
Appendix A: Units, Constants and Formulas,
Vector Relations

Units

The formulas in this book are written in the mks units of the International System

(SI). In much of the research literature, however, the cgs-Gaussian system is still

used. The following table compares the vacuum Maxwell equations, the fluid

equation of motion, and the idealized Ohm’s law in the two systems:

mks-SI cgs-Gaussian

∇ �D= e(ni� ne) ∇ �E = 4πe(ni� ne)

∇ � E ¼ � _B c∇ � E ¼ � _B

∇ �B = 0 ∇ �B = 0

∇ �H ¼ jþ _D c∇ � B ¼ 4π jþ _E

D= E0E B = μ0H E= μ = 1

mn dv
dt ¼ qn Eþ v� Bð Þ � ∇ p mn dv

dt ¼ qn Eþ 1
cv� B

� �� ∇ p

E+ v�B= 0 Eþ 1
c v� B ¼ 0

The equation of continuity is the same in both systems.

In the Gaussian system, all electrical quantities are in electrostatic units (esu)

except B, which is in gauss (emu); the factors of c are written explicitly to

accommodate this exception. In the mks system, B is measured in tesla (Wb/m2),

each of which is worth 104 gauss. Electric fields E are in esu/cm in cgs and V/m in

mks. Since one esu of potential is 300 V, one esu/cm is the same as 3� 104 V/m.

The ratio of E to B is dimensionless in the Gaussian system, so that vE = cE/B. In the
mks system, E/B has the dimensions of a velocity, so that vE=E/B. This fact is

useful to keep in mind when checking the dimensions of various terms in an

equation in looking for algebraic errors.
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The current density j= nev has the same form in both systems. In cgs, n and v
are in cm�3 and cm/s, and e has the value e=4.8� 10�10 esu; then j comes out in

esu/cm2, where 1 esu of current equals c�1 emu or 10/c=1/(3� 109) A. In mks, n and
v are in m�3 and m/s, and e has the value e=1.6� 10�19 C; then j comes out in A/m2.

Most cgs formulas can be converted to mks by replacing B/c by B and 4π by E�1
0 ,

where 1/4πE0 = 9� 109. For instance, electric field energy density is E2/8π in cgs

and E0E
2/2 in mks, and magnetic field energy density is B2/8π in cgs and B2/2 μ0 in

mks. Here we have used the fact that (E0μ0)
�1/2 = c= 3� 108 m/s.

The energy KT is usually given in electron volts. In cgs, one must convert TeV to

ergs by multiplying by 1.6� 10�12 erg/eV. In mks, one converts TeV to joules by

multiplying by 1.6� 10�19 J/eV. This last number is, of course, just the charge e in
mks, since that is how the electron volt is defined.

Useful Constants and Formulas

Constants

mks cgs

c Velocity of light 3� 108 m/s 3� 1010 cm/s

e Electron charge 1.6� 10�19 C 4.8� 10�10 esu

m Electron mass 0.91� 10�30 kg 0.91� 10�27 g

M Proton mass 1.67� 10�27 kg 1.67� 10�24 g

M/m 1837 1837

(M/m)1/2 43 43

K Boltzmann’s constant 1.38� 10�23 J/K 1.38� 10�16 erg/K

eV Electron volt 1.6� 10�19 J 1.6� 10�12 erg

1 eV Of temperature KT 11,600 K 11,600 K

E0 Permittivity of free space 8.854� 10�12 F/m

μ0 Permeability of free space 4π� 10�7 H/m

πa20 Cross section of H atom 0.88� 10�20 m2 0.88� 10�16 cm2

Density of neutral atoms at room temperature and

1 mTorr pressure

3.3� 1019 m�3 3.3� 1013 cm�3

Formulas (H) for hydrogen

mks cgs-Gaussian

Handy formula

(n in cm�3)

ωp Plasma frequency ne2

E0m

� �1=2
4πne2

m

� �1=2 f p ¼ 9000
ffiffiffi
n

p
s�1

ωc Electron cyclotron

frequency

eB

m

eB

mc

fc = 2.8 GHz/kG

λD Debye length E0KTe

ne2

� �1=2 KTe

4πne2

� �1=2 740(TeV/n)
1/2 cm

rL Larmor radius mv⊥
eB

mv⊥c

eB
1:4T1=2

ev

BkG

mm Hð Þ

(continued)
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Formulas (H) for hydrogen

mks cgs-Gaussian

Handy formula

(n in cm�3)

vA Alfvén speed B

μ0ρð Þ1=2
B

4πρð Þ1=2
2:2� 1011 Bffiffi

n
p cm

s Hð Þ

vs Acoustic speed (Ti = 0) KTe

M

� �1=2 KTe

M

� �1=2
106 T

1=2
eV

cm
s Hð Þ

vE E�B drift speed E

B

cE

B
108

E V=cmð Þ
B Gð Þ

cm
s

vD Diamagnetic drift speed KT

eB

n
0

n

cKT

eB

n
0

n

108TeV

B
1
R
cm
s

β Magnetic/plasma

pressure

nKT

B2=2μ0

nKT

B2=8π

vthe Electron thermal speed 2KTe

m

� �1=2
2KTe

m

� �1=2
5:9� 107 T

1=2
eV

cm
s

νei Electron–ion collision

frequency
� ω p

ND

’ 2� 10�6 Zne lnΛ
T
3=2
eV

s�1

νee Electron–electron colli-

sion frequency
’ 5� 10�6 n lnΛ

T
3=2
eV

s�1

νii Ion–ion collision

frequency
Z4 m

M

� �1=2 Te

Ti

� �3=2
νee

λei Collision mean free path � λee� λii ’ 3:4� 1013
T2
eV

n lnΛ cm Hð Þ
vosc Peak electron quiver

velocity

eE0

mω0

eE0

mω0

v2osc
c2

¼ 7:3I19λ
2
μ

v2osc
v2e

¼ 3:7
I13λ

2
μ

TeV

Useful Vector Relations

A � B� Cð Þ ¼ B � C� Að Þ ¼ C � A� Bð Þ � ABCð Þ
A� B� Cð Þ ¼ B A � Cð Þ � C A � Bð Þ

A� B
� � C� Dð Þ ¼ A � Cð Þ B � Dð Þ � A � Dð Þ�B � C� �

A� B
�� C� Dð Þ ¼ �ABD� �

C � ABCð ÞD ¼ ACDð ÞB � BCDð ÞA
∇ � ϕAð Þ ¼ A � ∇ϕþ ϕ∇ � A

∇ � ϕAð Þ ¼ ∇ϕ� Aþ ϕ∇ � A
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A� ∇ � Bð Þ ¼ ∇ A � B� � �
A � ∇� �

B � B � ∇ð ÞA � B� ∇ � Að Þ
A � ∇ð ÞA ¼ ∇ 1

2
A2

� �
� A� ∇ � Að Þ

∇ � A� Bð Þ ¼ B � ∇ � Að Þ � A � ∇ � Bð Þ
∇ � A� Bð Þ ¼ A ∇ � B� � B∇ � Aþ �B � ∇� �

A � A � ∇ð ÞB
∇ � A � ∇ð ÞA½ � ¼ A � ∇ð Þ ∇ � Að Þ þ ∇ � Að Þ ∇ � Að Þ � ∇ � Að Þ � ∇½ �A

∇ � ∇ � A ¼ ∇ ∇ � A� � �
∇ � ∇� �

A

∇ � ∇ϕ ¼ 0

∇ � ∇ � Að Þ ¼ 0

Cylindrical Coordinates (r, θ, z)

∇2ϕ ¼ 1

r

∂
∂r

r
∂ϕ
∂r

� �
þ 1

r2
∂2ϕ

∂θ2
þ ∂2ϕ

∂z2

∇ � A ¼ 1

r

∂
∂r

rArð Þ þ 1

r

∂
∂θ

Aθ þ ∂
∂z

Az

∇ � A ¼ 1

r

∂Az

∂θ
� ∂Aθ

∂z

� �
r̂ þ ∂Ar

∂z
� ∂Az

∂r

� �
θ̂ þ 1

r

∂
∂r

rAθð Þ � 1

r

∂Ar

∂θ

	 

ẑ

∇2A ¼ ∇ � ∇ð ÞA ¼ ∇2Ar � 1

r2
Ar þ 2

∂Aθ

∂θ

� �	 

r̂

þ ∇2Aθ � 1

r2
Aθ þ 2

∂Ar

∂θ

� �	 

θ̂ þ ∇2Azẑ

A � ∇ð ÞB ¼ r̂ Ar
∂Br

∂r
þ Aθ

1

r

∂Br

∂θ
þ Az

∂Br

∂z
� 1

r
AθBθ

� �
þ θ̂ Ar

∂Bθ

∂r
þ Aθ

1

r

∂Bθ

∂θ
þ Az

∂Bθ

∂z
� 1

r
AθBr

� �
þ ẑ Ar

∂Bz

∂r
þ Aθ

1

r

∂Bz

∂θ
þ Az

∂Bz

∂z

� �
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Appendix B: Theory of Waves in a Cold
Uniform Plasma

As long as Te = Ti = 0, the waves described in Chap. 4 can easily be generalized to an
arbitrary number of charged particle species and an arbitrary angle of propagation θ
relative to the magnetic field. Waves that depend on finite T, such as ion acoustic

waves, are not included in this treatment.

First, we define the dielectric tensor of a plasma as follows. The fourth Maxwell

equation is

∇ � B ¼ μ0 jþ E0 _E
� � ðB:1Þ

where j is the plasma current due to the motion of the various charged particle

species s, with density ns, charge qs, and velocity vs:

j ¼
X
s

nsqsvs ðB:2Þ

Considering the plasma to be a dielectric with internal currents j, we may write Eq.

(B.1) as

∇ � B ¼ μ0 _D ðB:3Þ

where

D ¼ E0Eþ i

ω
j ðB:4Þ

Here we have assumed an exp (�iωt) dependence for all plasma motions. Let the

current j be proportional to E but not necessarily in the same direction (because of

the magnetic field B0ẑ); we may then define a conductivity tensor σ by the relation
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j ¼ σ � E ðB:5Þ

Equation (B.4) becomes

D ¼ E0 Iþ i

E0ω
σ

� �
� E ¼ e � E ðB:6Þ

Thus the effective dielectric constant of the plasma is the tensor

e ¼ E0 Iþ iσ=E0ωð Þ ðB:7Þ

where I is the unit tensor.
To evaluate σ, we use the linearized fluid equation of motion for species s,

neglecting the collision and pressure terms:

ms
∂vs
∂t

¼ qs Eþ vs � B0ð Þ ðB:8Þ

Defining the cyclotron and plasma frequencies for each species as

ωcs� qsB0

ms

���� ���� ω2
ps�

n0q
2
s

E0ms

���� ����, ðB:9Þ

we can separate Eq. (B.8) into x, y, and z components and solve for vs, obtaining

vxs ¼ iqs
msω

Ex � i ωcs=ωð ÞEy

� 

1� ωcs=ωð Þ2 ðB:10aÞ

vys ¼ iqs
msω

Ey 	 i ωcs=ωð ÞEx

� 

1� ωcs=ωð Þ2 ðB:10bÞ

vzs ¼ iqs
msω

Ez ðB:10cÞ

where � stands for the sign of qs. The plasma current is

j ¼
X
s

n0sqsvs ðB:11Þ

so that

i

E0ω
jx ¼

X
s

in0s
E0ω

iq2s
msω

Ex � i ωcs=ωð ÞEy

1� ωcs=ωð Þ

¼
X
s

�ω2
ps

ω2

Ex � i ωcs=ωð ÞEy

1� ωcs=ωð Þ

ðB:12Þ
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Using the identities

1

1� ωcs=ωð Þ2 ¼
1

2

ω

ω	 ωcs
þ ω

ω� ωcs

	 


� ωcs=ω

1� ωcs=ωð Þ2 ¼
1

2

ω

ω	 ωcs
þ ω

ω� ωcs

	 

,

ðB:13Þ

we can write Eq. (B.12) as follows:

1

E0ω
jx ¼ �1

2

X
s

ω2
ps

ω2

ω

ω	 ωcs
þ ω

ω� ωcs

� �
Ex

	

þ ω

ω	 ωcs
þ ω

ω� ωcs

� �
iEy



:

ðB:14Þ

Similarly, the y and z components are

1

E0ω
jy ¼ �1

2

X
s

ω2
ps

ω2

ω

ω� ωcs
þ ω

ω	 ωcs

� �
iEx

	

þ ω

ω	 ωcs
þ ω

ω� ωcs

� �
Ey


 ðB:15Þ

i

E0ω
jz ¼ �

X
s

ω2
ps

ω2
Ez ðB:16Þ

Use of Eq. (B.14) in Eq. (B.4) gives

1

E0
Dx ¼ Ex � 1

2

X
s

ω2
ps

ω2

ω

ω	 ωcs
þ ω

ω� ωcs

� �
Ex

"

þω2
ps

ω2

ω

ω	 ωcs
� ω

ω� ωcs

� �
iEy

#
:

ðB:17Þ
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We define the convenient abbreviations

R � 1�
X
s

ω2
ps

ω2

ω

ω� ωcs

� �

L � 1�
X
s

ω2
ps

ω2

ω

ω	 ωcs

� �

S � 1

2
Rþ Lð Þ D � 1

2
R� Lð Þ*

P � 1�
X
s

ω2
ps

ω2

ðB:18Þ

Using these in Eq. (B.17) and proceeding similarly with the y and z components, we

obtain

E�1
0 Dx ¼ SEx � iDEy

E�1
0 Dy ¼ iDEx þ SEy

E�1
0 Dz ¼ PEz

ðB:19Þ

Comparing with Eq. (B.6), we see that

e ¼ E0
S �iD 0

iD S 0

0 0 P

0@ 1A� E0eR ðB:20Þ

We next derive the wave equation by taking the curl of the equation ∇ � E ¼ � _B

and substituting ∇ � B ¼ μ0e � _E, obtaining

∇ � ∇ � E¼�μ0E0 eR � €E
� � ¼ � 1

c2
eR � €E ðB:21Þ

Assuming an exp (ik � r) spatial dependence of E and defining a vector index of

refraction

μ ¼ c

ω
k, ðB:22Þ

*Note that D here stands for “difference.” It is not the displacement vector D.
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we can write Eq. (B.21) as

μ� μ� Eð Þ þ eR � E ¼ 0: ðB:23Þ

The uniform plasma is isotropic in the x� y plane, so we may choose the y axis so
that ky= 0, without loss of generality. If θ is the angle between k and B0, we then

have

μx ¼ μ sin θ μz ¼ μ cos θ μy ¼ 0 ðB:24Þ

The next step is to separate Eq. (B.23) into components, using the elements of eR
given in Eq. (B.20). This procedure readily yields

R � E �
S� μ2 cos 2θ �iD μ2 sin θ cos θ

iD S� μ2 0

μ2 sin θ cos θ 0 P� μ2 sin 2θ

0@ 1A Ex

Ey

Ez

0@ 1A ¼ 0: ðB:25Þ

From this it is clear that the Ex, Ey components are coupled to Ez only if one deviates

from the principal angles θ = 0, 90
.
Equation (B.25) is a set of three simultaneous, homogeneous equations; the

condition for the existence of a solution is that the determinant of R vanish:

jjRjj = 0. Expanding in minors of the second column, we then obtain

iDð Þ2 P� μ2 sin 2θð Þ þ S� μ2ð Þ
� S� μ2 cos 2θð Þ P� μ2 sin 2θð Þ � μ4 sin 2θ cos 2θ½ � ¼ 0:

ðB:26Þ

By replacing cos2 θ by 1� sin2 θ, we can solve for sin2 θ, obtaining

sin 2θ ¼ �P μ4 � 2Sμ2 þ RLð Þ
μ4 S� Pð Þ þ μ2 PS� RLð Þ : ðB:27Þ

We have used the identity S2�D2 =RL. Similarly,

cos 2θ ¼ Sμ4 � PSþ RLð Þμ2 þ PRL

μ4 S� Pð Þ þ μ2 PS� RLð Þ : ðB:28Þ

Dividing the last two equations, we obtain

tan 2θ ¼ P μ4 � 2Sμ2 þ RLð Þ
Sμ4 � PSþ RLð Þμ2 þ PRL

:

Since 2S=R + L, the numerator and denominator can be factored to give the cold-

plasma dispersion relation
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tan 2θ ¼ P μ2 � Rð Þ μ2 � Lð Þ
Sμ2 � RLð Þ μ2 � Pð Þ ðB:29Þ

The principal modes of Chap. 4 can be recovered by setting θ = 0
 and 90
. When

θ = 0
, there are three roots: P = 0 (Langmuir wave), μ2 =R (R wave), and μ2 = L
(L wave). When θ = 90
, there are two roots: μ2 =RL/S (extraordinary wave) and

μ2 =P (ordinary wave). By inserting the definitions of Eq. (B.18), one can verify

that these are identical to the dispersion relations given in Chap. 4, with the addition

of corrections due to ion motions.

The resonances can be found by letting μ go to 1. We then have

tan 2θres ¼ �P=S ðB:30Þ

This shows that the resonance frequencies depend on angle θ. If θ = 0
, the possible
solutions are P= 0 and S=1. The former is the plasma resonance ω =ωp, while the

latter occurs when either R=1 (electron cyclotron resonance) or L =1 (ion

cyclotron resonance). If θ = 90
, the possible solutions are P=1 or S= 0. The
former cannot occur for finite ωp and ω, and the latter yields the upper and lower

hybrid frequencies, as well as the two-ion hybrid frequency when there is more than

one ion species.

The cutoffs can be found by setting μ= 0 in Eq. (B.26). Again using

S2�D2 =RL, we find that the condition for cutoff is independent of θ:

PRL ¼ 0 ðB:31Þ

The conditions R = 0 and L = 0 yield the ωR and ωL cutoff frequencies of Chap. 4,

with the addition of ion corrections. The condition P = 0 is seen to correspond to

cutoff as well as to resonance. This degeneracy is due to our neglect of thermal

motions. Actually, P= 0 (or ω=ωp) is a resonance for longitudinal waves and a

cutoff for transverse waves.

