
Appendix A
Tensors

A.1 Introduction

A physical quantity Tij...m with a total of k indices that is independent of translations
of the coordinate system and transforms with respect to all indices like a vector is
called a tensor of rank k.

Often, Einstein’s sum convention is used; a sum is built over indices with the same
symbol. For example, x′

i = Dij xj shall be read as x′
i = ∑3

j=1 Dij xj.

A.2 Rotation of Coordinate System

A rotation of the coordinate system is a transformation x → x′ that is written in
components as

x′
i = Dij xj. (A.1)

D is called the rotation matrix. The inverse of the rotation matrix is D−1 with

D−1
kl = Dlk, (A.2)

i.e. it is the transposed matrix D. The inverse transformation is xj = Dij x′
i . Thus,

Dij Dkj = δij. (A.3)

A simple example is the azimuthal rotation around the z-axis by an angle φ (in
the mathematically positive direction)

D =
⎛

⎝
cosφ − sin φ 0
sin φ cosφ 0
0 0 1

⎞

⎠ . (A.4)
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844 Appendix A: Tensors

Fig. A.1 Rotation of a
coordinate system (x, y, z)
by the Euler angles (φ, θ,ψ)

into the system (X, Y , Z)
YZ

X

z

x

y

For the description of an arbitrary rotation (x, y, z) → (X, Y , Z), generally three
angles are necessary. Typically, the Euler angles (φ, θ,ψ) are used (Fig. A.1). First,
the system is rotated by φ around the z-axis. The y-axis becomes the u-axis. Then,
the system is tilted by θ around the u-axis and the z-axis becomes the Z-axis. Finally,
the system is rotated by ψ around the Z-axis.

The matrix for the general rotation by the Euler angles is

⎛

⎝
cosψ cos θ cosφ − sinψ sin φ − sin φ cos θ cosψ − cosφ sinψ sin θ cosψ
cosφ cos θ sinψ + sin φ cosψ − sinψ cos θ sin φ + cosψ cosφ sin θ sinψ

− cosφ sin θ sin φ sin θ cos θ

⎞

⎠ . (A.5)

A.3 Rank-n Tensors

Rank-0 Tensors

A tensor of rank 0 is also called a scalar. For example, the length v2
1 + v2

2 + v2
3 of the

vector v = (v1, v2, v3) is a scalar since it is invariant under rotation of the coordinate
system. However, ‘scalar’ is not equivalent to ‘number’ since, e.g. the number v2

1+v2
2

is not rotationally invariant.

Rank-1 Tensors

A tensor of rank 1 is a vector. It transforms under coordinate rotation D as

v′
i = Dij vj. (A.6)

Rank-2 Tensors

A tensor of rank 2 is also called a dyade and is a 3×3 matrix T that transforms under
coordinate rotation as

T ′
ij = Dik Djl Tkl. (A.7)

The physical meaning is the following: Two vectors s and r shall be related to
each other via si = Tij rj. This could be, e.g., the current j and the electric field E
that are connected via the tensor of conductivity σ, i.e. ji = σij Ej.
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Such an equation only makes physical sense if it is also valid in a (any) rotated
coordination system. The tensor T′ in the rotated coordinate system must fulfill
s′

i = T ′
ij r′

j . This implies the transformation law (A.7). s′
k = Dki si = Dki Tijrj and

also s′
k = T ′

km r′
m = T ′

km Dmj rj. Thus, T ′
km Dmj = Dki Tij since the previous relations

are valid for arbitrary r. Multiplication by Dlj yields T ′
km Dmj Dlj = T ′

km δml = T ′
kl =

Dki Dlj Tij.
The trace of a rank-2 tensor is defined as tr T = Tii = T11 + T22 + T33. It is a

scalar, i.e. invariant under coordinate rotation, since T ′
kk = DkiDkjTij = δijTij = Tii.

A rank-2 tensor can be separated into a symmetric part TS and an antisymmetric
part TA, i.e. TS

ji = TS
ij and TA

ji = −TA
ij with

T = TS + TA (A.8a)

TS
ij = Tij + Tji

2
(A.8b)

TA
ij = Tij − Tji

2
. (A.8c)

A rank-2 tensor can be separated into an isotropic (spherical) part TI and a devi-
atoric part TD. The isotropic part is invariant under coordinate rotation.

T = TI + TD (A.9a)

TI
ij = δij

tr T
3

(A.9b)

TD
ij = Tij − δij

tr T
3

. (A.9c)

The trace of T is the same as that of TI . The trace of TD is zero.

Rank-3 Tensors

A tensor of rank 3 transforms according to

T ′
ijk = Dil Djm DknTlmn. (A.10)

An example is the tensor e of piezoelectric constants that relates the rank-2 tensor
of the strains with the polarization vector P, i.e. Pi = eijk εjk .

Rank-4 Tensors

A tensor of rank 4 transforms according to

T ′
ijkl = Dim Djn Dko Dlp Tmnop. (A.11)

An example is the tensor C of elastic constants that relates the rank 2 tensors ε
and σ of the elastic strains and stresses, i.e. σij = Cijkl εkl.



Appendix B
Point and Space Groups

(See TablesB.1, B.2 and B.3.)

Table B.1 The 10 two-dimensional point groups in group and full and abbreviated international
notation

Group Notation Nsg Symmetry elements

Full Abbrev.

international

C1 1 1 1 C1

D1 1m m 3 C1, m

C2 2 2 1 C2

D2 2mm mm 4 C2, 2m

C3 3 3 1 C3

D3 3m 3m 2 C3, 3m

C4 4 4 1 C4

D4 4mm 4m 2 C4, 2m

C6 6 6 1 C6

D6 6mm 6m 1 C6, 6m

Nsg denotes the number of space groups
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848 Appendix B: Point and Space Groups

Table B.2 The 32 point groups in Schönfließ and international notation

System Class Nsg Symmetry elements

international Schönfließ

Triclinic 1

1̄

C1

Ci

1

1

E

E i

Monoclinic m

2

2/m

Cs

C2

C2h

3

4

6

E σh

E C2

E C2 i σh

Orthorhombic 2mm

222

mmm

C2v

D2

D2h

9

22

28

E C2 σ′
v σ′′

v

E C2 C′
2 C′′

2

E C2 C′
2 C′′

2 i σh σ′
v σ′′

v

Tetragonal 4

4̄

4/m

4mm

4̄2m

422

4/mmm

C4

S4
C4h

C4v

D2d

D4

D4h

6

2

6

10

12

12

20

E 2C4 C2

E 2S4 C2

E 2C4 C2 i 2S4 σh

E 2C4 C2 2σ′
v 2σd

E C2 C′
2 C′′

2 2σd 2S4
E 2C4 C2 2C′

2 2C′′
2

E 2C4 C2 2C′
2 2C′′

2 i 2S4 σh 2σ′
v 2σh

Trigonal
(rhombohedral)

3

3̄

3m

32

3̄m

C3

S6
C3v

D3

D3d

4

2

7

6

6

E 2C3

E 2C3 i 2S6
E 2C3 3σv

E 2C3 3C2

E 2C3 3C2 i 2S6 3σd

Hexagonal 6̄

6

6/m

6̄m2

6mm

622

6/mmm

C3h

C6

C6h

D3h

C6v

D6

D6h

6

1

2

6

4

4

4

E 2C3 σh 2S3
E 2C6 2C3 C2

E 2C6 2C3 C2 i 2S3 2S6 σh

E 2C3 3C2 σh 2S3 3σv

E 2C6 2C3 C2 3σv 3σd

E 2C6 2C3 C2 3C′
2 3C′′

2

E 2C6 2C3 C2 3C′
2 3C′′

2 i 2S3 2S6 σh 3σd 3σv

Cubic 23

m3

4̄3m

432

m3m

T

Th

Td

O

Oh

5

7

8

6

10

E 4C3 4C2
3 3C2

E 4C3 4C2
3 3C2 i 8S6 3σh

E 8C3 3C2 6σd 6S4
E 8C3 3C2 6C′

2 6C4

E 8C3 3C2 6C2 6C4 i 8S6 3σh 6σd 6S4

Nsg denotes the number of space groups



Appendix B: Point and Space Groups 849

Table B.3 Space group numbers and corresponding space group symbols in standard international
notation

1 P1 2 P1̄ 3 P2 4 P21 5 C2

6 Pm 7 Pc 8 Cm 9 Cc 10 P2/m

11 P21/m 12 C2/m 13 P2/c 14 P21/c 15 C2/c

16 P222 17 P2221 18 P21212 19 P212121 20 C2221
21 C222 22 F222 23 I222 24 I212121 25 Pmm2

26 Pmc21 27 Pcc2 28 Pma2 29 Pca21 30 Pnc2

31 Pmn21 32 Pba2 33 Pna21 34 Pnn2 35 Cmm2

36 Cmc21 37 Ccc2 38 Amm2 39 Abm2 40 Ama2

41 Aba2 42 Fmm2 43 Fdd2 44 Imm2 45 Iba2

46 Ima2 47 Pmmm 48 Pnnn 49 Pccm 50 Pban

51 Pmma 52 Pnna 53 Pmna 54 Pcca 55 Pbam

56 Pccn 57 Pbcm 58 Pnnm 59 Pmmn 60 Pbcn

61 Pbca 62 Pnma 63 Cmcm 64 Cmca 65 Cmmm

66 Cccm 67 Cmma 68 Ccca 69 Fmmm 70 Fddd

71 Immm 72 Ibam 73 Ibca 74 Imma 75 P4

76 P41 77 P42 78 P43 79 I4 80 I41
81 P4̄ 82 I4̄ 83 P4/m 84 P42/m 85 P4/n

86 P42/n 87 I4/m 88 I41/a 89 P422 90 P4212

91 P4122 92 P41212 93 P4222 94 P42212 95 P4322

96 P43212 97 I422 98 I4122 99 P4mm 100 P4bm

101 P42cm 102 P42nm 103 P4cc 104 P4nc 105 P42mc

106 P42bc 107 I4mm 108 I4cm 109 I41md 110 I41cd

111 P4̄2m 112 P4̄2c 113 P4̄21m 114 P 4̄21c 115 P4̄m2

116 P4̄c2 117 P4̄b2 118 P4̄n2 119 I4̄m2 120 I4̄c2

121 I4̄2m 122 I4̄2d 123 P4/mmm 124 P4/mcc 125 P4/nbm

126 P4/nnc 127 P4/mbm 128 P4/mnc 129 P4/nmm 130 P4/ncc

131 P42/mmc 132 P42/mcm 133 P42/nbc 134 P42/nnm 135 P42/mbc

136 P42/mnm 137 P42/nmc 138 P42/ncm 139 I4/mmm 140 I4/mcm

141 I41/amd 142 I41/acd 143 P3 144 P31 145 P32
146 R3 147 P3̄ 148 R3̄ 149 P312 150 P321

151 P3112 152 P3121 153 P3212 154 P3221 155 R32

156 P3m1 157 P31m 158 P3c1 159 P31c 160 R3m

161 R3c 162 P3̄1m 163 P3̄1c 164 P3̄m1 165 P3̄c1

166 R3̄m 167 R3̄c 168 P6 169 P61 170 P65
171 P62 172 P64 173 P63 174 P6̄ 175 P6/m

176 P63/m 177 P622 178 P6122 179 P6522 180 P6222

181 P6422 182 P6322 183 P6mm 184 P6cc 185 P63cm

186 P63mc 187 P6̄m2 188 P6̄c2 189 P6̄2m 190 P6̄2c

(continued)
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Table B.3 (continued)

191 P6/mmm 192 P6/mcc 193 P63/mcm 194 P63/mmc 195 P23

196 F23 197 I23 198 P213 199 I213 200 Pm3̄

201 Pn3̄ 202 Fm3̄ 203 Fd3̄ 204 Im3̄ 205 Pa3̄

206 Ia3̄ 207 P432 208 P4232 209 F432 210 F4132

211 I432 212 P4332 213 P4132 214 I4132 215 P4̄3m

216 F4̄3m 217 I4̄3m 218 P4̄3n 219 F4̄ 3c 220 I4̄3d

221 Pm3̄m 222 Pn3̄n 223 Pm3̄n 224 Pn3̄m 225 Fm3̄m

226 Fm3̄c 227 Fd3̄m 228 Fd3̄c 229 Im3̄m 230 Ia3̄d



Appendix C
Kramers–Kronig Relations

The Kramers–Kronig relations (KKR) are relations between the real and imaginary
part of the dielectric function. They are of a general nature and are based on the
properties of a complex, analytical response function f (ω) = f1(ω)+ if2(ω) fulfilling
the following conditions1:

• The poles of f (ω) are below the real axis.
• The integral of f (ω)/ω along a semicircle with infinite radius in the upper half of
the complex plane vanishes.

• The function f1(ω) is even and the function f2(ω) is odd for real values of the
argument.

The integral of f (s)/(s − ω)ds along the real axis and an infinite semicircle in
the upper half of the complex plane is zero because the path is a closed line. The
integral along a semicircle above the pole at s = ω yields −πif (ω), the integral over
the infinite semicircle is zero. Therefore the value of f (ω) is given by2

f (ω) = 1

πi
Pr

∫ ∞

−∞
f (s)

s − ω
ds. (C.1)

Equating the real and imaginary parts of (C.1) yields for the real part

f1(ω) = 1

π
Pr

∫ ∞

−∞
f2(s)

s − ω
ds. (C.2)

Splitting the integral into two parts
∫ ∞
0 and

∫ 0
−∞, going from s to −s in the latter

and using f2(−ω) = −f2(ω) and 1
s−ω

+ 1
s+ω

= 2s
s2−ω2 yields (C.3a)

1The requirements for the function f to which the KKR apply can be interpreted as that the function
must represent the Fourier transform of a linear and causal physical process.
2The Cauchy principal value Pr of the integral is the limit for δ → 0 of the sum of the integrals
over −∞ < s < ω − δ and ω + δ < s < ∞.
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852 Appendix C: Kramers–Kronig Relations

f1(ω) = 2

π
Pr

∫ ∞

0

s f2(s)

s2 − ω2
ds (C.3a)

f2(ω) = − 2

π
Pr

∫ ∞

0

f1(s)

s2 − ω2
ds. (C.3b)

In a similar way, (C.3b) is obtained. These two relations are the Kramers–Kronig
relations [1839, 1840]. They are most often applied to the dielectric function ε.
In this case, they apply to the susceptibility, i.e. f (ω) = χ(ω) = ε(ω)/ε0 − 1.
The susceptibility can be interpreted as the Fourier transform of the time-dependent
polarization in the semiconductor after an infinitely short pulsed electric field, i.e.
the impulse response of the polarization. For the dielectric function ε = ε1 + iε2, the
following KKR relations hold:

ε1(ω) = ε0 + 2

π
Pr

∫ ∞

0

s ε2(s)

s2 − ω2
ds (C.4a)

ε2(ω) = −2ω

π
Pr

∫ ∞

0

ε1(s) − ε0

s2 − ω2
ds. (C.4b)

The static dielectric constant is thus given by

ε(0) = ε0 + 2

π
Pr

∫ ∞

0

ε2(s)

s
ds. (C.5)

The integral does not diverge since ε2 is an odd function and zero at ω = 0.
Generally the jth momentum Mj of the imaginary part of the dielectric function is

Mj =
∫ ∞

0
ε2(ω)ωj dω. (C.6)

Thus, M−1 = π[ε(0) − ε0]/2.
Other KKRs are, e.g., the relation between the index of refraction nr and the

absorption coefficient α:

nr(λ) = 1

π
Pr

∫ ∞

0

α(s)

1 − s2/λ2
ds. (C.7)

If the imaginary (real) part of the dielectric function is known (for all frequen-
cies), the real (imaginary) part can be calculated via the KKR. If the dependence
is not known for the entire frequency range, assumptions about the dielectric func-
tion in the unknown spectral regions must be made that limits the reliability of the
transformation.



