
AComplex Numbers

The simple quadratic equation x2 C 1 D 0 has no solution in the field of real
numbers,R. Thus, it is necessary to envisage the larger field of complex numbers C.
A complex number z is an ordered pair .a; b/ of real numbers where ordered means
that we regard .a; b/ and .b; a/ as distinct if a ¤ b. Let x D .a; b/ and y D .c; d/ be
two complex numbers. Then we endow the set of complex numbers with an addition
and a multiplication in the following way:

addition: x C y D .a; b/C .c; d/ D .a C c; b C d/

multiplication: xy D .a; b/.c; d/ D .ac � bd; ad C bc/:

These two operations will turn C into a field where .0; 0/ and .1; 0/ play the role of
0 and 1.1 The real numbers R are embedded into C because we identify any a 2 R

with .a; 0/ 2 C.
The number { D .0; 1/ is of special interest. It solves the equation x2 C 1 D 0,

i.e. {2 D �1. The other solution being �{ D .0;�1/. Thus any complex number
.a; b/ may be written as .a; b/ D a C {b where a; b are arbitrary real numbers.2

1Substraction and division can be defined accordingly:

subtraction: .a; b/� .c; d/ D .a � c; b � d/

division: .a; b/=.c; d/ D .ac C bd; bc � ad/

.c2 C d2/
; c2 C d2 ¤ 0:

2A more detailed introduction of complex numbers can be found in Rudin (1976) or any other
mathematics textbook.
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370 A Complex Numbers

An element z in this field can be represented in two ways:

z D a C {b Cartesian coordinates

D re{� D r.cos � C { sin �/ polar coordinates:

In the representation in Cartesian coordinates a D Re.z/ D <.z/ is called the real
part whereas b D Im.z/ D =.z/ is called the imaginary part of z.

A complex number z can be viewed as a point in the two-dimensional Cartesian
coordinate system with coordinates .a; b/. This geometric interpretation is repre-
sented in Fig. A.1.

The absolute value or modulus of z, denoted by jzj, is given by r D p
a2 C b2.

Thus, the absolute value is nothing but the distance of z viewed as a point in the
complex plane (the two-dimensional Cartesian coordinate system) to the origin (see
Fig. A.1). � denotes the angle to the positive real axis (x-axis) measured in radians.
It is denoted by � D arg z. It holds that tan � D b

a . Finally, the conjugate of z,
denoted by Nz, is defined by Nz D a � {b.

Setting r D 1 and � D � , gives the following famous formula:

e{� C 1 D .cos� C { sin�/C 1 D �1C 1 D 0:

This formula relates the most famous numbers in mathematics.

Fig. A.1 Representation of a
complex number
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A Complex Numbers 371

From the definition of complex numbers in polar coordinates, we immediately
derive the following implications:

cos � D e{� C e�{�

2
D a

r
;

sin � D e{� � e�{�

2{
D b

r
:

Further implications are de Moivre’s formula and Pythagoras’ theorem (see
Fig. A.1):

de Moivre’s formula
�
re{�

�n D rne{n� D rn.cos n� C { sin n�/

Pythagoras’ theorem 1 D e{�e�{� D .cos � C { sin �/.cos � � { sin �/

D cos2 � C sin2 �

From Pythagoras’ theorem it follows that r2 D a2 C b2. The representation in polar
coordinates allows to derive many trigonometric formulas.

Consider the polynomialˆ.z/ D �0��1z��2z2� : : :��pzp of order p � 1 with
�0 D 1.3 The fundamental theorem of algebra then states that every polynomial of
order p � 1 has exactly p roots in the field of complex numbers. Thus, the field
of complex numbers is algebraically complete. Denote these roots by �1; : : : ; �p,
allowing that some roots may appear several times. The polynomial can then be
factorized as

ˆ.z/ D �
1� ��1

1 z
� �
1 � ��1

2 z
�
: : :

�
1 � ��1

p z
�
:

This expression is well-defined because the assumption of a nonzero constant
(�0 D 1 ¤ 0) excludes the possibility of roots equal to zero. If we assume that
the coefficients �j, j D 0; : : : ; p, are real numbers, the complex roots appear in
conjugate pairs. Thus if z D a C {b, b ¤ 0, is a root then Nz D a � {b is also a root.

3The notation with “��jzj” instead of “�jzj” was chosen to conform to the notation of AR-models.



BLinear Difference Equations

Linear difference equations play an important role in time series analysis. We there-
fore summarize the most important results.1 Consider the following linear difference
equation of order p with constant coefficients. This equation is defined by the
recursion:

Xt D �1Xt�1 C : : :C �pXt�p; �p ¤ 0; t 2 Z:

Thereby fXtg represents a sequence of real numbers and �1; : : : ; �p are p constant
coefficients. The above difference equation is called homogeneous because it
involves no other variable than Xt. A solution to this equation is a function F W
Z ! R such that its values F.t/ or Ft reduce the difference equation to an identity.

It is easy to see that if fX.1/t g and fX.2/t g are two solutions than fc1X
.1/
t C c2X

.2/
t g,

for any c1; c2 2 R, is also a solution. The set of solutions is therefore a linear space
(vector space).

Definition B.1. A set of solutions ffX.1/t g; : : : ; fX.m/t gg, m � p, is called linearly
independent if

c1X
.1/
t C : : :C cmX.m/t D 0; for t D 0; 1; : : : ; p � 1

implies that c1 D : : : D cm D 0. Otherwise we call the set linearly dependent.

