
Appendix A
Probability and Random Processes

The theory of probability and random processes is essential in the design and performance analysis of wireless communica-
tion systems. This appendix presents a brief review of the basic concepts of probability theory and random processes, with
emphasis on the concept needed to understand this book. It is intended that most readers have already had some exposure to
probability and random processes, so that this appendix is intended to provide a brief overview. A very thorough treatment
of this subject is available in a large number of textbooks, including [201, 254].

This appendix begins in Sect. A.1 with the basic axioms of probability, conditional probability, and Bayes’ theorem. It
then goes onto means, moments, and generating functions in Sect. A.2. Afterwards, Sect. A.3 presents a variety of discrete
probability distributions and continuous probability density functions. Particular emphasis is placed on Gaussian, complex
Gaussian, multi-variate Gaussian, multivariate complex Gaussian density functions, and functions of Gaussian random
variables. After a brief treatment of upper bounds on probability in Sect. A.4, the appendix then goes onto a treatment of
random processes, including means and correlation functions in Sect. A.5.1, cross-correlation and crosscovariance for joint
random processes in Sect. A.5.2, complex random processes in Sect. A.5.3, power spectral density in Sect. A.5.4, and filtering
of random processes in Sect. A.5.5. The important class of cyclostationary random processes is considered in Sect. A.5.6 and
the appendix wraps up with a brief treatment of discrete-time random processes in Sect. A.5.7.

A.1 Conditional Probability and Bayes’ Theorem

Let A and B be two events in a sample space S. The conditional probability of A given B is

PŒAjB� D PŒA
T

B�

PŒB�
(A.1)

provided that PŒB� ¤ 0. If PŒB� D 0, then PŒAjB� is undefined.
There are several special cases.

• If A
T

B D ;, then events A and B are mutually exclusive, i.e., if B occurs then A could not have occurred and PŒAjB� D 0.
• If B � A, then knowledge that event B has occurred implies that event A has occurred and so PŒAjB� D 1.
• If A and B are statistically independent, then PŒA

T
B� D PŒA�PŒB� and so PŒAjB� D PŒA�.

There is a strong connection between mutually exclusive and independent events. It may seem that mutually exclusive
events are independent, but just the exact opposite is true. Consider two events A and B with PŒA� > 0 and PŒB� > 0. If A
and B are mutually exclusive, then A

T
B D 0 and PŒA

T
B� D 0 ¤ PŒA�PŒB�. Therefore, mutually exclusive events with

non-zero probability cannot be independent. Thus, the disjointness of events is a property of the events themselves, while
independence is a property of their probabilities.
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672 A Probability and Random Processes

In general, the events Ai; i D 1; : : : ; n, are independent if and only if for all collections of k distinct integers .i1; i2; : : : ; ik/
chosen from the set .1; 2; : : : ; n/,

P
h
Ai1

\
Ai2

\
� � �
\

Aik

i
D PŒAi1 �PŒAi2 � � � � PŒAik �

for 2 � k � n.
In summary

• If Ai; i D 1; : : : ; n is a sequence of mutually exclusive events, then

P

"
n[

iD1

#

D
nX

iD1
PŒAi�: (A.2)

• If Ai; i D 1; : : : ; n is a sequence of independent events, then

P

"
n\

iD1

#

D
nY

iD1
PŒAi�: (A.3)

A.1.1 Total Probability

The collection of sets fBig; i D 1; : : : ; n forms a partition of the sample space S if Bi
T

Bj D ;; i ¤ j and
Sn

iD1 Bi D S. For
any event A � S

A D
n[

iD1
.A
\

Bi/: (A.4)

That is, every element of A is contained in one and only one Bi. Since .A
T

Bi/
T
.A
T

Bj/ D ;; i ¤ j, the sets A
T

Bi are
mutually exclusive. Therefore,

PŒA� D
nX

iD1
PŒA

\
Bi�

D
nX

iD1
PŒAjBi�PŒBi�: (A.5)

This last equation is often referred to as the theorem of total probability.

A.1.2 Bayes’ Theorem

Let the events Bi; i D 1; : : : ; n be mutually exclusive such that
Sn

iD1 Bi D S, where S is the sample space. Let A be an event
with non-zero probability. Then as a result of conditional probability and total probability:

PŒBijA� D PŒBi
T

A�

PŒA�

D PŒAjBi�PŒBi�
Pn

iD1 PŒAjBi�PŒBi�
:

a result known as Bayes’ theorem.



A Probability and Random Processes 673

A.2 Means, Moments, and Moment Generating Functions

The kth moment of a random variable, EŒXk�, is defined as

EŒXk�
4D

8
<̂

:̂

P
xi2RX

xk
i pX.xi/ if X is discrete

R
RX

xkpX.x/dx if X is continuous
; (A.6)

where pX.xi/
4D PŒX D xi� is the probability distribution function of X, and pX.x/ is the probability density function (pdf)

of X. The kth central moment of the random variable X is EŒ.X � EŒX�/k�. The mean is the first moment

�X D EŒX� (A.7)

and the variance is the second central moment

�2X D EŒ.X � �X/
2� D EŒX2� � �2X: (A.8)

The moment generating function or characteristic function of a random variable X is

 X.jv/
4D EŒejvX� D

8
<̂

:̂

P
xi2RX

ejvxi pX.xi/ if X is discrete

R
RX

ejvxpX.x/dx if X is continuous
; (A.9)

where j D p�1. Note that the continuous version is a Fourier transform, except for the sign in the exponent. Likewise, the
discrete version is a z-transform, except for the sign in the exponent.

The probability distribution and probability density functions of discrete and continuous random variables, respectively,
can be obtained by taking the inverse transforms of the characteristic functions, i.e.,

pX.x/ D 1

2�

Z 1

�1
 X.jv/e

�jvxdv (A.10)

and

pX.xk/ D 1

2�

I

C
 X.jv/e

�jvxk dv: (A.11)

The cumulative distribution function (cdf) of a random variable X is defined as

FX.x/
4D PŒX � x� D

8
<

:

P
xi�x pX.xi/ if X is discrete

R x
�1 pX.x/dx if X is continuous

; (A.12)

and 0 � FX.x/ � 1. The complementary distribution function (cdfc) is defined as

Fc
X.x/

4D 1 � FX.x/: (A.13)

The probability density function of a continuous random variable X is related to the cdf by

pX.x/ D dFX.x/

dx
: (A.14)
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A.2.1 Bivariate Random Variables

Consider a pair of random variables X and Y . The joint cdf of X and Y is

FXY.x; y/ D PŒX � x;Y � y� ; 0 � FXY.x; y/ � 1; (A.15)

and the joint (cdfc) of X and Y is

Fc
XY.x; y/ D PŒX > x;Y > y� D 1 � FXY.x; y/ ; 0 � Fc

XY.x; y/ � 1: (A.16)

The joint pdf of X and Y is

pXY.x; y/ D @2FXY.x; y/

@x@y
; FXY.x/ D

Z x

�1

Z y

�1
pXY.x; y/dxdy: (A.17)

The marginal pdfs of X and Y are

pX.x/ D
Z 1

�1
pXY.x; y/dy pY.x/ D

Z 1

�1
pXY.x; y/dx: (A.18)

If X and Y are independent random variables, then the joint pdf has the product form

pXY.x; y/ D pX.x/pY.x/: (A.19)

The conditional pdfs of X and Y are

pXjY.xjy/ D pXY.x; y/

pY.y/
pYjX.yjx/ D pXY.x; y/

pX.x/
: (A.20)

The joint moments of X and Y are

EŒXiYj� D
Z 1

�1
xiyjpXY.x; y/dxdy: (A.21)

The covariance of X and Y is

�XY D EŒ.X � �X/.Y � �Y/�

D EŒXY � X�Y � Y�X C �X�Y �

D EŒXY� � �X�Y (A.22)

The correlation coefficient of X and Y is

�XY D �XY

�X�Y
: (A.23)

Two random variables X and Y are uncorrelated if and only if �X;Y D 0. Two random variables X and Y are orthogonal if
and only if EŒXY� D 0.

The joint characteristic function is

˚XY.v1; v2/ D EŒejv1XCjv2Y � D
Z 1

�1

Z 1

�1
pXY.x; y/e

jv1xCjv2ydxdy: (A.24)



A Probability and Random Processes 675

If X and Y are independent, then

˚XY.v1; v2/ D EŒejv1XCjv2Y �

D
Z 1

�1
pX.x/e

jv1xdx
Z 1

�1
pY.y/e

jv2ydy

D ˚X.v1/˚Y.v2/: (A.25)

Moments can be generated according to

EŒXY� D �@
2˚XY.v1; v2/

@v1@v2
jv1Dv2D0 : (A.26)

with higher order moments generated in a straightforward extension.

A.3 Some Useful Probability Distributions

A.3.1 Discrete Distributions

A.3.1.1 Binomial Distribution

Let X be a Bernoulli random variable such that X D 0 with probability 1 � p and X D 1 with probability p. Although X is a
discrete random random variable with an associated probability distribution function, it is possible to treat X as a continuous
random variable with a pdf by using dirac delta functions. In this case, the pdf of X has the form

pX.x/ D .1 � p/ı.x/C pı.x � 1/: (A.27)

Let Y D Pn
iD1 Xi, where the Xi are independent and identically distributed with density pX.x/. Then the random variable Y

is an integer from the set f0; 1; : : : ; ng and the probability distribution of Y is the binomial distribution

pY.k/ � PŒY D k� D
 

n

k

!

pk.1 � p/n�k ; k D 0; 1; : : : ; n: (A.28)

The random variable Y also has the pdf

pY.y/ D
nX

kD0

 
n

k

!

pk.1 � p/n�kı.y � k/: (A.29)

A.3.1.2 Poisson Distribution

The random variable X has a Poisson distribution if

pX.k/ D �ke��

kŠ
; k D 0; 1; : : : ; 1 (A.30)

A.3.1.3 Geometric Distribution

The random variable X has a geometric distribution if

pX.k/ D .1 � p/k�1p ; k D 1; 2; : : : ;1: (A.31)
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A.3.2 Continuous Distributions

Many communication systems are affected by Gaussian random processes. Therefore, Gaussian random variables and various
functions of Gaussian random variables play a central role in the characterization and analysis of communication systems.

A.3.2.1 Gaussian Distribution

A real-valued Gaussian or normal random variable X has the pdf

pX.x/ D 1p
2��

exp

�

� .x � �/2
2�2

�

; (A.32)

where � D EŒX� is the mean of X and �2 D EŒ.X � �/2� is the variance of X. Sometimes the shorthand notation X �
N .�; �2/ is used meaning that X is a Gaussian random variable with mean � and variance �2. The random variable X is
said to have a standard normal distribution if X � N .0; 1/.

