
Appendix A
Mathematical Review

The purpose of this appendix is to set down for reference and review some basic
definitions, notation, and relations that are used frequently in the text.

A.1 Sets

If x is a member of the set S , we write x ∈ S . We write y � S if y is not a member
of S .

A set S may be specified by listing its elements between braces; such as, for
example, S = {1, 2, 3, 4}. Alternatively, a set can be specified in the form S = {x :
P(x)} as the set of elements satisfying property P; such as S = {x : 1 � x �
4, x integer}

The union of two sets S and T is denoted S ∪ T and is the set consisting of
the elements that belong to either S or T . The intersection of two sets S and T is
denoted S ∩ T and is the set consisting of the elements that belong to both S and T .
If S is a subset of T , that is, if every member of S is also a member of T , we write
S ⊂ T or T ⊃ S .

The empty set is denoted φ or ∅. There are two ways that operations such as
minimization over a set are represented. Specifically we write either

min
x∈S f (x) or min{ f (x) : x ∈ S }

to denote the minimum value of f over the set S . The set of x’s in S that achieve the
minimum is denoted argmin { f (x) : x ∈ S }.
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Sets of Real Numbers

If a and b are real numbers, [a, b] denotes the set of real numbers x satisfying
a � x � b. A rounded, instead of square, bracket denotes strict inequality in the
definition. Thus (a, b] denotes all x satisfying a < x � b.

If S is a set of real numbers bounded above, then there is a smallest real number
y such that x � y for all x ∈ S . The number y is called the least upper bound or
supremum of S and is denoted

sup
x∈S

(x) or sup{x : x ∈ S }.

Similarly, the greatest lower bound or infimum of a set S is denoted

inf
x∈S (x) or inf{x : x ∈ S }.

A.2 Matrix Notation

A matrix is a rectangular array of numbers, called elements. The matrix itself is
denoted by a boldface letter. When specific numbers are not used, the elements are
denoted by italicized lower-case letters, having a double subscript. Thus we write

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

am1 am2 · · · amn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

for a matrix A having m rows and n columns. Such a matrix is referred to as an
m × n matrix. If we wish to specify a matrix by defining a general element, we use
the notation A = [ai j].

An m × n matrix all of whose elements are zero is called a zero matrix and
denoted 0. A square matrix (a matrix with m = n) whose elements are ai j = 0 for
i � j, and aii = 1 for i = 1, 2, . . . , n is said to be an identity matrix and denoted I.

The sum of two m× n matrices A and B is written A+B and is the matrix whose
elements are the sum of the corresponding elements in A and B. The product of a
matrix A and a scalar λ, written λA or Aλ, is obtained by multiplying each element
of A by λ. The product AB of an m × n matrix A and an n× p matrix B is the m × p
matrix C with elements ci j =

∑n
k=1 aikbk j.

The transpose of an m×n matrix A is the n×m matrix AT with elements aT
i j = a ji.

A (square) matrix A is symmetric if AT = A. A square matrix A is nonsingular if
there is a matrix A−1, called the inverse of A, such that A−1A = I = AA−1. The
determinant of a square matrix A is denoted by det (A). The determinant is nonzero
if and only if the matrix is nonsingular. Two square n × n matrices A and B are
similar if there is a nonsingular matrix S such that B = S−1AS.



A.3 Spaces 497

Matrices having a single row are referred to as row vectors; matrices having a
single column are referred to as column vectors. Vectors of either type are usually
denoted by lower-case boldface letters. To economize page space, row vectors are
written a = [a1, a2, . . . , an] and column vectors are written a = (a1, a2, . . . , an).
Since column vectors are used frequently, this notation avoids the necessity to dis-
play numerous columns. To further distinguish rows from columns, we write a ∈ En

if a is a column vector with n components, and we write b ∈ En if b is a row vector
with n components.

It is often convenient to partition a matrix into submatrices. This is indicated by
drawing partitioning lines through the matrix, as for example,

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

[
A11 A12

A21 A22

]

.

The resulting submatrices are usually denoted Ai j, as illustrated.
A matrix can be partitioned into either column or row vectors, in which case

a special notation is convenient. Denoting the columns of an m × n matrix A by
a j, j = 1, 2, . . . , n, we write A = [a1, a2, . . . , an]. Similarly, denoting the rows
of A by ai, i = 1, 2, . . . , m, we write A = (a1, a2, . . . , am). Following the same
pattern, we often write A = [B, C] for the partitioned matrix A = [B|C].

A.3 Spaces

We consider the n-component vectors x = (x1, x2, . . . , xn) as elements of a vector
space. The space itself, n-dimensional Euclidean space, is denoted En. Vectors in the
space can be added or multiplied by a scalar, by performing the corresponding op-
erations on the components. We write x � 0 if each component of x is nonnegative.

The line segment connecting two vectors x and y is denoted [x, y] and consists of
all vectors of the form αx + (1 − α)y with 0 � α � 1.

The scalar product of two vectors x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn)
is defined as xT y = yT x =

∑n
i=1 xiyi. The vectors x and y are said to be orthogonal if

xT y = 0. The magnitude or norm of a vector x is |x| = (xT x)1/2. For any two vectors
x and y in En, the Cauchy-Schwarz Inequality holds: |xT y| � |x| · |y|.