The information contained in Eq. (B.29) is summarized in the Clemmow–

Mullaly–Allis diagram. One further result, not in the diagram, can be obtained

easily from this formulation. The middle line of Eq. (B.25) reads

iDEx þ S� μ2
� �

Ey ¼ 0 ðB:32Þ

Thus the polarization in the plane perpendicular to B0 is given by

iEx

Ey
¼ μ2 � S

D
: ðB:33Þ

From this it is easily seen that waves are linearly polarized at resonance (μ2 =1)

and circularly polarized at cutoff (μ2 = 0, R = 0 or L = 0; thus S=�D).
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Appendix C: Sample Three-Hour Final Exam

Part A (One Hour, Closed Book)

1. The number of electrons in a Debye sphere for n= 1017 m�3, KTe= 10 eV is

approximately

(A) 135

(B) 0.14

(C) 7.4� 103

(D) 1.7� 105

(E) 3.5� 1010

2. The electron plasma frequency in a plasma of density n= 1020 m�3 is

(A) 90 MHz

(B) 900 MHz

(C) 9 GHz

(D) 90 GHz

(E) None of the above to within 10 %

3. A doubly charged helium nucleus of energy 3.5 MeV in a magnetic field of 8 T

has a maximum Larmor radius of approximately

(A) 2 mm

(B) 2 cm

(C) 20 cm

(D) 2 m

(E) 2 ft

4. A laboratory plasma with n= 1016 m�3, KTe= 2 eV, KTi = 0.1 eV, and B= 0.3 T

has a beta (plasma pressure/magnetic field pressure) of approximately

(A) 10�7

(B) 10�6

© Springer International Publishing Switzerland 2016

F.F. Chen, Introduction to Plasma Physics and Controlled Fusion,
DOI 10.1007/978-3-319-22309-4

423



(C) 10�4

(D) 10�2

(E) 10�1

5. The grad-B drift v∇B is

(A) always in the same direction as vE
(B) always opposite to vE
(C) sometimes parallel to B
(D) always opposite to the curvature drift vR
(E) sometimes parallel to the diamagnetic drift vD

6. In the toroidal plasma shown, the diamagnetic current flows mainly in the

direction

(A) þϕ̂
(B) �ϕ̂
(C) þθ̂
(D) �θ̂
(E) þẑ

7. In the torus shown above, torsional Alfvén waves can propagate in the

directions

(A) �r̂

(B) �θ̂
(C) �ϕ̂
(D) þθ̂ only

(E) �θ̂ only

8. Plasma A is ten times denser than plasma B but has the same temperature and

composition. The resistivity of A relative to that of B is

(A) 100 times smaller

(B) 10 times smaller

(C) approximately the same

(D) 10 times larger

(E) 100 times larger

9. The average electron velocity vj j in a 10-keV Maxwellian plasma is

(A) 7� 102 m/s

(B) 7� 104 m/s

(C) 7� 105 m/s

(D) 7� 106 m/s

(E) 7� 107 m/s

10. Which of the following waves cannot propagate when B0 = 0?

(A) electron plasma wave

(B) the ordinary wave
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(C) Alfvén wave

(D) ion acoustic wave

(E) Bohm–Gross wave

11. A “backward wave” is one which has

(A) k opposite to B0

(B) ω/k< 0

(C) dω/dk< 0

(D) vi =�ve
(E) vϕ opposite to vg

12. “Cutoff” and “resonance,” respectively, refer to conditions when the dielectric

constant is

(A) 0 and 1
(B) 1 and 0

(C) 0 and 1

(D) 1 and 0

(E) not calculable from the plasma approximation

13. The lower and upper hybrid frequencies are, respectively,

(A) (ΩpΩc)
1/2 and (ωpωc)

1/2

(B) Ω2
p þΩ2

c

� �1=2
and ω2

p þ ω2
c

� �1=2
(C) (ωcΩc)

1/2 and ω2
p þ ω2

c

� �1=2
(D) ω2

p � ω2
c

� �1=2
and ω2

p þ ω2
c

� �1=2
(E) (ωRωL)

1/2 and (ωpωc)
1/2

14. In a fully ionized plasma, diffusion across B is mainly due to

(A) ion–ion collisions

(B) electron–electron collisions

(C) electron–ion collisions

(D) three-body collisions

(E) plasma diamagnetism

15. An exponential density decay with time is characteristic of

(A) fully ionized plasmas under classical diffusion

(B) fully ionized plasmas under recombination

(C) weakly ionized plasmas under recombination

(D) weakly ionized plasmas under classical diffusion

(E) fully ionized plasmas with both diffusion and recombination
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16. The whistler mode has a circular polarization which is

(A) clockwise looking in the +B0 direction

(B) clockwise looking in the �B0 direction

(C) counterclockwise looking in the +k direction
(D) counterclockwise looking in the �k direction
(E) both, since the wave is plane polarized

17. The phase velocity of electromagnetic waves in a plasma

(A) is always >c
(B) is never >c
(C) is sometimes >c
(D) is always <c
(E) is never <c

18. The following is not a possible way to heat a plasma:

(A) Cyclotron resonance heating

(B) Adiabatic compression

(C) Ohmic heating

(D) Transit time magnetic pumping

(E) Neoclassical transport

19. The following is not a plasma confinement device:

(A) Baseball coil

(B) Diamagnetic loop

(C) Figure-8 stellarator

(D) Levitated octopole

(E) Theta pinch

20. Landau damping

(A) is caused by “resonant” particles

(B) always occurs in a collisionless plasma

(C) never occurs in a collisionless plasma

(D) is a mathematical result which does not occur in experiment

(E) is the residue of imaginary singularities lying on a semicircle

Part B (Two Hours, Open Book; Do 4 Out of 5)

1. Consider a cold plasma composed of n0 hydrogen ions, 1
2
n0 doubly ionized He

ions, and 2n0 electrons. Show that there are two lower-hybrid frequencies and

give an approximate expression for each. [Hint: You may use the plasma

approximation, the assumption m/M� 1, and the formulas for v1 given in the
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text. (You need not solve the equations of motion again; just use the known

solution.)]

2. Intelligent beings on a distant planet try to communicate with the earth by

sending powerful radio waves swept in frequency from 10 to 50 MHz every

minute. The linearly polarized emissions must pass through a radiation belt

plasma in such a way that E and k are perpendicular to B0. It is found that

during solar flares (on their sun), frequencies between 24.25 and 28 MHz do not

get through their radiation belt. From this deduce the plasma density and

magnetic field there. (Hint: Do not round off numbers too early.)

3. When β is larger thanm/M, there is a possibility of coupling between a drift wave

and an Alfvén wave to produce an instability. A necessary condition for this to

happen is that there be synchronism between the parallel wave velocities of the

two waves (along B0).

(a) Show that the condition β>m/M is equivalent to vA< vth.
(b) If KTe= 10 eV, B = 0.2 T, ky= 1 cm�1, and n= 1021 m�3 find the required

value of kz for this interaction in a hydrogen plasma. You may assume

n
0
0=n0 ¼ 1cm�1, where n

0
0 ¼ dn0=dr.

4. When anomalous diffusion is caused by unstable oscillations, Fick’s law of

diffusion does not necessarily hold. For instance, the growth rate of drift

waves depends on ∇n/n, so that the diffusion coefficient D⊥ can itself depend

on ∇n. Taking a general form for D⊥ in cylindrical geometry, namely,

D⊥ ¼ Arsn p ∂n
∂r

� �q

:

Show that the time behavior of a plasma decaying under diffusion follows the

equation

∂n
∂t

¼ f rð Þn pþqþ1

Show also that the behavior of weakly and fully ionized plasmas is recovered

in the proper limits.

5. In some semiconductors such as gallium arsenide, the current–voltage relation

looks like this:
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There is a region of negative resistance or mobility. Suppose you had a

substance with negative mobility for all values of current. Using the equation

of motion for weakly ionized plasmas with KT =B = 0, plus the electron conti-

nuity equation and Poisson’s equation, perform the usual linearized wave anal-

ysis to show that there is instability for μe< 0.
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Appendix D: Answers to Some Problems

1.1 (a) At standard temperature and pressure, a mole of an ideal gas contains

6.022� 1023 molecules (Avogadro’s number) and occupies 22.4 L. Hence,

the number per m3 is 6.022� 1023/2.24� 10�2¼ 2.69� 1025 m�3.

(b) Since PV¼NRT, n¼N/V¼P/RT. Hence n1/n0¼P1T0/P0T1. Taking n0 to
be the density in part (a) and n1 to be that in part (b), we have

n1 ¼ 2:69� 1025
� � 10�3

760

273

273þ 20ð Þ ¼ 3:30� 1019m�3

Note that a diatomic gas such as H2 will have twice as many atoms per torr
as, say, He.

1.2

1 ¼
ð1
�1

f̂ uð Þdu ¼ Ah

ð1
�1

e�u2=h2d u=h½ �

¼ Ah

ð1
�1

e�x2dx ¼ Ah
ffiffiffi
π

p

A ¼ 2πKT=mð Þ�1=2

1.2a ðð
f̂ u; vð Þdudv ¼ 1 ¼ A

ðð
e� u2þv2ð Þ=h2dudv

1 ¼ A

ð1
�1

e� u=hð Þ2du
ð1
�1

e� v=hð Þ2dv ¼ Ah2π

A ¼ 2πKT=mð Þ�1
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In cylindrical coordinates,

1 ¼ A

ð ð1
�1

e� u2þv2ð Þ=h2dudv ¼ A

ð1
0

ð2π
0

e�r2=h2rdrdϕ ¼ 2πA

ð1
0

e� r=hð Þ2rdr

1 ¼ 2πAh2
ð1
0

e�x2xdx ¼ πAh2
ð1
0

e�ydy ¼ �πAh2e�y
���1
0

¼ πAh2

A ¼ 2πKT=mð Þ�1

1.4
p ¼ n KTe þ KTið Þ ¼ 1021 4� 104

� �
1:6� 10�19
� �

¼ 6:4� 106N=m2

1atm ’ 105 N=m2 ∴ p ¼ 64atm

1atm ’ 14:7 lb=in2: ¼ 14:7ð Þ 144ð Þ= 2000ð Þ
¼ 1:06 tons=ft2

p ’ 68 tons=ft2

1.5
d2ϕ

dx2
¼ � e ni � neð Þ

ε0
¼ � 1

ε0
n1e e�eϕ=KTi � eeϕ=KTe

� �
’ n1e

ε0

eϕ

KTi
þ eϕ

KTe

� �
ϕ ¼ ϕ0 e

� xj j=λD , where
1

λ2D
¼ n1e2

ε0

1

KTe
þ 1

KTi

� �
If Ti � Te λD ’ ε0KTi=n1e2ð Þ1=2

If Te � Ti λD ’ ε0KTe=n1e2ð Þ1=2

However, this result is deceptive because in most experiments the ions

move too slowly to shield charges. Electrons do the shielding, so λD
depends on Te, even when Te� Ti, which is the usual case.

1.6 (a)
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d2ϕ

dx2
¼ � nq

ε0

Let ϕ¼Ax2 +Bx+C; ϕ0 ¼ 2Ax+B; ϕ00 ¼ 2A. At x¼0, ϕ0 ¼ 0 by symmetry

∴ B¼ 0. At x¼�d, ϕ¼ 0; therefore, 0¼Ad2 +C and C¼�Ad2.

ϕ00 ¼ 2A ¼ � nq

ε0
∴ A ¼ � 1

2ε0
nq;

ϕ ¼ Ax2 � Ad2 ¼ 1

2ε0
nq d2 � x2
� �

(b) Energy E to move a charge q from x1 to x2 is the change in potential energy
Δ(qϕ)¼ q(ϕ2�ϕ1). Let ϕ1¼ 0 at x¼�d and ϕ2¼ (1

2
ε0)nqd

2 at x¼ 0. Then

E ¼ 1

2ε0
nq2d2:

Let d¼ λD; then

E ¼ 1

2ε0
nq2

KTε0
nq2

¼ ½KT ¼ Eav

for a one-dimensional Maxwellian distribution. Hence, if d> λD, E>Eav. If

the velocities are distributed in three dimensions, we have Eav ¼ 3
2
KT and

E > 1
3
Eav. The factor 3 is not important here. The point is that a thermal

particle would not have enough energy to go very far in a plasma (d>> λD)
if the charge of one species is not neutralized by another species.

1.7 (a) λD¼ 7400(2/1016)1/2¼ 10�4 m, ND¼ 4.8� 104.

(b) λD¼ 7400(0.1/1012)1/2¼ 2.3� 10�3 m, ND¼ 5.4� 104.

(c) λD¼ 7400(800/1023)1/2¼ 6.6� 10�7 m, ND¼ 1.2� 105.

1.8
ND ¼ 1:38� 106T3=2=n1=2

¼ 1:38� 106
� �

5� 107
� �3=2

= 1033
� �1=2

¼ 15:4

1.9 From Eq. (1.18), λD ¼ 69 T=nð Þ1=2m, T in 
K

From Problem 1.5, λD�2 ¼ 1

692
n

T
¼ 106

4760

1

100
þ 1

100

� �
¼ 4:20

Hence, λD ¼ 0:49 m. The particle masses do not matter.
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1.10 ∇2ϕ¼ 1
r2

d
dr r2 dϕdr
� �¼ e

ε0
ne � nið Þ ¼ e

ε0
n0 eeϕ=KTe � 1
� �� e2n0

ε0KTe
ϕ¼ ϕ=λ2D ¼ κ2ϕ

where κ � 1=λD.

Let ϕ ¼ Φ e�kr

r , where Φ is a constant in units of V-m.

dϕ

dr
¼ �Φ

1

r2
e�kr þ k

r
e�kr

� �
¼ �e�krΦ

r2
1þ krð Þ r2

dϕ

dr
¼ Φ 1þ krð Þe�kr

d

dr
r2
dϕ

dr

� �
¼ �Φ ke�kr � k 1þ krð Þe�kr

� 
 ¼ �kΦe�kr 1� 1þ krð Þ½ � ¼ k2r2ϕ

1

r2
d

dr
r2
dϕ

dr

� �
¼ k2ϕ ∴ k2 ¼ κ2

ϕ rð Þ ¼ Φ
e�κr

r
¼ Φ

e�r=λD

r
, ϕ0 ¼ Φ

e�κa

a
, Φ ¼ aϕ0

e�κa

ϕ ¼ aϕ0e
κa e

�κr

r
¼ ϕ0

a

r
e�κ r�að Þ ¼ ϕ0

a

r
e� r�að Þ=λD

1.11 Let Te¼ 300 K. Then λD ¼ 69 T=nð Þ1=2 ¼ 69
�
300= 1022

� �1=2 ¼ 1:20�10�8 ¼
12 nm

1.12 From Eq. (1.13), f uð Þ ¼ Aexp �mu2=2KTeð Þ. From Eq. (1.6) and Problem 1.2,

vth � 2KTe=mð Þ1=2 and A ¼ n 2πKT=mð Þ�1=2 ¼ n=vth
ffiffiffi
π

p

So f uð Þ ¼ n=vth
ffiffiffi
π

pð Þexp �u2=v2th
� �

. We wish to integrate f(u) from ucrit

to 1 and from �ucrit to �1.

ð1
ucrit

f uð Þdu ¼ n

vth
ffiffiffi
π

p
ð1
ucrit

e�u2=v2thdu ¼
nffiffiffi
π

p
ð1
ycrit

e�y2dy, where y � u=vth.

Let ½mu2crit ¼ eVioniz, ucrit ¼ 2eVioniz=mð Þ1=2 , where Vioniz ¼ 15:8 eV.