The cumulative distribution function (cdf) of a Gaussian random variable X is

FX.x/ D
Z x

�1
1p
2��

exp

�

� .y � �/2
2�2

�

dy: (A.33)

The cdf of a standard normal distribution defines the Gaussian Q function

Q.x/
4D
Z 1

x

1p
2�

e�y2=2dy (A.34)

and the cdfc defines the Gaussian ˆ function

ˆ.x/
4D 1 � Q.x/: (A.35)

If X is a non-standard normal random variable, X � N .�; �2/, then

FX.x/ D ˆ
�x � �

�

�
(A.36)

Fc
X.x/ D Q

�x � �
�

�
: (A.37)

Sometimes the cumulative distribution function of a Gaussian random variable is described in terms of the complementary
error function erfc.x/, defined as

erfc.x/
4D 2p

�

Z 1

x
e�y2dy: (A.38)

The complementary error function and the Gaussian Q function are related as follows:

erfc.x/ D 2Q.
p
2x/ (A.39)

Q.x/ D 1

2
erfc

�
xp
2

�

: (A.40)

These identities can be established by using the Gaussian Q function in (A.34). The error function of a Gaussian random
variable is defined as

erf.x/
4D 2p

�

Z x

0

e�y2dy: (A.41)
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Note that erfc.x/C erf.x/ ¤ 1. Also,

Q.x/ D 1

2
� 1

2
erf

�
xp
2

�

; x � 0: (A.42)

A.3.2.2 Multivariate Gaussian Distribution

Let Xi � N .�i; �
2
i /; i D 1; : : : ; n, be a collection of n real-valued Gaussian random variables having means �i D EŒXi� and

covariances

�XiXj D E
�
.Xi � �i/.Xj � �j/

	

D E
�
XiXj

	 � �i�j; 1 � i; j � n:

Let

X D .X1;X2; : : : ;Xn/
T

x D .x1; x2; : : : ; xn/
T

�X D .�1; �2; : : : ; �n/
T

ƒ D

2

6
4

�X1X1 � � � � �X1Xn

:::
:::

�XnX1 � � � � �XnXn

3

7
5 ;

where XT is the transpose of X. The random vector X has the multivariate Gaussian distribution

pX.x/ D 1

.2�/n=2jƒj1=2 exp

�

�1
2
.x � �X/

Tƒ�1.x � �X/

�

; (A.43)

where jƒj is the determinant of ƒ.

A.3.2.3 Multivariate Complex Gaussian Distribution

Complex Gaussian distributions often arise in the treatment of fading channels and narrow-band Gaussian noise. Let

X D .X1;X2; : : : ;Xn/
T

Y D .Y1;Y2; : : : ;Yn/
T

be length-n vectors of real-valued Gaussian random variables, such that Xi � N .�Xi ; �
2
Xi
/, and Yi � N .�Yi ; �

2
Yi
/; i D

1; : : : ; n. The complex random vector Z D X C jY has a complex Gaussian distribution that can be described with the
following three parameters:

�Z D EŒZ� D �X C j�Y

� D 1

2
EŒ.Z � �Z/.Z � �Z/

H�

C D 1

2
EŒ.Z � �Z/.Z � �Z/

T �;

where XT and XH are the transpose and complex conjugate transpose of X, respectively. The covariance matrix � must be
Hermitian (� D �H/ and the relation matrix C should be symmetric (C D CT/. Matrices � and C can be related to the
covariance matrices of X and Y as follows:
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ƒXX D EŒ.X � �X/.X � �X/
T � D Ref� C Cg (A.44)

ƒXY D EŒ.X � �X/.Y � �Y/
T � D Imf�� C Cg (A.45)

ƒYX D EŒ.Y � �Y/.X � �X/
T � D Imf� C Cg (A.46)

ƒYY D EŒ.Y � �Y/.Y � �Y/
T � D Ref� � Cg (A.47)

and, conversely,

� D 1

2

�
ƒXX C ƒYY C j.ƒYX � ƒXY/

�

C D 1

2

�
ƒXX � ƒYY C j.ƒYX C ƒXY/

�
: (A.48)

The complex random vector Z has the complex multivariate Gaussian distribution

pZ.z/ D 1

.2�/n
p

det.�/det.P/
exp

(

�1
4



.z � �Z/

H; .z � �Z/
T
�
�

� C
CH ��

��1 �
.z � �Z/

.z� � ��
Z/

�)

; (A.49)

where

P D �� � CH��1C: (A.50)

For a circular-symmetric complex Gaussian distribution C D 0, and the complex multivariate Gaussian distribution simplifies
considerably as

pZ.z/ D 1

.2�/ndet.�/
exp

�

�1
2
.z � �Z/

H��1.z � �Z/

�

: (A.51)

The circular-symmetric scalar complex Gaussian random variable Z D X C jY has the density

pZ.z/ D 1

2��2Z
exp

�

�jz � �Zj2
2�2Z

�

; (A.52)

where �Z D EŒZ� and �2Z D 1
2
EŒjz � �Zj2�. Sometimes this is denoted with the shorthand notation Zi � CN .�Z ; �

2
Z/. The

standard complex Gaussian distribution Zi � CN .0; 1/ has the density

pZ.z/ D 1

2�
exp

�

�jzj2
2

�

: (A.53)

A.3.2.4 Rayleigh Distribution

Let X � N .0; �2/ and Y � N .0; �2/ be independent real-valued normal random variables. The random variable R Dp
X2 C Y2 is said to be Rayleigh distributed. To find the pdf and cdf of R first define the auxiliary variable

V D Tan�1.Y=X/:

Then

X D R cos V

Y D R sin V:
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By using a bivariate transformation of random variables

pRV.r; v/ D pXY.r cos v; r sin v/ jJ.r; v/j
where

J.r; v/ D
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

@x
@r

@x
@v

@y
@r

@y
@v

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇ
cos v r sin v
sin v r cos v

ˇ
ˇ
ˇ
ˇ D r.cos2 v C sin2 v/ D r

Since

pXY.x; y/ D 1

2��2
exp

�

�x2 C y2

2�2

�

it follows that

pRV.r; v/ D r

2��2
exp

�

� r2

2�2

�

: (A.54)

The marginal pdf of R has the Rayleigh distribution

pR.r/ D
Z 2�

0

pRV.r; v/dv

D r

�2
exp

�

� r2

2�2

�

; r � 0: (A.55)

The cdf of R is

FR.r/ D 1 � exp

�

� r2

2�2

�

; r � 0: (A.56)

The marginal pdf of V is

pV.v/ D
Z 1

0

pRV.r; v/dr

D 1

2�
; � � v � �: (A.57)

which is a uniform distribution on the interval Œ��; �/.

A.3.2.5 Rice Distribution

Let X � N .�1; �
2/ and Y � N .�2; �

2/ be independent normal random variables with non-zero means. The random
variable R D p

X2 C Y2 has a Rice distribution or is said to be Ricean distributed. To find the pdf and cdf of R again define
the auxiliary variable V D Tan�1.Y=X/. Then by using a bivariate transformation J.r; v/ D r and

pRV.r; v/ D r � pXY.r cos v; r sin v/: (A.58)

However,

pXY.x; y/ D 1

2��2
exp

�

� .x � �1/2 C .y � �2/2
2�2

�

D 1

2��2
exp

�

�x2 C y2 C �21 C �22 � 2.x�1 C y�2/

2�2

�

:
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Hence,

pRV.r; v/ D r

2��2
exp

�

� r2 C �21 C �22 � 2r.�1 cos v C �2 sin v/

2�2

�

:

Now define s
4D
q
�21 C �22 and t

4D Tan�1�2=�1; �� � t � � , so that �1 D s cos t and �2 D s sin t. Then

pRV.r; v/ D r

2��2
exp

�

� r2 C s2 � 2rs.cos t cos v C sin t sin v/

2�2

�

D r

2��2
exp

�

� r2 C s2 � 2rs cos.v � t/

2�2

�

:

The marginal pdf of R is

PR.r/ D r

�2
exp

�

� r2 C s2

2�2

�
1

2�

Z 2�

0

exp
n rs

�2
cos.v � t/

o
dv: (A.59)

The zero order modified Bessel function of the first kind is defined as

I0.x/
4D 1

2�

Z 2�

0

ex cos �d�: (A.60)

This gives the Rice distribution

PR.r/ D r

�2
exp

�

� r2 C s2

2�2

�

I0
� rs

�2

�
; r � 0: (A.61)

The cdf of R is

FR.r/ D
Z r

0

pR.r/dr

D 1 � Q
� s

�
;

r

�

�
;

where Q.a; b/ is called the Marcum Q-function.

A.3.2.6 Central Chi-Square Distribution

Let X � N .0; �2/ and Y D X2. Then it can be shown that

pY.y/ D pX.
p

y/C pX.�p
y/

2
p

y

D 1p
2�y�

exp
n
� y

2�2

o
; y � 0:

The characteristic function of Y is

 Y.jv/ D
Z 1

�1
ejvypY.y/dy

D 1
p
1 � j2v�2

: (A.62)
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Now define the random variable Y D Pn
iD1 X2i , where the Xi are independent and Xi � N .0; �2/. Then

 Y.jv/ D 1

.1 � j2v�2/n=2
: (A.63)

Taking the inverse transform gives

pY.y/ D 1

2�

Z 1

�1
 Y.jv/e

�jvydv

D 1

.2�2/n=2	.n=2/
yn=2�1exp

n
� y

2�2

o
; y � 0:

where 	.k/ is the Gamma function and

	.k/ D
Z 1

0

uk�1e�udu D .k � 1/Š

if k is a positive integer. If n is even (which is usually the case in practice) and m D n=2, then the pdf of Y defines the central
chi-square distribution with 2m degrees of freedom

pY.y/ D 1

.2�2/m.m � 1/Šy
m�1exp

n
� y

2�2

o
; y � 0: (A.64)

The cdf of Y is

FY.y/ D 1 � exp
n
� y

2�2

o m�1X

kD0

1

kŠ

� y

2�2

�k
; y � 0: (A.65)

The exponential distribution is a special case of the central chi-square distribution with m D 1 (2 degrees of freedom). In
this case

pY.y/ D 1

2�2
exp

n
� y

2�2

o
; y � 0

FY.y/ D 1 � exp
n
� y

2�2

o
; y � 0: (A.66)

A.3.2.7 Non-central Chi-Square Distribution

Let X � N .�; �2/ and Y D X2. Then

pY.y/ D pX.
p

y/C pX.�p
y/

2
p

y

D 1p
2�y�

exp

�

� .y C �2/

2�2

�

cosh

�p
y�

�2

�

; y � 0:

The characteristic function of Y is

 Y.jv/ D
Z 1

�1
ejvypY.y/dy

D 1
p
1 � j2v�2

exp

�
jv�2

1 � j2v�2

�

:
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Now define the random variable Y D Pn
iD1 X2i , where the Xi are independent normal random variables and Xi � N .�i; �

2/.
Then

 Y.jv/ D 1

.1 � j2v�2/n=2
exp

�
jv
Pn

iD1 �2i
1 � j2v�2

�

:

Taking the inverse transform gives

pY.y/ D 1

2�2

� y

s2

� n�2
4

exp

�

� .s
2 C y/

2�2

�

In=2�1
�p

y
s

�2

�
; y � 0;

where

s2 D
nX

iD1
�2i

and Ik.x/ is the modified Bessel function of the first kind and order k, defined by

Ik.x/
4D 1

2�

Z 2�

0

ex cos � cos.k�/d�:

If n is even (which is usually the case in practice) and m D n=2, then the pdf of Y defines the non-central chi-square
distribution with 2m degrees of freedom

pY.y/ D 1

2�2

� y

s2

� m�1
2

exp

�

� .s
2 C y/

2�2

�

Im�1
�p

y
s

�2

�
; y � 0 (A.67)

and the cdf of Y is

FY.y/ D 1 � Qm

�
s

�
;

p
y

�

�

; y � 0; (A.68)

where Qm.a; b/ is called the generalized Q-function.