A set of vectors a1, a2, . . . , ak is said to be linearly dependent if there are
scalars λ1, λ2, . . . , λk, not all zero, such that

∑k
i=1 λiai = 0. If no such set of scalars

exists, the vectors are said to be linearly independent. A linear combination of the
vectors a1, a2, . . . , ak is a vector of the form

∑k
i=1 λ jai. The set of vectors that are

linear combinations of a1, a2, . . . , ak is the set spanned by the vectors. A linearly
independent set of vectors that span En is said to be a basis for En. Every basis for
En contains exactly n vectors.



498 A Mathematical Review

The rank of a matrix A is equal to the maximum number of linearly independent
columns in A. This number is also equal to the maximum number of linearly inde-
pendent rows in A. The m × n matrix A is said to be of full rank if the rank of A is
equal to the minimum of m and n.

A subspace M of En is a subset that is closed under the operations of vector
addition and scalar multiplication; that is, if a and b are vectors in M, then λa + μb
is also in M for every pair of scalars λ, μ. The dimension of a subspace M is equal
to the maximum number of linearly independent vectors in M. If M is a subspace of
En, the orthogonal complement of M, denoted M⊥, consists of all vectors that are
orthogonal to every vector in M. The orthogonal complement of M is easily seen to
be a subspace, and together M and M⊥ span En in the sense that every vector x ∈ En

can be written uniquely in the form x = a + b with a ∈ M, b ∈ M⊥. In this case a
and b are said to be the orthogonal projections of x onto the subspaces M and M⊥,
respectively.

A correspondence A that associates with each point in a space X a point in a space
Y is said to be a mapping from X to Y. For convenience this situation is symbolized
by A : X → Y. The mapping A may be either linear or nonlinear. The norm of linear
mapping A is defined as |A| = max

|x|≤1
|Ax|. It follows that for any x, |Ax| ≤ |A| · |x|.

A.4 Eigenvalues and Quadratic Forms

Corresponding to an n×n square matrix A, a scalar λ and a nonzero vector x satisfy-
ing the equation Ax = λx are said to be, respectively, an eigenvalue and eigenvector
of A. In order that λ be an eigenvalue it is clear that it is necessary and sufficient for
A − λI to be singular, and hence det(A − λI) = 0. This last result, when expanded,
yields an nth-order polynomial equation which can be solved for n (possibly nondis-
tinct) complex roots λ which are the eigenvalues of A.

Now, for the remainder of this section, assume that A is symmetric. Then the
following properties hold:

(i) The eigenvalues of A are real.
(ii) Eigenvectors associated with distinct eigenvalues are orthogonal.

(iii) There is an orthogonal basis for En, each element of which is an eigenvector
of A.

If the basis u1, u2, . . . , un in (iii) is normalized so that each element has magnitude
unity, then defining the matrix Q = [u1, u2, . . . , un] we note that QT Q = I and
hence QT = Q−1. A matrix with this property is said to be an orthogonal matrix.
Also, we observe, in this case, that

Q−1AQ = QT AQ = QT [Au1, Au2, . . . , Aun]

= QT [λ1u1, λ2u2, . . . , λnun].
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Thus

Q−1AQ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1

λ2

. . .

λn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and therefore A is similar to a diagonal matrix.
A symmetric matrix A is said to be positive definite if the quadratic form xT Ax is

positive for all nonzero vectors x. Similarly, we define A to be positive semidefinite,
negative definite, or negative semidefinite if xT Ax � 0, < 0, or � 0 for all x. The
matrix A is indefinite if xT Ax is positive for some x and negative for others.

It is easy to obtain a connection between definiteness and the eigenvalues of A.
For any x let y = Q−1x where Q is defined as above. Then xT Ax = yT QT AQy =
∑n

i=1 λiy2
i . Since the yi’s are arbitrary (since x is), it is clear that A is positive def-

inite (or positive semidefinite) if and only if all eigenvalues of A are positive (or
nonnegative).

Through diagonalization we can also easily show that a positive semidefinite
matrix A has a positive semidefinite (symmetric) square root A1/2 satisfying A1/2 ·
A1/2 = A. For this we use Q as above and define

A1/2 = Q

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1/2
1
λ1/2

2
. . .

λ1/2
n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

QT ,

which is easily verified to have the desired properties.

A.5 Topological Concepts

A sequence of vectors x0, x1, . . . , xk, . . ., denoted by {xk=0}∞k , or if the index set
is understood, by simply {xk}, is said to converge to the limit x if |xk − x| → 0 as
k → ∞ (that is, if given ε > 0, there is a N such that k � N implies |xk − x| < ε). If
{xk} converges to x, we write xk → x or lim xk = x.

A point x is a limit point of the sequence {xk} if there is a subsequence of {xk}
convergent to x. Thus x is a limit point of {xk} if there is a subset K of the positive
integers such that {xk}k∈K converges to x.

A ball (sphere) around x is a set of the form {y : |y − x| < (=) ε} for some ε > 0.
Such a ball is also referred to as the neighborhood of x of radius ε.