The error function erf(x) is defined as erf xð Þ ¼ 2ffiffiffi
π

p
ð x
0

e�t2dt,

erfc xð Þ ¼ 2ffiffiffi
π

p
ð1
x

e�t2dt

The integral from ucrit to 1 is then
nffiffiffi
π

p
ð1
ycrit

e�y2dy ¼ n

2
erfc ycritð Þ, where

ycrit ¼ ucrit=vth ¼ 2eVioniz

m

� �1=2 m

2KTe

� �1=2

¼ eVioniz

KTe

� �1=2

. This density has
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to be doubled to account for negative velocities u. Finally, the fraction of

electrons that can ionize is

Δn

n
¼ erfc

eVioniz

KTe

� �1=2

:

2.1 (a) E ¼ 1

2
mv2⊥ ∴v⊥ ¼ 2E=mð Þ1=2, rL ¼ mv⊥=eB:

v⊥ ¼ 2ð Þ 104
� �

1:6� 10�19
� �

9:11� 10�31

	 
1=2
¼ 5:93� 107m=s

rL ¼ 9:11� 10�31
� �

5:93� 107
� �

1:6� 10�19
� �

0:5� 10�4
� � ¼ 6:75m

(b)
v⊥ ¼ 300ð Þ 1000ð Þ ¼ 3� 105m=s

rL ¼ 1:67� 10�27
� �

3� 105
� �

1:6� 10�19
� �

5� 10�9
� � ¼ 6:26� 105m ¼ 626km

(c)

v⊥ ¼ 2ð Þ 103
� �

1:6� 10�19
� �

4ð Þ 1:67� 10�27
� �" #1=2

¼ 2:19� 105m=s

rL ¼ 4ð Þ 1:67� 10�27
� �

2:19� 105
� �

1:6� 10�19
� �

5:00� 10�2
� � ¼ 0:183m

(d)

rL ¼ 2ME

qB
¼ 2ð Þ 4ð Þ 1:67� 10�27

� �
3:5� 106
� �

1:6� 10�19
� �� 
1=2

2ð Þ 1:6� 10�19
� �

8ð Þ
¼ 3:38� 10�2 m

2.4 Let initial energy be E0, and Larmor radii r1 and r2, as shown. Energy at ① is

E1¼ E0 + eEr1; energy at ② is E2¼ E0�eEr2. (It would be acceptable to say:

E1,2¼ E0 � eErL here.) Also v2⊥1,2 ¼ 2E1,2=M. We are asked to make the

approximation
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r1,2 ¼ Mv⊥1,2

eB
¼ M

eB

2E1,2

M

� �1=2

¼ 1

Ωc

2E0

M

� �1=2

1þ eE

E0

r1,2

� �1=2

For small E, expand the square root in a Taylor series:

r1,2 ’ 1

Ωc

2E0

M

� �1=2

1� 1

2

eE

E0

r1,2

� �

r1,2 ¼ 1

Ωc

2E0

M

� �1=2

1� 1

2

eE

E0

1

Ωc

2E0

M

� �1=2
" #�1

’ 1

Ωc

2E0

M

� �1=2

1� 1

2

eE

E0

1

Ωc

2E0

M

� �1=2
" #

Thus

r1 � r2 ¼ eE

E0

1

Ω2
c

2E0

M

� �
¼ 2eE

MΩ2
c

independent of E0. The guiding center moves a distance 2(r1�r2) in a time

2π/Ωc, so

vgc ¼ 2 r1 � r2ð Þ Ωc=2πð Þ ¼ 4eE

MΩc

1

2π
¼ 2

π

E

B
’ E

B

Thus the guiding center drift is independent of the ion energy E0. The factor 2/π
would be 1 if we did not make the crude approximation.
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2.5

(a)
n ¼ n0e

eϕ=KTe ∴ ϕ ¼ KTe=eð Þln n=n0ð Þ

E ¼ �∂ϕ
∂r

r̂¼� KTe

e

1

n

∂n
∂r

r̂ ¼ KTe

eλ
r̂

(b) vE ¼ �Er

B
θ̂¼� KTe

eBλ
θ̂

Consider electrons:

vth ¼ 2KTe

m

� �1=2

∴
��vE�� ¼ KTe

m

m

eB

1

λ
¼ 1

2

v2th
ωc

1

λ

Now, rL¼mv⊥/eB, so for a distribution of velocities we must find an average

rL. Since v⊥ contains two degrees of freedom, we have

1
2
mv2⊥ ¼ 2� 1

2
KTe

The most convenient average is

v⊥h irms ¼ 2KTe=mð Þ1=2 ¼ vth

Using this for v⊥ in rL, we have
��vE�� ¼ 1

2

vth
λ
v⊥
ωc

¼ 1

2

vthrL
λ

so that jvEj ¼ vth implies rL¼ 2λ.

(c) If we take ions instead of electrons, we have vthi¼ (2KTi/M )1/2¼ v⊥i,

rLi¼ v⊥i/ωci, and
��vE�� ¼ 1

2λ
2KTe

M

� �
M

eB

� �
¼ 1

2λ
Te

Ti

vth iv⊥i

ωci
¼ 1

2λ
Te

Ti
vth irLi.

If jvEj ¼ vthi, it is still true that rLi¼ 2λ provided that Ti¼ Te.

2.6 (a) n ¼ n0exp e�r2=a2 � 1
� �

¼ n0 eeϕ=KTe ∴
e

KTe
ϕ rð Þ ¼ e�r2=a2 � 1

E ¼ �∇ϕ ¼ ∂ϕ
∂r

r̂ Er rð Þ ¼ �∂ϕ
∂r

¼ KTe

e

2r

a2
e�r2=a2

dEr

dr
¼ 2KTe

ea2
1� 2r2

a2

� �
e�r2=a2 ¼ 0

r2

a2
¼ 1

2

Emax ¼ KTe

ea

2ffiffiffi
2

p e�1=2 ¼ 0:2ð Þ 1:6� 10�19
� �

1:6� 10�19
� �

:01ð Þ
ffiffiffi
2

p
e�1=2 ¼ 17V=m
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vE ¼ �Er

B
θ̂ VEmax ¼ Emax

B
¼ 17

0:2
¼ 8500 m=s

(b) Compare the force Mg with the force eE for an ion. (mg for an electron

would be 1836 times smaller.) g¼ 9.80 m/s2. Mg¼ (39)(1.67� 10�27)

(9.80)¼ 6.38� 10�25 N. eEmax¼ (1.6� 10�19)(17)¼ 2.75� 10�18 N¼
4� 106Mg. Hence gravitational drift is 4 million times smaller.

(c)

rL ¼ Mv⊥
eB

¼ 10�2m

v⊥ ¼ 2KT=Mð Þ1=2 ¼ 2ð Þ 0:2ð Þ 1:6� 10�19
� �

39ð Þ 1:67� 10�27
� �" #1=2

¼ 9:9� 102m=s

B ¼ 39ð Þ 1:67� 10�27
� �

9:9� 102
� �

10�2
� �

1:6� 10�19
� � ¼ 4:00� 10�2T

2.8

B ¼ c

r3
¼ 0:3� 10�4

r=Rð Þ3 T

v∇B ¼ 1

2
v⊥rL

B� ∇B
B2

���� ���� ¼ 1

2
vrL

∇B
B

���� ����

(a)

∇B ¼ ∂B
∂r

r̂ ¼ �3
c

r4
r̂ ¼ 3

r
B �r̂ð Þ ∇B

B

���� ���� ¼ 3

r

1

2
v⊥rL ¼ 1

2

v2⊥
ωc

¼ 1

2

2KT=m

eB=m
¼ KT

eB
¼ 1:6� 10�19
� �

KTð ÞeV
1:6� 10�19

1

B
¼ KTð ÞeV

B

B r ¼ 5Rð Þ ¼ 0:3� 10�4

53
¼ 2:4� 10�7T

5R¼ (5)(4000 miles)(1.6 km/mile)(103 m/km)¼ 3.2� 107 m
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v∇B ¼ 108
KTð ÞeV

2:4� 10�7
¼ 0:39 KTð ÞeVm=s

Ions : KT ¼ 1eV v∇B ¼ 0:39m=s

Electrons : KT ¼ 3� 104eV v∇B ¼ 1:17� 104m=s

(b) Ions: westward; electrons: eastward.

(c) 2πr¼ (6.28)(3.2� 107)¼ 2.0� 108 m

t ¼ 2πr

v∇B
¼ 2:0� 108
� �
1:17� 104
� � ¼ 1:7� 104s ¼ 4:8h

(d)
j ¼ nev∇B neglect ions

¼ 107
� �

1:6� 10�19
� �

1:17� 104
� � ¼ 1:87� 10�8A=m2

2.9 (a) vR¼ 0, since the electron gains no energy in the parallel θ̂
� �

direction.

Since the electron starts at rest with no thermal energy, it will come back to

rest after one cycle. Hence, the orbit has sharp cusps instead of loops. It is

clear that the vE drift must dominate, since the electron starts to the left, and

the Lorentz force makes it move upwards.

(b) In cylindrical geometry, ϕ¼A ln r+B. Since
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ϕ 10�3
� � ¼ 460V and ϕ 0:1 mð Þ ¼ 0,

460 ¼ A ln 10�3
� �þ B

0 ¼ A ln 0:1ð Þ þ B B ¼ �A ln 0:1ð Þ
460 ¼ A ln 10�3

� �� A ln 0:1ð Þ
¼ A ln 0:01ð Þ A ¼ 460=ln 0:01ð Þ

ϕ rð Þ ¼ 460

ln 0:01ð Þ lnr � ln 0:1ð Þ½ � ¼ 460
ln 0:1rð Þ
ln100

V

E ¼ �∂ϕ
∂r

¼ �460

ln100

r

0:1

� � �0:1

r2

� �
¼ 460=r

ln100

V

m

¼ 460

4:6ð Þ 1ð Þ ¼ 104
V

m
at r ¼ 10�2m

B ¼ I Að Þ10�4

5r
¼ 500� 10�4

5ð Þ 1ð Þ ¼ 0:01T

vEj j ¼ E=Bj j ¼ 108
104V=cm

0:01T
¼ 106m=s

To estimate the ∇B drift, we must find v⊥ in the frame moving with the

guiding center. Remember that in deriving v∇B, v⊥ was taken as the

velocity in the undisturbed circular orbit. Here, the latter is moving with

velocity vE, so that it does not look circular in the lab frame. Nonetheless,

it can still be decomposed into a circular motion with velocity v⊥ plus an

E�B drift of the guiding center. Consider the z component of velocity

(along the wire). At point ① on the orbit, vz¼ vE+ v cos ωct¼ 0, where

cos ωct¼�1, its maximum negative value; hence, vE¼ v⊥. The same

result can be obtained by considering that at point ② vz¼ vE+ v⊥
(cos ωct¼ 1). The energy there, 1

2
mv2z
� �

, must equal the energy gained in

falling a distance 2rL in an electric field. Thus

1

2
m vE þ v⊥ð Þ22rLeE ¼ 2eE

mv⊥
eB

¼ 2mv⊥
E

B
¼ 2mv⊥vE

v2E þ 2v⊥vE þ v2⊥ ¼ 4v⊥vE vE � v⊥ð Þ2 ¼ 0 vE ¼ v⊥

Now we can calculate v∇B:

v∇B ¼ 1

2

v2⊥
ωc

∇B
B

���� ���� ωc ¼ eB

m
¼ 1:6� 10�19
� �

10�2
� �

9:11� 10�31
� � ¼ 1:76� 109s�1

dB

dr
¼ I �1ð Þ10�4

r2
¼ �B

r

∇B
B

���� ���� ¼ 102m�1

v∇B ¼ 1

2

v2E
ωc

¼ 1

210161:8� 109
¼ 2:8� 104m=s

This amounts to a slowing down of the vE drift due to a distortion of

the orbit into a hairpin shape because of the change in Larmor radius.
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The undisturbed orbit is the path taken by the valve on a bicycle wheel as

it rolls along:

Finally, we note that the finite Larmor radius correction to vE is

negligible:

1

4
r2L∇

2E

B
’ 1

4

r2L
r2

E

B

rL ¼ 9:11� 10�31
� �

106
� �

1:6� 10�19
� �

0:01ð Þ ¼ 5:7� 10�4m

r ’ 10�2m ∴
1

4

r2L
r2

¼ 0:08%

2.12 Let all velocities refer to the midplane, and let subscripts i and f refer to initial
and final states (before and after acceleration).

(a) Given: Rm¼ 5, v⊥i¼ v║i since μ is conserved, v⊥f¼ v⊥i, and only v║ will

increase. It will increase until the pitch angle θ reaches the loss cone:

sin 2θm ¼ v2⊥ f

v2⊥ f þ v2k f
¼ 1

1þ v2k f =v
2
⊥i

¼ 1

Rm
¼ 1

5

Hence v2k f =v
2
⊥i ¼ 4, vk f ¼ 2v⊥i: Energy is

E f ¼ 1

2
M v2k f þ v2⊥ f

� �
¼ 1

2
M 4þ 1ð Þv2⊥i ¼

5

2
mv2⊥i

Ei ¼ 1

2
M v2ki þ v2⊥i

� �
¼ 1

2
M 1þ 1ð Þv2⊥i ¼ Mv2⊥i

∴E f ¼ 2:5Ei ¼ 2:5ð Þ 1ð Þ ¼ 2:5keV

(b) (1) Let particle have v0> 0 and hit piston moving at velocity vm< 0. In the
frame of the piston, the particle bounces elastically and comes off with

its initial velocity, but in the opposite direction. Let 0 refer to the frame

of the piston. Initial and final velocities in this frame are
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v
0
i ¼ v0 � vm v

0
f ¼ � v0 � vmð Þ

(Note: vm is negative.) Transforming back to lab frame,

v f ¼ v
0
f þ vm ¼ �v0 þ 2vm

Since vm is negative, the change in velocity is 2jvmj. QED
(2) At each bounce, the change in momentum is Δpk¼ 2mjvmj. If N is the

number of bounces, pkf¼ pki+NΔp. Thus

N ¼ pk f � pki
Δ p

¼ vk f � vki
2vm

¼ 2v⊥i � v⊥i

2vm
¼ 1

2

v⊥i

vm

Ei ¼ Mv2⊥i ¼ 1 keV ¼ 103
� �

1:6� 10�19
� � ¼ 1:6� 10�16J

∴v⊥i ¼ 1:6� 10�16

1:67� 10�27

� �1=2

¼ 3:1� 105m=s

vm ¼ 104m=s

∴N ¼ 1

2

3� 105
� �

104
¼ 15bounces

(3) Average vk is

v ¼ 1

2
vki þ vk f
� � ¼ 1

2
v⊥i þ 2v⊥ið Þ

¼ 3

2
v⊥i ¼ 4:6� 105

L ¼ 1013m

∴t ¼ NL

v
¼ 15ð Þ 1013

� �
4:6� 105

¼ 3:2� 108s

¼ 10yð Þ

However, L changes during this time by a distance

ΔL ¼ 2vmt ¼ 2ð Þ 104
� �

3:2� 108
� � ¼ 6:4� 1012m

so that actual time is more like 2.5� 108 s. Since only factor-of-two

accuracy is required, it is not necessary to sum the series—the above

answer of 3.2� 108 s will do.

2.13 (a) ð
vkds ’ vkL ¼ constant ∴ _vkLþ vk _L ¼ 0
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(b)
_vk
vk

¼ �
_L

L
_vk ’

Δvk
T

¼ vk
L

� _L
� �

T ’ Δvk
vk

L

� _L
¼ 2v⊥i � v⊥i

1

2
2v⊥i þ v⊥ið Þ

L

2vm
¼ 2

3

1013

2� 104

¼ 3:3� 108s

2.14 As B increases, Maxwell’s equation ∇ � E¼� _B predicts an E-field. This
induced E-field has a component along v and accelerates the particle. If

B increases slowly and adiabatically, E will be small; but the integrated

effect over many Larmor periods will be finite. The invariance of μ allows us
to calculate the energy increases without doing this integration.

3.1 ∂σ=∂tþ∇ � j¼ 0, where j¼ jP ¼ ρ=B2
� �

_E:Hence, _σ ¼�∇ � ρ=B2
� �

_E
� 


:

The time derivative of Poisson’s equation is ∇ � _E ¼ _σ=20

∴∇ � _E ¼ � 1

20

� �
∇ � ρ

B2

� �
_E ∇ � 1þ ρ

20B
2

� �
_E ¼ 0

Assuming the dielectric constant 2 to be constant in time, we have ∇ � _D ¼
∇ � 2 _E
� � ¼ 0: By comparison, 2¼ 1 + ρ/E0B

2.

3.2

2 ’ 1þ nM

20B
2
’ Ω2

p

Ω2
c

¼ ne2

20M

M2

e2B2
¼ nM

20B
2

True if 2� 1.

3.3 Take divergence of Eqs. (3.56) and (3.58):

∇ � ∇ � Eð Þ ¼ �∇ � _B ¼ 0 ∴
∂
∂t

∇ � Bð Þ ¼ 0

∴ ∇ ·B¼ 0 if it is initially zero. This is Eq. (3.57),

∇ � ∇ � Bð Þ ¼ 0 ¼ μ0 qi∇ � nivið Þ þ qe∇ � neveð Þ½ � þ ∇ � _E
c2

from Eq. (3.60), ∇ � nivið Þ ¼ � _ni,∇ � neveð Þ ¼ � _ne

∴μ0 �qi _ni � qe _neð Þ þ ∇ � _E
c2

¼ 0

∂
∂t

∇ � E� 1

20

niqi þ neqeð Þ
	 


¼ 0

If []¼ 0 initially, ∇ ·E¼ (l/20)(niqi + neqe). This is Eq. (3.55).
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3.4

jD ¼ KTi þ KTeð ÞB� ∇n
B2

/ KT

e

ne

BL

Since KT / eϕ and E /�ϕ/L, KT/eL / E ∴ jD / neE/B / nev, since
E/B¼ vE.

3.5 Let jD be constant in the box of width L. Δn¼ n0L, jJDj ¼ jΔnevyj ¼ jn0Levyj:
from the difference between the currents on the two walls. This current JD is

over a box of width L, so the equivalent current density is�� jD�� ¼ ��JD��=L ¼ ��n0
evy
��

Equation [3.69] gives jjDj ’ jKT∇n/Bj ¼ jKTn0/Bj; hence, once vy is chosen so

the two formulas agree for one value of L, they agree for all L, since

L cancels out.

3.6 (a)

vDe ¼ � γKTe

eB

ẑ � ∇n
n

Isothermal means γ¼ 1.

∇n ¼ x̂
∂n
∂x

¼ � n02x

a2
x̂

vDe ¼ ŷ
KTe

eB

2n0
a2

x

n0
1� x2

a2

� ��1

¼ ŷ
KTe

eB

2x

a2
1� x2

a2

� ��1

(b)

(c) vDe¼ (2)/(0.2)Λ

Λ�1 ¼ n0

n

���� ���� ¼ 2n0=a
2ð Þ a=2ð Þ

n0 1� a2=4a2ð Þ ¼
1=0:04

3=4
¼ 33:3m�1

∴vDe ¼ 10ð Þ 33:3ð Þ ¼ 333m=s

3.7 n ¼ n0e
�r2=r2

0 ¼ n0e
eϕ=KTe

ϕ ¼ KTe

e
ln
n

n0
¼ KTe

e
� r2

r20

� �
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(a)

E¼� ∂ϕ
∂r

r̂¼KTe

e

2r

r20
r̂

vE ¼ E� B

B2
¼ �Er

Bz

θ̂¼� θ̂
KTe

eB

2r

r20

vDe ¼ �B� ∇ p

enB2
¼ �KTe

eB

∂n=∂r
n

θ̂¼� θ̂
KTe

eB

∂
∂r

lnnð Þ

¼ �θ̂
KTe

eB

∂
∂r

�r2

r20

� �
¼ θ̂

KTe

eB

2r

r20
¼ �vE QED

(b) From (a), the rotation frequency is constant whether we take vE, vDe, vDi,
or any combination thereof, since ω¼ vθ/r and vθ / r.