Given arbitrary starting values x0; : : : ; xp�1 for X0; : : : ;Xp�1, the difference
equation determines all further through the recursion:

Xt D �1Xt�1 C : : :C �pXt�p t D p; p C 1; : : : :

1For more detailed presentations see Agarwal (2000), Elaydi (2005) or Neusser (2009).
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374 B Linear Difference Equations

Similarly for Xt mit t D �1;�2; : : :. Suppose we have p linearly independent
solutions ffX.1/t g; : : : ; fX.p/t gg then there exists exactly p numbers c1; : : : ; cp such
that the solution

Xt D c1X
.1/
t C c2X

.2/
t C : : :C cpX.p/t

is compatible with arbitrary starting values x0; : : : ; xp�1. These starting values then
determine uniquely all values of the sequence fXtg. Thus fXtg is the only solution
compatible with starting values. The goal therefore consists in finding p linearly
independent solutions.

We guess that the solutions are of the form Xt D z�t where z may be a complex
number. If this guess is right then we must have for t D 0:

1 � �1z � : : : � �pzp D 0:

This equation is called the characteristic equation.2 Thus z must be a root of the
polynomialˆ.z/ D 1� �1z � : : :� �pzp. From the fundamental theorem of algebra
we know that there are exactly p roots in the field of complex numbers. Denote these
roots by z1; : : : ; zp.

Suppose that these roots are different from each other. In this case
ffz�t

1 g; : : : ; fz�t
p gg constitutes a set of p linearly independent solutions. To show

this it is sufficient to verify that the determinant of the matrix

W D

0

B
B
B
B
BB
@

1 1 : : : 1

z�1
1 z�1

2 : : : z�1
p

z�2
1 z�2

2 : : : z�2
p

:::
:::

:::

z�pC1
1 z�pC1

2 : : : z�pC1
p

1

C
C
C
C
CC
A

is different from zero. This determinant is known as Vandermonde’s determinant
and is equal to det W D Q

1�i<j�p.zi � zj/. This determinant is clearly different from
zero because the roots are different from each other. The general solution to the
difference equation therefore is

Xt D c1z
�t
1 C : : :C cpz�t

p (B.1)

where the constants c1; : : : ; cp are determined from the starting values (initial
conditions).

In the case where some roots of the characteristic polynomial are equal, the
general solution becomes more involved. Let z1; : : : ; zr , r < p, be the roots which

2Sometimes one can find zp � �1zp�1 � : : :� �p D 0 as the characteristic equation. The roots are
of the two characteristic equations are then reciprocal to each other.
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are different from each other and denote their corresponding multiplicities by
m1; : : : ;mr. It holds that

Pr
jD1 D p. The general solution is then given by

Xt D
rX

jD1

�
cj0 C cj1t C : : :C cjmj�1 t

mj�1� z�t
j (B.2)

where the constants cji are again determined from the starting values (initial
conditions).



CStochastic Convergence

This appendix presents the relevant concepts and theorems from probability theory.
The reader interested in more details should consult corresponding textbooks, for
example Billingsley (1986), Brockwell and Davis (1991), Hogg and Craig (1995),
or Kallenberg (2002) among many others.

In the following, all real random variables or random vectors X are defined with
respect to some probability space .�;A;P/. Thereby,� denotes an arbitrary space
with �-field A and probability measure P. A random variable, respectively random
vector, X is then defined as a measurable function from� to R, respectivelyRn. The
probability space� plays no role as it is introduced just for the sake of mathematical
rigor. The interest rather focuses on the distributions induced by P ı X�1.

We will make use of the following important inequalities.

Theorem C.1 (Cauchy-Bunyakovskii-Schwarz Inequality). For any two random
variables X and Y,

jE.XY/j �
p
EX2

p
EY2:

The equality holds if and only if X D E.XY/
E.Y2/

Y.

Theorem C.2 (Minkowski’s Inequality). Let X and Y be two random variables with
EjXj2 < 1 and EjYj2 < 1, then

�
EjX C Yj2�1=2 � �

EjXj2�1=2 C �
EjYj2�1=2 :

Theorem C.3 (Chebyschev’s Inequality). If EjXjr < 1 for r � 0 then for every
r � 0 and any " > 0

PŒjXj � "� � "�r
EjXjr:
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378 C Stochastic Convergence

Theorem C.4 (Borel-Cantelli Lemma). Let A1;A2; : : : 2 A be an infinite sequence
of events in some probability space .�;A;P/ such that

P1
kD1 P.Ak/ < 1. Then,

PfAk i:o:g D 0. The event fAk i:o:g is defined by fAk i:o:g D lim supkfAkg DT1
kD1

S1
jDk Aj where i:o: stands for infinitely often.

On several occasions it is necessary to evaluate the limit of a sequence of
random variables. In probability theory several concepts of convergence are dis-
cussed: almost sure convergence, convergence in probability, convergence in r-th
mean (convergence in quadratic mean), convergence in distribution. We only give
definitions and the most important theorems leaving an in-depth discussion to the
relevant literature. Although not explicitly mentioned, many of the theorem below
also hold in an analogous way in a multidimensional context.

Definition C.1 (Almost Sure Convergence). For random variables X and fXtg
defined on the same probability space .�;A;P/, we say that fXtg converges almost
surely or with probability one to X if

P
n
! 2 � W lim

t!1 Xt.!/ D X.!/
o

D 1:

This fact is denoted by Xt
a:s:��! X or lim Xt D Xa:s:

Theorem C.5 (Kolmogorov’s Strong Law of Large Numbers (SLLN)). Let
X;X1;X2; : : : be identically and independently distributed random variables. Then,
the arithmetic average XT D 1

T

PT
tD1 Xt converges almost surely to EX if and only

if EjXj < 1.

