Appendix A: Units, Constants and Formulas,
Vector Relations

Units

The formulas in this book are written in the mks units of the International System
(SI). In much of the research literature, however, the cgs-Gaussian system is still
used. The following table compares the vacuum Maxwell equations, the fluid
equation of motion, and the idealized Ohm’s law in the two systems:

mks-SI cgs-Gaussian
V-D=e(n,—n,) V-E=4ze(n; — n,)
VxE=-B cVxE=-B
V-B=0 V-B=0
VxH=j+D cVxB=4rj+E

D=¢E B=uH

e=p=1

mndt = gn(E+v xB)—Vp mnG=qn(E+vxB) —Vp
E+vxB=0 E+ivxB=0

The equation of continuity is the same in both systems.

In the Gaussian system, all electrical quantities are in electrostatic units (esu)
except B, which is in gauss (emu); the factors of ¢ are written explicitly to
accommodate this exception. In the mks system, B is measured in tesla (Wb/m?),
each of which is worth 10* gauss. Electric fields E are in esu/cm in cgs and V/m in
mks. Since one esu of potential is 300 V, one esu/cm is the same as 3 X 10* V/m.
The ratio of E to B is dimensionless in the Gaussian system, so that vy =cE/B. In the
mks system, E/B has the dimensions of a velocity, so that vg=FE/B. This fact is
useful to keep in mind when checking the dimensions of various terms in an
equation in looking for algebraic errors.

The original version of this chapter was revised. An erratum to this chapter can be found at https://
doi.org/10.1007/978-3-319-22309-4_11
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The current density j=nev has the same form in both systems. In cgs, n and v
are in cm > and cm/s, and e has the value e=4.8 x 10710 esu; then j comes out in
esu/cm?, where 1 esu of current equals ¢ 'emuor 10/c=1/(3 x 10”) A. In mks, 7 and
v are inm > and m/s, and e has the value e=1.6 x 107'° C; then j comes out in A/m?>.

Most cgs formulas can be converted to mks by replacing B/c by B and 4z by ¢; ',
where 1/47€y=9 x 10°. For instance, electric field energy density is E%/87 in cgs
and €yE*/2 in mks, and magnetic field energy density is B*/8x in cgs and B*/2 yg in
mks. Here we have used the fact that (equo) ">=c=3 x 10® m/s.

The energy KT is usually given in electron volts. In cgs, one must convert T,y to
ergs by multiplying by 1.6 x 10~ "2 erg/eV. In mks, one converts T.y to joules by
multiplying by 1.6 x 10~'° J/eV. This last number is, of course, just the charge e in
mks, since that is how the electron volt is defined.

Useful Constants and Formulas

Constants

mks cgs
c Velocity of light 3% 10% m/s 3% 10'° cm/s
e Electron charge 1.6 x 107 C 4.8 x 1070 esu
m Electron mass 0.91 x 107" kg 091x107% ¢
M Proton mass 1.67 x 107" kg 1.67x 107 g
M/m 1837 1837
(M/m)'? 43 43
K Boltzmann’s constant 1.38 x 1072 J/K 1.38 x 107" erg/K
eV Electron volt 1.6 x1079J 1.6 x 10”2 erg
leV Of temperature KT 11,600 K 11,600 K
€ Permittivity of free space 8.854 x 10~'? F/m
Ho Permeability of free space 47 x 107" H/m
na} Cross section of H atom 0.88 x 1072 m? 0.88 x 107'% cm?
Density of neutral atoms at room temperature and 33%x10”m™? 33%x10% cm™?
1 mTorr pressure

Formulas (H) for hydrogen

Handy formula
mks cgs-Gaussian (nin cm73)
w, | Plasma frequency ne\ /2 dmne?\ fp =9000/ns""
@) |C%)
. | Electron cyclotron eB eB f.=2.8 GHz/kG
frequency m mc
4p | Debye length KT\ | (KL 740(Tev/m)'"™ cm
¢ 4nne?
()
r. | Larmor radius myvy myv.c 1.4 Téé 2
eB eB “Bo mm(H)

(continued)
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Formulas (H) for hydrogen
Handy formula
mks cgs-Gaussian (nincm™>)
va | Alfvén speed B B 2.2 % 1011%% (H)
12 12 "
(uop) (47p)
Vg Acoustic speed (T;=0) KT\ /2 KT\ /2 10° 1<]2cm (H)
e ¢ e s
Gr) (%)
vg | E x B drift speed E cE 108 E(V/em) cm
= — B(G) s
B B
vp | Diamagnetic drift speed | KT » KT n 108%/ Ile%
eB n eB n
p Magnetic/plasma nKT nKT
pressure B?/2u, B?/8x
Vine | Electron thermal speed 2KT, 1/2 2KT, 1/2 59% 10T 1/2cm
—_ - N
) &)
ve; | Electron—ion collision ~ 8 ~2x10°° Z"c}# g1
frequency Np Tov
vee | Electron—electron colli- ~5x%10°° % sl
sion frequency T
Vii Ton—ion collision 172 3/2
frequency zt (M) (T) ee
Zei | Collision mean free path X Npe X Ajj ~13.4 %103 nTlgvA em(H)
Vose | Peak electron quiver eEy eEo Vose 2
velocity mag mao o= 7.3[19/1M
2
Vg;C _ 370k
Ve eV
Useful Vector Relations
A-(BxC)=B-(CxA)=C- (A xB)=(ABC)
Ax(BxC)=B(A-C) — C(A-B)
(AxB)-(CxD)=(A-C)(B-D) - (A-D)(B-C)
(A x B) x (C x D) = (ABD)C — (ABC)D = (ACD)B — (BCD)A
V~(¢A) =A-Vp+¢V-A
VX (pA) =V x A+ ¢V x A
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V(A-B) — (A-V)B — (B-V)A — B x (V x A)

(A-V)A=V(34%) = A x (Vx A)

V. (AxB)=B: (VxA)—A-(VxB)
Vx(AxB)=A(V-B) —BV-A+ (B-V)A — (A-V)B
VX[(A-V)A] = (A-V)(VxA)+(V-A)(VxA) - [VxA)- VA
VxVxA=V(V-A) - (V-V)A
Vx V=0
V- (VxA)=0

x (VxB)=

Cylindrical Coordinates (r, 8, z)

2y 10 (09 100 ¢
Ve r 0r (r F) TR 060> 022
10 0 a

_ (10A. 0Ap\.  (0A, 0A.
VXA‘(?W‘W)’ (aJW)

VA= (V-V)A {VZA - 1<A +2ai>}
00
+ {V2A9 (A9+2 ﬂe +V2A.7
A(A’ 0B, ) 1 0B, A 0B, 1A€Bg>

or T o0 T,

( 0By 10By . 0By |
0|A =—+Ar———+A. —AgB,
- ( or + 00 + 0z r°

R 0B, 1 0B, OB,
+Z<A,—a—+A 59 + A, 3. )

(A-V)B =



Appendix B: Theory of Waves in a Cold
Uniform Plasma

Aslong as T, =T;=0, the waves described in Chap. 4 can easily be generalized to an
arbitrary number of charged particle species and an arbitrary angle of propagation 6
relative to the magnetic field. Waves that depend on finite 7, such as ion acoustic
waves, are not included in this treatment.

First, we define the dielectric tensor of a plasma as follows. The fourth Maxwell
equation is

V x B =yy(j+ k) (B.1)

where j is the plasma current due to the motion of the various charged particle
species s, with density n,, charge ¢, and velocity v:

i=>_naqvs (B.2)
N

Considering the plasma to be a dielectric with internal currents j, we may write Eq.
(B.1) as

V x B = u,D (B.3)

where
D=cE+—j (B.4)
0]

Here we have assumed an exp (—iwf) dependence for all plasma motions. Let the
current j be proportional to E but not necessarily in the same direction (because of
the magnetic field ByZ); we may then define a conductivity tensor ¢ by the relation
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Equation (B.4) becomes

D:eo<l+—6>~E=e-E (B.6)
(1

Thus the effective dielectric constant of the plasma is the tensor
€ =¢(I+ic/cw) (B.7)

where I is the unit tensor.
To evaluate 6, we use the linearized fluid equation of motion for species s,
neglecting the collision and pressure terms:

v,
or

My ——

a,(E + v, x Bo) (B.8)

Defining the cyclotron and plasma frequencies for each species as

2
noqy

_ CIsBO
N €0 ’

s

2

(B.9)

we can separate Eq. (B.8) into x, y, and z components and solve for v, obtaining

Ey + i(0e/0)E

vy = B 2 e/ w)2 )] (B.10a)
mw 1 — (w./)

vy = 105 [ F /) (B.10b)
ms@w 1 — (/o)

vy =I5 . (B.10¢)
myw

where =+ stands for the sign of ¢,. The plasma current is

i= noqyvs (B.11)
B

so that

i ZinOS iq> E; + i(w;/0)E,
e’ —~ o mw 1 — (wc/w)
(B.12)

_Z 60 sEx £ i(wq/0)E,

a)2 1 — (wes/o)
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Using the identities

1 1 [ W n ) :|
1 — (w5 /0)* 2|0 F 05 @+ w
Wes/ W :l 1) . 1)
1-— (a),;s/a))z 2w T @ w =+ Wcs ’

we can write Eq. (B.12) as follows:

w
_ - E,
Z Ka):l:a)w—i_w:l:a)m)

1 .
O T D¢y ®* WDecs Y

Similarly, the y and z components are

0]
5
an) Jy = 22 Ka)ia)“ +a)¥wm)l !

=+ —2)E
OF 0 0ta)
p:
L= E.
) Dl

Use of Eq. (B.14) in Eq. (B.4) gives

1D _E IZ (UIZ,S 10} n 0] £
& 7 2~ ? \ 0 Fwes ©F wg x

2
o) 0] 0]
A .
+ pz — iEy|.
0°\®OF o, o F oy

419

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)



420 Appendix B: Theory of Waves in a Cold Uniform Plasma

We define the convenient abbreviations

(B.18)
1 1
S=—(R+L D=—-(R-L
S(R+L) 5 )
2
_ Dps

Using these in Eq. (B.17) and proceeding similarly with the y and z components, we
obtain

¢ 'Dy= SE, — iDE,
¢ 'Dy=iDE, + SE, (B.19)
¢ 'D. = PE.

Comparing with Eq. (B.6), we see that

S —-iD 0
e=¢|iD S 0 |= ¢ger (B.20)
0 0o P

We next derive the wave equation by taking the curl of the equation V x E = -B
and substituting V x B = u€ - E, obtaining

.. 1

V XV x E=—ppco(ex - E) = ——€x - E (B.21)

Assuming an exp (7k - r) spatial dependence of E and defining a vector index of
refraction

n=-—Kk, (B.22)

“Note that D here stands for “difference.” Tt is not the displacement vector D.
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we can write Eq. (B.21) as
px (WxE)+e-E=0. (B.23)

The uniform plasma is isotropic in the x — y plane, so we may choose the y axis so
that k, =0, without loss of generality. If & is the angle between k and B, we then
have

U, =psin @ U, = pcos py =0 (B.24)

The next step is to separate Eq. (B.23) into components, using the elements of €z
given in Eq. (B.20). This procedure readily yields

S —p*cos?@ —iD  u’*sin @ cos @ E,
iD S —u? 0 E,
u? sin @ cos 0 0 P — y*sin?0 E.

R-E

0. (B.25)

From this it is clear that the E,, E, components are coupled to E. only if one deviates
from the principal angles =0, 90°.

Equation (B.25) is a set of three simultaneous, homogeneous equations; the
condition for the existence of a solution is that the determinant of R vanish:
[|R]| =0. Expanding in minors of the second column, we then obtain

(iD)*(P — 2 sin26) + (S — u?)