A.4 Upper Bounds on the cdfc

Several different approaches can be used to upper bound the tail area under a probability density function including the
Chebyshev and Chernoff bounds.

A.4.1 Chebyshev Bound

The Chebyshev bound is derived as follows. Let X be a random variable with mean �X , variance �2X , and pdf pX.x/. Then the
variance of X is

�2X D
Z 1

�1
.x � �X/

2pX.x/dx

�
Z

jx��X j�ı
.x � �X/

2pX.x/dx

� ı2
Z

jx��X j�ı
pX.x/dx

D ı2PŒjX � �Xj � ı�:
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Hence,

PŒjX � �Xj � ı� � �2X
ı2
: (A.69)

The Chebyshev bound is straightforward to apply but it tends to be quite loose.

A.4.2 Chernoff Bound

The Chernoff bound is more difficult to compute but is much tighter than the Chebyshev bound. To derive the Chernoff
bound the following inequality is used

u.x/ � e�x; 8 x and 8 � � 0;

where u.x/ is the unit step function. Then,

PŒX � 0� D
Z 1

0

pX.x/dx

D
Z 1

�1
u.x/pX.x/dx

�
Z 1

�1
e�xpX.x/dx

D EŒe�x�:

The Chernoff bound parameter, �; � > 0, can be optimized to give the tightest upper bound. This can be accomplished by
setting the derivative to zero

d

d�
EŒe�x� D E

�
d

d�
e�x




D EŒxe�x� D 0:

Let �� D arg min��0 EŒe�x� be the solution to the above equation. Then

PŒX � 0� � EŒe�
�x�: (A.70)

Example A.1: Let Xi; i D 1; : : : ; n be independent and identically distributed random variables with density

pX.x/ D pı.x � 1/C .1 � p/ı.x C 1/:

Let

Y D
nX

iD1
Xi:

Consider the quantity PŒY � 0�. To compute this probability exactly,

PŒY � 0� D P Œdn=2e or more of the Xi are ones �

D
nX

kDdn=2e

 
n

k

!

pk.1 � p/n�k:

(continued)
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Example A.1 (continued)

For n D 10 and p D 0:1

PŒY � 0� D 0:0016349: (A.71)

Chebyshev Bound

To compute the Chebyshev bound, first determine the mean and variance of Y .

�Y D nEŒXi�

D nŒp � 1C p�

D n.2p � 1/:

�2Y D n�2X

D n


EŒX2i � � E2ŒXi�

�

D n


1 � .2p � 1/2�

D n


1 � 4p2 C 4p � 1�

D 4np.1 � p/:

Hence,

PŒjY � �Y j � �Y � � �2Y
�2Y

D 4np.1 � p/

n2.2p � 1/2 :

Then by symmetry

PŒY � 0� D 1

2
PŒjY � �Y j � �Y �

� 2p.1 � p/

n.2p � 1/2 :

For n D 10 and p D 0:1

PŒY � 0� � 0:028125: (A.72)

Chernoff Bound

The Chernoff bound is given by

PŒY � 0� � EŒe�y�

D 

EŒe�x�

�n
:

However,

EŒe�x� D pe� C .1 � p/e��:

(continued)
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Example A.1 (continued)

To find the optimal Chernoff bound parameter, solve

d

d�
EŒe�x� D pe� � .1 � p/e�� D 0

giving

�� D ln

 s
1 � p

p

!

:

Hence,

PŒY � 0� �
�

EŒe�
�x�
�n

D .4p.1 � p//n=2 :

For n D 10 and p D 0:1

PŒY � 0/� � 0:0060466:

Notice that the Chernoff bound is much tighter that the Chebyshev bound in this case.

A.5 Random Processes

A random process, or stochastic process, X.t/, is an ensemble of sample functions fX1.t/;X2.t/; : : : ;X
 .t/g together with
a probability rule which assigns a probability to any meaningful event associated with the observation of these sample
functions. Consider the set of sample functions shown in Fig. A.1. The sample function xi corresponds to the sample point
s1 in the sample space and occurs with probability PŒs1�. The number of sample functions, 
 , in the ensemble may be finite
or infinite. The function Xi.t/ is deterministic once the index i is known. Sample functions may be defined at discrete or

s

s

s
ξ

t

t

t

2

1

X1(  )t

ξ

X

(  )t

2 t(  )

X

sample
space S

Fig. A.1 Ensemble of sample functions for a random process
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continuous instants in time, which define discrete- or continuous-time random processes, respectively. Furthermore, their
values (or parameters) at these time instants may be either discrete or continuous valued as well, which defines a discrete-
or continuous-parameter random process, respectively. Hence, random processes may be discrete-time discrete-parameter,
discrete-time continuous-parameter, continuous-time discrete-parameter, or continuous-time continuous-parameter.

Suppose that all sample functions of a random process are observed at some time instant t1. Their values form the set
of numbers fXi.t1/g; i D 1; 2; : : : ; 
 . Since Xi.t1/ occurs with probability PŒsi�, the collection of numbers fXi.t1/g; i D
1; 2; : : : ; 
 , forms a random variable, denoted by X.t1/. By observing the set of waveforms at another time instant t2 a
different random variable X.t2/ is obtained. The collection of n such random variables, X.t1/; X.t2/; : : : ; X.tn/, has the joint
cdf

FX.t1/;:::; X.tn/.x1; : : : ; xn/ D PŒX.t1/ < x1; : : : ;X.tn/ < xn�:

A more compact notation can be obtained by defining the vectors

x
4D .x1; x2; : : : ; xn/

T

X.t/
4D .X.t1/;X.t2/; : : : ;X.tn//

T :

Then the joint cdf and joint pdf of the random vector X.t/ are, respectively,

FX.t/.x/ D P.X.t/ � x/ (A.73)

pX.t/.x/ D @nFX.t/.x/
@x1@x2 � � � @xn

: (A.74)

A random process is strictly stationary if and only if the joint density function pX.t/.x/ is invariant under shifts of the time
origin. In this case, the equality

pX.t/.x/ D pX.tC�/.x/ (A.75)

holds for all sets of time instants ft1; t2; : : : ; tng and all time shifts � . Some important random processes that are encountered
in practice are strictly stationary, while many are not.

A.5.1 Moments and Correlation Functions

To describe the moments and correlation functions of a random process, it is useful to define the following two operators:

EŒ � � 4D ensemble average

h � i 4D time average:

The ensemble average of a random process at time t is

�X.t/ D EŒX.t/� D
Z 1

�1
xpX.t/.x/dx: (A.76)

Note that the ensemble average is generally a function of time. However, if the ensemble average changes with time, then
the process is not strictly stationary. The time average of a random process is

hX.t/i D lim
T!1

1

2T

Z T

�T
X.t/dt: (A.77)

In general, the time average hX.t/i is also a random variable, because it depends on the particular sample function that is
selected for time averaging.
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The autocorrelation of a random process X.t/ is defined as

�XX.t1; t2/ D E ŒX.t1/X.t2/� : (A.78)

The autocovariance of a random process X.t/ is defined as

�XX.t1; t2/ D E Œ.X.t1/ � �X.t1// .X.t2/ � �X.t2//�

D �XX.t1; t2/ � �X.t1/�X.t2/: (A.79)

A random process that is strictly stationary must have

EŒXn.t/� D EŒXn� 8 t; n:

Hence, strictly stationary random process must have

�X.t/ D �

�2X.t/ D �2X

�XX.t1; t2/ D �XX.t2 � t1/ � �XX.�/

�XX.t1; t2/ D �XX.t2 � t1/ � �XX.�/;

where � D t2 � t1.
If a random process satisfies the following two conditions

�X.t/ D �X

�XX.t1; t2/ D �XX.�/ ; � D t2 � t1 ;

then it is said to be wide-sense stationary. Note that if a random process is strictly stationary, then it is wide-sense stationary;
however, the converse may not be true. A notable exception is the Gaussian random process which is strictly stationary if and
only if it is wide-sense stationary. The reason is that a joint Gaussian density of the vector X.t/ D .X.t1/;X.t2/; : : : ;X.tn//
is completely described by the means and covariances of the X.ti/.

A.5.1.1 Properties of �XX.�/

The autocorrelation function, �XX.�/, of a stationary random process satisfies the following properties.

• �XX.0/ D EŒX2.t/�. This is the total power in the random process.
• �XX.�/ D �XX.��/. The autocorrelation function must be an even function.
• j�XX.�/j � �XX.0/. This is a variant of the Cauchy-Schwartz inequality.
• �XX.1/ D E2ŒX.t/� D �2X . This holds if X.t/ contains no periodic components and is equal to the d.c. power.

Example A.2: This example shows that j�XX.�/j � �XX.0/. This inequality can be established through the following
steps.

0 � EŒX.t/˙ .X.t C �//2�

D EŒX2.t/C X2.t C �/˙ 2X.t/X.t C �/�

D EŒX2.t/�C EŒX2.t C �/�˙ 2EŒX.t/X.t C �/�

D 2EŒX2.t/�˙ 2EŒX.t/X.t C �/�

D 2�XX.0/˙ 2�XX.�/:

(continued)
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Example A.2 (continued)

Therefore,

˙�XX.�/ � �XX.0/

j�XX.�/j � �XX.0/:

A.5.1.2 Ergodic Random Processes

A random process is ergodic if for all g.X/ and X

EŒg.X/� D
Z 1

�1
g.X/pX.t/.x/dx

D lim
T!1

1

2T

Z T

�T
gŒX.t/�dt

D hgŒX.t/�i: (A.80)

For a random process to be ergodic, it must be strictly stationary. However, not all strictly stationary random processes are
ergodic. A random process is ergodic in the mean if hX.t/i D �X and ergodic in the autocorrelation if hX.t/X.t C �/i D
�XX.�/.

Example A.3: Consider the random process

X.t/ D A cos.2� fct C‚/

where A and fc are constants, and

p‚.�/ D
�
1=.2�/ ; 0 � � � 2�

0 ; elsewhere
:

The mean of X.t/ is

�X.t/ D E‚ŒA cos.2� fct C �/� D 0 D �X

and autocorrelation of X.t/ is

�XX.t1; t2/ D E‚ŒX.t1/X.t2/�

D E‚ŒA
2 cos.2� fct1 C �/ cos.2� fct2 C �/�

D A2

2
E‚Œcos.2� fct1 C 2� fct2 C 2�/�C A2

2
E‚Œcos.2� fc.t2 � t1//�

D A2

2
cos.2� fc.t2 � t1//

D A2

2
cos.2� fc�/; � D t2 � t1:

It is clear that this random process is wide-sense stationary.

(continued)
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Example A.3 (continued)

The time average mean of X.t/ is

hX.t/i D lim
T!1

1

2T

Z T

�T
A cos.2� fct C �/dt D 0

and the time average autocorrelation of X.t/ is

hX.t C �/X.t/i

D lim
T!1

1

2T

Z T

�T
A2 cos.2� fct C �/ cos.2� fct C 2� fc� C �/dt

D lim
T!1

A2

4T

Z T

�T
A2 Œcos.2� fc�/C cos.4� fct C 2� fc� C 2�/� dt

D A2

2
cos.2� fc�/:

By comparing the ensemble and time average mean and autocorrelation, it can be concluded that this random process
is ergodic in the mean and ergodic in the autocorrelation.