Definition C.2 (Convergence in Probability). For random variables X and fXtg
defined on the same probability space, we say that fXtg converges in probability
to X if

lim
t!1 PŒjXt � Xj > "� D 0 for all " > 0:

This fact is denoted by Xt
p�! X or plim Xt D X.

Remark C.1. If X and fXtg are real valued random vectors, we replace the absolute
value in the definition above by the Euclidean norm k:k. This is, however, equivalent
to saying that every component Xit converges in probability to Xi, the i-th component
of X.

Definition C.3 (Convergence in r-th Mean). A sequence fXtg of random variables
converges in r-th mean to a random variable X if

lim
t!1E.jXt � Xjr/ D 0 for r > 0:



C Stochastic Convergence 379

We denote this fact by Xt
r�! X. If r D 1 we say that the sequence converges

absolutely; and if r D 2 we say that the sequence converges in mean square which

is denoted by Xt
m:s:���! X.

Remark C.2. In the case r D 2, the corresponding definition for random vectors is

lim
t!1E.kXt � Xk2/ D lim

t!1E.Xt � X/0.Xt � X/ D 0:

Theorem C.6 (Riesz-Fisher). Let fXtg be a sequence of random variables such
supt EjXtj2 < 1. Then there exists a random variable X with EjXj2 < 1 such that

Xt
m:s:���! X if and only if EjXt � Xsj2 ! 0 for t; s ! 1:

This version of the Riesz-Fisher theorem provides a condition, known as the
Cauchy criterion, which is often easier to verify when the limit is unknown.

Definition C.4 (Convergence in Distribution). A sequence fXtg of random vectors
with corresponding distribution functions fFXtg converges in distribution, if there
exists an random vector X with distribution function FX such that

lim
t!1 FXt.x/ D FX.x/ for all x 2 C

where C denotes the set of points for which FX.x/ is continuous. We denote this fact

by Xt
d�! X.

Note that, in contrast to the previously mentioned modes of convergence,
convergence in distribution does not require that all random vectors are defined on
the same probability space. The convergence in distribution states that, for large
enough t, the distribution of Xt can be approximated by the distribution of X.

The following Theorem relates the four convergence concepts.

Theorem C.7. (i) If Xt
a:s:��! X then Xt

p�! X.

(ii) If Xt
p�! X then there exists a subsequence fXtng such that Xtn

a:s:��! X.

(iii) If Xt
r�! X then Xt

p�! X by Chebyschev’s inequality (Theorem C.3).

(iv) If Xt
p�! X then Xt

d�! X.

(v) If X is a fixed constant, then Xt
d�! X implies Xt

p�! X. Thus, the two concepts
are equivalent under this assumption.
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These facts can be summarized graphically:

Xtn
a:s:��! X

*

Xt
a:s:��! X H) Xt

p��! X H) Xt
d��! X

*
Xt

r��! X

A further useful theorem is:

Theorem C.8. If EXt �! 	 and VXt �! 0 then Xt
m:s:���! 	 and consequently

Xt
p�! 	.

Theorem C.9 (Continuous Mapping Theorem). For any continuous function
f W Rn �! Rm and random vectors fXtg and X defined on some probability space,
the following implications hold:

(i) Xt
a:s:��! X implies f .Xt/

a:s:��! f .X/.

(ii) Xt
p�! X implies f .Xt/

p�! f .X/.

(iii) Xt
d�! X implies f .Xt/

d�! f .X/.

An important application of the Continuous Mapping Theorem is the so-called
Delta method which can be used to approximate the distribution of f .Xt/ (see
Appendix E).

A further useful result is given by:

Theorem C.10 (Slutzky’s Lemma). Let fXtg and fYtg be two sequences of random

vectors such that Xt
d�! X and Yt

d�! c, c constant, then

(i) Xt C Yt
d����! X C c,

(ii) Y 0
t Xt

d����! c0X.

(iii) Xt=Yt
d����! X=c if c is a nonzero scalar.

Like the (cumulative) distribution function, the characteristic function provides
an alternative way to describe a random variable.

Definition C.5 (Characteristic Function). The characteristic function of a real
random vector X, denoted by 'X, is defined by

'X.s/ D Ee{�
0X; � 2 Rn;

where { is the imaginary unit.

If, for example, X � N.	; �2/, then 'X.s/ D exp.{s	� 1
2
�2s2/. The characteris-

tic function uniquely determines the distribution of X. Thus, if two random variables
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have the same characteristic function, they have the same distribution. Moreover,
convergence in distribution is equivalent to convergence of the corresponding
characteristic functions.

Theorem C.11 (Convergence of Characteristic Functions, Lévy). Let fXtg be a
sequence of real random variables with corresponding characteristic functions 'Xt

then

Xt
d����! X if and only if lim

t!1'Xt.�/ D 'X.�/; for all � 2 Rn:

In many cases the limiting distribution is a normal distribution. In which case
one refers to the asymptotic normality.

Definition C.6 (Asymptotic Normality). A sequence of random variables fXtg
with “means” 	t and “variances” �2t > 0 is said to be asymptotically normally
distributed if

��1
t .Xt � 	t/

d����! X � N.0; 1/:

Note that the definition does not require that 	t D EXt nor that �2t D V.Xt/.
Asymptotic normality is obtained if the Xt’s are identically and independently
distributed with constant mean and variance. In this case the Central Limit Theorem
(CLT) holds.