B.26
X [(S — 2 cos20) (P — p?* sin20) — u* sin?@ cos 20) = 0. ( )
By replacing cos>@ by 1 —sin” @, we can solve for sin® @, obtaining
—P(u* —2Su* +RL
sin 20 (W = 250 +RL) (B.27)

"W (S—P)+2(PS—RL)’
We have used the identity $* — D*=RL. Similarly,

Su* — (PS + RL)u* + PRL

2

0= . B.28
ST T A~ P) + 42(PS —RL) (B:28)

Dividing the last two equations, we obtain

P(u* — 2Su®> +RL)

2
tan 20 = )
an Su* — (PS + RL)y?> + PRL

Since 28 =R + L, the numerator and denominator can be factored to give the cold-
plasma dispersion relation
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P(u*> —R)(u* — L)

20
a0 =52 “RL)(2 — P)

(B.29)

The principal modes of Chap. 4 can be recovered by setting € =0° and 90°. When
0=0°, there are three roots: P =0 (Langmuir wave), /42=R (R wave), and p*=L
(L wave). When 8=90°, there are two roots: ;42=RL/S (extraordinary wave) and
u”> =P (ordinary wave). By inserting the definitions of Eq. (B.18), one can verify
that these are identical to the dispersion relations given in Chap. 4, with the addition
of corrections due to ion motions.

The resonances can be found by letting u go to co. We then have

tan 2O = —P/S (B.30)

This shows that the resonance frequencies depend on angle 6. If §=0°, the possible
solutions are P =0 and § = co. The former is the plasma resonance @ = w,,, while the
latter occurs when either R=00 (electron cyclotron resonance) or L=o0c (ion
cyclotron resonance). If #=90°, the possible solutions are P=o0c or S=0. The
former cannot occur for finite @, and w, and the latter yields the upper and lower
hybrid frequencies, as well as the two-ion hybrid frequency when there is more than
one ion species.

The cutoffs can be found by setting u=0 in Eq. (B.26). Again using
s?—D? =RL, we find that the condition for cutoff is independent of &:

PRL =0 (B.31)

The conditions R =0 and L=0 yield the wz and w; cutoff frequencies of Chap. 4,
with the addition of ion corrections. The condition P =0 is seen to correspond to
cutoff as well as to resonance. This degeneracy is due to our neglect of thermal
motions. Actually, P=0 (or @=w),) is a resonance for longitudinal waves and a
cutoff for transverse waves.

The information contained in Eq. (B.29) is summarized in the Clemmow—
Mullaly—Allis diagram. One further result, not in the diagram, can be obtained
easily from this formulation. The middle line of Eq. (B.25) reads

iDE, + (S — p*)Ey, =0 (B.32)
Thus the polarization in the plane perpendicular to By is given by

iE, u*—38§
= _F - B.33

From this it is easily seen that waves are linearly polarized at resonance (u”=o0)
and circularly polarized at cutoff (/42 =0,R=0or L=0; thus S=+D).
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Part A (One Hour, Closed Book)

1. The number of electrons in a Debye sphere for n=10"" m™*, KT,=10 eV is
approximately

(A) 135
(B) 0.14

(C) 7.4 x 10°
(D) 1.7 x 10°
(E) 3.5 x 10"

2. The electron plasma frequency in a plasma of density n=10%" m is

(A) 90 MHz

(B) 900 MHz

(C) 9 GHz

(D) 90 GHz

(E) None of the above to within 10 %

3. A doubly charged helium nucleus of energy 3.5 MeV in a magnetic field of § T
has a maximum Larmor radius of approximately

(A) 2 mm
(B) 2cm
(C) 20 cm
(D) 2m
(E) 2 ft

4. A laboratory plasma with n=10""m ™3 KT,=2eV,KT;=0.1eV,and B=0.3 T
has a beta (plasma pressure/magnetic field pressure) of approximately

A) 1077
(B) 107
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10.

Appendix C: Sample Three-Hour Final Exam

() 107*
(D) 1072
(E) 107!

. The grad-B drift vyp is

(A) always in the same direction as vg

(B) always opposite to vg

(C) sometimes parallel to B

(D) always opposite to the curvature drift vg

(E) sometimes parallel to the diamagnetic drift v,

. In the toroidal plasma shown, the diamagnetic current flows mainly in the

direction

(A) +é

(B) —¢
(D) —0
(E) +2 ¢

. In the torus shown above, torsional Alfvén waves can propagate in the

directions

(A) £F
(B) +6
(®) j:(i)
(D) 40 only
(E) —0 only

. Plasma A is ten times denser than plasma B but has the same temperature and

composition. The resistivity of A relative to that of B is

(A) 100 times smaller

(B) 10 times smaller

(C) approximately the same
(D) 10 times larger

(E) 100 times larger

. The average electron velocity m in a 10-keV Maxwellian plasma is

(A) 7 x 10°> m/s
(B) 7 x 10* m/s
(C) 7% 10° m/s
(D) 7 x 10° m/s
(E) 7% 10" m/s

Which of the following waves cannot propagate when By=07?

(A) electron plasma wave
(B) the ordinary wave
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11.

12.

13.

14.

15.

(C) Alfvén wave
(D) ion acoustic wave
(E) Bohm—Gross wave

A “backward wave” is one which has

(A) k opposite to By
B) w/k<0

(©) dw/dk <0

D) vi=-v,

(E) v, opposite to v,

425

“Cutoff” and “resonance,” respectively, refer to conditions when the dielectric

constant is

(A) 0and co

(B) ccand 0

(C) Oand 1

(D) 1and 0

(E) not calculable from the plasma approximation

The lower and upper hybrid frequencies are, respectively,
(A) (©,2)" and (@,0)"
1/2 1/2
(B) (sz + 92) and (aﬂp + wf)
1/2
©) (0.2 and (wi + wz)

y o 1/2 5 )\ 172
D) (@), — g and (@, + o

(E) (orap)"” and (w00
In a fully ionized plasma, diffusion across B is mainly due to

(A) ion—ion collisions

(B) electron—electron collisions
(C) electron—ion collisions

(D) three-body collisions

(E) plasma diamagnetism

An exponential density decay with time is characteristic of

(A) fully ionized plasmas under classical diffusion
(B) fully ionized plasmas under recombination

(C) weakly ionized plasmas under recombination
(D) weakly ionized plasmas under classical diffusion

(E) fully ionized plasmas with both diffusion and recombination
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16

17.

18.

19.

20.

. The whistler mode has a circular polarization which is

(A) clockwise looking in the +B direction
(B) clockwise looking in the —Bj, direction
(C) counterclockwise looking in the +k direction
(D) counterclockwise looking in the —k direction
(E) both, since the wave is plane polarized

The phase velocity of electromagnetic waves in a plasma

(A) is always >c
(B) is never >c

(C) is sometimes >c
(D) is always <c
(E) is never <c

The following is not a possible way to heat a plasma:

(A) Cyclotron resonance heating
(B) Adiabatic compression

(C) Ohmic heating

(D) Transit time magnetic pumping
(E) Neoclassical transport

The following is not a plasma confinement device:

(A) Baseball coil

(B) Diamagnetic loop
(C) Figure-8 stellarator
(D) Levitated octopole
(E) Theta pinch

Landau damping

(A) is caused by “resonant” particles

(B) always occurs in a collisionless plasma

(C) never occurs in a collisionless plasma

(D) is a mathematical result which does not occur in experiment
(E) is the residue of imaginary singularities lying on a semicircle

Part B (Two Hours, Open Book; Do 4 Out of 5)

1.

Consider a cold plasma composed of ny hydrogen ions, %no doubly ionized He
ions, and 2n electrons. Show that there are two lower-hybrid frequencies and
give an approximate expression for each. [Hint: You may use the plasma
approximation, the assumption m/M < 1, and the formulas for v, given in the
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text. (You need not solve the equations of motion again; just use the known
solution.)]

2. Intelligent beings on a distant planet try to communicate with the earth by
sending powerful radio waves swept in frequency from 10 to 50 MHz every
minute. The linearly polarized emissions must pass through a radiation belt
plasma in such a way that E and k are perpendicular to By. It is found that
during solar flares (on their sun), frequencies between 24.25 and 28 MHz do not
get through their radiation belt. From this deduce the plasma density and
magnetic field there. (Hint: Do not round off numbers too early.)

3. When g is larger than m/M, there is a possibility of coupling between a drift wave
and an Alfvén wave to produce an instability. A necessary condition for this to
happen is that there be synchronism between the parallel wave velocities of the
two waves (along By).

(a) Show that the condition > m/M is equivalent to v4 < vy,.

(b) IfKT,=10eV,B=02T, k,=1cm ', and n=10>" m ™ find the required
value of k. for this interaction in a hydrogen plasma. You may assume
ny/no = lem™', where ny = dno/dr.

4. When anomalous diffusion is caused by unstable oscillations, Fick’s law of
diffusion does not necessarily hold. For instance, the growth rate of drift
waves depends on Vn/n, so that the diffusion coefficient D, can itself depend
on Vn. Taking a general form for D, in cylindrical geometry, namely,

on\?
. S,D
D, =Ar'n <ar> .

Show that the time behavior of a plasma decaying under diffusion follows the
equation

0
5 = fonre!
Show also that the behavior of weakly and fully ionized plasmas is recovered
in the proper limits.
5. In some semiconductors such as gallium arsenide, the current—voltage relation
looks like this:
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There is a region of negative resistance or mobility. Suppose you had a
substance with negative mobility for all values of current. Using the equation
of motion for weakly ionized plasmas with KT=B =0, plus the electron conti-
nuity equation and Poisson’s equation, perform the usual linearized wave anal-
ysis to show that there is instability for u, < 0.



Appendix D: Answers to Some Problems

1.1 (a) At standard temperature and pressure, a mole of an ideal gas contains
6.022 x 10** molecules (Avogadro’s number) and occupies 22.4 L. Hence,
the number per m® is 6.022 x 10%%/2.24 x 1072=2.69 x 10 m*
(b) Since PV =NRT, n=N/V =P/RT. Hence n,/ny= PTo/PoT,. Taking n to
be the density in part (a) and 7, to be that in part (b), we have

1073 273

= __—=330x10"m™
760 (273 + 20) o m

= (2.69 x 10¥) ——

Note that a diatomic gas such as H, will have twice as many atoms per torr

as, say, He.
1.2 ~ ~
1= J f(w)du = AhJ eI dlu/h]
= AhJ e dx = Ah\/x
—00
A = (2zKT /m)~"/?
1.2a
”]AC (u,v)dudv =1 = AJJ () Gy
J ~(u/h) duJ eI dy = AR’z
—00
A = (22KT/m)”"
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In cylindrical coordinates,

o0 oo (21 o0
1= A“ e () qu gy = AJ J eI rdrdgp = ZﬂAJ eI gy
—0 0 Jo 0

o0 o}

e xdx = ﬂAhZJ e dy = —nAh*e™”

1= 2ﬂAh2J
0

0

o0
= nAW?
0

A = (2zKT/m)™!

1.4

p =n(KT. + KT;) = 10*' (4 x 10*) (1.6 x 107"?)

= 6.4 x 10°N/m?
latm ~ 10°N/m? S p=64atm
latm ~ 14.7 1b/in2. = (14.7)(144)/(2000)
= 1.06tons /ft>
p ~ 68tons/ft*

1.5

2
d¢ __elni—n) —inooe(e‘fW”f _ eeqs/m)
dx? €0 €0

nee [ e n e¢
o &0 KT,‘ KTe
1 nee? /1 1
— —|xl/2p h — =
¢ =Goe ™, where sy ==, (KTe +1<T,->
T, <«<T, A~ (EOKTi/nooez>l/2

T, <T;, A~ (€OKTe/”ooez)l/2

However, this result is deceptive because in most experiments the ions
move too slowly to shield charges. Electrons do the shielding, so Ap
depends on T, even when T, > T;, which is the usual case.

1.6 (a)
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(b)

¢ nq
dx? g

Let p = Ax*+Bx+C; ¢/ =2Ax + B; ¢" =2A. At x=0, ¢/ =0 by symmetry
. B=0. At x==+d, ¢ =0; therefore, 0 = Ad> + C and C = —Ad".

1
o =24=-"2 - A= pgq
) 280

a2 a4 L 2 _ 2
¢ =Ax" — Ad _2£0nq(d x)

Energy E to move a charge g from x; to x, is the change in potential energy
A(qd) = q(dpr—1). Let ¢y =0 at x = +d and ¢p» = (L g)ngd” at x = 0. Then

1

E = —ng*d’.
280 "q
Let d = p; then
1 KT
E=— g2 2 — vkT = E,,
2ep nq?

for a one-dimensional Maxwellian distribution. Hence, if d > Ap, E > E,,. If
the velocities are distributed in three dimensions, we have E,, = 3 KT and
E > L E,,. The factor 3 is not important here. The point is that a thermal
particle would not have enough energy to go very far in a plasma (d > > Ap)
if the charge of one species is not neutralized by another species.