(c) In lab frame,

v ¼ vϕ þ vE ¼ 0:5vDe þ �vDeð Þ
¼ �1

2
vDe

3.8 (a)

jD ¼ ne vDi � vDeð Þ ¼ �θ̂
n0 KTe þ KTið Þ

B
� 2r
r20

e�r2=r2
0

(b)

jD ¼ 1016
� �

0:5ð Þ 1:6� 10�19
� �

0:4 r20=2r
� �

2:718ð Þ ¼ 0:147A=m2

or:

jD ¼ ne vDej j þ vDij jð Þ

vDej j ¼ vDij j ¼ KTð ÞeV
B

2r

r20
¼ 0:25ð Þ2r

0:4r20
¼ 1:25

r

r20
m=s

Using e¼ 1.6� 10�19 C, 2¼ 2.718,

jD ¼ 1016
� �

1:6� 10�19
� �

2ð Þ 1:25ð Þ r2
�1

r20
¼ 0:147

A

m2
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(c)

Since ve¼ vE + vDe¼ vE� vE¼ 0 in the lab frame, the current is carried entirely

by ions.

3.9

∇ � B ¼ μ0 jDð
∇ � Bð Þ � dS ¼ μ0

ð
jD � dSþ

B � dL ¼ μ0

ð
jD � dS

Choose a loop with one leg along the axis (B¼B0) and one leg far away,

where B¼B1. Since jD is in the�θ̂ direction, we can choose the direction of

integration dL as shown, so that jD · dS is positive. There is no Br ∴þ
B � dL ¼ B1 � B0ð ÞL

jD ¼ �θ̂
n KTi þ KTeð Þ

B

2r

r20ð
jD � dS ¼ n0 KTi þ KTeð Þ

B1r20

ð L
0

ð1
0

e�r2=r2
02r dr dz

¼ Ln0 KTi þ KTeð Þ
B1

�e�r2=r0
h i1

0
¼ 2Ln0KT

B1

where Te¼ Ti. In this integral, we have approximated B(r) by B1, since B is

not greatly changed by such a small jD. Thus,

ΔB ¼ B1 � B0 ¼ μ0
2n0KT

B1

¼ 2 4π � 10�7
� �

1016
� �

0:25ð Þ 1:6� 10�19
� �

0:4
¼ 2:5� 10�9T
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4.1 (a) Solve for ϕ1:

ϕ1 ¼
KTe

e

n1
n0

ωþ ia

ω*þ ia
� ω*� ia

ω*� ia

¼ KTe

e

ωω*þ a2 þ ia ω*� ωð Þ
ω*2 þ a2

n1
n0

If n1 is real,

Im ϕ1ð Þ
Re ϕ1ð Þ ¼

a ω*� ωð Þ
ωω*þ a2

¼ tan δ

Hence,

δ ¼ tan �1 a ω*� ωð Þ
ωω*þ a2

	 


(b) n1 ¼ n1 e
i kx�ωtð Þ, while ϕ1¼An1e

i(kx�ωt+δ), where A is a positive con-

stant. For ω<ω*, we have δ> 0. Let the phase of n1 be 0 at (x0, t0):
kx0�ωt0¼ 0. If ω and k are positive and x0 is fixed, then the phase of ϕ1

is 0 at kx0�ωt+ δ¼ 0 or t> t0. Hence ϕ1 lags n1 in time. If t0 is fixed,
kx�ωt0 + δ¼ 0 at x< x0, so ϕ1 lags n1 in space also (since ω/k> 0 and

the wave moves to the right, the leading wave is at larger x). If k< 0 and

ω> 0, the phase of ϕ1 would be 0 at x> x0; but since the wave now

moves to the left, ϕ1 still lags n1.

4.3

ikE1 ¼ 1

20

e ni1 � ne1ð Þ
�iωmve1 ¼ �eE1 electronsð Þ
� iωMvi1 ¼ eE1 ionsð Þ

�iωne1 ¼ �ikn0ve1 electronsð Þ
� iωni1 ¼ �ikn0vi1 ionsð Þ

ne1 ¼ k

ω
n0

�ie

mω

� �
E1 ni1 ¼ k

ω
n0

ie

Mω

� �
E1

ikE1 ¼ 1

20

k

ω
n0

ie

ω

1

M
þ 1

m

� �
E1 ¼ ikE1

ω2
Ω2

p þ ω2
p

� �
ω2 ¼ ω2

p þ Ω2
p

� �
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4.4 Find ϕ1, E1, and v1 in terms of n1:

Eq: 4-22½ � : v1 ¼ ω

k

n1
n0

Eq: 4-23½ � : E1 ¼ ie

20k
n1

But E1¼�ikϕ1,

∴ϕ1 ¼ � e

20k
2
n1

Hence, E1 is 90

 out of phase with n1; ϕ1 is 180


 out of phase; and v1 is either in
phase or 180
 out of phase, depending on the sign of ω/k. In (a), E1 is found

from the slope of the ϕ1 curve, since E1¼�∂ϕ1/∂x. In (b), E1/n1 / i� sgn (k)
∴ δ¼� π/2. If ω/k> 0,

E1 / exp i kx� ωj jt� π=2ð Þ

the� standing for the sign of k. Hence, E1 leads n1 by 90

. Opposite if ω/k< 0.

4.5

ikE1 ¼ � 1

20

en1 ¼ � 1

20

en0
k

ω
v1 ¼ � 1

20

en0
k

ω

�ie

mω

� �
E1

ik 1� n0e
2

20mω2

� �
E1 ¼ 0 or ∇ � 1� ω2

p

ω2

 !
E1 ¼ 0

∴2 ¼ 1� ω2
p

ω2
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4.7 (a)

mn0 �iωð Þυ1 ¼ �en0E1 � mn0vυ1

υ1 1þ iv

ω

� �
¼ ieE1

mω

ikE1 ¼ � 1

20

en1 n1 ¼ k

ω
n0υ1 continuityð Þ

ikE1 ¼ � 1

20

e
k

ω
n0

ieE1

mω
1þ iv

ω

� ��1

ω2 1þ iv

ω

� �
� ω2

p ω2 þ ivω ¼ ω2
p

(b) Let ω¼ x + iy. Then the dispersion relation is x2� y2+ 2ixy+ ivx� vy ¼ ω2
p.

We need the imaginary part: 2xy + vx¼ 0, y¼ (�1/2)v ∴ Im (ω)¼�v/2.
Since x¼Re (ω), v> 0, and

E1 / e�iωt ¼ e�iωteyt ¼ e�ixte� 1=2ð Þvt

the oscillation is damped in time.

4.8 mn0(�iω)v1¼ en0E1� en0(v1�B0). Take B0 in the ẑ direction and E1 and k in

the x̂ direction. Then the y-component is

�iωmvy ¼ evxB0

vx
vy

¼ �i
ω

ωc

Since ω¼ωh>ωc, jvx/vyj> 1; and the orbit is elongated in the x̂ direction,

which is the direction of k.
4.9 (a)

∇ � E1 ¼ � 1

20

en1 k¼ kxx̂þkzẑ Ey ¼ ky ¼ 0

i kxEx þ kzEzð Þ ¼ � 1

20

en1

We need n1:

∂n1
∂t

þ n0∇ � v1 ¼ 0 � iωn1 þ n0i kxvx þ kzvzð Þ ¼ 0

We need vx, vz:

Mn0 �iωð Þv1 ¼ �en0E1 � en0 v1 � B0ð Þ
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x -component : vx ¼ � ie

mω
Ex � iωc

ω
vy

y- component : vy ¼ 0þ iωc

ω
vx

vx ¼ � ie

mω
Ex þ ω2

c

ω2
vx ¼ �ie

mω
Ex 1� ω2

c

ω2

� ��1

z-component : vz ¼ � ie

mω
Ez

Continuity : n1 ¼ n0
ω

�ie

mω

� �
kxEx 1� ω2

c

ω2

� ��1

þ kzEz

" #

kxEx þ kzEz ¼ i
en0
e0ω

�ie

mω

� �
kxEx 1� ω2

c

ω2

� ��1

þ kzEz

" #
kx ¼ k sin θ kz ¼ k cos θ

∴E1 sin
2θ þ kE1 cos

2θ ¼ ω2
p

ω2
kE1 sin

2θ 1� ω2
c

ω2

� ��1

þ kE1 cos
2θ

" #

1 ¼ ω2
p

ω2
sin 2θ 1� ω2

c

ω2

� ��1

þ cos 2θ

" #

1� ω2
c

ω2
¼ ω2

p

ω2
1� cos 2θ þ 1� ω2

c

ω2

� �
cos 2θ

	 

ω2 � ω2

c � ω2
p ¼ �ω2

pω
2
c

ω2
cos 2θ

ω2 ω2 � ω2
h

� �þ ω2
pω

2
c cos

2θ ¼ 0 QED

(b)
ω4 � ω2

hω
2 þ ω2

pω
2
c cos

2θ ¼ 0

2ω2 ¼ ω2
h � ω4

h � 4ω2
pω

2
c cos

2θ
� �1=2

For θ ! 0, cos 2θ ! 1;

2ω2 ¼ ω2
h � ω2

p þ ω2
c

� �2
� 4ω2

pω
2
c

	 
1=2
¼ ω2

p þ ω2
c � ω2

p � ω2
c

� �
ω2 ¼ ω2

p,ω
2
c

The ω¼ωp root is the usual Langmuir oscillation. The ω¼ωc root is spurious

because at θ! 0, B0 does not enter the problem. For θ! π/2, cos2 θ! 0, 2ω2
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¼ ω2
h � ω2

h, ω ¼ 0,ωh: The ω¼ωh root is the usual upper hybrid oscillation.

The ω¼ 0 root has no physical meaning, since on oscillating perturbation was

assumed.

(c)
ω4 � ω2

hω
2 þ 1

4
ω4
h ¼ 1

4
ω4
h � ω2

pω
2
c cos

2θ

ω2 � 1

2
ω2
h

� �
þ ω pωc cos θ
� �2 ¼ 1

2
ωh

� �2
y� 1ð Þ2 þ x2

a2
¼ 1 QED

(d) ωp/ωc a¼ 1/2(ωc/ωp+ωp/ωc)

1 1

2 5/4

1 1

(e)

ω2 ¼ 1

2
ω2

p þ ω2
c

� �
� ω2

p þ ω2
c

� �2
� 4ω2

pω
2
c cos

2θ
�	 
1=2

Lower root: Take (�) sign; ω is maximum when cos2 θ is maximum (¼1).

Thus

ω2
� <

1

2
ω2

p þ ω2
c

� �
� ω2

p � ω2
c

��� ���h i
¼ ω2

c ifω p > ωc

¼ ω2
p ifωc > ω p

Upper root: Take (+) sign; ω is maximum when cos2 θ¼ 0,ω2 ¼ ω2
h:Thus

ω2
þ < ω2

h: This root is minimum when cos2 θ¼ 1; thus

ω2
þ >

1

2
ω2

p þ ω2
c

� �
þ ω2

p � ω2
c

��� ���h i
¼ ω2

p ifω p > ωc

¼ ω2
c ifωc > ω p
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4.10 Use V+, N+ for proton velocity and density

V�, N�for antiprotons
v�, n�for electrons
v+, n+ for positrons

(a)

∇ � E ¼ � _B ∇ � B¼μ0 j þ
_E

c2
∇ � ∇ � E ¼ � μ0 _jþ

€E

c2

� �

E
w 2

c2
−(k × k × E) = − m0n0e (v

.
+ − v

.
−) −

= k2E − k(k • E)
o

ω2 � c2k2
� �

E ¼ 1

20

n0e _vþ � _v�ð Þ

mn0v� ¼ �en0E _v� ¼ � e

m
E

ω2 � c2k2 ¼ 1

20

n0e
e

m
1þ 1ð Þ ¼ 2ω2

p

ω2
p ¼

n0e
2

20m
ω2 ¼ 2ω2

p þ c2k2

(Or the 2 can be incorporated into the definition of ωp.)

(b) ∇ ·E1¼ (1/E0)(N+�N�+ n+�n�)1, where n+¼ n0e
�eϕ/KT+, n�¼ n0e

eϕ/KT�.
Let T+¼ T�¼ Te n1�¼	 n0eϕ/KTe. Note: N0�¼ n0�� n0.

∂N�
∂t

þ N0�∇ � V� ¼ 0 N1� ¼ N0�
k

ω
V� ¼ n0

k

ω
V�

M �iωð ÞV� ¼ �eE1 ¼ �ikeϕ Mþ ¼ M� ¼ Mð Þ

V� ¼ �k

ω

eϕ

M
N1� ¼ � k2

ω2

n0eϕ

M

∇ � E1 ¼ k2ϕ ¼ e

20

k2

ω2
þ k2

ω2

� �
n0eϕ

M
þ e

20

�n0 � n0ð Þ eϕ

KTe

¼ n0e
2

20M

2k2

ω2
ϕ� n0e

2

20kTe
2ϕ ¼ 2ϕ Ω2

p

k2

ω2
� 1

λ2D

� �

k2λ2D þ 2 ¼ 2k2

ω2
Ω2

pλ
2
D ¼ 2k2

ω2
v2s v2s �

kTe

M
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ω2

k2
¼ 2v2s

2þ k2λ2D
¼ v2s

1þ 1=2ð Þk2λ2D
λD � kTe20

n0e2

� �1=2

4.11 en ¼ ck

ω
ω2 ¼ ω2

p þ c2k2
c2k2

ω2
¼ 1� ω2

p

ω2
¼ 2

∴ en ¼ ffiffiffiffi2p

4.12 In ∇�B¼ μ0j1, j1 is the current carried by electrons only, since Cl� ions are

too heavy to move appreciably in response to a signal at microwave frequen-

cies. Hence,

j1 ¼ �n0eeve ¼ � 1� κð Þn0eve1

If ωp is defined with n0 (i.e.,ω
2
p ¼ n0e

2=20m), the dispersion relation becomes

c2k2

ω2
¼ 1� 1� κð Þω

2
p

ω2

Cutoff occurs for f¼ (1�κ)1/2 fp¼ (0.4)1/2(9)(n0)
1/2, where

f ¼ c

λ
¼ 3� 1010

3
¼ 1010

Thus

n0 ¼ 1010

0:63ð Þ 9ð Þ
	 
2

¼ 3:1� 1018m�3

4.13 (a) Method 1: Let N¼No. of wavelengths in length L¼ 0.08 m, N0¼No. of

wavelengths in absence of plasma.

N ¼ L

λ
N0 ¼ L

λ0
λ ¼ 2π

k

ck

ω
¼ 1� ω2

p

ω2

 !1=2

ΔN ¼ N0 � N ¼ L

λ0
� Lk

2π
¼ L

λ0
� L

2π

ω

c
1� ω2

p

ω2

 !1=2

ω

2πc
¼ 1

λ0
∴ΔN ¼ L

λ0
1� 1� ω2

p

ω2

 !1=2
24 35 ¼ 0:1
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L

λ0
¼ 0:08

0:008
¼ 10

∴ 1� ω2
p

ω2

� �1=2
¼ 1� 10�2 1� f 2p

f 2
¼ 1� 2� 10�2

� �
f 2p ¼ f 2 � 2� 10�2 ¼ c

λ0

� �2

2� 10�2 ¼ 2:8� 1019

n ¼ 2:8� 1019

9ð Þ2 ¼ 3:5� 1017m�3

Method 2: Let k0¼ free-space k. The phase shift is

Δϕ ¼
ð L
0

Δk dx ¼ k0 � kð ÞL ¼ 0:1ð Þ2π

This leads to the same answer.

(b) From above, ΔN is small if ω2
p/ω

2 is small; hence expand square root:

ΔN � L

λ0
1� 1� 1

2

ω2
p

ω2

 !" #
¼ L

λ0
1

2

ω2
p

ω2
/ n QED

4.14 From Eq. (4.101a), we have for the X-wave

ω2 � ω2
h

� �
Ex þ i

ω2
pωc

ω
Ey ¼ 0

At resonance, ω¼ωh) Ey¼ 0,E ¼ Exx̂ : Since k ¼ kxx̂ , E
����k; and the wave is

longitudinal and electrostatic.

4.15 Since ω2
h ¼ ω2

c þ ω2
p; clearly ωp<ωh. Further,

ωL ¼ 1

2
�ωc þ ω2

c þ 4ω2
p

� �1=2	 

<

1

2
�ωc þ ω2

c þ 4ωcω p þ 4ω2
p

� �1=2	 

¼ 1

2
�ωc þ ωc þ 2ω p

� �� 
 ¼ ω p ∴ ωL < ω p

Also,

ωR ¼ 1

2
ωc þ ω2

c þ 4ω2
p

� �1=2	 

> ωc

and
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ω2
R � ωRωc � ω2

p ¼ 0 Eq: 4-107½ �ð Þ
∴ ω2

R ¼ ωRωc þ ω2
p > ω2

c þ ω2
p ¼ ω2

h

4.17 (a) Multiply Eq. (4.112b) by i and add to Eq. (4.112a):

ω2 � c2k2 � α
� �

Ex þ iEy

� �þ α
ωc

ω
Ex þ iEy

� � ¼ 0

Now subtract from Eq. (4.112a):

ω2 � c2k2 � α
� �

Ex � iEy

� �� α
ωc

ω
Ex � iEy

� � ¼ 0

Thus

F ωð Þ ¼ ω2 � c2k2 � α 1þ ωc=ωð Þ
G ωð Þ ¼ ω2 � c2k2 � α 1� ωc=ωð Þ

Since

α � ω2
p

1� ω2
c=ω

2
� �

F ωð Þ ¼ ω2 1� ω2
p=ω

2

1� ωc=ω
� c2k2

ω2

 !

G ωð Þ ¼ ω2 1� ω2
p=ω

2

1þ ωc=ω
� c2k2

ω2

 !

