Appendix A
Probability and Random Processes

The theory of probability and random processes is essential in the design and performance analysis of wireless communica-
tion systems. This appendix presents a brief review of the basic concepts of probability theory and random processes, with
emphasis on the concept needed to understand this book. It is intended that most readers have already had some exposure to
probability and random processes, so that this appendix is intended to provide a brief overview. A very thorough treatment
of this subject is available in a large number of textbooks, including [201, 254].

This appendix begins in Sect. A.1 with the basic axioms of probability, conditional probability, and Bayes’ theorem. It
then goes onto means, moments, and generating functions in Sect. A.2. Afterwards, Sect. A.3 presents a variety of discrete
probability distributions and continuous probability density functions. Particular emphasis is placed on Gaussian, complex
Gaussian, multi-variate Gaussian, multivariate complex Gaussian density functions, and functions of Gaussian random
variables. After a brief treatment of upper bounds on probability in Sect. A.4, the appendix then goes onto a treatment of
random processes, including means and correlation functions in Sect. A.5.1, cross-correlation and crosscovariance for joint
random processes in Sect. A.5.2, complex random processes in Sect. A.5.3, power spectral density in Sect. A.5.4, and filtering
of random processes in Sect. A.5.5. The important class of cyclostationary random processes is considered in Sect. A.5.6 and
the appendix wraps up with a brief treatment of discrete-time random processes in Sect. A.5.7.

A.1 Conditional Probability and Bayes’ Theorem

Let A and B be two events in a sample space S. The conditional probability of A given B is

P[A () B]

PUAIB = =5

(A1)

provided that P[B] # 0. If P[B] = 0, then P[A|B] is undefined.
There are several special cases.

* IfA() B = 0, then events A and B are mutually exclusive, i.e., if B occurs then A could not have occurred and P[A|B] = 0.
e If B C A, then knowledge that event B has occurred implies that event A has occurred and so P[A|B] = 1.
» If A and B are statistically independent, then P[A (| B] = P[A]P[B] and so P[A|B] = P[A].

There is a strong connection between mutually exclusive and independent events. It may seem that mutually exclusive
events are independent, but just the exact opposite is true. Consider two events A and B with P[A] > 0 and P[B] > 0. If A
and B are mutually exclusive, then A(|B = 0 and P[A () B] = 0 # P[A]P[B]. Therefore, mutually exclusive events with
non-zero probability cannot be independent. Thus, the disjointness of events is a property of the events themselves, while
independence is a property of their probabilities.
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In general, the events A;,i = 1,. .., n, are independent if and only if for all collections of k distinct integers (i1, iz, . . . , ix)
chosen from the set (1,2,...,n),

PAi (NAu )+ Ai] = PlAIPlAL] - Play)

for2 <k<n.

In summary
e IfA;,i =1,...,nis asequence of mutually exclusive events, then
P [U} = ZP[Ai]. (A.2)
i=1 i=1
e IfA;,,i=1,...,nis asequence of independent events, then

P {ﬂ} = [[PlAl. (A.3)

i=1 i=1

A.1.1 Total Probability

The collection of sets {B;}, i = 1,...,n forms a partition of the sample space S if B;(\B; = @, i # jand | J;_, B; = S. For
any eventA C S

A= U(A ﬂ B)). (A.4)
i=1

That is, every element of A is contained in one and only one B;. Since (A (\B;) (\(A(\B;) = @, i # j, the sets A() B; are
mutually exclusive. Therefore,

P[A] = > PlA[)B]
i=1

= D _PlAIBIPB]. (A.5)

i=1

This last equation is often referred to as the theorem of total probability.

A.1.2 Bayes’ Theorem

Let the events B;, i = 1,...,n be mutually exclusive such that | J;_, B; = S, where S is the sample space. Let A be an event
with non-zero probability. Then as a result of conditional probability and total probability:

P[B; [ A]

P[A]
_ P[A[B;]P[B]
X PAIBIPB]

P[Bi|A] =

a result known as Bayes’ theorem.
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A.2 Means, Moments, and Moment Generating Functions

The kth moment of a random variable, E[X], is defined as

Zx,-eRX xfpx (x;) if X is discrete
E[x}] 2 ’ a6
/ Ry *¥px(x)dx  if X is continuous

where px(x;) 2 P[X = x;] is the probability distribution function of X, and px(x) is the probability density function (pdf)
of X. The kth central moment of the random variable X is E[(X — E[X])¥]. The mean is the first moment

ux = E[X] (A7)
and the variance is the second central moment
oy = E[(X — ux)’] = E[X°] - u3. (A.8)
The moment generating function or characteristic function of a random variable X is

Y ek @ px(x;) if X is discrete
Yx(jv) = B[] = , (A9)
Jry & Px(x)dx if X is continuous

where j = +/—1. Note that the continuous version is a Fourier transform, except for the sign in the exponent. Likewise, the
discrete version is a z-transform, except for the sign in the exponent.

The probability distribution and probability density functions of discrete and continuous random variables, respectively,
can be obtained by taking the inverse transforms of the characteristic functions, i.e.,

1 © )
px(x) = —— / Vx(jv)e " dv (A.10)
27 J oo
and
1 D i
px(x) = —55 Yx(jv)e™ " dv. (A.11)
27'[ C
The cumulative distribution function (cdf) of a random variable X is defined as
Y o< Px(xi) if X is discrete
Fx(x) 2PX <] = . (A.12)
[2 oo Px(¥)dx if X is continuous

and 0 < Fx(x) < 1. The complementary distribution function (cdfc) is defined as

Fo(x) 21— Fy(x). (A.13)
The probability density function of a continuous random variable X is related to the cdf by

dFx(x)

px(x) = ot (A.14)
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A.2.1 Bivariate Random Variables

Consider a pair of random variables X and Y. The joint cdf of X and Y is
Fxy(x,y) =P[X <x, ¥ <y], 0= Fxy(x,y) <1,
and the joint (cdfc) of X and Y is
Fyy(x,y) =PX >x,Y >yl =1 —Fyy(x,y), 0=<Fyy(x,y) <1

The joint pdf of X and Y is

0%Fyy(x, * Y
pxy(x.y) = T Fnrs,y) ; Fyy(x) = / / pxy (x, y)dxdy.
dxdy —00 J—00
The marginal pdfs of X and Y are
o0 o
p= [ potts o= [ oy
—00 —00

If X and Y are independent random variables, then the joint pdf has the product form

Pxy(x,y) = px(¥)py(x).

The conditional pdfs of X and Y are

Pxy(x,y)

Pxy(x,)
pr(y) .

PY|X(Y|X) = Py ()

px|y(xly) =

The joint moments of X and Y are
EY] = [ po )y
—00
The covariance of X and Y is

Axy = E[(X — ux) (Y — puy)]
= E[XY — Xpuy — Yux + pxpey]

= E[XY] — uxpy
The correlation coefficient of X and Y is
Axy
Pxy =
OxOy

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A21)

(A22)

(A.23)

Two random variables X and Y are uncorrelated if and only if Ay y = 0. Two random variables X and Y are orthogonal if

and only if E[XY] = 0.
The joint characteristic function is

o0 o0
¢Xy(l)1 , Uz) = E[er1X+jv2Y] = / [ pxy(x, y)ejleJrjUzyd)Cdy.
—00 J —00

(A.24)
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If X and Y are independent, then
Dxy(v1,v2) = E[eiU1X+jv2Y]
o0 . oo )
N / Px(x)e’”'xdx/ py(y)e&"dy
—o0 .
B (A.25)

Moments can be generated according to

_32®XY(U1, v2)

E[XY] =
[ ] 81)181)2

lvy=vy=0 - (A.26)

with higher order moments generated in a straightforward extension.

