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I do not know what I may appear to the
world, but to myself I seem to have been only
like a boy playing on the sea-shore, and
diverting myself in now and then finding a
smoother pebble or a prettier shell than
ordinary, whilst the great ocean of truth lay
all undiscovered before me.

ISAAC NEWTON

Quoted from the novel Beyond Sleep by
Willem Frederik Hermans






Over the past decades great importance has been placed on stochastic calculus
and processes in mathematics, finance, and econometrics. This book addresses
particularly readers from these fields, although students of other subjects as biology,
engineering, or physics may find it useful, too.

Scope of the Book

By now there exist a number of books describing stochastic integrals and stochastic
calculus in an accessible manner. Such introductory books, however, typically
address an audience having previous knowledge about and interest in one of the
following three fields exclusively: finance, econometrics, or mathematics. The
textbook at hand attempts to provide an introduction into stochastic calculus and
processes for students from each of these fields. Obviously, this can on no account
be an exhaustive treatment. In the next chapter a survey of the topics covered
is given. In particular, the book does neither deal with finance theory nor with
statistical methods from the time series econometrician’s toolkit; it rather provides
a mathematical background for those readers interested in these fields.

The first part of this book is dedicated to discrete-time processes for modeling
temporal dependence in time series. We begin with some basic principles of
stochastics enabling us to define stochastic processes as families of random variables
in general. We discuss models for short memory (so-called ARMA models), for
long memory (fractional integration), and for conditional heteroscedasticity (so-
called ARCH models) in respective chapters. One further chapter is concerned
with the so-called frequency domain or spectral analysis that is often neglected in
introductory books. Here, however, we propose an approach that is not technically
too demanding. Throughout, we restrict ourselves to the consideration of stochastic
properties and interpretation. The statistical issues of parameter estimation, testing,
and model specification are not addressed due to space limitations; instead, we refer
to, e.g., Mills and Markellos (2008), Kirchgédssner, Wolters, and Hassler (2013), or
Tsay (2005).

The second part contains an introduction to stochastic integration. We start with
elaborations on the Wiener process W(¢) as we will define (almost) all integrals in
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terms of Wiener processes. In one chapter we consider Riemann integrals of the
form [ f(t)W(t)dt, where f is a deterministic function. In another chapter Stieltjes
integrals are constructed as [ f(£)dW(r). More specifically, stochastic integrals as
such result when a stochastic process is integrated with respect to the Wiener
process, e.g., the Ito integral [ W(r)dW (). Solving stochastic differential equations
is one task of stochastic integration for which we will need to use Ito’s lemma. Our
description aims at a similar compromise between concreteness and mathematical
rigor as, e.g., Mikosch (1998). If the reader wants to address this matter more
rigorously, we recommend Klebaner (2005) or @ksendal (2003).

The third part of the book applies previous results. The chapter on stochastic
differential equations consists basically of applications of Ito’s lemma. Concrete
differential equations, as they are used, e.g., when modeling interest rate dynamics,
will be covered in a separate chapter. The second area of application concerns
certain limiting distributions of time series econometrics. A separate chapter on the
asymptotics of integrated processes covers weak convergence to Wiener processes.
The final two chapters contain applications for nonstationary processes without
cointegration on the one hand and for the analysis of cointegrated processes on the
other. Further details regarding econometric application can be found in the books
by Banerjee, Dolado, Galbraith and Hendry (1993), Hamilton (1994), or Tanaka
(1996).

The exposition in this book is elementary in the sense that knowledge of measure
theory is neither assumed nor used. Consequently, mathematical foundations cannot
be treated rigorously which is why, e.g., proofs of existence are omitted. Rather I
had two goals in mind when writing this book. On the one hand, I wanted to give a
basic and illustrative presentation of the relevant topics without many “troublesome”
derivations. On the other hand, in many parts a technically advanced level has
been aimed at: procedures are not only presented in form of recipes but are to
be understood as far as possible which means they are to be proven. In order to
meet both requirements jointly, this book is equipped with a lot of challenging
problems at the end of each chapter as well as with the corresponding detailed
solutions. Thus the virtual text — augmented with more than 60 basic examples and
45 illustrative figures — is rather easy to read while a part of the technical arguments
is transferred to the exercise problems and their solutions. This is why there are at
least two possible ways to work with the book. For those who are merely interested
in applying the methods introduced, the reading of the text is sufficient. However,
for an in-depth knowledge of the theory and its application, the reader necessarily
needs to study the problems and their solution extensively.