Example A.4: Consider the random process

Y.t/ D X cos t; X � N .0; 1/:

Find the probability density function of Y.0/, the joint probability density function of Y.0/ and Y.�/, and determine
whether or not Y.t/ is strictly stationary.

1. To find the probability density function of Y.0/,

Y.0/ D X cos 0 D X:

Therefore,

pY.0/.y0/ D 1p
2�

e�y20=2:

2. To find the joint density of Y.0/ and Y.�/,

Y.0/ D X D �Y.�/:

Therefore,

pY.0/jY.�/.y0jy�/ D ı.y0 C y�/

and

pY.0/Y.�/.y0; y�/ D pY.0/jY.�/.y0jy�/pY.�/.y�/

D 1p
2�

e�y2�=2ı.y0 C y�/:

(continued)
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Example A.4 (continued)

3. To determine whether or not Y.t/ is strictly stationary, note that

EŒY.t/� D EŒX� cos t D 0

EŒY2.t/� D EŒX2� cos2 t:

Since the second moment and, hence, the pdf of this random process varies with time, the random process is not
strictly stationary.

A.5.2 Cross-correlation and Crosscovariance

Consider two random processes X.t/ and Y.t/. The cross-correlation of X.t/ and Y.t/ is

�XY.t1; t2/ D EŒX.t1/Y.t2/� (A.81)

�YX.t1; t2/ D EŒY.t1/X.t2/�: (A.82)

The correlation matrix of X.t/ and Y.t/ is

ˆ.t1; t2/ D
�
�XX.t1; t2/ �XY.t1; t2/
�YX.t1; t2/ �YY.t1; t2/




: (A.83)

The crosscovariance of X.t/ and Y.t/ is

�XY.t1; t2/ D E Œ.X.t1/ � �X.t1// .X.t2/ � �X.t2//�

D �XY.t1; t2/ � �X.t1/�X.t2/: (A.84)

The covariance matrix of X.t/ and Y.t/ is

ƒ.t1; t2/ D
�
�XX.t1; t2/ �XY.t1; t2/
�YX.t1; t2/ �YY.t1; t2/




: (A.85)

If X.t/ and Y.t/ are each wide-sense stationary and jointly wide-sense stationary, then

ˆ.t1; t2/ D ˆ.t2 � t1/ D ˆ.�/ (A.86)

ƒ.t1; t2/ D ƒ.t2 � t1/ D ƒ.�/; (A.87)

where � D t2 � t1.

A.5.2.1 Properties of �XY.�/

Consider two random processes X.t/ and Y.t/ are each wide-sense stationary and jointly wide-sense stationary. The cross-
correlation function �XY.�/ has the following properties.

• �XY.�/ D �YX.��/
• j�XY.�/j � 1

2
Œ�XX.0/C �YY.0/�

• j�XY.�/j2 � �XX.0/�YY.0/ if X.t/ and Y.t/ have zero mean.
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A.5.2.2 Classifications of Random Processes

Two random processes X.t/ and Y.t/ are said to be

• uncorrelated if and only if �XY.�/ D 0.
• orthogonal if and only if �XY.�/ D 0.
• statistically independent if and only if

pX.t/Y.tC�/.x; y/ D pX.t/.x/pY.tC�/.y/:

Furthermore, if �X D 0 or �Y D 0, then the random processes are also orthogonal if they are uncorrelated. Statistically
independent random processes are always uncorrelated, however, not all uncorrelated random processes are statistically
independent. In the special case of Gaussian random processes, if the processes are uncorrelated, then they are also
statistically independent.

Example A.5: Find the autocorrelation function of the random process

Z.t/ D X.t/C Y.t/

where X.t/ and Y.t/ are wide-sense stationary random processes.
The autocorrelation function of Z.t/ is

�ZZ.�/ D EŒZ.t/Z.t C �/�

D E Œ.X.t/C Y.t// .X.t C �/C Y.t C �//�

D �XX.�/C �YX.�/C �XY.�/C �YY.�/:

If X.t/ and Y.t/ are uncorrelated, then

�YX.�/ D �XY.�/ D �X�Y

and

�ZZ.�/ D �XX.�/C �YY.�/C 2�X�Y :

If X.t/ and Y.t/ are uncorrelated and at least one has zero-mean, then

�ZZ.�/ D �XX.�/C �YY.�/:

Example A.6: Can the following be a correlation matrix for two jointly wide-sense stationary zero-mean random
processes?

ˆ.�/ D
�
�XX.�/ �XY.�/

�YX.�/ �YY.�/




D
�

A2 cos.�/ 2A2 cos.3�=2/
2A2 cos.3�=2/ A2 sin.2�/




:

(continued)
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Example A.6 (continued)

The answer is no, because the following two conditions are violated:

1. j�XY.�/j � 1
2
Œ�XX.0/C �YY.0/�

2. j�XY.�/j2 � �XX.0/�YY.0/ if X.t/ and Y.t/ have zero mean.

A.5.3 Complex-Valued Random Processes

A complex-valued random process is given by

Z.t/ D X.t/ C jY.t/

where X.t/ and Y.t/ are real-valued random processes.

A.5.3.1 Autocorrelation Function

The autocorrelation function of a complex-valued random process is

�ZZ.t1; t2/ D 1

2
EŒZ�.t1/Z.t2/�

D 1

2
E Œ.X.t1/ � jY.t1// .X.t2/C jY.t2//�

D 1

2

�
�XX.t1; t2/C �YY.t1; t2/C j.�XY.t1; t2/ � �YX.t1; t2//

�
: (A.88)

The factor of 1=2 in included for convenience, when Z.t/ is a complex-valued Gaussian random process. If Z.t/ is wide-sense
stationary, then

�ZZ.t1; t2/ D �ZZ.t2 � t1/ D �ZZ.�/ ; � D t2 � t1:

A.5.3.2 Cross-correlation Function

Consider two complex-valued random processes

Z.t/ D X.t/C jY.t/

W.t/ D U.t/C jV.t/:

The cross-correlation function of Z.t/ and W.t/ is

�ZW.t1; t2/ D 1

2
EŒZ�.t1/W.t2/�

D 1

2

�
�XU.t1; t2/C �YV.t1; t2/C j.�XV.t1; t2/ � �YU.t1; t2//

�
: (A.89)

If X.t/, Y.t/, U.t/ and V.t/ are pairwise wide-sense stationary random processes, then

�ZW.t1; t2/ D �ZW.t2 � t1/ D �ZW.�/: (A.90)
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The cross-correlation of a complex wide-sense stationary random process satisfies the following property

��
ZW.�/ D 1

2
EŒZ.t/W�.t C �/�

D 1

2
EŒZ.Ot � �/W�.Ot/�

D 1

2
EŒW�.Ot/Z.Ot � �/�

D �WZ.��/; (A.91)

where the second line uses the change of variable Ot D t C � . For a complex-valued random process Z.t/, it also follows that

��
ZZ.�/ D �ZZ.��/: (A.92)

A.5.4 Power Spectral Density

The power spectral density (psd) of a wide-sense stationary random process X.t/ is the Fourier transform of the
autocorrelation function, i.e.,

SXX.f / D D
Z 1

�1
�XX.�/e

�j2� f �d� (A.93)

�XX.�/ D
Z 1

�1
SXX.f /e

j2� f �df : (A.94)

If X.t/ is a real-valued wide-sense stationary random process, then its autocorrelation function �XX.�/ is real and even.
Therefore, SXX.�f / D SXX.f / meaning that the power spectrum SXX.f / is also real and even. If Z.t/ is a complex-valued
wide-sense stationary random process, then �ZZ.�/ D ��

ZZ.��/, and S�
ZZ.f / D SZZ.f / meaning that the power spectrum

SZZ.f / is real but not necessarily even.
The power, P, in a wide-sense stationary random process X.t/ is

P D EŒX2.t/�

D �XX.0/

D
Z 1

�1
SXX.f /df

a result known as Parseval’s theorem.
The cross power spectral density between two random processes X.t/ and Y.t/ is

SXY.f / D
Z 1

�1
�XY.�/e

�j2� f �d�: (A.95)

If X.t/ and Y.t/ are both real-valued random processes, then

�XY.�/ D �YX.��/

and

SXY.f / D SYX.�f /:

If X.t/ and Y.t/ are complex-valued random processes, then

��
XY.�/ D �YX.��/
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Fig. A.2 Random process
through a linear system

and

S�
XY.f / D SYX.f /:

A.5.5 Random Processes Filtered by Linear Systems

Consider the linear system with impulse response h.t/, shown in Fig. A.2. Suppose that the input to the linear system is a
real-valued wide-sense stationary random process X.t/, with mean �X and autocorrelation �XX.�/. The input and output are
related by the convolution integral

Y.t/ D
Z 1

�1
h.�/X.t � �/d�:

Hence,

Y.f / D H.f /X.f /:

The output mean is

�Y D
Z 1

�1
h.�/EŒX.t � �/�d� D �X

Z 1

�1
h.�/d� D �XH.0/;

which is equal to the input mean multiplied by the d.c. gain of the filter.
The output autocorrelation function is

�YY.�/ D EŒY.t/Y.t C �/�

D E

�Z 1

�1
h.ˇ/X.t � ˇ/dˇ

Z 1

�1
h.˛/X.t C � � ˛/d˛




D
Z 1

�1

Z 1

�1
h.ˇ/h.˛/�XX.� � ˛ C ˇ/dˇd˛

D
Z 1

�1
h.˛/

Z 1

�1
h.ˇ/�XX.� C ˇ � ˛/dˇd˛

D
�Z 1

�1
h.ˇ/�XX.� C ˇ/dˇ

�

	 h.�/

D h.��/ 	 �XX.�/ 	 h.�/:

Taking the Fourier transform of both sides, the power density spectrum of the output process Y.t/ is

SYY.f / D H.f /H�.f /SXX.f /

D jH.f /j2 SXX.f /:



A Probability and Random Processes 695

Example A.7: Consider the linear system shown in Fig. A.2. In this example we will find the cross-correlation
between the input process X.t/ and the output Y.t/. The cross-correlation �XY.�/ is given by

�XY.�/ D EŒX.t/Y.t C �/�

D E

�

X.t/
Z 1

�1
h.˛/X.t C � � ˛/d˛




D
Z 1

�1
h.˛/EŒX.t/X.t C � � ˛/�d˛

D
Z 1

�1
h.˛/�XX.� � ˛/d˛

D h.�/ 	 �XX.�/:

Also,

SXY.f / D H.f /SXX.f /:

Example A.8: Suppose that a real-valued Gaussian random process X.t/ with mean �X and covariance function
�XX.�/ is passed through the linear filter shown in Fig. A.2. In this example, the joint density of the random variables
X1 D X.t1/ and X2 D Y.t2/ is of interest. If a Gaussian random process is passed through a linear filter, then the output
process will also be a Gaussian random process. This is due to the fact that a sum of Gaussian random variables will
yield another Gaussian random variable. Hence, X1 and X2 have a joint Gaussian density function as defined in (A.43)
that is completely described in terms of their means and covariances.
Step 1: Obtain the mean and covariance matrix of X1 and X2.