A.3 Some Useful Probability Distributions

A.3.1 Discrete Distributions

A3.1.1 Binomial Distribution

Let X be a Bernoulli random variable such that X = 0 with probability 1 — p and X = 1 with probability p. Although X is a

discrete random random variable with an associated probability distribution function, it is possible to treat X as a continuous
random variable with a pdf by using dirac delta functions. In this case, the pdf of X has the form

px(x) = (1 =p)8(x) + pd(x —1). (A.27)
Let Y = > ", X;, where the X; are independent and identically distributed with density px(x). Then the random variable Y
is an integer from the set {0, 1, ..., n} and the probability distribution of Y is the binomial distribution
pﬂmsmyzﬂz(gﬁa—m"hkzaL””m (A.28)
The random variable Y also has the pdf
n n B
pro) =) (k)pk(l —p)" 8y — k). (A29)
k=0
A.3.1.2 Poisson Distribution
The random variable X has a Poisson distribution if
/\k —A
) =2 k=01,..., 00 (A.30)

A3.1.3 Geometric Distribution
The random variable X has a geometric distribution if

px()=1—=p)*p, k=1,2,..., 00. (A31)
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A.3.2 Continuous Distributions

Many communication systems are affected by Gaussian random processes. Therefore, Gaussian random variables and various
functions of Gaussian random variables play a central role in the characterization and analysis of communication systems.

A.3.2.1 Gaussian Distribution

A real-valued Gaussian or normal random variable X has the pdf

N2
M} , (A32)

1
px('x) - \/Eo’ eXp { - 20-2

where ;1 = E[X] is the mean of X and 02 = E[(X — u)?] is the variance of X. Sometimes the shorthand notation X ~
A (u,0?) is used meaning that X is a Gaussian random variable with mean p and variance 2. The random variable X is
said to have a standard normal distribution if X ~ .47(0, 1).

The cumulative distribution function (cdf) of a Gaussian random variable X is

X 1 _ 2
Fyx(x) = /_ maexp%—(yzalj) }dy. (A.33)

The cdf of a standard normal distribution defines the Gaussian Q function

o0
1
o) 2 / \/Z_e_yz/zdy (A.34)
X T
and the cdfc defines the Gaussian ® function
A
d(x) =1-0(x). (A.35)

If X is a non-standard normal random variable, X ~ .4 (u, %), then

Fy(x) = @ (x;“) (A.36)

F() = 0 (x - ”) . (A37)

(o2

Sometimes the cumulative distribution function of a Gaussian random variable is described in terms of the complementary
error function erfc(x), defined as

erfe(r) 2 2 e (A.38)
X) = — Y dy. .
NEP

The complementary error function and the Gaussian Q function are related as follows:

erfe(x) = 20(V/2x) (A.39)
1 X
o) = Eerfc (E) . (A.40)

These identities can be established by using the Gaussian Q function in (A.34). The error function of a Gaussian random
variable is defined as

erf(x) 2 % fo e dy. (A.41)
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Note that erfc(x) + erf(x) # 1. Also,

1 1 X
okx)=-— —erf(—) , x> 0. (A.42)

A.3.2.2 Multivariate Gaussian Distribution

Let X; ~ A (ui,07),i =1,...,n, be a collection of n real-valued Gaussian random variables having means u; = E[X;] and
covariances

A, = E[(X = ) (X; = )]
=E[XX;] — pipj, 1<ij<n
Let
X = (Xl,Xz,...,Xn)T
X = (xl,xz, - ,X,,)T

”’X = (Mlv H/27 o 7MII)T

A’XIXI e AXIX,,
A= 2

)LX,,XI e A'ann

where X7 is the transpose of X. The random vector X has the multivariate Gaussian distribution

1
expl—=(x— py) AT (x — py)p (A.43)

& :
X) = —————
px 2r)"2|A|1/2 )

where |A | is the determinant of A.

A.3.2.3 Multivariate Complex Gaussian Distribution
Complex Gaussian distributions often arise in the treatment of fading channels and narrow-band Gaussian noise. Let

X =(X.Xo.....X)
Y= (Y, Y, ...,V

be length-n vectors of real-valued Gaussian random variables, such that X; ~ 4 (uy,, a}%i), and Y; ~ A (uy,, 0)2,[),1' =
1,...,n. The complex random vector Z = X + jY has a complex Gaussian distribution that can be described with the
following three parameters:

mz =E[Z] = py +jpy

1
I = JE(Z— ) (Z— )]

1
EE[(Z — ) (Z— ILZ)T]’

C

where X" and X" are the transpose and complex conjugate transpose of X, respectively. The covariance matrix I' must be
Hermitian (I' = I'”) and the relation matrix C should be symmetric (C = C”). Matrices I' and C can be related to the
covariance matrices of X and Y as follows:
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Axx = E[(X — py)(X — py)"] = Re{l + C} (A44)
Axy = E[(X— puy)(Y — py)'] = Im{-T + C} (A.45)
Ayx =E[(Y — py)(X — py)'] = Im{I" + C} (A.46)
Avy = E[(Y — 1,)(Y — ,)'] = Re{T — C} (A47)

and, conversely,
1 )
r = E(AXX + Ayy +j(Ayx — AXY))

1
€ = 3 (Axx = Avy +j(Avx + Axy)). (A48)

The complex random vector Z has the complex multivariate Gaussian distribution

1 T @-
_Z ((Z - I"Z)H’ (Z - M’Z)T) (CI‘H FC*) (((Z ILZ) )

N . , (A.49)
" —pz)

exp

1
pue) = (27)" /det(T )det(P)

where
P=T*-C'r'cC. (A.50)

For a circular-symmetric complex Gaussian distribution C = 0, and the complex multivariate Gaussian distribution simplifies
considerably as

pa(z) = PR T uz)} : (AS1)

1
(27)yrdet(T) P { )

The circular-symmetric scalar complex Gaussian random variable Z = X + jY has the density

|z — pz|?
exp {—T; , (A.52)

Pz (Z) = 2”0%

where 1z = E[Z] and 02 = %E[|z — j1z|?]. Sometimes this is denoted with the shorthand notation Z; ~ ¢4 (uz, 02). The
standard complex Gaussian distribution Z; ~ .47 (0, 1) has the density

1 2
pz(2) = E@m{—%} . (A.53)

A.3.2.4 Rayleigh Distribution

Let X ~ 4(0,0%) and Y ~ .4(0,0?) be independent real-valued normal random variables. The random variable R =
~/X% + Y2 is said to be Rayleigh distributed. To find the pdf and cdf of R first define the auxiliary variable

V = Tan"'(Y/X).
Then

X =RcosV
Y =RsinV.
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By using a bivariate transformation of random variables

where

J(r,v)

Since

it follows that

prv(r,v) = pxy(rcosv,rsinv) [J(r,v)|

ox Ox
ar v :
cos v rsinv .
=|. = r(cos’> v +sin’v) = r
dy dy SINvV rcosv
I

The marginal pdf of R has the Rayleigh distribution

The cdf of R is

The marginal pdf of V is

( ) 1 x2 +y2
y) = exp ! —
DPxy X,y 27_[0_2 p 202
()= " expl - (A.54)
rv) = ——exp{——— . .
PRV, 2702 P 202
2
Pr(r) =/ prv(r,v)dv
0
r }"2
= ﬁexp 352 ( r>0. (A.55)
2
Fr(r) = l—exp{——Z} , r=>0. (A.56)
20
o0
pv(v) =/ prv(r,v)dr
0
1
=—, n<v=m (A.57)
2

which is a uniform distribution on the interval [—m, 7).

A.3.2.5 Rice Distribution

Let X ~ A (1,0%) and Y ~ A (2, 02) be independent normal random variables with non-zero means. The random
variable R = +/X? + Y2 has a Rice distribution or is said to be Ricean distributed. To find the pdf and cdf of R again define
the auxiliary variable V = Tan™!(Y/X). Then by using a bivariate transformation J(r, v) = r and

However,

pxy(x,y) =

prv(r,v) = r-pxy(rcosv, rsinv). (A.58)
LA =)’ + )’
2o P 202

p{_xz + 3 4 i 4 13— 20 +yuz)}
202 ’
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Hence,

12 4+ pud + pu3 —2r(iy cosv + wo sinv)

,
2ro? 202

Now define s 2 VM3 + p3and ¢ 2 Tan™'j5/ 1, — <t < 7, so that ;1; = scost and y, = ssinz. Then

r.v) r 1> 4+ 57 — 2rs(costcos v + sintsin v)
r,v) = exp i —
PRy 202 P 202
r r? + 5% —2rscos(v — 1)
= expq — .

g2 P 202

The marginal pdf of R is
},_2 2 1 2
Pr(r) = Lexp A / exp {E cos(v — t)} dv. (A.59)
o2 202 | 27 [ 02

The zero order modified Bessel function of the first kind is defined as

A 1 2
I(x) = — / e* 3940, (A.60)
2w 0
This gives the Rice distribution
r rr 452 rs
Pr(r) = ;ew{— = }10 (0—2) , r>0. (A.61)

The cdf of R is

mm=A}WMr

where Q(a, b) is called the Marcum Q-function.