1.7 (a) hp=7400(2/10')">=10"*m, ND 4.8 x 10*.
(b) Ap=7400(0.1/10'*"* =23 x 10> m, Np = 5.4 x 10*.
(€) Ap=7400(800/10*)*=6.6 x 107" m, Np=1.2 x 10°.

1.8

Np = 1.38 x 10°73/2 /n/2
— (138 x 10°) (5 x 107)?/(10%) "
=154

1.9 From Eq. (1.18), Ap = 69(T/n)'*m,  Tin°K

1 10 /1 1
From Problem 1.5, Ap ™2 = " < + ) =420

69°T 4760 \ 100 ' 100

Hence, Ap = 0.49 m. The particle masses do not matter.
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110 V2 =14 (29) = £ (n,— ;) = £y (eV/KTe — 1) m 220 p = b 23 = kP

where k = 1/4p.
Letgp =D ? where @ is a constant in units of V-m.

d¢ | g . ® N 249 Ak
o= —CI)<r + e ):—e r_2(1+k’) iE:CD(l—&—ki)e

d¢ —kr Nk e o
5( d;) —®[ke™™ — k(1 +kr)e ™| = —k®e ™[I — (1 + kr)] = K’r*¢
¢ 2 N 27 2
r2d7 (r dr)kd) Lok =k

—Kr —r/p —Ka
e e e ag,
=0 s =9 . O=—12
r r a e

—KI‘

b = apoe = o e = e
:

111 Let T.=300 K. Then Ap=69(T/n)"/>=69(300/(10%2)"* =1.20x 108 =
12 nm
1.12 From Eq. (1.13), f(u) = Aexp (—mu?®/2KT,). From Eq. (1.6) and Problem 1.2,

Vi = (ZKTe/m)l/2 and A = n(2rcKT/m)71/2 =n/vagw

So f(u) = (n/vm/m)exp (—u?/v3). We wish to integrate f(u) from uer

o]

o0
n 22
to oo and from —uyy tOo —o0. J fu)du = J e ady =
Uerit th\/;[' Ucrir

2 r ~dy, wh /
— | e ¥dy, where y = u/vy.
\/7_[ Yerit

Let Yamu?., = eVipnizs Ueris = (ZeVio,,,-z/m)l/2 , where V. = 15.8eV.

crit =

2 (Y .
The error function erf(x) is defined as  erf(x) :_J e "dt,
0

i

2 (™ _p
erfc(x) =—=| e "dt
7l

The integral from u.; to oo is then ij e dy = ﬁerf(:(ym»,), where

\/7_7: Yerit 2

2eVi0m'z 172 m 12 evioniz 1/2 . .
Yerit = Uerit/ Vi = < " > <2KT9> = < KT, ) . This density has
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to be doubled to account for negative velocities u. Finally, the fraction of
electrons that can ionize is

A ioniz 172
_n — erfc L .
n KT,

1
21 (@ E=-m? v, = (2E/m)1/2,rL =mv, /eB.

2
<2>(1O4) (1.6 X 1019)} 1/2

=5.93 x 10'm/s

v, =

9.11 x 10731

~ (911 x107°")(5.93 x 107) 675
T (6x10 ) (05x10%) T

ry

(b) X
v, = (300)(1000) = 3 x 10°m/s

(1.67 x 107%) (3 x 10°) s
rp= —5 —+ = 6.26 x 10°m = 626km
(1.6 x 1077) (5 x 107)

(©)

1/2

()(0°) (1610 ") 1, o 10°m/s

(4)(1.67 x 107%)

(4)(1.67 x 107%7) (2.19 x 10°)
(1.6 x 107")(5.00 x 10~2)

vV, =

=0.183m

ry =

(d)

_2ME _ [()(4)(1.67 x 1077) (3.5 x 10°) (1.6 x 10719)] "

gB (2)(1.6 x 107")(8)
=338%x10%m

2.4 Let initial energy be &y, and Larmor radii r; and r,, as shown. Energy at @ is
E1=Ey+eEry; energy at @ is £, = Ey—eEr,. (It would be acceptable to say:
E12=E £ eEry here.) Also Vi, , =2 2/M. We are asked to make the
approximation
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%

For small E, expand the square root in a Taylor series:

1 1280\ "? 1eE
rl’ZQC<M) 115?0}’1’2
~1
py (280 L LeE 1 280"
27 o\ m 28 Q. \ M

1 /28\"? LeE 1 (28>
~ (=0 [ et
Q\ M 260Q.\ M
Thus

ry —rp =

eE 1 (28)\  2eE

S\ M) MQ?

independent of &,. The guiding center moves a distance 2(r;—r,) in a time
27/Q,, SO

4eE 1 2E E
c=2(r1 — Q./2x) = — =~ —
Ve (r1 rz)( / ﬂ) MQ.2r #nB B

Thus the guiding center drift is independent of the ion energy &,. The factor 2/x
would be 1 if we did not make the crude approximation.
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2.5
(a) -
n=nge? T ¢ = (KT, /e)n(n/ny)
_ 0p. KT, 0n_ KT,
b=t = "

E .  KT.-
b — "= —
® ve=-—p0=—"5

Consider electrons:
2KT,\'/? ] KT.m1 121
V, = . v == _— = ——
th m E m eBN 2 w.\

Now, rp, =mv, /eB, so for a distribution of velocities we must find an average

rr. Since v, contains two degrees of freedom, we have

L2 — 1
smvy =2 x5 KT,

The most convenient average is

<VL>rms = (ZKTC/m)l/Z = Vth

1 Vih V1 1 Vhl'L

Using this for v, in r;, we have |v5‘ =57 =37
D¢

so that |vg| = vy, implies rp =24.
(c) If we take ions instead of electrons, we have vy, =(KT/M)">=v .,

) . 1 (2KT,\ (M\ 1 T,vgv. 1T,
rLi=v, o, and |vg| =— — == = ——Vil'Li.
Li= Ve L=\ ™M J\eB) " 0T, wy  oa1, M
If |vg| = v, it is still true that rp; = 2) provided that T; =T,

26 (a) n= noexp(e*"Z/H2 _ 1) — ny /KT -, e p(r) = I
KT,
ad) KTe 2r Yy

= e

0 __9

E = —qu:El‘ E,—(I) - ar - e a2
dE, 2KT 2r2 27,2 o
- el e/ =0 M
dr ea? ( 2 >e )

0.2)(1.6 x 107")
2 2¢7'12 =17V
(1.6 % 10*19)(.01)\[6 /m
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E, . Enwe 17
Vg = ——
E B

0 VEmax = B_ = ﬁ = 8500 m/s

(b) Compare the force Mg with the force eE for an ion. (mg for an electron
would be 1836 times smaller.) ¢ =9.80 m/s>. Mg =(39)(1.67 x 10~*)
(9.80)=6.38 X 1072 N. eEpu = (1.6 x 1071)(17)=2.75x 1071 N=
4 x 10° Mg. Hence gravitational drift is 4 million times smaller.

© o

rp = B =10"’m

- e [@02)06x101)]7
Vi = (2KT/M)T = l (39)(1.67 x 10277)

=9.9 x 10’m/s

~ (39)(1.67 x 107%7)(9.9 x 10%) -
B= (105 (16 % 10 ) =4.00 x 107°T

2.8
¢ 03x10
= 3= o3 I
o (r/R)
1 [BxVB| 1 |VB
VB =V IL|———| = Zvrp|—
VB = VAL VL
a
“ vp—Bp _ 3¢ 3psy YB3
B A B| r
1 12 12KT/m KT _ (L6 x107")(KT)y 1 _ (KT),y
FVLIL " 2w. 2eB/m eB 1.6 x 107" B B
03 x 1074
B(r = 5R) = 273 —24x107'T

5R = (5)(4000 miles)(1.6 km/mile)(10° m/km)=3.2 x 10’ m
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(KT)eV
2.4 x 1077
Tons : KT = 1eV vyg = 0.39m/s

vyg = 108 = 0.39(KT), m/s

Electrons : KT =3 x 10%V ~ vyz = 1.17 x 10*m/s

(b) Ions: westward; electrons: eastward.
(¢) 2mr=(6.28)(32x10)=2.0x 10® m

. 8
t:zﬂ:M: 1.7 x 10*s = 4.8h
veg  (1.17 x 10%)

(d

Jj = nevyg neglect ions
= (107)(1.6 x 107")(1.17 x 10*) = 1.87 x 10 *A/m?

ExB1 —~E @
BxVB! — VB @
diP
—)vgr ©
Ves
Va=0

2.9 (a) vg=0, since the electron gains no energy in the parallel (6) direction.

Since the electron starts at rest with no thermal energy, it will come back to
rest after one cycle. Hence, the orbit has sharp cusps instead of loops. It is
clear that the v drift must dominate, since the electron starts to the left, and
the Lorentz force makes it move upwards.

(b) In cylindrical geometry, ¢ =A In r+B. Since



438 Appendix D: Answers to Some Problems

#(107%) =460V and ¢(01 m) = 0,

460 =A In (10~ )
0=A In (01) B=-AIn (0.1)
460 =A In (107°) — A In (0.1)
=A In (0.01) A =460/In (0.01)
460 In(0.1r)
=——[Inr —In(0.1)] = 4
P = oony i — In(0-1)] = 4607 156"V
. —0¢ —460( r) —0.1 _460/rV
Or  1n100 \0.1 ~ In100 m
460 v
= = 104—at r=10"%m
(4.6)(1)
—4 —4
g )10~ _500x107
5r (5)(1)
10*V/cm
= |E/B| = 108 ———— = 10°
[ve| = E/B| = 10° = 55 = 10°m/s

To estimate the VB drift, we must find v, in the frame moving with the
guiding center. Remember that in deriving vyg, v, was taken as the
velocity in the undisturbed circular orbit. Here, the latter is moving with
velocity v, so that it does not look circular in the lab frame. Nonetheless,
it can still be decomposed into a circular motion with velocity v, plus an
E x B drift of the guiding center. Consider the z component of velocity
(along the wire). At point @ on the orbit, v.=vg+v cos w.t =0, where
cos .= —1, its maximum negative value; hence, vp=v,. The same
result can be obtained by considering that at point @ v.=vg+v,
(cos @ ¢ = 1). The energy there, }(mv?), must equal the energy gained in
falling a distance 2r; in an electric field. Thus

1
—m(vg + VJ_) 2rpeE = 2eEm:;

2
Vit 2v v+ =dvivg (vp—v ) =0 vp=v,

E
= 2vaE =2mv,vg

Now we can calculate vyp:

VB eB (1.6 x107')(107?) 0
_n Xz =P =1.76 x 10°s7!
v 2a)c Bl T m T (911 x 107 ’
B I(—1)107* B B
dr 72
1 VE 1 4
vug = =28 x 10"m/s

2w, 210°1.8 x 10°

This amounts to a slowing down of the vg drift due to a distortion of
the orbit into a hairpin shape € because of the change in Larmor radius.
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The undisturbed orbit is the path taken by the valve on a bicycle wheel as
it rolls along:

Finally, we note that the finite Larmor radius correction to vg is
negligible:

(9.11 % 107°") (10°)
(1.6 x 107%)(0.01)

ry =

2.12 Let all velocities refer to the midplane, and let subscripts i and f refer to initial
and final states (before and after acceleration).