The crosscovariance of X1 and X2 is

�X1X2 .�/ D E Œ.X.t/ � �X/ .Y.t C �/ � �Y/�

D E ŒX.t/Y.t C �/� � �Y�X:

Now �Y D H.0/�X . Also, from the previous example

EŒX.t/Y.t C �/� D
Z 1

�1
h.˛/�XX.� � ˛/d˛

D
Z 1

�1
h.˛/Œ�XX.� � ˛/C �2X�d˛

D
Z 1

�1
h.˛/�XX.� � ˛/d˛ C H.0/�2X:

Therefore,

�X1X2 .�/ D
Z 1

�1
h.˛/�XX.� � ˛/d˛ D h.�/ 	 �XX.�/:

Also

�X2X1 .�/ D �X1X2 .��/ D �X1X2 .�/

�X1X1 .�/ D �XX.�/

(continued)
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Example A.8 (continued)
�X2X2 .�/ D h.�/ 	 h.��/ 	 �XX.�/;

where the first line follows from the even property of the autocovariance function. Hence, the covariance matrix is

ƒ D
�
�X1X1 .0/ �X1X2 .�/

�X2X1 .�/ �X2X2 .0/




D
�

�XX.0/ h.�/ 	 �XX.�/

h.�/ 	 �XX.�/ h.�/ 	 h.��/ 	 �XX.�/ j�D0




Step 2: Write the joint density function of X1 and X2.
Let

X D .X1;X2/
T

x D .x1; x2/
T

�X D .�X; �Y/
T D .�X;H.0/�X/

T :

Then

PX.x/ D 1

2�jƒj1=2 exp

�

�1
2
.z � �X/

Tƒ�1.z � �X/

�

:

A.5.6 Cyclostationary Random Processes

Consider the random process

X.t/ D
1X

nD�1
an .t � nT/;

where fang is a sequence of complex random variables with mean �a and autocorrelation �aa.n/ D 1
2EŒa

�
k akCn�, and  .t/ is

a real-valued pulse having finite energy. Note that the mean of X.t/

�X.t/ D �a

1X

nD�1
 .t � nT/

is periodic in t with period T . The autocorrelation function of X.t/ is

�XX.t; t C �/ D 1

2
EŒX�.t/X.t C �/�

D 1

2
E

" 1X

nD�1
a�

n .t � nT/
1X

mD�1
am .t C � � mT/

#

D
1X

nD�1

1X

mD�1
�aa.m � n/ .t � nT/ .t C � � mT/:

It is relatively straightforward to show that

�XX.t C kT; t C � C kT/ D �XX.t; t C �/:



A Probability and Random Processes 697

Therefore, the autocorrelation function �XX.t; t C �/ is periodic in t with period T . Such a process with a periodic mean and
autocorrelation function is said to be cyclostationary or periodic wide-sense stationary.

The power spectrum of a cyclostationary random process X.t/ can be computed by first determining the time-average
autocorrelation

�XX.�/ D h�XX.t; t C �/i D 1

T

Z

T
�XX.t; t C �/dt

and then taking the Fourier transform in (A.93).

A.5.7 Discrete-Time Random Processes

Let Xn � X.n/, where n is an integer time variable, be a complex-valued discrete-time random process. Then the mth moment
of Xn is

EŒXm
n � D

Z 1

�1
xm

n pX.xn/dxn: (A.96)

The autocorrelation function of Xn is

�XX.n; k/ D 1

2
EŒX�

n Xk� D 1

2

Z 1

�1

Z 1

�1
x�

n xkpXn;Xk.xn; xk/dxndxk (A.97)

and the autocovariance function is

�XX.n; k/ D �.n; k/ � 1

2
EŒX�

n �EŒXk�: (A.98)

If Xn is a wide-sense stationary discrete-time random process, then

�XX.n; k/ D �XX.k � n/ (A.99)

�XX.n; k/ D �XX.k � n/ D �XX.k � n/ � 1

2
j�Xj2: (A.100)

From Parseval’s theorem, the total power in the process Xn is

P D 1

2
EŒjXnj2� D �XX.0/: (A.101)

The power spectrum of a discrete-time random process Xn is the discrete-time Fourier transform of the autocorrelation
function

SXX.f / D
1X

nD�1
�XX.n/e

�j2� fn (A.102)

and

�XX.n/ D
Z 1=2

�1=2
SXX.f /e

j2� fndf : (A.103)

Note that SXX.f / is periodic in f with a period of unity, i.e., SXX.f / D SXX.f C k/ for any integer k. This is a characteristic of
any discrete-time random process. For example, one obtained by sampling a continuous time random process Xn D x.nT/,
where T is the sample period.
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Suppose that a wide-sense stationary complex-valued discrete-time random process Xn is input to a discrete-time linear
time-invariant system with impulse response hn. The process is assumed to have mean �X and autocorrelation function
�XX.n/ The transfer function of the filter is

H.f / D
1X

nD�1
hne�j2� fn: (A.104)

The input, Xn, and output, Yn, are related by the convolution sum

Yn D
1X

kD�1
hkXn�k: (A.105)

The output mean is

�Y D EŒYn� D
1X

kD�1
hkEŒXn�k� D �X

1X

kD�1
hk D �XH.0/: (A.106)

The output autocorrelation is

�YY.k/ D 1

2
EŒY�

n YnCk�

D 1

2
E

" 1X

`D�1
h�̀X�

n�`
1X

mD�1
hmXnCk�m

#

D
1X

`D�1

1X

mD�1
h�̀hm

1

2
EŒX�

n�`XnCk�m�

D
1X

`D�1

1X

mD�1
h�̀hm�XX.k C ` � m/

D
1X

mD�1
hm

1X

`D�1
h�̀�XX.k C ` � m/

D hk 	
( 1X

`D�1
h�̀�XX.k C `/

)

D hk 	 �XX.k/ 	 h��k: (A.107)

where the convolution operation is understood to be a discrete-time convolution. The output psd can be obtained by taking
the discrete-time Fourier transform of the autocorrelation function, resulting in

SYY.f / D H.f /SXX.f /H
�.f /

D jH.f /j2 SXX.f /: (A.108)

Once again, SYY.f / is periodic in f with a period of unity, i.e., SYY.f / D SYY.f C k/ for any integer k.



References

1. 3GPP, Study on 3D channel model for LTE (2015)
2. V.A. Aalo, J. Zhang, Performance of antenna array systems with optimum combining in a Rayleigh fading environment. IEEE Commun. Lett.

4, 387–389 (2000)
3. A. Abdi, J.A. Barger, M. Kaveh, A parametric model for the distribution of the angle of arrival and the associated correlation function and

power spectrum at the mobile station. IEEE Trans. Veh. Technol. 51, 425–434 (2002)
4. M. Abramowitz, I.A. Stegun (ed.), Handbook of Mathematical Functions (Dover, New York, 1965)
5. F. Abrishamkar, E. Biglieri, Suboptimum detection of trellis-coded CPM for transmission on bandwidth- and power-limited channels. IEEE

Trans. Commun. 39, 1065–1074 (1991)
6. A. Abu-Dayya, N. Beaulieu, Outage probabilities of cellular mobile radio systems with multiple Nakagami interferers. IEEE Trans. Veh.

Technol. 40, 757–768 (1991)
7. A.A. Abu-Dayya, N.C. Beaulieu, Micro- and macrodiversity NCFSK (DPSK) on shadowed Nakagami-fading channels. IEEE Trans.

Commun. 42, 2693–2702 (1994)
8. A.A. Abu-Dayya, N.C. Beaulieu, Micro- and macrodiversity MDPSK on shadowed frequency-selective channels. IEEE Trans. Commun. 43,

2334–2343 (1995)
9. G. Acosta, K. Tokuda, M.A. Ingram, Measured joint Doppler-delay power profiles for vehicle-to-vehicle communications at 2.4 GHz, in

IEEE Global Communications Conference, Dallas, TX, November 2004, pp. 3813–3817
10. S. Agarwal, J. Holtzman, Modelling and analysis of handoff algorithms in multi-cellular systems, in IEEE Vehicular Technology Conference,

Phoenix, AZ, May 1997, pp. 300–304
11. Y. Akaiwa, A conceptual design of microcellular radio communication system, in IEEE Vehicular Technology Conference, Orlando, FL, May

1990, pp. 156–160
12. Y. Akaiwa, H. Andoh, Channel segregation - a self organized dynamic channel allocation method: application to TDMA/FDMA microcellular

systems. IEEE J. Sel. Areas Commun. 11, 949–954 (1993)
13. A.S. Akki, Statistical properties of mobile-to-mobile land communication channels. IEEE Trans. Veh. Technol. 43, 826–831 (1994)
14. A.S. Akki, F. Haber, A statistical model of mobile-to-mobile land communication channel. IEEE Trans. Veh. Technol. 35, 2–7 (1986)
15. S.M. Alamouti, A simple transmit diversity technique for wireless communications. IEEE J. Sel. Areas Commun. 16, 1451–1458 (1998)
16. L. Anderson, A simulation study of some dynamic channel assignment algorithms in a high capacity mobile telecommunications system.

IEEE Trans. Veh. Technol. 22, 210–217 (1973)
17. J.B. Anderson, T. Aulin, C.E. Sundberg, Digital Phase Modulation (Plenum, New York, 1986)
18. J.B. Andersen, T. Rappaport, S. Yoshida, Propagation measurements and models for wireless communications channels. IEEE Commun.

Mag. 33, 42–49 (1995)
19. M.R. Andrews, P.P. Mitra, R. deCarvalho, Tripling the capacity of wireless communications using electromagnetic polarization. Nature 409,

316–318 (2001)
20. S. Ariyavisitakul, SIR-based power control in a CDMA system, in IEEE Global Communication Conference, Orlando, FL, December 1992,

pp. 868–873
21. S. Ariyavisitakul, L.F. Chang, Signal and interference statistics of a CMDA system with feedback power control. IEEE Trans. Commun. 41,

1626–1634 (1993)
22. T. Aulin, A modified model for the fading signal at a mobile radio channel. IEEE Trans. Veh. Technol. 28, 182–203 (1979)
23. M.E. Austin, Decision-feedback equalization for digital communication over dispersive channels, Technical Report, MIT Lincoln Lab.,

Lexington, MA, August 1967
24. M.D. Austin, G.L. Stüber, Velocity adaptive handoff algorithms for microcellular systems, in IEEE Conference on Universal Personal

Communications, Ottawa, Canada, October 1993, pp. 793–797
25. M.D. Austin, G.L. Stüber, Co-channel interference modeling for signal strength based handoff analysis. Electron. Lett. 30, 1914–1915 (1994)
26. M.D. Austin, G.L. Stüber, Direction biased handoff algorithms for urban microcells, in IEEE Vehicular Technology Conference, Stockholm,

Sweden, June 1994, pp. 101–105
27. M.D. Austin, G.L. Stüber, Exact co-channel interference analysis for log-normal shadowed Rician fading channels. Electron. Lett. 30,

748–749 (1994)
28. M.D. Austin, G.L. Stüber, Velocity adaptive handoff algorithms for microcellular systems. IEEE Trans. Veh. Technol. 43, 549–561 (1994)
29. M.D. Austin, G.L. Stüber, In-service signal quality estimation for TDMA cellular systems, in IEEE International Symposium on Personal,

