratic function to
three reference points at posi-
tions x1 = −1, x2 = 0, x3 =
+1. The interpolated, contin-
uous curve has a maximum at
the continuous position x̆ = 0.4
(large circle).

Using the above scheme, we can interpolate any triplet of suc-
cessive sample values centered around some position u ∈ Z, that is,
p1 = (u−1, y1)ᵀ, p2 = (u, y2)ᵀ, p3 = (u+1, y3)ᵀ, with arbitrary
values y1, y2, y3. In this case the estimated position of the extremum
is simply (from Eqn. (C.9))

x̆ = u + y1 − y3

2 · (y1 − 2 · y2 + y3) . (C.11)

The application of quadratic interpolation to multi-variable functions
is described in Sec. C.3.3.

C.2 Scalar and Vector Fields

An RGB color image I(u, v) = (IR(u, v), IG(u, v), IB(u, v)) can be
considered a 2D function whose values are 3D vectors. Mathemati-
cally, this is a special case of a vector-valued function f : Rn �→ R

m,

f(x) = f(x0, . . . , xn−1) =

⎛
⎜⎝ f0(x)

...
fm−1(x)

⎞
⎟⎠ , (C.12)

which is composed of m scalar-valued functions fi : Rn �→ R, each
being defined on the domain of n-dimensional vectors.

A multi-variable, scalar-valued function f : Rn �→ R is called a
scalar field, while a vector-valued function f : Rn �→ Rm is referred
to as a vector field. 735
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C.2.1 The Jacobian Matrix

Assuming that the function f(x) = (f0(x), . . . , fm−1(x))ᵀ is differen-
tiable, the so-called functional or Jacobian matrix at a specific point
ẋ = (ẋ0, . . . , ẋn−1) is defined as

Jf (ẋ) =

⎛
⎜⎜⎝

∂
∂x0

f0(ẋ) · · · ∂
∂xn−1

f0(ẋ)
...

. . .
...

∂
∂x0

fm−1(ẋ) · · · ∂
∂xn−1

fm−1(ẋ)

⎞
⎟⎟⎠ . (C.13)

The Jacobian matrix is of size m×n and composed of the first deriva-
tives of the m component functions f0, . . . , fm−1 with respect to each
of the n independent variables x0, . . . , xn−1. Thus each of its elements

∂
∂xj

fi(ẋ) quantifies how much the value of the scalar-valued compo-
nent function fi(x) = fi(x0, . . . , xn−1) changes when only variable xj

is varied and all other variables remain fixed. Note that the matrix
Jf (x) is not constant for a given function f but is different at each
position ẋ. In general, the Jacobian matrix is neither square (unless
m = n) nor symmetric.

C.2.2 Gradients

Gradient of a scalar field
The gradient of a scalar field f : Rn �→ R, with f(x) = f(x0, . . . ,
xn−1), at a given position ẋ ∈ Rn is defined as

(∇f)(ẋ) = (grad f)(ẋ) =

⎛
⎜⎜⎝

∂
∂x0

f(ẋ)
...

∂
∂xn−1

f(ẋ)

⎞
⎟⎟⎠ . (C.14)

The resulting vector-valued function quantifies the amount of output
change with respect to changing any of the input variables x0, . . . , xn−1
at position ẋ. Thus the gradient of a scalar field is a vector field.

The directional gradient of a scalar field describes how the (scalar)
function value changes when the coordinates are modified along a
particular direction, specified by the unit vector e. We denote the
directional gradient as ∇ef and define

(∇ef)(ẋ) = (∇f)(ẋ) · e , (C.15)

where · is the scalar product (see Sec. B.3.1). The result is a scalar
value that can be interpreted as the slope of the tangent on the n-
dimensional surface of the scalar field at position ẋ along the direction
specified by the n-dimensional unit vector e = (e0, . . . , en−1)ᵀ.

Gradient of a vector field
To calculate the gradient of a vector field f : Rn �→ Rm, we note
that each row i in the m × n Jacobian matrix Jf (Eqn. (C.13)) is the
transposed gradient vector of the corresponding component function
fi, that is,736
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⎛
⎜⎜⎝

(∇f0)(ẋ)ᵀ
...

(∇fm−1)(ẋ)ᵀ

⎞
⎟⎟⎠, (C.16)

and thus the Jacobian matrix is equivalent to the gradient of the
vector field f ,

(grad f)(ẋ) ≡ Jf (ẋ). (C.17)

Analogous to Eqn. (C.15), the directional gradient of the vector field
is then defined as

(grade f)(ẋ) ≡ Jf (ẋ) · e, (C.18)

where e is again a unit vector specifying the gradient direction and ·
is the ordinary matrix-vector product. In this case the resulting gra-
dient is a m-dimensional vector with one element for each component
function in f .

C.2.3 Maximum Gradient Direction

In case of a scalar field f(x), a resulting non-zero gradient vector
(∇f)(ẋ) (Eqn. (C.14)) is also the direction of the steepest ascent of
f(x) at position ẋ.1 In this case, the L2 norm (see Sec. B.1.2) of the
gradient vector, that is, ‖(∇f)(ẋ)‖, corresponds to the maximum
slope of f at point ẋ.

In case of a vector field f(x), the direction of maximum slope
cannot be obtained directly, since the gradient is not a n-dimensional
vector but its m × n Jacobian matrix. In this case, the direction of
maximum change in the function f is found as the eigenvector xk of
the square (n × n) matrix

M = Jᵀ
f (ẋ)· Jf (ẋ) (C.19)

that corresponds to its largest eigenvalue λk (see also Sec. B.4).

C.2.4 Divergence of a Vector Field

If the vector field maps to the same vector space (i.e., f : Rn �→ Rn),
its divergence (div) is defined as

(divf)(ẋ) = ∂
∂x0

f0(ẋ) + · · · + ∂
∂xn−1

fn−1(ẋ) (C.20)

=
n−1∑
i=0

∂
∂xi

fi(ẋ) ∈ R, (C.21)

for a given point ẋ. The result is a scalar value and thus (divf)(ẋ)
yields a scalar field Rn �→ R. Note that, in this case, the Jacobian
matrix Jf in Eqn. (C.13) is square (of size n × n) and divf is equiv-
alent to the trace of Jf , that is,

(divf )(ẋ) ≡ trace(Jf (ẋ)). (C.22)
1 If the gradient vector is zero, that is, if (∇f)(ẋ) = 0, the direction of

the gradient is undefined at position ẋ. 737
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C.2.5 Laplacian Operator

The Laplacian (or Laplace operator) of a scalar field f : Rn �→ R is a
linear differential operator, commonly denoted Δ or ∇2. The result of
applying ∇2 to the scalar field f : Rn �→ R generates another scalar
field that consists of the sum of all unmixed second-order partial
derivatives of f (if existent), that is,

(∇2f)(ẋ) = ∂2

∂x2
0
f(ẋ) + · · · + ∂2

∂x2
n−1

f(ẋ) =
n−1∑
i=0

∂2

∂x2
i
f(ẋ). (C.23)

The result is a scalar value that is equivalent to the divergence (see
Eqn. (C.21)) of the gradient (see Eqn. (C.14)) of the scalar field f ,
that is,

(∇2f)(ẋ) = (div∇f)s(ẋ). (C.24)

The Laplacian is also found as the trace of the function’s Hessian
matrix Hf (see Sec. C.2.6).

For a vector-valued function f : Rn �→ Rm, the Laplacian at point
ẋ is again a vector field R

n �→ R
m,

(∇2f)(ẋ) =

⎛
⎜⎜⎜⎝

(∇2f0)(ẋ)
(∇2f2)(ẋ)

...
(∇2fm−1)(ẋ)

⎞
⎟⎟⎟⎠ ∈ R

m, (C.25)

that is obtained by applying the Laplacian to the individual (scalar-
valued) component functions.

C.2.6 The Hessian Matrix

The Hessian matrix of a n-variable, real-valued function f : Rn �→
R is the n × n square matrix composed of its second-order partial
derivatives (assuming they all exist), that is,

Hf =

⎛
⎜⎜⎜⎜⎝

H0,0 H0,1 · · · H0,n−1

H1,0 H1,1 · · · H1,n−1
...

...
. . .

...
Hn−1,0 Hn−1,1 · · · Hn−1,n−1

⎞
⎟⎟⎟⎟⎠ (C.26)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂2

∂x2
0
f ∂2

∂x0 ∂x1
f · · · ∂2

∂x0 ∂xn−1
f

∂2

∂x1 ∂x0
f ∂2

∂x2
1
f · · · ∂2

∂x1 ∂xn−1
f

...
...

. . .
...

∂2

∂x
n−1 ∂x0

f ∂2

∂x
n−1 ∂x1

f · · · ∂2

∂x2
n−1

f

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (C.27)

Since the order of differentiation does not matter (i.e., Hi,j = Hj,i),
Hf is symmetric. Note that the Hessian is a matrix of functions. To
evaluate the Hessian at a particular point ẋ ∈ Rn, we write738
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Hf (ẋ) =

⎛
⎜⎜⎜⎜⎝

∂2

∂x2
0
f(ẋ) · · · ∂2

∂x0 ∂xn−1
f(ẋ)

...
. . .

...
∂2

∂xn−1 ∂x0
f(ẋ) · · · ∂2

∂x2
n−1

f(ẋ)

⎞
⎟⎟⎟⎟⎠ , (C.28)

which is a scalar-valued matrix of size n × n. As mentioned already,
the trace of the Hessian matrix is the Laplacian ∇2 of the function
f , that is,

∇2f = trace
(
Hf

)
=

n−1∑
i=0

∂2

∂x2
i

f . (C.29)

Example
Given a 2D, continuous, grayscale image or scalar-valued intensity
function I(x, y), the corresponding Hessian matrix (of size 2 × 2)
contains all second derivatives along the coordinates x, y, that is,

HI =

⎛
⎝ ∂2

∂x2 I ∂2

∂x∂y I

∂2

∂y∂x I ∂2

∂y2 I

⎞
⎠ =

(
Ixx Ixy
Iyx Iyy

)
, (C.30)

The elements of HI are 2D, scalar-valued functions over x, y and thus
scalar fields again. Evaluating the Hessian matrix at a particular
point ẋ yields the values of the second partial derivatives of I at this
position,

HI(ẋ) =

⎛
⎝ ∂2

∂x2 I(ẋ) ∂2

∂x∂y I(ẋ)
∂2

∂y∂xI(ẋ) ∂2

∂y2 I(ẋ)

⎞
⎠ =

(
Ixx(ẋ) Ixy(ẋ)
Iyx(ẋ) Iyy(ẋ)

)
, (C.31)

that is, a matrix with scalar-valued elements.

C.3 Operations on Multi-Variable, Scalar Functions
(Scalar Fields)

C.3.1 Estimating the Derivatives of a Discrete Function

Images are typically discrete functions (i.e., I : N2 �→ R) and thus
not differentiable. The derivatives can nevertheless be estimated by
calculating finite differences from the pixel values in a 3 × 3 neigh-
borhood, which can be expressed as a linear filter or convolution
operation (∗). In particular, the first-order derivatives Ix = ∂I/∂x
and Iy = ∂I/∂y are usually estimated in the form

Ix ≈ I ∗ [−0.5 0 0.5
]
, Iy ≈ I ∗

⎡
⎣−0.5

0
0.5

⎤
⎦, (C.32)

the second-order derivatives Ixx = ∂2I/∂x2 and Iyy = ∂2I/∂y2 as

Ixx ≈ I ∗ [
1 −2 1

]
, Iyy ≈ I ∗

⎡
⎣ 1

−2
1

⎤
⎦ , (C.33)
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and the mixed derivative

∂2I

∂x∂y
= Ixy = Iyx

≈ I∗[−0.5 0 0.5
]∗

⎡
⎣−0.5

0
0.5

⎤
⎦= I∗

⎡
⎣ 0.25 0 −0.25

0 0 0
−0.25 0 0.25

⎤
⎦. (C.34)

C.3.2 Taylor Series Expansion of Functions

Single-variable functions
The Taylor series expansion (of degree d) of a single-variable function
f : R �→ R about a reference point a is

f(x) = f(a) + f ′(a)·(x−a) + f ′′(a)· (x−a)2

2 + · · ·

· · · + f (d)(a)· (x−a)d

d! + Rd (C.35)

= f(a) +
d∑

i=1

f (i)(a) · (x−a)i

i ! + Rd (C.36)

=
d∑

i=0

f (i)(a) · (x−a)i

i ! + Rd, (C.37)

where Rd is the residual term.2 This means that if the value f(a) and
the first d derivatives f ′(a), f ′′(a), . . . , f (d)(a) exist and are known at
some position a, the value of f at another point ẋ can be estimated
(up to the residual Rd) only from the values at point a, without
actually evaluating f(x). Omitting the remainder Rd, the result is
an approximation for f(ẋ), that is,

f(x) ≈
d∑

i=0

f (i)(a) · (x − a)i

i ! , (C.38)

whose accuracy depends upon d and the distance x − a.

Multi-variable functions
In general, for a real-valued function of n variables,

f(x) = f(x0, x2, . . . , xn−1) ∈ R,

the full Taylor series expansion about a reference point a = (a0, . . . ,
an−1)ᵀ is

f(x0, . . . , xn−1) = f(a) + (C.39)
∞∑

i0=1

· · ·
∞∑

in−1=1

[ ∂i0

∂x
i0
0

· · · ∂in−1

∂x
in−1
n−1

]
f(a) · (x0−a0)i0 · · · (xn−1−an−1)in−1

i1! · · · in!

=
∞∑

i1=0

· · ·
∞∑

in=0

[ ∂i0

∂x
i0
0

· · · ∂in−1

∂x
in−1
n−1

]
f(a) · (x0−a0)i0 · · · (xn−1−an−1)in−1

i0! · · · in−1! .

2 Note that f (0) = f , f (1) = f ′, f (2) = f ′′ etc., and 1! = 1.740
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In Eqn. (C.39),3 the term

[ ∂i0

∂x
i0
0

· · · ∂in−1

∂x
in−1
n−1

]
f(a) (C.40)

is the value of the function f , after applying a sequence of n par-
tial derivatives, at the n-dimensional position a. The operator ∂i

∂xi
kdenotes the i-th partial derivative on the variable xk.

To formulate Eqn. (C.39) in a more compact fashion, we define
the index vector

i = (i0, i1, . . . , in−1), (C.41)

(with ik ∈ N0 and thus i ∈ Nn
0 ), and the associated operations

i! = i0! · i1! · . . . · in−1!,

xi = x
i0
1 · x

i1
2 · . . . · x

in−1
n−1 ,

Σi = i0 + i1 + . . . + in−1.

(C.42)

As a shorthand notation for the combined partial derivative operator
in Eqn. (C.40) we define

Di := ∂i0

∂x
i0
0

∂i1

∂x
i1
1

· · · ∂in−1

∂x
in−1
n−1

= ∂i0+i1+...+in−1

∂x
i0
0 ∂x

i1
1 · · · ∂x

in−1
n−1

. (C.43)

With these definitions, the full Taylor expansion of a multi-variable
function about a point a, as given in Eqn. (C.39), can be elegantly
written in the form

f(x) =
∑

i ∈Nn
0

Dif(a) · (x−a)i

i! . (C.44)

Note that Dif is again a n-dimensional function Rn �→ R, and thus[
Dif

]
(a) in Eqn. (C.44) is the scalar quantity obtained by evaluating

the function [Dif ] at the n-dimensional point a.
To obtain a Taylor approximation of order d, the sum of the

indices i1, . . . , in is limited to d, that is, the summation is constrained
to index vectors i, with Σi ≤ d. The resulting formulation,

f(x) ≈
∑

i ∈N
n
0

Σi≤d

Dif(a) · (x−a)i

i! , (C.45)

is obviously analogous to the 1D case in Eqn. (C.38).