From Eqs. (4.116) and (4.117),

F ωð Þ ¼ 0 for the R wave and

G ωð Þ ¼ 0 for the L wave

(b) Ex¼�iEy) Ey¼ iEx. Let Ex¼ f(z) e�iωt. Then

Ey¼ f(z)i e�iωt¼ f(z) e�iωt+i(π/2)¼ f(z) e�i[ωt�(π/2)]
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Ey lags Ex by 90
. Hence E rotates counterclockwise on this diagram.

This is the same way electrons gyrate in order to create a clockwise

current and generate a B-field opposite to B0. For the L wave, Ey¼�iEx

so that

Ey¼ f(z) e�i(ωt+π/2) and Ey leads Ex by 90
.
(c) For an R-wave, Ey¼ iEx. The space dependence is Ex¼ f(t) eikz, Ey¼ f(t)i

eikz¼ f(t) ei(kz+π/2) For k> 0, Ey leads Ex (has the same phase at smaller z).
For k< 0, Ey lags Ex (has the same phase at larger z).

4.19
c2k2

ω2
¼ 1� ω2

p=ω
2

1� ωc=ω
c2v�2

ϕ
¼ 1� ω2

p=ω
2

1� ωc=ω

c2 �2ð Þv�3
ϕ

dvϕ
dω

¼ �ω2
p

�1

ω2 � ωωcð Þ2 2ω� ωcð Þ ¼ 0
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∴2ω� ωc ¼ 0 ω ¼ 1

2
ωc

At ω¼ 1/2ωc,

c2

v2ϕ
¼ 1� ω2

p

1

4
ω2
c � 1

2
ω2
c

¼ 1þ 4ω2
p

ω2
c

> 1

∴ vϕ < c:

4.20
c2k2

ω2
¼ 1� ω2

p=ω
2

1� ωc=ω
c2k2 ¼ ω2 � ωω2

p

ω� ωc

c22kdk ¼ 2ωdω� ω� ωcð Þ � ω

ω� ωcð Þ2 ω2
pdω

¼ 2ωþ ωcω2
p

ω� ωcð Þ2
" #

dω

dω

dk
¼ kc2

ωþ ωcω2
p=2 ω� ωcð Þ2 �

kc2

ωþ ω2
p=2ωc

ifω � ωc

But

ck ¼ ω2 � ω2
p

1� ωc=ω

 !1=2

� ω2 þ ωω2
p

ωc

 !1=2

ifω � ωc

∴
dω

dk
¼ c

ω2 þ ωω2
p=ωc

� �1=2
ωþ ω2

p=2ωc
¼ c

1þ ω2
p=ωωc

� �1=2
1þ ω2

p=2ωωc

To prove the required result, one must also assume v2ϕ � c2; as is true for

whistlers, so that ω2
p=ωωc � 1 (from line 1). Hence

dω

dk
� 2c

ωωc

ω2
p

 !1=2

/ ω1=2

4.21 ω2 � c2k2
� �

E1 ¼ 1

20

iω j1 Eq: 4-81½ �ð Þ

j1 ¼ n0e v p � ve
� �

v p is the positron velocity
� �

From the equation of motion,
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vx ¼ �ie

mω
Ex � iωc

ω
Ey

� �
1� ω2

c

ω2

� ��1

vy ¼ �ie

mω
Ey 	 iωc

ω
Ex

� �
1� ω2

c

ω2

� ��1

∴ ω2 � c2k2
� �

Ex ¼ � 1

20

iω

� �
n0eð Þ ie

mω

� �
1þ 1ð ÞEx 1� ω2

c

ω2

� ��1

¼ 2ω2
p

1� ω2
c=ω

2
Ex

the Ey term canceling out. Similarly,

ω2 � c2k2
� �

Ey ¼
2ω2

p

1� ω2
c=ω

2
Ey

the Ex term cancelling out. Both equations give

c2k2

ω2
¼ 1� 2ω2

p

ω2 � ω2
c

The R and L waves are degenerate and have the same phase velocities—

hence, no Faraday rotation.

4.22 Since the phase difference between the R and L waves is twice the angle of

rotation, ð L
0

kL � kRð Þ dz ¼ π

kR,L ¼ k0 1� ω2
p=ω

2

1� ωc=ω

 !1=2

To get a simple expression for kL�kR, we wish to expand the square root.

Let us assume we can, and then check later for consistency:

kR,L � k0 1� 1

2

ω2
p=ω

2

1� ωc=ω

 !
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kL � kR ¼ 1

2
k0

ω2
p

ω2

1

1� ωc=ω
� 1

1þ ωc=ω

� �
¼ 1

2
k0

ω2
p

ω2

2ωc=ω

1� ω2
c=ω

2

π ¼ L kL � kRð Þ ¼ k0L
ω2

pωc

ω

1

ω2 � ω2
c

k0 ¼ ω

c

ω2
p ¼

πc

Lωc
ω2 � ω2

c

� �
f 2p ¼ c

2L

f 2 � f 2c
f c

f c ¼ 2:8� 1010 0:1ð ÞHz

f ¼ c

λ0
¼ 3� 108

8� 10�3
¼ 3:75� 1010Hz

f 2p ¼
3� 108
� �

2ð Þ 1ð Þ
1:41� 1021 � 7:8� 1018
� �

2:8� 109

¼ 7:5� 1019 ¼ 92n

n ¼ 9:3� 1017m�3

To justify expansion, note that fc� f, so that

ω2
p=ω

2

1� ωc=ω
� f 2p

f 2
¼ 7:5� 109

3:75� 1010
� �2 ¼ 0:05 � 1

4.24 12.7
.
4.25 (a) The X-wave cutoff frequencies are given by Eq. (4.107). Thus,

ω2
p ¼ ω ω� ωcð Þ ¼ 4πne2

m

ncx ¼ mω

4πe2
ωþ ωcð Þ

We choose the (+) sign, corresponding to the L cutoff, because that gives

the higher density.

Appendix D: Answers to Some Problems 457



(b)

The left branch is the one that has a cutoff at ω¼ωL. One might worry

that this branch is inaccessible if the wave is sent in from outside the

plasma. However, if ω is kept less than ωc, the stopband between ωh and

ωR is avoided completely.

4.28 (a)
f p ¼ 9

ffiffiffi
n

p ¼ 9ð Þ 1015
� �1=2 ¼ 2:85� 108Hz

f c ¼ 28GHz=T ¼ 2:8� 1010
� �� 10�2

� � ¼ 2:8� 108Hz

f ¼ 1:6� 108Hz∴ω p=ω > 1 ωc=ω > 1

ωL ¼ 1

2
�ωc � ω2

c þ 4ω2
p

� �1=2	 

� 1

2
�ωc þ

ffiffiffi
5

p
ωc

� �
¼ 0:62ωc forωc � ω p

f L ¼ 0:62ð Þ 2:8� 108
� � ¼ 1:73� 108 > f

Also, f> all ion frequencies.

(b) The R-wave (whistler mode) is the only wave that propagates here.
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4.29 (a)

vA ¼ B

μ0nMð Þ ¼
1

1:26� 10�6
� �

1019
� �

1:67� 10�27
� �� 
1=2

¼ 6:9� 106m=s

Ωc ¼ eB

M
¼ 1:6� 10�19
� �

1ð Þ
1:67� 10�27
� � ¼ 9:58� 107rad=s

ω ¼ 0:1Ωc ¼ 9:58� 106rad=s

ω ¼ kvA ¼ 2πvA=λ

If λ¼ 2 L,

L ¼ πvA
ω

¼ π 6:9� 106
� �
9:58� 106

¼ 2:26m

(b)
L / vA=ω / vA=Ωc / B nMð Þ�1=2B�1M / M=nð Þ1=2

∴L ¼ 2:26ð Þ 133

1

� �1=2
1019

1018

� �1=2

¼ 82m

This is why Alfvén waves cannot be studied in Q-machines, regardless of B.

4.30 (a) ω2 ¼ ω2
p þ c2k2 2ωdω ¼ c22k dk

vg ¼ dω=dk ¼ c2k=ω

ck

ω
¼ 1� ω2

p

ω

 !1=2

∴vg ¼ c 1� ω2
p

ω

 !1=2

� c 1� 1

2

ω2
p

ω

 !
forω2 � ω2

p

vgt ¼ x ∴ t ¼ x=vg

dt

dω
¼ x

c
1� 1

2

ω2
p

ω2

 !�2

�ω2
p

ω2

 !
� � x

c

ω2
p

ω3

∴
d f

dt
� �c

x

f 3

f 2p

(b)

x ¼ c f 3

f 2p
� d f

dt

� ��1

¼ 3� 108
� �

8� 107
� �3

9ð Þ2 2� 105
� �

5� 106
� � ¼ 1:9� 1018m

¼ 1:9� 1018
� �

3� 1016
� ��1 ¼ 63parsec
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4.31 (a) Let n
1ð Þ
0 ¼ 1� 2ð Þn0, n

2ð Þ
0 ¼ 2n0, ne ¼ n0eϕ=kTe

Poisson: ikE1 ¼ k2ϕ ¼ 1
20
e n

1ð Þ
i þ n

2ð Þ
i � ne

� �
(Assume zl,2¼ 1, since the ion charge is not explicitly specified.)

Continuity: n
1ð Þ
1 ¼ 1� 2ð Þn0 k

ω
v

1ð Þ
1 , n

2ð Þ
1 ¼ 2n0 k

ω
v

2ð Þ
1

Equation of motion:

v
jð Þ

1 ¼ e

M j

k

ω
ϕ 1� Ω2

c j

ω2

 !�1

ð4:68Þ

∴k2ϕ ¼ e

20

1� 2ð Þn0 k
2

ω2

e

M1

1� Ω2
c1

ω2

� ��1
"

þ2n0 k
2

ω2

e

M2

1�Ω2
c2

ω2

� ��1

� n0
e

kTe

#
ϕ � 0 plasma approximationð Þ

1 ¼ 1� 2ð Þ k2v2s1
ω2 � Ω2

c1

þ 2 k2v2s2
ω2 � Ω2

c2

(

(b) There are two roots, one near ω¼Ωc1 and one near ω¼Ωc2. If E! 0,

the root near Ωc2 approaches Ωc2 to keep the last term finite. The usual

root, near Ωc1, is shifted by the presence of the M2 species:

ω2 �Ω2
c1 ¼ k2v2s1 � 2 k2v2s1 � k2v2s2

ω2 � Ω2
c1

ω2 � Ω2
c2

	 


In the last term, we may approximate ω2 by Ω2
c1 þ k2v2s1: Thus,

ω2 � Ω2
c1 þ k2v2s1 þ 2 k2v2s2

Ω2
c1 �Ω2

c2

� 1

	 

k2v2s1
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(c)

1 ¼ 1

2

k2v2sD
ω2 � ω2

cD

þ 1

2

k2vsT

ω2 � Ω2
cT

v2sD ¼ KTe=MD ¼ 104
� �

1:6� 10�19
� �

= 2ð Þ 1:67� 10�27
� � ¼ 4:79� 1011

v2sT ¼ 2

3
v2sD ¼ 3:19� 1011

ΩcD ¼ eB=MD ¼ 1:6� 10�19
� �

5ð Þ= 2ð Þ 1:67� 10�27
� � ¼ 2:40� 108

ΩcT ¼ 2

3
ΩcD ¼ 1:60� 108 k ¼ 100m�1

ω2 �Ω2
cD

� �
ω2 �Ω2

cT

� � ¼ 1

2
k2 v2sD ω2 �Ω2

cT

� �þ v2sT ω2 �Ω2
cD

� �� 

ω4 � ω2 Ω2

cD þΩ2
cT þ

1

2
k2 v2sD þ v2sT
� �	 


þ Ω2
cDΩ

2
cT þ

1

2
k2 v2sDΩ

2
cT þ v2sTΩ

2
cD

� � ¼ 0

ω4 � ω2 8:32� 1016 þ 3:99� 1015
� 
þ 1:47� 1033 þ 1:53� 1032 ¼ 0

ω4 � 8:72� 1016ω2 þ 1:63� 1033 ¼ 0

ω2 ¼ 1

2
8:72� 1016 � 7:60� 1033 � 6:52� 1033

� �1=2h i
¼ 6:0� 1016, 2:72� 1016

ω ¼ 2:45, 1:65� 108 sec �1 f ¼ 39and26:3MHz

4.32

E ¼ n0
1

2
mv2e

� �
ve ¼ e

imω
E

∴ v2e
� � ¼ e2

m2ω2
E2
� �

E ¼ n0
1

2
m

e2

m2ω2
E2
� � ¼ 20ω2

p

ω2

E2
� �
2

But ω2 ¼ ω2
p ∴E ¼ 1

2
20 E2
� �

:

4.33
E ¼ n0

1

2
Mv2i

D E
vi � E1=B0

∴E ¼ 1

2
Mn0 E2

1

� �
=B0: But∇ � E1 ¼ � _B1∴ E2

1

� � ¼ ω2=k2
� �

B2
1

� �
E ¼ Mn0

2B2
0

ω2

k2
B2
1

� �
:

For Alfvén wave,

ω2

k2
¼ B2

0

μ0n0M
¼ B2

1

� �
2μ0
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4.34 (a) With the L-wave, the cutoff occurs at ω¼ωL, so that one requires

ω2
L < 2ω2. Since ωL<ωp if n0 is fixed (Problem 4.15), one can go to

higher values of n0 (for constant 2ω2) with the L-wave than with the

O-wave.

(b) For the L-cutoff,

ω2
p

ω2
¼ 1þ ωc

ω
∴nc ¼ 20mω2

e2
1þ ωc

ω

� �
Thus, to double the usual cutoff density of 20mω2=e2, one must have

fc¼ f

f ¼ c

λ
¼ 3� 108

337� 10�6
¼ 8:9� 1011Hz

f c ¼ 28� 109Hz=T∴B0 ¼ 8:9� 1011

28� 109
¼ 31:8T

This would be unreasonably expensive.

(c) The plasma has a density maximum at the center, so it behaves like a

convex lens. Such a lens focuses if en > 1 and defocuses if en < 1. The

whistler wave always travels with vϕ< c (Problem 4.19), soen ¼ c=vϕ > 1, and the plasma focuses this wave.

(d) The question is one of accessibility. If ω<ωc everywhere, the whistler

wave will propagate regardless of n0. However, if ω>ωc, the wave will

be cut off in regions of low density. From (b) above, we see that a field of

31.8 T is required; this seems too large for the scheme to be practical.

4.35 The answer should come out the same as for cold plasma.

4.36 The linearized equation of motion for either species is

�iωmn0v1 ¼ qn0 Eþ v1 � B0ð Þ � γkTikn1

Thus

�iωmn0k:v1 ¼ qn0 k � Eþ k � v1 � B0ð Þ � γkTik
2n1:

But k ·E¼ 0 for transverse wave, and k · (v1�B0)¼�v1 · (k�B0)¼ 0 by

assumption. The linearized equation of continuity is

�iωn1 þ n0ik � v1 ¼ 0

Substituting for k · v1, we have

iω2mn1 ¼ iγkTk2n1

Thus n1 is arbitrary, and we may take it to be 0. Then the ∇p term vanishes for

both ions and electrons.
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4.44 For a given density, the highest cutoff frequency is ωR. Thus the lowest bound

for n is given by ω¼ωR.

ω2
p

ω2
¼ f 2p

f 2
¼ 1� ωc

ω
¼ 1� 1:6� 10�19

� �
36� 10�4
� �

0:91� 10�30
� �

2πð Þ 1:2� 108
� � ¼ 0:16

n ¼ f 2p=q
2 ¼ 0:16ð Þ 1:2� 108

� �2
q�2 ¼ 2:8� 1013m�3

4.46 Let ω¼ωR at r1 where n¼ n1, ωp¼ωp1; and ω¼ωh at r2, where n¼ n2,
ωp¼ωp2 Then

ω2
p2 ¼ ω2 � ω2

c ð4:105Þ
ω2

p1 ¼ ω2 � ωωc ð4:107Þ

Thus

ω2
p2 � ω2

p1 ¼ ωc ω� ωcð Þ ¼ n2 � n1ð Þe2=20m

But

n2 � n1 � d ∂n=∂rj j � n1d=r0 ¼ 20m=e
2

� �
ωð Þ ω� ωcð Þ d=r0ð Þ

So

d � ωc=ωð Þr0

4.47 (a) The accessible resonance is on the far side, past the density maximum.

(b) Let ωc0 be ωc at the left boundary, and ωc be the value at the resonance

layer, where ω¼ωp. Then we require
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ωc0 > ω, whereω2 ¼ ω2
c þ ω2

p

Thus

ω2
c0 > ω2

c þ ω2
p ω2

c0 � ω2
c > ω2

p

ωc0 þ ωcð Þ ωc0 � ωcð Þ � 2ωcΔωc > ω2
p

Δωc

ωc
¼ ΔB0

B0

>
ω2

p

2ω2
c

4.48 These are the upper and lower hybrid frequencies and right- and left-hand

cutoff frequencies with ion motions included. Note that ω2
p=ωc ¼ Ω2

p=Ωc:

Resonance:

ω4 � ω2
p þ ω2

c þΩ2
p þΩ2

c

� �
þ ω2

pΩ
2
c þ ω2

cΩ
2
p þ ω2

cΩ
2
c ¼ 0

ω2
þ � ω2

h þ Ω2
p 1� ω2

c=ω
2
h

� �
upper hybridð Þ

ω2
� � ω2

cΩ
2
p=ω

2
h or

1

ω2�
¼ 1

ωcΩc
þ 1

Ω2
p

lower hybridð Þ

Cutoff:

ω2
p

ω2
¼ 1	 ωc

ω

� �
1�Ωc

ω

� �
R
L
cutoff

� �
This is more easily obtained, without approximation, from the form given in

Problem 4.50.