Note to Students and Instructors

I have taught the material collected here to master students (and diploma students
in the old days) of economics and finance or students of mathematics with a minor
in those fields. From my personal experience [ may say that the material presented
here is too vast to be treated in a course comprising 45 contact hours. I used the
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textbook at hand for four slightly differing courses corresponding to four slightly
differing routes through the parts of the book. Each of these routes consists of three
stages: time series models, stochastic integration, and applications. After Part I on
time series modeling, the different routes separate.

The finance route: When teaching an audience with an exclusive interest in
finance, one may simply drop the final three chapters. The second stage of the course
then consists of Chaps. 7, 8, 9, 10, and 11. This Part II on stochastic integration is
finally applied to the solution of stochastic differential equations and interest rate
modeling in Chaps. 12 and 13, respectively.

The mathematics route: There is a slight variant of the finance route for the
mathematically inclined audience with an equal interest in finance or econometrics.
One simply replaces Chap. 13 on interest rate modeling by Chap. 14 on weak con-
vergence on function spaces, which is relevant for modern time series asymptotics.

The econometrics route: After Part I on time series modeling, the students from
a class on time series econometrics should be exposed to Chaps. 7, 8, 9, and 10 on
Wiener processes and stochastic integrals. The three chapters (Chaps. 11, 12, and
13) on Ito’s lemma and its applications may be skipped to conclude the course
with the last three chapters (Chaps. 14, 15, and 16) culminating in the topic of
“cointegration.”

The nontechnical route: Finally, the entire content of the textbook at hand can
still be covered in one single semester; however, this comes with the cost of omitting
technical aspects for the most part. Each chapter contains a rather technical section
which in principle can be skipped without leading to a loss in understanding. When
omitting these potentially difficult sections, it is possible to go through all the
chapters in a single course. The following sections should be skipped for a less
technical route:

133]&[4.3]|&[5.4]|&[6.4|&[7.3]&|8.4]&[9.4]
&|104|&[11.4]&[122]|&[13.4|&|14.3]&[15.4] & |164] .

It has been mentioned that each chapter concludes with problems and solutions.
Some of them are clearly too hard or lengthy to be dealt with in exams, while others
are questions from former exams of my own or are representative of problems to be
solved in my exams.

Frankfurt, Germany Uwe Hassler
July 2015
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the project. In particular, I thank Baldzs Cserna, Matei Demetrescu, Eduard Dubin,
Mehdi Hosseinkouchack, Vladimir Kuzin, Maya Olivares, Marc Pohle, Adina
Tarcolea, and Mu-Chun Wang who corrected numerous errors in the manuscript.
Originally, large parts of this text had been written in German, and I thank Verena
Werkmann for her help when translating into English. Last but not least I am
indebted to Goethe University Frankfurt for allowing me to take sabbatical leave.
Without this support I would not have been able to complete this book at a time
when academics are under pressure to publish in the first place primary research.

xi






Introduction ............. .. ... 1
L1 Summary ... ..o e 1
1.2 FINanCe......oooiiiiiiii e 1
1.3 ECONOMELIICS ..\ttt ettt 3
1.4 MathematiCs .....oovuiiii ittt 6
1.5 Problems and SolUutions .............ooiiiiiiiiiiiiiiiie i 7
References.......ooviiii 10

PartI Time Series Modeling

2

Basic Concepts from Probability Theory ................................ 13
220 BRI 111 1 1 oy 13
2.2 Random Variables ............ooiiiiiiiiiiiiiiiii i 13
2.3 Joint and Conditional Distributions .................coeeeeeiiiinnn.. 22
2.4 Stochastic Processes (SP) .......cooiiiiiiiiii i 29
2.5 Problems and SOIULONS ....oovuuiiieiiiii e 35
RefeIeNCeS .. .. coiii e 42
Autoregressive Moving Average Processes (ARMA).................... 45
3.1 SUMMATY ..ottt et 45
3.2 Moving Average Processes .........coeeviiiiiiiiiiiiiiiii i, 45
3.3 Lag Polynomials and Invertibility ..............c.ooooiiiiiiiii. 51
3.4  Autoregressive and Mixed Processes...........ccoooviiiiiiiiii.. 56
3.5 Problems and SOIUHONS ....ooouuiiiiiiiiiii i 68
RefEIeNCeS .. .. coiii e 75
Spectra of Stationary Processes.................coooiiiiiiiiiiiiiiiiinn. 77
4.1 SUMMATY .ottt et 77
4.2 Definition and Interpretation............cccovviiiiiiiiiiiieenn. 77
4.3 Filtered ProCesses .........ueeeeeiiiiie i 84
4.4  Examples of ARMA Spectra ..........ccoovviiiiiiiiiiiiiiiieeennn. 89
4.5 Problems and Solutions ..............coeeiiiiiiiiiiiiiiiiiiiiie, 95
RefEIeNCeS ... oot 101