A.3.2.6 Central Chi-Square Distribution
Let X ~ .#(0,0%) and Y = X2. Then it can be shown that

pr(y) = Px(/Y) + px(—=/y)

The characteristic function of Y is

wmm=/ oy (y)dy

—0o0

N (A.62)

V1= j2v0?2
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Now define the random variable Y = Z?:L Xl2 where the X; are independent and X; ~ .4(0, 02). Then

1

. A.63
(1 —j2va?)n/? (4.63)

Yy (v) =
Taking the inverse transform gives

1 b .
mngfmwwwwm

1

— n/2—1 {_L} > (.
(202)"2T(n/2)° TPV 202 V=

where I'(k) is the Gamma function and
o0
k) = / Wledu = (k — 1))
0

if k is a positive integer. If n is even (which is usually the case in practice) and m = n/2, then the pdf of Y defines the central
chi-square distribution with 2m degrees of freedom

pr(y) = mym_1€>§p {—%‘2} , y>0. (A.64)
The cdf of Y is
Y =1y
Fy(y) = 1 —exp {—ﬁ} ; o (ﬁ) , y=0. (A.65)

The exponential distribution is a special case of the central chi-square distribution with m = 1 (2 degrees of freedom). In
this case

1 y
pr(y) = 552 XP {_F} , ¥y=>0

Fy(y) = 1 —exp {—2%2} . y=>0. (A.66)

A.3.2.7 Non-central Chi-Square Distribution
LetX ~ A4 (u,0%) and Y = X2. Then

_ px(/Y) + px(—=/y)

pr(y) 20
1 2
= \/mge)(p{_%} cosh(\{iu), y > 0.

The characteristic function of Y is

www:[ py (3)dy
1

jop? }

exp .
V1 —j2vo? % 1 —j2vo?
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Now define the random variable Y = Z;':l Xiz, where the X; are independent normal random variables and X; ~ A" (u;, o?).
Then

. n 2
Yy (jv) = JUD iy } .

(1 —j2va?)n/2 cxp % 1 —j2vo?

Taking the inverse transform gives

1L oy\'F (s> +) s
P = 52 (2) oo =S5 e () 020
where
S=)
i=1
and I (x) is the modified Bessel function of the first kind and order k, defined by

|
L(x) 2 o / e*s? cos(k0)d6.
0

If n is even (which is usually the case in practice) and m = n/2, then the pdf of Y defines the non-central chi-square
distribution with 2m degrees of freedom

1 /y\*F (s> +y) s
pr0) =25 (;) eXP{— 5o ( Immt (\/};) , ¥y20 (A.67)
and the cdf of Y is
Fy(y) =1-0, (5, ﬂ) . y>0, (A.68)
o O

where Q,,(a, b) is called the generalized Q-function.

A.4 Upper Bounds on the cdfc

Several different approaches can be used to upper bound the tail area under a probability density function including the
Chebyshev and Chernoff bounds.

A.4.1 Chebyshev Bound

The Chebyshev bound is derived as follows. Let X be a random variable with mean px, variance o, and pdf px(x). Then the
variance of X is

ﬁ=[chmﬁmm

Y
> /I;uxlzb‘(x x) px(x)dx

zyf px(@)dx
Jx—px|=68

= §*P[IX — px| = 4.
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Hence,
o2
PIX — ux| > 8] < 5—;‘ (A.69)

The Chebyshev bound is straightforward to apply but it tends to be quite loose.

A.4.2 Chernoff Bound

The Chernoff bound is more difficult to compute but is much tighter than the Chebyshev bound. To derive the Chernoff
bound the following inequality is used

u(x) < e, VxandV A >0,

where u(x) is the unit step function. Then,
o0
Pz 0= [ prtodr
0

- / u()px (D)

[e )
< [ pom
—00
= E[e*].
The Chernoff bound parameter, A, A > 0, can be optimized to give the tightest upper bound. This can be accomplished by

setting the derivative to zero

d Ax] d Ax | Axy
aE[e ]_E[dke }—E[xe ]=0.

Let A* = arg min; >0 E[e**] be the solution to the above equation. Then

P[X > 0] < E[¢*™]. (A.70)

Example A.1: LetX;, i = 1,...,n be independent and identically distributed random variables with density

px(x) = pdx—1) + (1 =p)8(x + 1).

Let
n
Y = ZX,-.
i=1

Consider the quantity P[Y > 0]. To compute this probability exactly,
P[Y > 0] = P[[n/2] or more of the X; are ones |
n 7 5
= > (k)pk(l -p)
k=[n/2]

(continued)
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(continued)
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A.5 Random Processes

A random process, or stochastic process, X(7), is an ensemble of sample functions {X;(¢),X»(?),...,X:(¢)} together with
a probability rule which assigns a probability to any meaningful event associated with the observation of these sample
functions. Consider the set of sample functions shown in Fig. A.1. The sample function x; corresponds to the sample point
s1 in the sample space and occurs with probability P[s;]. The number of sample functions, &, in the ensemble may be finite
or infinite. The function X;(7) is deterministic once the index i is known. Sample functions may be defined at discrete or

X,(0)
t
sample
space S
X,(1)
t
X, (1)
o~ t

Fig. A.1 Ensemble of sample functions for a random process
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continuous instants in time, which define discrete- or continuous-time random processes, respectively. Furthermore, their
values (or parameters) at these time instants may be either discrete or continuous valued as well, which defines a discrete-
or continuous-parameter random process, respectively. Hence, random processes may be discrete-time discrete-parameter,
discrete-time continuous-parameter, continuous-time discrete-parameter, or continuous-time continuous-parameter.
Suppose that all sample functions of a random process are observed at some time instant #;. Their values form the set
of numbers {X;(r;)},i = 1,2,...,£&. Since X;(t;) occurs with probability P[s;], the collection of numbers {X;(¢,)},i =

1,2,...,&, forms a random variable, denoted by X(¢;). By observing the set of waveforms at another time instant #, a
different random variable X(1,) is obtained. The collection of n such random variables, X (1), X(1;), ..., X(t,), has the joint
cdf

Fx(,l),“” X(,n)(xl, e, xn) = P[X(tl) < Xly... ,X([n) < xn].

A more compact notation can be obtained by defining the vectors

X é (.XL,X2, e ,Xn)T
X(1) 2 (X(1), X(12), . ... X(1,))".

Then the joint cdf and joint pdf of the random vector X(¢) are, respectively,

Fx@(x) = P(X(?) < x) (A.73)
_0"Fxp(x)
PX(@) (x) = m (A.74)

A random process is strictly stationary if and only if the joint density function px; (x) is invariant under shifts of the time
origin. In this case, the equality

Px) (X) = px+o)(X) (A.75)

holds for all sets of time instants {¢, 5, . .., #,} and all time shifts 7. Some important random processes that are encountered
in practice are strictly stationary, while many are not.

A.5.1 Moments and Correlation Functions

To describe the moments and correlation functions of a random process, it is useful to define the following two operators:

E[ -] = ensemble average

()

time average.