A subset S of En is open if around every point in S there is a sphere that is
contained in S . Equivalently, S is open if given x ∈ S there is an ε > 0 such that
|y − x| < ε implies y ∈ S . Thus the sphere {x : |x| < 1} is open. In general, open sets
can be characterized as sets having no sharp boundaries. The interior of any set S
in En is the set of points x ∈ S which are the center of some sphere contained in S .
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It is denoted
◦
S . The interior of a set is always open; indeed it is the largest open set

contained in S . The interior of the set {x : |x| � 1} is the sphere {x : |x| < 1}.
A set P is closed if every point that is arbitrarily close to the set P is a member

of P. Equivalently, P is closed if xk → x with xk ∈ P implies x ∈ P. Thus the set
{x : |x| � 1} is closed. The closure of any set P in En is the smallest closed set
containing P. It is denoted S . The boundary of a set is that part of the closure that is
not in the interior.

A set is compact if it is both closed and bounded (that is, if it is closed and is con-
tained within some sphere of finite radius). An important result, due to Weierstrass,
is that if S is a compact set and {xk} is a sequence each member of which belongs
to S , then {xk} has a limit point in S (that is, there is subsequence converging to a
point in S ).

Corresponding to a bounded sequence {rk}∞k=0 of real numbers, if we let sk =

sup{ri : i � k} then {sk} converges to some real number so. This number is called the
limit superior of {rk} and is denoted lim

k→∞
(rk).

A.6 Functions

A real-valued function f defined on a subset of En is said to be continuous at x if
xk → x implies f (xk)→ f (x). Equivalently, f is continuous at x if given ε > 0 there
is a δ > 0 such that |y−x| < δ implies | f (y)− f (x)| < ε. An important result connected
with continuous functions is a theorem of Weierstrass: A continuous function f
defined on a compact set S has a minimum point in S ; that is, there is an x∗ ∈ S
such that for all x ∈ S , f (x) � f (x∗).

A set of real-valued functions f1, f2, . . . , fm on En can be regarded as a sin-
gle vector function f = ( f1, f2, . . . , fm). This function assigns a vector f(x) =
( f1(x), f2(x), . . . , fm(x)) in Em to every vector x ∈ En. Such a vector-valued func-
tion is said to be continuous if each of its component functions is continuous.

If each component of f = ( f1, f2, . . . , fm) is continuous on some open set of
En, then we write f ∈ C. If in addition, each component function has first partial
derivatives which are continuous on this set, we write f ∈ C1. In general, if the
component functions have continuous partial derivatives of order p, we write f ∈ Cp.

If f ∈ C1 is a real-valued function on En, f (x) = f (x1, x2, . . . , xn), we define
the gradient of f to be the vector

∇ f (x) =

[
∂ f (x)
∂x1
,
∂ f (x)
∂x2
, · · · , ∂ f (x)

∂xn

]

.

We sometimes use the alternative notation fx(x) for ∇ f (x). In matrix calculations
the gradient is considered to be a row vector.
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If f ∈ C2 then we define the Hessian of f at x to be the n × n matrix denoted
∇2 f (x) or F(x) as

F(x) =

[
∂2 f (x)
∂xi∂x j

]

.

Since
∂2 f
∂xi∂x j

=
∂2 f
∂x j∂xi

,

it is easily seen that the Hessian is symmetric.
For a vector-valued function f = ( f1, f2, . . . , fm) the situation is similar. If

f ∈ C1, the first derivative is defined as the m × n matrix

∇f(x) =

[
∂ fi(x)
∂x j

]

.

If f ∈ C2 it is possible to define the m Hessians F1(x), F2(x), . . . , Fm(x) corre-
sponding to the m component functions. The second derivative itself, for a vector
function, is a third-order tensor but we do not require its use explicitly. Given any
λT = [λ1, λ2, . . . , λm] ∈ Em, we note, however, that the real-valued function λT f
has gradient equal to λT∇f(x) and Hessian, denoted λT F(x), equal to

λT F(x) =
m∑

i=1

λiFi(x).

Also see Sect. 7.4 for a discussion of convex functions.

Taylor’s Theorem

A group of results that are used frequently in analysis are referred to under the
general heading of Taylor’s Theorem or Mean Value Theorems. If f ∈ C1 in a
region containing the line segment [x1, x2], then there is a θ, 0 � θ � 1 such that

f (x2) = f (x1) + ∇ f (θx1 + (1 − θ)x2)(x2 − x1).

Furthermore, if f ∈ C2 then there is a θ, 0 � θ � 1 such that

f (x2) = f (x1) + ∇ f (x1)(x2 − x1)

+
1
2

(x2 − x1)T F(θx1 + (1 − θ)x2)(x2 − x1),

where F denotes the Hessian of f .
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Implicit Function Theorem

Suppose we have a set of m equations in n variables

hi(x) = 0, i = 1, 2, . . . , m.

The implicit function theorem addresses the question as to whether if n − m of the
variables are fixed, the equations can be solved for the remaining m variables. Thus
selecting m variables, say x1, x2, . . . , xm, we wish to determine if these may be
expressed in terms of the remaining variables in the form

xi = φi(xm+1, xm+2, . . . , xn), i = 1, 2, . . . , m.

The functions φi, if they exist, are called implicit functions.

Theorem. Let x0 = (x0
1 , x0

2, . . . , x0
n) be a point in En satisfying the properties:

i) The functions hi ∈ C p, i = 1, 2, . . . , m in some neighborhood of x0, for some p � 1.

ii) hi(x0) = 0, i = 1, 2, . . . , m.

iii) The m ×m Jacobian matrix

J =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂h1(x0)
∂x1

· · · ∂h1(x0)
∂xm

...
...