(a) Given: R, =5,v,;=v|;since u is conserved, v, s=v_;, and only v|| will
increase. It will increase until the pitch angle 8 reaches the loss cone:

2
.2 va 1 1 1
sin“0,, = = - -

"V, T TR T RS

Hence vﬁf/vzn =4, vy = 2v,;. Energy is

1 1 5
Ef= §M<vﬁf + vif> = 5M(4 + 102, = Emvzﬂ

1 1
E; = EM(Vﬁi + Vzn) = EM(l + 1)l =M,
Ep = 2.5E; = (2.5)(1) = 2.5keV

(b) (1) Let particle have vy > 0 and hit piston moving at velocity v, <O0. In the
frame of the piston, the particle bounces elastically and comes off with
its initial velocity, but in the opposite direction. Let ’ refer to the frame
of the piston. Initial and final velocities in this frame are
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440
v; =V) — Vi v/f =—(Vo—Vm)
(Note: v,, is negative.) Transforming back to lab frame,
Vi = vlf + Vi = —Vvo + 2vp
Since v,, is negative, the change in velocity is 2|v,,|. QED
(2) At each bounce, the change in momentum is Ap =2 m|v,|. If N is the
number of bounces, p=p|;+ NAp. Thus
N = PIr = Pli _Vir = Vi vii—vii vy
Ap 2V 2V, 2vm
Ei =M%, =1keV = (10°)(1.6 x 107"?) = 1.6 x 107'°J
1.6 x 10716\ "/
= =3.1x10°m/s
+ (1.67 x 10—27> /
vy = 10*m/s
1(3 x 10°)
N = ————= = 15bounces
2 10
(3) Average v is
P= 3 0+ 7) = 3 s+ 20
V=g Vi == (Vi i
2 ViE T Vs 2 Vi Vi
) 4.6 x 10°
= =V i = .
2 €L
L=10"m
L (15)(10"
zzfzwzmx 10%s
v 4.6 x 10°
(= 10y)
However, L changes during this time by a distance
AL =2v,t = (2)(10%) (3.2 x 10*) = 6.4 x 10"”m
so that actual time is more like 2.5 x 10® s. Since only factor-of-two
accuracy is required, it is not necessary to sum the series—the above
answer of 3.2 x 10% s will do.
2.13 (a)

Jdes =~ yL = constant .'.\'1HL + VHL =0
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® v L Av
I _ AV vy
e A o A )
I

TNAVH L 2vy—vy, L 2 10"

~—— =1 — =
V| —L 5(Zhi_i_vﬂ)Zv,,, 32 %10

=3.3 x 10%s

2.14 As B increases, Maxwell’s equation V x E=—B predicts an E-field. This
induced E-field has a component along v and accelerates the particle. If
B increases slowly and adiabatically, £ will be small; but the integrated
effect over many Larmor periods will be finite. The invariance of i allows us
to calculate the energy increases without doing this integration.
3.1 06/0t+V-j=0, where j= j, = (p/B*)E.Hence, 6 =~V - [(p/B*)E].
The time derivative of Poisson’s equation is V - E=6 /€0

JV.E=—-—])V- | )E V- [1 E=0
@) @) v (2m)

Assuming the dielectric constant € to be constant in time, we have V- D =
V- (€E) = 0. By comparison, € = 1 + p/coB.
32

nM 93, _ né? M? nM

c~1+ ~_ L — —
coB> Q2 &M 2B? €, B?

True if € > 1.
3.3 Take divergence of Egs. (3.56) and (3.58):

0

V- (VxE)=-V-B=0 .~

(V-B)=0

.. V-B =0 if it is initially zero. This is Eq. (3.57),

V-E

V- (VX B) = 0= [V - (mvi) + 4,V - (neve)] +

c

from Eq. (3.60), V - (n;v;) = —n;, V- (nev,) = —1,

. . A%
Co(=gitti = gere) + 5= =10
0

1
V-E— —(ng, + -
3 eo(n,q, neq.)| =0

If [1 =0 initially, V-E = (I/€¢)(n;q; + n.q.). This is Eq. (3.55).
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34
B xVn KT ne

ip = (KT; +KTe)T X B[
Since KT « e¢ and E «x — p/L, KT/eL x E .. jp x neE/B x nev, since
E/B =vg.

3.5 Let jp be constant in the box of width L. An=n'L, |Jp| = |Anev,| = |n'Lev,|:
from the difference between the currents on the two walls. This current Jp, is
over a box of width L, so the equivalent current density is

[ip| = p|/L = |nev,|

Equation [3.69] gives |jp| ~ |KTVn/B| = |KTn'/B|; hence, once v, is chosen so
the two formulas agree for one value of L, they agree for all L, since
L cancels out.

3.6
(@ v YKT, z x Vn
be ™ eB n
Isothermal means y=1.
. on no2x .
V=X T T
v — g KTe2mox (| 2\ OKTe2x () 2\
De =Y eB a? ng a? =7 eB a? a?
(b)
(©) vp.=(2)/(0.2A
Al — n _ (2ng/a*)(a/2) _ 1/0.04 —333m!
n| no(l —a?/4a®)  3/4 '

"vpe = (10)(33.3) = 333m/s

)
3.7 n=nge " "0 = pyet?/KTe

KT, KT, [
$=—CInl" = <— '2)

e ny e
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(@)
E——E;(f’f—KeTeigf
o= R e -0t
~ KT, 0 (—r? - KT, 2r
— 6365<?) =075 5= e QED

(b) From (a), the rotation frequency is constant whether we take vz, vp,, Vp;,
or any combination thereof, since @ =vy/r and vy o r.
(c) In lab frame,

V=V, + Vg =0.5vp, + (—Vpe)

— ) De
3.8
(@ , o no(KT +KT) 2r .0
Jp = ne(vp; —vp,) = —6 g5 ¢ "
o
(b)
(10'%)(0.5)(1.6 x 107"9) 5
ip = . —0.147A/m
0.4(r3/2r)(2.718)
or:

Jjp = ne(|[vpe| + [vpil)
(KT),y2r  (025)2r

r
= |vpi| = = = 1.25—
|vDe| |VD | B r% 0.4}% }%m/s

Using e=1.6 x 107" C, € =2.718,

. _ re! A
Jjp = (10'%) (1.6 x 10 19)(2)(1.25)7 =0.147—
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(©)
Since v, = Vg +Vp, = Vg — vg =0 in the lab frame, the current is carried entirely
by ions.

39

Bo

VXxB=puip
J(VxB)-dS:yoij-dS

{»B-dL:ﬂOJjD-dS

Choose a loop with one leg along the axis (B =B,) and one leg far away,

where B =B, Since jp is in the —0 direction, we can choose the direction of
integration dL as shown, so that jp - dS is positive. There is no B, .".

jLB “dL = (Bw — Boy)L
0 n(KT; + KT,) 2r

=" R
. L 0 2
JjD . dS = MJ J e 10  dr dz
Bor§ 0 Jo
Ll’l() (KTI + KTe) |: _),2/’40i| o0 ZL}’I()KT
= | —¢€ =
B 0 B

where T, =T;. In this integral, we have approximated B(r) by B, since B is
not greatly changed by such a small j,. Thus,

2n0KT
AB = B, — By = pig 2
By

2(47 x 1077)(10°)(0.25)(1.6 x 107'?)
0.4

=25x107°T



Appendix D: Answers to Some Problems

4.1 (a) Solve for ¢;:

KT.,ni w+ia w*—ia

¢ — — X :
! e npw*+ia w*—ia
KT, wo* + a* + ia(w* — o) ny

e w*? + a? no

If n, is real,

Im(¢;) _a(o* —w) _
Re(¢)) wo* +a> tan

Hence,

ww* + a2

445

() n; =7, *9 while ¢ =An; """ where A is a positive con-
stant. For @ < w*, we have 6 > 0. Let the phase of n; be 0 at (xo, ):
kxo — wty=0. If @ and k are positive and x, is fixed, then the phase of ¢,
is 0 at kxo — wt+0=0 or t > ty. Hence ¢, lags n, in time. If ¢, is fixed,
kx — wtg+6=0 at x < xq, S0 ¢ lags n; in space also (since w/k >0 and
the wave moves to the right, the leading wave is at larger x). If £ <0 and
w >0, the phase of ¢; would be 0 at x > xj; but since the wave now

moves to the left, ¢ still lags n;.

4.3 {
ikEl = 6—06(111‘1 - nel)
—iwmv,) = —eE; (electrons)
— ioMv;; = eE; (ions)
—iwn,; = —ikngv,; (electrons)

— ia)n,-l = —iknov,-l (iOHS)

k —ie k ie
Nel = —No (—> Ey njy =—ng <—> E,
0] mw o \Mw

1 £k ief1 1 kE
l'kEIZ——I/ZOE(——F—)El:l 1(Q2p+a)

M m w?

o = (a)2p + Qi)

Cow
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4.4 Find ¢y, E;, and v; in terms of n;:

w ni
Eq.[4-22]| : =——
q.[4-22] : vy K o
Bq.[4-23]: By = -
.[4-23] : = n
q 1 cok 1
But E] = *l‘k¢1,
e
¢1 €0k2 !

Hence, E; is 90° out of phase with ny; ¢ is 180° out of phase; and v is either in
phase or 180° out of phase, depending on the sign of w/k. In (a), E; is found

from the slope of the ¢, curve, since E; = —0¢;/0x. In (b), E;/n; o< i x sgn (k)
So=x72. If o/k>0,

E, x expi(kx + |o|t £ 7/2)

the 4 standing for the sign of k. Hence, E| leads n, by 90°. Opposite if w/k < 0.

a b c
™ \\// \\_// \__//

1 P atililin, 3 P
i ] (/f\\
“E\

2>0

W k> ™\ s P

v-’/\/\ %co ~— N

4.5
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4.7 (a)

mny(—iw)vy = —enoEy — mngvo,

( iv) ieE,
o (14+Y) =12
@ mw

. 1 k ..
ikEy = ——en; n; = —npv; (continuity)
€o ()

l k . E . —1
iEy = —— el ng L <1 n W)
co 0 [0)]

v .
Pl1+—) —a? o +ivo =’
w R 4

2
e
We need the imaginary part: 2xy+vx =0, y=(—1/2)v .". Im (0) = —v/2.
Since x=Re (w), v>0, and

(b) Let @ = x + iy. Then the dispersion relation is x° — y° + 2ixy + ivx — vy = @

E; pTiwl — it ¥ eflxtef(l/Z)vt

the oscillation is damped in time.
4.8 mno(—iw)v; = engE, — eny(v; X By). Take B in the Z direction and E, and k in
the X direction. Then the y-component is

. X
—iomy, = ev,By — = —i—
vy W,

Since @ =wj, > w,, |v,/v,| >1; and the orbit is elongated in the X direction,
which is the direction of k.

49 (a) |
VoE = ——en k=k&+ki E,=k =0
0
1
i(keEy + k.E;) = —eny
€o
We need n;:
anl . .
v +nV-vi =0 —iwn + noi(kevy + kv,) =0

We need v,, v,:

M}’l()(—ia))Vl = —enoEl — eno(vl X B())
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ie i,
X -component Ve=——FE ——,
mw
i,
y-component =0+ 0
. —1
ie a)f —ie (2
w=——FE +—3Sv = E\1—-—
mw 0}
ie
z-component : v, = ——F;
mw

2\ —1
Continuity :  n; = Mo ( ) lk E. (1 — w;) + k.E.
o \mo @

—i 2\ 7!
kiE,+ kE. = e’“’(”) k@(li;) + k.E.

eow \ mm
k., =k sin 0 k. =k cos 0

CU2 o\ —1
".Ey sin?0 + kE, cos %0 = —2 | kE, sin 20(1 — w—‘z) + kE; cos?0
® w

2

W 2\ !
1 :w—g lsinze(l —%) + 00329]

2 @2 2
l—a)—z— g{l—cos%’—l—(l—w—)cosz&]
W 10 w?