Indoor and Mobile Radio Communications, Toronto, Canada, September 1995, pp. 836–840

© Springer International Publishing AG 2017
G.L. Stüber, Principles of Mobile Communication, DOI 10.1007/978-3-319-55615-4

699



700 References

30. M.D. Austin, G.L. Stüber, In-service signal quality estimation for TDMA cellular systems. Kluwer J. Wireless Personal Commun. 2, 245–254
(1996)

31. L. Bahl, J. Cocke, F. Jelinek, J. Raviv, Optimal decoding of linear codes for minimizing symbol error rate. IEEE Trans. Inf. Theory 20,
284–287 (1974)

32. J.C.A. Baird, C.L. Zahm, Performance criteria for narrowband array processing, in IEEE Conference on Decision and Control, Miami, FL,
December 1971, pp. 564–565

33. G. Battail, A conceptual framework for understanding Turbo codes. IEEE J. Sel. Areas Commun. 16, 245–254 (1998)
34. N.C. Beaulieu, A.A. Abu-Dayya, P.J. McLane, Comparison of methods of computing lognormal sum distributions and outages for digital

wireless applications, in IEEE International Conference on Communications, New Orleans, LA, May 1994, pp. 1270–1275
35. P. Bello, Characterization of random time-variant linear channels. IEEE Trans. Commun. 11, 360–393 (1963)
36. S. Benedetto, G. Montorsi, Design of parallel concatenated convolutional codes. IEEE Trans. Commun. 44, 591–600 (1996)
37. S. Benedetto, G. Montorsi, Unveiling turbo codes: some results on parallel concatenated coding schemes. IEEE Trans. Inf. Theory 42, 409–

428 (1996)
38. S. Benedetto, G. Montorsi, D. Divsalar, F. Pollara, Serial concatenation of interleaved codes: performance analysis, design and iterative

decoding. JPL-TDA Progress Report 42–126, (1996), pp. 42–126
39. S. Benedetto, G. Montorsi, D. Divsalar, F. Pollara, Soft-output decoding algorithms in iterative decoding of turbo codes. JPL-TDA Progress

Report 42–124 (1996), pp. 63–84
40. J.-E. Berg, R. Bownds, F. Lotse, Path loss and fading models for microcells at 900 MHz, in IEEE Vehicular Technology Conference, Denver,

CO, May 1992, pp. 666–671
41. R.C. Bernhardt, Macroscopic diversity in frequency reuse radio systems. IEEE J. Sel. Areas Commun. 5, 862–870 (1987)
42. C. Berrou, A. Glavieux, P. Thitimajshima, Near Shannon limit error-correcting coding and decoding, in IEEE International Conference on

Communications, Geneva, Switzerland, June 1993, pp. 1064–1070
43. E. Biglieri, D. Divsalar, P. McLane, M. Simon, Introduction to Trellis-Coded Modulation with Applications (McMillan, New York, 1991)
44. M.A. Birchler, S.C. Jasper, A 64 kbps digital land mobile radio system employing M-16QAM, in Proceedings of 5th Nordic Seminar on Land

Mobile Radio, Helsinki, Finland, December 1992, pp. 237–241
45. V.M. Bogachev, I.G. Kieslev, Optimum combining of signals in space-diversity reception. Telecommun. Radio Eng. 34/35, 83 (1980)
46. G.P. Bortnyk, Combining signal images in accordance with signal-to-noise ratios, U.S. Patent No. 6,801,867, October 2004
47. G. Bortnyk, E. Franke, An improved quad diversity combining technique for effectively combating multipath, antenna gain and shadowing,

in IEEE Military Communications Conference, October 2001, pp. 641–646
48. G.E. Bottomley, K. Jamal, Adpative arrays and MLSE equalization, in IEEE Vehicular Technology Conference, Chicago, IL, July 1995,

pp. 50–54
49. A. Burr, Capacity bounds and estimates for finite scatterers MIMO wireless channel. IEEE J. Sel. Areas Commun. 21, 812–818 (2003)
50. G.J. Byers, F. Takawira, Spatially and temporally correlated MIMO channels: modeling and capacity analysis. IEEE Trans. Veh. Technol. 53,

634–643 (2004)
51. A.R. Calderbank, J. Mazo, A new description of trellis codes. IEEE Trans. Inf. Theory 30, 784–791 (1984)
52. A.R. Calderbank, N.J. Sloane, New trellis codes based on lattices and cosets. IEEE Trans. Inf. Theory 33, 177–195 (1987)
53. J. Cavers, P. Ho, Analysis of the error performance of trellis-coded modulation in Rayleigh-fading channels. IEEE Trans. Commun. 40, 74–83

(1992)
54. C. Chandra, T. Jeanes, W.H. Leung, Determination of optimal handover boundaries in a cellular network based on traffic distribution analysis

of mobile measurement reports, in IEEE Vehicular Technology Conference, Phoenix, AZ, May 1997, pp. 305–309
55. R.W. Chang, Synthesis of band-limited orthogonal signals for multi-channel data transmission. Bell Syst. Tech. J. 46, 1775–1796 (1966)
56. C.J. Chang, F.C. Ren, Downlink power control in DS/CDMA cellular mobile radio networks, in IEEE Conference on Universal Personal

Communications (1994), pp. 89–93
57. U. Charash, Reception through Nakagami fading multipath channels with random delays. IEEE Trans. Commun. 27, 657–670 (1979)
58. Y. Chau, S.-H. Yu, Space modulation on wireless fading channels, in IEEE Vehicular Technology Conference, p. 1668
59. D.K. Cheng, Field and Wave Electromagnetics, 2nd edn. (Addison-Wesley, Reading, 1989)
60. P. Chevillat, E. Eleftheriou, Decoding of trellis-encoded signal in the presence of intersymbol interference and noise. IEEE Trans. Commun.

37, 669–676 (1989)
61. S. Chia, R. Steele, E. Green, A. Baran, Propagation and bit-error ratio measurements for a microcellular system. J. Inst. Electron. Radio Eng.

(UK) 57, 255–266 (1987)
62. S.T.S. Chia, R.J. Warburton, Handover criteria for city microcellular systems, in IEEE Vehicular Technology Conference, Orlando, FL, May

1990, pp. 276–281
63. C. Chong, C. Tan, D. Laurenson, M. Beach, A. Nix, A new statistical wideband spatio-temporal channel model for 5 GHz band WLAN

systems. IEEE J. Sel. Areas Commun. 21, 139–150 (2003)
64. D. Chu, Polyphase codes with good periodic correlation properties. IEEE Trans. Inf. Theory 18, 531–532 (1972)
65. K.M. Chugg, A. Polydoros, MLSE for an unknown channel – part I: optimality considerations. IEEE Trans. Commun. 44, 836–846 (1996)
66. L.J. Cimini, Analysis and simulation of a digital mobile channel using orthogonal frequency division multiplexing. IEEE Trans. Commun.

33, 665–675 (1985)
67. J.L. Cimini, G. Foschini, Distributed algorithms for dynamic channel allocation in microcellular systems, in IEEE Vehicular Technology

Conference, Denver, CO, May 1992, pp. 641–644
68. L.J. Cimini, G.J. Foschini, C.-L. I, Z. Miljanic, Call blocking performance of distributed algorithms for dynamic channel allocation in

microcells. IEEE Trans. Commun. 42, 2600–2607 (1994)
69. L.J. Cimini, G.J. Foschini, L. Shepp, Single-channel user-capacity calculations for self-organizing cellular systems. IEEE Trans. Commun.

42, 3137–3143 (1994)
70. J.M. Cioffi, A.C. Bingham, A data-driven multitone echo canceller. IEEE Trans. Commun. 42, 2853–2869 (1994)
71. A.P. Clark (ed.), Advanced Data Transmission Systems (Pentech Press, London, 1977)



References 701

72. A.P. Clark, R. Harun, Assessment of Kalman-filter channel estimator for an HF radio link. IEE Proc. 133, 513–521 (1986)
73. G.C. Clark, Jr., J.B. Cain, Error-Correction Coding for Digital Communications (Plenum, New York, 1981)
74. R. Clarke, A statistical theory of mobile radio reception. Bell System Tech. J. 47, 957–1000 (1968)
75. B. Conolly, I.J. Goods, A table of discrete Fourier transform pairs. SIAM J. Appl. Math. 32, 810–822 (1977)
76. G.R. Cooper, R.W. Nettleton, A spread-spectrum technique for high-capacity mobile communications. IEEE Trans. Veh. Technol. 27,

264–275 (1978)
77. K.G. Cornett, S.B. Wicker, Bit error rate estimation techniques for digital land mobile radios, in IEEE Vehicular Technology Conference,

Saint Louis, MO, May 1991, pp. 543–548
78. COST 207 Digital Land Mobile Radio Communications (Commission of the European Communities, Brussels, 1989)
79. M. Failli, COST 207 Management Committee, TD(86)51-REV 3 (WG1), Proposal on channel transfer functions to be used in GSM tests late

1986 (1986)
80. COST 231 TD(91)109, 1800 MHz mobile net planning based on 900 MHz measurements (1991)
81. COST 231 TD(973)119-REV 2 (WG2), Urban transmission loss models for mobile radio in the 900- and 1,800-MHz bands (1991)
82. D.J. Costello, Construction of convolutional codes for sequential decoding. Technical Report EE-692, University of Notre Dame (1969)
83. D.J. Costello, G. Meyerhans, Concatenated turbo codes, in IEEE Information Theory Symposium, October 1996, pp. 571–574
84. D.C. Cox, Cochannel interference considerations in frequency reuse small-coverage-area radio systems. IEEE Trans. Commun. 30, 135–142

(1982)
85. D.C. Cox, D.O. Reudnik, A comparison of some channel assignment strategies in large-scale mobile communication systems. IEEE Trans.

Commun. 20, 190–195 (1972)
86. D.C. Cox, D.O. Reudnik, Increasing channel occupancy in large-scale mobile radio systems: dynamic channel reassignment. IEEE Trans.

Veh. Technol. 22, 218–222 (1973)
87. J. Cui, D. Falconer, A.U. Sheikh, Performance evaluation of optimum combining and maximal ratio combining in the presence of co-channel

interference and channel correlation for wireless communication systems. Mob. Netw. Appl. 2, 315–324 (1997)
88. K. Daikoku, H. Ohdate, Optimal channel reuse in cellular land mobile radio systems. IEEE Trans. Veh. Technol. 32, 217–224 (1983)
89. W.B. Davenport, W.L. Root, An Introduction to the Theory of Random Signals and Noise (McGraw-Hill, New York, 1987)
90. G.W. Davidson, D.D. Falconer, A.U.H. Sheikh, An investigation of block adaptive decision feedback equalization for frequency selective

fading channels, in IEEE International Conference on Communications, Philadelphia, PA, June 1988, pp. 360–365
91. F. de Jager, C.B. Dekker, Tamed frequency modulation, a novel method to achieve spectrum economy in digital transmission. IEEE Trans.