∂hm(x0)
∂x1

· · · ∂hm(x0)
∂xm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

is nonsingular.

Then there is a neighborhood of x̂0 = (x0
m+1, x0

m+2, . . . , x0
n) ∈ En−m such that for x̂ =

(xm+1 , xm+2, . . . , xn) in this neighborhood there are functions φi(x̂), i = 1, 2, . . . , m such
that

i) φi ∈ C p.

ii) x0
i = φi(x̂0), i = 1, 2, . . . , m.

iii) hi(φ1(x̂), φ2(x̂), . . . , φm(x̂), x̂) = 0, i = 1, 2, . . . , m.

Example 1. Consider the equation x2
1 + x2 = 0. A solution is x1 = 0, x2 = 0.

However, in a neighborhood of this solution there is no function φ such that x1 =

φ(x2). At this solution condition (iii) of the implicit function theorem is violated. At
any other solution, however, such a φ exists.

Example 2. Let A be an m × n matrix (m < n) and consider the system of linear
equations Ax = b. If A is partitioned as A = [B, C] where B is m×m then condition
(iii) is satisfied if and only if B is nonsingular. This condition corresponds, of course,
exactly with what the theory of linear equations tells us. In view of this example, the
implicit function can be regarded as a nonlinear generalization of the linear theory.
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o, O Notation

If g is a real-valued function of a real variable, the notation g(x) = O(x) means that
g(x) goes to zero at least as fast as x does. More precisely, it means that there is a
K � 0 such that ∣

∣
∣
∣∣
g(x)

x

∣
∣
∣
∣∣ � K as x→ 0.

The notation g(x) = o(x) means that g(x) goes to zero faster than x does; or equiva-
lently, that K above is zero.



Appendix B
Convex Sets

B.1 Basic Definitions

Concepts related to convex sets so dominate the theory of optimization that it is
essential for a student of optimization to have knowledge of their most fundamental
properties. In this appendix is compiled a brief summary of the most important of
these properties.

Definition. A set C in En is said to be convex if for every x1, x2 ∈ C and every real number
α, 0 < α < 1, the point αx1 + (1 − α)x2 ∈ C.

This definition can be interpreted geometrically as stating that a set is convex if,
given two points in the set, every point on the line segment joining these two points
is also a member of the set. This is illustrated in Fig. B.1.

The following proposition shows that certain familiar set operations preserve
convexity.

Proposition 1. Convex sets in En satisfy the following relations:

i) If C is a convex set and β is a real number, the set

βC = {x : x = βc, c ∈ C}
is convex.

ii) If C and D are convex sets, then the set

C + D = {x : x = c + d, c ∈ C, d ∈ D}
is convex.

iii) The intersection of any collection of convex sets is convex.

The proofs of these three properties follow directly from the definition of a con-
vex set and are left to the reader. The properties themselves are illustrated in Fig. B.2.
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Another important concept is that of forming the smallest convex set containing
a given set.

Fig. B.1 Convexity

Fig. B.2 Properties of convex sets

Definition. Let S be a subset of En. The convex hull of S , denoted co(S ), is the set which
is the intersection of all convex sets containing S . The closed convex hull of S is defined as
the closure of co(S ).

Finally, we conclude this section by defining a cone and a convex cone. A convex
cone is a special kind of convex set that arises quite frequently.

Definition. A set C is a cone if x ∈ C implies αx ∈ C for all α > 0. A cone that is also
convex is a convex cone.

Some cones are shown in Fig. B.3. Their basic property is that if a point x belongs
to a cone, then the entire half line from the origin through the point (but not the
origin itself) also must belong to the cone.
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Fig. B.3 Cones

B.2 Hyperplanes and Polytopes

The most important type of convex set (aside from single points) is the hyperplane.
Hyperplanes dominate the entire theory of optimization, appearing under the guise
of Lagrange multipliers, duality theory, or gradient calculations.

The most natural definition of a hyperplane is the logical generalization of the
geometric properties of a plane in three dimensions. We start by giving this geo-
metric definition. For computations and for a concrete description of hyperplanes,
however, there is an equivalent algebraic definition that is more useful. A major
portion of this section is devoted to establishing this equivalence.

Definition. A set V in En is said to be a linear variety, if, given any x1, x2 ∈ V, we have
λx1 + (1 − λ)x2 ∈ V for all real numbers λ.

Note that the only difference between the definition of a linear variety and a
convex set is that in a linear variety the entire line passing through any two points,
rather than simply the line segment between them, must lie in the set. Thus in three
dimensions the nonempty linear varieties are points, lines, two-dimensional planes,
and the whole space. In general, it is clear that we may speak of the dimension of a
linear variety. Thus, for example, a point is a linear variety of dimension zero and
a line is a linear variety of dimension one. In the general case, the dimension of
a linear variety in En can be found by translating it (moving it) so that it contains
the origin and then determining the dimension of the resulting set, which is then a
subspace of En.

Definition. A hyperplane in En is an (n − 1)-dimensional linear variety.

We see that hyperplanes generalize the concept of a two-dimensional plane in
three-dimensional space. They can be regarded as the largest linear varieties in a
space, other than the entire space itself.