Appendix D
Oscillator Strength

The response of an oscillator to an electric field E is formulated with the dielectric
function. The resulting polarization P is related to the electric field via

P = ε0 χ E, (D.1)

with χ being the electric susceptibility, and the displacement field D is given by

D = ε0 E + P = ε0 ε E. (D.2)

Thus the (relative) dielectric constant is

ε = 1 + χ. (D.3)

We assume a harmonic oscillator model for an electron, i.e. an equation of motion
for the amplitude x = x0 exp(iωt)

m ẍ = −C x. (D.4)

The resonance frequency is ω2
0 = C/m. The presence of a harmonic electric field E

of frequency ω and amplitude E0 adds a force eE. Thus,

− m ω2 x = −m ω2
0 x + e E. (D.5)

The polarization ex0 is given by

ex0 = e2

m

1

ω2
0 − ω2

E0 = e2

m ω2
0

1

1 − ω2/ω2
0

E0. (D.6)
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854 Appendix D: Oscillator Strength

The pre-factor is called the (dimensionless) oscillator strength and will be denoted
as

f = e2

ε0 m ω2
0

(D.7)

in the following. The frequency-dependent dielectric function of the resonance is
thus

ε(ω) = 1 + f

1 − ω2/ω2
0

. (D.8)

In the low-frequency limit, the dielectric function is ε(0) = 1 + f , in the high-
frequency limit ε(∞) = 1.Theoscillator strength is the difference of ε for frequencies
below and above the resonance.

For all systems, the high-frequency limit of ε is 1. This means that χ = 0, i.e.
there are no more oscillators to be polarized. The low-frequency limit includes all
possible oscillators. If there are further oscillators between frequencies well above
ω0 and ω → ∞, these are summarized as the high-frequency dielectric constant
ε∞ > 1. Equation (D.8) then reads

ε(ω) = ε(∞) + f̂

1 − ω2/ω2
0

. (D.9)

The limit ε → ε(∞) is only valid for frequencies above ω0 but smaller than the
next resonance(s) at higher frequencies.3 Another common form is to include the
background dielectric constant via

ε(ω) = ε(∞)

[

1 + f

1 − ω2/ω2
0

]

. (D.10)

Obviously, f = f̂ /ε(∞), making the two forms equivalent.
In order to discuss the lineshape, not only for ε but also for the index of refraction

n∗ = nr + iκ = √
ε, we introduce damping to our calculation by adding a term

−mΓ ẋ to the left side of (D.5). This term is something like a ‘friction’ and would
cause the oscillation amplitude to decay exponentially with a time constant τ = 2/Γ
without external stimulus. The dielectric constant is

ε(ω) = ε(∞)

[

1 + f

1 − (ω2 + iωΓ )/ω2
0

]

= ε′ + iε′′. (D.11)

The real and imaginary part fulfill the Kramers–Kronig relations (C.3a) and
(C.3b). For the oscillator strength, the regimes of large oscillator strength (f ∼ 1) and
small oscillator strength (f � 1) are distinguished. For the damping, two regimes

3For ω going to infinite values (beyond the X-ray regime), ε always goes towards one.
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(a) (b)

(c) (d)

(e) (f)

Fig. D.1 Real (solid lines) and imaginary (dashed lines) parts of the dielectric constant (a, c, e)
and index of refraction (b, d, f) (D.11) for oscillator strength f = 1 and various values of damping:
(a, b) Γ = 10−2ω0, (c, d) Γ = 10−1ω0, and (e, f) Γ = ω0

should be distinguished: Small damping (Γ � ω0) and strong damping (Γ � ω0).
Typical lineshapes are shown in Figs. D.1 and D.2.

For small oscillator strength, i.e. f � 1, the index of refraction n∗ = √
ε = nr + iκ

is given by (n∞ = √
ε(∞))
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(a) (b)

(c) (d)

(e) (f)

Fig. D.2 Real (solid lines) and imaginary (dashed lines) parts of the dielectric constant (a, c, e) and
index of refraction (b, d, f) (D.11) for oscillator strength f = 10−1 and various values of damping:
(a, b) Γ = 10−2ω0, (c, d) Γ = 10−1ω0, and (e, f) Γ = ω0

nr = n∞
[

1 + f

2

ω2
0 (ω2

0 − ω2)

(ω2
0 − ω2)2 + Γ 2 ω2

]

(D.12a)

κ = n∞
f

2

Γ ω0 (ω2
0 − ω2)

(ω2
0 − ω2)2 + Γ 2 ω2

. (D.12b)
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For small detuning from the resonance frequency, i.e. ω = ω0 + δω with
|δω|/ω0 � 1, the index of refraction is given by

nr = n∞
[

1 − f

4

ω0 δω

(δω)2 + Γ 2/4

]

(D.13a)

κ = n∞
f

4

ω0 Γ/2

(δω)2 + Γ 2/4
. (D.13b)

The maximum absorption is given as

αm = 2
ω0

c
κ(ω0) = f

ω2
0

Γ

n∞
c

. (D.14)

For zero damping, the dielectric function has a zero at

ω′
0 = ω0

√
1 + f ≈ ω0

(

1 + f

2

)

. (D.15)

The latter approximation is valid for f � 1. In the region between ω0 and ω′
0, the

real part of the index of refraction is very small (for the physically unrealistic case
of Γ ≡ 0 it is exactly zero since ε < 0). The reflectance (for vertical incidence
R = [(1 − n∗)/(1 + n∗)]2) in this region (width: f ω0/2) is thus very high. For larger
damping (and small oscillator strength), this effect is washed out.

The frequency ωε′′,max of the maximum of the imaginary part of ε′′ of the dielectric
function (Γ̂ = Γ/ω0) is

ω2
ε′′,max = ω2

0
2 − Γ̂ 2 +

√
16 − 4Γ̂ 2 + Γ̂ 4

6
≈ ω2

0

[

1 −
(

Γ

2ω0

)2
]

. (D.16)

The approximation is valid for small damping Γ � ω0. In this case, the detuned
frequency of the maximum is close to ω0 (Fig. D.3). The frequency position of the
maximum of tan δ = ε′′/ε′ is

ω2
tan δ,max = ω2

0
2 + f − Γ̂ 2 + Λ2

6
(D.17)

Λ2 =
√

12 (1 + f ) +
(
2 + f − Γ̂ 2

)2
.
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Fig. D.3 Frequency position
of the maximum of ε′′ as a
function of the damping

The value of tan δ at its maximum is (Λ has the same meaning as in (D.17))

(tan δ)max =
−3

√
3
2 f Γ̂

√

2 + f − Γ̂ 2 + Λ2

−8 − 8 f + f 2 − 4 Γ̂ 2 − 2 f Γ̂ 2 + Γ̂ 4 +
(
2 + f − Γ̂ 2

)
Λ2

. (D.18)



Appendix E
Quantum Statistics

E.1 Introduction

Bosons are particles with integer spin s = n, fermions are particles with spin
s = n + 1/2 with n being an integer including zero. The fundamental quantum-
mechanical property of the wavefunction of a system with N such particles is that
under exchange of any two particles, the wavefunction is symmetric in the case of
bosons and antisymmetric in the case of fermions. For two particles, these conditions
read

Ψ (q1, q2) = Ψ (q2, q1) (E.1a)

Ψ (q1, q2) = −Ψ (q2, q1), (E.1b)

where (E.1a) holds for bosons and (E.1b) holds for fermions. The variables qi denote
the coordinates and spin of the ith particle. The Pauli principle allows bosons to
populate the same single particle state with an arbitrary number of particles (at least
more than one). For fermions, the exclusion principle holds that each single particle
state can only be populated once.

E.2 Partition Sum

We consider a gas of N identical particles in a volume V in equilibrium at a temper-
ature T . The possible quantum-mechanical states of a particle is denoted as r. The
energy of a particle in the state r is εr , the number of particles in the state r is nr .

For vanishing interaction of the particles, the total energy of the gas in the state R
(with nr particles in the state r) is

ER =
∑

r

nr εr . (E.2)
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The sum runs over all possible states r. The total number of particles imposes the
condition

N =
∑

r

nr . (E.3)

In order to calculate the thermodynamic potentials, the partition sum Z needs to
be calculated

Z =
∑

R

exp(−βER), (E.4)

with β = 1/(kT). The sum runs over all possible microscopic states R of the gas,
i.e. all combinations of the nr that fulfill (E.3). The probability PS to find the system
in a particular state S is given by (canonical ensemble)

PS = exp(−βES)

Z
. (E.5)

The average number n̄s of particles in a state s is given by

n̄s =
∑

R ns exp(−βER)

Z
= − 1

βZ

∂Z

∂εs
= − 1

β

∂ ln Z

∂εs
. (E.6)

We note that the average deviation (Δns)2 = n2
s − n̄2

s = n2
s − n̄2

s is given by

(Δns)2 = 1

β2

∂2 ln Z

∂ε2s
= − 1

β

∂n̄s

∂εs
. (E.7)

In the Bose–Einstein statistics (for bosons), the particles are fundamentally indis-
tinguishable. Thus, a set of (n1, n2, . . .) uniquely describes the system. In the case of
fermions, for each state nr is either 0 or 1. In both cases, (E.3) needs to be fulfilled.

E.3 Photon Statistics

This case is the Bose–Einstein statistics (cf. (E.24)) with undefined particle number.
We rewrite (E.6) as

n̄s =
∑

ns
ns exp(−βnsεs)

∑(s)
n1,n2,...

exp(−β(n1ε1 + n2ε2 + . . .))
∑

ns
exp(−βnsεs)

∑(s)
n1,n2,...

exp(−β(n1ε1 + n2ε2 + . . .))
, (E.8)

where
∑(s) denotes a summation that does not include the index s. In the case of

photons, the values nr can take any value (integers including zero) without restriction
and therefore the sums

∑(s) in the numerator and denominator of (E.8) are identical.
After some calculation we find
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n̄s = − 1

β

∂

∂εs
ln

( ∞∑

ns=0

exp(−βnsεs)

)

. (E.9)

The argument of the logarithm is a geometrical series with the limit
[1− exp(−βεs)

]−1
. This leads to the so-called Planck distribution

n̄s = 1

exp(βεs) − 1
. (E.10)

E.4 Fermi–Dirac Statistics

Now, the particle number is fixed to N . For the sum
∑(s) from (E.6), we introduce

the term ZS(M)

Zs(M) =
∑

n1,n2,...

(s) exp(−β(n1ε1 + n2ε2 + . . .)), (E.11)

when M particles are to be distributed over all states except s (
∑(s)

r nr = M). M is
either N − 1 if ns = 1 and N if ns = 0. Using Zs, we can write

n̄s = 1
Zs(N)

Zs(N−1) exp(βεs) + 1
. (E.12)

We evaluate Zs(N − 1)

ln Zs(N − ΔN) = ln Zs(N) − ∂ ln Zs

∂N
|N ΔN, (E.13)

or
Zs(N − ΔN) = Zs(N) exp(−γsΔN), (E.14)

with

γs = ∂ ln Zs

∂N
. (E.15)

Since Zs runs over many states, the derivative is approximately equal to

γ = ∂ ln Z

∂N
, (E.16)
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as will be shown below. Thus, we obtained so far

n̄s = 1

exp(γ + βεs) + 1
. (E.17)

Equation (E.3) holds also for the average values n̄s, i.e.

N =
∑

r

n̄r =
∑

r

1

exp(γ + βεs) + 1
, (E.18)

from which the value of γ can be calculated. Given that the free energy is given as
F = −kT ln Z , we find that

γ = − 1

kT

∂F

∂N
= −βμ , (E.19)

where μ is the chemical potential by definition. Therefore, the distribution function
for the Fermi–Dirac statistics (also called the Fermi function) is

n̄s = 1

exp(β(εs − μ)) + 1
. (E.20)

Now, we briefly revisit the approximation γ = γs. Exactly, γ fulfills

γ = γs − ns
∂γ

∂N
. (E.21)

Thus, the approximation is valid if ns
∂γ
∂N � γ. Since ns < 1, this means that the

chemical potential does not change significantly upon addition of another particle.
The Fermi–Dirac distribution function (E.20) for electrons is typically written as

fe(E) = 1

exp
(E−EF

kT

) + 1
, (E.22)

where k (or kB) denotes the Boltzmann constant, T is the temperature, and EF is
the Fermi level, which is called the chemical potential μ in thermodynamics. The
Fermi distribution is shown in Fig. E.1 for various parameters. The distribution
function gives the probability that a state at energy E is populated in thermodynamic
equilibrium. ForE = EF the population is 1/2 for all temperatures. At (the unrealistic
case of) T = 0, the function makes a step from 1 (for E < EF) to 0.

The high-energy tail of the Fermi distribution, i.e. for E − EF � kT , can be
approximated by the Boltzmann distribution:

fe(E) ∼= exp

(

−E − EF

kT

)

. (E.23)
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(a) (b)

(c) (d)

Fig. E.1 Fermi function for (a, b) different temperatures (for EF = 1.0eV) and (c) for different
chemical potentials (for T = 300K). (d) Fermi function (solid lines) compared with Boltzmann
approximation (dashed lines) for various temperatures and EF = 1.0eV on semilogarithmic plot

E.5 Bose–Einstein Distribution

Executing (E.8) with the approximation γ = γs, the Bose–Einstein distribution is
found to be

n̄s = 1

exp(β(εs − μ)) − 1
. (E.24)



Appendix F
Kronig–Penney Model

The Kronig–Penney model [64] is a simple, one-dimensional analytically solvable
model that visualizes the effect of the periodic potential on the dispersion relation of
electrons, i.e. the formation of a band structure.

A one-dimensional periodic hard-wall potential of finite height is assumed
(Fig. F.1a). The well width is a, the barrier width b and thus the period P = a + b.
The potential is zero in the well (regions (0, a) + nP) and +U0 in the barrier. The
Schrödinger equation

− �
2

2m

∂2Ψ

∂x2
+ U(x) Ψ (x) = E Ψ (x) (F.1)

has to be solved. The solutions for a single hard-wall potential well are well known.
In the well, they have oscillatory character, i.e. Ψ ∝ exp (ikx) with real k. In the
barrier, they have exponential character, i.e. Ψ ∝ exp (kx) with real k. Thus we
chose

Ψ (x) = A exp (iKx) + B exp (−iKx) (F.2a)

Ψ (x) = C exp (κx) + D exp (−κx) . (F.2b)

The wavefunction from (F.2a) is for the well between 0 and a with E = �
2K2/2m.

The wavefunction from (F.2b) is for the barrier between a and a + b with U0 − E =
�
2κ2/2m. From the periodicity and Bloch’s theorem the wavefunction at x = −b

must have the form Ψ (−b) = exp(−ikP) Ψ (a), i.e. between the two wavefunctions
is only a phase factor. The wavevector k of the Bloch function (plane-wave part of
the solution) is a new quantity and must be carefully distinguished from K and κ.