5.1 (a) De¼KTe/mv

σ ¼ 6πð Þ 0:53� 10�10
� �2 ¼ 5:29� 10�20m2

v ¼ 2E

m

� �1=2

¼ 2ð Þ 2ð Þ 1:6� 10�19
� �

9:11� 10�31
� �" #

¼ 8:39� 105m=s

From Problem 1.1b,

n0 ¼ 3:3� 1019
� �

103
� � ¼ 3:3� 1022m�3

v ¼ n0σv ¼ n0σv ¼ 3:3� 1022
� �

5:29� 10�20
� �

8:39� 105
� �

¼ 1:46� 109s�1

464 Appendix D: Answers to Some Problems



De ¼
2ð Þ 1:6� 10�19
� �

9:11� 10�31
� �

1:46� 109
� � ¼ 2:4� 102m2=s

(b) j¼ μneE

μe ¼ eDe=KTe ¼
1:6� 10�19
� �

2:4� 102
� �

2ð Þ 1:6� 10�19
� �

¼ 1:2� 102m2=Vs

E¼ j

μne
¼ 2� 103

1:2� 102
� �

1016
� �

1:6� 10�19
� � ¼ 1:04� 104V=m

5.2
∂n
∂t

¼ D∇2n� αn2

D∇2n ¼ D
∂2

n

∂x2
¼ �Dn0

π

2L

� �2
cos

πx

2L
¼ �D

π

2L

� �2
n ¼ �αn2

∴n ¼ D

α

π

2L

� �2
¼ 0:4

10�15

π

0:06

� �2
¼ 1:1� 1018m�3

5.4 (a) From Problem 5.1a, ven¼ 1.46� 109 s�1. We need to find whether μe⊥/μi⊥
is large or small:

μe
μi

¼ Mvin
mven

v jn ¼ nnσv j / vth j / m
�1=2
j

since σ is approximately the same for ion–neutral and electron–neutral

collisions. Thus

μe
μi

� M

m

� �1=2

¼ 4� 1,836ð Þ1=2 ¼ 85:7

ωc ¼ eB

m
¼ 1:6� 10�19
� �

0:2ð Þ
9:11� 10�31

¼ 3:52� 1010

ωcτen ¼ 3:52� 1010

1:46� 109
� 24 1þ ω2

cτ
2
en ¼ 580

Ωcτin ¼ ωcτen
m

M

� � M

m

� �1=2

¼ 24ð Þ 85:7ð Þ�1 ¼ 0:28

μe⊥
μi⊥

¼ μe
μi

1þΩ2
cτ

2
in

1þ ω2
cτ

2
en

¼ 85:7ð Þ1:08
580

¼ 0:16 � 1

∴Da⊥ ¼ μi⊥De⊥ þ μe⊥Di⊥

μi⊥ þ μe⊥
� De⊥ þ μe⊥

mi⊥
Di⊥

¼ De⊥ þ 0:16Di⊥
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But

D¼ KT

e
μ

∴
Di⊥

De⊥
¼ μi⊥

μe⊥

Ti

Te
¼ 1

0:16

0:1

2
¼ 0:3

∴Da⊥ ¼ De⊥ 1þ 0:16ð Þ 0:3ð Þ½ � ¼ 1:05De⊥ � De⊥

(b)
a

Dτð Þ1=2
¼ 2:4∴τ ¼ a

2:4

� �2 1

Da⊥

τ ¼ 1

2:4� 10�2
� �2 1

De⊥

De⊥ ¼ 2:4� 102

580
¼ 0:4140 from Problem 5:1ð Þ

∴τ ¼ 42 μs

5.5
Γ ¼ �Ddn=dx n ¼ n0 1� x=Lð Þ
Γ ¼ Dn0=L x > 0ð Þ
Q ¼ 2Γ ¼ 2Dn0=L∴n0 ¼ QL=2D

5.7
λei � vtheτei ¼ vthe=νei

But vthe / T1=2
e and νei / T�3=2

e

∴λei / T1=2
e =T�3=2

e / T2
e

5.8

ηk ¼ 5:2� 10�5 lnΛ
T3=2
ev

Ω-m assume Z ¼ 1ð Þ

¼ 5:2� 10�5
� �

10ð Þ
500ð Þ3=2

¼ 4:65� 10�8Ω-m

j ¼ I=A ¼ 2� 105
� �

= 7:5� 10�3
� � ¼ 2:67� 107A=m2

E ¼ ηk j ¼ 4:65� 10�8
� �

2:67� 107
� � ¼ 1:2V=m
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5.9 (a)
KTi ¼ 20keV KTe ¼ 10keV n ¼ 1012m�3

B ¼ 5T D⊥ ¼ ηn KTi þ KTeð Þ
B2

η⊥ ¼ 2:0ð Þ 5:2� 10�5
� � lnΛ

T3=2
ev

¼ 10�3
� �

10ð Þ
104
� �3=2

¼ 1:0� 10�9Ω-m

D⊥ ¼ 1:0� 10�9
� �

1021
� �

3� 104
� �

1:6� 10�19
� �

52

¼ 3:0� 10�4m2=s

(b)
dN

dt
¼ 2πrLΓr Γr ¼ �D⊥

∂n
∂r

∂n
∂r

¼ n

0:1
r ¼ 0:50m L ¼ 100m

� dN

dt
¼ 2πð Þ 0:50ð Þ 102

� �
2:0� 10�4
� �

1021=0:10
� � ¼ 6� 1020s�1

(c)

τ ¼ N

�dN=dt
¼ nπr2L

�dN=dt
reffective ¼ 0:55m

τ ¼ 1021
� �

πð Þ 0:55ð Þ2 102
� �

6� 1020
¼ 150s

5.13

ηk ¼ 5:2� 10�5 lnΛ
T3=2
ev

Ω-m ¼ 5:2� 10�5
� � 10

103=2

¼ 1:6� 10�5Ω-m
η j2 ¼ 1:6� 10�5

� �
105
� �2 ¼ 1:6� 105W=m3

¼ 1:6� 105 J= m3-sð Þ
¼ 1:6� 105
� �

= 1:6� 10�19
� � ¼ 1024eV=m3-s

¼ dE
ev
_

dt

E ¼ 3

2
nKTe∴

dEev

dt
¼ 3

2
n
dTev

dt
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dTev

dt
¼ 2

3

1

1019
1024 ¼ 0:67� 105eV=s ¼ 0:067eV=μs

5.15 (a)

en(E≠q  −virB) − ∇≠q  pi − e2n2h(viq − veq) = 00 0

−en(E≠q  −verB) − ∇≠q  pe + e2n2h(viq − veq) = 00 0

add:

�virBþ verB ¼ 0∴vir ¼ ver

(This shows ambipolar diffusion.)

(b)

− e2n2h(vir − ver) = 0en(Er + iq B) −
0pi

+ e2n2h(vir − ver) = 0−en(Er + veq B) −
pe

= vE  + vDiviq  = − + iEr
B

1
enB

= vE  + vDeveq  = − −
pe

r

r

r
Er
B

1
enB

p
r

(c) From the first equation in (a),

vir ¼ � e2n2η

enB
viθ � veθð Þ

¼ enη

B

1

enB

∂ pi
∂r

þ ∂ pe
∂r

� �
¼ � η

B2

∂ p

∂r
¼ ver

(This shows the absence of cross-field mobility.)

5.17 (a)

ρ0
∂v1
∂t

¼ j1 � B0 ð1Þ
E1 þ v1 � B0 ¼ η j1 ð2Þ

∇ � E1 ¼ � _B1 ∇ � B1 ¼ μ0 j1
∇ � ∇ � E1 ¼ �∇ � _B1 ¼ �μ0 j1

− k(k  • E) + k2E1 = iwm0 j1
0 ð3Þ

k � E ¼ 0 transversewaveð Þ

Solve for v1 in Eq. (2):
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E1 × B0 + (v1 × B0) × B0 = hj1 × B0

−v1⊥B
2
0

v1⊥ ¼ E1 � B0

B2
0

� η j1 � B0

B2
0

Substitute in Eq. (1), which has no parallel component anyway:

�iωρ0
E1 � B0

B2
0

� η j1 � B0

B2
0

� �
¼ j1 � B0

Since, by Eq. (3), E and j1 are in the same direction, take them both to be in

the x̂ -direction. Then the y-component is

E1

B0

¼ iB0

ωρ0
þ η

B0

� �
j1

Equation (3) becomes

k2E1 ¼ μ0iω
E1

B0

iB0

ωρ0
þ η

B0

� ��1

¼ μ0ω
2 B2

0

ρ0
� iηω

� ��1

E1

ω2

k2
¼ μ0

B2
0

ρ0
� iωη

� �
(b)

k ¼ μ0ω
2ð Þ1=2 B2

0

ρ0
� iωη

� ��1=2

¼ ω
μ0ρ0
B2
0

� �1=2

1� iωηρ0
B2

0

 !�1=2

Im kð Þ ¼ ω
ωηρ0
2B2

0

μ0ρ0
B2
0

� �1=2

¼ ω2η

2

1

v3A

But for small η, ω� kvA, where k¼Re (k)

∴Im kð Þ � ηð Þ k2
� �
2vA
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6.4 (a)
j� B ¼ ∇ p ¼ KT∇n KT ¼ KTe þ KTi hereð Þ

j� Bð Þ � B ¼ KT∇n� B ¼ B j � Bð Þ � jB2

The parallel component is 0¼ j║B
2� j║B

2 ∴ j║ is arbitrary. The perpendic-

ular component is

j⊥ ¼ KT

B2
B� ∇n ¼ KT

B

∂n
∂r

θ̂

(b) ð
∇ � B � dS ¼ μ0

ð
j � dSþ

B � dL ¼ μ0

ð
j � dS ¼ μ0L

ð1
0

jθdr

since j and dS are both in the θ̂ direction, and L is the width of the loop in

the ẑ direction. By symmetry, there can be no Br, so only the two z-legs of
the loop contribute to the line integral. Substituting for jθ, we have

Bax � B0ð ÞL ¼ μ0LKT

ð1
0

∂n=∂r
B rð Þ dr

(c) ∂n/∂r¼�n0δ(r� a), since ∂n/∂r is a function that is zero everywhere

except at r¼ a, is �1 there, and has an integral equal to �n0. Thus

Bax � B0 ¼ μ0KT

ð1
0

�n0
δ r � að Þ
B rð Þ dr

Since all the diamagnetic current is concentrated at r¼ a, B takes a jump

from a constant value Bax inside the plasma to another constant value B0

outside. (Remember that the field inside an infinite solenoid is uniform.)

Upon integrating across the jump, one obtains the average value of B on

the two sides, i.e., B að Þ ¼ 1
2
Bax þ B0ð Þ. Thus

Bax � B0 ¼ μ0KTn0
�1

1

2
Bax þ B0ð Þ

B2
ax � B2

0 ¼ �2μ0n0KT

1� B2
ax

B2
0

¼ 2μ0n0KT

B2
� β ¼ 1∴Bax ¼ 0
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6.5 (a) By Faraday’s law, V¼�dΦ/dt

∴
ð
V dt ¼ �N

ð
dΦ
dt

dt ¼ �NΔΦ

Since ΔΦ is the flux change due to the diamagnetic decrease in B,

�NΔΦ ¼ �N

ð
B� B0ð Þ � dS

The sign depends on which side of V is considered positive. In practice, this

is of no consequence because the oscilloscope trace can easily be inverted

by using the polarity switch.

(b) In Problem 6.4b, we can draw the loop so that its inner leg lies at an

arbitrary radius r rather than on the axis. We then have

B rð Þ � B0 ¼ μ0KT

ð1
r

∂n=∂r
B r0ð Þ dr

0 � μ0KT

ð1
r

∂n=∂r
0

B0

dr
0

where again KT is short for Σ KT

∂n
∂r

¼ n0
�2r

r20

� �
e�r2=r2

0

B rð Þ � B0 ¼ μ0KT

B0

n0
r20

ð r
1
e�r

0 2
=r2

02r
0
dr

0

¼ μ0n0KT

B0

e�r
0 2
=r2

0

h i1
r

¼ �μ0n0KT

B0

e�r2=r2
0

This is the diamagnetic change in B at any r. To get the loop signal, we

must integrate over the plasma cross section.ð
V dt ¼ �N

ð
B� B0ð Þ � dS ¼ �N

ð ð
B rð Þ � B0½ �r dr dθ

where both B and dS are in the ẑ direction. Substituting for B(r)�B0 and

assuming the coil lies well outside the plasma, we have

Ð
V dt ¼ N

μ0n0KT

B0

2π

ð1
0

e�r2=r2
0rdr

¼ Nπ
μ0n0KT

B0

r20 e�r2=r2
0

h i0
1

¼ 1

2
Nπr20

2μ0n0KT

B2
0

� �
B0

(c) The quantity in parentheses is β by definition; hence,
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ð
V dt ¼ 1

2
Nπr20βB0

Both sides of this equation have units of flux,

6.6 (a) For each stream, we have

m
∂v1
∂t

þ v0 � ∇v1
� �

¼ �eE1 ¼ �iωþ ikv0ð Þv1

v1 ¼ �ieE1

m ω� kv0ð Þ
∂n1
∂t

þ n0 ∇ � v1ð Þ þ v0 � ∇ð Þn1 ¼ 0

�iωþ ikv0ð Þn1 þ ikn0v1 ¼ 0 n1 ¼ n0
kv1

ω� kv0

∴n1 j ¼ n0 j
�ikE1e

m ω� kv0 j
� �2

Poisson: ikE1¼ (e/E0)(n1a + n1b), where stream a has v0a ¼ v0x̂ , n0a ¼ 1
2
n0;

stream b has v0b ¼ �v0x̂ , n0b ¼ 1
2
n0: Thus

ikE1 ¼ � e

20

� � �ikeE1

m

� � 1

2
n0

ω� kv0ð Þ2 þ
1

2
n0

ωþ kv0ð Þ2

264
375

1 ¼ n0e
2

20m
� 1
2

1

ω� kv0ð Þ2 þ
1

ωþ kv20
� �" #

1 ¼ 1

2
ω2

p

1

ω� kv0ð Þ2 þ
1

ωþ kv0ð Þ2
" #

(b)

1 ¼ ω2
p

ω2 þ k2v20

ω2 � k2v20
� �2

ω4 � ω2
p þ 2k2v20

� �
ω2 þ k2v20 k2v20 � ω2

p

� �
¼ 0

ω2 ¼ 1

2
ω2

p þ 2k2v20

� �
� 1

2
ω4

p þ 8ω2
pk

2v20

� �1=2
Let

x ¼ 2k2v20
ω2

p

y2 ¼ 2ω2

ω2
p
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Then

y2 ¼ 1þ x� 1þ 4xð Þ1=2

y can be complex only if the (�) sign is taken. This y is pure imaginary,

and we can let y¼ iγ:

γ2 ¼ 1þ 4xð Þ1=2 � 1þ xð Þ
d

dx
γ2
� � ¼ 2 1þ 4xð Þ�1=2 � 1 ¼ 0 x ¼ 3

4

Thus

γ2 ¼ 1þ 3ð Þ1=2 � 7

4
¼ 1

4

γ ¼ 1

2
¼

ffiffiffi
2

p
Im ωð Þ
ω p

Im ωð Þ ¼ ω p

23=2

6.8 (a)

1 ¼ ω2
p

1

ω2
þ δ

ω� kuð Þ2
" #

where ω2
p � n0e

2=є0m:
(b) This equation is the same as Eq. (6.30) except that m/M is replaced by δ,

which is also small, and that the rest frame has changed to one moving

with velocity u. The maximum growth rate does not depend on frame, as

can be seen from Fig. 6.11 by imagining γ to be plotted in the z direction
vs. x and y; a shift in the origin of x will not affect the peak. Analogy with
Eq. (6.35) then gives

γmax � δ1=3ω p

(The exact constant that should appear here is 31/22�4/3¼ 0.69. The

derivation of γmax, which is difficult because the dispersion relation is

cubic, and the proof that it is independent of frame for real k are left as

exercises for the advanced student.)

6.9 (a) Since only the y component of vj and E are involved, the given relation is

easily found from Eqs. (4.98b) and (6.23), plus continuity and Poisson’s
equation. Note that Ωp is defined with n0, not (1/2)n0.

(b) Let α � 1

2
Ω2

p 1þ ω2
p=ω

2
c

� ��1

, β � k2v20: Then the dispersion relation

reduces to
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ω4 � 2 αþ βð Þω2 þ β2 � 2αβ ¼ 0

The dispersion ω(k) is given by

ω2 ¼ αþ β � α2 þ 4αβ
� �1=2

Instability occurs if (α2 + 4αβ)1/2> α+ β, or β< 2α, i.e.,

k2 < Ω2
p=v

2
0

� �
1þ ω2

p=ω
2
c

� ��1

Where this is satisfied, the growth rate is given by

γ ¼ α2 þ 4αβ
� �1=2 � αþ βð Þ
h i1=2

7.3 (a)
f p vð Þ ¼ n p

aπ1=2
e�v2=a2

f b vð Þ ¼ nb
bπ1=2

e� v�Vð Þ2=b2

(b)

f
0
b vð Þ ¼ nb

bπ1=2
�2 v� Vð Þ

b2
e� v�Vð Þ2=b2

f
00
b vð Þ ¼ �2nb

b3π1=2
1� 2 v� Vð Þ2

b2

" #
e� υ�Vð Þ2=b2 ¼ 0

v� V ¼ �b=
ffiffiffi
2

p
vϕ ¼ V � b=

ffiffiffi
2

p

f
0
b vϕ
� � ¼ 2

π

� �1=2nb
b2
e�1=2

(c)

f
0
b υϕ
� � ¼ n p

aπ1=2
�2

a2

� �
V � b

21=2

� �
e� V�b=

ffiffi
2

pð Þ2=a2

� � 2n pV

a3π1=2
e�V2=a2 V � b
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(d)

2

π

� �1=2nb

b2
e�1=2 ¼ 2n pV

a3π1=2
e�V2=a2

nb
n p

¼ 2eð Þ1=2 b
2

a3
Ve�V2=a2 b2

a2
¼ Tb

T p

∴
nb
n
¼ 2e1=2
� �Tb

T p

V

a
e�V2=a2

7.8 From Eq. (7.127), we obtain ∑αjZ0(ζj)¼ 2Ti/Te, where αj¼ n0j/n0e, ζj¼ω/kυthj.
Assume at first that αH is small, so that αA� 1, αH¼ α; furthermore, small

α means that υϕ will be nearly unchanged from vs of argon. Then doubling the

Landau damping rate means Im Z0(ζH)¼ Im Z0(ζA), where Im Z
0
ζ j

� � ¼
�2i

ffiffiffi
π

p
ζ je

�ζ2j . ¼ Thus

ζAe
�ζ2A ¼ αζHe

�ζ2H α ¼ ζA
ζH

e� ζ2A�ζ2Hð Þ

ζA
ζH

¼ MA

MH

� �1=2

α ¼ 40ð Þ1=2e�ζ2A 1�1=40ð Þ

ζ2A ¼ KTe þ 3KTi

MA
� MA

2KTi
¼ 13

2

α ¼ ffiffiffiffiffi
40

p
e�6:5 0:975ð Þ ¼ 1:12� 10�2 � 1%

Thus α is so small that our initial assumptions are justified.