We now relate this abstract geometric definition to an algebraic one.
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Proposition 2. Let a be a nonzero n-dimensional column vector, and let c be a real number.
The set

H = {x ∈ En : aT x = c}
is a hyperplane in En.

Proof. It follows directly from the linearity of the equation aT x = c that H is a linear
variety. Let x1 be any vector in H. Translating by −x1 we obtain the set M = H − x1

which is a linear subspace of En. This subspace consists of all vectors x satisfying
aT x = 0; in other words, all vectors orthogonal to a. This is clearly an (n − 1)-
dimensional subspace. �

Proposition 3. Let H be a hyperplane in En. Then there is a nonzero n- dimensional vector
and a constant c such that

H = {x ∈ En : aT x = c}.

Proof. Let x1 ∈ H and translate by −x1 obtaining the set M = H − x1. Since H is a
hyperplane, M is an (n−1)-dimensional subspace. Let a be any nonzero vector that is
orthogonal to this subspace, that is, a belongs to the one-dimensional subspace M⊥.
Clearly M = {x : aT x = 0}. Letting c = aT x1 we see that if x2 ∈ H we have x2−x1 ∈
M and thus aT x2−aT x1 = 0 which implies aT x2 = c. Thus H ⊂ {x : aT x = c}. Since
H is, by definition, of dimension n − 1 and {x : aT x = c} is of dimension n − 1 by
Proposition 2, these two sets must be equal. �

Combining Propositions 2 and 3, we see that a hyperplane is the set of solutions
to a single linear equation. This is illustrated in Fig. B.4. We now use hyperplanes
to build up other important classes of convex sets.

Definition. Let a be a nonzero vector in En and let c be a real number. Corresponding to
the hyperplane H = {x : aT x = c} are the positive and negative closed half spaces

H+ = {x : aT x � c}
H− = {x : aT x � c}

and the positive and negative open half spaces

H̊+ = {x : aT x > c}
H̊− = {x : aT x < c}.

It is easy to see that half spaces are convex sets and that the union of H+ and H−
is the whole space.

Definition. A set which can be expressed as the intersection of a finite number of closed
half spaces is said to be a convex polytope.

We see that convex polytopes are the sets obtained as the family of solutions to a
set of linear inequalities of the form
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Fig. B.4 Hyperplane

Fig. B.5 Polytopes

aT
1 x � b1

aT
2 x � b2

...
...

aT
mx � bm,

since each individual inequality defines a half space and the solution family is the
intersection of these half spaces. (If some ai = 0, the resulting set can still, as the
reader may verify, be expressed as the intersection of a finite number of half spaces.)

Several polytopes are illustrated in Fig. B.5. We note that a polytope may be
empty, bounded, or unbounded. The case of a nonempty bounded polytope is of
special interest and we distinguish this case by the following.

Definition. A nonempty bounded polytope is called a polyhedron.

B.3 Separating and Supporting Hyperplanes

The two theorems in this section are perhaps the most important results related to
convexity. Geometrically, the first states that given a point outside a convex set, a
hyperplane can be passed through the point that does not touch the convex set. The
second, which is a limiting case of the first, states that given a boundary point of a
convex set, there is a hyperplane that contains the boundary point and contains the
convex set on one side of it.
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Theorem 1. Let C be a convex set and let y be a point exterior to the closure of C. Then
there is a vector a such that aT y < inf

x∈C aT x.

Proof. Let

δ = inf
x∈C |x − y| > 0.

There is an x0 on the boundary of C such that |x0 − y| = δ. This follows because
the continuous function f (x) = |x − y| achieves its minimum over any closed and
bounded set and it is clearly only necessary to consider x in the intersection of the
closure of C and the sphere of radius 2δ centered at y.

We shall show that setting a = x0 − y satisfies the conditions of the theorem. Let
x ∈ C. For any α, 0 � α � 1, the point x0 + α(x − x0) ∈ C and thus

|x0 + α(x − x0) − y|2 � |x0 − y|2.
Expanding,

2α(x0 − y)T (x − x0) + α2|x − x0|2 � 0.

Thus, considering this as α→ 0+, we obtain

(x0 − y)T (x − x0) � 0

or,

(x0 − y)T x � (x0 − y)T x0 = (x0 − y)T y + (x0 − y)T (x0 − y)

= (x0 − y)T y + δ2.

Setting a = x0 − y proves the theorem. �

The geometrical interpretation of Theorem 1 is that, given a convex set C and a
point y exterior to the closure of C, there is a hyperplane containing y that contains
C in one of its open half spaces. We can easily extend this theorem to include the
case where y is a boundary point of C.

Theorem 2. Let C be a convex set and let y be a boundary point of C. Then there is a
hyperplane containing y and containing C in one of its closed half spaces.

Proof. Let {yk} be a sequence of vectors, exterior to the closure of C, converging
to y. Let {ak} be the sequence of corresponding vectors constructed according to
Theorem 1, normalized so that |ak| = 1, such that

aT
k yk < inf

x∈C aτkx.

Since {ak} is a bounded sequence, it has a convergent subsequence {ak}, k ∈ K with
limit a. For this vector we have for any x ∈ C.

aT y = lim
k∈K

aT
k yk � lim

k∈K
aT

k x = ax. �
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Definition. A hyperplane containing a convex set C in one of its closed half spaces and
containing a boundary point of C is said to be a supporting hyperplane of C.