2.2

W’ w-
?,:—ch cos 20
w

o' —w? —w

o*(0* — ;) + @’ wlcos?’0 =0 QED

(b)
o* — ojw* + a)iwf cos?0 =0

1/2
207 = a)ﬁ + ( —4a’ a)cz cos 26)

For 6 — 0, cos 0 — 1,

) 1/2
207 = 0} + {(a)i + wf) - 4a)iwf]
_ 2 2 2 2
=, ot (wp — a)c>
2 _ 2 2
w”=w,,o,

The @ = w), root is the usual Langmuir oscillation. The @ = w,. root is spurious
because at @ — 0, B, does not enter the problem. For 6 — 7/2, cos® 0 — 0, 2w?
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= w% + wfl, @ = 0, w;,. The ® = w,, root is the usual upper hybrid oscillation.
The w =0 root has no physical meaning, since on oscillating perturbation was

assumed.
© 4 2 2 4 1 4 2 o 2
@ — 0,0 +1 7 @n = 70, — W, oS 0
2
(a)2 _ %a),%) + (@ poc COSQ Gw )
2 x?
y—1 +E:1 QED
(d) w0, a=1/2(wJw,+ wplo,)
1 1
2 5/4
o o
YA
o) y= sza’w:
2 g T
24— | +——wp/w. or w/w,
1§ 1 l
|
|
¥ w |
1 2 X = cos @
(e)

1/2
2 _1( 2 2 2 2
® —i(a)p—ka)c) + [(a)p—kah) — 4 a) cos 9)}

Lower root: Take (—) sign; @ is maximum when cos” @ is maximum (=1).
Thus

2 1 2 2 2 2
w” <§{(wp+a)(.) - ‘a)p -

c

=W

oSN

ifw, > o

=, ifw.>w,

=N

Upper root: Take (+) sign; @ is maximum when cos” § = 0, ®*> = @}. Thus
a)i < a)%l. This root is minimum when cos? 8 = 1; thus

2 1 2 2 2 2
oy > 2{(0)1,—1—0)6) + ‘a)p — ]
:a)%, ifw, > o,
=0 fo.>o,
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4.10 Use V., N, for proton velocity and density
V_, N_for antiprotons
v_, n_for electrons
v,, n, for positrons

(a) .
: E . E
VXE=-B VXB:#OJ‘+§VXVXE:_”0J+C_2

... @
—(kXKkXE)=—|tnse(v,—v.)— czE}

- k°E - k(k /E)

1
(0 = *K*)E = —noe(vy — V_)
o

. e
mngvy = tengE vy = +—E
m
2

1 e
2,2 2
W —c Onoe (14+1) w’,

n062
a)i, =— &= 2w§) + K
com - 0000

(Or the 2 can be incorporated into the definition of ®,,.)
(b) V-E;=(1/eq)N,—N_+n,—n_);, where n, =nge "™ n_= poe? 7~
LetT,=T_=T,n+=F noe¢/KT,. Note: Nor = no = no.

aalti—i—NOiV-Vi =0 N+ :Noigvi = nogvi
M(—iw)Vs = +eE| = tikep (M, =M_=M)
V. :%% Nis :ii—zn([)&(p
:%i—]g"" Ef;o;;w :2¢(9§,Z—Z—é>
k2x§+2:%9§,x,2) —20)—"22 T ov2= k};’f
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w2 v? _ [(kT.& 12
224k 1+ (1203 7T Une?
. ¢k c*k? o’
411l 7= R =g 4022 =1 —-—L2 =€
® P w?
L =4/€

4.12 In V x B = uqjy, j; is the current carried by electrons only, since Cl™ ions are
too heavy to move appreciably in response to a signal at microwave frequen-
cies. Hence,

J1 = —ngeeve = —(1 — K)ngeve
If w), is defined with n, (i.e., wzp = npe® /€gm), the dispersion relation becomes

2K a)é
R S

Cutoff occurs for f= (1 —x)'? fHh= (0.4)2(9)(np)'?, where

3 x 10'°

C
=_="""" 10"
! A 3
Thus
1010 2
=|— | =31x10%m>3
o [(0.63)(%] e

4.13 (a) Method 1: Let N =No. of wavelengths in length L = 0.08 m, Ny = No. of
wavelengths in absence of plasma.

1/2

N—L N_L _27r ck 7603, /
R N VA - ?

1/2

AN Ne N L Lk L Lol o /
- TN 2 N 27e ?
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L  0.08
— =" =10
Ao 0.008
5\ 12 2
(1-% /:1_10*2 1—f—”:1—(2><10*2)
w? f2
2 2 -2 e\’ ) 19
[ =r"x2x107" = " 2x107°=2.8x10
0

=3.5x10"m™’
Method 2: Let k= free-space k. The phase shift is

L
Ap = JO Akdx = (ko — k)L = (0.1)2x

This leads to the same answer.
(b) From above, AN is small if a)g/cu2 is small; hence expand square root:

w2
o (11
2 w?

4.14 From Eq. (4.101a), we have for the X-wave

L
AN ~ —
Ao

_Llo,

=5 X7 QED

@2 W,
(w2 — w%)Eeri ';0 ‘

E,=0

At resonance, ® = ;) E,=0,E = E,X. Sincek = k,x, E||k, and the wave is
longitudinal and electrostatic.
4.15 Since w; = w; + w’,, clearly w, < w,. Further,

1 1/2
Wy = 5{—0)6 + (wf + 4a)i> ]

2 2 1/2
< —[—wc + (cup +dw.wp +4w,,) }

—_— N =

:f[—a)c—k(wc—l-pr)]:w,, Sooop <wp

[\

Also,

1 5 5\ 1/2
wR =5 wc+(wl_+4wp) > W,

and
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wp — wrw, — 0, =0 (Eq. [4-107])

2 2 2 )
o —a)Ra)C—Fa)p >co(y,—|—a)p—wh

4.17 (a) Multiply Eq. (4.112b) by i and add to Eq. (4.112a):
(2 = K2 — a) (B, + iEy) + o= (E, + iEy) = 0
W
Now subtract from Eq. (4.112a):

(0" = R = @) (E, — iE,) — o< (E, — iE,) = 0

Thus
F(o) = 0* — k> — a(l + 0. /o)
Glw) = w* — 2k — a(l — w./w)
Since
2
a= “p
(1 - w2/w?)

From Egs. (4.116) and (4.117),

F(w)
G(w)

=0 for the R wave and
=0 for the L wave
(b) E,=—iE)E, = iE.. Let E?C = f(z) et Thf;n

Ey :f(Z)l e—m)t :f(z) e—lwt+1(7z/2) :f(Z) e—l[mt—(n/Z)]
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(©)

4.19

Appendix D: Answers to Some Problems

{ \ O
T I
\ J X .

lo= "BV, Va

E, lags E, by 90°. Hence E rotates counterclockwise on this diagram.
This is the same way electrons gyrate in order to create a clockwise
current and generate a B-field opposite to By. For the L wave, E, = —iE
so that

E,=f(z) e "“*™ and E, leads E, by 90°.

For an R-wave, E, = iE,. The space dependence is E, =f{7) e, E,=f)i
™ =f(r) ¢ “*™? For k > 0, E, leads E, (has the same phase at smaller z).
For k<0, E, lags E, (has the same phase at larger z).

k>0 k<0
27,2
Ak 1 a)i)/a)z Ay =1-— Cl)p/CO
? 1 —w. /o ¢ l-o /o
dv 1
2 —3aVy 2
(2w, ——=— 20 —w.) =0
( ) ¢ dw p(w2 —a)a)c)Z( )
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. 1
J20 —w, =0 0 =30

At o =120,
2 2 2
c a) ®
S=i e
V¢ 1 2 1 2 ;.
Zw(. 750)(
Vg < C.
2,2 2 | a? 0w’
420 CR @0 s e P
? l—w./o ® — o,

(0—w.)—

?2kdk = 2wdw — —awdo
(0 — w,)
W0
= 2w + 7’72 dw
(@ — o)
dw kc? kc? .
= ifo < w,

dk o+ wcw? /2(o — we)’ T+ ? /20,

But
5 1/2 o\ 1/2
ck = <w2L> ~ <w2+%> ifo < w
l—w./0 W, ¢

5 5 1/2 s 1/2
o (rem)” (1)
dk o + @ 2w, 1+ @2 200,

To prove the required result, one must also assume vg) < ¢, as is true for

whistlers, so that w%? Jow, < 1 (from line 1). Hence

P 1/2
w 0w, 12
%N26<w%’> x o'/

1
4.21 (0? = K*)E; = ol (Eq.[4-81])
0
i1 =noe(vp, —ve) (v, is the positron velocity)

From the equation of motion,
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+i . . 2 —1
v = — <EX - ""—'E,) (1 = w—2>

maw [ [

+i i 2 —1
V)7:£<E),¢BEX)( _w_;>

maw w ()

() (_Eioiw> (100) (%) (1+ 1)Ex( _ Z_z> -

2
2aJp

_"r g
1 —w?/w?

the E, term canceling out. Similarly,

20°
2 272 _ r
(0" =k )Ey_l_wg/szy

the E, term cancelling out. Both equations give

2
5‘2 k2 ! 2w »
w? w?

—w?
The R and L waves are degenerate and have the same phase velocities—
hence, no Faraday rotation.

4.22 Since the phase difference between the R and L waves is twice the angle of
rotation,

L
J (kL—kR) dz=r
0

w2 a)2 1/2
kR,L = k() (1 L)

INET

To get a simple expression for k; —kgr, we wish to expand the square root.
Let us assume we can, and then check later for consistency:

1 wz/wz
ko~ kol 1—=—2—
kot °< 21 :I:a)c/a)>
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wzp 20./w

1, 1 1

kp —k —ko—L —

LR T2 (1 —w:./o 1 —&—a)p/a))
1
T2 — 0 /0?

D) 1

— Lk —hg) = koL 22—y =2
- L R) — RO (,l) w2 _ wz 0 c
2 _ € 5 o 2_Cf2 f2
Vo =L@ ) fo =g 7.
f.=2.8x10"(0.1)Hz
c  3x10®
= =_"—""_-=375x10""H
T “
, (3% 10%) (1.41 x 10*' —7.8 x 10'%)
P (2)(1) 2.8 x 10°
=7.5x%x 10" = 9%
n=293x 10"m™3
To justify expansion, note that f. < f, so that
o’ |w? ; 7.5 x 10°
o I X —0.05< 1

L+oc/o ™ f2 (375 x 1010)?

4.24 12.7°.
4.25 (a) The X-wave cutoff frequencies are given by Eq. (4.107). Thus,
4 2
co%7 =olwtwo)= e
Nex = 411[—0)2 (Cl) + a)()

We choose the (+) sign, corresponding to the L cutoff, because that gives
the higher density.
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(b)
V

y
M

Wy We

Ol

w —»

N

MIAN

\\\

il

The left branch is the one that has a cutoff at ® = ;.. One might worry
that this branch is inaccessible if the wave is sent in from outside the
plasma. However, if @ is kept less than o, the stopband between o}, and
oR is avoided completely.

4.28 (a) U
,=9vn=(9)(10")"" =2.85 x 10°Hz

f.=28GHz/T = (2.8 x 10'%) x (107%) = 2.8 x 10°Hz
f=16x10°Hz..0,/0 >1 /o> 1
1 1/2 1
W = 5 {—wc + (a)f + 4a)§,> ] = §<—COC + \/§wc)

=0.620, foro. ~w,
fL=1(0.62)(2.8 x 10°) =1.73 x 10° > f

Also, f> all ion frequencies.

here, on low-frequency side of L
cutoff and cyclotron resonance

(b) The R-wave (whistler mode) is the only wave that propagates here.
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4.29 (a) B |
(onM)  [(1.26 x 107)(10') (1.67 x 10-27)] /2
= 6.9 x 10°m/s
eB (1.6 x107")(1) .
Q=—=— 222 =958 x 107rad
M~ (167 x 107 /s
o =0.1Q, = 9.58 x 10%rad/s
® = kvyg =2mv4/A
IfA=2L,
6.9 x 10°
L™ _mO9X10) ) e
o 958x10
(b)

L o vp/o o v4/Q o< B(nM) ™" ?B~'M o (M/n)"?

_ 133\ 2 7109\ '/
..L(2.26)(1> (W) —82m

459

This is why Alfvén waves cannot be studied in Q-machines, regardless of B.

430 (a) @ =+ AP 2wdw = 2kdk
v, = dw/dk = *k/w
o\ 172
k_[{_“
® )
w2 1/2 10)2
vg:c<1——”> ~c|l—=—L| fore® > o’
®
Vet =x . t=x/v,
2
de _x( 1) @) o xe
do ¢ 2 w? w? cw?
df cf
T2
dt xfp
(b)

LS ar\Tt (3x10%)(8 x 107)°
T <_ —) T (9)%(2 x 10%) (5 x 10°)

o =19 x10"m
— (1.9 x 10"%)(3 x 10'6) ™" = 63 parsec
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431 (a) mmyzu_@mﬁﬁzgw Ne = noed /KT,
Poisson: ikE| = k*¢p = Eloe(nl(1> +a? — ne)

(Assume z,, = 1, since the ion charge is not explicitly specified.)

k k
Continuity: ngl) =(1- E)nogvgl), ngz) = Enoav(lz)
Equation of motion:
5\ I
) _ ek £
=" Zpl1= 4.63
Vi Mj P ¢ ( wz ( )
e K e 2\
Sk =—|(1 — ng— —( 1 — =4
¢ 60l( >n0w2M1( w2>
K AN
+€ng a)zll;(l - a)(22> — ng k;(, ¢ =~ 0 (plasma approximation)
1= (1—¢) kzvfl kzv?2
@ — Q7 w? — Q)

(b) There are two roots, one near ® = £2c1 and one near w = Qc2. If € — 0,
the root near c2 approaches Qc?2 to keep the last term finite. The usual
root, near Qcl, is shifted by the presence of the M, species:

w* — Q?