Theorem C.12 (Central Limit Theorem). Let fXtg be a sequence of identically
and independently distributed random variables with constant mean 	 and constant
variance �2 then

p
T

XT � 	
�

d����! N.0; 1/;

where XT D T�1 PT
tD1 Xt is the arithmetic average.

It is possible to relax the assumption of identically distributed variables in various
ways so that there exists a variety of CLT’s in the literature. For our purpose it is
especially important to relax the independence assumption. A natural way to do this
is by the notion of m-dependence.

Definition C.7 (m-Dependence). A strictly stationary random process fXtg is called
m-dependent for some nonnegative integer m if and only if the two sets of random
variables fX
 ; 
 � tg and fX
 ; 
 � t C m C 1g are independent.

Note that for such processes �.j/ D 0 for j > m. This type of dependence allows
to proof the following generalized Central Limit Theorem (see Brockwell and Davis
1991).

Theorem C.13 (CLT for m-Dependent Processes). Let fXtg be a strictly stationary
mean zero m-dependent process with autocovariance function �.h/ such that Vm DPm

hD�m �.h/ ¤ 0 then
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(i) limT!1 TV.XT/ D Vm and
(ii)

p
TXT is asymptotically normal N.0;Vm/.

Often it is difficult to derive the asymptotic distribution of fXtg directly. This
situation can be handled by approximating the original process fXtg by a process
fX.m/t g which is easier to handle in terms of its asymptotic distribution and where
the precision of the approximation can be “tuned” by the parameter m.

Theorem C.14 (Basis Approximation Theorem). Let fXtg and fX.m/t g be two
random vectors process such that

(i) X.m/t
d����! X.m/ as t ! 1 for each m D 1; 2; : : :,

(ii) X.m/
d����! X as m ! 1, and

(iii) limm!1 lim supt!1 PŒjXt � X.m/t j > �� D 0 for every � > 0.

Then

Xt
d����! X as t ! 1:



DBeveridge-Nelson Decomposition

The Beveridge-Nelson decomposition proves to be an indispensable tool. Based on
the seminal paper by Phillips and Solo (1992), we proof the following Theorem
for matrix polynomials where k:k denotes the matrix norm (see Definition 10.6 in
Chapter 10). The univariate version is then a special case with the absolute value
replacing the norm.

Theorem D.1. Any a lag polynomial ‰.L/ D P1
jD0 ‰jLj where ‰j are n � n

matrices with ‰0 D In can be represented by

‰.L/ D ‰.1/� .In � L/e‰.L/ (D.1)

where e‰.L/ D P1
jD0 e‰jL with e‰j D P1

iDjC1 ‰i. Moreover,

1X

jD1
j2k‰jk2 < 1 implies

1X

jD0
ke‰jk2 < 1 and k‰.1/k < 1:

Proof. The first part of the Theorem is obtained by the algebraic manipulations
below:

‰.L/ �‰.1/ D In C‰1L C‰2L2 C : : :

� In �‰1 �‰2 � : : :

D ‰1.L � In/C‰2.L
2 � In/C‰3.L

3 � In/C : : :

D .L � In/‰1 C .L � In/‰2.L C In/

C .L � In/‰3.L2 C L C In/C : : :
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384 D BN-Decomposition

D �.In � L/..‰1 C‰2 C‰3 C : : :/
„ ƒ‚ …

e‰0

C

.‰2 C‰3 C : : :/
„ ƒ‚ …

e‰1

L C .‰3 C : : :/
„ ƒ‚ …

e‰2

L2 C : : :/

Taking any ı 2 .1=2; 1/, the second part of the Theorem follows from

1X

jD0
ke‰jk2 D

1X

jD0

��
�
�
�
�

1X

iDjC1
‰j

��
�
�
�
�

2

�
1X

jD0

0

@
1X

iDjC1
k‰jk

1

A

2

D
1X

jD0

0

@
X

iDjC1
iık‰jki�ı

1

A

2

�
1X

jD0

0

@
1X

iDjC1
i2ık‰jk2

1

A

0

@
1X

iDjC1
i�2ı

1

A

� .2ı � 1/�1
1X

jD0

0

@
1X

iDjC1
i2ık‰ik2

1

A j1�2ı

D .2ı � 1/�1
1X

iD0

0

@
i�1X

jD0
j1�2ı

1

A i2ık‰ik2

� Œ.2ı � 1/.2� 2ı/��1
1X

jD0
j2ık‰ik2j2�2ı

D Œ.2ı � 1/.2� 2ı/��1
1X

jD0
j2k‰ik2 < 1:

The first inequality follows from the triangular inequality for the norm. The second
inequality is Hölder’s inequality (see, for example, Naylor and Sell 1982, p. 548)
with p D q D 2. The third and the fourth inequality follow from the Lemma below.
The last inequality, finally, follows from the assumption.
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The last assertion follows from

k‰.1/k �
1X

jD0
k‰jk D kInk C

1X

jD1
jk‰jkj�1

� kInk C
0

@
1X

jD1
j2k‰jk2

1

A

2 0

@
1X

jD1
j�2

1

A

2

< 1:

The last inequality is again a consequence of Hölder’s inequality. The summability
assumption then guarantees the convergence of the first term in the product.
Cauchy’s condensation test finally establishes the convergence of the last term. ut

Lemma D.1. The following results are useful:

(i) For any b > 0,
P1

iDjC1 i�1�b � b�1j�b.