Both K and κ are real numbers. As boundary conditions, the continuity of Ψ and
Ψ ′ are used.4 At x = 0 and x = a this yields

4Generally, Ψ ′/m should be continuous, however, in the present example the mass is assumed
constant throughout the structure.
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(a)

(b) (c)

(d) (e)

Fig. F.1 (a) One-dimensional periodic hard-wall potential (Kronig–Penney model). (b) Tran-
scendental function B(K) from (F.5) for β = 5. The dashed lines indicate the [−1, 1] interval
for which solutions exist for (F.5). (c) Band gap between first and second subband (in units of
EX = �

2π2/(2ma2)) as a function of β. For smaller β the band gap is ∝ β. For thick barriers
(β → ∞) the band gap saturates towards 3EX as expected for uncoupled wells. (d, e) The resulting
energy dispersion (in units of EX) as a function of the superlattice wavevector k for (d) β = 5 and
(e) β = 20 in (F.5). The dashed lines are the free-electron dispersion (for β = 0) (see Fig. 6.2a)

http://dx.doi.org/10.1007/978-3-319-23880-7_6
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A + B = C + D (F.3a)

iKA − iKB = κC − κD (F.3b)

A exp(iKa) + B exp(−iKa) = C exp(κa) + D exp(−κa) (F.3c)

iKA exp(iKa)− iKB exp(−iKa) = κCexp(κa) − κDexp(−κa). (F.3d)

The continuity of Ψ and Ψ ′ at x = −b is used in the left sides of (F.3c, d).
A nontrivial solution arises only if the determinant of the coefficient matrix is

zero. This leads (after some tedious algebra) to

cos(kP) =
[
κ2 − K2

2κK

]

sinh(κb) sin(Ka) + cosh(κb) cos(Ka). (F.4)

Further simplification can be reached by letting the barrier thickness b→0 and
U0 → ∞. Then P → a. The limit, however, is performed in such a way that the
barrier ‘strength’ U0b ∝ κ2b remains constant and finite. Equation (F.4) then reads
(for κb → 0: sinh(κb) → κb and coth(κb) → 1):

cos(ka) = β
sin(Ka)

Ka
+ cos(Ka) = B(K). (F.5)

The coupling strength β = κ2ba/2 represents the strength of the barrier. Equa-
tion (F.5) only has a solution if the right side is in the interval [−1, 1] (Fig. F.1b).
The function sin(x)/x oscillates with decreasing amplitude such that for sufficiently
high values of Ka a solution can always be found. The resulting dispersion is shown
in Fig. F.1c. The dispersion is different from the free-electron dispersion and has
several separated bands. The band gaps are related to the K values, i.e. energies for
which (F.5) cannot be fulfilled. At the zone boundary (k = π/a) the bands are split
and the tangent is horizontal (dE/dk = 0). The form of the dispersion is similar to
the arccos function.

For large coupling between the potential wells (small β, β � 1) the band gap
E12 between the first and the second subband at the X-point is E12 = 4β/π2EX

with EX = �
2π2/(2ma2). In this case, the width of the subbands is wide. For small

coupling (largeβ) the band gapE12 converges towards 3EX as expected for decoupled
potential wells with energy levels En = EXn2 and the width of the bands is small.



Appendix G
The k · p Perturbation Theory

The solutions of the Schrödinger equation (cf. Sect. 6.2.1)

H Ψnk(r) =
(

− �
2

2m
∇2 + U(r)

)

Ψnk(r) = En(k) Ψnk(r), (G.1)

with a lattice periodic potential U, i.e. U(r) = U(r + R) for direct lattice vectors R,
are Bloch waves of the form

Ψnk(r) = exp(i k r) unk(r), (G.2)

with the lattice periodic Bloch function unk(r) = unk(r + R).
Inserting the Bloch wave into (G.1), the following equation is obtained for the

periodic Bloch function:

(

− �
2

2m
∇2 + U(r) + �

m
k · p

)

unk(r) =
(

En(k) − �
2k2

2m

)

unk(r). (G.3)

For simplicity, we assume a band edge En(0) at k = 0. In its vicinity, the k · p
term can be treated as a perturbation. The dispersion for a nondegenerate band5 is
given up to second order in k

En(k) = En(0) +
3∑

i,j=1

⎛

⎝ �
2

2m
δij + �

2

m

∑

l �=n

pi
nl pj

ln

En(0) − El(0)

⎞

⎠ ki kj, (G.4)

with l running over other, so-called remote bands. The momentum matrix element
is given by pi

nl = 〈un0|pi|ul0〉 (cf. (6.35)). The coefficients in front of the quadratic

5Apart from the spin degeneracy.
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terms are the components of the dimensionless inverse effective-mass tensor (cf.
(6.39))

( m

m∗
)

ij
= δij + 2

m

∑

l �=n

pi
nl pj

ln

En(0) − El(0)
. (G.5)

For degenerate bands, the pi
nn′ vanish when n and n′ belong to the degenerate set

and also the first-order correction is zero. In the Löwdin perturbation theory [1841],
the bands are separated into the close-by degenerate or nearly degenerate bands and
the remote bands. The effect of the remote bands is taken into account by an effective
perturbation

k · p + k · p
∑

l �=n

|l〉〈l|
En(0) − El(0)

k · p, (G.6)

with the index l running over all bands not being in the degenerate set. The dispersion
relation is obtained by diagonalization of the Hamiltonian (G.3) in the degenerate
basis but with the perturbation given by (G.6).

The spin-orbit interaction [1244] adds an additional term

Hso = �

4m2 c2
(σ × ∇U) p (G.7)

to the Hamiltonian, where σ are the Pauli spin matrices and c the vacuum speed of
light. In the Schrödinger equation for the Bloch functions two new terms arise:

(

− �
2

2m
∇2 + U(r) + �

4m2c2
(σ × ∇U) p

+ �

m
k

[

p + �

4m2c2
(σ × ∇U)

])

unk(r) =
(

En(k) − �
2k2

2m

)

unk(r). (G.8)

The linear term in k is again treated as a perturbation. The first spin-orbit term in
(G.8) is lattice periodic, thus the solutions at k = 0 are still periodic Bloch functions,
however, different ones from previously. If the band edge is not degenerate, the
momentum operator in (G.3) is simply replaced by

π = p + �

4m2 c2
(σ × ∇U) , (G.9)

and the band edge is still parabolic. For a degenerate band edge, the effect can be
more profound, in particular it can lead to the lifting of a degeneracy.

In the 8-band Kane model [441], four bands (lowest conduction band, heavy,
light and split-off hole band) are treated explicitly and the others through Löwdin
perturbation theory. The basis is chosen to be diagonal in the spin-orbit interaction
leaving the spin-orbit interaction Δ0 as parameter. The band- edge Bloch functions
are denoted as |i ↑〉, where the index i = s, x, y, z labels the symmetry of the different

http://dx.doi.org/10.1007/978-3-319-23880-7_6
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Table G.1 Basis set that
diagonalizes the spin-orbit
interaction

|J, mj〉 Wavefunction Symmetry

| 12 , 1
2 〉 i|s ↑〉 Γ6

| 12 ,− 1
2 〉 i|s ↓〉 Γ6

| 32 , 3
2 〉 1√

2
|(x + iy) ↑〉 Γ8

| 32 , 1
2 〉 1√

6
|(x + iy) ↓〉 −

√
2
3 |z ↑〉 Γ8

| 32 ,− 1
2 〉 − 1√

6
|(x − iy) ↑〉 −

√
2
3 |z ↓〉 Γ8

| 32 ,− 3
2 〉 1√

2
|(x − iy) ↑〉 Γ8

| 12 , 1
2 〉 1√

3
|(x + iy) ↓〉 +

√
1
3 |z ↑〉 Γ7

| 12 ,− 1
2 〉 − 1√

3
|(x − iy) ↑〉 +

√
1
3 |z ↓〉 Γ7

bands. The linear combinations that diagonalize the spin-orbit interaction are given
in Table G.1. The band gap and the spin-orbit interaction are given by

Eg = EΓ6 − EΓ8 (G.10a)

Δ0 = EΓ8 − EΓ7 . (G.10b)

The Hamiltonian in the basis states of Table G.1 is given by

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k2 + Eg 0
√
2Pk+ −

√
2
3Pkz −

√
2
3Pk− 0

√
1
3Pkz −

√
4
3Pk−

0 k2 + Eg 0
√

2
3Pk+ −

√
2
3Pkz

√
2Pk−

√
4
3Pk+

√
1
3Pkz√

2Pk− 0 k2 0 0 0 0 0

−
√

2
3Pkz

√
2
3Pk− 0 k2 0 0 0 0

−
√

2
3Pk+ −

√
2
3Pkz 0 0 k2 0 0 0

0
√
2Pk+ 0 0 0 k2 0 0√

1
3Pkz

√
4
3Pk− 0 0 0 0 k2 − Δ0 0

−
√

4
3Pk+

√
1
3Pkz 0 0 0 0 0 k2 − Δ0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(G.11)

with the energy measured from the valence-band edge in units of �
2/(2m) and

1

2
i �P = 〈s|πx|x〉 = 〈s|πy|y〉 = 〈s|πz|z〉 (G.12a)

k± = kx ± iky. (G.12b)
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The inclusion of remote bands renormalizes the above Hamiltonian to

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Dk2 + Eg 0
√
2Pk+ −

√
2
3Pkz −

√
2
3Pk− 0

√
1
3Pkz −

√
4
3Pk−

0 Dk2 + Eg 0
√

2
3Pk+ −

√
2
3Pkz

√
2Pk−

√
4
3Pk+

√
1
3Pkz√

2Pk− 0 Hh R S 0 i√
2
R −i

√
2S

−
√

2
3Pkz

√
2
3Pk− R∗ Hl 0 S Hh−Hl√

2i
i
√

3
2R

−
√

2
3Pk+ −

√
2
3Pkz S∗ 0 Hl −R −i

√
3
2R∗ Hh−Hl√

2i

0
√
2Pk+ 0 S∗ −R∗ Hh −i

√
2S∗ − i√

2
R∗

√
1
3Pkz

√
4
3Pk− − i√

2
R∗ −Hh−Hl√

2i
i
√

3
2R i

√
2S Hh+Hl√

2
− Δ0 0

−
√

4
3Pk+

√
1
3Pkz i

√
2S∗ −i

√
3
2R∗ −Hh−Hl√

2i
i√
2
R 0 Hh+Hl√

2
− Δ0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(G.13)

with

D = 1 + 2

m

∑

l �=n

|〈s|πx|l〉|2
Eg − El(0)

(G.14a)

γ′
1 =

⎡

⎣1 + 2

m

∑

l �=n

|px
xl|2

En(0) − El(0)

⎤

⎦ − 2P2

3Eg
(G.14b)

γ′
2 =

⎡

⎣1 + 2

m

∑

l �=n

|py
xl|2

En(0) − El(0)

⎤

⎦ − P2

3Eg
(G.14c)

γ′
3 =

⎡

⎣ 2

m

∑

l �=n

px
xlp

y
ly + py

xlp
x
ly

En(0) − El(0)

⎤

⎦ − P2

3Eg
(G.14d)

Hh = (γ′
1 + γ′

2)(k
2
x + k2y ) + (γ′

1 − 2γ′
2)k

2
z (G.14e)

Hl = (γ′
1 − γ′

2)(k
2
x + k2y ) + (γ′

1 + 2γ′
2)k

2
z (G.14f)

R = −2
√
3γ′

3k−kz (G.14g)

S = √
3γ′

2(k
2
x − k2y ) + 2

√
3γ′

3ikxky. (G.14h)

The Hamiltonian in the presence of inhomogeneous strain is given in [463]. The
hole bands decouple from the conduction band forEg → ∞ (six-bandmodel [1082]).
The heavy and light holes can be treated separately for Δ0 → ∞ (Luttinger Hamil-
tonian). For the Γ8 states, the Hamiltonian is then given by

⎡

⎢
⎢
⎣

Hh R S 0
R∗ Hl 0 S
S∗ 0 Hl −R
0 S∗ −R∗ Hh

⎤

⎥
⎥
⎦ . (G.15)



Appendix H
Effective-Mass Theory

The effective-mass theory or approximation (EMA), also termed the envelope func-
tion approximation, is widely used for calculating the electronic properties of carriers
in potentials in an otherwise periodic crystal. The strength of the method is that the
complexities of the periodic potential are hidden in the effective-mass tensor m∗

ij.
The effective-mass theory is a useful approximation for the treatment of shallow
impurities (Sect. 7.5) or quantum wells (Sect. 12.3.2) with a potential that is slowly
varying with respect to the scale of the lattice constant.

For the lattice-periodic potential, the Schrödinger equation

H0 Ψnk = En(k) Ψnk (H.1)

is solved by the Bloch wave Ψnk. With a perturbing potential V , the Schrödinger
equation reads

(H0 + V ) Ψnk = En(k) Ψnk. (H.2)

According to Wannier’s theorem [1842], the solution is approximated by the
solution of the

(En(−i∇) + V ) Φn = E Φn. (H.3)

The dispersion relation is expanded to second order as described in Appendix G. The
function Φn is termed the envelope function since it varies slowly compared to the
lattice constant and the exact wavefunction is approximated (in lowest order) by

Ψ (r) = Φn(r) exp (i k r) un0(r). (H.4)
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Appendix I
Boltzmann Transport Theory

I.1 Boltzmann Transport Equation

The Boltzmann treatment of transport in semiconductors goes beyond the relaxation
time approximation (cmp. Sect.sec:cond) and contains this approach as its simplest
approximation. The distribution function of carriers f (r, p, t) is considered with
regard to their momentum p = (px, py, pz), their position (r) = (x, y, z) and time t.
Via the dispersion relation(s) the momentum distribution also determines the energy
distribution.

In thermodynamical equilibrium, the distribution function shall be termed f0(p).
In a homogeneous semiconductor it should be independent of r, not depend explicitly
on time and the momentum distribution be such that the resulting energy distribution
should match the Fermi-Dirac distribution.

In non-equilibrium, the flow of electrons and heat is determined by the external
forces F (electrical and magnetic fields) and the scattering of charge carriers via var-
ious processes (termed here collisions). In a (non-equilibrium) steady-state situation
with constant forces, the distribution function f is constant in time; thus in a given
time interval δt the change δf is zero,

δf

δt
= 0. (I.1)

Within the time interval δt the momenta change as p → p+F δt and the coordinates
as r → r + p/m∗ δt. We assume here for simplicity an isotropic mass and also
the particle energy given by E = p2/(2m∗). The condition (I.1) written in partial
derivatives reads

(
∂

∂t
+ 1

m∗ p · ∇r + F · ∇p

)

f (p, r, t) = 0. (I.2)
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The force may be taken as the Lorentz force. So far no collisions have been consid-
ered. Without giving an explicit form for the microscopic details of the collisions,
the change of the distribution function due to collisions is written as

(
∂f

∂t

)

coll

. (I.3)

Assuming that only two-particle collisions play a role, sample boundaries play no
role and that position and velocity of particles are uncorrelated, the collision term
can be written as

(
∂f

∂t

)

coll

=
∫∫∫

[f (p′, r, t) P(p′, p) − f (p, r, t) P(p, p′)] dp′. (I.4)

with P(p, p′) being the transition probability per time that a momentum p is changed
into p′ by collisions. The collision integral must be calculated explicitly using micro-
scopic and eventually quantummechanical models. This leads now to the Boltzmann
transport equation

(
∂

∂t
+ 1

m∗ p · ∇r + F · ∇p

)

f (p, r, t) =
(

∂f

∂t

)

coll

. (I.5)

Under certain circumstances, the collision term can be effectively written as (for
a homogeneous semiconductor and homogeneous fields, neglecting the spatial de-
pendence of f ) (

∂f

∂t

)

coll

= − f (p) − f0
τ (p)

. (I.6)

Compared to the relaxation time approximation, the major difference on the level
of (I.6) here is the consideration of the momentum (and energy) dependence of the
distribution function and the relaxation time.