The ensemble average of a random process at time ¢ is

oo

() = B = [ apo 0 (A76)

Note that the ensemble average is generally a function of time. However, if the ensemble average changes with time, then
the process is not strictly stationary. The time average of a random process is

T
(X)) = Tin;o%/;TX(t)dt. (A.77)

In general, the time average (X(f)) is also a random variable, because it depends on the particular sample function that is
selected for time averaging.
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The autocorrelation of a random process X () is defined as
¢xx(11, 1) = E[X(1)X(12)] - (A.78)

The autocovariance of a random process X(¢) is defined as

Axx(ti, ) = E[(X(t) — px(t1)) (X(22) — px(2))]
= ¢xx(t1. 12) — pux(t) ux(t2). (A.79)

A random process that is strictly stationary must have
EX"(t)] = E[X"] Vt,n.
Hence, strictly stationary random process must have

px() = p
ox(1) = oy

dxx(t1, 1) = dxx(t2 — 1) = ¢xx(7)

Axx(t, ) = Axx(tr — 1) = Axx(7),

where t =1, — 1.
If a random process satisfies the following two conditions
px(t) = px

Oxx(t1. 1) = dxx(t), T=H—11,

then it is said to be wide-sense stationary. Note that if a random process is strictly stationary, then it is wide-sense stationary;
however, the converse may not be true. A notable exception is the Gaussian random process which is strictly stationary if and
only if it is wide-sense stationary. The reason is that a joint Gaussian density of the vector X(¢) = (X(#1),X(t2), ..., X(t,))
is completely described by the means and covariances of the X(t;).

A.5.1.1 Properties of ¢xx(7)

The autocorrelation function, ¢xx(7), of a stationary random process satisfies the following properties.

e ¢xx(0) = E[X?(¢)]. This is the total power in the random process.

¢ ¢xx(t) = ¢xx(—7). The autocorrelation function must be an even function.

e |dxx(t)| < ¢xx(0). This is a variant of the Cauchy-Schwartz inequality.

* ¢xx(c0) = E2[X(#)] = u2. This holds if X(#) contains no periodic components and is equal to the d.c. power.

Example A.2: This example shows that |¢pxx(7)| < ¢xx(0). This inequality can be established through the following
steps.

0 < BIX(1) + (X(1 + 1))’]
= E[X?(1) + X2(t + 1) £ 2X(1)X(t + 7)]
= E[X?(1)] + E[X*(r + ©)] £ 2E[X())X (¢ + 7)]
= 2E[X?*(1)] £ 2E[X()X(t + 7)]
= 2¢xx(0) + 2¢xx (7).

(continued)
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A.5.1.2 Ergodic Random Processes

A random process is ergodic if for all g(X) and X

oo

E[g(X)] = / ¢ (X)pxo (X)dx

T
= Jim o /_ el
= (g[X()]). (A.80)

For a random process to be ergodic, it must be strictly stationary. However, not all strictly stationary random processes are
ergodic. A random process is ergodic in the mean if (X(¢)) = ux and ergodic in the autocorrelation if (X(1)X(z + 7)) =

bxx (7).

(continued)
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Example A.4 (continued)
3. To determine whether or not Y (¢) is strictly stationary, note that

E[Y(¢)] = E[X]cost =0
E[Y%(1)] = E[X?] cos’1.

A Probability and Random Processes

Since the second moment and, hence, the pdf of this random process varies with time, the random process is not

strictly stationary.

A.5.2 Cross-correlation and Crosscovariance

Consider two random processes X () and Y (¢). The cross-correlation of X () and Y (¢) is

¢xr(t1, ) = E[X(1) Y (2)]
dyx(t1, ) = E[Y(1)X(12)].

The correlation matrix of X(¢) and Y (¢) is

_ | dxx(t1, 12) dxy(t1.12)
B.n) = |:¢YX(tl»t2) ¢YY(t1,t2)i| '

The crosscovariance of X(¢) and Y () is

Axy(t1, 12) = E[(X(t1) — px(11)) (X(12) — px(£2))]
= ¢xy(t1, 1) — px(f) ux(r2).

The covariance matrix of X(¢) and Y(7) is

Axx(t1, 1) Axy(ti, t2)
A = .
(0. 12) I:)Lyx(ll,lz) Ayy (11, 1)

If X(¢) and Y (¢) are each wide-sense stationary and jointly wide-sense stationary, then

®(t1,1) = ®(t, —11) = P(7)
At 1) = A, — 1)) = A(7),

where t = 1, — 4.

A.5.2.1 Properties of ¢xy(7)

(A81)
(A.82)

(A.83)

(A.84)

(A.85)

(A.86)
(A.87)

Consider two random processes X(¢) and Y (¢) are each wide-sense stationary and jointly wide-sense stationary. The cross-

correlation function ¢xy(7) has the following properties.

* dxr(7) = dwx(—7)
* pxr(0)] < 5[¢xx(0) + Pyy (0)]
o |oxy(7)]? < ¢xx(0)dyy(0) if X(¢) and Y(f) have zero mean.
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A.5.2.2 Classifications of Random Processes

Two random processes X(f) and Y (¢) are said to be

¢ uncorrelated if and only if Axy(7) = 0.
 orthogonal if and only if ¢xy(7) = 0.
* statistically independent if and only if

PX0Y(+1) (X, ¥) = px) )Py +0)(Y)-

Furthermore, if ux = 0 or uy = 0, then the random processes are also orthogonal if they are uncorrelated. Statistically
independent random processes are always uncorrelated, however, not all uncorrelated random processes are statistically
independent. In the special case of Gaussian random processes, if the processes are uncorrelated, then they are also
statistically independent.

(continued)
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Example A.6 (continued)

The answer is no, because the following two conditions are violated:

L |¢xy(0)| < 5[#xx(0) + by (0)]
2. |oxy(D)]? < dxx(0)¢yy(0) if X(z) and Y(¢) have zero mean.

A.5.3 Complex-Valued Random Processes

A complex-valued random process is given by
Z(t) = X(®) + jY(@)

where X(¢) and Y(¢) are real-valued random processes.

A.5.3.1 Autocorrelation Function

The autocorrelation function of a complex-valued random process is

bzz(t1, 1) = %E[Z* (t)Z(t2)]

%E [(X(11) =jY (1)) (X(22) + )Y (12))]
= %((bXX(tl 1) + dyy (1. 1) + j(Pxy (t1. 1) — dyx (11, 12))), (A.88)

The factor of 1/2 in included for convenience, when Z(¢) is a complex-valued Gaussian random process. If Z(r) is wide-sense
stationary, then

¢zz(t1, 1) = Pzz(tr — 1) = Pzz(x) , T=1 1.

A.5.3.2 Cross-correlation Function
Consider two complex-valued random processes

Z@) = X(@®) +jY (@)
W) = U(t) +jV(1).

The cross-correlation function of Z(¢) and W () is
1 *
Gzw(t1, 1) = EE[Z (1) W(1)]

1 .
= E(‘PXU(th ) + ¢yv (i1, 1) + j(Pxv(ti. 1) — ¢YU(tl»t2)))- (A.89)
If X(¢), Y(¢), U(z) and V(¢) are pairwise wide-sense stationary random processes, then

dzw(t1, 1) = Pzw(ts — 1) = Pzw (7). (A.90)
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The cross-correlation of a complex wide-sense stationary random process satisfies the following property

1
O3w(0) = SEZOW* (1 + 7]

%E[Z(i —)W*(@)]

SEW* ()26~ v)]
= ¢wz(—1), (A91)

where the second line uses the change of variable 7 = 7 + 7. For a complex-valued random process Z(?), it also follows that

¢5,(v) = dpzz(—7). (A.92)

A.5.4 Power Spectral Density

The power spectral density (psd) of a wide-sense stationary random process X(f) is the Fourier transform of the
autocorrelation function, i.e.,

Sxx(f) = = / b pxx(r)e 7 dr (A.93)

(1) = / Sx (Y. (A.94)

If X(¢) is a real-valued wide-sense stationary random process, then its autocorrelation function ¢yx(t) is real and even.
Therefore, Sxx(—f) = Sxx(f) meaning that the power spectrum Sxx(f) is also real and even. If Z(r) is a complex-valued
wide-sense stationary random process, then ¢zz(t) = ¢5,(—1), and S5,(f) = Szz(f) meaning that the power spectrum
Szz(f) is real but not necessarily even.