(ii) For any c 2 .0; 1/, Pi
jD1 jc�1 � c�1ic.

Proof. Let k be a number greater than j, then k�1�b � j�1�b and

k�1�b �
Z k

k�1
j�1�bdj D b�1.k � 1/�b � b�1k�b:

This implies that
P1

kDjC1 k�1�b � b�1j�b. This proves part (i) by changing the
summation index back from k to j. Similarly, kc�1 � jc�1 and

kc�1 �
Z k

k�1
jc�1dj D c�1kc � c�1.k � 1/c:

Therefore
Pi

kD1 kc�1 � c�1ic which proves part (ii) by changing the summation
index back from k to j. ut

Remark D.1. An alternative common assumption is
P1

jD1 jk‰jk < 1. It is,
however, easy to see that this assumption is more restrictive as it implies the one
assumed in the Theorem, but not vice versa. See Phillips and Solo (1992) for more
details.



EThe Delta Method

It is often the case that it is possible to obtain an estimate Ǒ
T of some parameter

ˇ, but that one is really interested in a function f of ˇ. The Continuous Mapping
Theorem then suggests to estimate f .ˇ/ by f . Ǒ

T/. But then the question arises how
the distribution of Ǒ

T is related to the distribution of f . Ǒ
T/.

Expanding the function into a first order Taylor approximation allows to derive
the following theorem.

Theorem E.1. Let f Ǒ
Tg be a K-dimensional sequence of random variables with the

property
p

T. Ǒ
T � ˇ/

d����! N.0;†/ then

p
T

�
f . Ǒ

T/� f .ˇ/
�

d����! N
�
0;rf .ˇ/ † rf .ˇ/0

�
;

where f W RK �! RJ is a continuously differentiable function with Jacobian matrix
(matrix of first order partial derivatives) rf .ˇ/ D @f .ˇ/=@̌ 0.

Proof. See Serfling (Serfling 1980, 122–124). ut

Remark E.1. In the one-dimensional case where
p

T. Ǒ
T �ˇ/ d����! N.0; �2/ and

f W R �! R the above theorem becomes:

p
T

�
f . Ǒ

T/ � f .ˇ/
�

d����! N
�
0; Œf 0.ˇ/�2�2

�

where f 0.ˇ/ is the first derivative evaluated at ˇ.
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Remark E.2. The J�K Jacobian matrix of first order partial derivatives is defined as

rf .ˇ/ D @f .ˇ/=@̌ 0 D

0

B
B
@

@f1.ˇ/
@ˇ1

: : :
@f1.ˇ/
@ˇK

:::
: : :

:::
@fJ .ˇ/
@ˇ1

: : :
@fJ .ˇ/
@ˇK

1

C
C
A :

Remark E.3. In most applications ˇ is not known so that one evaluates the Jacobian
matrix at Ǒ

T .

Example: Univariate

Suppose we have obtained an estimate of ˇ equal to Ǒ D 0:6 together with an
estimate for its variance O�2Ǒ D 0:2. We can then approximate the variance of f . Ǒ/ D
1= Ǒ D 1:667 by

OV.f . Ǒ// D
"

�1
Ǒ2

#2
O�2Ǒ D 1:543:

Example: Multivariate

In the process of computing the impulse response function of a VAR(1) model with

ˆ D
�
�11 �12

�21 �22

�
one has to calculate ‰2 D ˆ2. If we stack all coefficients of ˆ into

a vector ˇ D vec.ˆ/ D .�11; �21; �12; �22/
0 then we get:

f .ˇ/ D vec‰2 D vecˆ2 D

0

B
B
B
@

 
.2/
11

 
.2/
21

 
.2/
12

 
.2/
22

1

C
C
C
A

D

0

B
B
@

�211 C �12�21
�11�21 C �21�22
�11�12 C �12�22
�12�21 C �222

1

C
C
A ;

where ‰2 D
h
 
.2/
ij

i
. The Jacobian matrix then becomes:

rf .ˇ/ D

0

B
BB
B
B
B
@

@ 
.2/
11

@�11

@ 
.2/
11

@�21

@ 
.2/
11

@�12

@ 
.2/
11

@�22

@ 
.2/
21

@�11

@ 
.2/
21

@�21

@ 
.2/
21

@�12

@ 
.2/
21

@�22

@ 
.2/
12

@�11

@ 
.2/
12

@�21

@ 
.2/
12

@�12

@ 
.2/
12

@�22

@ 
.2/
22

@�11

@ 
.2/
22

@�21

@ 
.2/
22

@�12

@ 
.2/
22

@�22

1

C
CC
C
C
C
A

D

0

B
B
@

2�11 �12 �21 0

�21 �11 C �22 0 �21

�12 0 �11 C �22 �12
0 �12 �21 2�22

1

C
C
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In Section 15.4.4 we obtained the following estimate for a VAR(1) model for
fXtg D f.ln.At/; ln.St//

0g:

Xt D Oc C Ô Xt�1 C OZt D
��0:141
0:499

�
C

�
0:316 0:640

�0:202 1:117
�

Xt�1 C OZt:

The estimated covariance matrix of vec Ô , OV.vec Ô /, was:

OV. Ǒ/ D OV.vec Ô / D

0

BB
@

0:0206 0:0069 �0:0201 �0:0067
0:0069 0:0068 �0:0067 �0:0066

�0:0201 �0:0067 0:0257 0:0086

�0:0067 �0:0066 0:0086 0:0085

1

CC
A :