7.9 (a)
2k2

k2Di
¼ Z

0
ζið Þ þ 1� α

θe
Z

0
ζeð Þ þ α

θh
Z

0
ζhð Þ

(b)
Z

0
ζið Þ � �2� 2i

ffiffiffi
π

p
ζe�ζ2

Since ζh� ζe� 1, ��ImZ
0
ζhð Þ�� � ��ImZ

0
ζeð Þ��

(c) Since Z0(ζh)� Z0(ζe)��2), the ζh term in (a) is negligible compared with

the ζe term if θh� θe and α< 1/2. Now the dispersion relation is

Z
0
ζið Þ�� ¼ 2k2

k2Di
þ 2 1� αð Þ

θe
¼ 2Ti

Te
1⨪αþ Tek

2

Tik
2
Di

 !
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The last term is � k2λ2D and is negligible when quasineutrality holds. Thus the

ion wave dispersion relation is the same as usual, except that Ti/Te has been
replaced by (1� α) Ti/Te. Since small Ti/Te means less Landau damping, the

hot electrons have decreased ion Landau damping.

8.3 Refer to Fig. 8.4. Take a number of ions with v¼ u0 and split them into two

groups, one with v¼ u0 +Δ and one with v¼ u0�Δ. After acceleration in a

potential ϕ, the faster half will have less fractional energy gain (because it

started with more energy) and, hence, will have less fractional density

decrease. The opposite is true for the slower half, and to first order the total

density decrease is the same as if all ions had v¼ u0. However, there is a

second-order effect which makes the slower group dominate. This can be seen

by making Δ so large that v� 0 for the slower half, which clearly must then

suffer a huge density decrease. To compensate for this, u0 must be increased to
higher than the Bohm value.

8.4 The maximum current occurs when the space charge of decelerated ions near

grid 3 decreases the electric field to zero. Thus we can apply the Child-

Langmuir law to the region between grids 2 and 3.

J ¼ 4

9

2ð Þ 1:6� 10�19
� �

4ð Þ 1:67� 10�27
� �" #1=2

8:85� 10�12
� �

100ð Þ3=2

10�3
� �2 ¼ 27:2

A

m2

A ¼ π

4
4� 10�3
� �2 ¼ 1:26� 10�5m2

I ¼ JA ¼ 0:34mA

8.6 (a) At ωp¼ω,

FNL ¼ �20 E2
� �
2L

¼ �∇ peff ¼
peff
L

∴ peff ¼ 1
2
20 E2
� �

: But I0 ¼ c20 E2
� � ¼ P=A, where P¼ 1012 and A¼

(π/4) (50� 10�6)2¼ 1.96� 10�9 m2

peff ¼
P

2cA
¼ 1012

2ð Þ 3� 108
� �

1:96� 10�9
� � ¼ 8:50� 1011

N

m2

¼ 8:50� 1011
� �

0:2248ð Þ
39:37ð Þ2 ¼ 1:23� 108

lb

in:2

(b)
F ¼ pA P=2c ¼ 1012= 2ð Þ 3� 108

� � ¼ 1667N

F ¼ Mg M ¼ F=g ¼ 1667=9:8 ¼ 170kg ¼ 0:17 tonnes
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(c)
2nKT ¼ peff

∴n ¼ 8:5� 1011

2ð Þ 103
� �

1:6� 10�19
� � ¼ 2:66� 1027m�3

8.7

FNL ¼ ∇ p∴
∂
∂r

nKTð Þ ¼ � n

nc

∂
∂r

20 E2
� �
2

� �
1

n

∂n
∂r

� 20

2ncKT

∂
∂r

E2
� �

lnn ¼ �20 E2
� �

2ncKT
þ lnn0

n ¼ n0e
�є0 E2h i=2ncKT

At r¼ 0,

nmin ¼ n0e
�є0 E2h imax=2ncKT ¼ n0e

�α

∴α ¼ 20 E2
� �

max

2ncKT

8.9
k0 ¼ 2π=λ0 ¼ 2π=1:06� 10�6 ¼ 5:93� 106m�1

ki � 2k0 ¼ 1:19� 107m�1

vs ¼ KTe þ 3KTi

M

� �1=2

¼ 103
� �

1:6� 10�19
� �

2ð Þ 1:67� 10�27
� �" #1=2

1þ 3

θ

� �1=2

ωi ¼ Δω ¼ kivs ¼ 1:19� 107
� �

2:19� 105
� �

1þ 3

θ

� �1=2

¼ 2:61� 1012 1þ 3

θ

� �1=2

Δω
ω0

¼ �Δλ
λ0

∴Δω ¼ �ω0

λ:0
Δλ ¼ � 2πc

λ20
Δλ

¼ � 2πð Þ 3� 108
� �

1:06� 10�6
� �2 21:9� 10�10

� �
¼ 3:67� 1012

1þ 3

θ
¼ 3:67� 1012

2:61� 1012

� �2

¼ 2 θ ¼ Te

Ti
¼ 3 ∴Ti ¼ 1

3
keV
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8.10 (a)

E2
0

� � ¼ 1

2
E
2 ¼ 8ω1ω2Γ1Γ2

c1c2

c1c2 ¼
20k

2
1ω

4
p

n0ω2
0M

Γ2 ¼
ω2

p

ω2
2

ν

2

E2
0

� � ¼ 4ω1Γ1ω2
0ν

ω2k
2
1

n0M

20ω2
p

¼ 4ω1Γ1ω2
0νMm

ω2k
2
1e

2

v20
� � ¼ e2 E2

0

� �
m2ω2

0

¼ 4ω1Γ1νM

ω2k
2
1m

k21 ¼
ω2
1

v2s
¼ ω2

1M

KTe
¼ ω2

1v
2
eM

M
∴

v20
� �
v2e

¼ 4Γ1ν

ω1ω2

(b)
v20
� �
v2e

¼ 4Γ1νei
ω1ω0

since ω2�ω0 when n� nc.

ω0 ¼ 2πc

λ 0

¼ 2πð Þ 3� 108
� �

10:6� 10�6
¼ 1:78� 1014s�1

v2e ¼
KTe

m
¼ 102
� �

1:6� 10�19
� �

0:91� 10�30
� � ¼ 1:76� 1013

m2

s2

Γ1

ω1

¼ π

8

� �1=2
θ 3þ θð Þ1=2e� 3þθð Þ=2 θ ¼ Te

Ti
¼ 10

¼ 3:40� 10�2

η ¼ 5:2� 10�5 lnΛ
T
3=2
eV

¼ 5:2� 10�5
� �

10ð Þ
100ð Þ3=2

¼ 5:2� 10�7Ω-m

vei ¼ ne2η

m
¼ 1023
� �

1:6� 10�19
� �2

5:2� 10�7
� �

0:91� 10�30
� � ¼ 1:46� 109s�1

v20
� � ¼ 4ð Þ 3:4� 10�2

� �
1:46� 109
� �

1:78� 1014
1:76� 1013
� � ¼ 1:96� 107

m2

s2

From Problem 8.6(a):

I0 ¼ c20 E2
� � ¼ c20

m2ω2
0

e2
v20
� �
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I0 ¼ 3� 108
� �

8:854� 10�12
� � 0:91� 10�30

� �2
1:78� 1014
� �2

1:96� 107
� �

1:6� 10�19
� �2

¼ 5:34� 1010
W

m2
¼ 5:34� 106

W

cm2

8.11 ω2
s þ 2iγωs � ω2

1

� �
ωs þ iγ� ω0ð Þ2 � ω2

2

h i
¼ 1

4
c1c2E

2

0:

Ifω2
s ¼ ω2

1, ωs � ω0ð Þ2 ¼ ω2
2, andγ=ωs � 1, then

2iγωsð Þ 2iγ ωs � ω0ð Þ½ � ¼ 1

4
c1c2E

2

0 ¼ 4γ2ωsω2

From Problem 8.10,

c1c2 ¼
20k

2
1ω

4
p

n0ω2
0M

¼ k21ω
2
pe

2

ω2
0mM

γ2 ¼ k21ω
2
pe

2E
2

0

16ωsω2ω2
0mM

¼ k21ω
2
pv

2
0m

16ωsω2M
� 2k0ð Þ2Ω2

pv
2
0

16ω0ωs

¼ ω2
0Ω

2
pv

2
0

4c2ω0ωs
∴γ ¼ v0

2

ω0

ωs

� �1=2

Ω p

8.13 (a)

Mn0
∂v
∂t

¼ en0E� γiKTi∇n �Mn0νvþ FNL

Mn0 �iωþ νð Þv ¼ en0 �ikϕð Þ � γiKTiikn1 þ FNL

with eϕ/KTe¼ n1/n0, this becomes

ωþ iνð Þv ¼ kv2s
n1
n0

þ iFNL

Mn0

Continuity:

�iωn1 þ ikn0v ¼ �iωn1 þ ikn0 ωþ iνð Þ�1 kv2s
n1
n0

þ iFNL

Mn0

	 

¼ 0

ω2 þ iνω� k2v2s
� �

n1 ¼ ikFNL=M

When FNL¼ 0,
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ω2 1þ i
ν

ω

� �
¼ k2v2s∴ω � kvs 1� 1

2
i
ν

ω

� �
¼ kvs � i

2
ν

Hence� Im ω � Γ ¼ ν=2: So ω2 þ 2iΓω� k2v2s
� �

n1 ¼ ikFNL=M

(b)

FNL ¼ � ω2
p

ω0ω2

∇20 E0E2h i ¼ � ω2
p

ω0ω2

ik20 E0E2h i

Thus,

c1 ¼ ikFNL

M

1

E0E2h i ¼
ik

M

�ω2
p

ω0ω2

ik 20

 !
¼ ω2

p

ω0ω2

k220

M

8.14 The upper sideband has hω2¼ hω0 + hω1, so that the outgoing photon has

more energy than the original photon hω0. The lower sideband would be

expected to be more favorable energetically, since it is an exothermic reac-

tion, with hω2¼ hω0� hω1.

8.18 U(ξ� cτ)¼ 3c sech2 [(c/2)I/2(ξ� cτ)], where ξ¼ δ1/2(x0 � t0), τ¼ δ3/2 t0,
x0 ¼ x/λD, t0 ¼Ωpt, δ¼M� 1

ζ ¼ ξ� ct ¼ δ1=2
x� vst

λD
� δc

vs
λD

t

� �
since λDΩp¼ vs

ζ ¼ δ1=2

λD
x� 1þ δcð Þvst½ �

The soliton has a peak at ζ¼ 0. The velocity of the peak is dx/dt¼ (1 + δc)vs.
By definition,

dx

dt
¼ Mvs ¼ 1þ δð Þvs

∴c ¼ 1 ∴Umax ¼ 3c ¼ 3

From Eq. (8.111),
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xmax� eϕmax

KTe
� δx1max ¼ δUmax

∴δ
e

KTe

ϕmax

Umax

¼ 12

10

1

3
¼ 0:4

vϕ ¼ 1þ δð Þvs ¼ 1:4vs

vs ¼ KTe

M

� �1=2

¼ 10ð Þ 1:6� 10�19
� �

1:67� 10�27

	 

¼ 3:10� 104

vϕ ¼ 4:33� 104m=s

At half maximum, sech2 a ¼ 1

2
∴a ¼ 0:8814 ¼

ffiffi
1

2

r
ζ∴ζ ¼ 1:25 ¼ δ1=2x=λD at

t¼ 0, say.

δ1=2 ¼ ffiffiffiffiffiffiffi
0:4

p ¼ 0:632

λD ¼ 20KTe

n0e2

� �1=2

¼ 2:35� 10�4m ¼ 0:235mm

x ¼ 1:25λD
0:632

¼ 0:46mm FWHM ¼ 2x ¼ 0:93mm

8.21 uj j ¼ 4A1=2 sec hxj j∴ uj j2 ¼ 16A sec hxj j2

δn ¼ 1

4
uj j2 V2

22
� 1

� ��1

� �1

4
uj j2 ¼ �4A sec hxj j2

δn ¼ �4A sechxj j2 � �2A

δω p

ω p
¼ 1

2

δn

n
¼ �1

2
2Að Þ ¼ �A

∴ A is frequency shifted due to δn.
8.22 In real units,

v ¼ v

ve
¼ 4A1=2sech

2A

3

� �1=2 x

λD
� V

ve
ω pt

� �" #
exp �i

ω0

ω p
þ 1

6

V2

ve
� A

� �	 
�
ω pt

� V

3ve

x

λD

�
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ve ¼ KTe

m

� �1=2

¼ 5:93� 105m=s ω p ¼ ne2

20m

� �1=2

¼ 1:78� 109
rad

s

λD ¼ ve
ω p

¼ 3:33� 10�4m k ¼ kλDð Þ
λD

¼ 0:3

λD
¼ 9:02� 102m�1

u p� p ¼ 4A1=2 � iωmv ¼ �eE ¼ �e �ikϕð Þ∴ϕ ¼ �mωv

ek

ϕ p� p �
mω

ek
4A1=2ve ω � ω2

p þ 3k2v2e

� �1=2
2:01� 109

A1=2 ¼ keϕ p� p

4mωve
¼ k

4ω

eϕ p� p

KTe

1

ve
¼ kve

4ω

eϕ p� p

KTe

¼ kve
4ω

3:2

2
¼ 0:106

A ¼ 1:13� 10�2

(a)

sec hX ¼ 1

2
X ¼ 1:315 ¼ 2A

3

� �1=2 x

λD

x ¼ 3

2

� �1=2 1:315ð Þ 3:33� 10�4
� �
0:106

¼ 5:04� 10�3

FWHM¼ 2x¼ 1.01� 10�2¼ 10.1 mm

(b)

N ¼ 1:01� 10�2

2π=k
¼ 1:45

(c)
δω ¼ Aω p ¼ 1:13� 10�2

� �
1:78� 109
� � ¼ 2� 107rad=s

δ f ¼ δω=2π ¼ 3:2� 106 ¼ 3:2MHz

8.23

3v2e ¼
3ð Þ 3ð Þ 1:6� 10�19

� �
0:91� 10�30

¼ 1:58� 1012m2=s2

ω2
p outð Þ ¼ 1016

� �
1:6� 10�19
� �2

8:824� 10�12
� �

0:91� 10�30
� � ¼ 3:18� 1019

rad2

s2

ω2
p inð Þ ¼ 0:4ω2

p outð Þ
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k2max ¼
ω2

p outð Þ � ω2
p inð Þ

3v2e
¼ 3:18� 1019

1:58� 1012
1� 0:4ð Þ

¼ 1:21� 107m�2

λmin ¼ 2π

kmax

¼ 1:81� 10�3m ¼ 1:81 mm
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A
Acoustic speed, 133, 281, 329, 344

Adiabatic compression, 40, 41, 47, 64

Adiabatic invariants, 42–44, 47, 53

Alfvén velocity, 128

Alfvén waves
damping of, 184

energy density of, 138

shear, 130
torsional, 130, 137

Ambipolar diffusion, 149, 161, 162, 164

Anomalous resistivity, 268

Antimatter, 112

Arecibo, 299

ASDEX tokamak, 23

Atmospheric-pressure plasma, 17, 339

Aurora Borealis, 1, 350

B
B drifts, 15, 27, 28, 30, 34, 37, 70, 180,

185, 187

Bananas, 20, 22, 181

diffusion, 181

orbits, 20, 22, 181

Baseball coil, 11, 12

Beam-plasma instability, 202, 219

Bennett pinch, 6

Bernstein waves

electron, 261, 262

ion, 263, 265

neutralized, 263, 265

Bessel function, 153, 154, 177, 257, 258

Beta, 30

BGK mode, 244

BICEP2, 2

Bohm current, 275

Bohm diffusion, 178–180

Bohm-Gross wave, 339

Bohm time, 179

Boltzmann equation, 217, 218, 222–224

Boltzmann relation, 12, 25, 71–73, 92, 103,

112, 140, 207, 264, 271, 272,

277, 329

Bootstrap current, 21–24

Bosch process, 47

Bounce frequency, 44, 47, 305, 306

Bow shock, 276

Buneman instability, 201

C
Calutron, 1

Caviton, 307, 320, 321

Clemmow–Mullaly–Allis (CMA) diagram,

135, 137

Coburn graph, 48

CO2 laser, 16, 35, 111

Cold-plasma dispersion relation, 143

Collective behavior, 2, 3, 11

Collision frequency

electron-electron, 165

electron–ion, 165, 182, 209

ion–ion, 164, 165, 255

Collisions

Coulomb, 164, 167, 168, 178, 219

like-particle, 166, 175, 335

unlike-particle, 165

Communications blackout, 111, 112

Constant-p surfaces, 189
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Continuity, 55, 64, 78, 82, 89, 90, 92, 100,