Example: two-variable (2D) function
This example demonstrates the second-order (d = 2) Taylor expan-
sion of a 2D (n = 2) function f : R2 �→ R around a point a = (xa, ya).
By inserting into Eqn. (C.44), we get

3 Note that symbols x0, . . . , xn−1 denote the individual variables, while
ẋ0, . . . , ẋn−1 are the coordinates of a specific point in n-dimensional
space. 741
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f(x , y) ≈
∑

i ∈N
2
0

Σi≤2

Dif(xa, ya) · 1
i ! ·

(
x−xa

y−ya

)i

(C.46)

=
∑

0≤i,j≤2
(i+j)≤2

∂i+j

∂xi ∂yj
f(xa, ya) · (x − xa)i · (y − ya)j

i ! · j ! . (C.47)

Since d = 2, the six permissible index vectors i = (i, j), with Σi ≤ 2,
are (0, 0), (1, 0), (0, 1), (1, 1), (2, 0), and (0, 2). Inserting into Eqn.
(C.47), we obtain the corresponding Taylor approximationat position
(ẋ, ẏ) as

f(x , y) ≈ ∂0

∂x0 ∂y0 f(xa, ya) · (x−xa)0 · (y−ya)0

1 · 1 (C.48)

+ ∂1

∂x1 ∂y0 f(xa, ya) · (x−xa)1 · (y−ya)0

1 · 1

+ ∂1

∂x0 ∂y1 f(xa, ya) · (x−xa)0 · (y−ya)1

1 · 1

+ ∂2

∂x1 ∂y1 f(xa, ya) · (x−xa)1 · (y−ya)1

1 · 1

+ ∂2

∂x2 ∂y0 f(xa, ya) · (x−xa)2 · (y−ya)0

2 · 1

+ ∂2

∂x0 ∂y2 f(xa, ya) · (x−xa)0 · (y−ya)2

1 · 2
= f(xa, ya) (C.49)

+ ∂
∂x f(xa, ya)·(x−xa) + ∂

∂y f(xa, ya)·(y−ya)

+ ∂2

∂x ∂y f(xa, ya)·(x−xa)·(y−ya)

+ 1
2 · ∂2

∂x2 f(xa, ya)·(x−xa)2 + 1
2 · ∂2

∂y2 f(xa, ya)·(y−ya)2.

It is assumed that the required derivatives of f exist, that is, f is
differentiable at point (xa, ya) with respect to x and y up to the
second order. By slightly rearranging Eqn. (C.49) to

f(x , y) ≈ f(xa, ya) + ∂
∂xf(xa, ya) · (x−xa) + ∂

∂y f(xa, ya) · (y−ya)

+ 1
2 ·

[
∂2

∂x2 f(xa, ya)·(x−xa)2 + 2· ∂2

∂x ∂y f(xa, ya)·(x−xa)·(y−ya)

+ ∂2

∂y2 f(xa, ya)·(y−ya)2
]

(C.50)

we can now write the Taylor expansion in matrix-vector notation as

f(x , y) ≈ f̃(x , y) = f(xa, ya) +
(

∂
∂x f(xa, ya), ∂

∂y f(xa, ya)
)

·
(

x−xa

y−ya

)

+ 1
2 ·

[
(x−xa, y−ya) ·

(
∂2

∂x2 f(xa, ya) ∂2

∂x ∂y f(xa, ya)
∂2

∂x ∂y f(xa, ya) ∂2

∂y2 f(xa, ya)

)
·
(

x−xa

y−ya

)]
(C.51)

or, even more compactly, in the form

f̃(x) = f(a) + ∇ᵀ
f (a)·(x−a) + 1

2 ·(x−a)ᵀ · Hf (a) · (x−a). (C.52)
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Here ∇ᵀ
f (a) denotes the (transposed) gradient vector of the function

f at point a (see Sec. C.2.2), and Hf is the 2 × 2 Hessian matrix of
f (see Sec. C.2.6),

Hf (a) =
(

H00 H01
H10 H11

)
=

(
∂2

∂x2 f(a) ∂2

∂x ∂y f(a)
∂2

∂x ∂y f(a) ∂2

∂y2 f(a)

)
. (C.53)

If the function f is discrete, for example, a scalar-valued image I, the
required partial derivatives at some lattice point a = (ua, va)ᵀ can
be estimated from its 3×3 neighborhood, as described in Sec. C.3.1.

Example: three-variable (3D) function
For a 3D function f : R3 �→ R, the second-order Taylor expansion
(d = 2) is analogous to Eqns. (C.51–C.52) for the 2D case, except
that now the positions x = (x, y, z)ᵀ and a = (xa, ya, za)ᵀ are 3D
vectors. The associated (transposed) gradient vector is

∇ᵀ
f (a) =

(
∂

∂x f(a), ∂
∂y f(a), ∂

∂z f(a)
)
, (C.54)

and the Hessian, composed of all second-order partial derivatives, is
the 3 × 3 matrix

Hf(a) =

⎛
⎜⎜⎜⎝

∂2

∂x2 f(a) ∂2

∂x∂y f(a) ∂2

∂x∂z f(a)
∂2

∂y∂xf(a) ∂2

∂y2 f(a) ∂2

∂y∂z f(a)
∂2

∂z∂xf(a) ∂2

∂z∂y f(a) ∂2

∂z2 f(a)

⎞
⎟⎟⎟⎠. (C.55)

Note that the order of differentiation is not relevant since, for exam-
ple, ∂2

∂x ∂y = ∂2

∂y ∂x , and therefore Hf is always symmetric.
This can be easily generalized to the n-dimensional case, though

things become considerably more involved for Taylor expansions of
higher orders (d > 2).

C.3.3 Finding the Continuous Extremum of a Multi-
Variable Discrete Function

In Sec. C.1.2 we described how the position of a local extremum
can be determined by fitting a quadratic function to the neighboring
samples of a 1D function. This section shows how this technique can
be extended to n-dimensional, scalar-valued functions f : Rn �→ R.

Without loss of generality we can assume that the Taylor expan-
sion of the function f(x) is carried out around the point a = 0 = (0,
. . . , 0), which clearly simplifies the remaining formulation. The Tay-
lor approximation function (see Eqn. (C.52)) for this point can be
written as

f̃(x) = f(0) + ∇ᵀ
f (0) · x + 1

2 ·xᵀ · Hf(0) · x, (C.56)

with the gradient ∇f and the Hessian matrix Hf evaluated at position
0. The vector of the first derivative of this function is

f̃ ′(x) = ∇f (0) + 1
2 ·[(xᵀ · Hf (0))ᵀ + Hf (0) · x

]
. (C.57)
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Since (xᵀ ·Hf)ᵀ = (Hᵀ
f ·x) and because the Hessian matrix Hf is

symmetric (i.e., Hf = Hᵀ
f ), this simplifies to

f̃ ′(x) = ∇f (0) + 1
2 ·(Hf(0) · x + Hf(0) · x) (C.58)

= ∇f (0) + Hf (0) · x. (C.59)

A local maximum or minimum is found where all first derivatives f̃ ′

are zero, so we need to solve

∇f (0) + Hf (0)·x̆ = 0, (C.60)

for the unknown position x̆. By multiplying both sides with H−1
f

(assuming that the inverse of Hf (0) exists), the solution is

x̆ = −H−1
f (0) · ∇f(0), (C.61)

for the specific expansion point a = 0 (Eqn. (C.63)). Analogously,
for an arbitrary expansion point a, the extremum position is

x̆ = a − H−1
f (a) · ∇f (a). (C.62)

Note that the inverse Hessian matrix H−1
f is again symmetric.

The estimated extremal value of the approximation function f̃ is
found by replacing x in Eqn. (C.56) with the extremal position x̆
(calculated in Eqn. (C.61)) as

f̃extrm = f̃(x̆) = f(0) + ∇ᵀ
f (0) · x̆ + 1

2 · x̆
ᵀ · Hf(0) · x̆

= f(0) + ∇ᵀ
f (0) · x̆ + 1

2 · x̆
ᵀ · Hf (0) · (−H−1

f (0)) · ∇f (0)

= f(0) + ∇ᵀ
f (0) · x̆ − 1

2 · x̆
ᵀ · I · ∇f (0) (C.63)

= f(0) + ∇ᵀ
f (0) · x̆ − 1

2 · ∇ᵀ
f (0) · x̆

= f(0) + 1
2 · ∇ᵀ

f (0) · x̆,

again for the expansion point a = 0.

f̃extrm = f̃(x̆) = f(a) + 1
2 · ∇ᵀ

f (a) · (x̆ − a) . (C.64)

Note that f̃extrm may be a local minimum or maximum, but could
also be a saddle point where the first derivatives of the function are
zero as well.

Local extrema in 2D
The aforementioned scheme can be applied to n-dimensional func-
tions. In the special case of a 2D function f : R2 �→ R (e.g., a 2D
image), the gradient vector and the Hessian matrix for the given
expansion point a = (xa, ya)ᵀ can be noted as

∇f (a) =
(

dx

dy

)
and Hf (a) =

(
H00 H01
H01 H11

)
, (C.65)

for a given expansion point a = (xa, ya)ᵀ. In this case, the inverse of
the Hessian matrix is744
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H−1
f = 1

H2
01 − H00 · H11

·
(−H11 H01

H01 −H00

)
(C.66)

and the resulting position of the extremal point is (see Eqn. (C.62))

x̆ =
(

xa

ya

)
− 1

H2
01−H00 · H11

·
(−H11 H01

H01 −H00

)
·
(

dx

dy

)
(C.67)

=
(

xa

ya

)
− 1

H2
01−H00 · H11

·
(

H01 · dy − H11 · dx

H01 · dx − H00 · dy

)
. (C.68)

The extremal position is only defined if the denominator in Eqn.
(C.68), H2

01 −H00·H11 (equivalent to the determinant of Hf), is non-
zero, indicating that the Hessian matrix Hf is non-singular and thus
has an inverse. The associated value of f̃ at the estimated extremal
position x̆ = (x̆, y̆)ᵀ can be now calculated using Eqn. (C.64) as

f̃(x̆, y̆) = f(xa, ya) + 1
2 · (dx, dy) ·

(
x̆ − xa

y̆ − ya

)

= f(xa, ya) +
dx ·(x̆ − xa) + dy ·(y̆ − ya)

2 .

(C.69)

Numeric 2D example
The following example shows how a local extremum can be found
in a discrete 2D image with sub-pixel accuracy using a second-order
Taylor approximation. Assume we are given a grayscale image I : Z×
Z �→ R with the sample values

ua−1 ua ua+1

va−1 8 11 7
va 15 16 9

va+1 14 12 10

(C.70)

in the 3 × 3 neighborhood of position a = (ua, va)ᵀ. Obviously, the
discrete center value f(a) = 16 is a local maximum but (as we shall
see) the maximum of the continuous approximation function is not
at the center. The gradient vector ∇I and the Hessian Matrix HI at
the expansion point a are calculated from local finite differences (see
Sec. C.3.1) as

∇I(a) =
(

dx

dy

)
= 0.5·

(
9−15
12−11

)
=

(−3
0.5

)
and (C.71)

HI(a) =
(

H11 H12
H12 H22

)
=

(
9−2·16+15 0.25·(8−14−7+10)

0.25·(8−14−7+10) 11−2·16+12

)

=
(−8.00 −0.75

−0.75 −9.00

)
, (C.72)

respectively. The resulting second-order Taylor expansion about the
point a is the continuous function (see Eqn. (C.52))

f̃(x) = f(a) + ∇ᵀ
I (a) · (x−a) + 1

2 · (x−a)ᵀ · HI(a) · (x−a)

= 16 + (−3, 0.5) ·
(

x−ua

y−va

)
(C.73)

+ 1
2 · (x−ua, y−va) ·

(−8.00 −0.75
−0.75 −9.00

)
·
(

x−ua

y−va

)
.
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We use the inverse of the 2×2 Hessian matrix at position a (see Eqn.
(C.66)),

H−1
I (a) =

(−8.00 −0.75
−0.75 −9.00

)−1

=
(−0.125984 0.010499

0.010499 −0.111986

)
, (C.74)

to calculate the position of the local extremum x̆ (see Eqn. (C.68)) as

x̆ = a − H−1
I (a) · ∇I(a) (C.75)

=
(

ua

va

)
−

(−0.125984 0.010499
0.010499 −0.111986

)
·
(−3

0.5

)
=

(
ua − 0.3832
va + 0.0875

)
.

Finally, the extremal value (see Eqn. (C.64)) is found as

f̃(x̆) = f(a) + 1
2 · ∇ᵀ

f (a) · (x̆ − a)

= 16 + 1
2 · (−3, 0.5) ·

(
ua − 0.3832 − ua

va + 0.0875 − va

)
(C.76)

= 16 + 1
2 · (3 · 0.3832 + 0.5 · 0.0875) = 16.5967 .

Figure (C.3) illustrates the aforementioned example, with the expan-
sion point set to a = (ua, va)ᵀ = (0, 0)ᵀ.

Fig. C.3
Continuous Taylor approxi-

mation of a discrete 2D image
function for determining the

local extremum position with
sub-pixel accuracy. The cubes

represent the discrete image
samples in a 3 × 3 neighbor-

hood around the reference
coordinate (0, 0), which is a

local maximum of the dis-
crete image function (see Eqn.

(C.70) for the concrete val-
ues). The parabolic surface

shows the continuous approx-
imation f̃(x, y) obtained by
second-order Taylor expan-

sion about the center position
a = (0, 0). The vertical line
marks the position of the lo-

cal maximum f̃(x̆) = 16.5967
at x̆ = (−0.3832, 0.0875).

x

y

x̆

f̃(x, y)

Local extrema in 3D

In the case of a three-variable, scalar function f : R3 �→ R, with a
given expansion point a = (xa, ya, za)ᵀ and

∇f (a) =

⎛
⎝dx

dy

dz

⎞
⎠ and Hf (a) =

⎛
⎝H00 H01 H02

H01 H11 H12
H02 H12 H22

⎞
⎠ (C.77)

being the gradient vector and the Hessian matrix of f at point a,
respectively, the estimated extremal position is746



C.3 Operations on
Multi-Variable, Scalar
Functions (Scalar
Fields)

x̆ = (x̆, y̆, z̆)ᵀ = a − H−1
f (a) · ∇f(a) (C.78)

=

⎛
⎝xa

ya

za

⎞
⎠ − 1

H2
02·H11+H2

01·H22+H00·H2
12−H00·H11·H22−2·H01·H02·H12

·
⎛
⎝ H2

12−H11·H22 H01·H22−H02H12 H02·H11−H01·H12

H01·H22−H02·H12 H2
02−H00·H22 H00·H12−H01·H02

H02·H11−H01·H12 H00·H12−H01·H02 H2
01−H00·H11

⎞
⎠·

⎛
⎝dx

dy

dz

⎞
⎠.

Note that the inverse of the 3 × 3 Hessian matrix H−1
f is again

symmetric and can be calculated in closed form (as shown in Eqn.
(C.78)).4

Again using Eqn. (C.64), the estimated extremal value at position
x̆ = (x̆, y̆, z̆)ᵀ is found as

f̃(x̆) = f(a) + 1
2 · ∇ᵀ

f (a) · (x̆ − a) (C.79)

= f(a) +
dx ·(x̆−xa) + dy ·(y̆−ya) + dz ·(z̆−za)

2 . (C.80)

4 Nevertheless, the use of standard numerical methods is recommended. 747



Appendix D

Statistical Prerequisites

This part summarizes some essential statistical concepts for vector-
valued data, intended as a supplement particularly to Chapters 11
and 17.

D.1 Mean, Variance, and Covariance

For the following definitions we assume a sequence X = (x0, x1, . . . ,
xn−1) of n vector-valued, m-dimensional measurements, with “sam-
ples”

xi = (xi,0, xi,1, . . . , xi,m−1)ᵀ ∈ R
m. (D.1)

D.1.1 Mean

The n-dimensional sample mean vector is defined as

μ(X) = (μ0, μ1, . . . , μm−1)ᵀ (D.2)

= 1
n

· (x0 + x1 + . . . + xn−1) = 1
n

·
n−1∑
i=0

xi. (D.3)

Geometrically speaking, the vector μ(X) corresponds to the centroid
of the sample vectors xi in m-dimensional space. Each scalar element
μp is the mean of the associated component (also called variate or
dimension) p over all n samples, that is

μp = 1
n

·
n−1∑
i=0

xi,p , (D.4)

for p = 0, . . . , m−1.