We can then approximate the variance of f . Ǒ/ D vec.ˆ2/ by

OV.f .vec Ô // D OV.vec Ô 2/ D rf .vecˆ/jˆD Ô OV.vec Ô / rf .vecˆ/j0
ˆD Ô :

This leads :

OV.f .vec Ô // D

0

B
B
@

0:0245 0:0121 �0:0245 �0:0119
0:0121 0:0145 �0:0122 �0:0144

�0:0245 �0:0122 0:0382 0:0181

�0:0119 �0:0144 0:0181 0:0213

1

C
C
A :
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Index

A
ACF, see also Autocorrelation

function
ADF-test, 148
AIC, see Information criterion, 101, see

Information criterion, 247
AR process, 29

autocorrelation function, 29
autocovariance function, 29
stationary solution, 29

ARIMA process, 102, 134
ARMA model

estimation, 87
identification, 87

ARMA process, see also Autoregressive
moving-average process

autocovariance function, 38
causality, 32
causality condition, 33
estimation, 95
invertibility, 37
invertibility condition, 37
maximum likelihood estimation, 95
state space representation, 330

Autocorrelation function, 14
confidence interval

MA(q) process, 76
AR(1) process, 77

estimation, 73
asymptotic distribution, 74
Bartlett’s formula, 74
confidence interval, 75

interpretation, 64
order, 14
properties, 21
random walk, 144
univariate, 14

Autocorrelation function, partial, 62
AR process, 63

estimation, 78
interpretation, 64
MA process, 52, 64

Autocovariance function, 13
ARMA process, 38
estimation, 73
linear process, 124
MA(1) process, 21
multivariate, 202
order, 13
properties, 20
random walk, 144
univariate, 13

Autoregressive conditional heteroskedasticity
models, see Volatility

Autoregressive final form, 223
Autoregressive moving-average process, 25
Autoregressive moving-average prozess

mean, 25

B
Back-shift operator, see also Lag operator
Bandwidth, 80
Bartlett’s formula, 74
Basic structural model, 332, 349

cylical component, 333
local linear trend model, 333
seasonal component, 333

Bayesian VAR, 253
Beveridge-Nelson decomposition, 138, 383
Bias proportion, 250
Bias, small sample, 92, 231

correction, 92, 231
BIC, see Information criterion, 101, see

Information criterion, 247
Borel-Cantelli lemma, 377
Box-Pierce statistic, 75
BSM, see Basic structural model
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C
Canonical correlation coefficients, 315
Cauchy-Bunyakovskii-Schwarz

inequality, 377
Causal representation, 32
Causality, see also Wiener-Granger

causality, 328
Wiener-Granger causality, 255

Central Limit Theorem
m-dependence, 381

Characteristic function, 380
Chebyschev’s inequality, 377
Chow test, 355
Cointegration, 159

Beveridge-Nelson decomposition, 304,
309

bivariate, 159
common trend representation, 310
definition, 305
fully-modified OLS, 319, 323
Granger’s representation theorem, 309
normalization, 323
order of integration, 303
shocks, permanent and transitory, 311
Smith-McMillan factorization, 306
test

Johansen test, 312
regression test, 161

triangular representation, 311
VAR model, 305

assumptions, 305
VECM, 307
vector error correction, 307
Wald test, 321

Companion form, 218
Convergence

Almost sure convergence, 378
Convergence in r-th mean, 378
Convergence in distribution, 379
Convergence in probability, 378

Correlation function, 202
estimator, 208
multivariate, 202

Covariance function
estimator, 208
properties, 203

covariance function, 202
Covariance proportion, 250
Covariance, long-run, 209
Cross-correlation, 203

distribution, asymptotic, 209
Cyclical component, 128, 333

D
Dickey-Fuller distribution, 142
Durbin-Levinson algorithm, 48, 63
Dynamic factor model, 335
Dynamic multiplier, see Shocks, transitory

E
EM algorithm, 345
Ergodicity, 10, 69
Estimation

ARMA model, 95
order, 99

Estimator
maximum likelihood estimator, 95, 96
method of moments

GARCH(1,1) model, 187
moment estimator, 88
OLS estimator, 91

process, integrated, 141
Yule-Walker estimator, 88

Example
AD-curve and Money Supply, 260
advertisement and sales, 274
ARMA processes, 34
cointegration

fully-modified OLS, 323
Johansen approach, 321

consumption expenditure and
advertisement, 212

demand and supply shocks, 287
estimation of long-run variance, 83
estimation of quarterly GDP, 346
GDP and consumer sentiment index, 213
growth model, neoclassical, 323
inflation and short-term interest rate, 162
IS-LM model with Phillips curve, 277
modeling real GDP of Switzerland, 103
present discounted value model, 296
structural breaks, 356
Swiss Market Index, 188
term structure of interest rate, 164
unit root test, 152

Expectation, adaptive, 59
Exponential smoothing, 58

F
Factor model, dynamic, see Dynamic factor

model
FEVD, see also Forecast error variance

decomposition
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Filter
gain function, 126
Gibbs phenomenon, 128
high-pass, 128
Hodrick-Prescott filter, 128
HP-filter, 128
Kuznets filter, 126
low-pass, 127
phase function, 126
TRAMO-SEATS, 131
transfer function, 125
X-11 filter, 131
X-12-Filter, 131

Filter, time invariant, 122
Filtering problem, 336
Final form, see Autoregressive final form
FMOLS estimator, 319, 323

Wald test, 321, 324
Forecast error variance decomposition, 270
Forecast evaluation