I.2 Conductivity

In thermodynamical equilibrium the number of electronic states per unit volume
associated with an element dp = dpx dpy dpz, including spin degeneracy of 2 is

2

h3
f0(p) dp. (I.7)

In the presence of an electric field E, which we assume here in x-direction, a steady-
state current will arise and the number of electronic states changes to

2

h3
f (p) dp, (I.8)
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making the (electron) current density (along x-direction)

jx = −2 e

h3

∫∫∫

vx [f (p) − f0(p)] dp. (I.9)

This is a generalization of (8.4). The Boltzmann transport equation (I.5) with (I.6)
simplifies to

− f (p) − f0
τ (p)

= −e Ex
∂f

∂px
≈ −e Ex

∂f0
∂px

. (I.10)

The last approximation is valid for small fields and makes jx proportional to Ex

(ohmic regime). The derivative with respect to px is converted to a derivative with
respect to energy, yielding

f (p) − f0
τ (p)

= e vx Ex
∂f0
∂E

. (I.11)

We note that for the Fermi–Dirac distribution (E.22) f0(E):

∂f0
∂E

= − 1

kT
f0 [1 − f0] , (I.12)

and in the case of a non-degenerate semiconductor (Boltzmann approximation), the
right-hand side simplyfies to

∂f0
∂E

≈ − 1

kT
f0 = − 1

kT
exp

(

−E − EF

kT

)

, (I.13)

Now the current density is given as

jx = −2 e2

h3
Ex

∫∫∫

v2
x τ (p)

∂f0
∂E

dp. (I.14)

If we assume that τ depends only on the momentum and not its direction,6 and
replace v2

x by v2/3 assuming isotropy, the integral reads7

jx = −8π e2

3 h3
Ex

∫ ∞

0
v2 τ (p)

∂f0
∂E

p2 dp. (I.15)

The quantity 8π p2dp f0/h3 (cmp. I.7) denotes the number dn of electrons with mo-
mentum in the range dp. Thus the integral can also be written as (in Boltzmann
approximation)

6This might be incorrect e.g. for piezoelectric scattering.
7Using dp = 4π p2 dp.

http://dx.doi.org/10.1007/978-3-319-23880-7_8
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jx = e2

3 kT
Ex

∫ ∞

0
v2 τ dn. (I.16)

Denoting the average of a quantity a over the electron distribution with 〈a〉 according
to

〈a〉 =
∫

a dn

n
, (I.17)

the equation (I.16) can be written as

jx = n e2

3 kT
Ex 〈v2τ 〉. (I.18)

Using m∗〈v2〉 = 3 kT , we thus have obtained

σ = n e2

m∗
〈v2τ 〉
〈v2〉 , (I.19)

and with σ = n (−e)μ (for electrons), the mobility

μ = − e

m∗
〈v2τ 〉
〈v2〉 . (I.20)

For degenerate semiconductors, similar as for metals, the derivative of f0 in (I.15)
has a significant value only in the few-kT vicinity of the Fermi level. In an approx-
imation we can evaluate the integral by replacing E3/2 and τ by their values at the
Fermi level and find8 (using (6.66))

σ = jx
Ex

= n e2 τF

m∗ . (I.21)

Starting again with (I.15), using the density of states (6.67) in the form (per
volume)

D(E) = m∗ 8π

h3

√
2m∗E, (I.22)

and dp/dE = √
2m∗/E we write

jx = −e2

3
Ex

∫ ∞

0
D(E) v2 τ (E)

∂f0
∂E

dE. (I.23)

8
∫ ∞
0

∂f0
∂E dE = −1 + [1 + exp(EF/kT)]−1 ≈ −1 for EF � kT .

http://dx.doi.org/10.1007/978-3-319-23880-7_6
http://dx.doi.org/10.1007/978-3-319-23880-7_6
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Using an energy-dependent mobility, in the spirit of (I.20) defined as

μ(E) = −e
v2 τ (E)

3 kT
, (I.24)

the conductivity can be written in a generalized form integrating over single electron
states [1843] (neglecting correlation effects):

σ = e
∫

D(E)μ(E) kT
∂f0
∂E

dE

= −e
∫

D(E)μ(E) f0(E) [1 − f0(E)] dE. (I.25)

I.3 Hall Effect

Treating the Hall effect with the Boltzmann transport equation and making the as-
sumptions of isotropy, one obtains (cmp. (13.12) and (13.21))

RH = 1

q n

〈v2τ 2〉 〈v2〉
〈v2τ 〉2 . (I.26)

The Hall mobility determined from the Hall coefficient is

μH = σ RH = e

m∗
〈v2τ 2〉
〈v2τ 〉2 , (I.27)

and thus different from the field mobility (I.20).

I.4 Thermopower

The electronic energy transported per electron is E − EF. Writing (I.25) as σ =∫
σ(E) dE, the weighing factor for electrons at energy E contributing to conduction

is σ(E) dE/σ. Therefore the Seebeck coefficient (thermopower) can be written [721]

S = −k

e

∫ (
E − EF

kT

)
σ(E)

σ
dE. (I.28)

or

S = −k

e

∫
D(E)μ(E) [(E − EF)/kT ]f (1 − f ) dE

∫
D(E)μ(E) f (1 − f ) dE

. (I.29)

http://dx.doi.org/10.1007/978-3-319-23880-7_13
http://dx.doi.org/10.1007/978-3-319-23880-7_13
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For band conduction the thermopower is obtained by integrating (I.29) for elec-
trons (Sn) and holes (Sp) (using the Boltzmann approximation) as [721]

Sn = −k

e

(
EC − EF

kT
+ AC

)

(I.30a)

Sp = k

e

(
EF − EV

kT
+ AV

)

, (I.30b)

where Ai are constants depending on the energy dependence of the density of states
and the mobility,

AC =
∫ ∞
0 (E′/kT)σ(E′) dE′

∫ ∞
0 σ(E′) dE′ , E′ = E − EC (I.31a)

AV =
∫ 0
−∞(E′/kT)σ(E′) dE′

∫ 0
−∞ σ(E′) dE′ , E′ = EV − E. (I.31b)

If the product of the density of states and the mobility Dμ depends on the energy like
Eγ , the constant is A = 1 + γ (for γ > −1). For a parabolic band (D ∝ E1/2) and
acoustic deformation potential scattering μ ∝ E−1/2 (Sect. 8.3.4), A=1; for moderate
ionized impurity scattering μ ∝ E3/2 (Sect. 8.3.3) and A = 3.

For two-band conduction, when electrons and holes contribute to transport,

S = Sn σn + Sp σp

σn + σp
. (I.32)

At low temperatures the interaction of the phonon flow with the current via
electron-phonon scattering (phonon-drag effect) leads to an increase of thermopower
[723, 1844–1846].

http://dx.doi.org/10.1007/978-3-319-23880-7_8
http://dx.doi.org/10.1007/978-3-319-23880-7_8


Appendix J
Noise

Noise is a general phenomenon effecting every measurement process and the perfor-
mance of semiconductor devices [1847–1852]. Eventually, always a signal-to-noise
ratio is measured instead of a ‘signal’. Electrical noise fundamentally limits the
sensitivity and resolution of communication, navigation, measurement, and other
electronic systems [1850].

Behind the fluctuating signal standmicroscopic classical and quantummechanical
processes that inherently contain randomness. From the physical standpoint, seem-
ingly constant physical quantities even in thermodynamical equilibrium such as the
free carrier density or the density of carriers on a trap are subject to fluctuations, e.g.
leading to generation-recombination noise. Also the random motion of carriers, in
equilibrium without net charge transport, leads to fluctuations, e.g. thermal noise on
a resistor.

In this appendix necessary definitions, somemathematical basics and simple phys-
ical examples regarding noise are given.

J.1 Fluctuating Signals

The noisy signal under consideration can be ‘analog’, for example in the case of a
fluctuating current, voltage or power or it can be ‘digital’ for example a photon count
rate.

Let A(t) be an analog signal that fluctuates in time. Even under constant exper-
imental conditions, it will fluctuate due to possibly many reasons, at least due to
thermal fluctuations. We note that another, identically set-up experiment will have
another signal B(t). The time average (of first moment) of the signal within a time
interval 2T (symmetric around t = 0) is defined as

〈A〉T = 1

2 T

∫ T

−T
A(t) dt. (J.1)

© Springer International Publishing Switzerland 2016
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The time average of the signal 〈A〉 in general is the limit for large times,

〈A〉 = limT→∞
1

2 T

∫ T

−T
A(t) dt. (J.2)

Two identical experiments will (should) share the same limits, i.e. 〈A〉 = 〈B〉. The
fluctuation or noise of A is defined as a(t) via

a(t) = A(t) − 〈A〉, (J.3)

thus evidently 〈a〉 = 0. For an identical but different experiment, a(t) �= b(t) as
stated before.

The variance σ2 (or second moment) of the signal is the average of the squared
fluctuation,

σ2 = 〈a2〉 = limT→∞
1

2 T

∫ T

−T
a(t)2 dt = 〈A2〉 − 〈A〉2. (J.4)

The effective value of the noise quantity a is the square root of the variance, also
termed the ‘root mean square’ (or rms-value),

σ = 〈a2〉1/2 =
√

〈A2〉 − 〈A〉2. (J.5)

The quantity σ2 is a measure of the noise power, where 〈A〉2 is a measure of the dc
power.9

In a measurement procedure, the noise of a signal can be reduced by integrating
or averaging over time; however, the time for a specific measurement is always finite
and maybe constricted by many conditions. Given a fixed (finite) averaging time of
T0, the measured signals AT0 in a series of such subsequent identical measurements
will still exhibit a fluctuation. How large this remaining fluctuation is depends on the
choice of T0 and the noise spectrum discussed below.

In the case of a digital signal, e.g. the count rate of a photomultiplier or from
a scintillator, the signal consists of (integer) numbers N(ti) aggregated at times ti,
i = 0, 1, . . . , m. The average is then defined as

〈N〉 = limm→∞
1

m

m∑

i=0

N(ti). (J.6)

9Imagine a fluctuating current I(t) = 〈I〉 + i(t) leading to Joule heating (∝ I2) at a resistor.
Comparing the heating from I and 〈I〉 = 〈I〉 (from a low noise current source) can yield the noise
power. Also 〈i2〉 could be determined by first compensating I with 〈I〉 (from a low noise current
source) and then measuring the temperature increase at the resistor.
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The definition of the variance and rms are analog to this definition. A well known
result for photon counting, based on the Poisson statistics of classical light is σ2 =
〈N〉 = N̄ .

J.2 Correlations

If a measurable quantity is subject to two fluctuating quantities a1(t) and a2(t), the
time average of a1 + a2 is

〈(a1 + a2)
2〉 = 〈a2

1〉 + 〈a2
2〉 + 2〈a1 a2〉. (J.7)

The third term is the decisive one; the correlation coefficient of noise quantities a1
and a2 is defined as

c12 = 〈a1 a2〉
√

a2
1 a2

2

= 〈a1 a2〉
σ1 σ2

. (J.8)

If the two noise quantities are independent of each other they are termed uncorrelated
and c12 = 0. In the following it will become clear that this is a necessary but not
sufficient condition for two noise sources to be uncorrelated. In the case c12 = 0, the
noise powers of the two processes are simply added,

〈(a1 + a2)
2〉 = 〈a2

1〉 + 〈a2
2〉. (J.9)

This concept can be generalized to several noise sources.
A more general concept to determine correlation of two functions a1 and a2 is the

cross correlation function, defined by

ρ12(τ ) = 〈a1(t) a2(t + τ )〉, (J.10)

which is the average of function a1 and time-shifted function a2. Often t = 0 is
used when the nature of the fluctuations does not change with time. An important
time-shift is τ = 0, and it follows that

c12 = ρ12(0)

σ1 σ2
, (J.11)

Two noise quantities a1 and a2 are uncorrelated if ρ12(τ ) = 0 holds for all times τ ;
thus c12 = 0 is a special but important case.10

10A simply example of correlated noise sources with c12 = 0 are the voltages at a resistor and a
capacitance in series; the fact that they are 90◦ out of phase makes c12 = 0 although the fluctuations
of the voltages, due to fluctuations of the driving current, are obviously correlated.
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If a1 and a2 are the same function, i.e. a = a1 = a2, (J.10) becomes the auto
correlation function,

ρ(τ ) = 〈a(t) a(t + τ )〉, (J.12)

In stationary processes the auto correlation function must be symmetric with regard
to τ ,

ρ(τ ) = ρ(−τ ). (J.13)

The value at τ = 0 is
ρ(0) = 〈a2〉 = σ2. (J.14)

Typically, ρ(τ → ∞) = 0 in a statistic (non-repetitive) process. For uncorrelated
processes, the auto correlation function of the sum, is the sum of the individual auto
correlation functions.

J.3 Noise spectrum

Since the function a(t) is not known, the noise spectrum cannot be calculated from
its Fourier transform. However, this is also unnecessary since we are not interested
in the Fourier transform of a itself but rather the spectral power density for a given
frequency W (ν), with ∫ ∞

0
W (ν) dν = 〈a2〉. (J.15)

Since the quantity 〈a2〉 is finite and the spectral power density W (ν) is positive, for
high frequencies, W (ν) must decrease to zero. Starting from the auto correlation
function ρ, its Fourier transform shall be denoted w,

w(ν) =
∫ ∞

−∞
ρ(τ ) exp(−2π i ν τ ) dτ . (J.16)

Also,

ρ(τ ) =
∫ ∞

−∞
w(ν) exp(2π i ν τ ) dν. (J.17)

Using τ = 0 in this equation, we have obtained an equation similar to (J.15). With
(J.12) w(ν) can be identified as a spectral power density. Due to (J.13), w is a real
and even function and we find for the noise power spectrum W in (J.15) W = 2w

(Wiener-Khintchine theorem),

W (ν) = 2
∫ ∞

−∞
ρ(τ ) exp(−2π i ν τ ) dτ = 4

∫ ∞

0
ρ(τ ) cos(−2π ν τ ) dτ . (J.18)
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The noise power is practically measured in a finite frequency range, often in a narrow
band of width B (with varying central frequency). If the frequency dependence of W
can be neglected within B around the frequency ν0, the variance is given by

〈a2〉(ν0, B) =
∫ ν0+B/2

ν0−B/2
W (ν) dν ≈ W (ν0) B. (J.19)

Typical noise mechanisms and spectra are discussed in the following sections.

J.3.1 Thermal Noise

Finite temperature induces randommotion of particles, e.g. as known from the theory
of ideal gases and diffusion. In the case of charge carriers suchmotions lead to fluctu-
ations of current or at a resistor to fluctuation of voltage. This happens also in the case
of zero bias (no external fields). Such ‘thermal noise’ at a resistor was experimentally
found by Johnson [1529, 1530] and theoretically derived by Nyquist [1531].