Commun. 26, 534–542 (1978)
92. M. Debbah, R. Müller, MIMO channel modeling and the principle of maximum entropy. IEEE Trans. Inf. Theory 51, 1667–1690 (2005)
93. P. Dent, G.E. Bottomley, T. Croft, Jakes fading model revisited. Electron. Lett. 7, 1162–1163 (1993)
94. D. Divsalar, M. Simon, Trellis coded modulation for 4800–9600 bit/s transmission over a fading mobile satellite channel. IEEE J. Sel. Areas

Commun. 5, 162–174 (1987)
95. D. Divsalar, M. Simon, The design of trellis coded MPSK for fading channels: performance criteria. IEEE Trans. Commun. 36, 1004–1012

(1988)
96. D. Divsalar, M. Simon, The design of trellis coded MPSK for fading channels: set partitioning for optimum code design. IEEE Trans.

Commun. 36, 1013–1022 (1988)
97. R.C. Dixon, Spread Spectrum Techniques (IEEE Press, New York, 1976)
98. S. Dolinar, D. Divsalar, Weight distributions for turbo codes using random and nonrandom permutations. JPL-TDA Progress Report, 42–121

(1995)
99. J. Driscoll, N. Karia, Detection process for V32 modems using trellis coding. Proc. IEEE 135, 143–154 (1988)

100. A. Duel-Hallen, Detection for channels with intersymbol interference. Ph.D. Thesis, Cornell University, Ithica, NY, 1987
101. A. Duel-Hallen, C. Heegard, Delayed decision feedback sequence estimation. IEEE Trans. Commun. 37, 428–436 (1989)
102. A. Duel-Hallen, A family of multiuser decision-feedback detectors for asynchronous code-division multiple-access channels. IEEE Trans.

Commun. 43, 421–434 (1995)
103. F. Edbauer, Performance of interleaved trellis-coded differential 8-PSK modulation over fading channels. IEEE J. Sel. Areas Commun. 7,

1340–1346 (1989)
104. EIA/TIA IS-54, Cellular system dual-mode mobile station – base station compatibility standard, Revision B (1992)
105. EIA/TIA IS-95, Mobile station – base station compatability standard for dual-mode wideband spread spectrum cellular system, Revision B

(1999)
106. E. Eleftheriou, D.D. Falconer, Tracking properties and steady-state performance of RLS adaptive filter algorithms. IEEE Trans. Acoust.

Speech Signal Process. 34, 1097–1110 (1986)
107. E. Eleftheriou, D.D. Falconer, Adaptive equalization techniques for HF channels. IEEE J. Sel. Areas Commun. 5, 238–247 (1987)
108. S. Elnoubi, R. Singh, S. Gupta, A new frequency channel assignment algorithm in high capacity mobile communications systems. IEEE

Trans. Veh. Technol. 31, 125–131 (1982)
109. J. Engel, M. Peritsky, Statistically-optimum dynamic server assignment in systems with interfering servers. IEEE Trans. Veh. Technol. 22,

203–209 (1973)
110. V. Erceg, P. Soma, D. Baum, S. Catreux, Multiple-input multiple-output fixed wireless radio channel measurements and modeling using

dual-polarized antennas at 2.5 GHz. IEEE Trans. Wirel. Commun. 3, 2288–2298 (2004)
111. V. Erceg, H. Sampath, S. Catreux-Erceg, Dual-polarization versus single-polarization MIMO channel measurement results and modeling.

IEEE Trans Wireless Commun. 5, 28–33 (2006)
112. ETSI – European Telecommunications Standards Institute, GSM Recommendation 05.08, January 1991
113. ETSI TR 125 943, Univeral Mobile Telecommunications System (UMTS), Deployment aspects 3GPP TR 25.943 version 7.0.0 Release 7

(2007)
114. W.V. Etten, Maximum likelihood receiver for multiple channel transmission systems. IEEE Trans. Commun. 24, 276–283 (1976)
115. D. Everitt, Traffic capacity of cellular mobile communications systems. Comput. Netw. ISDN Syst. 20, 447–454 (1990)



702 References

116. D.E. Everitt, N.W. MacFadyen, Analysis of multicellular mobile radio-telephone systems: a model and evaluation. British Telecom Technol.
J. 1, 37–45 (1983)

117. D. Everitt, D. Manfield, Performance analysis of cellular mobile communication systems with dynamic channel assignment. IEEE J. Sel.
Areas Commun. 7, 1172–1179 (1989)
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371. A.G. Zajić, G.L. Stüber, A new simulation model for mobile-to-mobile Rayleigh fading channels, in Wireless Communications and

Networking Conference, Las Vegas, NV, April 2006, pp. 1266–1270
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service interruption, 644
speed and moving direction (SMD), 656

Channel borrowing without locking (CBWL), 654
Channel polarization functions, 70
Classical beam forming, 303
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power delay profile, 67
signal and system correlation functions, 69
uncorrelated scattering channel, 66
wide sense stationary channel, 66
wide sense stationary uncorrelated scattering channel, 67

Cluster planning, 536
adjacent channel interference, 553
performance analysis, 540

downlink C/I analysis, 543
macrocell performance, 542
microcell performance, 547
uplink CCI analysis, 544

procedure, 536
system architecture, 536
underlaid microcells, 538

Co-channel demodulation, 375
channel model, 375
discrete-time channel model, 378
J-MLSE receiver, 375
pairwise error probability, 381
T D 2-spaced receiver, 382

error probability, 383
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timing phase sensitivity, 384

Viterbi algorithm, 380
Co-channel interference, 17

log-normal interferers, 148
Farley’s method, 152
Fenton–Wilkinson method, 149
Schwartz-and-Yeh method, 150

multiple log-normal interferers, 153
multiple log-normal Nakagami interferers, 157
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Code division multiple access (CDMA), 563
conventional correlation detector, 485
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closed-loop power control, 563
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error probability, 485

Gaussian approximation, 488
simplified approximation, 490

forward link capacity, 571
imperfect power control, 572
multiuser detection, 491

decorrelator detector, 494
MMSE detector, 494
optimum detector, 492

near-far effect, 4, 563
power control, 4, 564

forward link, 581
reverse link, 576

reverse link capacity, 565

Code performance, flat fading, 429
Coherence bandwidth, 68
Coherence time, 68
Coherent detection, 234

correlation detector, 235
MAP receiver, 234
matched filter detector, 236
maximum likelihood receiver, 234
quadrature demodulator, 235
complementary codes, 462

Continuous phase frequency shift keying (CPFSK), 190
power spectrum, 219

Continuous phase modulation (CPM), 188
CPFSK, 190
detection, 265

coherent detector, 266
non-coherent detector, 267

excess phase, 189
frequency shaping function, 189

full response, 189, 190
partial response, 189

GMSK, 195
Laurent’s decomposition, 198
linearized GMSK, 198
modulation index, 189
MSK, 191
partial response, 192

phase states, 194
shaping functions, 192

phase shaping function, 189
phase tree, 190
phase trellis, 191
power spectrum, 215
TFM, 200

GTFM, 202
Convolutional codes, 407

BCJR algorithm, 416
encoder, 407

constraint length, 407
finite-state machine, 407
modified state diagram, 411
state, 410
transfer function, 411

generator polynomials, 409
generator sequences, 408
recursive systematic codes, 412
state diagram, 409
systematic, 409
total encoder memory, 410
trellis diagram, 409
union bound, 424
union-Chernoff bound, 426
Viterbi algorithm, 414

Convolutional interleaver, 429
Correlation functions, 65
COST 207 models, 98, 128
COST 259 models, 99, 130
Coverage, 23
CPM. See Continuous phase modulation (CPM)
Cross polarization discrimination, 70, 74
Cyclostationary random process, 204

D
DCA. See Dynamic channel assignment (DCA)
Decision feedback equalizer, 352
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adaptive solution, 354
performance, 354
tap solution, 353

Delayed decision feedback sequence estimation (DDFSE), 360
Depolarization, 70
Differential detection, 258

binary DPSK, 258
nD4-DQPSK, 260

Differential encoding, 248
Digital Enhanced Cordless Telephone (DECT), 10
Digital modulation

CPFSK, 190
CPM, 188
GMSK, 195
linearized GMSK, 198
MSK, 191
multiresolution modulation, 188
nD4-DQPSK, 180
Nyquist pulse shaping, 173
OFDM, 185

ICI, 255
OQPSK, 180
orthogonal modulation, 182
power spectrum, 203
PSK, 179
QAM, 176
signal representation, 166

quadrature form, 166
signal correlation, 172
standard form, 166
complex envelope, 166
correlation, 173
envelope-phase form, 166
Euclidean distance, 173
generalized shaping function,166
signal energy, 172
vector space representation, 167

TFM, 200
vector-space representation, 231

Gram–Schmidt orthonormalization, 167
Directional antennas, 529
Direct sequence (DS) spread spectrum, 450

basic receiver, 452
frequency-selective fading, 478

RAKE receiver, 481
tapped delay line model, 480

long code, 450
PN chip, 450
power spectrum, 464
processing gain, 450
short code, 450

design, 475
spreading waveform, 450
tone interference, 467

long code, 477
short code, 470

Distributed antenna systems, 301
Diversity

macrodiversity, 22
multipath diversity, 481

Diversity techniques, 273
distributed antenna systems, 301
diversity combining, 274

equal gain, 283
Granlund combiner, 280
maximal ratio, 277

optimum combining, 291
postdetection equal gain, 286
selective, 275
square-law combining, 289
switched, 285

optimum combining, performance, 295
transmit diversity, 310
types, 273

Doppler shift, 35
Doppler spectrum, 39

bandpass, 41
Doppler spreading, 37
Duplexer, 1
Dynamic channel assignment (DCA), 643

aggressive and timid, 651, 662
TAKE carrier, 663

carrier acquisition criterion, 658
carrier orderings, 659
carrier release criterion, 658
centralized, 644, 646
channel segregation (CS), 649
compact pattern based DCA (CPDCA), 655
CS with variable threshold, 649
decentralized, 644, 648
dynamic resource acquisition (DRA), 648
first available (FA), 648
fully decentralized, 644, 649
maximum packing (MP), 646
MAXMIN, 647
mean square (MSQ), 648
minimum interference (MI), 650
nearest neighbor (NN), 648
nearest neighborC1 (NNC1), 648
random MI (RMI), 651
sequential MI, 651
simple DCA (SDCA), 659

E
Envelope correlation, 37, 48
Envelope distribution, 44
Envelope fading, 33
Envelope phase, multipath-fading, 47
Envelope spectrum, 48
Equal gain combining (EGC), 283
Equalizers

sequence estimation, 355
symbol-by-symbol, 343

decision feedback equalizer, 352
minimum mean-square-error, 348
linear, 344
zero-forcing, 344

Erlang, 25
Erlang-B formula, 27
Erlang capacity, 28
Erlang-C formula, 31
Error probability, 237

biorthogonal signals, 253
bit vs. symbol error, 241

equally likely symbol errors, 241
gray coding, 241

differential PSK, 248
lower bounds, 240
MSK, 265
OFDM, 253
orthogonal signals, coherent detection, 251
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Error probability, 237 (cont.)
pairwise error probability, 238
PAM, 248
PSK, 243

Rayleigh fading, 246
QAM, 250

Rayleigh fading, 251
rotational invariance, 242
rotations and translations, 242
translational invariance, 242
union bound, 239
upper bounds, 239

EV-DO, 7
Events
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statistically independent, 671

F
Fading, 33
Fading simulators, 78

Clarke’s model, 83
filtered Gaussian noise, 79
IDFT method, 79
IIR filtering method, 82
Jakes’ model, 84
method of exact Doppler spreads, 87
mobile-to-mobile channels, 100