D.1.2 Variance and Covariance

The covariance quantifies the strength of interaction between a pair
of components p, q in the sample X , defined as 749
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σp,q(X) = 1
n

·
n−1∑
i=0

(xi,p − μp) · (xi,q − μq). (D.5)

For efficient calculation, this expression can be rewritten in the form

σp,q(X) = 1
n

·
[n−1∑

i=0

(
xi,p ·xi,q

)
︸ ︷︷ ︸

Sp,q(X)

− 1
n

·(n−1∑
i=0

xi,p︸ ︷︷ ︸
Sp(X)

)·(n−1∑
i=0

xi,q︸ ︷︷ ︸
Sq(X)

)]
, (D.6)

which does not require the explicit calculation of μp and μq. In the
special case of p = q, we get

σp,p(X) = σ2
p (X) = 1

n
·

n−1∑
i=0

(xi,p−μp)2 (D.7)

= 1
n

·
[n−1∑

i=0

x2
i,p − 1

n
·(n−1∑

i=0

xi,p

)2
]
, (D.8)

which is the variance within the component p. This corresponds to
the ordinary (one-dimensional) variance σ2

p (X) of the n scalar sample
values x0,p, x1,p, . . . , xn−1,p (see also Sec. 3.7.1).

D.1.3 Biased vs. Unbiased Variance

If the variance (or covariance) of some population is estimated from a
small set of random samples, the results obtained by the formulation
given in the previous section are known to be statistically biased.1
The most common form of correcting for this bias is to use the factor
1/(n − 1) instead of 1/n in the variance calculations. For example,
Eqn. (D.5) would change to

σ̆p,q(X) = 1
n − 1 ·

n−1∑
i=0

(xi,p − μp) · (xi,q − μq) (D.9)

to yield an unbiased sample variance. In the following (and through-
out the text), we ignore the bias issue and consistently use the factor
1/n for all variance calculations. Note, however, that many software
packages2 use the bias-corrected factor 1/(n − 1) by default and thus
may return different results (which can be easily scaled for compari-
son).

D.2 The Covariance Matrix

The covariance matrix Σ for the m-dimensional sample X is a square
matrix of size m × m that is composed of the covariance values σp,q

for all pairs (p, q) of components, that is,
1 Note that the estimation of the mean by the sample mean (Eqn. (D.3))

is not affected by this bias problem.
2 For example, Apache Commons Math, Matlab, Mathematica.750



D.2 The Covariance
Matrix

Σ(X) =

⎛
⎜⎜⎜⎝

σ0,0 σ0,1 · · · σ0,m−1
σ1,0 σ1,1 · · · σ1,m−1

...
...

. . .
...

σm−1,0 σm−1,1 · · · σm−1,m−1

⎞
⎟⎟⎟⎠ (D.10)

=

⎛
⎜⎜⎜⎝

σ2
0 σ0,1 · · · σ0,m−1

σ1,0 σ2
1 · · · σ1,m−1

...
...

. . .
...

σm−1,0 σm−1,1 · · · σ2
m−1

⎞
⎟⎟⎟⎠. (D.11)

Note that any diagonal element of Σ(X) is the ordinary (scalar) vari-
ance σ2

p (X) (see Eqn. (D.7)), for p = 0, . . . , m − 1, which can never
be negative. All other entries of a covariance matrix may be posi-
tive or negative in general. Since σp,q = σq,p, a covariance matrix is
always symmetric, with up to (m2 + m)/2 unique elements. Thus,
any covariance matrix has the important property of being positive
semidefinite, which implies that all its eigenvalues (see Sec. B.4) are
positive (i.e., non-negative). The covariance matrix can also be writ-
ten in the form

Σ(X) = 1
n

·
n−1∑
i=0

[xi − μ(X)] · [xi − μ(X)]ᵀ︸ ︷︷ ︸
= [xi−μ(X)] ⊗ [xi−μ(X)]

, (D.12)

where ⊗ denotes the outer (vector) product.
The trace (sum of the diagonal elements) of the covariance matrix,

σtotal(X) = trace (Σ(X)) , (D.13)

is called the total variance of the multivariate sample. Alternatively,
the (Frobenius) norm of the covariance matrix Σ(X), defined as

‖Σ(X)‖2 =
(m−1∑

i=0

m−1∑
j=0

σ2
i,j

)1/2
, (D.14)

can be used to quantify the overall variance in the sample data.

D.2.1 Example

Assume that the sample X consists of the following set of four 3D
vectors (i.e., m = 3 and n = 4)

x0 =

⎛
⎝75

37
12

⎞
⎠ , x1 =

⎛
⎝41

27
20

⎞
⎠ , x2 =

⎛
⎝93

81
11

⎞
⎠ , x3 =

⎛
⎝12

48
52

⎞
⎠ ,

with each xi = (xi,R, xi,G, xi,B)ᵀ representing a particular RGB color.
The resulting sample mean vector (see Eqn. (D.3)) is

μ(X) =

⎛
⎝μR

μG

μB

⎞
⎠= 1

4 ·
⎛
⎝75 + 41 + 93 + 12

37 + 27 + 81 + 48
12 + 20 + 11 + 52

⎞
⎠= 1

4 ·
⎛
⎝221

193
95

⎞
⎠=

⎛
⎝55.25

48.25
23.75

⎞
⎠ ,

and the associated covariance matrix (Eqn. (D.11)) is 751
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Σ(X) =

⎛
⎝ 972.188 331.938 −470.438

331.938 412.688 −53.188
−470.438 −53.188 278.188

⎞
⎠ .

As predicted, this matrix is symmetric and all diagonal elements are
non-negative. Note that no sample bias-correction (see Sec. D.1.3)
was used in this example. The total variance (Eqn. (D.13)) of the
sample set is

σtotal(X) = trace (Σ(X)) = 972.188+412.688+278.188 ≈ 1663.06,

and the Froebenius norm of the covariance matrix (see Eqn. (D.14))
is ‖Σ(X)‖2 ≈ 1364.36.

D.2.2 Practical Calculation

The calculation of covariance matrices is implemented in almost any
software package for statistical analysis or linear algebra. For exam-
ple, with the Apache Commons Math library this could be accom-
plished as follows:
import org.apache.commons.math3.stat.correlation.Covariance;
...
double[][] X; // X[i] is the i-th sample vector
Covariance cov = new Covariance(X, false); // no bias correction
RealMatrix S = cov.getCovarianceMatrix();
...

D.3 Mahalanobis Distance

The Mahalanobis distance3 [157] is used to measure distances in
multi-dimensional distributions. Unlike the Euclidean distance it
takes into account the amount of scatter in the distribution and the
correlation between features. In particular, the Mahalanobis distance
can be used to measure distances in distributions, where the indi-
vidual components substantially differ in scale. Depending on their
scale, a few components (or even a single component) may domi-
nate the ordinary (Euclidean) distance outcome and the “smaller”
components have no influence whatsoever.

D.3.1 Definition

Given a distribution of m-dimensional samples X = (x0, . . . , xn−1),
with xk ∈ Rm, the Mahalanobis distance between two samples xa,
xb is defined as

dM(xa, xb) = ‖xa−xb‖M =
√

(xa−xb)ᵀ · Σ−1 · (xa−xb), (D.15)

where Σ is the m × m covariance matrix of the distribution X , as
described in Sec. D.2.4

3 http://en.wikipedia.org/wiki/Mahalanobis_distance.
4 Note that the expression under the root in Eqn. (D.15) is the (dot)

product of a row vector and a column vector, that is, the result is a
non-negative scalar value.752

http://en.wikipedia.org/wiki/Mahalanobis_distance


D.3 Mahalanobis
Distance

The Mahalanobis distance normalizes each feature component to
zero mean and unit variance. This makes the distance calculation
independent of the scale of the individual components, that is, all
components are “treated fairly” even if their range is many orders
of magnitude different. In other words, no component can dominate
the others even if its magnitude is disproportionally large.

D.3.2 Relation to the Euclidean Distance

Recall that the Euclidean distance between two points xa, xb in Rm

is equivalent to the (L2) norm of the difference vector xa −xb, which
can be written in the form

dE(xa, xb) = ‖xa − xb‖2 =
√

(xa − xb)ᵀ · (xa − xb). (D.16)

Note the structural similarity with the definition of the Mahalanobis
distance in Eqn. (D.15), the only difference being the missing matrix
Σ−1. This becomes even clearer if we analogously insert the identity
matrix I into Eqn. (D.16), that is,

dE(xa, xb) = ‖xa − xb‖2 =
√

(xa − xb)ᵀ · I · (xa − xb) , (D.17)

which obviously does not change the outcome. The purpose of Σ−1

in Eqn. (D.15) is to map the difference vectors (and thus the involved
vectors xa, xb) into a transformed (scaled and rotated) space, where
the actual distance measurement is performed. In contrast, with the
Euclidean distance, all components contribute equally to the distance
measure, without any scaling or other transformation.

D.3.3 Numerical Aspects

For calculating the Mahalobis distance (Eqn. (D.15)) the inverse of
the covariance matrix (Sec. D.2) is needed. By definition, a covari-
ance matrix Σ is symmetric and its diagonal values are non-negative.
Similarly (at least in theory), its inverse Σ−1 should also be symmet-
ric with non-negative diagonal values. This is necessary to ensure
that the quantities under the square root in Eqn. (D.15) are always
positive.

Unfortunately, Σ is often ill-conditioned because of diagonal val-
ues that are very small or even zero. In this case, Σ is not positive-
definite (as it should be), that is, one or more of its eigenvalues are
negative, the inversion becomes numerically unstable and the result-
ing Σ−1 is non-symmetric. A simple remedy to this problem is to
add a small quantity to the diagonal of the original covariance matrix
Σ, that is,

Σ̃ = Σ + ε · I, (D.18)

to enforce positive definiteness, and to use Σ̃−1 in Eqn. (D.15).
A possible alternative is to calculate the Eigen decomposition5 of

Σ in the form
5 See http://mathworld.wolfram.com/EigenDecomposition.html and the class

EigenDecomposition in the Apache Commons Math library. 753
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Σ = V · Λ · Vᵀ (D.19)

where Λ is a diagonal matrix containing the eigenvalues of Σ (which
may be zero or negative). From this we create a modified diagonal
matrix Λ̃ by substituting all non-positive eigenvalues with a small
positive quantity ε, that is,

Λ̃i,i = min(Λi,i, ε). (D.20)

(typically ε ≈ 10−6) and finally calculate the modified covariance
matrix as

Σ̃ = V · Λ̃ · Vᵀ
, (D.21)

which should be positive definite. The (symmetric) inverse Σ̃−1 is
then used in Eqn. (D.15).

D.3.4 Pre-Mapping Data for Efficient Mahalanobis
Matching

Assume that we have a large set of sample vectors (“data base”)
X = (x0, . . . , xn−1) which shall be frequently queried for the instance
most similar (i.e., closest) to a given search sample xs. Assuming
that the search through X is performed linearly, we would need to
calculate dM(xs, xi)—using Eqn. (D.15)—for all elements of xi in X .

One way to accelerate the matching is to perform the transforma-
tion defined by Σ−1 to the entire data set only once, such that the
Euclidean norm alone can be used for the distance calculation. For
the sake of simplicity we write

d2
M(xa, xb) = ‖xa − xb‖2

M = ‖y‖2
M (D.22)

with the difference vector y = xa−xb, such that Eqn. (D.15) becomes

‖y‖2
M = y

ᵀ · Σ−1 · y . (D.23)

The goal is to find a transformation U such that we can calculate
the Mahalanobis distance from the transformed vectors directly as

ŷ = U · y, (D.24)

by using the ordinary Euclidean norm ‖·‖2 instead, that is, in the
form

‖y‖2
M = ‖ŷ‖2

2 = ŷ
ᵀ · ŷ (D.25)

= (U · y)ᵀ · (U · y) = (yᵀ · Uᵀ) · (U · y) (D.26)
= y

ᵀ · Uᵀ · U · y = y
ᵀ · Σ−1 · y . (D.27)

While we do not know the matrix U yet, we see from Eqn. (D.27)
that it must satisfy

Uᵀ · U = Σ−1. (D.28)

Fortunately, since Σ−1 is symmetric and positive definite, such a
decomposition of Σ−1 always exists.754
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Distance

The standard method for calculating U in Eqn. (D.28) is by the
Cholesky decomposition,6 which can factorize any symmetric, posi-
tive definite matrix A in the form

A = L · Lᵀ or A = Uᵀ · U, (D.29)

where L is a lower-triangular matrix or, alternatively, U is an upper-
triangular matrix (the second variant is the one we need).7 Since
the transformation of the difference vectors y → U · y is a linear
operation, the result is the same if we apply the transformation in-
dividually to the original vectors, that is,

ŷ = U · y = U · (xa − xb) = U·xa − U·xb . (D.30)

This means that, given the transformation U, we can obtain the
Mahalanobis distance between two points xa, xb (as defined in Eqn.
(D.15)) by simply calculating the Euclidean distance in the form

dM(xa, xb) = ‖U · (xa − xb)‖2 = ‖U·xa − U·xb‖2 . (D.31)

In summary, this suggests the following solution to a large-database
Mahalanobis matching problem:

1. Calculate the covariance matrix Σ for the original dataset X =
(x0, . . . , xn−1).

2. Condition Σ, such that it is positive definite (see Sec. D.3.3).
3. Find the matrix U, such that Uᵀ · U = Σ−1 (by Cholesky de-

composition of Σ−1).
4. Transform all samples of the original data set X = (x0, . . . , xn−1)

to X̂ = (x̂0, . . . , x̂n−1), with x̂k = U · xk. This now becomes the
actual “database”.

5. Apply the same transformation to the search sample xs, that is,
calculate x̂s = U · xs.

6. Find the index l of the best-matching element in X (in terms of
the Mahalanobis distance) by calculating the Euclidean (!) dis-
tance between the transformed vectors, that is

l = argmin
0≤k<n

‖x̂s − x̂k‖2
. (D.32)

Since the matching is now performed with the ordinary Euclidean
distance and the Mahalanobis calculation is not required during the
search, the savings should be substantial. Also, this opens an easy
path to the use of advanced, tree-based matching techniques, such as
the common k-nearest neighbor methods.

6 See http://mathworld.wolfram.com/CholeskyDecomposition.html.
7 The Cholesky decomposition (CD) requires that the supplied matrix

A is symmetric and positive definite, otherwise the decomposition will
fail. In fact, the CD itself is commonly used to test if a given matrix is
positive definite. It is implemented by class CholeskyDecomposition of
the Apache Commons Math library. 755
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D.4 The Gaussian Distribution

The Gaussian distribution plays a major role in decision theory, pat-
tern recognition, and statistics in general, because of its convenient
analytical properties. A continuous, scalar quantity X is said to be
subject to a Gaussian distribution, if the probability of observing a
particular value x is

p(X =x) = p(x) = 1√
2πσ2

· e− (x−μ)2

2·σ2 . (D.33)

The Gaussian distribution is completely defined by its mean μ and
variance σ2. The Gaussian distribution, also called a “normal” dis-
tribution, is commonly denoted in the form

p(x) ∼ N (X |μ, σ2) or X ∼ N (μ, σ2), (D.34)

saying that “X is normally distributed with parameters μ and σ2.”
As required for any valid probability distribution,

N (X |μ, σ2) > 0 and
∫ ∞

−∞
N (X |μ, σ2) dx = 1. (D.35)

Thus the area under the probability distribution curve is always one,
that is, N () is normalized. The Gaussian function in Eqn. (D.33)
has its maximum height (called “mode”) at position x = μ, where its
value is

p(x=μ) = 1√
2πσ2

. (D.36)

If a random variable X is normally distributed with mean μ and
variance σ2, then the result of a linear mapping of the kind X ′ =
aX + b is again a random variable that is normally distributed, with
parameters μ̄ = a·μ + b and σ̄2 = a2 ·σ2:

X ∼ N (μ, σ2) ⇒ a·X + b ∼ N (a·μ+b, a2 ·σ2), (D.37)

for a, b ∈ R.
Moreover, if X1, X2 are statistically independent, normally dis-

tributed random variables with means μ1, μ2 and variances σ2
1 , σ2

2 ,
respectively, then a linear combination of the form a1X1 + a2X2 is
again normally distributed with μ12 = a1·μ1 + a2·μ2 and σ12 = a2

1·σ2
1

+ a2
2 ·σ2

2 , that is,

(a1X1 + a2X2) ∼ N (a1 ·μ1 + a2 ·μ2, a2
1 ·σ2

1 + a2
2 ·σ2

2). (D.38)

D.4.1 Maximum Likelihood Estimation

The probability density function p(x) of a statistical distribution tells
us how probable it is to observe the result x for some fixed distribu-
tion parameters, such as μ and σ, in case of a normal distribution.
If these parameters are unknown and need to be estimated,8 it is
interesting to ask the reverse question:

8 As required, for example, for “minimum error thresholding” in Chapter
11, Sec. 11.1.6.756
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How likely are particular parameter values for a given set of
empirical observations (assuming a certain type of distribu-
tion)?