xiii



Xiv

7

10

Contents
Long Memory and Fractional Integration............................... 103
5.1 SUMMATY ...ttt 103
5.2 Persistence and Long Memory .............ooceeviiiiiiiiienninnnn. 103
5.3  Fractionally Integrated NOiS€ ........ccovviuiiiiiiiiiiiiienniinn. 108
5.4 GeneraliZations ..........uuuueeuteeteeietteeereeeeeeeeeereeaes 113
5.5 Problems and SOIUtIONS ......uvuutiiiiiiiiiieeeeens 118
R OIEINCES . . . 125
Processes with Autoregressive Conditional
Heteroskedasticity (ARCH) ..o 127
6.1 SUMMAIY ...ttt e 127
6.2  Time-Dependent Heteroskedasticity ...........c..oooeiiiiiinnie. 127
6.3 ARCH MOEIS.... ..ttt eeeeeeeeeeees 130
6.4 GeneraliZations ............uuuuutretteietetttiieeereeeeeeeeeeeeeees 135
6.5  Problems and SOIUtIONS ... ..uvviuiiiiiieeeeeeens 142
R O EINCES . . .. 148

Part I Stochastic Integrals

Wiener Processes (WP) ... 151
7.1 SUMMATY ... 151
7.2 From Random Walk to Wiener Process .................cccooeeeen 151
T3 PrOPErties .....coooinnii it 157
7.4 Functions of Wiener Processes ...........ccooovveeiiiiiiiiiinnennnn. 161
7.5 Problems and SOIUtiONS ........oviiieiiiiiiiiiee i 170
R erenNCes .. ot 177
Riemann Integrals ... 179
8.1 SUMMATIY ...t e 179
8.2 Definition and Fubini’s Theorem ....................ccooviiieea... 179
8.3  Riemann Integration of Wiener Processes .......................... 183
8.4  Convergencein Mean SQUATe............coviiiiiiiiiineeeeennnnn.. 186
8.5 Problems and Solutions ...........cooviiiiiiiiiiiin i 190
R ereNCeS .. ettt 197
Stieltjes Integrals ... 199
0.1 SUMMAry......ooiiii i e 199
9.2 Definition and Partial Integration........................oooii 199
9.3  Gaussian Distribution and Autocovariances ........................ 202
9.4  Standard Ornstein-Uhlenbeck Process ........................ooel 204
9.5 Problems and SOIUtIONS .......covuiiieiiiiiiiiiee i eeaens 207
Reference ... .o 211
ItoIntegrals ... ... ... oo 213
101 SUMMATY .. 213
10.2 A Special Case ......ooueiiiiiiiiiiiii i 213

10.3  General Ito Integrals ... 218



Contents XV

11

10.4  (Quadratic) Variation ...........cooeeeiiiiiiiieeeeieiiiiiaeeeeeeannnn. 222
10.5 Problems and SOIUtIONS ........coviiiiiiiiiiii i 229
R OIENCES .. i 237
Ito’ s Lemma ... ... 239
T1L SUMMATY .ttt e e 239
11.2 The Univariate Case.......ovivuniiiriieiiieiiiie e iie e iiieeiiaes 239
11.3 Bivariate Diffusions withOne WP ... 245
11.4  Generalization for Independent WP .......................oooi. 250
11.5 Problems and SOIUtIONS ........cooiiiiiiiiii i 254
R eIENCE ... i 258

Part III Applications

12

13

14

15

Stochastic Differential Equations (SDE) ................................. 261
12,1 SUMMATY . 261
12.2 Definition and EXiStENCE ... .....uuuuuiiiiiiiiiiiaaa 261
12.3  Linear Stochastic Differential Equations............................ 265
12.4  Numerical SOIUtONS .........uuu 272
12.5 Problems and SOIUHONS ......uuuu e 273
R OIENCES . . . . 282
Interest Rate Models .......................... 285
13,1 SUMMATY .o e 285
13.2  Ornstein-Uhlenbeck Process (OUP).............ccooiviiiiiiiinnnn.. 285
13.3 Positive Linear Interest Rate Models.................cooovvnnnn. 288
13.4 Nonlinear Models ...........oooiiiiiiiiiiiiiiiiie 292
13.5 Problems and SOIUtONS .......uuuei i 296
R OIENCES . . . 302
Asymptotics of Integrated Processes ......................ocoiiinL. 303
T4 1 SUMMATY ..ot 303
14.2 Limiting Distributions of Integrated Processes ..................... 303
14.3  Weak Convergence of Functions ...................coooiiiieann. 310
14.4 Multivariate Limit Theory ..., 317
14.5 Problems and SOIUHONS .......uuue e 321
R OIENCES . . . . 329
Trends, Integration Tests and Nonsense Regressions................... 331
I5.1 SUumMmMAry......ooiiiiii e 331
152 Trend Regressions...........coooviiiiiiiiiiiiiiiiieiiiiiieeeennn. 331
15.3 Integration TestS ...........ooiiiiiiiii i 336
15.4 Nonsense Regression...........cooooiiiiiiiiiiiiiiiiiiiieean. 341
15.5 Problems and SOIUHONS .......uuuei e 344