103, 105, 132, 140, 148, 154, 156,

162, 174, 176–178, 184, 198, 201,

204, 208, 222, 233, 239, 271, 296,

309, 337, 342, 344

Convective cells, 180

Convective derivative, 57, 147, 218

Coulomb barrier, 269

Coulomb collision, 164, 167, 168, 178, 219

Coupling parameter, 335

Crab nebula, 15, 141, 192

Critical density, 34, 108, 111, 286, 291

Critical dimensions (CD), 45, 47, 308,

344, 345

Cross-section

definition, 20

of H atom, 47

momentum transfer, 183

Current drive, 28

Curvature

drifts, 8, 28, 34, 69, 179, 181

unfavorable curvature, 8

Cusps, 5, 43

Cutoffs

frequency, 108, 118, 122, 141

left-hand, 118, 142

right-hand, 119, 141

Cyclotron damping, 256, 258, 259, 261

Cyclotron frequency, of electrons, 81

Cyclotron harmonics, 256, 262–264

Cyclotron-ion instability, 11

Cylindrical coordinates, 7, 28

D
Debye length, 10, 17, 18, 91, 105, 149, 270,

274, 275, 335, 339

Debye shielding, 8, 10, 11, 18, 74, 102, 104,

169, 180, 270

Diamagnetic current, 68, 69, 71, 189, 191, 192,

194, 195

Diamagnetic drift, 66–69, 71, 160, 203, 208

Diamagnetic loop, 195

Dielectric barrier discharge, 351, 352

Dielectric tensor

kinetic, 257

low-frequency, 55, 56

Diffusion

across B, 158, 160, 161

ambipolar, 148, 161, 162, 164

anomalous, 163, 180

Bohm, 178, 180

equation, 150, 152, 153, 155, 177, 193

of magnetic field, 177, 192
modes, 152–154, 164

neoclassical, 20, 178, 181, 182

Diffusion coefficient

ambipolar, 149, 164

Bohm, 183

classical, 180, 181, 183

fully ionized, 175

partially ionized, 175

DIII-D tokamak, 28, 30

Direct conversion, 11, 14

Disruptions, 18, 29–31

Distribution function, 9, 12, 61, 63, 210–212,

218, 219, 226, 229, 231, 232, 246–249,

251, 268, 283, 294, 301, 302, 306

Divertors, 16, 24–25, 27

Double layer, 55, 282, 283

DP machine, 282, 283

Drift instability, 37, 207, 209

Drift waves, 71, 77, 206–209, 267

D-shape, 24, 26, 30

Duodenoscopes, 353

Dust acoustic wave, 341–345

Dust crystal, 341

Dust ion-acoustic wave, 341, 346

Dusty plasma, 2, 339, 344

E
E� B drift, 15, 25, 26, 37, 38, 47, 53, 128, 134,

143, 160, 175, 177, 180, 187, 198, 285,

326, 335

Echoes, 268, 301–304

Eddies, 269, 326

Edge localized mode (ELM), 23–25, 326

Effective mass, 16

Einstein relation, 148

Electromagnetic waves, 86, 106–108, 112, 113,

117, 121, 124, 128, 129, 131, 137, 139,

140, 290, 291, 293

Electron decay instability, 290

Electron-plasma waves

kinetic dispersion relation, 83, 84

nonlinear, 307

Electrostatic ion cyclotron waves, 102–104,

138, 266

Electrostatic probes, 63, 326

Envelope solitons, 307, 314, 315, 320

Equilibrium, 2, 4, 6–9, 18, 78–80, 89, 90, 96,

102, 140, 145, 174, 178, 187–190, 192,

194, 196, 197, 202, 208, 211, 226, 236,

238, 250, 268, 284, 287, 295, 296, 329,

330, 333, 350
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F
Factor, 13, 23, 73, 91, 150, 169, 171, 181, 225,

246, 292, 302, 339

Far-infrared laser, 138

Fast ignition, 42, 44

Field-effect transistor (FET), 18

Fluid equation, derivation of, 222

Fluorescent lights, 1, 7, 13, 56

Flute instability, 206, 208, 209

Fokker–Planck equation, 219

Free-electron laser (FEL), 38, 39

Fullerene, 337, 338

Fusion energy, 3, 7, 11, 42–44

Fusion reactions, 5, 13, 14, 170

G
Gamma, 11, 42

Gas discharges, 2, 13, 16, 145, 263, 274

Gravitational instability, growth rate, 202

Greenwald density limit, 28

Group dispersion, 313, 319

Group velocity, 77, 78, 81, 83, 84, 91, 93, 98,

101, 107, 117, 123, 125, 126, 137, 264,

286, 307, 314, 319, 320

Guiding center, 20–24, 26–28, 30, 31, 37, 38,

44–47, 49, 65–70, 158, 165, 166,

181, 208

Guiding center drifts, 24, 26–28, 44, 45, 49,

70, 158

Gyrotrons, 28, 29

H
Hall current, 53, 173

Harmonics, 20, 256–258, 260, 262, 263, 268,

288, 296

Harris instability, 197

Heat flow equation, 224

Heating

ECRH, 26

ICRH, 26

LHRH, 26

NBI, 26

ohmic, 16, 170, 183, 193, 268

Helicons, 52–56, 346–349

plasmas, 53, 346, 347

waves, 55, 347, 349

High-β plasma, 12, 13, 191

High repetition rate advanced petawatt laser

system (HAPLS), 43

H-mode, 23–26

Hohlraum, 6, 40–42, 44

Hydrogen cyanide (HCN) laser, 138

Hydromagnetic waves, 47, 126, 128, 134

I
Impact parameter, 167, 169

Inertial fusion, 2, 39

Instability(ies)

beam–plasma, 201, 219, 247

Buneman, 201, 202

classification of, 196–198

cyclotron-ion, 11

drift, 37, 207, 209

explosive, 187

gravitational, 5, 24, 202, 203

Harris, 197

kinetic, 197

kink, 5, 6, 16

loss cone, 197

Rayleigh-Taylor, 6, 39, 197, 202, 326

sausage, 5, 6

streaming, 196, 201

universal, 197

velocity space, 198
two-stream, 198–202

Interchange instability, 11

Invariant

adiabatic, 42–44, 47, 53

Ф, 47

J, 44
μ, 42, 43, 53

Iodine laser, 299

Ioffe bars, 11, 12

Ion acoustic shock, 141, 277, 282

Ion acoustic waves, 89, 91, 93, 102, 134, 184,

249, 250, 255, 291, 295, 299, 307,

339, 346

Ion cyclotron heating, 16

Ion cyclotron waves

electromagnetic, 104

electrostatic, 91, 104, 138

Ionization function, 154

Ionosphere, 1, 11, 12, 14, 47, 82, 111, 112, 122,

139, 141, 282, 298, 299, 349

Ionospheric modification, 298, 301

Iota, 16, 18

Islands, 20

ITER, 3, 13, 28, 29

J
Joint European Tokamak (JET), 1, 3, 11,

15–17, 25, 27, 276, 324, 325
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K
Kink instability, 5, 6, 16

K-matching, 290

KrF lasers, 45

Krook collision term, 218

Kruskal-Shafranov limit, 16

L
Landau damping, 200, 229–232, 237, 238,

242–244, 246, 249, 250, 252, 254–256,

258, 259, 267–269, 291, 293, 299, 301,

306, 346, 349

nonlinear, 232

Langmuir probes, 10, 275, 339, 340

Langmuir wave, energy density of, 290

Large Helical Device (LHD), 17, 19

Larmor radius, 13, 20, 24–26, 31, 34, 36, 43,

62, 68–70, 158, 161, 172

Laser fusion, 17, 39, 40, 45, 255, 299

direct drive, 39, 40

indirect-drive, 40

Lasers, 2, 5, 7, 11, 16, 17, 33–36, 38–43, 45, 47,

111, 125, 126, 138, 169, 194, 255, 284,

286, 292, 293, 299, 320, 335, 336, 340–

342, 344, 345

CO2, 16, 35, 111

far-infrared, 138

gas, 16

HCN, 16, 138

LASNEX code, 39

Lawson criterion, 3, 4, 39

Lehnert-Hoh experiment, 162

Lightning, 1, 2, 13, 14, 56, 123

Linear solenoid, 111

Lines of force, freezing of plasma, 335

Longitudinal waves, 96

Looney–Brown experiment, 85

Loschmidt number, 7

Loss cone, 5, 10–12, 33–35, 43, 198, 216

distribution, 216

instability, 197

Lower hybrid frequency, 105, 347

Low-temperature plasma, 1

L wave, 121, 122, 124, 125, 137

M
Mach number, 278, 280, 310

Magnetic field

diffusion into plasma, 157

spontaneous, 194

Magnetic islands, 20, 21, 326

Magnetic mirrors, 5, 9, 11, 12, 30, 32–34, 41,

43, 44, 49, 181, 190

Magnetic moment, 9, 31, 32, 40, 48, 53, 54

Magnetic pressure, 5, 14, 192

Magnetic pumping, 46

Magnetohydrodynamic (MHD)

energy conversion, 174, 191

equations, 174, 184, 188, 195

Magnetosonic wave, 126, 132, 134

Magnetosphere, 14, 123, 137, 349

Malmberg-Penning trap, 334, 335

Maxwellian distributions, 2, 4, 6, 7, 18, 29, 60,

63, 70, 147, 154, 168, 169, 212–214,

216, 225, 227, 228, 231, 244–246,

257, 342

Mean free path, electron–ion, 182

MFTF-B, 11, 13

Microwaves, 2, 27, 81, 86, 98, 99, 107–109,

112, 113, 124–126, 139, 140, 201, 266,

284, 352

Mirror ratio, 10, 11, 33, 34, 41, 190

Mobility, transvers, 175

Modulational instability, 306, 313, 314

Molecular dynamics, 46, 48

N
National Ignition Facility (NIF), 39, 40, 42, 43

Navier–Stokes equation, 63, 89

Nd-YAG laser, 45

Negative energy wave, 244

Negative ions, 28, 140

Neoclassical diffusion, 20, 181, 182

Neutron stars, 13, 15, 350

Nonlinear frequency shift, 313, 314, 319

Non-neutral plasma, 334

O
Ohmic heating, 16, 170, 193, 268

Ordinary wave, damping of, 139

Oscillating velocity, 293

P
Parallel, 6, 12, 45, 49, 64, 71–73, 96, 99, 102,

112, 113, 120–122, 141, 157, 158,

160–162, 171, 174, 180, 185, 187, 274,

276, 347, 350

Parametric backscattering, 291

Parametric decay instability, 290, 295,

298, 299

Parametric instabilities, threshold, 291
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Partially ionized plasmas, 1, 13, 17, 339

Particle trajectories, 19, 51, 244, 302

Paschen curve, 350, 351

Pedestal, 23

Peeling-ballooning, 23

Penning trap, 336, 337

Perhapsatron, 5

Perpendicular, 6, 9, 20, 22, 24, 26, 38, 39,

45–47, 55, 62–71, 96–104, 113–117,

126, 128, 130, 134, 143, 158–162, 171,

174, 183, 189, 204, 217, 222, 237, 238,

256, 258, 259, 261, 269

Phase velocity, 33, 71, 76, 77, 83, 91, 93, 95,

101, 106, 107, 117–119, 123, 124, 126,

128, 129, 131, 134, 136, 140, 142, 184,

206, 219, 220, 227, 230, 232, 248, 249,

252, 262, 264, 281, 291, 295, 308, 314,

344–346, 349

Photolithography, 47, 49

Pinches

deta-pinch, 12, 183

reversed-field, 8, 9

z-pinch, 5, 7–9

Z-pinch, 6

Plasma, 1–26, 28–44, 46–48, 51–56, 59, 62, 63,

65–69, 71–74, 77–93, 95, 96, 98–100,

102, 103, 105–115, 117, 118, 123–126,

128–131, 134–135, 137–143, 145,

148–159, 161–164, 166–167, 169–172,

174–180, 182–185, 187–202, 204, 205,

208, 209, 211, 216, 218–220, 224–230,

233, 236, 238, 239, 241, 243–251,

255–258, 263, 265, 267–272, 274–277,

280–284, 286–293, 298–304, 306–322,

324–329, 331, 333, 335–344,

347–353

Plasma accelerators

surfatron, 34

wakefield, 33, 35

Plasma applications, 12

Plasma approximation, 73, 74, 90, 93, 103,

105, 140, 199, 205

Plasma bubble, 36

Plasma dispersion function, 250, 258

Plasma echoes, 301

Plasma frequency, 14, 35, 56, 71, 78, 81, 82,

93, 128, 138, 316, 339, 343

Plasma lens, 110

Plasma oscillation, damping of, 224

Plasma parameter, 169

Plasma pond, 137

Plasma waves, 17, 33–37, 71, 83, 84, 86–88,

93, 107, 108, 126, 142, 148, 163, 174,

180, 187, 191, 196, 220, 226, 229, 245–

247, 249, 251, 255, 268, 290, 291, 293,

298–302, 306, 307, 313, 315, 320, 321,

339, 341, 344

Poisson equation, 37, 56, 92, 249

Polarization, 2, 38, 39, 47, 52, 54, 55, 121,

124–126, 129, 204, 208

current, 38, 39, 55

drift, 38, 39, 47, 55, 129, 204, 208

Ponderomotive force, 35, 284–286, 293, 294,

296, 297, 299, 306, 307, 313, 315, 317,

320, 321

Positronium plasma, 126, 336, 337

Presheath, 274, 275

Pressure, 5, 7, 8, 12, 14, 16, 17, 22, 23, 59, 61,

62, 68, 72, 84, 89, 134, 145, 163, 173,

183, 189–192, 194, 195, 197, 206, 257,

284, 286, 287, 294, 331, 350–353

Profile modification, 286, 320

Pulsar, 15, 137, 138

Pulsed power, 5, 45

Pump wave, 291–293, 295, 298

Pure electron plasma, 334

Q
Q-machine, 25, 67, 86, 93, 94, 104, 112, 137,

169, 177, 265, 340, 346

Q profile, 18, 19, 21

Quasilinear effect, 268

Quasineutrality, 3, 10, 39, 74, 252, 296, 318,

339, 346

R
Radio communications, 111, 112

Radio telescope, 299

Random walk, 145, 158

Rayleigh-Taylor, 326

Reactive ion etching (RIE), 50

Recombination

coefficient, 156, 164

radiative, 156

three-body, 156

Resistive drift wave, 206–210

Resistivity, parallel, 171

Resonance, 26, 28, 97, 117, 118, 121, 125, 128,

135, 141–143, 259, 266

Resonant particles, 230, 241, 242, 249, 256,

259, 301, 306

Reversed-field configuration, 13

Runaway electrons, 170

R wave, 121–125, 137, 347
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S
Sagdeev potential, 278

Saha equation, 2

Sausage instability, 5, 6

Sawtooth, 18, 20, 281, 326

Scrape Off Layer, 25

Self-focusing, 286

Semiconductor etching, 49, 346, 349

Sheath, 9–11, 13, 46, 47, 53, 55, 56, 93,

270–279, 282, 329–331, 341, 350, 353

Sheath criterion, 272, 274, 276

Shock ignition, 43, 44

Shock waves, 112, 141, 271, 276, 277, 279,

280, 282, 283

Single-fluid equation, 173, 184

Skin depth, 108

Solar corona, 15

Solar wind, 14, 25, 44, 56, 71, 322,

323, 349

Solid plasmas, 335

Sound waves, 3, 89–91, 255, 338, 345

Spacecraft propulsion, 16, 349

Spacecraft thrusters

gridded thrusters, 52, 53

Hall effect thrusters, 52

helicon thrusters, 52, 53

VASIMR, 56, 57

Specific impulse, 52

Spherical tokamak, 30–32

Spheromaks, 30–33

Spitzer resistivity, 171, 183, 184, 293

Stellarator, 15–19, 179, 183, 326

Stimulated Brillouin scattering, 292

Stress tensor, 59, 61, 62, 166, 224

Supersonic, 141

Susceptibility, magnetic, 54

T
Tandem mirror, 11, 13, 283

Taylor state, 9

Temperature, 1–8, 10, 12, 14, 16–18, 23, 25,

39, 40, 57, 60, 91, 92, 139–141, 154,

163, 170, 175, 179, 194, 200, 211, 231,

246, 249, 253, 255, 258, 265, 272, 275,

292, 298, 336, 337, 353

Thermal velocity, 60, 84, 107, 149, 161, 223,

249

Thermonuclear reactions, 3, 14, 15, 145

Theta pinch, 8

TOKAMAK, 3, 13, 18–21, 23, 24, 26–28, 30,

31, 182, 326, 327

Townsend discharge, 351

Transport barrier, 23

Transverse, 21, 23, 27, 35, 38–40, 55, 82, 96,

106, 107, 113, 115, 117, 120, 126, 139,

161, 162, 175

Trapped electrons, 219, 237, 306

Trapping, 2, 11, 22, 32, 219, 232, 237, 243,

259, 268, 283, 305, 306, 313

Trivelpiece-Gould (TG) mode, 347–349

Troyon limit, 30

Turbulence, 268, 323–328

Turning point, 32, 44, 46

Two-ion hybrid, 143, 144

Two-plasmon decay instability, 290, 291

Two-stream instability, 200, 201, 221, 231,

246, 294, 297, 298

U
Universal instability, 206

Upper hybrid frequency, 98, 99, 116

V
Van Allen belts, 33

Van Allen radiation belts, 14, 349

Van Kampen mode, 244

Velocity analyzer, 276, 282

Viscosity

collisionless, 62

tensor, 166, 172

Vlasov equation, 218, 219, 224, 250, 256

W
Ware Pinch, 20, 23

Waves in a cold plasma, 136

Wave steepening, 307

Wave–wave interactions, 268, 287

Weakly ionized gases, 154, 163, 175

Weibel instability, 210

Wendelstein 7-X, 18, 19

Whistler waves, 171, 347

Wiggler, 38

Wigner-Seitz radius, 336

Wire array, 5

Z
Z-functions, 254–256

Z-machine, 6, 7

Z-pinch, 5, 7–9, 20, 39
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