This is (in a casual sense) what the term “likelihood” stands for. In
particular, a distribution’s likelihood function quantifies the proba-
bility that a given (fixed) set of observations was generated by some
varying distribution parameters.

Note that the probability of observing the outcome x from the
normal distribution,

p(x) = p(x |μ, σ2), (D.39)

is really a conditional probability, stating how probable it is to ob-
serve the value x from a given normal distribution with known pa-
rameters μ and σ2. Conversely, a likelihood function for the normal
distribution could be viewed as a conditional function

L(μ, σ2 |x), (D.40)

which quantifies the likelihood of (μ, σ2) being the correct distribu-
tion parameters for a given observation x. The maximum likelihood
method tries to find optimal parameters by maximizing the value of
a distribution’s likelihood function L.

If we draw two independent9 samples xa, xb that are subjected to
the same distribution, their joint probability (i.e., the probability of
xa and xb occurring together in the sample) is the product of their
individual probabilities, that is,

p(xa ∧ xb) = p(xa) · p(xb) . (D.41)

In general, if we are given a vector of m independent observations
X = (x1, x2, . . . , xm) from the same distribution, the probability of
observing exactly this set of values is

p(X) = p(x0 ∧ x1 ∧ . . . ∧ xm−1)

= p(x0) · p(x1) · . . . · p(xm−1) =
m−1∏
i=0

p(xi) . (D.42)

Thus, if the sample X originates from a normal distribution N , a
suitable likelihood function is

L(μ, σ2 |X) = p(X |μ, σ2) (D.43)

=
m−1∏
i=0

N (xi |μ, σ2) =
m−1∏
i=0

1√
2πσ2

· e
− (xi−μ)2

2·σ2 . (D.44)

The parameters (μ̂, σ̂2), for which L(μ, σ2 |X) is a maximum, are
called the maximum-likelihood estimate for X .

Note that it is not necessary for a likelihood function to be a
proper (i.e., normalized) probability distribution, since it is only nec-
essary to calculate whether a particular set of distribution parameters

9 Although this assumption is often violated, independence is important
to keep statistical problems simple and tractable. In particular, the
values of adjacent image pixels are usually not independent. 757
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is more probable than another. Thus the likelihood function L may
be any monotonic function of the corresponding probability p in Eqn.
(D.43), in particular its logarithm, which is commonly used to avoid
multiplying small values.

D.4.2 Gaussian Mixtures

In practice, probabilistic models are often too complex to be de-
scribed by a single Gaussian (or other standard) distribution. With-
out losing the mathematical convenience of Gaussian models, highly
complex distributions can be modeled as combinations of multiple
Gaussian distributions with different parameters. Such a Gaussian
mixture model is a linear superposition of K Gaussian distributions
of the form

p(x) =
K−1∑
j=0

πj · N (x |μj , σ2
j ), (D.45)

where the weights (“mixing coefficients”) πj express the probability
that an event x was generated by the jth component (with

∑K−1
j=0 πj =

1).10 The interpretation of this mixture model is, that there are K
independent Gaussian “components” (each with its parameters μj ,
σj) that contribute to a common stream of events xi. If a particular
value x is observed, it is assumed to be the result of exactly one of
the K components, but the identity of that component is unknown.

Assume, as a special case, that a probability distribution p(x) is
the superposition (mixture) of two Gaussian distributions, that is,

p(x) = πa ·N (x |μa, σ2
a) + πb ·N (x |μb, σ2

b ). (D.46)

Any observed value x is assumed to be generated by either the first
component (with μa, σ2

a and prior probability πa) or the second com-
ponent (with μb, σ2

b and prior probability πb). These parameters as
well as the prior probabilities are unknown but can be estimated by
maximimizing the likelihood function L. Note that, in general, the
unknown parameters cannot be calculated in closed form but only
with numerical methods. For further details and solution techniques
see [24, 64, 228], for example.

D.4.3 Creating Gaussian Noise

Synthetic Gaussian noise is often used for testing in image process-
ing, particularly for assessing the quality of smoothing filters. While
the generation of pseudo-random values that follow a Gaussian dis-
tribution is not a trivial task in general,11 it is readily implemented
in Java by the standard class Random. For example, the Java method
addGaussianNoise() in Prog. D.1 adds Gaussian noise with zero
mean (μ = 0) and standard deviation sigma (σ) to a grayscale image
I of type FloatProcessor (ImageJ). The random values produced
10 The weight πj is also called the prior probability of the component j.
11 Typically the so-called polar method is used for generating Gaussian

random values [138, Sec. 3.4.1].758
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by successive calls to the method nextGaussian() in line 10 follow a
Gaussian distribution N (0, 1), with mean μ = 0 and variance σ2 = 1.
As implied by Eqn. (D.37),

X ∼ N (0, 1) ⇒ a + s·X ∼ N (a, s2), (D.47)

and thus scaling the results from nextGaussian() by s and additive
shifting by a makes the resulting random variable noise normally
distributed with N (a, s2).

1 import java.util.Random;
2
3 void addGaussianNoise (FloatProcessor I, double sigma) {
4 int w = I.getWidth();
5 int h = I.getHeight();
6 Random rnd = new Random();
7 for (int v = 0; v < h; v++) {
8 for (int u = 0; u < w; u++) {
9 float val = I.getf(u, v);

10 float noise = (float) (rnd.nextGaussian() * sigma);
11 I.setf(u, v, val + noise);
12 }
13 }
14 }

Prog. D.1
Java method for adding Gaus-
sian noise to an image of type
FloatProcessor.
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Gaussian Filters

This part supplements the material presented in Ch. 25 (SIFT).

E.1 Cascading Gaussian Filters

To compute a Gaussian scale space efficiently (as used in the SIFT
method, for example), the scale layers are usually not obtained di-
rectly from the input image by smoothing with Gaussians of increas-
ing size. Instead, each layer can be calculated recursively from the
previous layer by filtering with relatively small Gaussians. Thus, the
entire scale space is implemented as a concatenation or “cascade” of
smaller Gaussian filters.1

If Gaussian filters of sizes σ1, σ2 are applied successively to the
same image, the resulting smoothing effect is identical to using a
single larger Gaussian filter HG

σ , that is,(
I ∗ HG

σ1

) ∗ HG
σ2

= I ∗ (
HG

σ1
∗ HG

σ2

)
= I ∗ HG

σ , (E.1)

with σ =
√

σ2
1 + σ2

2 being the size of the resulting combined Gaussian
filter HG

σ [129, Sec. 4.5.4]. Put in other words, the variances (squares
of the σ values) of successive Gaussian filters add up, that is,

σ2 = σ2
1 + σ2

2 . (E.2)

In the special case of the same Gaussian filter being applied twice
(σ1 = σ2), the effective width of the combined filter is σ =

√
2 · σ1.

E.2 Gaussian Filters and Scale Space

In a Gaussian scale space, the scale corresponding to each level is
proportional to the width (σ) of the Gaussian filter required to derive
this level from the original (completely unsmoothed) image. Given
an image that is already pre-smoothed by a Gaussian filter of width

1 See Chapter 25, Sec. 25.1.1 for details. 761
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σ1 and should be smoothed to some target scale σ2 > σ1, the required
width of the additional Gaussian filter is

σd =
√

σ2
2 − σ2

1 . (E.3)

Usually the neighboring layers of the scale space differ by a constant
scale factor (κ) and the transformation from one scale level to an-
other can be accomplished by successively applying Gaussian filters.
Despite the constant scale factor, however, the width of the required
filters is not constant but depends on the image’s initial scale. In par-
ticular, if we want to transform an image with scale σ0 by a factor κ
to a new scale κ · σ0, then (from Eqn. (E.2)) for σd the relation

(κ · σ0)2 = σ2
0 + σ2

d (E.4)

must hold. Thus, the width σd of the required Gaussian smoothing
filter is

σd = σ0 ·
√

κ2 − 1. (E.5)

For example, doubling the scale (κ = 2) of an image that is pre-
smoothed with σ0 requires a Gaussian filter of width σd = σ0 · (22 −
1)1/2 = σ0 · √

3 ≈ σ0 · 1.732.

E.3 Effects of Gaussian Filtering in the Frequency
Domain

For the 1D Gaussian function

gσ(x) = 1
σ

√
2π

· e
− x2

2σ2 (E.6)

the continuous Fourier transform2 F(gσ) is

Gσ(ω) = 1√
2π

· e
− ω2σ2

2 . (E.7)

Doubling the width (σ) of a Gaussian filter corresponds to cutting the
bandwidth by half. If σ is doubled, the Fourier transform becomes

G2σ(ω) = 1√
2π

· e
− ω2(2σ)2

2 = 1√
2π

· e
− 4ω2σ2

2 (E.8)

= 1√
2π

· e
− (2ω)2σ2

2 = Gσ(2ω) (E.9)

and, in general, when scaling the filter by a factor k,

Gkσ(ω) = Gσ(kω). (E.10)

That is, if σ is increased (or the kernel widened) by a factor k, the
corresponding Fourier transform gets contracted by the same factor.
In terms of linear filtering this means that widening the kernel by
some factor k decimates the resulting signal bandwidth by 1

k .
2 See also Chapter 18, Sec. 18.1.762
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E.4 LoG-Approximation by the DoG

The 2D LoG kernel (see Ch. 25, Sec. 25.1.1),

Lσ(x, y) =
(∇2gσ

)
(x, y) = 1

πσ4

(x2 +y2−2σ2

2σ2

)·e− x2+y2

2σ2
, (E.11)

has a (negative) peak at the origin with the associated function value

Lσ(0, 0) = − 1
πσ4 . (E.12)

Thus, the scale normalized LoG kernel, defined in Eqn. (25.10) as

L̂σ(x, y) = σ2 ·Lσ(x, y), (E.13)

has the peak value

L̂σ(0, 0) = − 1
πσ2 (E.14)

at the origin. In comparison, for a given scale factor κ, the unscaled
DoG function

DoGσ,κ(x, y) = Gκσ(x, y) − Gσ(x, y)

= 1
2πκ2σ2 · e

− x2+y2

2κ2σ2 − 1
2πσ2 · e

− x2+y2

2σ2 , (E.15)

has a peak value

DoGσ,κ(0, 0) = − κ2 − 1
2πκ2σ2 . (E.16)

By scaling the DoG function by some factor λ to match the LoG’s
center peak value, such that Lσ(0, 0) = λ · DoGσ,κ(0, 0), the original
LoG (Eqn. (E.11)) is approximated by the DoG in the form

Lσ(x, y) ≈ 2κ2

σ2(κ2 − 1) · DoGσ,κ(x, y). (E.17)

Similarly, the scale-normalized LoG (Eqn. (E.13)) is approximated
by the DoG as3

L̂σ(x, y) ≈ 2κ2

κ2 − 1 · DoGσ,κ(x, y). (E.18)

Since the factor in Eqn. (E.18) depends on κ only, the DoG approx-
imation is (for a constant size ratio κ) implicitly proportional to the
scale normalized LoG for any scale σ.

3 A different formulation, L̂σ(x, y) ≈ 1
κ−1 ·DoGσ,κ(x, y), is given in [153],

which is the same as Eqn. (E.18) for κ → 1, but not for κ > 1. The
essence is that the leading factor is constant and independent of σ,
and can thus be ignored when comparing the magnitude of the filter
responses at varying scales. 763
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As a text for undergraduate engineering curricula, this book assumes
basic programming skills in a procedural language, such as Java, C#,
or C. The examples in the main text should be easy to understand
with the help of an introductory book on Java or one of the many
online tutorials. Experience shows, however, that difficulties with
some basic Java concepts pertain and often cause complications, even
at higher levels. The following sections address some of these typical
problem spots.

F.1 Arithmetic

Java is a “strongly typed” programming language, which means in
particular that any variable has a fixed type that cannot be altered
dynamically. Also, the result of an expression is determined by the
types of the involved operands and not (in the case of an assignment)
by the type of the “receiving” variable.

F.1.1 Integer Division

Division involving integer operands is a frequent cause of errors. If
the variables a and b are both of type int, then the expression a / b
is evaluated according to the rules of integer division. The result—
the number of times b is contained in a—is again of type int. For
example, after the Java statements

int a = 2;
int b = 5;
double c = a / b; // resulting value of c is zero!

the value of c is not 0.4 but 0.0 because the expression a / b on the
right yields the int-value 0, which is then automatically converted
to the double value 0.0.

If we wanted to evaluate a / b as a floating-point operation (as
most pocket calculators do), at least one of the involved operands 765
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must be converted to a floating-point value, such as by an explicit
type cast, for example,

double c = (double) a / b; // value of c is 0.4

or alternatively
double c = a / (double) b; // value of c is 0.4

Example
Assume, for example, that we want to scale any pixel value a of an
image such that the maximum pixel value amax is mapped to 255 (see
Ch. 4). In mathematical notation, the scaling of the pixel values is
simply expressed as

c ← ai

amax
· 255

and it may be tempting to convert this 1:1 into Java code, such as
int a_max = ip.getMaxValue();
for ... {

int a = ip.getPixel(u,v);
int c = (a / a_max) * 255; // ← problem!
ip.putPixel(u, v, c);

}
...

As we can easily predict, the resulting image will be all black (zero
values), except those pixels whose value was a_max originally (they
are set to 255). The reason is again that the division a / a_max has
two operands of type int, and the result is thus zero whenever the
denumerator (a_max) is greater than the numerator (a).

Of course, the entire operation could be performed in the floating-
point domain by converting one of the operands (as we have shown),
but this is not even necessary in this case. Instead, we may simply
swap the order of operations and start with the multiplication:

int c = a * 255 / a_max;

Why does this work now? The subexpression a * 255 is evaluated
first,1 generating large intermediate values that pose no problem for
the subsequent (integer) division. Nevertheless, rounding should al-
ways be considered to obtain more accurate results when computing
fractions of integers (see Sec. F.1.5).

F.1.2 Modulus Operator

The result of the modulus operator a mod b (used in several places in
the main text) is defined [92, p. 82] as the remainder of the “floored”
division a/b,

a mod b ≡
{

a for b = 0,
a − b · �a/b� otherwise,

(F.1)

1 In Java, expressions at the same level are always evaluated in left-to-
right order, and therefore no parentheses are required in this example
(though they would do no harm either).766



F.1 Arithmeticfor a, b ∈ R. This type of operator or library method was not available
in the standard Java API until recently.2 The following Java method
implements the mod operation according to the definition in Eqn.
(F.1):3

int Mod(int a, int b) {
if (b == 0)

return a;
if (a * b >= 0)

return a - b * (a / b);
else

return a - b * (a / b - 1);
}

Note that the remainder operator %, defined as

a % b ≡ a − b · truncate(a/b), for b �= 0, (F.2)

is often used in this context, but yields the same results only for
positive operands a ≥ 0 and b > 0. For example,

13 mod 4 = 1
13 mod −4 = −3

−13 mod 4 = 3
−13 mod −4 = −1

vs.