Using the general result fromLangevin theory ofmotion under a fluctuating force,
the mobility11 is given as

μ(ω) = e

kT

∫ ∞

0
〈v(t) v(0)〉 exp(iωt) dt. (J.20)

Now we restrict ourselves to times much longer than the relaxation time constant,
and subsequently to frequencies much smaller than 1/τ . In this case the conductivity
σ(ω) = e n μ(ω) does not depend on frequency and can be taken as its low frequency
limit σ0 (cmp. Sect. 8.5). In a conductor (resistor) of length L and cross section A
shall be N electrons (n = N (A L)). With the electron velocities vi(t), the current is

I(t) = e

L

∑

i

vi(t). (J.21)

Without external field, 〈vi(t)〉 = 0 and 〈I(t)〉 = 0 and we name this fluctuating
current i(t). If all electrons move independently of each other,

〈i(τ ) i(0)〉 = N
e2

L2
〈v(τ ) v(0)〉. (J.22)

The power spectrum of i(t) is according to (J.18),

11In the Langevin theory the mobility is the ratio of velocity v and the force K , here the mobility is
the ratio of v and the field E with K = −e E.

http://dx.doi.org/10.1007/978-3-319-23880-7_8
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W (ω) = 2
∫ ∞

−∞
〈i(τ ) i(0)〉 exp(iωτ ) dτ = 4N

e2

L2

∫ ∞

0
〈v(τ ) v(0)〉 exp(iωτ ) dτ

= 4
N e2

L2

μ kT

e
= 4

N e2

L2

σ0 kT A L

e2 N
= 4σ0

A

L
kT . (J.23)

Then, using the conductance G = R−1 = σ0 A/L, we find the frequency independent
spectral power

W = 4 kT G. (J.24)

Therefore the fluctuation of the current induced by the thermal motion is

〈i2〉 = 4 kT G B, (J.25)

and the variance of the fluctuating voltage at a resistorwith resistanceR in a frequency
range B is (i = u/R)

〈u2〉 = 4 kT R B. (J.26)

At room temperature (T0 = 293K), the quantity k T0 is about 26meV; in the con-
text here, the unitWs=W/Hz is the appropriate one, and k T0 = 4.04 ×10−21W/Hz.
This represents a fundamental limit to noise in devices. Since the power density is
independent of frequency, this noise is ‘white’ noise. The formulas (J.26) and (J.25)
are valid for frequencies h ν � kT ; for larger frequencies the quantum nature of
electromagnetic radiation and photon statistics play a role. For practical purposes
even cooled devices at T = 4K fulfill the limit condition for frequencies up in the
100GHz regime. In the cases of heated electron (or hole) gases (cmp. Fig. 10.3), the
lattice temperature must be replaced by the temperature of the carrier gas.

For a RC low pass, the power spectrum Wi = 4 kT G at the resistor is converted
using u2 = |Z|2 i2 to Wu = 4 kT R/[1 + (ω R C)2].

J.3.2 1/f Noise

For many processes a frequency dependent noise spectral power following a να-
law is found with α close to −1. Such noise is termed ‘pink noise’, 1/f -noise or
Flicker noise. Themicroscopic reasons for such behavior can bemanifold and various
models have been proposed [1853, 1854]. As an example the noise spectrum of a
RuO2 thick film resistor is depicted in Fig. J.1a; for this system, the fluctuation of
tunneling current in metal-insulator-metal units was used to explain the observed
frequency (and temperature) dependence of the 1/f -noise. At high frequencies, the
1/f spectral power vanishes and other noise sources such as thermal noise dominate,
as depicted in Fig. J.1b for an a-Si thin film transistor. The 1/f -dependence of the
noise spectral power (of a carbon sheet resistor) has been detected for frequencies
down to 3 × 10−6 Hz [1855].

http://dx.doi.org/10.1007/978-3-319-23880-7_10
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Fig. J.1 (a) Noise current density spectrum of a ruthenium oxide resistor (at T = 300K and current
of I = 1mA), experimental data (symbols) and 1/f -dependency (dashed line).Adapted from [1856].
(b) Noise current density spectrum of an amorphous silicon thin film transistor, experimental data
(symbols) for various source-drain voltages, thermal noise (horizontal blue dashed line) and 1/f -
dependency (red dashed lines). Adapted from [1857]

J.3.3 Shot Noise

A dc current 〈i〉 = I0 through a resistor is a sequence of electron transfers from one
contact to the other. The transit time ttr is given by the length L and the drift velocity
vD as ttr = L/vD = L2/(μ V ). The event times of these transits are random and thus
lead to a noise (ac) component on top of the dc current. This is termed ‘shot’ noise,
after the crackling arrival of shot pellets on a target. For low frequencies (f � t−1

tr ),
the noise power is

W = 2 e I0, (J.27)

and the current noise thus is given by

〈i2〉 = 2 e I0 B, (J.28)

This noise term has been first found for vacuum diodes in the saturation regimewhich
also serve as noise normals according to (J.28). It is important for the validity of (J.28)
that in each event a full charge e is transferred. The situation in a semiconductor diode
is more complicated since various currents contribute; if scattering events occur
during transit, also fractional transferred charges can occur. The reverse current of
an asymmetric diode if originating from the lowly doped region is due to carriers
crossing the depletion layer. If generation in the depletion layer plays no role, the
noise is also determined by the shot noise (J.28).

The maximal noise level (J.28) is present in absence of all correlations (Poisson
process), both in the injection process as well as in the subsequent transport. Such
value has been found, e.g., for intrinsic germanium in [1858] and in the limit of large
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Fig. J.2 Noise of
semi-insulating (dark) CdTe
detector at T = 323K (at a
frequency of about 1–2kHz
when 1/f -noise plays no
role). Experimental data
(symbols) and detailed theory
(black line). The dashed blue
line represents the thermal
noise (J.25), the dashed red
line the shot noise (J.28).
Adapted from [1859]
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currents for CdTe detectors [1859] (Fig. J.2). In a metallic conductor (or degenerate
semiconductor) the noise is reduced to a third of that value due to correlations in-
duced by the Pauli exclusion principle [1860]. The modification in non-degenerate
semiconductors on length scales intermediate between the elastic and inelastic mean
free paths is discussed in [1861]. The case of shot noise in semiconductors in the
presence of transport of electrons and holes has been treated in [1858–1862].

J.3.4 Generation-Recombination Noise

It is a semiconductor specific property that the carrier density is subject to fluctuations
due to generation and recombination.12 A fluctuation inmajority carrier density leads
to a change of conductivity whichwill lead to a change in current if a constant voltage
is applied. Typical examples of transitions leading to a fluctuation of the carrier
density are between bands and localized levels and in between the conduction and
valence bands. Usually, the sample remains neutral. Detailed treatments are given
in [1863, 1864].

A simple example is the effect of carrier number fluctuation due to transitions
between a conduction band and donor levels. This ismanifested in the noise spectrum
of a n-Si sample at T = 78K (Fig. J.3a) with the plateau at 106–107 Hz on top of
the 1/f noise [1865] (The plateau at 108–109 Hz is due to velocity fluctuations). The
spectral power of the generation-recombination noise contribution is given by

W = I20
〈δn2〉
〈n〉2

4 τ0

1 + (ω τ0)2
, (J.29)

12A metal exhibits a constant carrier density.
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Fig. J.3 (a) Current noise spectrum of n-type Si (T = 78K, n = 3 × 1013 cm−3) for an electric
field of E = 200V/cm along the 〈100〉 direction, in relative units to the noise spectrum for E = 0.
The dashed blue line indicates the level of thermal noise, The arrow labeled ‘GR’ denotes the
contribution of generation-recombination noise. Adapted from [1865]. (b) Voltage noise power
times frequency of a GaAsMESFET. Experimental data (symbols) and fit (solid line) including two
generation-recombination noise terms of the type (J.29) (times ω) for two different traps. Adapted
from [1866]

where τ0 is the characteristic relaxation time, 〈n〉 = n̄ is the average carrier density
(average carrier number per given volume) and 〈δn2〉 = 〈(n − n̄)2〉 is the fluctuation
of the carrier density. In order to better visualize the generation-recombination noise
with respect to the 1/f noise, the quantity W × ω can be plotted (Fig. J.3b) which
takes the shape of a peak (for logarithmic frequency axis) [1866].

For a partially compensated semiconductor with ND > NA it is found (if holes
can be neglected) [1864]

〈δn2〉
〈n〉 =

[

1 + n̄ ND

(n̄ + NA) (ND − NA − n̄)

]−1

≤ 1. (J.30)

The fluctuation 〈δn2〉/〈n〉2 is typically smaller than the Poisson value of 1; such
sub-Poissonian statistics is typical of a repulsive correlation. For the case ND �
NA [1864], (J.30) simplifies to

〈δn2〉
〈n〉2 =

[

1 + ND

ND − n̄

]−1

= ND − n̄

2ND − n̄
. (J.31)

In the ambipolar regime, typically close to intrinsic conditions, when only free
electrons and holes are important, it is found [1864] (μn < 0)

〈δn2〉
〈n〉2 = n̄2 p̄ (μp − μn)

2

(n̄ + p̄) (p̄ μp − n̄ μn)2
. (J.32)
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which simplifies to
〈δn2〉
〈n〉2 = 1

2
. (J.33)

in the intrinsic case (n̄ = p̄).
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Index

A
Absorption, 291, 295, 346, 350, 655, 675,

680, 699
atmospheric, 708
band–band, 299
bleaching, 247
bound exciton, 317, 319
coefficient, see coefficient, absorption
free-carrier, 296, 328, 448
impurity, 323
inter-valley, 335
intervalence-band, 334
intra-band, 336
lattice, 337
negative, 321
optical, 246
phonon, 305
schematic spectrum, 296
selfabsorption, 365
spectrum, 302, 430, 438
two-photon, 302, 311, 322

Absorption edge, 306
optical, 166
shift, 321

Acceleration, 178
Acceptor, 211, 218, 220

binding energy, 220
charged, 220
double, 240
energy, 220
neutral, 221, 366

Accumulation, 617
Admittance spectroscopy, 595
Air gap, 780
Air mass, 708
Alkali halogenides, 276
Alloy, 72, 110, 252, 505, 612

broadening, see broadening, alloy
phonon, see phonon, alloy
quaternary, 73
random, 72, 359
ternary, 65, 72, 172

Amplification, 350, 755, 773, 786
current, see current, amplification
light, 749
region, 695

Amplifier
optical, 750, 785
power, 786

Angle
Brewster, 295
critical, 294, 735
Euler, 844
off-cut, 390
taper, 785

Anharmonicity, 492
Annealing, 53, 81, 151

laser, 838
thermal, 838

Anode, 583
Anticrossing, 315, 420, 562, 563
Antidot, 460
Antiphase domain, see domain, antiphase
Approximation

abrupt, 589, 626, 805
adiabatic, 39, 805
Boltzmann, 204, 205, 217, 607
Born–Oppenheimer, 39, 364
electric dipole, 297
envelope function, 417
gradual channel, 805
harmonic, 111
quasi-cubic, 189
relaxation time, 256, 275, 328, 876
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two-band, 323
virtual crystal, 77, 170
WKB, 376

Atmosphere, 708
Auger process, 368
Autocompensation, 226
Autodoping, 229
Auxetic, 136
Avalanche multiplication, 645, 678, 792
Average, 881

B
Background radiation, 683
Band

alignment, 416
bending, 424, 587, 617
conduction, 28, 162, 376

minimum, 163, 172
diagram, 788

diode, 584, 616
discontinuity, 417, 419
edge, 324
filled, 183, 207
gap, 29, 162, 167, 168, 178, 207, 464,
497, 867
engineering, 416
fundamental, 305
negative, 189
photonic, 545–564
renormalization, 320
temperature dependence, 174
zero, 189, 507

impurity, 230
lineup, 415
mixing, 192, 420, 473, 675
parabolic, 301
remote, 869, 870
splitting, 34
staggered lineup, 416
straddled lineup, 416
tail, 129, 307
tilted, 437
valence, 28, 162, 784

fine structure, 188
Band structure, 153–193, 297, 523

chalcopyrites, 165
delafossites, 166
direct, 163, 172
extrema, 195
indirect, 163, 172, 321
lead salt, 163
multivalley, 270

perovskites, 167
photonic, 552
projected, 392
rocksalt, 164
spinels, 166
strained, 190
theory, 6

Bandwidth, 673, 683, 697, 885
Bardeen model, 584, 588
Barrier, 375, 419, 424

Coulomb, 474
finite, 421
height, 419, 603
reduction, 594
Schottky, 586
triangular, 376

Base, 42, 788
diatomic, 42, 130
monoatomic, 42
width, 798

Beam profile, 759, 779
Benzene, 30, 515
Biexciton, 483, 484
Binodal, 74
Bipolaron, 521
Birefringence, 292, 328, 449
Blackbody, 673
Bloch

function, see function, Bloch
oscillation, see oscillation, Bloch

Bloch’s theorem, 154
Bohr radius, 211
Boltzmann

approximation, see approximation,
Boltzmann

constant, see constant, Boltzmann
distribution, see distribution, Boltzmann
transport equation, 875

Bond
angle, 52
breaking, 150
covalent, 25
dangling, 52, 388
elastic, 111
electron pair, 26
homopolar, 34
ionic, 32
length, 34, 52, 77, 82, 136, 171
metallic, 36
mixed, 33
partially ionic, 129
sp2, 29
sp3, 26
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strength, 168
strong, 409
tetrahedral, 28, 211
van-der-Waals, 37

Bose–Einstein
distribution, see distribution, Bose–
Einstein

statistics, 860
Boson, 859
Bottleneck, 315
Boule, 401
Boundary

additional ∼ condition, 316
antiphase domain, 107
condition, 112, 379, 419, 461, 471, 548,
589, 620, 628, 790, 865

depletion layer, 699, 790
grain, see grain boundary
inversion domain, 107, 410
periodic ∼ condition, 112
sample, 457

Bow-tie, 223, 569
Bowing, 77

parameter, 170
Bragg mirror, 550, 750, 761, 780
Breakdown, 644, 680, 688, 797

voltage, see voltage, breakdown
Brightness, 727, 728

high, 738
perceived, 734
visible, 726

Brillouin zone, 70, 112, 113, 156, 386, 523
cubic

body-centered, 71
face centered, 71
simple, 71

hexagonally close packed, 71
orthorhombic, 71, 166
paths, 72
points, see point
size, 300

Broadening, 129
alloy, 358
inhomogeneous, 429, 457, 486
phonon, 313
Stark, 325

Buffer, 409
graded, 836
metamorphic, 722
relaxed, 836

Bulk modulus, 136
Burger’s vector, 96, 147
Burstein–Moss shift, 332

C
Capacitance, 595, 603, 623, 632

insulator, 623
parasitic, 800

Capture, 464
barrier, 246
cross section, 371

Carrier
capture, 235, 370
concentration, 204

intrinsic, 207
density, 343, 449

equilibrium, 349
excess, 349, 379
nonequilibrium, 350

excess, 368, 464
excess ∼ profile, 379
free, 329
freeze-out, 216
hot, 714
injection, 234, 343
itinerant charge, 509
lifetime, see lifetime, carrier
majority, 583, 598
minority, 583, 626
release, 370
threshold ∼ density, 763

Catalysis, 385, 400
Catastrophical optical damage, 758, 767
Cathodoluminescence, 464
Cavity

empty, 562
external, 750
Fabry–Perot, 562, 750
hexagonal, 571
micro-, see microcavity
mirror, 562
mode, 562
optical, 749
resonance, 568
short, 761

Cell
central ∼ correction, 228, 324
elementary, 43
internal parameter, 56, 77, 490
photoelectrochemical, 670
primitive elementary, 43
primitive unit, 64
solar, see solar cell
tandem, 714
unit, 43, 489
Wigner–Seitz, 43, 70

Chalcogenide, 57, 831
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atoms, 238
europium, 505
glass, 242
impurity, 239
lead, 163