2 2 2.2 2.2 2.2 cl
o = =kv; — € kvsl—kvszi2 5
w _9(72

In the last term, we may approximate o’ by Q2 + k*v2,. Thus,

2 2 2.2 k2V22 2.2
~ S.
=+ kv 4 € {9731 — ng — l]k Vi
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(©)
! k2 fD 1 K
20 — 0l 207 — Q%

V2, = KT, /Mp = (10*) (1.6 x 107") /(2)(1.67 x 107?7) = 4.79 x 10"
V= ngD =3.19 x 10"
Qup = eB/Mp = (1.6 x 1079)(5)/(2)(1.67 x 10%7) =2.40 x 10®

2
Qer =30 = 1.60 x 10 k=100m™!

[\

(0 92) (o — ) = 50 [ (0 = 92) 0¥ (0 — )]
ot — w? {QZD + QZT + Ekz( st VYT):|
02,00 + —k2 (vip Qe + v Q%) =0

w* — @?[8.32 x 10'° 4+ 3.99 x 10"°] + 1.47 x 10 + 1.53 x 10*
w* —8.72 x 10%0* + 1.63 x 10* =0

=0

1
= 5[8.72 x 10" £ (7.60 x 10% —6.52 x 1033)‘/2}
=6.0 x 10'%, 2.72 x 10'
w=245,1.65x10%sec ™! f=39and26.3MHz

E = n0<lmv§> Ve = LE
2 ima
&2
<V§> = mia? <E2>

E=ng- ¢ < 2>—ﬂ<E2>

4.32

But w? = a)%,7 E=1e <E2>
4.33

E= n0<1Mv,.2> v ~ Ey /B0
E= ;Mn0<E2>/BO ButY x Ey = B, (E2) = (a?/K%)(B2)

Mn a)

For Alfvén wave,
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4.34 (a)

(b)

©

(d)

Appendix D: Answers to Some Problems

With the L-wave, the cutoff occurs at w =, so that one requires
a)i < €w?. Since o < o, if ng is fixed (Problem 4.15), one can go to
higher values of ny (for constant €®?) with the L-wave than with the
O-wave.

For the L-cutoff,

2 2
[0 . Eomaw @,
_;’:14__‘_'_;%: 02 (]+_‘)
(6] (0] e w

Thus, to double the usual cutoff density of €ymw?/e?, one must have

fe=f

¢ 3x10°
=—=—" _ _—89x10'"H
I =3 337%10° L
8.9 x 10
_ 9 . _ —

This would be unreasonably expensive.

The plasma has a density maximum at the center, so it behaves like a
convex lens. Such a lens focuses if 7 > 1 and defocuses if n < 1. The
whistler wave always travels with vy <c (Problem 4.19), so
n = c/vy > 1, and the plasma focuses this wave.

The question is one of accessibility. If ® < . everywhere, the whistler
wave will propagate regardless of ng. However, if ® > o, the wave will
be cut off in regions of low density. From (b) above, we see that a field of
31.8 T is required; this seems too large for the scheme to be practical.

4.35 The answer should come out the same as for cold plasma.
4.36 The linearized equation of motion for either species is

—iwmngvy = gno(E + vy x Bg) — ykT:kn;

Thus

—iomnok.vy = gno(k - E + Kk - v x By) — ykTik>n,.

But k-E =0 for transverse wave, and k- (v X Bg) = —v;-(k x Bg)=0 by
assumption. The linearized equation of continuity is

—iwn; + ngik - vy =0

Substituting for k - v{, we have

Zmn, = iykaznl

iw

Thus n, is arbitrary, and we may take it to be 0. Then the V,, term vanishes for
both ions and electrons.
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4.44 For a given density, the highest cutoff frequency is mg. Thus the lowest bound
for n is given by ® = wg.

Fo_y o (1.6 x 107"%) (36 x 107*) o6
a (091 x 107 27) (1.2 x 10%)
n=f2/q" = (0.16)(1.2 x 10°)’¢2 = 2.8 x 10°m~3

4.46 Let w=wpg at ry where n=n,, w,=w,; and @ =w,, at r,, where n=ns,
w, = w,, Then

wiz =’ — o’ (4.105)
coi,1 = 0’ — 0o, (4.107)
Thus
wiz — a)il w(w —o.) = (ny — ny)e* /€gm
But

ny —ny & d|0n/0r| ~ nid/ro = (€om/e*)(w)(w — w.)(d/ro)
So

d = (w./o)rg

4.47 (a) The accessible resonance is on the far side, past the density maximum

We
w
We
.__“___‘\\
[ W2V 1 '\‘I
W,
0 1
0r

wile?

(b) Let w. be w, at the left boundary, and @, be the value at the resonance
layer, where @ = w),. Then we require
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w,o > w, wherew® = a)f + a)?,

Thus

2 2 2 2 2 2
Wy > W+, Wy — O > 0

(@0 + @) (@0 — ©c) = 20 A0, > a)i
Ao, ABy _ @,

[OFR B 0 260%

4.48 These are the upper and lower hybrid frequencies and right- and left-hand
cutoff frequencies with ion motions included. Note that a)f,7 Jw, = Qi /Q.
Resonance:

ot — (wa, @+ Q)+ 92) + 02 Q7+ 2+ 2 =0
o} ~ wp +Q (1 — w?/w}) (upper hybrid)
1
2

1 1
202 /.2 _ .
0 ~ a)CQp/a)h or _0)2_ = —a)CQC + —%) (lower hybrld)

Cutoft:

@2 . Q.
L= (14:&) 1+= Rcutoff
? 0] w L

This is more easily obtained, without approximation, from the form given in
Problem 4.50.
5.1 (a) D.=KT.mv

o= (6x)(0.53 x 10719)% = 5.29 x 10 2m?

v = <2_E)1/2 _ [(2)(2)(1.6 x 1019)]

m) | (911 x 107)

=8.39 x 10°m/s
From Problem 1.1b,

no = (3.3 x 10"%)(10%°) = 3.3 x 10”m™*

v = ngov = noov = (3.3 x 107)(5.29 x 102%)(8.39 x 10°)
=1.46 x 10°s!
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(2)(1.6 x 107")
(9.11 x 107°") (1.46 x 10°)

e =

=24 x 10*m?/s

(b) j=pneE

(1.6 x 107"%) (2.4 x 10%)
(2)(1.6 x 107")
=1.2x 10°’m?/Vs
j 2 x 10°

E=—= =1.04 x 10*V
pne (1.2 x 10%)(10'°) (1.6 x 107") . /m

4, = eD. /KT, =

5.2
on

— = DV*n — an?

ot
52 2 X 2
2 _ _ 2
DV<n = 8 5= —Dny (2L) cos 2= -D (ZL) = —an
_DyzN\2 04 /1 z B 18 _3
" 75(%) - 10—15(0.06) = 1.1>x10%m

5.4 (a) From Problem 5.1a, v., = 1.46 X 10° s~!. We need to find whether Heo iy
is large or small:

Mo My _ ~1)2
—_— = an—n,,GVjO(VtthCle
Hi  NVey

since ¢ is approximately the same for ion—neutral and electron—neutral
collisions. Thus

M\ /2
He (_> = (4% 1.836)"/* =857

eB (1.6 x107")(0.2)

we =—= L =3.52x%x 10"
m 9.11 x 10
3.52 x 10%°

Ton = ———— - x24 1+ = 580

Deten =46 x 10° @ Tan
M\ /2
QCTin = WcTep (ﬂ> ( ) = (24)(857)71 =0.28
M) \m

oo ,uel—i—Qf 7 1.08

— — < —(85.7)— = 0.16 1
Hit 1 + wgfez’n ( )580 <

, D,
D, — HisDei +po  Dis ~D,, _i_ﬂLLDu
Hiy T Hey miy

- D('J. +016D”_
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466
But
KT
D=—uyu
e
D _puTi_ 101_ .
De. u,T. 0162
Dai = De.[1 + (0.16)(0.3)] = 1.05D,, ~ D,
®) a o4 _(a)zl
(DT)I/Z_ 4= 5, DL
B 1 1
(2.4 x 1072)Des
2.4 x 10
Do, = 2219 6 4140 (from Problem 5.1)
580
St =42 us
5.5
I'=-Ddn/dx n=ny(l —x/L)
I'=Dny/L (x>0)
5.7
/191' =~ ViheTei = Vth[)/l/ei
But vy Tcl,/2 and v,; Te’3/2
S o< TY2 T3 o T2
5.8
< InA
n =52x10 Smﬂ-m (assume Z = 1)

» 2V
w =4.65x 10°Q-m
(500)*
j=1/A=(2x10%)/(7.5 x 107%) = 2.67 x 10’A/m?
E=n);=(465x107*)(2.67 x 10’) = 1.2V/m



Appendix D: Answers to Some Problems 467

5.9 (a)
KT; =20keV KT, = 10keV n = 10"?m3
B—sr p, — MK TKT)
B
InA  (107%)(10)
_ =5\
n = (2.0) (5'2 x 10 )T3{2 - (104)3/2
=1.0x107°Q-m
(1.0 x 107%)(10%") (3 x 10%) (1.6 x 10~ ")
1 = 52
=3.0 x 107*m?/s
b
Y 2w, T, — -p, "
- = rLl r = =~
dt d L or
on_ M 0.50m L= 100m
or 01 7 N
dN ) 4 21 20 —1
- (27)(0.50)(10%) (2.0 x 107*)(10°' /0.10) = 6 x 10*s
C
(© N nrrL 0.55m
= = T ivi = .
T 7dN/dl‘ 7dN/dt effective
102! 0.55)%(102
T:( )(n)( 20) ( ):150s
6 x 10
5.13
InA 10
_ -5 _ -5
=1.6x107°Q-m

2= (1.6 x 107)(10°)* = 1.6 x 10°W/m?
= 1.6 x 10°J/(m?3-s)
= (1.6 x 10°) /(1.6 x 107"%) = 10**eV /m?-s
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ar,, 2 1 4 5
y7E 3700 107 = 0.67 x 10°eV /s = 0.067eV /us
5.15 (a)
en(ETg -v,B) -V Tgpi - eznzn(vie— v,9 =0
—en(E’fg -v,.B) -V Tgpe + eznzn(vie— v, =0
add:
—VviB +veB =0.vj, = v,
(This shows ambipolar diffusion.)
(b)

op. 0
en(E, + v,y B) - % —eXnn(f,-v,)=0

0
—en(E, + v,y B) - al;‘ + eznzn(v”— v,)=0
_ E/ 1 api —
Vie=""B T enB or ~VE T Vi
__E_1 o_
VLG B enB a" _VE VDL

(c) From the first equation in (a),

e’n’n

Vi =—— o (Vie — Ven)
enn 1 (Op; 0Op, nop
= = == ver
B enB\ Or = Or B? Or
(This shows the absence of cross-field mobility.)
5.17 (a)
aVl .
Po3, = J1 X B (1)
E; +vi x By =1j; (2)
VxE =-B; VxB=yuj
VXVXE =-VxB;, =—uyj
~k(K"“E) + K’E, = iou,j, (3)

k-E =0 (transverse wave)

Solve for v, in Eq. (2):
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E, xB,+ (v, xB) xB,=nj, x B,

2
-vi.B,

:El XB()_]’]jl XB()
B} B}

Vil

Substitute in Eq. (1), which has no parallel component anyway:

. E; xBy nj; x Bo> .
Bj Bj

Since, by Eq. (3), E and j; are in the same direction, take them both to be in
the X -direction. Then the y-component is