The power, P, in a wide-sense stationary random process X (%) is

P = E[X*(1)]
= ¢XX(0)

= /_: Sxx (f)df

a result known as Parseval’s theorem.
The cross power spectral density between two random processes X(¢) and Y () is

o0
Sxy(f) = / dxy()e 7T dr. (A.95)
—00
If X(7) and Y (¢) are both real-valued random processes, then

dxy(7) = ¢yx(—7)

and

Sxy () = Syx(=f).

If X(¢) and Y (¢) are complex-valued random processes, then

¢;Y(T) = ¢yx(—71)
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Fig. A.2 Random process X (t) Y(t)

through a linear system
— W) H(f) p——>

Hy Hy
Py (7) Py (7)
Sy () Sy (f)

and

Sxy(f) = Syx(f)-

A.5.5 Random Processes Filtered by Linear Systems

Consider the linear system with impulse response A(f), shown in Fig. A.2. Suppose that the input to the linear system is a
real-valued wide-sense stationary random process X (¢), with mean py and autocorrelation ¢xx (7). The input and output are
related by the convolution integral

Y@ = [00 h()X(t — 1)dr.
Hence,

Y(f) = H(NHX().

The output mean is

ty = / h(OEX( - 1)ldr = px / h(r)dr = uxH(O).

which is equal to the input mean multiplied by the d.c. gain of the filter.
The output autocorrelation function is

dyr(zr) = E[Y(O)Y(t + 7)]

—E [ f ” h(B)X(t — B)dB /_ ~ h()X(t+ 1 — oz)da:|

- h [ " B dex(r — o + B)dBde

= / h(oz)/_ h(B)pxx(t + B — a)dBda

( / : HB)dx(x + ﬂ)dﬁ) i h()

h(—7) * ¢pxx(7) * h(7).

Taking the Fourier transform of both sides, the power density spectrum of the output process Y (¢) is

Syr(f) = HE)H* (f)Sxx (f)
= [H(f)* Sxx (f)-
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Example A.7: Consider the linear system shown in Fig. A.2. In this example we will find the cross-correlation
between the input process X(#) and the output Y (¢). The cross-correlation ¢xy(7) is given by

¢xy(r) = EX(O)Y(t + 7)]

=E |:X(t) /00 h()X(t+ T — a)doti|

- / - h@)EX(0)X(t + T — a)]da

— [ h@pu(z — e
= h(7) * ¢xx (7).

Also,

Sxy (f) = H(f)Sxx(f).

Example A.8: Suppose that a real-valued Gaussian random process X(f) with mean puy and covariance function
Axx(7) is passed through the linear filter shown in Fig. A.2. In this example, the joint density of the random variables
X; = X(#;) and X, = Y (&) is of interest. If a Gaussian random process is passed through a linear filter, then the output
process will also be a Gaussian random process. This is due to the fact that a sum of Gaussian random variables will
yield another Gaussian random variable. Hence, X; and X, have a joint Gaussian density function as defined in (A.43)
that is completely described in terms of their means and covariances.

Step 1: Obtain the mean and covariance matrix of X; and Xj.

The crosscovariance of X; and X is

Axix, (1) = E[(X(#) — px) (Y (£ + 7) — pay)]
=EX®OY(t+ )] — pypx.

Now py = H(0)ux. Also, from the previous example

EX(1)Y (1 + 7)]

[ h(a)pxx (t — a)do

—00

| n@linte - o) + il

_ / ” M)Az — @)da + HO)22.
Therefore,
A () = / B (e — )de = h(r) * Az (@)-

—00

Also

Axox; (T) = Axx, (—7) = Axyx, (7)
Axix, (T) = Axx(7)

(continued)
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A.5.6 Cyclostationary Random Processes

Consider the random process

oo

X0 = > ay(t—nT),

n=—00

where {a,} is a sequence of complex random variables with mean ft, and autocorrelation ¢, (1) = LE[a] ary,], and ¥ () is

a real-valued pulse having finite energy. Note that the mean of X(¢)
o0
ux() = pa Y Yt —nT)
n=—00

is periodic in ¢ with period 7. The autocorrelation function of X(z) is

oxx(t,t+ 1) = %E[X*(t)X(t +1)]

= 1E|: Y ay@—nT) Y any(t+1—ml)

2
n=-—00 m=—00

| I

oo oo

= > > ualm—my(t—nT)Y(t+7—mT).

n=—00 m=—0Q0

It is relatively straightforward to show that

Oxx(t + kT, t + 1 + kT) = ¢dxx(t,t + 7).
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Therefore, the autocorrelation function ¢xx(z, t + 7) is periodic in ¢ with period T. Such a process with a periodic mean and
autocorrelation function is said to be cyclostationary or periodic wide-sense stationary.

The power spectrum of a cyclostationary random process X(f) can be computed by first determining the time-average
autocorrelation

prc(0) = (pux. 1+ 0) = 7 /T Grx(to1 + T)dr

and then taking the Fourier transform in (A.93).

A.5.7 Discrete-Time Random Processes

Let X,, = X(n), where n is an integer time variable, be a complex-valued discrete-time random process. Then the mth moment
of X, is

o0
EX)] = / X0, px (%) . (A.96)
—0o0
The autocorrelation function of X, is
1 1 o0 o0
¢xx(n,k) = —E[X:Xk] = —[ / x:xkpxn.xk(xn,xk)dxndxk (A97)
2 2 )00 J-0o
and the autocovariance function is
1
Aox(n.K) = (n.k) = SEIXTIEX,). (A.98)

If X, is a wide-sense stationary discrete-time random process, then
dxx(n, k) = ¢xx(k —n) (A.99)

1
Axx(n, k) = Axx(k —n) = ¢xx(k —n) — §|MX|2. (A.100)
From Parseval’s theorem, the total power in the process X, is
1 2
P = EEHXn' ] = ¢xx(0). (A.101)

The power spectrum of a discrete-time random process X, is the discrete-time Fourier transform of the autocorrelation
function

Sxx(f) = Y pxx(n)e > (A.102)
and
1/2 o
dxx(n) = /1/2 Sxx (f)e > df . (A.103)

Note that Sxx (f) is periodic in f with a period of unity, i.e., Syx(f) = Sxx(f + k) for any integer k. This is a characteristic of
any discrete-time random process. For example, one obtained by sampling a continuous time random process X,, = x(nT),
where T is the sample period.
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Suppose that a wide-sense stationary complex-valued discrete-time random process X, is input to a discrete-time linear
time-invariant system with impulse response %,. The process is assumed to have mean puy and autocorrelation function
¢xx(n) The transfer function of the filter is

H(f)= > he " (A.104)

n=—oo

The input, X,,, and output, Y,,, are related by the convolution sum

o0
Yo=Y hXupy. (A.105)
k=—00
The output mean is
o0 o0
py =E[Y,] = Y WEX, ] =pux Y h=uxH(). (A.106)
k=—00 k=—00

The output autocorrelation is

dyy(k) = lE[Y:Yn+k]

2
1 o0 o0
= §E|: > omxy, _Z th,,+k_m]
{=—00 m=—00
o0 o0

S Y K gEIK Xerl

{=—00 m=—00

D> B hagxx(k+ £ —m)

{=—00 M=—00

D hw Y hipxx(k+t—m)

m=—00 {=—00

= Iy * { Z hi pxx (k + £)

{=—00

= Iy * pxx (k) % h* . (A.107)

where the convolution operation is understood to be a discrete-time convolution. The output psd can be obtained by taking
the discrete-time Fourier transform of the autocorrelation function, resulting in

Syr(f) = H(f)Sxx (Y H™(f)
= |H(f)|” Sxx(f). (A.108)