In terms of this definition, Theorem 2 says that, given a convex set C and a
boundary point y of C, there is a hyperplane supporting C at y.

It is useful in the study of convex sets to consider the relative interior of a convex
set C defined as the largest subset of C that contains no boundary points of C.

Another variation of the theorems of this section is the one that follows, which is
commonly known as the Separating Hyperplane Theorem.

Theorem 3. Let B and C be convex sets with no common relative interior points. (That is
the only common points are boundary points.) Then there is a hyperplane separating B and
D. In particular, there is a nonzero vector a such that supb∈B aT b ≤ infc∈C aT c.

Proof. Consider the set G = C − B. It is easily shown that G is convex and that 0 is
not a relative interior point of G. Hence, Theorem 1 or Theorem 2 applies and gives
the appropriate hyperplane. �

B.4 Extreme Points

Definition. A point x in a convex set C is said to be an extreme point of C if there are no
two distinct points x1 and x2 in C such that x = αx1 + (1 − α)x2 for some α, 0 < α < 1.

For example, in E2 the extreme points of a square are its four corners; the extreme
points of a circular disk are all points on the boundary. Note that a linear variety
consisting of more than one point has no extreme points.

Lemma 1. Let C be a convex set, H a supporting hyperplane of C, and T the intersection
of H and C. Every extreme point of T is an extreme point of C.

Proof. Suppose x0 ∈ T is not an extreme point of C. Then x0 = αx1 + (1 − α)x2 for
some x1, x2 ∈ C, x1 � x2, 0 < α < 1. Let H be described as H = {x : aT x = c} with
C contained in its closed positive half space. Then

aT x1 � c, aT x2 � c.

But, since x0 ∈ H,
c = aT x0 = αaT x1 + (1 − α)aT x2,

and thus x1 and x2 ∈ H. Hence x1, x2 ∈ T and x0 is not an extreme point of T . �

Theorem 4. A closed bounded convex set in En is equal to the closed convex hull of its
extreme points.

Proof. The proof is by induction on the dimension of the space En. The statement
is easily seen to be true for n = 1. Suppose that it is true for n− 1. Let C be a closed
bounded convex set in En, and let K be the closed convex hull of the extreme points
of C. We wish to show that K = C.
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Assume there is y ∈ C y � K. Then by Theorem 1, Sect. B.3, there is a hyperplane
separating y and K; that is, there is a � 0, such that aT y < infx∈K aT x. Let c0 =

inf
x∈C(aT x). The number c0 is finite and there is an x0 ∈ C for which aT x0 = c0, because

by Weierstrass’ Theorem, the continuous function aT x achieves its minimum over
any closed bounded set. Thus the hyperplane H = {x : aT x = c0} is a supporting
hyperplane to C. It is disjoint from K since c0 < inf

x∈K(aT x).

Let T = H ∩ C. Then T is a bounded closed convex subset of H which can be
regarded as a space of dimension n − 1. T is nonempty, since it contains x0. Thus,
by the induction hypothesis, T contains extreme points; and by Lemma 1 these are
also extreme points of C. Thus we have found extreme points of C not in K, which
is a contradiction. �

Let us investigate the implications of this theorem for convex polyhedra. We
recall that a convex polyhedron is a bounded polytope. Being the intersection of
closed half spaces, a convex polyhedron is also closed. Thus any convex polyhedron
is the closed convex hull of its extreme points. It can be shown (see Sect. 2.5) that
any polytope has at most a finite number of extreme points and hence a convex
polyhedron is equal to the convex hull of a finite number of points. The converse
can also be established, yielding the following two equivalent characterizations.

Theorem 5. A convex polyhedron can be described either as a bounded intersection of a
finite number of closed half spaces, or as the convex hull of a finite number of points.



Appendix C
Gaussian Elimination

This appendix describes the method for solving systems of linear equations that has
proved to be, not only the most popular, but also the fastest and least susceptible
to round-off error accumulation—the method of Gaussian elimination. Attention is
directed toward explaining this classical elimination technique itself and its relation
to the theory of LU decomposition of a non-singular square matrix.

We first note how easily triangular systems of equations can be solved. Thus the
system

a11x1 = b1

a21x1 + a22x2 = b2
...

...
an1x1 + an2x2 + · · · + annxn = bn

can be solved recursively as follows:

x1 = b1/a11

x2 = (b2 − a21x1)/a22

...

xn = (bn − an1x1 − an2x2 . . . − ann−1xn−1)/ann,

provided that each of the diagonal terms aii, i = 1, 2, . . . , n is nonzero (as they
must be if the system is nonsingular). This observation motivates us to attempt to
reduce an arbitrary system of equations to a triangular one.

Definition. A square matrix C = [cij] is said to be lower triangular if cij = 0 for
i < j. Similarly, C is said to be upper triangular if cij = 0 for i > j.

In matrix notation, the idea of Gaussian elimination is to somehow find a decom-
position of a given n× n matrix A in the form A = LU where L is a lower triangular
and U an upper triangular matrix. The system
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Ax = b (C.1)

can then be solved by solving the two triangular systems

Ly = b, Ux = y. (C.2)

The calculation of L and U together with solution of the first of these systems is
usually referred to as forward elimination, while solution of the second triangular
system is called back substitution.