13 % 4 = 1
13 % −4 = 1

−13 % 4 = −1
−13 % −4 = −1

F.1.3 Unsigned Byte Data

Most grayscale and indexed images in Java and ImageJ are composed
of pixels of type byte, and the same holds for the individual compo-
nents of most color images. A single byte consists of eight bits and
can thus represent 28 = 256 different bit patterns or values, usually
mapped to the numeric range 0, . . . , 255. Unfortunately, Java (unlike
C and C++) does not provide a suitable “unsigned” 8-bit data type.
The primitive Java type byte is “signed”, using one of its eight bits
for the ± sign, and is intended to hold values in the range −128, . . . ,
+127.

Java’s byte data can still be used to represent the values 0 to
255, but conversions must take place to perform proper arithmetic
computations. For example, after execution of the statements

int a = 200;
byte b = (byte) p;

the variables a (32-bit int) and b (8-bit byte) contain the binary
patterns

a = 00000000000000000000000011001000
b = 11001000

Interpreted as a (signed) byte value, with the leftmost bit4 as the
sign bit, the variable b has the decimal value −56. Thus after the
statement

2 Starting with Java version 1.8 the mod operation (as defined in Eqn.
(F.1)) is implemented by the standard method Math.floorMod(a, b).

3 The definition in Eqn. (F.1) is not restricted to integer operands.
4 Java uses the standard “2s-complement” representation, where a sign

bit = 1 stands for a negative value. 767
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int a1 = b; // a1 == -56

the value of the new int variable a1 is −56 ! To (ab-)use signed byte
data as unsigned data, we can circumvent Java’s standard conversion
mechanism by disguising the content of b as a logic (i.e., nonarith-
metic) bit pattern; for example, by

int a2 = (0xff & b); // a2 == 200

where 0xff (in hexadecimal notation) is an int value with the bi-
nary bit pattern 00000000000000000000000011111111 and & is the
bitwise AND operator. Now the variable a2 contains the right inte-
ger value (200) and we thus have a way to use Java’s (signed) byte
data type for storing unsigned values. Within ImageJ, access to pixel
data is routinely implemented in this way, which is considerably faster
than using the convenience methods getPixel() and putPixel().

F.1.4 Mathematical Functions in Class Math

Java provides most standard mathematical functions as static meth-
ods in class Math, as listed in Table F.1. The Math class is part of
the java.lang package and thus requires no explicit import to be
used. Most Math methods accept arguments of type double and also
return values of type double. As a simple example, a typical use of
the cosine function y = cos(x) is

double x;
double y = Math.cos(x);

Similarly, the Math class defines some common numerical constants
as static variables; for example, the value of π could be obtained by

double pi = Math.PI;

Table F.1
Mathematical meth-

ods and constants de-
fined by Java’s Math class.

double abs(double a) double max(double a, double b)

int abs(int a) float max(float a, float b)

float abs(float a) int max(int a, int b)

long abs(long a) long max(long a, long b)

double ceil(double a) double min(double a, double b)

double floor(double a) float min(float a, float b)

int floorMod(int a, int b) int min(int a, int b)

long floorMod(long a, long b) long min(long a, long b)

double rint(double a)

long round(double a) double random()

int round(float a)

double toDegrees(double rad) double toRadians(double deg)

double sin(double a) double asin(double a)

double cos(double a) double acos(double a)

double tan(double a) double atan(double a)

double atan2(double y, double x)

double log(double a) double exp(double a)

double sqrt(double a) double pow(double a, double b)

double E double PI
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Java’s Math class (confusingly) offers three different methods for
rounding floating-point values:

double rint(double x)
long round(double x)
int round(float x)

For example, a double value x can be rounded to int in any of the
following ways:

double x; int k;
k = (int) Math.rint(x);
k = (int) Math.round(x);
k = Math.round((float) x);

If the operand x is known to be positive (as is typically the case
with pixel values) rounding can be accomplished without using any
method calls by

k = (int) (x + 0.5); // only if x >= 0

In this case, the expression (x + 0.5) is first computed as a floating-
point (double) value, which is then truncated (toward zero) by the
explicit (int) typecast.

F.1.6 Inverse Tangent Function

The inverse tangent function ϕ = tan−1(a) or ϕ = arctan(a) is used
in several places in the main text. This function is implemented
by the method atan(double a) in Java’s Math class (Table F.1).
The return value of atan() is in the range [− π

2 , . . . , π
2 ] and thus re-

stricted to only two of the four quadrants. Without any additional
constraints, the resulting angle is ambiguous. In many practical sit-
uations, however, a is given as the ratio of two catheti (Δx, Δy) of a
right-angled triangle in the form

ϕ = arctan
(

y
x

)
, (F.3)

for which we introduced the two-parameter function

ϕ = ArcTan(x, y) (F.4)

in the main text. The function ArcTan(x, y) is implemented by the
standard method atan2(dy,dx) in Java’s Math class (note the re-
versed parameters though) and returns an unambiguous angle ϕ in
the range [−π, . . . , π]; that is, in any of the four quadrants of the unit
circle.5 Also, the atan2() method returns a useful value even if both
arguments are zero.

5 The function atan2(dy,dx) is available in most current programming
languages, including Java, C, and C++. 769
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F.1.7 Classes Float and Double

The representation of floating-point numbers in Java follows the
IEEE standard, and thus the types float and double include the
values

Float.MIN_VALUE, Double.MIN_VALUE,
Float.MAX_VALUE, Double.MAX_VALUE,
Float.POSITIVE_INFINITY, Double.POSITIVE_INFINITY,
Float.NEGATIVE_INFINITY, Double.NEGATIVE_INFINITY,
Float.NaN, Double.NaN.

These values are defined as constants in the corresponding wrapper
classes Float and Double, respectively. If any INFINITY or NaN6

value occurs in the course of a computation (e.g., as the result of di-
viding by zero),7 Java continues without raising an error, so incorrect
values may ripple through a whole chain of calculations, making the
actual bugs difficult to locate.

F.1.8 Testing Floating-Point Values Against Zero

Comparing floating-point values or testing them for zero is a non-
trivial issue and a frequent cause of errors. In particular, one should
never write

if (x == 0.0) {...} ← problem!

if x is a floating-point variable. This is often needed, for example,
to make sure that it is safe to divide another quantity by x. The
aforementioned test, however, is not sufficient since x may be non-
zero but still too small as a divisor.

A much better alternative is to test if x is “close” to zero, that
is, within some small positive/negative (epsilon) interval. While the
proper choice of this interval depends on the specific situation, the
following settings are usually sufficient for safe operation:8

static final float EPSILON_FLOAT = 1e-7f;
static final double EPSILON_DOUBLE = 2e-16;

float x;
double y;

if (Math.abs(x) < EPSILON_FLOAT) {
... // x is practically zero

}

if (Math.abs(y) < EPSILON_DOUBLE) {
... // y is practically zero

}

6 NaN stands for “not a number”.
7 In Java, this only holds for floating-point operations, whereas integer

division by zero always causes an exception.
8 These settings account for the limited machine accuracy (εm) of the

IEEE 754 standard types float (εm ≈ 1.19 · 10−7) and double (εm ≈
2.22 · 10−16) [190, Ch. 1, Sec. 1.1.2].770
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F.2.1 Creating Arrays

Unlike in most traditional programming languages (such as FOR-
TRAN or C), arrays in Java can be created dynamically, meaning
that the size of an array can be specified at runtime using the value
of some variable or arithmetic expression. For example:

int N = 20;
int[] A = new int[N];
int[] B = new int[N * N];

Once allocated, however, the size of any Java array is fixed and cannot
be subsequently altered.9 Note that Java arrays may be of length
zero!

After its definition, an array variable can be assigned any other
compatible array or the constant value null, for example, 10

A = B; // A now references the data in B
B = null;

With the assignment A = B, the array initially referenced by A be-
comes unaccessible and thus turns into garbage. In contrast to C and
C++, where unnecessary storage needs to be deallocated explicitly,
this is taken care of in Java by its built-in “garbage collector”. It is
also convenient that newly created arrays of numerical element types
(int, float, double, etc.) are automatically initialized to zero.

F.2.2 Array Size

Since an array may be created dynamically, it is important that its
actual size can be determined at runtime. This is done by accessing
the length attribute11

int k = A.length; // number of elements in A

The size is a property of the array itself and can therefore be obtained
inside any method from array arguments passed to it. Thus (unlike
in C, for example) it is not necessary to pass the size of an array as
a separate function argument.

If an array has more than one dimension, the size (length) along
every dimension must be queried separately (see Sec. F.2.4). Also
arrays are not necessarily rectangular; for example, the rows of a 2D
array may have different lengths (including zero).

F.2.3 Accessing Array Elements

In Java, the index of the first array element is always 0 and the index
of the last element is N −1 for an array with a total of N elements.
To iterate through a 1D array A of arbitrary size, one would typically
use a construct like

9 For additional flexibility, Java provides a number of universal container
classes (e.g., the classes Set and List) for a wide range of applications.

10 This is not possible if the array variable was defined with the final
attribute.

11 Notice that the length attribute of an array is not a method! 771
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for (int i = 0; i < A.length; i++) {
// do something with A[i]

}

Alternatively, if only the array values are relevant and the array
index (i) is not needed, one could use to following (even simpler)
loop construct:

for (int a : A) {
// do something with array values a

}

In both cases, the Java compiler can generate very efficient runtime
code, since the source code makes obvious that the for loop does
not access any elements outside the array limits and thus no explicit
boundary checking is needed at execution time. This fact is very
important for implementing efficient image processing programs in
Java.

Images in Java and ImageJ are usually stored as 1D arrays (acces-
sible through the ImageProcessor method getPixels() in ImageJ),
with pixels arranged in row-first order.12 Statistical calculations and
most point operations can thus be efficiently implemented by directly
accessing the underlying 1D array. For example, the run method of
the contrast enhancement plugin in Prog. 4.1 (see Chapter 4, p. 58)
could also be implemented in the following manner:
public void run(ImageProcessor ip) {

// ip is assumed to be of type ByteProcessor
byte[] pixels = (byte[]) ip.getPixels();
for (int i = 0; i < pixels.length; i++) {

int a = 0xFF & pixels[i]; // direct read operation
int b = (int) (a * 1.5 + 0.5);
if (b > 255)

b = 255;
pixels[i] = (byte) (0xFF & b); // direct write operation

}
}

F.2.4 2D Arrays

Multidimensional arrays are a frequent source of confusion. In Java,
all arrays are 1D in principle, and multi-dimensional arrays are im-
plemented as 1D arrays of arrays etc. (see Fig. F.1). If, for example,
the 3 × 3 matrix

A =

⎡
⎣a0,0 a0,1 a0,2

a1,0 a1,1 a1,2
a2,0 a2,1 a2,2

⎤
⎦ =

⎡
⎣1 2 3

4 5 6
7 8 9

⎤
⎦ (F.5)

is defined as a 2D int array,

int[][] A = {{1,2,3},
{4,5,6},
{7,8,9}};

12 This means that horizontally adjacent image pixels are stored next to
each other in computer memory.772
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Fig. F.1
Layout of elements of a 2D
Java array (corresponding to
Eqn. (F.5)). In Java, multidi-
mensional arrays are generally
implemented as 1D arrays
whose elements are again 1D
arrays.

then A is actually a 1D array with three elements, each of which is
again a 1D array. The elements A[0], A[1] and A[2] are of type
int[] and correspond to the three rows of the matrix A (see Fig.
F.1).

The usual assumption is that the array elements are arranged
in row-first order, as illustrated in Fig. F.1. The first index thus
corresponds to the row number r and the second index corresponds
to the column number c, that is,

ar,c ≡ A[r][c] . (F.6)

This conforms to the mathematical convention and makes the array
definition in the code segment above look exactly the same as the
original matrix in Eqn. (F.5). Note that in this scheme the first
array index corresponds to the vertical coordinate and the second
index to the horizontal coordinate.

However, if an array is used to specify the contents of an image
I(u, v) or a filter kernel H(i, j), we usually assume that the first index
(u or i, respectively) is associated with the horizontal x-coordinate
and the second index (v bzw. j) with the vertical y-coordinate. For
example, if we represent the filter kernel

H =

⎡
⎣h0,0 h1,0 h2,0

h0,1 h1,1 h2,1
h0,2 h1,2 h2,2

⎤
⎦ =

⎡
⎣−1 −2 0

−2 0 2
0 2 1

⎤
⎦

as a 2D Java array,

double[][] H = {{-1,-2, 0},
{-2, 0, 2},
{ 0, 2, 1}};

then the row and column indexes must be reversed in order to access
the correct elements. In this case we have the relation

hi,j ≡ H[j][i], (F.7)

that is, the ordering of the indexes for array H is not the same as for
the i/j coordinates of the filter kernel. In this case the first array
index (j) corresponds to the vertical coordinate and the second index
(i) to the horizontal coordinate. The advantage is that (as shown in
the aforementioned code segment) the definition of the filter kernel 773
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can be written in the usual matrix form13 (otherwise we would have
to specify the transposed kernel matrix).

If a 2D array is merely used as an image container (whose con-
tents are never defined in matrix form) any convention can be used
for the ordering of the indexes. For example, the ImageJ method
getFloatArray() of class ImageProcessor, when called in the form

float[][] I = ip.getFloatArray();

returns the image as a 2D array (I), whose indexes are arranged in
the usual x/y order, that is,

I(x, y) ≡ I[x][y]. (F.8)

In this case, the image pixels are arranged in column-order, that is,
vertically adjacent elements are stored next to each other in memory.

Size of multi-dimensional arrays
The size of a multi-dimensional array can be obtained by querying
the size of its sub-arrays. For example, given the following 3D array
with dimensions P ×Q×R,

int A[][][] = new int[P][Q][R];

the size of A along its three dimensions is obtained by the statements
int p = A.length; // = P
int q = A[0].length; // = Q
int r = A[0][0].length; // = R

This at least works for “rectangular” Java arrays, that is, multi-
dimensional arrays with all sub-arrays at the same level having iden-
tical lengths, which is warranted by the array initialization in the
aforementioned case. However, every 1D sub-array of A may be re-
placed by a suitable 1D array of different length,14 for example, by
the statement

A[0][0] = new int[0];

To avoid “index-out-of-bounds” errors, the length of each sub-array
should be determined dynamically. The following example shows a
“bullet-proof” iteration over all elements of a 3D array A whose sub-
arrays may have different lengths or may even be empty:

int A[][][];
...
for (int i = 0; i < A.length; i++) {

for (int j = 0; j < A[i].length; j++) {
for (int k = 0; k < A[i][j].length; k++) {

// safely access A[i][j][k]
}

}
}

13 This scheme is used, for example, in the implementation of the 3×3
filter plugin in Prog. 5.2 (Chapter 5, p. 95).

14 Even if the array A was originally declared final, the structure and
contents of its sub-arrays may be modified any time.774
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In Java, as mentioned earlier, we can create arrays dynamically; that
is, the size of an array can be specified at runtime. This is convenient
because we can adapt the size of the arrays to the given problem. For
example, we could write

Corner[] corners = new Corner[n];

to create an array that can hold n objects of type Corner (as defined
in Chapter 7, Sec. 7.3). Note that the new array corners is not filled
with corners yet but initialized with null references, so the newly
created array holds no objects at all. We can insert a Corner object
into its first (or any other) cell, for example, by

corners[0] = new Corner(10, 20, 6789.0f);

F.2.6 Searching for Minimum and Maximum Values

Unfortunately, the standard Java API does not provide methods for
retrieving the minimum and maximum values of a numeric array.
Although these values are easily found by iterating over all elements
of the sequence, care must be taken regarding the initialization.

For example, finding the extreme values of a sequence of int-
values could be accomplished as follows:15

int[] A = ...
int minval = Integer.MAX_VALUE;
int maxval = Integer.MIN_VALUE;
for (int val : A) {

minval = Math.min(minval, val);
maxval = Math.max(maxval, val);

}

Note the use of the constants MIN_VALUE and MAX_VALUE, which are
defined for any numeric Java type.