Once again, Syy(f) is periodic in f with a period of unity, i.e., Syy(f) = Syy(f + k) for any integer k.
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error probability, 253 macrodiversity, 554
Bit interleaved coded modulation (BICM), 433 multi-carrier, 501
Block codes, 399 OFDMA, 517, 529
error correction, 402 reuse partitioning, 533
error detection, 401 TDMA, 529
free Hamming distance, 400 Channel assignment, 643
MDS, 400 autonomous reuse partitioning, (ARP), 657
probability of undetected error, 40 carrier groups, 657
singleton bound, 400 channel borrowing, 652
space-time block codes, 403 channel locking, 653, 654
standard array decoding, 402 channel ordering, 653
syndrome, 400 directional lending, 654
syndrome decoding, 403 directional locking, 654
weight distribution, 401 dynamic, 653
Block interleaver channel change, 644
interleaver depth, 428 channel changing rate, 645
interleaver span, 428 deadlock, 644
Bluetooth, 13 directed handoff (DH), 656
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Channel assignment, 643 (cont.) Code performance, flat fading, 429
directed retry (DR), 656 Coherence bandwidth, 68
hybrid FCA/DCA, 652 Coherence time, 68
instability, 644 Coherent detection, 234
moving direction, 656 correlation detector, 235
reduced transceiver coverage, 656 MAP receiver, 234
self-organized reuse partitioning (SORP), 657 matched filter detector, 236
service interruption, 644 maximum likelihood receiver, 234
speed and moving direction (SMD), 656 quadrature demodulator, 235
Channel borrowing without locking (CBWL), 654 complementary codes, 462
Channel polarization functions, 70 Continuous phase frequency shift keying (CPFSK), 190
Classical beam forming, 303 power spectrum, 219
Classification of channels Continuous phase modulation (CPM), 188
power delay profile, 67 CPFSK, 190
signal and system correlation functions, 69 detection, 265
uncorrelated scattering channel, 66 coherent detector, 266
wide sense stationary channel, 66 non-coherent detector, 267
wide sense stationary uncorrelated scattering channel, 67 excess phase, 189
Cluster planning, 536 frequency shaping function, 189
adjacent channel interference, 553 full response, 189, 190
performance analysis, 540 partial response, 189
downlink C/I analysis, 543 GMSK, 195
macrocell performance, 542 Laurent’s decomposition, 198
microcell performance, 547 linearized GMSK, 198
uplink CCI analysis, 544 modulation index, 189
procedure, 536 MSK, 191
system architecture, 536 partial response, 192
underlaid microcells, 538 phase states, 194
Co-channel demodulation, 375 shaping functions, 192
channel model, 375 phase shaping function, 189
discrete-time channel model, 378 phase tree, 190
J-MLSE receiver, 375 phase trellis, 191
pairwise error probability, 381 power spectrum, 215
T = 2-spaced receiver, 382 TFM, 200
error probability, 383 GTFM, 202
practical receiver, 386 Convolutional codes, 407
timing phase sensitivity, 384 BCIJR algorithm, 416
Viterbi algorithm, 380 encoder, 407
Co-channel interference, 17 constraint length, 407
log-normal interferers, 148 finite-state machine, 407
Farley’s method, 152 modified state diagram, 411
Fenton—Wilkinson method, 149 state, 410
Schwartz-and-Yeh method, 150 transfer function, 411
multiple log-normal interferers, 153 generator polynomials, 409
multiple log-normal Nakagami interferers, 157 generator sequences, 408
outage, 147 recursive systematic codes, 412
Ricean/multiple Rayleigh interferers, 156 state diagram, 409
Code division multiple access (CDMA), 563 systematic, 409
conventional correlation detector, 485 total encoder memory, 410
capacity, 565 trellis diagram, 409
closed-loop power control, 563 union bound, 424
corner effect, 564 union-Chernoff bound, 426
error probability, 485 Viterbi algorithm, 414
Gaussian approximation, 488 Convolutional interleaver, 429
simplified approximation, 490 Correlation functions, 65
forward link capacity, 571 COST 207 models, 98, 128
imperfect power control, 572 COST 259 models, 99, 130
multiuser detection, 491 Coverage, 23
decorrelator detector, 494 CPM. See Continuous phase modulation (CPM)
MMSE detector, 494 Cross polarization discrimination, 70, 74
optimum detector, 492 Cyclostationary random process, 204

near-far effect, 4, 563
power control, 4, 564

forward link, 581 D

reverse link, 576 DCA. See Dynamic channel assignment (DCA)
reverse link capacity, 565 Decision feedback equalizer, 352
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adaptive solution, 354
performance, 354
tap solution, 353
Delayed decision feedback sequence estimation (DDFSE), 360
Depolarization, 70
Differential detection, 258
binary DPSK, 258
n=4-DQPSK, 260
Differential encoding, 248
Digital Enhanced Cordless Telephone (DECT), 10
Digital modulation
CPFSK, 190
CPM, 188
GMSK, 195
linearized GMSK, 198
MSK, 191
multiresolution modulation, 188
n=4-DQPSK, 180
Nyquist pulse shaping, 173
OFDM, 185
ICI, 255
OQPSK, 180
orthogonal modulation, 182
power spectrum, 203
PSK, 179
QAM, 176
signal representation, 166
quadrature form, 166
signal correlation, 172
standard form, 166
complex envelope, 166
correlation, 173
envelope-phase form, 166
Euclidean distance, 173
generalized shaping function,166
signal energy, 172
vector space representation, 167
TFM, 200
vector-space representation, 231
Gram-Schmidt orthonormalization, 167
Directional antennas, 529
Direct sequence (DS) spread spectrum, 450
basic receiver, 452
frequency-selective fading, 478
RAKE receiver, 481
tapped delay line model, 480
long code, 450
PN chip, 450
power spectrum, 464
processing gain, 450
short code, 450
design, 475
spreading waveform, 450
tone interference, 467
long code, 477
short code, 470
Distributed antenna systems, 301
Diversity
macrodiversity, 22
multipath diversity, 481
Diversity techniques, 273
distributed antenna systems, 301
diversity combining, 274
equal gain, 283
Granlund combiner, 280
maximal ratio, 277

optimum combining, 291
postdetection equal gain, 286
selective, 275
square-law combining, 289
switched, 285
optimum combining, performance, 295
transmit diversity, 310
types, 273
Doppler shift, 35
Doppler spectrum, 39
bandpass, 41
Doppler spreading, 37
Duplexer, 1
Dynamic channel assignment (DCA), 643
aggressive and timid, 651, 662
TAKE carrier, 663
carrier acquisition criterion, 658
carrier orderings, 659
carrier release criterion, 658
centralized, 644, 646
channel segregation (CS), 649
compact pattern based DCA (CPDCA), 655
CS with variable threshold, 649
decentralized, 644, 648
dynamic resource acquisition (DRA), 648
first available (FA), 648
fully decentralized, 644, 649
maximum packing (MP), 646
MAXMIN, 647
mean square (MSQ), 648
minimum interference (MI), 650
nearest neighbor (NN), 648
nearest neighbor+1 (NN+1), 648
random MI (RMI), 651
sequential MI, 651
simple DCA (SDCA), 659

E
Envelope correlation, 37, 48
Envelope distribution, 44
Envelope fading, 33
Envelope phase, multipath-fading, 47
Envelope spectrum, 48
Equal gain combining (EGC), 283
Equalizers
sequence estimation, 355
symbol-by-symbol, 343
decision feedback equalizer, 352
minimum mean-square-error, 348
linear, 344
zero-forcing, 344
Erlang, 25
Erlang-B formula, 27
Erlang capacity, 28
Erlang-C formula, 31
Error probability, 237
biorthogonal signals, 253
bit vs. symbol error, 241
equally likely symbol errors, 241
gray coding, 241
differential PSK, 248
lower bounds, 240
MSK, 265
OFDM, 253
orthogonal signals, coherent detection, 251
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Error probability, 237 (cont.)
pairwise error probability, 238
PAM, 248
PSK, 243

Rayleigh fading, 246
QAM, 250

Rayleigh fading, 251
rotational invariance, 242
rotations and translations, 242
translational invariance, 242
union bound, 239
upper bounds, 239

EV-DO, 7

Events
mutually exclusive, 671
statistically independent, 671

F
Fading, 33
Fading simulators, 78
Clarke’s model, 83
filtered Gaussian noise, 79
IDFT method, 79
IIR filtering method, 82
Jakes’ model, 84
method of exact Doppler spreads, 87
mobile-to-mobile channels, 100
Akki & Haber model, 100

Patel & Stiiber deterministic model, 102

Patel & Stiiber statistical model, 102
Zaji¢ & Stiiber statistical model, 103
modified Hoeher model, 88
multiple envelopes
Li & Huang Model, 90