Every nonsingular square matrix A has an LU decomposition, provided that int-
erchanges of rows of A are introduced if necessary. This interchange of rows cor-
responds to a simple reordering of the system of equations, and hence amounts to
no loss of generality in the method. For simplicity of notation, however, we assume
that no such interchanges are required.

We turn now to the problem of explicitly determining L and U, by elimination,
for a nonsingular matrix A. Given the system, we attempt to transform it so that
zeros appear below the main diagonal. Assuming that a11 � 0 we subtract multiples
of the first equation from each of the others in order to get zeros in the first column
below a11. If we define mk1 = ak1/a11 and let

M1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
−m21 1
−m31 1
•
•
•
−mn1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

the resulting new system of equations can be expressed as

A(2)x = b(2)

with

A(2) =M1A, b(2) =M1b.

The matrix A(2) = [a(2)
ij ] has a(2)

k1 = 0, k > 1.

Next, assuming a(2)
22 � 0, multiples of the second equation of the new system

are subtracted from equations 3 through n to yield zeros below a(2)
22 in the second

column. This is equivalent in premultiplying A(2) and b(2) by

M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
0 1
• −m32 1
• −m42

• •
•
•
−mn2 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where mk2 = a(2)
k2 /a

(2)
22 . This yields A(3) =M2A(2) and b(3) =M2A(2).
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Proceeding in this way we obtain A(n) =Mn−1Mn−2 . . .M1A, an upper triangular
matrix which we denote by U. The matrix M = Mn−1Mn−2 . . .M1 is a lower trian-
gular matrix, and since MA = U we have A = M−1U. The matrix L = M−1 is also
lower triangular and becomes the L of the desired LU decomposition for A.

The representation for L can be made more explicit by noting that M−1
k is the

same as Mk except that the off-diagonal terms have the opposite sign. Furthermore,
we have L =M−1 =M−1

1 M−1
2 . . .M

−1
n−1 which is easily verified to be

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
m21 1
m31 m32 1
• • •
• • •
• • •

mn1 mn2 • • • 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

•

Hence L can be evaluated directly in terms of the calculations required by the elim-
ination process. Of course, an explicit representation for M = L−1 would actually
be more useful but a simple representation for M does not exist. Thus we content
ourselves with the explicit representation for L and use it in (C.2).

If the original system (C.1) is to be solved for a single b vector, the vector y
satisfying Ly = b is usually calculated simultaneously with L in the form y =
b(n) = Mb. The final solution x is then found by a single back substitution, from
Ux = y. Once the LU decomposition of A has been obtained, however, the solution
corresponding to any right-hand side can be found by solving the two systems (C.2).

In practice, the diagonal element a(k)
kk of A(k) may become zero or very close

to zero. In this case it is important that the kth row be interchanged with a row
that is below it. Indeed, for considerations of numerical accuracy, it is desirable to
continuously introduce row interchanges of this type in such a way to insure |mij| � 1
for all i, j. If this is done, the Gaussian elimination procedure has exceptionally
good stability properties.



Appendix D
Basic Network Concepts

This appendix describes some of the basic graph and network terminology and
concepts necessary for the development of this alternative approach.

A graph consists of a finite collection of elements called nodes together with a
subset of unordered pairs of the nodes called arcs. The nodes of a graph are usually
numbered, say, 1, 2, 3, . . . , n. An arc between nodes i and j is then represented by
the unordered pair (i, j). A graph is typically represented as shown in Fig. D.1. The
nodes are designated by circles, with the number inside each circle denoting the
index of that node. The arcs are represented by the lines between the nodes.

Fig. D.1 A graph

There are a number of other elementary definitions associated with graphs that
are useful in describing their structure. A chain between nodes i and j is a sequence
of arcs connecting them. The sequence must have the form (i, k1), (k1, k2), (k2, k3),
. . . , (km, j). In Fig. D.1, (1, 2), (2, 4), (4, 3) is a chain between nodes 1 and 3. If a
direction of movement along a chain is specified—say from node i to node j—it is
then called a path from i to j. A cycle is a chain leading from node i back to node i.
The chain (1, 2), (2, 4), (4, 3), (3, 1) is a cycle for the graph in Fig. D.1.

© Springer International Publishing Switzerland 2016
D.G. Luenberger, Y. Ye, Linear and Nonlinear Programming, International
Series in Operations Research & Management Science 228,
DOI 10.1007/978-3-319-18842-3

517



518 D Basic Network Concepts

A graph is connected if there is a chain between any two nodes. Thus, the graph
of Fig. D.1 is connected. A graph is a tree if it is connected and has no cycles.
Removal of any one of the arcs (1, 2), (1, 3), (2, 4), (3, 4) would transform the graph
of Fig. D.1 into a tree. Sometimes we consider a tree within a graph G, which is just
a tree made up of a subset of arcs from G. Such a tree is a spanning tree if it touches
all nodes of G. It is easy to see that a graph is connected if and only if it contains a
spanning tree.

In directed graphs a sense of orientation is given to each arc. In this case an
arc is considered to be an ordered pair of nodes (i, j), and we say that the arc is
from node i to node j. This is indicated on the graph by having an arrow on the arc
pointing from i to j as shown in Fig. D.2. When working with directed graphs, some
node pairs may have an arc in both directions between them. Rather than explicitly
indicating both arcs in such a case, it is customary to indicate a single undirected
arc. The notions of paths and cycles can be directly applied to directed graphs. In
addition we say that node j is reachable from i if there is a path from node i to j.