Chalcopyrite structure, see structure
Channel, 512, 802

buried, 704
depth, 805
edge, 457
inversion, 814
isolation, 704
length, 804, 824
long, 812
n-type, 818
p-type, 818
short, 811
stop, 703
strain, 820
width, 806, 824

Charge
conservation, 372
deficit, 459
density, 424
effective, 35
elementary, 236
excess, 343
fixed, 211
image, 423, 593
inversion, 622, 698
ionic, 625
maximum, 701
neutrality, 620, 622
packet, 703
polarization, 489
relative shift, 489
retention, 830
sign, 449
signal, 699
state, 236
storage, 661
surface, 586
transfer, 424

Charge coupled device, 14, 698–706
Chemical shift, 324
Chromaticity, 727
Circuit

common base, 788, 796, 798
common collector, 796, 799
common emitter, 792, 798, 799
equivalent, 644, 658, 673, 683
feedback, 800
integrated, 10, 14, 818

millimeter-wave, 655
open, 286, 711
optoelectronic integrated, 558
read-out, 701, 706
short, 289, 711

Cleaving, 150, 387, 465, 761
Clock speed, 826
Cluster, 72

size, 508
Clustering, 72, 110
CMOS technology, 706, 818–829
Coating

antireflection, 691, 762, 785
high-reflection, 762

Coefficient
absorption, 296, 301, 304, 329, 380, 706,
852

Auger recombination, 368
bimolecular recombination, 348
correlation, 883
diffusion, 249, 282
distribution, 89, 94
elastic, 133
electron ionization, 273
gain compression, 775, 778
hole ionization, 273
impact ionization, 693
negative temperature, 803
Peltier, 286

sign, 289
Seebeck, 879
segregation, 89
stiffness, 134
temperature, 645, 647, 658
thermal expansion, 132, 142, 174, 413
transmission, 547
two-photon absorption, 323

Coincident site lattice, 106
Collector, 788
Collision, 876
Colloid, 478, 487
Color space, 730
Commensurability, 460
Compensation, 223, 247, 366
Composite fermion, 459
Compound

binary, 35
carbon, 29, 515
I–VII, 32
II–VI, 33
ionic, 33

Compressibility, 136
Condensation, 321



Index 971

Bose–Einstein, 321
bosonic, 322

Conduction
band, see band, conduction
heat, 284–285
hole, 221
intrinsic, 207, 218
n-type, 221
ohmic, 208
p-type, 221
two-band, 444, 880

Conductivity, 203, 256–257, 521, 670, 699,
876

channel, 474, 802
complex, 275, 328
heat, 284
longitudinal, 457
metal, 257
one-dimensional, 457
type, 229
zero-field, 454

Configuration
atomic, 236
coordinate, 242
electron, see electron, configuration

Confinement
energy, see energy
potential, see potential
spatial, 302

Constant
Boltzmann, 862
damping, 275
dielectric, 131, 211, 337, 394, 423

high frequency, 131
negative, 332
static, 131

effective Richardson, 608
elastic, 112, 134
fine-structure, 456
force, 114, 117, 124, 125, 242
Fröhlich coupling, 276
lattice, see lattice, constant
normalization, 154
Poisson, 142
Richardson, 600, 603
spring, 112
static dielectric, 590
von-Klitzing, 455

Contact
back, 715
base, 790
intracavity, 780
lines, 696

metal–semiconductor, 7, 583–615
nonohmic, 802
Ohmic, 584, 611–613, 820
resistance, 584, 611
Schottky, 7, 62, 686
transparent, 691

Continuity equation, 284
Convolution, 429
Cooler

thermoelectric, 289
Coordination number, 43
Correlation, 883
Coulomb

blockade, 474
charging energy, 475
correlation, 311
gauge, 297
staircase, 474

Coupling, 791
antiferromagnetic, 506
capacitive, 473
ferromagnetic, 509
intervalley, 324
nanostructures, 461
phonon–plasmon, 340
strong, 562
weak, 562

Crack, 103, 413
Crescent, 463
Critical thickness, see thickness, critical
Crystal

class, 46
nobel gas, 37
structure, 13

Curie–Weiss law, 495
Current

amplification, 792
dark, 678, 683, 691, 699, 711
diffusion, 282, 681
divergence, 284
excess, 664, 666
leakage, 714
particle, 282
photo-, 672, 709
photogenerated, 681
recombination, see recombination, cur-
rent

saturation, 600, 609, 807
short-circuit, 711
spreading, 767
transparency, 763
tunneling, 223, 608, 664
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Curvature, 141, 159, 178, 182, 315, 373, 463,
647, 736

C–V spectroscopy, 595, 596, 603
Cyclotron

frequency, 442, 449
motion, 256, 441, 460
orbit, 450, 460
resonance, 181

D
De Broglie wavelength, 461
De Haas–van Alphén effect, 451
Debye length, 620, 631, 817
Decay

hyperbolic, 350
time, 350

Defect, 72, 81–110, 146
acceptor, 220
annihilation, 103
antisite, 82, 238, 247
area, 81
density, 410
diffusion, 88
donor, 211
double acceptor, 240
double donor, 238
EL2, 247
electronic states, 203–253
etching induced, 477
Frenkel, 82
interstitial, 82, 229, 237, 247, 252
isoelectronic, 249
line, 81, 96, 558
metastable, 81
nucleation, 415
pair, 92, 223
passivation, 251
point, 81, 229, 373, 558
symmetry, 241
thermodynamics, 83
vacancy, 82

Deformation
volume, 170

Degeneracy, 85, 117, 220, 244, 451, 474
holes, 420
Kramer’s, 159
spin, 195, 214, 222, 456, 531
valley, 200, 215, 452, 531

Delafossite structure, see structure
Demodulation, 655
Density of modes, 551, 567
Density of states, 195–201, 204, 420, 424,

450, 451, 461, 522

amorphous semiconductor, 196
band-edge, 372
conduction-band edge, 205
δ-like, 457
joint, 299, 429
surface, 584, 587
two-dimensional, 200
valence-band edge, 205

Depletion, 617
deep, 698

Depletion layer, 208, 586, 680
width, 591, 630

Depolarization, 489
Deposition

chemical vapor, 400
pulsed laser, 400

Detailed balance, 343, 347
Detectivity, 673, 677, 680
Deuterium, 510
Device

charge coupled, see charge coupled de-
vice

cooling, 256
high-power, 256
high-speed, 247
optoelectronic, 291
performance, 208
photonic, 291
reliability, 835
two-terminal, 583

Diagram
chromaticity, 727

Diamond structure, see structure
Dielectric constant, see constant, dielectric
Dielectric function, see function, dielectric
Diffraction, 293–296

reflection high energy electron, 400
Diffusion, 255, 282–283, 464, 598, 607, 628,

699, 703, 788
equation, 379
lateral, 431, 674
length, 379
pair ∼ mechanism, 88
point defects, 85
surface, 400

Dimer, 388
Diode, 255, 583–650

backward, 666
bipolar, 583, 626–648

I–V characteristics, 633–644
fast-recovery, 660
Gunn, 269, 667
heterostructure, 626, 649, 661, 800
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ideal characteristic, 600
laser, see laser
light-emitting, 399, 733–743

application, 734
white, 743

metal–insulator–semiconductor, 584,
615–626

metal–oxide–semiconductor, 452, 615
metal–semiconductor, 583
nonideal MIS, 624
one-sided, 636, 640
photo-, see photodiode
pin, 662
pn-junction, 583
Schottky, 484, 584

I–V characteristics, 598–610
step-recovery, 661
tunneling, 663
unipolar, 583
Zener, 658

Dipole moment, 439
Dirac particle, 536
Direction

growth ∼, 750
polar, 106
surface ∼, 778

Dislocation, 96, 401
60◦, 96
α, β, 96
core, 96, 148
density, 148
edge, 96
half-loop, 147
line, 96
misfit, 96, 146, 412
partial, 98, 105
screw, 96
spacing, 106
threading, 147

Disorder, 51, 77, 110, 128, 171, 196, 302,
307, 451, 603

cation, 58
configurational, 84
isotope, 356, 358

Dispersion
free electron, 178
linear, 315
quadratic, 315
spatial, 292, 314

Dispersion relation, 177, 178, 331, 420, 548,
867

branch, 114, 118, 339
free electron, 156

hole, 184
lattice vibration, 111
linear chain, 113, 116
parabolic, 159

Displacement, 96, 112, 140, 246, 262, 491
atomic, 241
ion, 275
parameter, 58

Display, 727
application, 730
electroluminescence, 837
field-effect, 727
liquid crystal, 837
plasma, 727

Distortion
tetragonal, 145, 480

Distribution
binomial, 359
Boltzmann, 862
Bose–Einstein, 262, 347, 863
degenerate, 204, 332
Fermi–Dirac, 204, 428, 862
Gaussian, 429, 603
momentum, 875
nondegenerate, 204
Planck, 861
spectral power, 727

Domain
antiphase, 106, 408
high field, 667
inversion, 106
polarization, 496

Donor, 211
–acceptor pair, 366
binding energy, 211
deep, 247
double, 238
empty, 215
fine structure, 216
ionization energy, 211, 216
ionized, 214
neutral, 214, 366
populated, 215
shallow, 211

Dopant, 370, 425
Doping, 82, 209, 211–233, 329, 520, 703

concentration, 595
depth profile, 596
glass, 478
modulation, 266, 425, 451, 834
profile, 659, 811

Drain, 802
Drift, 255, 598, 684, 699
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self-induced, 703
time, 691

Droop, 741, 746
Droplet, 478
Drude theory, 449, 453
DX center, 245, 834

E
Early effect, 796, 798
Ebers–Moll model, 794, 796
Effect

field, 375
Hall, see Hall, effect
Jahn–Teller, see Jahn–Teller effect
polaronic, 276
quantum Hall, see Hall, effect
Stark, see Stark effect
thermoelectric, 286

Effective mass, see mass, effective
Effective-mass

impurity, 213, 235
theory, 211, 873

Efficiency
conversion, 712, 727
differential, 766
emitter, 792
external, 766
external quantum, 735
internal quantum, 735, 766
light extraction, 714, 735
maximum solar cell, 712
packaging, 735
quantum, 477, 525, 672, 680
total quantum, 735, 767
wall-plug, 735, 767, 786

Einstein relation, 283
EL2 defect, see defect, EL2
Elasticity, 132
Electroabsorption, 613
Electroluminescence, 3, 837
Electromagnetic spectrum, 291
Electron

affinity, 210, 519, 586
conduction, 36
configuration, 26, 505
density, 204
dispersion, 177
distribution function, 204
equation of motion, 177
mass, see mass, electron
trap, 371
valence, 36, 153

wave packet, 177
Electron gas

free, 199
one-dimensional, 200
three-dimensional, 199, 449
two-dimensional, 200, 259, 424, 451,
460

Electron–hole droplet, 321
Electronegativity, 34, 338
Electrophotography, 674
Ellipsometry, 449
Emission

amplified spontaneous, 769
directional, 561
field, 598, 609
pattern, 570
phonon, 305
probability, 375
spontaneous, 344, 545
stimulated, 297, 347, 350
thermally activated, 375
thermionic, 598, 599, 677
thermionic field, 609

Emission rate, see rate, emission
Emitter, 788

follower, 800
Empty lattice, see lattice, empty
Energy

activation, 88, 253
barrier, 242
capture, 245
charging, 245
confinement, 419
conservation, 304
correlation, 320
Coulomb, 242
Coulomb charging, see Coulomb
defect formation, 81
density, 256
Dirac, 533, 535
dissipation, 457
elastic, 133
electrostatic, 473
exchange, 320
free, 236, 494
gap, 29, 30, 158
ionization, 211, 375, 519
kinetic, 157
loss, 269
Madelung, 32
optoelectronic, 439
parameter, 179
radiation, 562
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Rydberg, 213, 309
strain, see strain, energy
surface, 387, 478
thermal, 262
zero-point, 37

Enthalpy, 84
formation, 84, 87, 237
free, 83, 237
migration, 87
mixing, 74

Entropy, 84, 244, 494
configurational, 74
disorder, 84
formation, 84

Envelope function, see function, envelope
Epitaxial relationship, 405
Epitaxy

liquid phase, 400
metalorganic vapor phase, 400
molecular beam, 400
thin film, 400

Equilibrium
crystal shape, 388
state, 343
stationary, 607
thermodynamic, 204, 207, 234, 235,
347–349, 368, 371, 372, 424, 584, 862

Etch, 100, 402
pit, 100
RCA, 402
Shiraki, 402

Etching, 477
anisotropic, 107, 462
plasma, 101
reactive ion, 101, 477, 761
thermal, 402
wet chemical, 477

Excitation
external, 343
neutral, 349
optical, 246

Exciton, 7, 296, 309–312, 523
binding energy, 309, 422
bound, 317

absorption, see absorption
recombination, see recombination

bright, 314
charged, 319, 482
correlation, 439
dark, 314
delocalized, 431
dynamics, 429
free, 351, 359

Frenkel, 523
interchain, 524
intrachain, 524
ionization, 439, 441
localized, 431
longitudinal, 314
ortho-, 313
oscillator strength, 310
para-, 313
polariton, 313
radius, 309
recombination, 351
scattering states, 311
self-trapped, 732
transverse, 314
volume, 359

Exclusion principle, 859
Exhaustion, 218

regime, 226
Eye pattern, 776

F
Facet

cleaved, 465, 750
etched, 761
laser, 762
side, 463
tilted, 778

Faceting, 392
Factor

base transport, 792
collector multiplication, 792
fractional filling, 458
ideality, 601, 604, 793
linewidth enhancement, 778
optical confinement, 695
quality, 559, 568
Sommerfeld, 311
spontaneous emission, 765

Fano resonance, 326
Far field, 759
Feedback

distributed, 770
loop, 400
optical, 749

Fermi
energy, 450
function, see function, Fermi
integral, 204, 205, 283
intrinsic ∼ level, 208, 222, 617
level, 216, 218, 222, 225, 333, 373, 424,
452, 485, 584, 614, 862
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gradient, 282
liquid, 321
local quasi ∼ level, 235
quasi ∼ level, 234, 347, 350, 598, 698,
812

sphere, 256
surface, 450
vector, 450

Fermi–Dirac
distribution, see distribution, Fermi–
Dirac

Fermi–Dirac statistics, 236, 237, 861
Fermion, 859
Fermi’s golden rule, 297, 545, 567
Ferroelectricity, 489, 490
Ferromagnet

Heisenberg, 506
Fick’s law, 282
Field

built-in, 613
crossed electric and magnetic, 784
crystal, 248
displacement, 131, 853
drift, 789
effect, see effect, field
electric, 177, 255, 273, 276, 282, 328,
437, 590

electromagnetic, 297
external, 437
fringing, 703
high magnetic, 453
homogeneous, 439
internal electric, 255
macroscopic electric, 129
magnetic, 177, 181, 256, 302, 325, 441

static, 328
piezoelectric, 262, 473
ring, 647
strength, 695
strong electric, 375
surface, 620
time dependent electric, 328
transverse electric, 441

Filling factor, 49, 711
Finesse, 559
Flip-flop, 10
Flow

heat, 284
Fluctuation, 75, 359, 429, 431, 881

amplitude, 778
phase, 778
quantum dot size, 486
vacuum, 545

Fluorescence, 522
Flux

luminous, 726
radiant, 725

Focal plane array, 677
Force, 178

dissipative, 275
image, 593
Lorentz, 441, 453, 876
restoring, 132, 492
van-der-Waals, 32