Bias proportion, 250
Covariance proportion, 250
Mean-absolute-error, 249
Out-of-sample strategy, 250
Root-mean-squared-error, 249
Uncertainty, 251
Variance proportion, 250

Forecast function, 45
AR(p) process, 48
ARMA(1,1) process, 53
forecast error, 47
infinite past, 53
linear, 45
MA(q) process, 50
variance of forecast error, 48

Forecast, direct, 253
Forecast, iterated, 244, 250, 253
Fourier frequencies, 117
Fourier transform, discrete, 118
FPE, see Information criterion, 248
Frequency domain, 109
Fully-modified ordinary least-squares, 319

G
Gain function, 126
Gauss Markov theorem, 92
Growth component, 128

H
HAC variance, see also variance,

heteroskedastic and autocorrelation
consistent

Harmonic process, 54, 115
Hodrick-Prescott filter, 128
HQC, see Information criterion, 101, see

Information criterion, 247

I
Identification

Box-Jenkins, 64
Kalman filter, 346

Identification problem, 262
Impulse response function, 32, 37
Information criterion, 101, 247

AIC, 101, 247
BIC, 101, 247
Final prediction error, 248
FPE, 248
Hannan-Quinn, 247
HQC, 101
Schwarz, 101, 247

Innovation algorithm, 48
Innovations, 56
Integrated GARCH, 181
Integrated process, 102
Integrated regressors

rules of thumb, 162
Integration, order of, 134
Intercept correction, 253
Invertibility, 37

J
Johansen test

distribution, asymptotic, 318
hypothesis tests over ˇ, 318
max test, 316
specification of deterministic part, 317
trace test, 316

K
Kalman filter, 339

application
basic structural model, 349
estimation of quarterly GDP, 346

AR(1) process, 337, 342
assumptions, 327
causal, 328
EM algorithm, 345
filtering problem, 336
forecasting step, 339
gain matrix, 340
identification, 346
initialization, 340
likelihood function, 344
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Kalman filter (cont.)
Markov property, 327
measurement errors, 342
observation equation, 326
prediction problem, 336
smoother, 341
smoothing problem, 336
stable, 328
state equation, 326
stationarity, 328
updating step, 339

Kalman smoother, 341
Kernel function, 80

bandwidth, 80
optimal, 82
rule of thumb, 82

Bartlett, 80
boxcar, 80
Daniell, 80
lag truncation parameter, 80

optimal, 82
quadratic spectral, 80
Tukey-Hanning, 80

L
Lag operator, 26

calculation rules, 26
definition, 26
polynomial, 26

Lag polynomial, 26
Lag truncation parameter, 80
Lag window, 117
Lead operator, 26
Leading indicator, 213, 259
Least-squares estimator, 91, 97
Likelihood function, 95, 344, 365

ARMA process, 95
Kalman filter, 344
regime switching model, 365

Ljung-Box statistic, 75
Loading matrix

definition, 306
Local linear trend model, 333
Long-run identification, 285

instrumental variables, 286

M
m-dependence, 381
MA process, 17, 27

autocorrelation function, 28
autocovariance function, 21, 27

MAE, 249

Markov chain, 364
ergodic distribution, 365
regular, 365

Matrix norm, 205
absolute summability, 206
quadratic summability, 206
submultiplicativity, 206

Max share identification, see also VAR
process, see also VAR process

Maximum likelihood estimator, 96, 184
ARMA(p,q) model, 95
asymptotic distribution, 98

AR process, 98
ARMA(1,1) process, 99
MA process, 99

GARCH(p,q) model, 186
Maximum likelihood method, 95
Mean, 67, 207

asymptotic distribution, 69, 71
distribution, asymptotic, 208
estimation, 67, 207
estimator, 208

Mean reverting, 133
Mean squared error matrix

estimated coefficients, 247
known coefficients, 244

Measurement errors, 337
Median–target method, 293
Memory, short, 28
Minnesota prior, 253, 361
Missing observations, 331
Mixture distributions, 365
Model, 10

N
Normal distribution, multivariate

conditional, 337
Normal equations, 46

O
Observation equation, 326
Observationally equivalent, 262
OLS estimator, 91

distribution, asymptotic, 92
Order of integration, 134
Ordinary-least-squares estimator, 91
Oscillation length, 111
Overfitting, 99

P
PACF, see also Autocorrelation function,

partial
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Partial autocorrelation function
computation, 63
estimation, 78

Particle filter, 360
Penalty function approach, 293
Period length, 111
Periodogram, 117
Perpetuity, 357
Persistence, 137
Phase function, 126
Portmanteau test, 76
PP-test, 149
Prediction problem, 336
Predictor, see also Forecast function
Present discounted value model, 296

Beveridge-Nelson decomposition, 301
cointegration, 299
spread, 297
VAR representation, 298
vector error correction model, 298

Prewhitening, 83
Process, ARIMA, 134
Process, stochastic, 7, 201

ARMA process, 25
branching process, 11
deterministic, 54
difference-stationary, 134
finite memory, 18
finite-range dependence, 18
Gaussian process, 15
harmonic process, 54
integrated, 102, 134, 303