E, iBy ny .
o (224 1)),
By wpy By

Equation (3) becomes

_E By n\"
KRE| = pyio— | —= +
: ”Oleo (wﬂo - By

B2 !
= Uy wz(p—o—iqw> E,
0

? <32 )
— = fo| — — ion
2"\ gy
2
k = (uyo?) (po ion
1/2

. -1/2
_ (ﬂopo> _ ionpy
B; B;

wnpy (wopo)'? @iy 1
Im(k) = ==

(b)

—1/2

But for small 5, @ = kv, where k =Re (k)

(n) (k)

SIm(k) &~ N
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6.4 (a
(@) jxB=Vp=KTVn (KT =KT,+ KT; here)

(jxB)xB=KTVnxB=B(j-B)— jB

The parallel component is 0 =j ||B2 —J ||B2 .. J|| is arbitrary. The perpendic-
ular component is

. KT KT On .
Ji :?BXVUZ?EQ

(b)
VxB-dS:ﬂojj-ds

§B L = a8 = | sy
0

since j and dS are both in the 6 direction, and L is the width of the loop in
the Z direction. By symmetry, there can be no B,., so only the two z-legs of
the loop contribute to the line integral. Substituting for jy, we have

dr

_ > On/or
(Bax - BO)L - /"tOLKT JO B(r)

(¢) 0n/Or=—nyd(r — a), since On/Or is a function that is zero everywhere
except at r =a, is —oo there, and has an integral equal to —ng. Thus

00 S(r —
Bu — By = ﬂOKTJ Gt

o TBE)

Since all the diamagnetic current is concentrated at r = a, B takes a jump
from a constant value B,, inside the plasma to another constant value B
outside. (Remember that the field inside an infinite solenoid is uniform.)
Upon integrating across the jump, one obtains the average value of B on
the two sides, i.e., B(a) = 1 (B, + Bo). Thus

-1
Bax — BO = //l()KTI’lO 1
E(Bax + BO)
B2 — By = —2uonoKT
B2 2unoKT
| —oa DL 1B, =0

B B
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6.5 (a) By Faraday’s law, V= —d®/dt
do
.'.Jth = —NJ—dt = —NAD
dt
Since A® is the flux change due to the diamagnetic decrease in B,
—NA® = —NJ (B—By) -dS

The sign depends on which side of V is considered positive. In practice, this
is of no consequence because the oscilloscope trace can easily be inverted
by using the polarity switch.
(b) In Problem 6.4b, we can draw the loop so that its inner leg lies at an
arbitrary radius r rather than on the axis. We then have

* On/O0r . > On/or .
B(r) — By = ,u(,KTJ CUICLRIN /JOKTJ nfor
» B(r) r 0
where again KT is short for X KT
8n (—27’) ,2/,2
— =no| ——
D 2
ﬂOKTnOJA —r/r
B(r)—B — | e o2r dr
( ) 0 B() r% ~
_ HonoKT {eﬂ’z/rg} —HonoKT 20
B() 7 B()

This is the diamagnetic change in B at any r. To get the loop signal, we
must integrate over the plasma cross section.

JV‘” _ —NJ (B~ Bo)-dS — —N” B(r) — Bolrdrdo
where both B and dS are in the Z direction. Substituting for B(r) — By and

assuming the coil lies well outside the plasma, we have

KT
det:N//%

o0 27,2
ZEJ e " Mordr
0 0

/AOI’ZQKT 2 22 0 1 ) 2/40n0KT
= NaPE bl ] = v g )P

(c) The quantity in parentheses is f by definition; hence,
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1
J Vdt = 5Nm%;ﬁBO

Both sides of this equation have units of flux,

6.6 (a) For each stream, we have

0
m<%+ vo - VVI) = —¢eE| = (—iw + ikvo)v;
— —ieE1
' m(w — kvo)
5n1
WJFI’I()(V'V]) + (V() 'V)I’ll =0
k
(—iw + ikvo)ny + ikngyy =0 ny =ng "
w — kV()

—ikEle

Rl —

Poisson: ikE| = (e/ep)(n1,+nyp), Where stream a has vy, = voX, ng, = 1np;

stream b has vy, = —voX, nop = inp. Thus
1 1
e —ikeE 510 570
ikE1=—<—>< 1) 2 +—2
€o m (w—kvo)”  (@+kvy)
1= noe? 1 1 1
€om 2| (w—kvo)*  (@+kvj)

(b)

) w* + kzv%

)

ot — (co?7 + 2k2v%> @? + k*v? (kzv(z) — a)2p> =0
1 1 1/2

w? = 5(0)2” + 2k2vé) + i(w‘; + Swikzvé)

l=w

Let

2.2 2
2y 5, 2o
T2 T2

@p @
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Then
YV =1+x+ (144"

y can be complex only if the (—) sign is taken. This y is pure imaginary,
and we can let y =1iy:

V2= (14407 = (14x)
d 3
() =201 +40)"—1=0 x= 1

dx
Thus
7 1
2 _(qapt2_L__
v \([+) 44
1 2Im(w) )
=37, M@ =50

6.8 (a) | 5
— 2|
| =w, [wz + (o ku)zl

where a)zp = npe?/eom.

(b) This equation is the same as Eq. (6.30) except that m/M is replaced by 6,
which is also small, and that the rest frame has changed to one moving
with velocity u. The maximum growth rate does not depend on frame, as
can be seen from Fig. 6.11 by imagining y to be plotted in the z direction
vs. x and y; a shift in the origin of x will not affect the peak. Analogy with
Eq. (6.35) then gives

Vmax ~ 51/30}[’

(The exact constant that should appear here is 32273 =0.69. The

derivation of y,.x, Which is difficult because the dispersion relation is

cubic, and the proof that it is independent of frame for real k are left as
exercises for the advanced student.)

6.9 (a) Since only the y component of v; and E are involved, the given relation is
easily found from Eqgs. (4.98b) and (6.23), plus continuity and Poisson’s
equation. Note that €, is defined with 7, not (1/2)n,.

1 -1
(b) Let a= Egi(l + wi /wf) , = k*v}. Then the dispersion relation

reduces to
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o —2(a+ p)o* + =2 =0
The dispersion w(k) is given by
0’ =a+p+ (a2+4aﬂ)1/2

1/2

Instability occurs if (& +4ap)"> > a+p, or f<2a, ie.,

-1
@< (@28) (1402 /e?)
Where this is satisfied, the growth rate is given by

y= [(az+4aﬂ)l/2— (a—&-[})}l/z

7.3 (a) n L
fpv) = aﬂlp/ze—» e
Ny _(v—v)2/p?
() = bn.l/Ze A
(b)
f/ (v) _ ny _2(V — V) e*(V*V)z/bz
b bﬂ'l/z b2
) —2n, 20 =V vem
fb(V):b3ﬂ1/2 ll_ B eI =0
V=V =2b/\2 vy=V-b/V2
/ 1/21p _
Folve) = @)
©

/ - np _2 b —(v-b \/5 2 ol
fh (U¢) = aiﬂ'l/z (az> <V — 21/2>€ ( / ) /

~ 2an _VZ/aZ
0371'1/2

V>b
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(d)

% 1/2@671/2 2” V Vz/az
bZ (,13 1/2

T
T _ ()12 B e U _To
n, (2e) "5 Ve a2 T
P P
- (2e1/2>—Tbve_V2/"
n pa

7.8 From Eq. (7.127), we obtain Y a;Z'({;) = 2T;/T,, where a; = ng;/no., {; = w/kvg.
Assume at first that ay is small, so that a4 ~ 1, ay = a; furthermore, small
a means that v, will be nearly unchanged from v, of argon. Then doubling the

Landau damping rate means Im Z'((;)=Im Z/({4), where Im Z (Cj) =
—2i/7¢;e 1. = Thus

Lo 6 = atye S a— A (GG)
Cn
12
Z”‘_A: % a = (40)]/26_53&(1_1/40)
Ch My
o KT+ 3KT, My 13
2= . -2

My 2KT; 2
a = V40e 050975 =112 x 1072 ~ 1%

Thus a is so small that our initial assumptions are justified.

7.9 (a) 2

2 =L L)+ 2 (@)
Di

9e

(b) ,
Z(&) ~ =2 =2iVaLe™t

Since {, < (.« 1,
mZ ()| < [ImZ'(g,)]

(¢) Since Z'(&,) ~Z'({.) = —2), the £, term in (a) is negligible compared with
the {, term if 8,>> 6, and a < 1/2. Now the dispersion relation is

2 B , 2
Z@)| =24 A9 “)=§<1Ta+nk>

B e T T,
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83

8.4

8.6

Appendix D: Answers to Some Problems

The last term is ~ kz/% and is negligible when quasineutrality holds. Thus the
ion wave dispersion relation is the same as usual, except that T;/T, has been
replaced by (1 — a) T;/T,. Since small T;/T, means less Landau damping, the
hot electrons have decreased ion Landau damping.

Refer to Fig. 8.4. Take a number of ions with v =1 and split them into two
groups, one with v=uy+ A and one with v=u,— A. After acceleration in a
potential ¢, the faster half will have less fractional energy gain (because it
started with more energy) and, hence, will have less fractional density
decrease. The opposite is true for the slower half, and to first order the total
density decrease is the same as if all ions had v =u,. However, there is a
second-order effect which makes the slower group dominate. This can be seen
by making A so large that v~ 0 for the slower half, which clearly must then
suffer a huge density decrease. To compensate for this, 1y must be increased to
higher than the Bohm value.

The maximum current occurs when the space charge of decelerated ions near
grid 3 decreases the electric field to zero. Thus we can apply the Child-
Langmuir law to the region between grids 2 and 3.

. 1/2 1 3/
S_4[@(6x10 7;) (8.85 x 10732)2(100) P 7722
(4)(1.67 x 1077) (107) "

9
A=74x 107%)? = 1.26 x 1075 m?
I=JA=0.34mA

(a) Atw,=w,

€o(E?) _
2L

Fn = —

CDetr = 3€0(E?). But Iy = c€o(E*) = P/A, where P=10"" and A =
(m/4) (50 x 107> =1.96 x 10~° m?

P 10" N
== =850 x 10" —
Pt =2eA = (2)(3 x 10°)(1.96 x 1079) m?
8.50 x 10'")(0.2248 Ib
_{ )(2 )=1.23><1087
(39.37) in.

b
®) F=pA P/2c=10"/(2)(3 x 10*) = 1667N

F=Mg M=F/g=1667/9.8=170kg = 0.17 tonnes
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©
2nKT = peg
. 1 11
= IO 66 107m
(2)(10%) (1.6 x 107")
8.7
0 n 0 (€o(E?)
Fao =Vp..— (nKT) = ———
Nk P (nKT) ne 8r( 2 >
1on €& 0 ,, €o(E?)
- E*) Inn 1
nor 2nCKTar< ) = T oukT T
n = nge=® <E2>/2nL.KT
Atr=0,
Ninin = n06760<52>max/2n,KT _ noe_"
2
— e0<E >max
2n.KT
8.9

ko = 2x/dg = 27/1.06 x 107 = 5.93 x 10°m™!
ki ~ 2k =1.19 x 10'm~!

KT, + 3KT,\ '/*
vy = — =

= Aw = kivy = (1.19 x

(10°)(1.6 x 10717)
(2)(1.67 x 107 1 < >

107)(2.19 x 10°) <1 Z)

1/2
=2.61 x 102 <1 +2)

Ao A aw = —Pp = LV
@ Mo My yo
27)(3 x 10®
__oBx10) )2 (21.9 x 1071°)
(1.06 x 107°)
=3.67 x 1012

L3 _ (367 x10° 2
0 \261x102)

T, 1
2 9="f=3 T, =-keV
T, 3¢

477
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8.10
(a) <E2> B 1_2 _ Bawmnl' Iy
0/ 77 c1ca
ey = Sy @y
T M T @22
<E2> _ 4w1F1w%y noM _ 4w1F1w%1/Mm
o/ wzk% E()Cl)%, N wzk%ez
() = *(Eg) 4o TiwM
0/ = 2.2 — 2
m-wy wrkim
) a)_% _ oM _ 0?vIM - (VE) _ 4w
' y2 KT, M 2 w1
(b)
<V%> _ 4F11/€i
y2 w10

e
since w, =~ wgy when n < n,.