Zaji¢ & Stiiber deterministic Model, 90

Zaji¢ & Stiiber statistical Model, 92
Zheng & Xiao model, 89
multiple faded envelopes, 89
sum of sinusoids method, 82
wide-band channels, 95
COST 207 models, 98
COST 259 models, 99
ITU models, 100
symbol-spaced model, 106
Zheng & Xiao model, 87
Fixed channel assignment (FCA), 643
Flat fading, 37
Folded spectrum, 174
Fractional reuse, 533
Frequency hopped (FH) spread spectrum
slow frequency hopped, 453
fast frequency hopped, 453
Frequency reuse, 13, 14
co-channel reuse distance, 14
co-channel reuse factor, 14
frequency plan, 14
interference neighborhood, 538, 648
microcells, 14
outage, 17
reuse cluster, 14
universal, 565
Frequency selective fading, 37
correlation functions, 65
transmission functions, 63
coherence bandwidth, 68

coherence time, 68

scattering function, 69
Frequency shift keying (FSK), 182
Frequency spreading, 37

G

Gaussian minimum shift keying (GMSK), 195

frequency shaping pulse, 197
Gaussian filter, 196
power spectrum, 222

Generalized tamed frequency modulation, 202
Global System for Mobile Communication (GSM), 3

Gold sequences, 458
Grade of service
definition, 645
forced termination, 645
new call blocking, 645
Granlund combiner, 280
Gray coding, 241

H
Hadamard matrix, 183, 460
Handoff algorithms, 593
velocity adaptive, performance, 613
backward, 594
direction biased, 597
forward, 594
hard, signal strength, 596
mobile assisted, 593, 596
mobile controlled, 593
network-controlled, 593
soft, C/I-based, 597
velocity adaptive, 611
Handoffs, 22
analysis, co-channel interference, 615
gain, 22
handoff priority, 645, 657, 660
guard channels, 645, 657
handoff queueing, 657, 660
hard, 594
analysis, 614
Corner effect, 594
hysteresis, 594
intercell handoff, 593
intracell handoff, 593
signal strength averaging, 598
soft, 595
active set, 623
analysis, 618, 623
interference analysis, 619
power control, 595
velocity estimation, 601
Handovers, 22
Hard decision decoding, 425
Hard handoff, 22
High-speed packet access (HSPA), 8

1
IEEE802.11, 11
IEEE802.15, 13
Interference loading, 19
Interleaving, 427

bit interleaver, 427
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block Interleaver, 428
convolutional Interleaver, 429
random, 439
S-random, 439
symbol interleaver, 427
International Telecommunications Union (ITU) models, 131
Intersymbol interference (ISI) channels, 173
discrete-time channel model, 336
channel impulse response, 340
diversity reception, 340
minimum energy property, 337
minimum phase, 337
noise whitening filter, 337
discrete-time, white noise channel model, 339
fractionally-spaced receiver, 341
ISI channel modeling, 333
ISI coefficients, 335
optimum receiver, 335
quasi-static fading, 340
vector-space representation, 334
1S-54/136, 4
1S-95, 4
Isotropic scattering, 39

K
Kasami sequences, 459
Kronecker product, 308

L

Laurent’s decomposition, 198

Level crossing rate, 53

Linearized GMSK, 198

Link budget, 18
cell breathing, 19
handoff gain, 20
interference loading, 19
interference margin, 19
maximum path loss, 19
receiver sensitivity, 19
shadow margin, 20

Link imbalance, 26

Log-normal approximations
Farley’s method, 152
Fenton—Wilkonson method, 149
Schwartz & Yeh method, 150

M
Macrodiversity, 554
probability of outage, 554
shadow correlation, 555
massive MIMO, 318
favorable propagation, 318, 324
forward link data, 323
system model, 319
pilot contamination, 319
reverse link data, 321
reverse link pilots, 320
Maximal ratio combining, 277
Maximum likelihood sequence estimation (MLSE), 355
adaptive receiver, 359
branch metric, 357
error event, 363
error probability, 363
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fading ISI channels, 367
pairwise error probability, 365
static ISI channels, 365
T = 2-spaced receiver, 370
union bound, 364
fractionally-spaced receiver, 360, 373
likelihood function, 356
LMS algorithm, 359
log-likelihood function, 356
MIMO receivers, IRC receiver, 387
per survivor processing, 359
RLS algorithm, 359
state diagram, 355
states, 355
T=2-spaced receiver
Practical receiver, 373
Timing phase sensitivity, 372
Trellis diagram, 355
Viterbi algorithm, 357
Microcells, 14
highway microcells, 15
Manhattan microcells, 15
Microcellular systems, overlay/underlay, micro area, 538
MIMO. See Multiple-input multiple-output (MIMO) channels
Minimum mean-square error (MMSE) equalizer, 348
adaptive solution, 350
performance, 351
tap solution, 349
Minimum shift keying (MSK), 191
error probability, 265
OQASK equivalent, 191
power spectrum, 220
Mobile-to-mobile channels, reference model, 62
Modulation
bandwidth efficiency, 165
desirable properties, 165
Moments
central moment, 673
characteristic function, 673
generating function, 673
variance, 673
Multi-carrier, 501
Multipath, 33
Multipath-fading, 16
average fade duration, 56
Doppler spectrum, 39
flat, Rayleigh, 45
statistical characterization, 63
envelope correlation, 37, 48
envelope distribution, 44
flat fading, 37
frequency selective fading, 37
level crossing rate, 53
Nakagami fading, 46
phase distribution, 44
Ricean fading, 45
space-time correlation, 57
squared-envelope correlation, 51
zero crossing rate, 55
Multipath propagation, 33
Multiple-input multiple-output (MIMO) channels, 306
analytical models, 307, 308
co-channel demodulation, 375
detection, 313
inverse channel detector (ICD), 315
Kronecker model, 308
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Multiple-input multiple-output (MIMO) channels, 306 (cont.)
massive, 318
maximum likelihood detection, 314
minimum mean-square-error (MMSE) detector, 314
physical models, 307
procoding, 315
Weichselberger model, 309
Multiresolution modulation, 188
Multiuser detection, 491
decorrelator detector, 494
MMSE detector, 494
optimum detector, 492

N

Nakagami fading, 46
shape factor, 47

Non-coherent detection, 261
error probability, 263
square-law detector, 262

Nyquist frequency, 174

Nyquist pulse shaping, 173
folded spectrum, 174
ideal Nyquist pulse, 174
Nyquist first criterion, 174
raised cosine, 175

roll-off factor, 176

root-raised cosine, 176

(0]
Offset (OQPSK), 180
power spectrum, 210
Optimum combining, 291
Orthogonal frequency division multiple access (OFDMA), 517
forward link, 518
receiver, 521
transmitter, 518
frequency planning, 534
reuse partitioning, 535
PAPR, 523
raised cosine windowing, 520
reverse link, 522
sub-carrier allocation, 520
clustered carrier, 521
random interleaving, 521
spaced carrier, 521
time domain windowing, 518
Orthogonal frequency division multiplexing (OFDM), 185
adaptive bit loading, 187
channel estimation, 511
complex envelope, 185
cyclic suffix, 186
error probability, 253
interchannel interference, 255
FFT implementation, 186
guard interval, 502
ISI channels, 502
power spectrum, 211
IDFT implementation, 212
residual ISI, 504
cancellation, 508
Orthogonal modulation
binary orthogonal codes, 183
bi-orthogonal signals, 184
FSK, 182
orthogonal multipulse modulation, 184