Beveridge-Nelson decomposition,
138

forecast, long-run, 135
impulse response function, 137
OLS estimator, 141
persistence, 137
variance of forecast error, 136

linear, 204
linearly regular, 57
memory, 15
moving-average process, 17
multivariate, 201
purely non-deterministic, 57
random walk, 19
random walk with drift, 19
singular, 54
spectral representation, 116
trend-stationary, 134

forecast, long-run, 135
impulse response function, 137
variance of forecast error, 136

white noise, 15

R
Random walk, 11, 19

autocorrelation function, 144
autocovariance function, 144

Random walk with drift, 19
Real business cycle model, 336
Realization, 9
Regime switching model, 364

maximum likelihood estimation, 365
Restrictions

long-run, 282
short-run, 268
sign restrictions, 267

RMSE, 249

S
Seasonal component, 333
Set identified, 292
Shocks

fundamental, 57
permanent, 37
structural, 260
transitory, 36

Short range dependence, see also Memory,
short

Signal-to-noise ratio, 333
Singular values, 315
Smoothing, 341
Smoothing problem, 336
Smoothing, exponential, 58
Spectral average estimator, discrete, 118
Spectral decomposition, 109
Spectral density, 110, 115

ARMA process, 121
autocovariance function, 111
estimator, direct, 117
estimator, indirect, 117
Fourier coefficients, 111
spectral density, rational, 122
variance, long-run, 117

Spectral distribution function, 115
Spectral representation, 114, 116
Spectral weighting function, 119
Spectral window, 119
Spectrum estimation, 109
Spurious correlation, 158
Spurious regression, 158
State equation, 326
State space, 9
State space representation, 218, 326

ARMA processes, 330
ARMA(1,1), 329
missing observations, 331
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State space representation (cont.)
stationarity, 328
time-varying coefficients, 331, 357

Cooley-Prescott, 331
Harvey-Phillips, 331
Hildreth-Houck, 331

VAR process, 329
Stationarity, 13

multivariate, 202
strict, 14
weak, 13

Stationarity, strict
multivariate, 203

Strong Law of Large Numbers, 378
Structural breaks, 153, 252, 354

Chow test, 355
dating of breaks, 356
tests, 356

Structural change, 20
Structural time series analysis, 140
Structural time series model, 332, 349

basic structural model, 332
Summability

absolute, 206
quadratic, 206

Summability Condition, 383
Superconsistency, 142
Swiss Market Index (SMI), 188

T
Test

autocorrelation, squared residuals, 183
cointegration

regression test, 161
Dickey-Fuller regression, 146
Dickey-Fuller test, 146, 147

augmented, 148
correction, autoregressive, 148

heteroskedasticity, 183
Engle’s Lagrange-multiplier test, 184

Independence, 210
Johansen test, 312

correlation coefficients, canonical, 315
distribution, asymptotic, 318
eigenvalue problem, 314
hypotheses, 312
hypothesis tests over ˇ, 318
likelihood function, 315
max test, 316
singular values, 315
trace test, 316

Kwiatkowski-Phillips-Schmidt-Shin-test,
157

Phillips-Perron test, 146, 149
stationarity, 157
uncorrelatedness, 210
unit root test

structural breaks, 153
testing strategy, 150

unit-root test, 146
white noise

Box-Pierce statistic, 75
Ljung-Box statistic, 75
Portmanteau test, 76

Time, 8
Time domain, 109
Time series model, 10
Time-varying coefficients, 331, 357

Minnesota prior, 361
regime switching model, 364

Times series analysis, structural, 140
Trajectory, 9
Transfer function, 125
Transfer function form, 223
Transition probability matrix, 364

U
Underfitting, 99

V
Value-at-Risk, 192
VaR, see Value-at-Risk
VAR process

Bayesian VAR, 253
correlation function, 221
covariance function, 221
estimation

order of VAR, 247
Yule-Walker estimator, 238

forecast error variance decomposition, 270
forecast function, 241

mean squared error, 243, 244
form, reduced, 261, 263
form, structural, 260, 263
identification

forecast error variance share
maximization, 272, 293

long-run identification, 282, 285
short-run identification, 268
sign restrictions, 267, 289
zero restrictions, 268

identification problem, 262, 264
Cholesky decomposition, 269

impulse response function, 270
bootstrap, 273
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confidence intervals, 272
delta method, 273

state space representation, 329
Structural breaks, 252
time-varying coefficients, 357
VAR(1) process, 216

stationarity, 216
variance decomposition

confidence intervals, 272
Variance proportion, 250
Variance, heteroskedastic and autocorrelation

consistent, 72
Variance, long-run, 72, 209

estimation, 79, 83
prewhitening, 83

multivariate, 209
spectral density, 117

VARMA process, 215
causal representation, 219
condition for causal representation, 219

VECM, see also Cointegration
Vector autoregressive moving-average process,

see also VARMA process
Vector autoregressive process, see also VAR

process
Volatility

ARCH(p) model, 173
ARCH-in-mean model, 176
EGARCH model, 176
Forecasting, 182
GARCH(1,1) model, 177
GARCH(p,q) model, 174

ARMA process, 175

heavy-tail property, 175
GARCH(p,q) model, asymmetric, 176
heavy-tail property, 172
IGARCH, 181
models, 173
TARCH(p,q) model, 176
time-varying, 360
Wishart autoregressive process, 360

W
Weighting function, 80
White noise, 15

multivariate, 204
univariate, 15

Wiener-Granger causality, 255
test

F-test, 257
Haugh-Pierce test, 260

Wishart autoregressive process, 360
Wold Decomposition Theorem, 55

multivariate, 245
univariate, 55

Y
Yule-Walker equations

multivariate, 221
univariate, 88

Yule-Walker estimator, 88
AR(1) process, 89
asymptotic distribution, 89
MA process, 90
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