XVi Contents

16 Cointegration AnalysiS..............cooiiiiiiiiiiiiiiiiiiiiiiiiiiiiees 353
161 SUMMATY .. nnett ettt et e e 353
16.2  Error-Correction and Cointegration .............cccevvvuieeeeeennn. 353
16.3 Cointegration Regressions .............eeeeiiiiiiieeiiiiiieeeennnn. 358
16.4  Cointegration TeStING .......ccooviiiiiiiiiiiiiiiie e, 365
16.5 Problems and Solutions .............coceeiiiiiiiiiiiiiiiiiiiiiean. 373
RefeIeNCES .. .. cetii e 381
References..............oooiiii i 383



Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

3.1
32
33
34
35

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

5.1
52
53
54
55
5.6

6.1
6.2
6.3
6.4
6.5
6.6
6.7

7.1
7.2
7.3
7.4
7.5
7.6

Simulated MA(L) PrOCESSES ... .uuuuuneeaa 47
Simulated AR(1) ProCeSSES ......uuuuuuniiieiiiiiiaa 59
Stationarity triangle for AR(2) processes ..............cccoeiiiiiin. 62
Autocorrelograms for AR(2) processes ...........ocovveeeeeennnnnn. 63
Autocorrelograms for ARMA(1,1) processes............ccooouuunn. 67
Cosine cycle with different frequencies............................. 79
Spectra of MA(S) Processes .........coovviiiiiiiiiiiiiiiiiiin 83
Business CycCle .........ooiiiiiiii i 84
AR(1) spectra (27 f(A)) with positive autocorrelation ............. 91
AR(L) SPECLIa. e 91
AR(2) SPECLIa. e 93
ARMAC(L,1) SPECLIA . 94
Spectra of multiplicative seasonal AR processes ................... 95
Hyperbolic decay .......ooouiiiiiiiiii e 105
Exponential decay ... 106
Autocorrelogram of fractional noise ................cooeiiiiiinnan.. 110
Spectrum of fractional NOISe ...........cooviiiiiiiiiiiiiian 113
Simulated fractional NOISE .........covvviiiiieiiiiiiiiie e, 114
Nonstationary fractional NOIS€ .. ........oovvviiiiiiiinnn 118
ARCH() withep = land oy = 0.5 .o 133
ARCH() witheg = land oy = 0.9, .o 133
GARCH(1,l) withop = 1, ) =03and 8; =03 .............0e 137
GARCH(1,) withop = 1, =03and 8; =0.5.............0 138
| (€A 2 = [0 R ) T 139
GARCH(1,1)-M . 140
| 7N S 5 [ ) T 142
Step function on the interval [0,1] ..., 155
Simulated paths of the WP...........o i, 158
WP and Brownian motion .............cceiiiiiiiiiiiiiiiiiieenn. 162
WP and Brownian motion with drift .........................o.l. 163
WP and Brownian bridge .............ccoiiiiiiiiiii i 164
WP and reflected WP along with expectation ...................... 165



xviii

Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.
Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

1.7
7.8
7.9
7.10

9.1

10.1
13.1
13.2

13.3
13.4
13.5
13.6

15.1

List of Figures

Geometric Brownian motion along with expectation............... 166
WP and geometric Brownian motion..................oooveeee.nn. 167
WP and maximum process along with expectation................. 168
WP and integrated WP ... 169
Standard Ornstein-Uhlenbeck processes ..............coceeevvinnnn. 207
Sine cycles of different frequencies ..............cooooiiiiiiiinn. 225
OUP with Starting Values X(0) = =5....cc.ccciiiiiiiiii. 288
OUP with Starting Value X(0) = 5.1 including

Expected Value Function ... 289
Interest Rate Dynamics According to Dothan ...................... 291
Interest Rate Dynamics According to Brennan-Schwartz.......... 292
Interest Rate Dynamics According to CKLS ....................... 294
OUPand CIR.....coiitiiii e 295
Linear Time Trend ..., 333



	Preface
	Scope of the Book
	Note to Students and Instructors
	References

	Acknowledgments
	Contents
	List of Figures