2zc  (27) (3 x 10%) 178 % 104!

wy=—=—"""-=
ho 106 x 107° o
- 2
2 _ KT, _ (10%) (1.6 x 17(30 ) 176w 108 ™
m (0.91 x 107°) 5>
Lo (m\'2 12,-610)2 g _Le _
o= (5) o) 0=~ 10
=3.40 x 1072 .
n=52x 10*5% = w =52x1077Q-m
T, (100)~2
2 23 -19 =7
Vei = ”;’7 _ (10 )(1‘6(0X9110X 12)(350')2 0T ) ag e 10%5
4)(3.4 x 107%)(1.46 x 10° 2
() = I X”g x)fo“‘ < 10) (176 x 107) = 1.96 x 1075

From Problem 8.6(a):

2
lo = co(E”) = c&o 5 (v5)
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(0.91 x 1079)%(1.78 x 10'*)*(1.96 x 107)
(1.6 x 10719)°

Ip = (3 x10*)(8.854 x 107'?)
W W

=534 x 10— =5.34 x 10°—
m?2 cm?

8.11 (a)f + 2iyo, — a)%) {(a)s + iy — 0)0)2 — w%} = %clczf(z).
If“’? = w%, (w5 — wo)z = w%, andy/ws < 1, then
. . T
iyws)[2iy(ws — wo)] = chcon = 4y’ w0,

From Problem 8.10,

2 4 2.2 2
Cokijw, kwe

nowidM  wimM

,  BarlE,  KBolWim  (2k)QL%
16w,03mM 16w, M 16wow;

2022 _ 1/2
. a)Ovao y = V_O @ o
4 wow; 2 \ ws P

Y

8.13 (a)
0
Mnoa—: = enoE — v,KT;V, — Mnovv + Fyy.

Mno(—iw + v)v = eng(—ikep) — v;KT;ikny + Fni
with e¢/KT, = n/ny, this becomes

. ny  iFnp
+iv)y =kvi—+ =
(@+iv) “no | Mng

Continuity:

F
—iwn; + ik}’loV = —iwny + lki’lo(a} 4 il/)_l |:kV2ﬂ +l NL:| —0

Si’lo Ml’l() -
(a)2 + ivw — kzvf)nl = ikFn./M

When FNL = O,
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| .
a)2(1 + l%) = kzvf.'.w ~ kvx(l — 515) = kv, — %V

Hence —Imw= T =v/2. So(a)2 +2iTw — kzvf)nl = ikFyL/M

(b) » 2
o, w, .
Fy, = — V€0<E0E2> . lk€0<EoE2>
Wow? wow?
Thus,

M (EE) M

c1 =
[OL10) M

ikFnp 1 ik (—a)é i Eo) _ a)é @
wowr

8.14 The upper sideband has Aw, = hwo+ fiwy, so that the outgoing photon has
more energy than the original photon %wy. The lower sideband would be
expected to be more favorable energetically, since it is an exothermic reac-
tion, with fiw, = hiwg — hiw;.

8.18 U —ct)=3c¢ sech® [(c/2)"*(&—c1)], where E=6"2(X —7), t=6"7,
X =x/Ap, ' =Q,t, 6=M—1

C=§—ct=51/2<x;—w—6cﬁt)

D Ap

since Ap€2p, = s

The soliton has a peak at { = 0. The velocity of the peak is dx/dt = (1 + c)v.
By definition,

Mvs = (1+6)v

=1 Upx=3c=3

From Eq. (8.111),
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_ €max
R OX(max = OUmax

Xmax = KT
e ¢ 121

L5 Pmax 120y
KT, Upnax 103

vp = (1 +8)vy = 1.4y,

KT\ > 10)(1.6 x 107"
vi=|—-] = (o) 727) =3.10 x 10*
1.67 x 10

M
vp =433 x 10'm/s

1
At half maximum, sech’a = 5a= 0.8814 = \ﬂg.-.g =1.25 =§"2x/Apat
t=0, say.

52 = /0.4 =0.632
1/2
<€°KZ“> =2.35x 107*m = 0.235mm
npe
1.25M\p
X = 0632 0.46mm FWHM = 2x = 0.93mm

o =

8.21 lu| = 4A'?| sechx]|.".|u* = 16A] sec hx|?

Lo/ N1
on = 4|u|2<ez B 1) ~ — uf = 44| sechuf

on = —4Alsechx|* ~ —2A
sw, lén 1
= Ay =-A
w, 2n 2( )

.. A is frequency shifted due to 6n.

8.22 In real units,

y =2 = 44" 2gech

Ve

_ V x
3\/9}\1)

Ap

%1/2 i—Kcot expy —I ﬂ—|—1V—2—A ® pt
3 ve P w, 6V, b
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KT\ /2 2\ 1/2 d
v, = < - ) =593 x 10°m/s w, = <K> — 178 x 109%

com
, K .
A =5 =333x 107*m k= (krn) _ 03 _ g 0« 10%m-!
@, Ao o
u, , =442 —iwmy = —eE = —e(—ikgp)..¢p = *%

mw 12
by~ o (@2 +3632) 2,01 x 107

Al/2 :ked’pfp :ieqﬁp,pl:@@ﬂ
4mawv, 4w KT, v, 4w KT,
kv,3.2

=222 _0.106
4 2
A=1.13x 1072
(a)
hx =L x=1315=(* i

S€C —2 = 1. = 3 }\‘D
3\ /2 (1.315)(3.33 x 107%)

(2 =5.04 x 1073

* (2> 0.106 304> 10

FWHM =2x=1.01 x 1072=10.1 mm

®) 1.01 x 1072
= =145
2r/k
© -2 9 7
Sw =Aw, = (1.13 x 107%)(1.78 x 10?) =2 x 107rad/s
5f = éw/2m = 3.2 x 10° = 3.2MHz
8.23

32— (3)(3)(1.6 x 107")
¢ 0.91 x 107
(10'6) (1.6 x 10°%%)?
(8.824 x 107'%) (0.91 x 107%)

o’ (in) = 0.4¢7 (out)

= 1.58 x 10”m?* /s

d2
@’ (out) = — 318 x 10"
S
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@3 (out) — @’ (in)  3.18 x 10"

K= —
e 3v2 1.58 x 10'2
=121 x 10'm2
2
i = —— = 1.81 x 10~m = 1.81 mm

kmax

(1-0.4)
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Index

A
Acoustic speed, 133, 281, 329, 344
Adiabatic compression, 40, 41, 47, 64
Adiabatic invariants, 42—44, 47, 53
Alfvén velocity, 128
Alfvén waves

damping of, 184

energy density of, 138

shear, 130

torsional, 130, 137
Ambipolar diffusion, 149, 161, 162, 164
Anomalous resistivity, 268
Antimatter, 112
Arecibo, 299
ASDEX tokamak, 23
Atmospheric-pressure plasma, 17, 339
Aurora Borealis, 1, 350

B
B drifts, 15, 27, 28, 30, 34, 37, 70, 180,
185, 187
Bananas, 20, 22, 181
diffusion, 181
orbits, 20, 22, 181
Baseball coil, 11, 12
Beam-plasma instability, 202, 219
Bennett pinch, 6
Bernstein waves
electron, 261, 262
ion, 263, 265
neutralized, 263, 265
Bessel function, 153, 154, 177, 257, 258
Beta, 30
BGK mode, 244

© Springer International Publishing Switzerland 2016

BICEP2, 2

Bohm current, 275

Bohm diffusion, 178-180

Bohm-Gross wave, 339

Bohm time, 179

Boltzmann equation, 217, 218, 222-224

Boltzmann relation, 12, 25, 71-73, 92, 103,
112, 140, 207, 264, 271, 272,
271, 329

Bootstrap current, 21-24

Bosch process, 47

Bounce frequency, 44, 47, 305, 306

Bow shock, 276

Buneman instability, 201

C
Calutron, 1
Caviton, 307, 320, 321
Clemmow-Mullaly—Allis (CMA) diagram,
135, 137
Coburn graph, 48
CO, laser, 16, 35, 111
Cold-plasma dispersion relation, 143
Collective behavior, 2, 3, 11
Collision frequency
electron-electron, 165
electron—ion, 165, 182, 209
ion—ion, 164, 165, 255
Collisions
Coulomb, 164, 167, 168, 178, 219
like-particle, 166, 175, 335
unlike-particle, 165
Communications blackout, 111, 112
Constant-p surfaces, 189
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486

Continuity, 55, 64, 78, 82, 89, 90, 92, 100,
103, 105, 132, 140, 148, 154, 156,
162, 174, 176-178, 184, 198, 201,
204, 208, 222, 233, 239, 271, 296,
309, 337, 342, 344
Convective cells, 180
Convective derivative, 57, 147, 218
Coulomb barrier, 269
Coulomb collision, 164, 167, 168, 178, 219
Coupling parameter, 335
Crab nebula, 15, 141, 192
Critical density, 34, 108, 111, 286, 291
Critical dimensions (CD), 45, 47, 308,
344, 345
Cross-section
definition, 20
of H atom, 47
momentum transfer, 183
Current drive, 28
Curvature
drifts, 8, 28, 34, 69, 179, 181
unfavorable curvature, 8
Cusps, 5, 43
Cutoffs
frequency, 108, 118, 122, 141
left-hand, 118, 142
right-hand, 119, 141
Cyclotron damping, 256, 258, 259, 261
Cyclotron frequency, of electrons, 81
Cyclotron harmonics, 256, 262-264
Cyclotron-ion instability, 11
Cylindrical coordinates, 7, 28

D
Debye length, 10, 17, 18, 91, 105, 149, 270,
274, 275, 335, 339
Debye shielding, 8, 10, 11, 18, 74, 102, 104,
169, 180, 270
Diamagnetic current, 68, 69, 71, 189, 191, 192,
194, 195
Diamagnetic drift, 66-69, 71, 160, 203, 208
Diamagnetic loop, 195
Dielectric barrier discharge, 351, 352
Dielectric tensor
kinetic, 257
low-frequency, 55, 56
Diffusion
across B, 158, 160, 161
ambipolar, 148, 161, 162, 164
anomalous, 163, 180
Bohm, 178, 180
equation, 150, 152, 153, 155, 177, 193

Index

of magnetic field, 177, 192
modes, 152-154, 164
neoclassical, 20, 178, 181, 182
Diffusion coefficient
ambipolar, 149, 164
Bohm, 183
classical, 180, 181, 183
fully ionized, 175
partially ionized, 175
DIII-D tokamak, 28, 30
Direct conversion, 11, 14
Disruptions, 18, 29-31
Distribution function, 9, 12, 61, 63, 210-212,
218, 219, 226, 229, 231, 232, 246-249,
251, 268, 283, 294, 301, 302, 306
Divertors, 16, 24-25, 27
Double layer, 55, 282, 283
DP machine, 282, 283
Drift instability, 37, 207, 209
Drift waves, 71, 77, 206-209, 267
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gravitational, 5, 24, 202, 203
Harris, 197
kinetic, 197
kink, 5, 6, 16
loss cone, 197
Rayleigh-Taylor, 6, 39, 197, 202, 326
sausage, 5, 6
streaming, 196, 201
universal, 197
velocity space, 198
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Looney-Brown experiment, 85
Loschmidt number, 7
Loss cone, 5, 10-12, 33-35, 43, 198, 216
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Molecular dynamics, 46, 48

N

National Ignition Facility (NIF), 39, 40, 42, 43
Navier—Stokes equation, 63, 89
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Neoclassical diffusion, 20, 181, 182
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Ohmic heating, 16, 170, 193, 268
Ordinary wave, damping of, 139
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Plasma waves, 17, 33-37, 71, 83, 84, 86-88,
93, 107, 108, 126, 142, 148, 163, 174,

489

180, 187, 191, 196, 220, 226, 229, 245~
247,249, 251, 255, 268, 290, 291, 293,
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Thermonuclear reactions, 3, 14, 15, 145

Theta pinch, 8

TOKAMAK, 3, 13, 18-21, 23, 24, 26-28, 30,
31, 182, 326, 327
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Universal instability, 206
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Van Allen belts, 33
Van Allen radiation belts, 14, 349
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Wave steepening, 307
Wave—wave interactions, 268, 287
Weakly ionized gases, 154, 163, 175
Weibel instability, 210
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