However, in the case of floating-point values, these are not the
proper values for initialization.16 Instead, POSITIVE_INFINITY and
NEGATIVE_INFINITY should be used, as shown in the following code
segment:

double[] B = ...
double minval = Double.POSITIVE_INFINITY;
double maxval = Double.NEGATIVE_INFINITY;
for (double val : B) {

minval = Math.min(minval, val);
maxval = Math.max(maxval, val);

}

15 Alternatively, one could initialize minval and maxval with the first array
element A[0].

16 Because Double.MIN_VALUE and Float.MIN_VALUE specify to the small-
est positive values. 775
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F.2.7 Sorting Arrays

Arrays can be sorted efficiently with the standard method

Arrays.sort(type[] arr)

in class java.util.Arrays, where arr can be any array of primitive
type (int, float, etc.) or an array of objects. In the latter case, the
array may not have null entries. Also, the class of every contained
object must implement the Comparable interface, that is, provide a
public method compareTo() that returns an int value of −1, 0, or
1, depending upon the intended ordering relation. For example, the
class Corner defines the compareTo() method as follows:
public class Corner implements Comparable<Corner> {

float x, y, q;
...
public int compareTo(Corner other) {

if (this.q > other.q) return -1;
else if (this.q < other.q) return 1;
else return 0;

}
}

776
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ADD (constant), 85
add (method), 84, 157
addChoice (method), 88
addGaussianNoise (method), 758,

759
addNumericField (method), 88
adj, 715
adjugate matrix, 521, 715
Adobe

Illustrator, 12
Photoshop, 63, 96, 116, 143
RGB, 354

affine
combination, 369
mapping, 515–517, 526

AffineMapping (class), 532, 604
aggregate distance, 379

trimmed, 385
aliasing, 468, 472, 475, 476, 487,

556
alpha

channel, 14, 296
value, 85, 296

ambient lighting, 345
amplitude, 454, 455
Analyze (menu), 35
AND (constant), 84
and, 197, 715
angleFromIndex (method), 175
angular frequency, 454, 472, 476,

482
anisotropic diffusion, 433–448
Apache Commons Math library,

696, 727–729, 731
applyTable (method), 71, 79, 80,
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Index applyTo (method), 200, 385, 389,
449, 532–534, 537, 606

approximation, 547, 548
ArcTan, 236, 715, 769
area

polygon, 231
region, 231

arithmetic operation, 84
array

1D, 771
2D, 772
accessing elements, 771
creation, 771
in Java, 771
size, 771
sorting, 776

ArrayList (class), 155
Arrays (class), 324, 776
ARToolkit, 173
asin (method), 768
associativity, 186
atan (method), 768
atan2 (method), 715, 768, 769
auto-contrast, 61

modified, 62
AVERAGE (constant), 85
AVI, 608, 664
AWT, 296, 360

B
background, 181, 254
BackgroundMode (class), 286
bandwidth, 468, 620, 623, 762
Bartlett window, 492, 494, 495
basis function, 471–475, 481, 487,

503, 504, 510
Bayesian decision making, 268
BeanShell, 34
Bernsen thresholding, 274–275
BernsenThreshold (alg.), 275
BernsenThresholder (class), 287
bias, 171, 750, 752
bicubic interpolation, 553
BicubicInterpolator (class), 560,

561
big endian, 19, 20
bilateral filter, 420–432

color, 424
Gaussian, 423
separable, 428

BilateralFilter (class), 449
BilateralFilterColor (alg.), 428
BilateralFilterGray (alg.), 424
BilateralFilterGraySeparable (alg.),

432

BilateralFilterSeparable
(class), 449

bilinear
interpolation, 551
mapping, 525, 526

BilinearInterpolator (class),
534, 560

BilinearMapping (class), 533
binarization, 59, 253
binary

code, 195
image, 11, 132, 181, 209
morphology, 181
value, 19

BinaryMorphologyFilter (class),
198–200

BinaryMorphologyFilter.Box
(class), 200

BinaryMorphologyFilter.Disk
(class), 200

BinaryProcessor (class), 59
BinaryRegion (class), 224, 246
binning, 45–47, 54
bit

depth, 9
mask, 296
operation, 297

bitmap image, 11, 225
bitwise AND operator, 768
black box, 101
black-generation function, 322
blending, 85
Blitter (interface), 84, 85, 88, 145
blob, 624
block sum

first-order, 52
second-order, 53

blur
filter, 89, 90
Gaussian, 115

blur (method), 284
blurFloat (method), 284, 287
blurGaussian (method), 115, 284
BMP, 18, 20, 299
border handling, 282
boundary, 665

pixels, 280
bounding box, 218, 231, 232, 239,

241
box filter, 93, 103, 125, 283, 415
Bradford model, 356, 359
BradfordAdaptation (class), 363
breadth-first, 212
BreadthFirstLabeling (class), 246
Brent’s method, 696
BrentOptimizer (class), 696792



IndexBresenham algorithm, 177
brightness, 58, 263
BuildGaussianScaleSpace (alg.), 624
BuildSiftScaleSpace (alg.), 631
byte, 19
byte (type), 767
ByteProcessor (class), 56, 84, 276,

289, 301, 709

C
C, 715
camera obscura, 4
Canny edge operator, 132–138,

404–406
color, 404–406, 410
grayscale, 410

CannyEdgeDetector (alg.), 135
CannyEdgeDetector (class), 138,

410, 411
card, 38, 714, 715, 717
cardinal spline, 546
cardinality, 714, 715, 717
cascaded Gaussian filters, 616, 761
Catmull-Rom interpolation, 546
CCITT, 12
cdf, see cumulative distribution

function
ceil, 714
ceil (method), 768
center line detection, 194
centralMoment (method), 235
centroid, 218, 233, 241, 673, 676,

749
CGM format, 12
chain code, 226, 231
chamfer

algorithm, 577
matching, 580

ChamferMatcher (class), 585
characteristic equation, 724
Cholesky decomposition, 755
CholeskyDecomposition (class),

755
chord algorithm, 255
chroma, 319
chromatic adaptation, 355

Bradford model, 356, 359
XYZ scaling, 355

ChromaticAdaptation (class), 363
chromaticity diagram, 365
CIE, 341

chromaticity diagram, 342, 345
L*a*b*, 323, 346, 347
LAB, 346
standard illuminant, 344

XYZ, 342, 346, 347, 352, 353,
361

CIELAB, 289, 381, 440
CIELUV, 348, 381, 440
circle, 176, 519, 674, 675
circular component, 328, 374
circularity, 231
circumference, 230
city block distance, 577
clamping, 58, 83, 94
clone (method), 324
close (method), 200
closing, 192, 203
clutter, 581
CMYK, 320–323
collectCorners (method), 156
Collections (class), 157
collinear, 733
collision, 216
Color (class), 309–311, 360
color

covariance matrix, 418
difference, 350
edge, 370, 391–410
edge magnitude, 399
edge orientation, 401
filter, 367–389, 424, 438
image, 11, 291–328
keying, 316
linear mixture, 370
management, 362
out-of-gamut, 372
picker, 328
pixel, 294, 296
saturation, 306
space, 370–374
table, 295, 299, 300, 326
temperature, 344
thresholding, 289

color quantization, 43, 295, 301,
329–338

3:3:2, 330
median-cut, 332
octree, 333
populosity, 331

color space, 303
CMYK, 320
colorimetric, 341–365
HLS, 307
HSB, 306, 361
HSV, 306, 361
in Java, 358
Kodak, 361
LAB, 346
LUV, 348
RGB, 292 793



Index sRGB, 350
XYZ, 342
YCbCr, 319
YIQ, 318
YUV, 317

color system
additive, 291
subtractive, 320

ColorCannyEdgeDetector (alg.), 405
ColorEdgeDetector (class), 410
ColorModel (class), 300, 360
ColorProcessor (class), 296–299,

302, 305, 324
ColorQuantizer (class), 337
ColorSpace (class), 359–361, 363
column vector, 720
comb function, 465
commutativity, 186, 187
compactness, 231
Comparable (interface), 776
compareTo (method), 155
comparing images, 565–584
complementary set, 184
Complex (class), 478, 705
complex

conjugate, 717
number, 456, 717

component
histogram, 47
ordering, 294

compression, 42
computeMatch (method), 574
computer

graphics, 2
vision, 3

concatenation, 596, 714
conditional probability, 268, 757
conductivity

coefficient, 434
function, 436, 438, 441, 442, 450

conic section, 519
connected components problem,

218
container, 155
Contour (class), 224, 246
contour, 131, 219–222
contrast, 40, 58, 263

automatic adjustment, 61
convertToByte (method), 88, 145,

224
convertToByteProcessor

(method), 305
convertToColorProcessor

(method), 158
convertToFloat (method), 145

convertToFloatProcessor
(method), 154, 281, 606, 662

convex hull, 232, 241, 249, 369
convexity, 232, 245
convolution, 100–102, 283, 284,

368, 499, 568, 739
associativity, 102
commutativity, 101
linearity, 101
property, 463, 496

convolve (method), 115, 145
Convolver (class), 115, 145
convolveX (method), 154
convolveXY (method), 154
convolveY (method), 154
coordinate

homogeneous, 515–516, 726–727
transformation, 514

COPY (constant), 85
copyBits (method), 84, 88, 145
Corner (class), 155
corner, 147

detection, 147–159
point, 159
response function, 149, 152
strength, 149

CorrCoeffMatcher (class), 574, 575
correlation, 100, 499, 567

coefficient, 569
cos (method), 768
cosine function, 461

1D, 454
2D, 483, 484

cosine transform, 15, 503–511
cosine2 window, 494, 495
countColors (method), 324
covariance, 749

efficient calculation, 750
matrix, 238, 244, 249, 750

covariance matrix
color, 418

create (method), 560
createProcessor (method), 562
createRealMatrix (method), 727,

729
createRealVector (method), 727
creating new images, 56
cross

correlation, 570
product, 694, 723

CRT, 292
CS_CIEXYZ (constant), 361
CS_GRAY (constant), 361
CS_LINEAR_RGB (constant), 361
CS_PYCC (constant), 361
CS_sRGB (constant), 361794



Indexcubic
interpolation, 544, 547
spline, 546

cumulative
distribution function, 67, 264
histogram, 49, 63, 66, 67

cycle length, 454

D
D50, 345, 358, 361
D65, 345, 347, 351
dB, see decibel
DCT, 503–511

1D, 503–504
2D, 504–509

DCT (method), 506, 509, 510
Dct1d (class), 509
Dct2d (class), 509
debugging, 114
decibel, 338
Decimate (alg.), 624
decimated scale, 637
decimation, 622
deconvolution, 500
delta function, 464
depth of an image, 9
depth-first, 212
DepthFirstLabeling (class), 246
derivative, 434

estimation from discrete
samples, 739

first, 122, 150, 399, 610, 734, 736
partial, 123, 397, 611, 715
second, 130, 139, 611, 632

desaturation, 306, 316
selective, 317

det, 714, 715
determinant, 521, 635, 714, 715,

724, 733, 745
DFT, 469–501, 667–673, 715

1D, 469–479
2D, 481–501
forward, 668
inverse, 668
periodicity, 670, 679
spectrum, 668
truncated, 672, 673, 679

DFT (method), 478
Di Zenzo/Cumani algorithm, 402
diameter, 232
DICOM, 26
DIFFERENCE (constant), 85
difference

filter, 99
set, 717

difference-of-Gaussians (DoG),
613, 763

differential equation, 434
diffusion process, 434
digital image, 7
dilate (method), 200, 201
dilation, 185, 203, 251
dimension, 749
Dirac function, 104, 186, 460, 464
direction of maximum contrast,

404
directional gradient, 398, 737
discrete

cosine transform, 503–511
Fourier transform, 469–501, 715
sine transform, 503

disk filter, 283
distance, 566, 716

city block, 577
Mahalanobis, 243, 249
Manhattan, 577
mask, 578
maximum difference, 567
norm, 382, 656, 660
squared, 157
sum of differences, 567
sum of squared differences, 567
transform, 576
weighted, 243

distance norm, 379
distanceComplex (method), 706
distanceMagnitude (method), 706
DistanceTransform (class), 582,

585
distribution

normal (Gaussian), 756–758
uniform, 54, 64, 66

divergence, 434, 442, 737, 738
DIVIDE (constant), 85
DiZenzoCumaniEdgeDetector

(class), 410
DOES_8C (constant), 300, 301
DOES_8G (constant), 28, 44
DOES_ALL (constant), 451
DOES_RGB (constant), 297, 298
DOES_STACKS (constant), 451
domain, 716

filter, 420
dominant orientation, 637, 640
dot product, 722, 728
dotProduct (method), 728
dots per inch (dpi), 8, 476
Double (class), 770
double (type), 95
dpi, 476
drawCorner (method), 158 795



Index drawCorners (method), 158
drawLine (method), 158, 179
DST, 503
duplicate (method), 110, 145,

281, 532
DXF format, 12
dynamic range, 40

E
E (constant), 768
e, 715
e, 715
eccentricity, 237, 250
Eclipse, 31, 32
edge

direction, 134
linking, 137
localization, 134
map, 131, 132, 161
normal, 401
orientation, 392, 403
sharpening, 139–146
strength, 149, 392
suppression, 634
tangent, 134, 392, 446
tracing, 135

edge operator, 124–410
Canny, 132–138, 404–406
compass, 128
in ImageJ, 130
Kirsch, 129
LoG, 130, 133
monochromatic, 392–395
Prewitt, 125, 133
Roberts, 127, 133
Robinson, 128
Sobel, 125, 128, 130, 133
vector-valued (color), 395–404

edge-preserving smoothing filter,
413–451

Edit (menu), 33
effective gamma value, 81
EigenDecomposition (class), 729,

753
eigendecomposition, 753
eigenpair, 724
eigensystem, 446
eigenvalue, 148, 149, 238, 399, 402,

409, 446, 634, 723–726, 737,
751

ratio, 635
eigenvector, 149, 400, 446,

723–726, 737
2 × 2 matrix, 724

ellipse, 177, 238, 519, 677, 683
parameters, 677

elliptical window, 493
elongatedness, 237
EMF format, 12
Encapsulated PostScript (EPS), 12
entropy, 263, 264
erode (method), 200, 201
erosion, 186, 203
error (method), 30
Euclidean distance, 157, 573
Euler number, 245
Euler’s notation, 456
evidence, 269
EXIF, 16, 351
exp, 715
exp (method), 104, 768
extractImage (method), 606
extremum of a function, 633

F
F , 715
false, 715
fast Fourier transform, 479, 484,

498
FastIsodataThreshold (alg.), 260
FastKuwaharaFilter (alg.), 417
fax encoding, 226
feature, 229

vector, 242
FFT, 496, see fast Fourier

transform, 668
Fiji, 25
file format

BMP, 18
EXIF, 16
GIF, 13
JFIF, 15
JPEG-2000, 16
magic number, 20
PBM, 18
Photoshop, 20
PNG, 14
RAS, 19
RGB, 19
TGA, 19
TIFF, 12–13
XBM/XPM, 19

fill (method), 56
filter, 89–118

anisotropic diffusion, 433–448
bilateral, 420–432
blur, 89, 90, 115
border handling, 92, 113
box, 93, 98, 103, 125, 283, 415
cascaded, 616
color, 420, 424, 438
color image, 143, 367–389, 416796



Indexcomputation, 93
debugging, 114
derivative, 123
difference, 99
disk, 283
domain, 420
edge, 124–130
edge-preserving smoothing,