Walsh-Hadamard sequences, 461
Orthogonal multipulse modulation, 184
Orthogonal signals, error probability

coherent detection, 251

non-coherent detection, 263
Outage, 17

co-channel interference, 17

thermal noise, 17

P
Pairwise error probability, 238
Parseval’s theorem, 693
Path loss models, 16, 114
CCIR model, 117
COST231-Hata model, 119
COST231-Walfish-Ikegami model, 120
empirical models, 117
flat Earth path loss, 115
free space path loss, 114
indoor microcells, 128
Lee’s area-to-area model, 118
line-of-sight probability, 124
mm-wave models, 127
Okumura—Hata model, 117
path loss exponent, 16
street microcells, 122
Corner effect, 123
3GPP 3-D path loss models, 123
two-slope model, 122
Personal Digital Cellular (PDC), 5
Personal Handy-phone System (PHS), 10
Phase distribution, 44
Phase shift keying (PSK), 179
error probability, 243
power spectrum, 210
Polarization, 69
conservation of polariation, 71
depolarization, 70
geometric modelin, 70
cross polarization discrimination, 70
Power control, 595
Power delay profile, 67
average delay, 67
rms delay spread, 67
Power spectral densities, 693
Power spectrum, 203
CPFSK, 219
complex envelope, 204
linear full response modulation, 207
linear partial response modulation, 208
DS spread spectrum, 464
full response CPM, 215
GMSK, 222
MSK, 220
n=4-DQPSK, 211
OFDM, 211
IDFT implementation, 212
OQPSK, 210
PSK, 210
QAM, 209
TFM, 222
Probability
Bayes’ theorem, 672
cdf, 673
cdfc, 673
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complementary error function, 676
conditional, 671
error function, 676
pdf, 673
total probability, 672
Probability distributions
binomial, 675
central chi-square, 680
complex multivariate Gaussian, 677
exponential, 681
Gaussian, 676
geometric, 675
multivariate Gaussian, 677
non-central chi-square, 681
Poisson, 675
Rayleigh, 678
Rice, 679
Pulse amplitude modulation (PAM), 178
constellations, 178
error probability, 248
Pulse shaping, partial response, 209

Q

Quadrature amplitude modulation (QAM), 176
error probability, 250
power spectrum, 209
signal constellations, 177

R
Radio propagation
diffraction, 15
fixed-to-mobile channels, 35
MIMO channels, 306
mobile-to-mobile channels, 61
multipath fading, 16
path loss, 16
reflections, 15
scattering, 16
Raised cosine pulse, 175
RAKE receiver, 481
Random processes, 685
autocorrelation, 687
autocovariance, 687
complex-valued, 692
covariance matrix, 690
crosscorrelation, 690
crosscovariance, 690
cyclostationary, 203, 696
discrete-time, 697
ergodic, 688
autocorrelation, 688
mean, 688
linear systems, 694
orthogonal, 691
statistically independent, 691
strictly stationary, 686
uncorrelated, 691
wide sense stationary, 687
Rayleigh fading, 44
Rayleigh quotient, 366
Receiver sensitivity, 19
Recursive systematic convolutional codes, 412
Reduced state sequence estimation (RSSE)
subset-state, 362
subset transition, 362

subset trellis, 362
Reuse partitioning, 533
cell splitting, 534
Ricean fading, 45
Aulin’s model, 45
Rice factor, 45
Rice factor, 45
Root-raised cosine pulse, 176
RSSE. See Reduced state sequence estimation (RSSE)

S
Scattering function, 69

SC-FDE. See Single-carrier frequency domain equalization (SC-FDE)

SC-FDMA. See Single-carrier frequency division multiple access
(SC-FDMA)
Selective combining, 275
Sequence estimation
DDFSE, 360
MLSE, 355
RSSE, 362
Shadowing, 16, 34, 110
area mean, 111
composite shadow-fading distributions, 112
gamma-log-normal, 113
local mean, 110
location area, 110
shadow standard deviation, 16
simulation, 111
Signal and system correlation functions, 69
Signal strength averaging, 598
sample averaging, 600
window length, 599
Single-carrier frequency division multiple access (SC-FDMA), 523
frequency domain equalization, 525
PAPR, root-raised cosine filtering, 526
receiver, 523
sub-carrier allocation
interleaved, 523
localized, 524
transmitter, 523
Single-carrier frequency domain equalization (SC-FDE),
513
MMSE, 517
zero forcing, 516
Singleton bound, 400
Soft decision decoding, 425
Soft handoff, 4, 22
Space-time block codes, 403
Alamouti code, 403
code rate, 403
complex orthogonal codes, 405
decoding orthogonal codes, 406
orthogonal codes, 403
real orthogonal codes, 404
Space-time codes
design, 434
determinant criterion, 436
rank criterion, 436
Trellis codes, 436
Space-time correlation, 57
base station, 59
mobile station, 57
Space-time trellis codes, 436
decoder, 437
encoder description, 436
Viterbi algorithm, 438
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Spatial efficiency, 25
Spatial modulation, 316
Spectral efficiency, 24
bandwidth efficiency, 25
spatial efficiency, 25
trunking efficiency, 27
Spreading
dual-channel quaternary, 451
balanced quaternary, 451
complex, 450
simple binary, 451
Spreading sequences, 454
full period autocorrelation, 454
aperiodic autocorrelation, 454
full period cross-correlation, 454
partial period correlation, 454
Zadoff—Chu sequences, 462
Spreading waveforms, 455
autocorrelation, 455
Barker sequences, 459
complementary codes, 462
Gold sequences, 458
Kasami sequences, 459
m-sequences, 456
variable length orthogonal codes, 461
Walsh-Hadamard sequences, 460
Spread spectrum, 449
Squared-envelope correlation, 51
Squared-envelope spectrum, 51
Square-law combining, 289
Standard array decoding, 402
Syndrome decoding, 403

T

Tamed frequency modulation, 200

Tone interference, 467

Transmission functions, 63
delay Doppler-spread function, 65
impulse response, 63
output Doppler-spread function, 64
transfer function, 65

Transmit diversity, 310

Trellis-coded modulation (TCM), 420
asymptotic coding gain, 424
design rules, 432
encoder, 420
mapping by set partitioning, 421
pairwise error probability, 424
partition chain, 421
performance AWGN channel, 423
power spectrum, 222
symbol interleaving, 429
union bound, 424

Trellis coding
minimum built-in time diversity, 431

minimum product squared Euclidean distance, 431

Trunking efficiency, 27
Erlang-B formula, 27
grade of service, 643

Turbo codes, 438
error floor, 443
parallel decoder, 440
parallel encoder, 439
serial encoder, 441
uniform interleaver, 443

weight distribution, 442
parallel codes, 443
serial codes, 445
spectral thinning, 442

U
Uncorrelated scattering channel, 66

Universal Mobile Telecommunications System (UMTS), 6, 7

Upper bounds
Chebyshev bound, 682
Chernoff bound, 426, 683
union-Chernoff bound, 427

\'%
Variable length orthogonal codes, 461
Vector-space representation, 231
remainder process, 232
sufficient statistics, 234
Velocity estimation, 601
level crossing rate, 603
covariance method, 606
envelope, 603
zero crossing rate, 603
sensitivity, 607
Gaussian noise, 609
sampling density, 612
scattering distribution, 608
Viterbi algorithm, 357, 414
branch metric, 415
path metrics, 357, 414
surviving sequences, 357
survivors, 414

w

‘Walsh-Hadamard sequences, 460
orthogonal CDMA, 461
orthogonal modulation, 461

Wideband Code Division Multiple Access (WCDMA), 6

Wide sense stationary channel, 66

Wide sense stationary uncorrelated scattering channel, 67

Wireless systems and standards, 1
analog cellular systems, 1
cordless telephones
DECT, 10
PHS, 10
fifth generation cellular systems, 10
fourth generation cellular systems, 8
LTE, 9
WiMAX, 9
second generation cellular systems
GSM, 3
IS-54/136, 4
1S-95, 4
Personal Digital Cellular, 5
systems and standards, 2
third generation cellular systems, 5
c¢dma2000, 6, 7
EV-DO, 7
HSPA, 8
UMTS, 6,7
W-CDMA, 6
wireless LANS, 11
IEEE802.11, 11
and PANSs, Bluetooth, 13
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and PANs, IEEE802.15, 13 Zero crossing rate, 55
wireless PANs, IEEE802.15, 13 Zero-forcing equalizer, 344
Worldwide Interoperability for Microwave Access (WiMAX), 9 adaptive solution, 346

data mode, 346

performance, 346
Z tap solution, 345
Zadoff-Chu sequences, 462 training mode, 346
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