Force constant, see constant, force
Fourier

coefficient, 156, 157
series, 156
transform, 851
transformation, 66

Franck–Condon principle, 364
Franz–Keldysh oscillation, see oscillation,

Franz–Keldysh
Freeze-out

regime, 218
Frequency

cutoff, 800
high, 800, 812, 836
mixing, 655

Fresnel formulas, 294, 550
Friction, 256
Fröhlich coupling constant, see constant,

Fröhlich coupling
Function

auto correlation, 884
Bessel, 472
Bloch, 154, 179, 235, 297, 314, 417, 421,
869

Boltzmann, 430
color matching, 728
cross correlation, 883
dielectric, 131, 132, 297, 329, 563, 851,
854

distribution, 876
envelope, 417, 873
error-, 430
Fermi, 204, 347, 862
Hankel, 472
spherical harmonic, 471
static dielectric, 493
work, see work function

G
Gain, 678, 749, 769

differential, 776, 778
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maximum, 772
Gate, 473, 802

charge, 830
contact, 512
voltage, 452, 474, 699

Gauge invariance, 457
Generation–recombination, 699

noise, see noise
g-factor, 441
Gibbs–Thomson effect, 478
Ginzburg–Landau theory, 493
Glide plane, 96
Glide reflection, 45
Grain

boundary, 41, 105, 252
boundary, small-angle, 105
size, 51, 720, 731, 837

Graphene, 16
Grating, 675

sampled, 773
Group

point, 43, 386, 847, 848
space, 45, 386, 405, 847, 849
theory, 41, 160

Growth
Czochralski, 401
Frank-van der Merwe, 404
kinetics, 228
methods, 400
mode, 403
pseudomorphic, 141
rate, see rate, growth
spiral, 96
Stranski-Krastanow, 404, 478
template, 477
Volmer-Weber, 404

Guard ring, 647
Gunn element, 667

H
Halbleiter, 4
Hall

bar, 455, 460
coefficient, 443, 455

sign, 445
constant, 444
current, 457
effect, 246, 441–447, 879

anomalous, 511
electrical, 449
fractional quantum, 458
integral quantized, 455

optical, 449
quantized, 14, 453
quantum, 399

factor, 447
plateau, 455, 458
quantum ∼ liquid, 457
resistivity, 457, 460

Hayne’s rule, 353
Heat

capacity, 494
conduction, see conduction, heat
latent, 494
sink, 289, 738, 749, 767
transport, see transport, heat

Heavy metal, 525
Helmholtz equation, 546
Heteroepitaxy, 132, 137, 501
Heterointerface, 451

graded, 650
Heterojunction, 714, 833
Heterostructure, 14, 434, 455, 478, 565

type-I, 416
type-II, 416

Hexagonality index, 65
Hole, 183–190

capture, 373
concept, 183
density, 204, 222
dispersion, 183, 420
dispersion relation, see dispersion rela-
tion, hole

effective mass, 184
gas, 509
heavy, 184, 420
light, 184, 420
mass, see mass, hole
split-off, 184, 272, 302

HOMO, 30, 519
Hopping, 276
Hopping transport, see transport, hopping
Huang–Rhys parameter, see parameter,

Huang–Rhys
Hue, 727
Hund’s rule, 507
Hybridization

p–d, 509
sp2, 30, 515, 529
sp3, 26

Hydrogen, 211, 251, 356, 510
atom, 439
model, 309
molecule, 25, 319
problem, 213
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Hydrogenation, 52
Hysteresis, 489, 496, 509

I
Ideality factor, see factor, ideality
Illuminance, 726
Illumination, 671, 691, 695, 704, 709
Image charge, see charge, image
Image sensor, 677, 701, 705
Impact ionization, 271, 368, 645, 692
Impedance, 655, 697

amplifier, 799
input, 803

Impurity, 82, 101, 203, 252, 324, 351, 370
amphoteric, 228
background, 223
band, see band, impurity
binding energy, 422
charged, 325
concentration, 203
hardening, 101
incorporation, 228
isoelectronic, 318, 733
isovalent, 82
magnetic, 507
shallow, 211

In-situ
control, 400
monitoring, 400

Inclusion, 59
Incompressible, 457
Index of refraction, 293, 329, 852
Insulator, 584, 615, 617, 622

topological, 395
Interaction

antiferromagnetic, 508
atom–cavity, 562
Coulomb, 32, 211, 309, 422, 458, 461
dipole–dipole, 37
double exchange, 509
electron–phonon, 39, 174, 276, 297–299
electrostatic, 32, 39
exchange, 314, 321
gap, 508
hyperfine, 214, 236, 242
indirect exchange, 509
London, 37
many-body, 459
nearest-neighbor, 506
parameter, 74
Ruderman–Kittel–Kasuya–Yoshida, 509
spin-orbit, 184, 441, 512, 525, 870

superexchange, 506, 508
van-der-Waals, 37, 516

Interconnect, 822
Interface, 146, 422, 490, 499, 617, 699

flat, 431
geometry, 399
heterostructure, 584
planar, 293, 399
plane, 420, 598
single hetero-, 417, 424
state, 614

Interstitial, see defect
Inversion, 44, 106, 160, 617, 784

center, 498
charge, see charge, inversion
strong, 621
weak, 621

Inversion domain, see domain, inversion
Inverted opal, 556
Inverter, 820
Ionicity, 35, 136, 168, 338
Ionization, 324, 628

exciton, see exciton
photothermal, 324

Iron, 95, 107, 237, 249
Irradiance, 725
Irradiation, 373
Island growth, 478
Isomer shift, 228
Isotope, 110, 228, 285, 356

effect on phonon, 120

J
Jahn–Teller effect, 82, 241, 242

dynamic, 242
Joule heating, 286, 289
Junction

abrupt, 626
deep, 647
graded, 767
hyperabrupt, 659
multiple, 714
one-sided, 626, 632

K
Kane model, 870
Keating criterion, 135
Kick-out mechanism, 88
Kink, 390
Kirchhoff’s law, 806
Klein paradox, 536
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k · p theory, 179, 869–872
Kramer’s degeneracy, see degeneracy,

Kramer’s
Kramers–Kronig relation, 292, 299, 851–

852, 854
Kronig–Penney model, 156, 169, 424, 865

L
Lambert–Beer’s law, 295, 684
Lamé’s constant, 136
Landau level, see level, Landau
Large scale integration, 821
Laser, 11, 255, 399, 749–785

cascade, 750
condition

thermodynamic, 350
diode, 750
double heterostructure, 11, 12
edge emitting, 750
horizontal cavity surface-emitting, 778
hot hole, 784
lead salt, 771
modulation, 774
monochromatic, 770
monomode, 770
multisection, 773
optically pumped, 782
output power, 766
quantum cascade, 783
surface-emitting, 750, 778
tunable, 771, 780
two-section, 773
vertical-cavity surface-emitting, 562,
779

zero-threshold, 546
Lattice

1D Bravais, 112
2D Bravais, 46
3D Bravais, 46
body-centered cubic, 48
Bravais, 42, 46, 386
constant, 77, 112, 117, 141, 168
empty, 155
expansion, 174
face-centered cubic, 48
hexagonally close packed, 49
ionic, 275
match, 172
mismatch, 132, 141, 412
period, 460
point, 42, 43, 113
reciprocal, 66–70, 154

relaxation, 82, 241, 246
simple cubic, 47
site, 228
temperature, 268, 322
vibration, 111–132

Lattice matched, 412
Laughlin theory, 459
Layer

active, 749
amorphous, 406
depletion, see depletion layer
inversion, 452, 455, 803
nucleation, 405
semi-insulating, 236
sequence, 417
space-charge, 586
spacer, 833
wetting, 404

Level
deep, 197, 211, 235, 326, 660
Landau, 449, 451, 452, 455, 459, 508
midgap, 373, 377
occupancy, 242
quantized, 419

Lifetime, 349, 374, 431
carrier, 672
minority carrier, 350, 373, 655
phosphorescent, 525
photon, 764
triplet, 522

Lift-off, 143
Light-emitting diode, see diode
Linear chain

diatomic, 115
monoatomic, 112

Lithography, 477
Localization, 457

light, 558
Löwdin perturbation theory, 870
Loss, 762

internal, 762
mirror, 762

LST relation, see Lyddane–Sachs–Teller re-
lation

Luminance, 726
Luminescence, 358, 522

decay, 568
impurity, 733
mechanism, 732
negative, 348

Luminosity, 726
LUMO, 30, 519, 522
Luttinger Hamiltonian, 872
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Luttinger parameter, see parameter, Lut-
tinger

Lyddane–Sachs–Teller relation, 132, 337

M
Macfarlane–Roberts plot, 305
Madelung constant, 33
Magnetic moment, 507
Magnetoresistance, 451, 452
Magnetotransport, 441, 460
Mask, 410
Mass, 112, 117

anisotropic, 324, 441
carrier, 449
density of states, 181, 200, 205
effective, 159, 178, 182, 211, 259, 371,
419, 420

effective conductivity, 257
electron, 180
hole, 185
isotropic, 181
longitudinal, 181
nonparabolicity, 181
polaron, 275
reduced, 338, 437
strain effect, 193
transverse, 181, 420

Mass-action law, 206
Matrix element, 297, 298, 304, 347, 421, 477

bulk momentum, 179
dipole, 675
k-dependence, 179
momentum, 179, 298, 869

Matthiesen rule, 259
Maxwell’s equations, 293, 554
Mean free path, 257, 460
Memory, 787, 821

flash, 830
nonvolatile, 830

Metalorganic, 400, 525
Microcavity, 322, 559, 568, 765, 780
Microdisc, 565
Micropillar, 568
Microscopy

scanning tunneling, 219, 222
secondary electron, 464

Midgap level, 323
Miller indices, 67

wurtzite, 68
Miniband, 424
Minigap, 424
Mirror operation, 44

Miscibility gap, 72
Mobility, 258, 425, 449, 460, 598, 800, 837,

879
channel, 835
edge, 431, 457
extremely high, 399
high, 453
high electron, 259
hole, 259
metal, 259
negative differential, 809
optical carrier, 448
surface, 409
temperature dependence, 264

Mobility edge, 280
Mode

chaotic, 569
defect, 558, 561
evanescent, 569
gap, 127
hopping, 772
localized vibrational, 84, 124–253
longitudinal phonon plasmon, 340
normal, 38
optical, 116, 545
out of plane, 529
single longitudinal, 769
soft phonon, 492
spectrum, 769
stretching, 522
volume, 568
whispering gallery, 566, 568, 571

Modulation
large-signal, 775
pulsewidth, 745
small-signal, 777

Momentum
angular, 302, 420, 471
conservation, 298
cyrstal, 177
matrix element, see matrix element
orbital, 324
orbital angular, 184
total angular, 184

Monolayer, 390, 400, 417, 431
Moore’s law, 821
Mott transition, see transition, Mott
Multiexciton, 483
Multiferroics, 489
Multiplication

region, 695
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N
Nanobelt, 467
Nanohelix, 143
Nanolaser, 466
Nanoscroll, 143, 145
Nanostructure, 461–829
Nanotube, 143

BN, 541
carbon, 536
metallic, 540

Nanowhisker, 465, 469
Negative-U center, 242
Neutrality, 207

charge, see charge, neutrality
condition, 208, 218, 224
constraint, 236

Newton’s law, 177
Nobel Prize, 12, 15, 399, 663
Noise, 881

1/f , 886
equivalent power, 673, 681
excess, 693
Flicker, 886
generation–recombination, 673
generation-recombination, 888
shot, 683, 887
source, 683
thermal, 673, 683, 695, 885
white, 886

Nonequilibrium, 234, 343
thermodynamic, 235

Nonlinear optics, 323, 496, 546
Nonparabolicity, 439
Nonpolar, 262, 501
Nucleation, 405, 838

dislocation, 147
Number

atomic order, 82, 358
complexion, 84
order number, 54

O
Ohm’s law, 257
Orbital, 28

antibinding, 29
antisymmetric, 26
bonding, 29
highest populated, 30
lowest unoccupied, 30
overlap, 111
symmetric, 26

Order

antiferromagnetic long-range, 508
long-range, 51
spontaneous magnetic, 505
stacking, 56, 64

Ordering, 77
CuAu, 80
CuPt, 77
in-plane, 481

Orientation, 253
random in-plane, 406

Oscillation
Bloch, 256
Franz–Keldysh, 439
Shubnikov–de Haas, 451, 452
Weiss, 460

Oscillator, 10, 269
harmonic, 38, 111, 449, 471, 475, 853
local, 655
master, 786
strength, 127, 299, 314, 337, 675, 853–
858
exciton, see exciton

voltage-controlled, 658
Ostwald ripening, 478
Overgrowth

cleaved-edge, 465
epitaxial lateral, 410

Overlap
geometrical, 696

Oxide
aperture, 780
high-k dielectrics, 820
transparent conductive, 4, 575–579

P
Parabola, 181
Paramagnetic ion, 505
Parameter

s, 35, 105
Heisenberg exchange, 506
Huang–Rhys, 364
Luttinger, 185

Partition sum, 859
Passivation, 52
Peak-to-valley ratio, 666
Peltier effect, 255, 289
Periodic system, 21, 26, 211
Phase, 96, 106, 117, 773

Bloch, 549
change, 831
cubic, 490
diagram, 74, 321
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factor, 548, 865
ferroelectric, 490, 494
metastable, 65, 163
opposite, 129
ordered, 110
orthorhombic, 491, 496
paraelectric, 490, 493
paramagnetic, 508
rhombohedral, 496
separation, 74
shift, 459
spin glass, 508
tetragonal, 167, 490, 496
transition, 51, 56, 172, 321, 490, 493

first-order, 495
second-order, 493

trigonal, 491
Phonon, 39, 112, 123, 304

absorption, 376
acoustic, 117, 261, 315
alloy, 127

one-mode, 127
two-mode, 127

average temperature, 176
Bose–Einstein model, 176
broadening, 313
dispersion, 118, 176
emission, 368
energy, 433
infrared active, 296
LA, 117
LO, 117, 132, 262, 276
long wavelength, 132
optical, 117, 176, 337, 341

emission, 269
replica, 522
soft, 492
TA, 117
TO, 132

Phonon-drag, 289, 880
Phosphor, 727, 730, 743
Phosphorescence, 522
Photocatalysis, 385, 669
Photoconductivity, 527

persistent, 246
Photoconductor, 670, 674
Photodetector, 236, 255

FIR, 324
quantum well intersubband, 675
traveling wave, 695

Photodiode, 680–708
array, 705
avalanche, 680, 692–695, 706

bipolar, 681
metal–semiconductor–metal, 686
pin, 684
stacking, 706

Photometry, 725
Photon

counting, 645
Photoresistor, 583
Piezoelectricity, 489, 498
Pinch-off, 804, 806, 809, 814
Planar technology, 10, 583, 677, 779, 823
Planck’s law, 347
Plane

high index, 390
Plasma, 727

frequency, 331, 341, 448
Plasmon, 332, 393
Plastic flow, 147
Pnictide, 57
Point

critical, 299, 300, 308
crossover, 245
defect, see defect, point
Dirac, 530, 534, 540
F, 166
Γ , 70, 114, 116, 117, 162, 167, 305
group, see group, point
K, 72
L, 72, 163, 172
M, 167
saddle, 300
X, 72, 117, 163, 172

Poisson
equation, 424, 589, 620, 628, 805
ratio, 136
statistics, 883

Polariton, 322, 339
lower branch, 315
surface plasmon, 393

Polarizability, 338
Polarization, 131, 294, 314, 421, 675, 852

circular, 302, 512
electric, 262, 489
ferroelectric, 62
light, 323
p, 294
s, 294
spin, 509
spontaneous, 77, 489
TE, 422
time-dependent, 129
TM, 422