413–451
efficiency, 112
Gaussian, 98, 103, 115, 134, 148,

150, 283, 413, 423, 446, 610,
617, 761–763

HSV color space, 375
ImageJ, 115–116
impulse response, 104
in frequency space, 496
indexed image, 299
inverse, 499
jitter, 118
kernel, 91, 100, 368, 392
Kuwahara-type, 414–420
Laplacian, 99, 117, 139, 145
Laplacian-of-Gaussian, 610
linear, 91–105, 115, 367–377, 739
low-pass, 98, 284, 415, 623
maximum, 105, 116, 207
median, 107, 116, 181
min/max, 281
minimum, 105, 116, 207
morphological, 181–208
multi-dimensional, 379
Nagao-Matsuyama, 415
nonhomogeneous, 118
nonlinear, 105–112, 116, 378–389
normalized, 95
Perona-Malik, 436–441
range, 421
scalar median, 378, 388
separable, 102, 103, 140, 284,

613, 620
sharpening vector median, 382
smoothing, 94, 95, 98, 143, 368,

370
sombrero, 612
successive Gaussians, 616
Tomita-Tsuji, 417
Tschumperle-Deriche, 444–448
unsharp masking, 142
vector median, 378, 389
weighted median, 109

final (type), 771, 774
Find_Corners (plugin), 158
Find_Straight_Lines (plugin),

173
FindCommands (menu), 33

findCorners (method), 157, 158
findEdges (method), 130
finite differences, 434
FITS, 26
flat image, 14
Float (class), 770
floating-point image, 11
FloatProcessor (class), 154
flood filling, 210–212
floor, 714
floor (method), 768
floorMod (method), 767, 768
Flusser’s moments, 242
foreground, 181, 254
four-point mapping, 519
Fourier, 457

analysis, 457
coefficients, 457
integral, 457
series, 457
shape descriptor, 229, 665–711
spectrum, 229, 458, 469
transform, 454–501, 667–673,

715, 762
transform pair, 459, 461, 462

Fourier descriptor, 665–711
elliptical, 709
from polygon, 682
geometric effects, 687–692
invariance, 692–700, 708
Java implementation, 704
magnitude, 700
matching, 700–704, 706
normalization, 692–700, 707
pair, 676–681
phase, 690
reconstruction, 668, 685
reflection, 691
start point, 689
trigonometric, 667, 682, 710

FourierDescriptor (class), 704
FourierDescriptorFromPolygon (alg.),

685
FourierDescriptorFromPolygon

(class), 707
FourierDescriptorUniform (alg.), 669,

673
FourierDescriptorUniform

(class), 707
frequency, 454, 476

2D, 486
angular, 454, 455, 472, 482
common, 455
directional, 487
distribution, 67
effective, 486, 487 797



Index fundamental, 457, 476
maximum, 468, 487
space, 459, 475, 496

Frobenius norm, 418, 751
fromCIEXYZ (method), 358–360
fromRGB (method), 364
function

basis, 471–475
complex-valued, 666
cosine, 454
delta, 464
Dirac, 460, 464
distance, 700, 701
gradient, 397
hash, 701
impulse, 460, 464
Jacobian, 397
partial derivative, 397
periodic, 454, 671
scalar-valued, 735
sine, 454
trigonometric, 134
vector-valued, 395, 735

fundamental
frequency, 457, 476
period, 476

G
gamma (method), 84
gamma correction, 74–82, 305,

358, 361, 372
applications, 78
inverse, 82
modified, 80–82, 352

gamut, 321, 345, 351, 354
garbage, 771
Gaussian

area formula, 231
component, 758
derivative, 610
distribution, 54, 258, 266, 268,

269, 756, 758
filter, 98, 103, 115, 148, 150,

282, 423, 446, 610, 617,
761–763

filter size, 103
function, 460, 462
kernel, 283
mixture, 266
noise, 758
normalized, 284
scale space, 615, 761
separable, 103
successive, 616, 761
weight, 638
window, 492, 493, 495

GaussianBlur (class), 115, 145,
284, 286, 287

GaussianFilter (class), 145
GenericDialog (class), 85, 86, 88,

117
GenericFilter (class), 385, 389,

449
geometric operation, 513–537
get (method), 29, 30, 58, 66, 113,

307
get2dHistogram (method), 327
getAccumulator (method), 174
getAccumulatorImage (method),

175
getAccumulatorMax (method), 175
getAccumulatorMaxImage

(method), 175
getAngle (method), 176
getBlues (method), 301, 302
getBounds (method), 606
getCoefficient (method), 706
getCoefficients (method), 705
getColorModel (method), 300, 301
getComponents (method), 361
getCornerPoints (method), 606
getCount (method), 176
getCovarianceMatrix (method),

752
getData (method), 727
getDistance (method), 176
getEdgeBinary (method), 410
getEdgeMagnitude (method), 410
getEdgeOrientation (method),

410
getEdgeTraces (method), 410
getEigenvector (method), 729
getEntry (method), 727
getf (method), 575, 576, 759
getForegroundColor (method),

328
getGreens (method), 301, 302
getHeight (method), 29, 30, 759
getHistogram (method), 45, 56,

66, 71, 289
getImage (method), 30
getInnerContours (method), 224
getIntArray (method), 585
getInterpolatedValue (method),

560
getInverse (method), 532
getIteration (method), 606
getLines (method), 174
getMapSize (method), 300, 301
getMatch (method), 575, 585, 604,

606, 607
getMatchValue (method), 576, 585798



IndexgetMaxCoefficientPairs
(method), 706

getMaxNegHarmonic (method), 706
getMaxPosHarmonic (method), 706
getNextChoiceIndex (method), 88
getNextNumber (method), 88
getOpenImages (method), 88
getOuterContours (method), 224
GetPartialReconstruction (alg.), 684
getPix (method), 562
getPixel (method), 29, 113, 298,

768
getPixels (method), 154, 297, 772
getPixelSize (method), 301
getPolygon (method), 538
getProcessor (method), 30, 88
getRadius (method), 176
getRealEigenvalues (method),

729
getReconstruction (method), 706
getReconstructionPoint

(method), 707
getReds (method), 301, 302
getReferenceMappingTo (method),

604, 606
getReferencePoint (method), 175,

176
getReferencePoints (method),

604
getRegions (method), 224
getRmsError (method), 604, 606
getRoi (method), 538, 606
getShortTitle (method), 56, 88
getSiftFeatures (method), 662
getSolver (method), 730, 731
GetStartPointPhase (alg.), 698
getThreshold (method), 286, 288
getType (method), 30, 606
getWeightingFactors (method),

305
getWidth (method), 29, 30, 759
GIF, 13, 20, 26, 43, 226, 295, 299
GIMP, 447
global operation, 57
GlobalThresholder (class), 284
grad, 715, 736
gradient, 122, 123, 148, 150, 392,

434, 436, 633, 715, 736, 738
directional, 398, 736, 737
magnitude, 133, 637, 638
maximum direction, 737
multi-dimensional, 397
orientation, 133, 637, 638
scalar, 397, 401
vector, 133, 134
vector field, 736

graph, 208, 218
GRAY8 (constant), 30
grayscale

conversion, 304, 353
image, 10, 14
morphology, 202

GrayscaleEdgeDetector (class),
410

H
H, 715
h, 715
Hadamard transform, 510
Hanning window, 491, 492, 494,

495
harmonic number, 671
Harris corner detector, 148, 636
HarrisCornerDetector (class), 158
hasComplexEigenvalues (method),

729
hasConverged (method), 604, 606
hash function, 701
HDTV, 319
heat equation, 434
Hertz, 455, 476
Hessian matrix, 443–445, 447, 448,

630, 632–634, 647, 715, 738,
739, 743

discrete estimation, 445
Hessian normal form, 165, 173
hexadecimal, 19, 296, 768
hierarchical technique, 131
histogram, 37–55, 324–325, 715

binning, 45
calculation, 43
color image, 46
component, 47
cumulative, 49, 63, 67
equalization, 63
matching, 70
multiple peaks, 640
normalized, 67
orientation, 637, 639
smoothing, 639
specification, 66–73

HLS, 306, 307, 311–314, 316
HLStoRGB (method), 315
hom, 715, 726
homogeneous

coordinate, 515–516, 715,
726–727

linear equation, 724
point operation, 57, 64, 66
region, 414

homography, 524
hot spot, 91, 184 799



Index Hough transform, 132, 161–180
algorithm, 168
bias, 171
edge strength, 171
ellipse, 177
for circles, 176
for lines, 176
generalized, 178
hierarchical, 172
implementation, 173

HoughLine (class), 176
HoughTransformLines (class), 173,

174
HSB, see HSV
HSBtoRGB (method), 311, 312, 361
HSV, 289, 306, 309, 314, 316, 318,

361
HsvLinearFilter (alg.), 377
Hu’s moments, 241
Huffman coding, 15
hysteresis thresholding, 134, 135

I
i, 456, 715, 717
In, 716
ICC, 358

profile, 362
ICC_ColorSpace (class), 362
ICC_Profile (class), 362
iconic image, 14
iDCT (method), 506, 509, 510
idempotent, 193
identity matrix, 442, 716, 724
IJ (class), 30
IjUtils (class), 88
Illuminant (enum-type), 363
illuminant, 344
image

acquisition, 4
analysis, 2
binary, 11, 209
bitmap, 11
color, 11
compression, 42
coordinates, 9
creating new, 56
defects, 41
depth, 9, 11
digital, 7
display, 56
file format, 11
flat, 14
floating-point, 11
grayscale, 10, 14
iconic, 14
indexed color, 11, 14, 294, 337

inpainting, 447
intensity, 10
matching, 565–584
padding, 114
palette, 11
plane, 5
pyramid, 621
raster, 12
redisplay, 35
size, 8
space, 101, 496
special, 11
stack, 451, 664
true color, 14
vector, 12
warping, 526

ImageAccessor (class), 560–562
ImageExtractor (class), 606, 607
ImageInterpolator (class), 532
ImageJ, 23–35

debugging, 32
filter, 115–116
geometric operation, 531
macro, 26, 31
main window, 26
plugin, 26–31
point operation, 82–87
program structure, 26
snapshot, 31
stack, 25
tutorial, 34
undo, 26, 31
website, 34

ImageJ2, 25
ImagePlus (class), 29, 30, 56, 158,

299, 302, 538
ImageProcessor (class), 27, 29, 30,

297, 298, 300–302, 307, 772
ImageStack (class), 608
imagingbook library, VIII, 33, 34
ImgLib2, 25
impulse, 450

function, 104, 460, 464
response, 104, 190

in place processing, 483
IndexColorModel (class), 301–303
indexed color image, 11, 14, 294,

295, 299, 337
initializeMatch (method), 606
insert (method), 145
int (type), 35, 767
integral image, 51–53, 289, 560
IntegralImage (class), 53
intensity

histogram, 47
image, 10800



Indexinterest point, 147, 610
intermeans algorithm, 258
interpolation, 539–563, 594, 597

1D, 539–549
2D, 549–556
B-spline, 546, 547
bicubic, 553, 556
bilinear, 551, 556
by convolution, 543
Catmull-Rom, 545, 546
cubic, 544
ideal, 540
kernel, 543
Lanczos, 548, 554, 563
Mitchell-Netravali, 546, 547
nearest-neighbor, 543, 550, 556,

557
spline, 546

InterpolationMethod (class), 560,
562

intersection
in Hough space, 168
line, 173, 179
set, 191, 717

invariance, 231, 234, 241, 244, 565,
692–700

rotation, 696
scale, 693
start point, 694

inverse
filter, 499
matrix, 599, 720
power function, 77
tangent function, 769

inverse (method), 728
inversion, 59
invert (method), 59, 84
Isodata

clustering, 258
thresholding, 258–260

IsodataThreshold (alg.), 259
IsodataThresholder (class), 285
isotropic, 90, 98, 123, 140, 141,

148, 159, 188, 611
iterateOnce (method), 604, 606
ITU601, 319
ITU709, 78, 82, 305, 319, 328, 351

J
J, 716
Jacobian matrix, 397, 398, 716,

736, 737
Java

applet, 25
arithmetic, 765
array, 771

AWT, 27
class file, 31
compiler, 31, 772
integer division, 66, 765
JVM, 20
mathematical functions, 768
rounding, 769
runtime environment, 25
virtual machine, 20

JavaScript, 34
JBuilder, 31
JFIF, 15, 18, 20
jitter filter, 118
joint probability, 757
JPEG, 12, 14–18, 20, 26, 43, 226,

295, 337, 351, 353, 508, 509
JPEG-2000, 16

K
k-d algorithm, 659
kernel, 100
key point

position refinement, 632
selection, 630

Kimia image dataset, 242, 250,
686, 711

Kirsch operator, 129
Kodak Photo YCC color space,

361
kriging, 289
Kronecker product, 723
Kuwahara-type filter, 414–420
KuwaharaFilter (alg.), 416
KuwaharaFilter (class), 449
KuwaharaFilterColor (alg.), 418

L
LAB, 346
LabColorSpace (class), 359, 363,

364
label, 210
Lanczos interpolation, 548, 554,

563
LanczosInterpolator (class), 560
Laplacian, 99, 434, 435, 444

filter, 99, 139, 141, 145
operator, 139, 611, 738

Laplacian-of-Gaussian, 117, 610
approximation by difference of

Gaussians, 613, 763
normalized, 612

left-sided vector-matrix product,
721, 728

Lena, 107
lens, 6
likelihood, 757
line 801



Index endpoints, 172
equation, 162, 165
Hessian normal form, 165
intercept/slope form, 162
intersection, 173

linear
blending, 85, 88
convolution, 100–102
correlation, 100
equation, 723, 724
transformation, 521

linearity, 463
lines per inch (lpi), 8
LinkedList (class), 212
List (class), 771
list, 713

concatenation, 714
little endian, 19, 20
local

extremum, 630, 734
mapping, 528
structure matrix, 148, 400, 402,

445
lock (method), 33
LoG

filter, 117
operator, 133

log (method), 31, 84, 768
log-polar matching, 574
long (type), 35
lookup table, 82
low-pass filter, 284, 415
LSB, 19
Lucas-Kanade matcher, 587–608
LucasKanadeForwardMatcher

(class), 605–607
LucasKanadeInverseMatcher

(class), 605–607
LucasKanadeMatcher (class), 604,

606
LUDecomposition (class), 730
luma, 320, 354, 440
luminance, 289, 304, 319, 320, 354,

371, 440
LUT, 200, 201
LUV, 348
LuvColorSpace (class), 362
LZW, 12, 13

M
machine accuracy, 770
macro recorder, 33
Macros (menu), 34
magic number, 20
magnitude, 714
Mahalanobis distance, 243, 249

major axis, 235
makeCrf (method), 154
MakeDogOctave (alg.), 631
MakeGaussianKernel2D (alg.), 285
MakeGaussianOctave (alg.), 624,

631
makeGaussKernel1d (method), 104,

145
makeIndexColorImage (method),

301
MakeInvariant (alg.), 697
makeInvariant (method), 707, 710
makeMapping (method), 606
MakeRotationInvariant (alg.), 697
makeRotationInvariant (method),

707
MakeScaleInvariant (alg.), 697
makeScaleInvariant (method),

707
MakeStartPointInvariant (alg.), 698
makeStartPointInvariant

(method), 707
makeTranslationInvariant

(method), 707
Manhattan distance, 577
mapMultiply (method), 728
Mapping (class), 533, 534
mapping

affine, 516, 517, 526
bilinear, 525, 526
four-point, 519
linear, 521
local, 528
nonlinear, 526
perspective, 520
projective, 519–526
ripple, 527
spherical, 527
three-point, 516
twirl, 526

mask, 142, 225
MatchDescriptors (alg.), 657
matchDescriptors (method), 663
matchHistograms (method), 71
matching, 700–704
Math (class), 768, 769
matrix, 719, 731

adjugate, 521, 715
decomposition, 521, 731, 755
Hessian, 443–445, 447, 448, 630,

632–634, 647, 715, 738, 743
identity, 442, 716, 724
inverse, 599, 720, 728
Jacobian, 397, 398, 716, 736, 737
norm, 418, 751, 752
rank, 716, 724802



Indexsingular, 724
symmetric, 725
trace, 716
transpose, 716, 720

MatrixUtils (class), 727
MAX (constant), 85, 116
max (method), 84, 768
MaxEntropyThresholder (class),

285
maximum

entropy thresholding, 263–266
filter, 207, 281
frequency, 468, 487
likelihood estimation, 756
local contrast, 399