In addition to the visual representation of a directed graph characterized by
Fig. D.2, another common method of representation is in terms of a graph’s node-
arc incidence matrix. This is constructed by listing the nodes vertically and the arcs
horizontally. Then in the column under arc (i, j), a +1 is placed in the position cor-
responding to node i and a −1 is placed in the position corresponding to node j. The
incidence matrix for the graph of Fig. D.2 is shown in Table D.1.

Fig. D.2 A directed graph

(1,2) (1,4) (2,3) (2,4) (4,2)
1 1 1
2 –1 1 1 –1
3 –1
4 –1 –1 1

Table D.1 Incidence matrix for example
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Clearly, all information about the structure of the graph is contained in the node-
arc incidence matrix. This representation is often very useful for computational pur-
poses, since it is easily stored in a computer.

D.1 Flows in Networks

A graph is an effective way to represent the communication structure between nodes.
When there is the possibility of flow along the arcs, we refer to the directed graph as
a network. In applications the network might represent a transportation system or a
communication network, or it may simply be a representation used for mathematical
purposes (such as in the assignment problem).

A flow in a given directed arc (i, j) is a number xi j � 0. Flows in the arcs of
the network must jointly satisfy a conservation criterion at each node. Specifically,
unless the node is a source or sink as discussed below, flow cannot be created or lost
at a node; the total flow into a node must equal the total flow out of the node. Thus
at each such node i

n∑

j=1

xi j −
n∑

k=1

xki = 0.

The first sum is the total flow from i, and the second sum is the total flow to i.
(Of course xi j does not exist if there is no arc from i to j.) It should be clear that
for nonzero flows to exist in a network without sources or sinks, the network must
contain a cycle.

In many applications, some nodes are in fact designated as sources or sinks (or,
alternatively, supply nodes or demand nodes). The net flow out of a source may be
positive, and the level of this net flow may either be fixed or variable, depending on
the application. Similarly, the net flow into a sink may be positive.

D.2 Tree Procedure

Recall that node j is reachable from node i in a directed graph if there is a path
from node i to node j. For simple graphs, determination of reachability can be ac-
complished by inspection, but for large graphs it generally cannot. The problem can
be solved systematically by a process of repeatedly labeling and scanning various
nodes in the graph. This procedure is the backbone of a number of methods for solv-
ing more complex graph and network problems, as illustrated later. It can also be
used to establish quickly some important theoretical results.

Assume that we wish to determine whether a path from node 1 to node m exists.
At each step of the algorithm, each node is either unlabeled, labeled but unscanned,
or labeled and scanned. The procedure consists of these steps:
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Step 1. Label node 1 with any mark. All other nodes are unlabeled.
Step 2. For any labeled but unscanned node i, scan the node by finding all unla-

beled nodes reachable from i by a single arc. Label these nodes with an i.
Step 3. If node m is labeled, stop; a breakthrough has been achieved—a path

exists. If no unlabeled nodes can be labeled, stop; no connecting path exists.
Otherwise, go to Step 2.

The process is illustrated in Fig. D.3, where a path between nodes 1 and 10 is
sought. The nodes have been labeled and scanned in the order 1, 2, 3, 5, 6, 8, 4, 7,
9, 10. The labels are indicated close to the nodes. The arcs that were used in the
scanning processes are indicated by heavy lines. Note that the collection of nodes
and arcs selected by the process, regarded as an undirected graph, form a tree—
a graph without cycles. This, of course, accounts for the name of the process, the
tree procedure. If one is interested only in determining whether a connecting path
exists and does not need to find the path itself, then the labels need only be simple
check marks rather than node indices. However, if node indices are used as labels,
then after successful completion of the algorithm, the actual connecting path can be
found by tracing backward from node m by following the labels. In the example,
one begins at 10 and moves to node 7 as indicated; then to 6, 3, and 1. The path
follows the reverse of this sequence.

It is easy to prove that the algorithm does indeed resolve the issue of the existence
of a connecting path. At each stage of the process, either a new node is labeled,
it is impossible to continue, or node m is labeled and the process is successfully
terminated. Clearly, the process can continue for at most n− 1 stages, where n is the
number of nodes in the graph. Suppose at some stage it is impossible to continue.
Let S be the set of labeled nodes at that stage and let S̄ be the set of unlabeled nodes.
Clearly, node 1 is contained in S , and node m is contained in S̄ . If there were a path
connecting node 1 with node m, then there must be an arc in that path from a node k
in S to a node in S̄ . However, this would imply that node k was not scanned, which
is a contradiction. Conversely, if the algorithm does continue until reaching node
m, then it is clear that a connecting path can be constructed backward as outlined
above.

Fig. D.3 The scanning procedure
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D.3 Capacitated Networks

In some network applications it is useful to assume that there are upper bounds
on the allowable flow in various arcs. This motivates the concept of a capacitated
network. A capacitated network is a network in which some arcs are assigned non-
negative capacities, which define the maximum allowable flow in those arcs. The
capacity of an arc (i, j) is denoted ki j, and this capacity is indicated on the graph by
placing the number ki j adjacent to the arc. Figure 2.1 shows an example of a network
with the capacities indicated. Thus the capacity from node 1 to node 2 is 12, while
that from node 2 to node 1 is 6.
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