Polaron, 275, 521, 732
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small, 277
Poling, 496, 617

periodic, 496
Polyhedra, 43
Polymer, 30

chain, 519
Polytypism, 64
Poole–Frenkel effect, 375
Population, 371

inverted, 350
Position sensing detector, 686
Potential

asymmetric, 111, 675
atomic interaction, 111
built-in, 587
chemical, 237, 862
confinement, 419
Coulomb, 156
crystal, 156
distribution, 593
double well, 169
external, 591
fluctuation, 431
hard wall, 865
harmonic, 112
hydrostatic deformation, 191, 261
inversion surface, 815
ion core, 211
lateral ∼ well, 703
Lennard–Jones, 37
long-range Coulomb, 375
minimum, 429
optical deformation, 192
periodic, 6, 153, 211
piezoelectric, 503
pure Coulomb, 324
screened Coulomb, 260
short range, 211
triangular, 424
two-dimensional well, 468
well

three-dimensional, 471
Power

maximum, 712
noise, 885
output, 711
spectral, 727
thermoelectric, 286
total, 725

Pre-breakdown, 644
Precipitate, 226
Precursor, 400
Pressure, 84, 132

high, 14
hydrostatic, 56
partial, 228
vapor, 478

Process
activation, 241
causal, 851

Processing temperature, 576
Propagation

direction, 422
Punch-through, 798
Purcell effect, 562, 567
Purity, 203
Pyroelectricity, 489
Pyrolysis, 400

Q
Quadrupole, 503, 569
Quality factor, see factor, quality
Quantum

box, see quantum, dot
dot, 139, 201, 431, 461, 471–675

charge tunable, 484
cleaved-edge overgrowth, 465
cubic, 472
lens-shape, 477
pyramidal, 473
self-assembled, 476, 477
spherical, 472
stack, 480

efficiency, see efficiency, quantum
electrodynamics, 562
magnetic flux, 457, 458
well, 200, 322, 417, 439, 801

coupled, 424
energy level, 417
multiple, 417
sidewall, 463
vertical, 464

wire, 139, 200, 461, 462
cleaved-edge overgrowth, 465
T-shaped, 465
V-groove, 462

Quantum dot, see quantum, dot
Quantum Hall effect, see Hall, effect
Quantum statistics, 859–863
Quantum wire, see quantum, wire
Quarter-Wave stack, 550
Quasicrystal, 44
Quasi-Fermi level, see Fermi, level



984 Index

R
Rabi frequency, 562, 563
Radiance, 725
Radiometry, 725
Radius

self-limited, 463
Random bit pattern, 776
Random walk, 282
Rashba effect, 512
Rate

Auger recombination, 368
capture, 371
emission, 371, 375
escape, 677, 764
generation, 284, 343, 671
growth, 400
net recombination, 347
pulling, 401
recombination, 284, 348
thermal Auger generation, 368
thermal generation, 348
tunneling, 377

Recombination, 223, 343–381, 512, 522,
598, 623, 655, 669, 801

Auger, 368
band–band, 344
band–impurity, 370
bimolecular, 348
bound-exciton, 351
center, 373, 661
current, 377, 735
donor–acceptor pair, 366
dynamics, 349
excitons, 351
free-exciton, 351
lineshape, 429
nonradiative, 105, 235, 793
quantum well, 427
radiative, 399, 523, 733
rate, see rate, recombination
spectrum, 483
spontaneous, 344
surface, 377
velocity, 608

Rectification, 2, 7, 653
Rectifier

metal–semiconductor, 7
point contact, 7

Reflectance, 295, 338
Reflection, 291, 293–296, 773

anisotropy spectroscopy, 400
distributed, 770
low, 685

total, 294, 569, 735
Region

space-charge, 586
Relaxation

carrier, 343
plastic, 146, 480
time-constant, see time-constant, relax-
ation

Resharpening, 463
Resistance

negative differential, 666, 667
serial, 714
shunt, 714

Resistivity, 257
high, 247
negative differential, 269
transverse, 455

Resonator
deformed, 567, 568
microscopic, 565
spiral, 569

Responsivity, 683
Reststrahlenbande, 338, 340
Richardson constant, see constant, Richard-

son
Rocksalt structure, see structure
Rotation, 44, 106, 261, 843

general, 844
improper, 44

Roughness, 403, 569

S
Saturation, 727

electron density, 217
Scalar, 844
Scattering, 441, 456, 875, 880

deformation potential, 261
elastic ∼ process, 261
grain boundary, 264
hot-carrier, 784
impurity, 834
inelastic, 262
intervalley, 811
ionized impurity, 260, 425
matrix, 548
microscopic process, 259
orbit, 460
phonon, 328
piezoelectric potential, 262
polar optical, 262
process, 256
Rutherford, 260
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spin, 512
theory, 546
time, 445

Schönfließ notation, 44
Schottky

barrier, see barrier, Schottky
Schottky effect, 593
Schottky–Mott model, 584
Schrödinger equation, 154, 157, 418, 424,

438, 461, 547, 869
Scintillation detector, 731
Scintillator, 727
Scrolling, 143

direction, 145
Second-harmonic generation, 496, 655
Seebeck effect, 255, 286
Selection rule, 302, 421

optical, 422
polarization, 675

Self-assembly, 478
Self-consistent, 424
Semiconductor, 4

alloy, 170
amorphous, 41, 51–52, 173, 196, 252,
308, 837

compound, 9, 56, 163
diluted magnetic, 505
doped, 207
elemental, 163, 168
ferroelectric, 492
history, 1
II–VI, 168, 262
III–V, 168
indirect, 305, 370
inhomogeneous, 255
intrinsic, 207
lead salts, 174
magnetic, 62, 505
nonpolar, 262
organic, 29, 515–613
oxide, 400
polarized, 489
polycrystalline, 41, 51
properties, 18
semi-insulating, 247
small band gap, 259
small-gap, 207
wide band gap, 208, 505, 509, 612
wide-gap, 207

Semipolar, 411, 501
Shell structure, see structure, shell
Shockley–Read–Hall kinetics, 348, 370
Shubnikov–de Haas effect, 452

Side-mode suppression ratio, 769
Signal-to-noise ratio, 673, 683, 695, 881
Singularity, 141, 195, 300

Fermi-edge, 428
van-Hove, 195, 299

Snapback time, 661
Snellius’ law, 294
Sol-gel process, 478
Solar

cell, 2, 255, 707–723
spectrum, 708

Solid-state multiplier, 695
Solubility, 76, 93, 94, 233, 248
Source, 802
Space group, see group, space
Space-charge region, 589, 619, 626

capacitance, 595, 623
Spectroscopy

deep level transient, 246
Mössbauer, 228
Raman, 433

Spectrum
noise, 884

Spin, 160, 184, 302, 507
alignment, 512
glass, 508
LED, 512
nuclear, 214, 356
polarization, 397
rotation, 512
splitting, see splitting, spin
total, 313
transistor, 511, 512

Spinodal, 75
decomposition, 75

Spin-orbit interaction, 160, 396, 870
Spintronics, 505, 511
Splitting, 241, 356

crystal field, 188
Rabi, 563
spin, 160, 441, 455
valley-orbit, 356
Zeeman, 325, 356

Stacking, 49
vertical, 463, 480

Stacking fault, 98, 103
energy, 105
extrinsic, 103
intrinsic, 103

Stark effect
quantum confined, 439, 501, 774
second-order, 439

State
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dark, 525
edge, 457
extended, 457
localized, 457
macroscopic quantum, 457
midgap surface, 588
triplet, 525

Step, 390
bunch, 390
monoatomic, 106
surface, 402

Stirling’s formula, 85
Stoichiometry, 72, 229
Stokes shift, 430, 603
Stoney’s formula, 143
Strain, 134, 262, 412, 675

bending, 144
biaxial, 137, 141, 192
compressive, 137, 192
distribution, 140, 473
energy, 133, 145, 149, 480
homogeneous, 190
hydrostatic, 191, 193
inhomogeneous, 190, 321, 872
in-plane, 501
large, 190
management, 143
microscopic, 58
misfit, 148
plastic relaxation, 96
random, 356
relaxation, 412, 480
shear, 137, 192, 498
small, 190
tensile, 137, 192
tensile surface, 480
tensor, 261
three-dimensional, 139, 473

Streaming motion, 785
Stress, 134, 253, 412

external, 489
–strain relation, 133, 134, 136
superposition, 140
uniaxial, 501

Structure
band, see band structure
chalcopyrite, 57
CsCl, 53
delafossite, 61
diamond, 54, 150, 171
dielectric, 545
field-ring, 647
fluorite, 61

interdigitated, 691
NiAs, 62
orthorhombic, 33
periodically poled, 496
perovskite, 61, 490
pseudomorphic, 412
rocksalt, 33, 53, 63, 172
shell, 475, 584
spinel, 59
tetragonal, 33
wurtzite, 56, 172
zincblende, 33, 55, 106, 150, 169, 172

Subband, 200, 451, 675
edge, 420, 421, 424

Sublattice, 55, 367, 505
anion, 56
cation, 56

Substrate
bending, 137, 141
compliant, 412
curved, 403
hetero-, 405
homo-, 405
patterned, 410
polished, 403
rotation, 400
transparent, 738

Sun, 708
Superconductivity, 39
Superlattice, 72, 256, 417, 420, 424–425,

750
buffer layer, 403
isotope, 433

Surface, 385–397
energy, 387
index, 588
passiviation, 385
phonon, 392
plasmon, 393
reconstruction, 388
resonance, 395
state, 395
vicinal, 390

Susceptibility, 852
electric, 853
magnetic, 451
nonlinear third-order electric dipole, 323

Switch, 236
Symmetry

inversion, 160
mirror, 439
reduction, 241
surface, 386
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tetrahedral, 324
time reversal, 159, 396
trigonal, 245

T
Tail

carrier distribution, 591
exponential, 437
states, 451, 457
Urbach, 307, see also Urbach tail

Taylor series, 283
Temperature

blackbody, 673
characteristic, 769
Curie, 493, 505, 509
Curie–Weiss, 496
Debye, 262
difference, 289
electron, 268
gradient, 255, 284
lattice, 268, 886
local, 235

Tensor, 843, 845
conductivity, 453
dielectric

magneto-optic, 449
dielectric function, 292
effective-mass, 178, 213, 873
nonlinear third-order electric dipole sus-
ceptibility, 323

resistivity, 454
Terrace, 390
Theory

Drude, see Drude theory
effective mass, see effective mass, theory
Laughlin, see Laughlin theory
perturbation, 241
time-dependent perturbation, 297

Thermal instability, 644
Thermalization, 430, 603

incomplete, 431
Thermopower, 286, 879
Thickness

barrier, 424, 867
critical, 145–466
film, 148
oxide, 703
quantum well, 417, 429

Thomson heating, 289
Threshold, 763
Tilt, 105
Time constant, 343, 349, 595, 623, 703, 801

decay, 727
LO phonon emission, 269
RC, 696
relaxation, 256, 259
reorientation, 242

Transconductance, 799, 808, 816
differential, 799

Transistor, 7, 255, 787–841
bipolar, 10, 788–802
effect, 14
field effect, 5, 7, 802
heterobipolar, 399, 800
high electron mobility, 399, 833
JFET, 10
junction field effect, 7, 804
light-emitting, 801
MESFET, 7, 12, 804
MOSFET, 5, 11, 455, 812
organic, 839
planar, 11
point contact, 8
spin, see spin, transistor
thin film, 838

Transit time, 685, 811, 812
Transition

band–band, 299
dipole, 314
direct, 300
displacement, 492
donor–acceptor pair, 366, 733
forbidden, 311
indirect, 304
intersubband, 783
metal, 507
metal–insulator, 230, 233, 265, 280
Mott, 431
optical, 179, 188, 296, 324, 344, 482, 567
probability, 297

Transmission, 291
Transparency, 763
Transport, 255–289, 473

ballistic, 256, 598, 784
Boltzmann theory, 875
charge, 255
coupled heat and charge, 286
diode current, 598
heat, 284
heat energy, 255
high frequency, 275
high-field, 268
hopping, 278, 447, 521, 522
ionic, 281
low-Field, 258
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magneto-, see magnetotransport
Trap, 375

filled, 371
multilevel, 374
surface, 587

Trion, 319, 483, 485
Tuning range, 773
Tunneling, 14, 419, 424, 429, 598, 608, 645,

648, 677
assisted, 376
current, 474
direct, 376
Fowler–Nordheim, 830
inelastic, 666
phonon-assisted, 377
photon-assisted, 377, 439
rate, see rate, tunneling
Zener, 7

Turn-on delay time, 775
Twin, 103

boundary, 103
lamella, 103

Twist, 105, 468
Two-electron satellite, 355
Two-photon process, 297

U
Umklapp process, 124
Unit cell, see cell, unit

volume, 179
Urbach tail, 307

V
Vacancy, 81, 229, 236, 244, 247
Vacuum, 465

level, 584
tube, 2, 5, 583, 787, 821
ultrahigh, 400

Valence band, see band, valence
Valley

current, 477, 664
L, 270
X, 324

Van-der-Pauw geometry, 442
Van-Hove singularity, see singularity, van-

Hove
Varactor, 658
Variable range hopping, 278
Variance, 882
Varshi’s formula, 175
Vector

antiphase, 106

Burger’s, see Burger’s vector
displacement, 133
in-plane wave, 421
line, 96
potential, 140, 297
reciprocal lattice, 156
translation, 42
wave, 158

Vegard’s law, 77
Velocity

average carrier, 256
drift saturation, 269, 685, 807
effective diffusion, 608
group, 114, 177, 547
light, 329
match, 696
maximum, 257
maximum drift, 269
mismatch, 697
overshoot, 271
phase, 114
sound, 114, 262
surface recombination, 377, 380
thermal, 371, 600

Vernier effect, 773
Void, 82
Voltage

bias, 594
breakdown, 646, 656, 690, 801
built-in, 596, 626
diffusion, 587
flat-band, 625, 689
gain, 799
gate, see gate, voltage
maximum reverse, 645
open-circuit, 711
pinch-off, 804
reach-through, 688
reference, 658
regulator, 656
threshold, 816
turn-on, 801

Vortex, 459

W
Wafer, 400

bonding, 433, 714, 738, 740
breakage, 151
diameter, 402
edge, 151
epiready, 403
flat, 401
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Wannier’s theorem, 873
Warping, 185, 220
Wave

acoustic, 114
compression, 261
electromagnetic, 328
equation, 156, 328, 546
evanescent, 394
longitudinal, 112
plane, 114, 154, 437
shear, 261, 262
sound, 114
standing, 114, 158
transverse, 112
traveling, 695
vector, 329

Wavefunction
d, 223
many-electron, 459
overlap, 424, 461, 477
strongly localized, 235

Waveguide, 552, 558, 561, 695, 758, 763,
771

plasmon, 332
Weiss oscillation, see oscillation, Weiss
Well capacity, 701
Wiedemann–Franz law, 284
Wiener-Khintchine theorem, 884
Work function, 584, 587, 614, 616
Wurtzite structure, see structure

Y
Young’s modulus, 136

Z
Zincblende, 160
Zincblende structure, see structure
Zone

boundary, 116, 157, 256, 867
vicinity, 159

Brillouin, see Brillouin zone
reduced scheme, 154
scheme, 154

ZT -value, 289
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