MaximumEntropyThreshold (alg.),
267

mean, 50–51, 53, 255, 257, 279,
414, 749, 756, 758, 759

from histogram, 50
vector, 749

MeanThresholder (class), 285
Measure (menu), 35
media-oriented color, 353
medial axis transform, 194
MEDIAN (constant), 116
median, 51, 256

filter, 107, 116, 181, 378
filter (weighted), 109

median-cut algorithm, 332
MedianCutQuantizer (class), 337,

338
MedianThresholder (class), 285
mesh partitioning, 528
Mexican hat filter, 99, 612
mid-range, 257
MIN (constant), 85, 116
min (method), 84, 768
MinErrorThresholder (class), 285
minimum error thresholding,

266–272
minimum filter, 207, 281
MinimumErrorThreshold (alg.), 273
Mitchell-Netravali interpolation,

547
mixture model, 758
mod, 478, 716, 766
mode, 756
modified auto-contrast, 62
modulus, see mod
moment, 226, 233–244

central, 234
Flusser, 242
Hu, 241
invariant, 241
least inertia, 235

moment (method), 235
monochromatic edge detection,

392–395
MonochromaticColorEdge (alg.), 395
MonochromaticEdgeDetector

(class), 410
morphing, 529
morphological filter, 181–208

binary, 181
closing, 192, 203
color, 202
dilation, 185, 203
erosion, 186, 203
grayscale, 202
opening, 192, 203
outline, 189

MPEG, 509
MSB, 19
mult (method), 154
multi-resolution techniques, 131
MultiGradientColorEdge (alg.), 402
MULTIPLY (constant), 85
multiply (method), 84, 145, 728
My_Inverter (plugin), 29

N
N, 716
N , 254, 269, 756, 759
Nagao-Matsuyama filter, 415
NaN (constant), 770
nCentralMoment (method), 235
nearest-neighbor interpolation, 543
NearestNeighborInterpolator

(class), 560
negative frequency, 676
NEGATIVE_INFINITY (constant),

770
neighborhood, 210, 230

2D, 274, 380, 383, 421, 422, 609,
746

3D, 630, 633
square, 415

NetBeans, 31, 32
neutral

element, 104, 186, 616
point, 343

nextGaussian (method), 54, 759
nextInt (method), 54
Niblack thresholding, 275–279
NiblackThreshold (alg.), 281
NiblackThresholder (class), 286,

287
NiblackThresholderGauss (class),

287
NIH-Image, 25
nil, 716 803



Index NO_CHANGES (constant), 31, 44, 302
noise, 159

energy, 338
Gaussian, 758
reduction, 413

nominal gamma value, 81
non-maximum suppression, 133,

137, 169
nonhomogeneous filter, 118
nonhomogeneous operation, 57
norm, 379, 393, 394, 396, 425, 716

Euclidean, 714, 720
Frobenius, 418, 751
matrix, 418, 751, 752
vector, 720

normal distribution, 54, 756
normalization, 95
normalized

histogram, 67
kernel, 284, 369

NormType (class), 389
NTSC, 78, 317, 318
null (constant), 771
Nyquist, 468, 487

O
OCR, 229, 245, 251, 279
octave, 614, 617, 618, 621–624,

628, 631, 642
octree algorithm, 333
OctreeQuantizer (class), 337
open (method), 200
opening, 192, 203
operate (method), 728
optical axis, 5
OR (constant), 84
orientation, 235, 486, 488

dominant, 640
histogram, 637

orthogonal, 511
oscillation, 454, 455
Otsu’s method, 260–263
OtsuThreshold (alg.), 262
OtsuThresholder (class), 285
out-of-gamut colors, 372
outer product, 103, 723, 728
outerProduct (method), 728
outlier, 257
outline, 189
outline (method), 200, 202
OutOfBoundsStrategy (class), 562

P
packed ordering, 294–296
padding, 114, 222
PAL, 78, 317
palette, 295, 299, 300

image, see indexed color image
parabolic fitting, 733–735
parameter space, 163
partial

derivative, 123, 715
differential equation, 434

Parzen window, 491, 492, 494, 495
pattern recognition, 3, 229
PDF, 12
pdf, see probability density

function
perimeter, 230
period, 454
periodicity, 454, 482, 486, 489
Perona-Malik filter, 436–441

color, 438
gray, 436

Perona_Malik_Demo (plugin), 451
PeronaMalikColor (alg.), 442
PeronaMalikFilter (class), 450
PeronaMalikGray (alg.), 438
perspective

image, 177
mapping, 520
projection, 5

phase, 455, 477, 690, 694, 695, 699
angle, 455

Photoshop, 20, 378, 393
PI (constant), 768
PICT format, 12
piecewise linear function, 68
pinhole camera, 4
pipette tool, 328
pixel, 4

value, 9
PixelInterpolator (class), 532,

534, 560, 561
PKZIP, 14
planar ordering, 294
Plessey detector, 148
PlugIn (interface), 27, 30, 33
PlugInFilter (class), 606
PlugInFilter (interface), 27, 29,

33, 35, 297, 389
PNG, 14, 20, 26, 299, 351
point operation, 57–87

arithmetic, 82
effects on histogram, 59
gamma correction, 74
histogram equalization, 63
homogeneous, 83
in ImageJ, 82–87
inversion, 59
thresholding, 59

point set, 184
point spread function, 105804



IndexPoint2D (class), 538
polar method, 758
polygon, 667, 682

area, 231
path length, 683
uniform sampling, 667, 710

PolygonRoi (class), 538
PolygonSampler (class), 708
populosity algorithm, 331
positive definite, 754
POSITIVE_INFINITY (constant),

770
posterior probability, 268
PostScript, 12
pow (method), 80, 768
power spectrum, 477, 485
preMultiply (method), 728
Prewitt operator, 125, 133
primary color, 292
principal curvature ratio, 635
print pattern, 499
prior probability, 268, 273
probability, 67, 756

conditional, 268, 757
density function, 67, 264
distribution, 67, 264
joint, 757
posterior, 268
prior, 264, 268, 270, 273

product
cross, 714, 723
dot, 722, 728
matrix-vector, 721
outer, 714, 723, 728
scalar, 722, 728
vector, 722–723

profile connection space, 358, 361
projection, 244, 250, 325, 722
projective mapping, 519–526
ProjectiveMapping (class), 532,

534, 537, 604, 606
pseudo-perspective mapping, 520
pseudocolor, 326
putPixel (method), 29, 113, 298,

768
pyramid, 131, 621

Q
Q, 522, 525
QR decomposition, 521
QRDecomposition (class), 731
quadratic function, 632, 633, 640
quadrilateral, 519, 716
QuantileThreshold (alg.), 257
QuantileThresholder (class), 285
quantization, 8, 59, 329–338

linear, 330
scalar, 329
vector, 331

quasi-separable, 613

R
R, 716
radiusFromIndex (method), 175
Random (class), 758, 759
Random (package), 54
random

image, 54
process, 67
variable, 67, 756

random (method), 54, 768
range

filter, 421
rank, 716, 724
rank (method), 116, 281
rank ordering, 378
RankFilters (class), 116, 275, 276,

281
RAS format, 19
raster image, 12
RAW format, 299
RealMatrix (class), 727, 729
RealVector (class), 727, 729
Record (menu), 34
rectangular

pulse, 460, 462
window, 493

RecursiveLabeling (class), 246
redisplaying an image, 35
reflection, 185, 187
refraction index, 528
region, 209–251

area, 231, 234, 249
centroid, 233, 249
convex hull, 232
diameter, 232
eccentricity, 237
homogeneous, 414
labeling, 210–219
major axis, 235
matrix representation, 225
moment, 233
orientation, 235
perimeter, 230
projection, 244
run length encoding, 225
topological property, 244

region of interest, 327, 536, 538,
605, 606

RegionContourLabeling (class),
224, 246

RegionLabeling (class), 246 805



Index relative colorimetry, 355
remainder operator, 767
resampling, 529
resolution, 8
RGB

color image, 291
color space, 292, 316
format, 19

RGBtoHLS (method), 314
RGBtoHSB (method), 310, 361
RGBtoHSV (method), 311
right-sided vector-matrix product,

721, 728
rint (method), 768
ripple mapping, 527
RippleMapping (class), 533
Roberts operator, 127, 133
Robinson operator, 128
Roi (class), 538, 606
Rotation (class), 532, 533
rotation, 241, 497, 513, 515, 688
round, 84, 716
round (method), 80, 768
rounding, 58, 84, 766, 769
roundness, 231
row vector, 720
run (method), 27
run length encoding, 225

S
S1, 522, 525, 716
saddle point, 744
sample, 749

mean, 749
variance, 749

samplePolygonUniformly
(method), 708

sampling, 464–666
frequency, 487
interval, 466, 467
spatial, 7
theorem, 468, 473, 475, 487, 540
time, 7

saturation, 41, 306
Sauvola thresholding, 279
SauvolaThresholder (class), 287
scalar

field, 735–739
median filter, 378, 388
product, 722, 728

ScalarMedianFilter (class), 386
scalarMultiply (method), 728
scale

absolute, 617, 621
base, 621
change, 688

decimated, 637
increment, 630
initial, 617
ratio, 617
relative, 618

scale space, 610
decimation, 621, 622
discrete, 616
Gaussian, 615
hierarchical, 620, 623
LoG/DoG, 619, 623
octace, 621
SIFT, 624–636
spatial position, 623
sub-sampling, 621

Scaling (class), 532
scaling, 241, 513, 515
segmentation, 253, 289
separability, 102, 117, 188, 284,

507
separable filter, 99, 140, 613
sequence, 713
SequentialLabeling (class), 246
Set (class), 771
set, 184, 713

difference, 717
intersection, 717
union, 717

set (method), 29, 30, 58, 66, 113,
307

setCoefficient (method), 706
setColor (method), 158
setColorModel (method), 300,

301, 303
setEntry (method), 727
setf (method), 759
setNormalize (method), 115, 145
setPix (method), 562
setRGBWeights (method), 305
setup (method), 27, 28, 31, 297,

300, 411
setValue (method), 56
Shah function, 465
Shannon, 468
shape

feature, 229
number, 228, 249
reconstruction, 668, 679, 681,

684, 685, 706
representation, 208
rotation, 688

sharpen (method), 145
sharpening vector median filter,

382
SharpeningVectorMedianFilter (alg.),

384806



IndexShear (class), 532
shearing, 515
ShereMapping (class), 533
shift property, 463
ShortProcessor (class), 289
show (method), 56, 158, 299
showDialog (method), 88
SIFT, 609–664

algorithm summary, 647
descriptor, 640–647
examples, 654–657
feature matching, 648–660
implementation, 634, 661–663
parameters, 648
scale space, 624–636

SiftDescriptor (class), 662
SiftDetector (class), 662
SiftMatcher (class), 663
signal

energy, 338
space, 101, 459, 475

signal-to-noise ratio, 338
similarity, 463
sin (method), 768
Sinc function, 460, 541, 550
sine

function, 454, 461
transform, 503

singular-value decomposition, 731
SingularValueDecomposition

(class), 731
size (method), 706
skeletonize (method), 202, 208
skew angle, 251
smoothing filter, 91, 94, 283
SNR, 338
Sobel operator, 125, 133, 392, 394

extended, 128
solve (method), 730, 731
sombrero filter, 612
sort (method), 110, 157, 324, 776
sorting arrays, 776
source-to-target mapping, 530
spatial sampling, 7
special image, 11
spectrum, 453
spherical mapping, 527
spline

cardinal, 546
Catmull-Rom, 545–547
cubic, 546, 547
cubic B-, 546, 547, 563
interpolation, 546

SplineInterpolator (class), 560
sqr (method), 84, 154
sqrt (method), 84, 768

square window, 495
squared local contrast, 398, 402
sRGB, 81, 82, 305, 350, 352, 353

ambient lighting, 345
grayscale conversion, 353
white point, 345

stack, 210, 299
standard deviation, 54, 275, 614,

716
standard illuminant, 344, 355
statistical independence, 756
step edge, 370
structure matrix, 447
structuring element, 184, 188, 202
sub-pixel accuracy, 745
sub-sampling, 623
SUBTRACT (constant), 85, 145
summed area table, 51
super-Gaussian window, 492, 493
SVD, 521
symmetry, 691
System.out (constant), 31

T
ᵀ, 716
t, 716
tan (method), 768
tangent function, 769
target-to-source mapping, 526, 530
Taylor expansion, 633, 740

multi-dimensional, 740
template matching, 565, 566
temporal sampling, 7
TGA format, 19
thin (method), 200, 208
thin lens, 6
thinning, 194–195
thinOnce (method), 200
three-point mapping, 516
threshold, 59, 132, 169
threshold (method), 59, 288
threshold surface, 288
Thresholder (class), 284
thresholding, 131, 253–289

Bernsen, 274–275
color image, 289
global, 253–272
hysteresis, 134
Isodata, 258–260
local adaptive, 273–284
maximum entropy, 263–266
minimum error, 266–272
Niblack, 275–279
Otsu, 260–263
shape-based, 255
statistical, 255 807



Index Suvola, 279
TIFF, 12, 16, 18, 20, 26, 226, 299
time unit, 455
toArray (method), 157, 727
toCIEXYZ (method), 358–361
toDegrees (method), 768
Tomita-Tsuji filter, 417
topological property, 244
toRadians (method), 768
toRGB (method), 364
total variance, 418, 751
trace, 419, 443, 444, 716, 737, 738,

751, 752
tracking, 147, 607, 664
transform pair, 459
TransformJ (package), 531
Translation (class), 532, 604
translation, 241, 515, 687
transparency, 85, 296, 303
transpose of a matrix, 720
tree, 210
triangle algorithm, 255
trigonometric coefficient, 684
trimmed aggregate distance, 385
tristimulus value, 344
true, 716
true color image, 11, 293, 295, 296
true colorimage, 14
truncate (method), 706, 710
truncated spectrum, 672, 673
truncation, 84
Tschumperle-Deriche filter,

444–448
TschumperleDericheFilter (alg.), 448
TschumperleDericheFilter

(class), 450
tuple, 713
twirl mapping, 526
TwirlMapping (class), 533
type cast, 58, 766

U
undercolor-removal function, 322
uniform distribution, 54, 64, 66
union, 717
unit square, 525
unit vector, 398, 400, 630, 715,

736, 737
unlock (method), 33
unsharp masking, 142–146
UnsharpMask (class), 145
unsharpMask (method), 145
unsigned byte (type), 767
updateAndDraw (method), 30, 35

V
variance, 50–51, 53, 256, 275, 414,

415, 569, 716, 749, 750, 756,
759, 761

between classes, 261
bias, 750
fast calculation, 50
from histogram, 50
local calculation, 279
total, 418, 751, 752
within class, 261

variate, 749
vector, 713, 719–731

column, 720
field, 391, 395, 397, 406, 735–739
image, 12
length, 720
median filter, 378, 389
norm, 720
product, 722–723
row, 720
unit, 398, 400, 630, 715, 736, 737
zero, 715

VectorMedianFilter (alg.), 381
VectorMedianFilter (class), 386,

389
VectorMedianFilterSharpen

(class), 386
video, 608
viewing angle, 345

W
Walsh transform, 510
warping, 526
wasCanceled (method), 88
wave number, 472, 482, 487, 504
wavelet, 510
website for this book, 34
weighted distance, 243
white point, 308, 344, 347

D50, 345, 358
D65, 345, 351

windowed matching, 573
windowing function, 490–491

Bartlett, 492, 494, 495
cosine2, 494, 495
elliptical, 492, 493
Gaussian, 492, 493, 495
Hanning, 492, 494, 495
Parzen, 492, 494, 495
rectangular pulse, 493
super-Gaussian, 492, 493

WMF format, 12

X
XBM/XPM format, 19
XOR, 191, 716808



XYZ
color space, 304, 341–346, 371
scaling, 355

Y
YCbCr, 319
YIQ, 318
YUV, 317–319

Z
Z, 716
zero vector, 715
ZIP, 12
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