Akki & Haber model, 100
Patel & Stüber deterministic model, 102
Patel & Stüber statistical model, 102
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modified Hoeher model, 88
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Li & Huang Model, 90
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Zajić & Stüber statistical Model, 92
Zheng & Xiao model, 89
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sum of sinusoids method, 82
wide-band channels, 95
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symbol-spaced model, 106

Zheng & Xiao model, 87
Fixed channel assignment (FCA), 643
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Folded spectrum, 174
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Frequency hopped (FH) spread spectrum
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fast frequency hopped, 453

Frequency reuse, 13, 14
co-channel reuse distance, 14
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universal, 565

Frequency selective fading, 37
correlation functions, 65
transmission functions, 63
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coherence time, 68
scattering function, 69

Frequency shift keying (FSK), 182
Frequency spreading, 37

G
Gaussian minimum shift keying (GMSK), 195

frequency shaping pulse, 197
Gaussian filter, 196
power spectrum, 222

Generalized tamed frequency modulation, 202
Global System for Mobile Communication (GSM), 3
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definition, 645
forced termination, 645
new call blocking, 645
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H
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Handoff algorithms, 593
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analysis, co-channel interference, 615
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handoff priority, 645, 657, 660
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handoff queueing, 657, 660
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analysis, 614
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intercell handoff, 593
intracell handoff, 593
signal strength averaging, 598
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interference analysis, 619
power control, 595
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Handovers, 22
Hard decision decoding, 425
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High-speed packet access (HSPA), 8
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convolutional Interleaver, 429
random, 439
S-random, 439
symbol interleaver, 427

International Telecommunications Union (ITU) models, 131
Intersymbol interference (ISI) channels, 173

discrete-time channel model, 336
channel impulse response, 340
diversity reception, 340
minimum energy property, 337
minimum phase, 337
noise whitening filter, 337

discrete-time, white noise channel model, 339
fractionally-spaced receiver, 341
ISI channel modeling, 333
ISI coefficients, 335
optimum receiver, 335
quasi-static fading, 340
vector-space representation, 334

IS-54/136, 4
IS-95, 4
Isotropic scattering, 39

K
Kasami sequences, 459
Kronecker product, 308

L
Laurent’s decomposition, 198
Level crossing rate, 53
Linearized GMSK, 198
Link budget, 18

cell breathing, 19
handoff gain, 20
interference loading, 19
interference margin, 19
maximum path loss, 19
receiver sensitivity, 19
shadow margin, 20

Link imbalance, 26
Log-normal approximations

Farley’s method, 152
Fenton–Wilkonson method, 149
Schwartz & Yeh method, 150

M
Macrodiversity, 554

probability of outage, 554
shadow correlation, 555
massive MIMO, 318
favorable propagation, 318, 324
forward link data, 323
system model, 319
pilot contamination, 319
reverse link data, 321
reverse link pilots, 320

Maximal ratio combining, 277
Maximum likelihood sequence estimation (MLSE), 355

adaptive receiver, 359
branch metric, 357
error event, 363
error probability, 363

fading ISI channels, 367
pairwise error probability, 365
static ISI channels, 365
T D 2-spaced receiver, 370
union bound, 364

fractionally-spaced receiver, 360, 373
likelihood function, 356
LMS algorithm, 359
log-likelihood function, 356
MIMO receivers, IRC receiver, 387
per survivor processing, 359
RLS algorithm, 359
state diagram, 355
states, 355
TD2-spaced receiver

Practical receiver, 373
Timing phase sensitivity, 372

Trellis diagram, 355
Viterbi algorithm, 357

Microcells, 14
highway microcells, 15
Manhattan microcells, 15

Microcellular systems, overlay/underlay, micro area, 538
MIMO. See Multiple-input multiple-output (MIMO) channels
Minimum mean-square error (MMSE) equalizer, 348

adaptive solution, 350
performance, 351
tap solution, 349

Minimum shift keying (MSK), 191
error probability, 265
OQASK equivalent, 191
power spectrum, 220

Mobile-to-mobile channels, reference model, 62
Modulation

bandwidth efficiency, 165
desirable properties, 165

Moments
central moment, 673
characteristic function, 673
generating function, 673
variance, 673

Multi-carrier, 501
Multipath, 33
Multipath-fading, 16

average fade duration, 56
Doppler spectrum, 39
flat, Rayleigh, 45
statistical characterization, 63
envelope correlation, 37, 48
envelope distribution, 44
flat fading, 37
frequency selective fading, 37
level crossing rate, 53
Nakagami fading, 46
phase distribution, 44
Ricean fading, 45
space-time correlation, 57
squared-envelope correlation, 51
zero crossing rate, 55

Multipath propagation, 33
Multiple-input multiple-output (MIMO) channels, 306

analytical models, 307, 308
co-channel demodulation, 375
detection, 313
inverse channel detector (ICD), 315
Kronecker model, 308



714 Index

Multiple-input multiple-output (MIMO) channels, 306 (cont.)
massive, 318
maximum likelihood detection, 314
minimum mean-square-error (MMSE) detector, 314
physical models, 307
procoding, 315
Weichselberger model, 309

Multiresolution modulation, 188
Multiuser detection, 491

decorrelator detector, 494
MMSE detector, 494
optimum detector, 492

N
Nakagami fading, 46

shape factor, 47
Non-coherent detection, 261

error probability, 263
square-law detector, 262

Nyquist frequency, 174
Nyquist pulse shaping, 173

folded spectrum, 174
ideal Nyquist pulse, 174
Nyquist first criterion, 174
raised cosine, 175

roll-off factor, 176
root-raised cosine, 176

O
Offset (OQPSK), 180

power spectrum, 210
Optimum combining, 291
Orthogonal frequency division multiple access (OFDMA), 517

forward link, 518
receiver, 521
transmitter, 518

frequency planning, 534
reuse partitioning, 535

PAPR, 523
raised cosine windowing, 520
reverse link, 522
sub-carrier allocation, 520

clustered carrier, 521
random interleaving, 521
spaced carrier, 521

time domain windowing, 518
Orthogonal frequency division multiplexing (OFDM), 185

adaptive bit loading, 187
channel estimation, 511
complex envelope, 185
cyclic suffix, 186
error probability, 253

interchannel interference, 255
FFT implementation, 186
guard interval, 502
ISI channels, 502
power spectrum, 211

IDFT implementation, 212
residual ISI, 504

cancellation, 508
Orthogonal modulation

binary orthogonal codes, 183
bi-orthogonal signals, 184
FSK, 182
orthogonal multipulse modulation, 184

Walsh-Hadamard sequences, 461
Orthogonal multipulse modulation, 184
Orthogonal signals, error probability

coherent detection, 251
non-coherent detection, 263

Outage, 17
co-channel interference, 17
thermal noise, 17

P
Pairwise error probability, 238
Parseval’s theorem, 693
Path loss models, 16, 114

CCIR model, 117
COST231-Hata model, 119
COST231-Walfish–Ikegami model, 120
empirical models, 117
flat Earth path loss, 115
free space path loss, 114
indoor microcells, 128
Lee’s area-to-area model, 118
line-of-sight probability, 124
mm-wave models, 127
Okumura–Hata model, 117
path loss exponent, 16
street microcells, 122

Corner effect, 123
3GPP 3-D path loss models, 123
two-slope model, 122

Personal Digital Cellular (PDC), 5
Personal Handy-phone System (PHS), 10
Phase distribution, 44
Phase shift keying (PSK), 179

error probability, 243
power spectrum, 210

Polarization, 69
conservation of polariation, 71
depolarization, 70
geometric modelin, 70
cross polarization discrimination, 70

Power control, 595
Power delay profile, 67

average delay, 67
rms delay spread, 67

Power spectral densities, 693
Power spectrum, 203

CPFSK, 219
complex envelope, 204

linear full response modulation, 207
linear partial response modulation, 208

DS spread spectrum, 464
full response CPM, 215
GMSK, 222
MSK, 220
nD4-DQPSK, 211
OFDM, 211

IDFT implementation, 212
OQPSK, 210
PSK, 210
QAM, 209
TFM, 222

Probability
Bayes’ theorem, 672
cdf, 673
cdfc, 673
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complementary error function, 676
conditional, 671
error function, 676
pdf, 673
total probability, 672

Probability distributions
binomial, 675
central chi-square, 680
complex multivariate Gaussian, 677
exponential, 681
Gaussian, 676
geometric, 675
multivariate Gaussian, 677
non-central chi-square, 681
Poisson, 675
Rayleigh, 678
Rice, 679

Pulse amplitude modulation (PAM), 178
constellations, 178
error probability, 248

Pulse shaping, partial response, 209

Q
Quadrature amplitude modulation (QAM), 176

error probability, 250
power spectrum, 209
signal constellations, 177

R
Radio propagation

diffraction, 15
fixed-to-mobile channels, 35
MIMO channels, 306
mobile-to-mobile channels, 61
multipath fading, 16
path loss, 16
reflections, 15
scattering, 16

Raised cosine pulse, 175
RAKE receiver, 481
Random processes, 685

autocorrelation, 687
autocovariance, 687
complex-valued, 692
covariance matrix, 690
crosscorrelation, 690
crosscovariance, 690
cyclostationary, 203, 696
discrete-time, 697
ergodic, 688

autocorrelation, 688
mean, 688

linear systems, 694
orthogonal, 691
statistically independent, 691
strictly stationary, 686
uncorrelated, 691
wide sense stationary, 687

Rayleigh fading, 44
Rayleigh quotient, 366
Receiver sensitivity, 19
Recursive systematic convolutional codes, 412
Reduced state sequence estimation (RSSE)

subset-state, 362
subset transition, 362

subset trellis, 362
Reuse partitioning, 533

cell splitting, 534
Ricean fading, 45

Aulin’s model, 45
Rice factor, 45

Rice factor, 45
Root-raised cosine pulse, 176
RSSE. See Reduced state sequence estimation (RSSE)

S
Scattering function, 69
SC-FDE. See Single-carrier frequency domain equalization (SC-FDE)
SC-FDMA. See Single-carrier frequency division multiple access

(SC-FDMA)
Selective combining, 275
Sequence estimation

DDFSE, 360
MLSE, 355
RSSE, 362

Shadowing, 16, 34, 110
area mean, 111
composite shadow-fading distributions, 112

gamma-log-normal, 113
local mean, 110
location area, 110
shadow standard deviation, 16
simulation, 111

Signal and system correlation functions, 69
Signal strength averaging, 598

sample averaging, 600
window length, 599

Single-carrier frequency division multiple access (SC-FDMA), 523
frequency domain equalization, 525
PAPR, root-raised cosine filtering, 526
receiver, 523
sub-carrier allocation

interleaved, 523
localized, 524

transmitter, 523
Single-carrier frequency domain equalization (SC-FDE),

513
MMSE, 517
zero forcing, 516

Singleton bound, 400
Soft decision decoding, 425
Soft handoff, 4, 22
Space-time block codes, 403

Alamouti code, 403
code rate, 403
complex orthogonal codes, 405
decoding orthogonal codes, 406
orthogonal codes, 403
real orthogonal codes, 404

Space-time codes
design, 434
determinant criterion, 436
rank criterion, 436
Trellis codes, 436

Space-time correlation, 57
base station, 59
mobile station, 57

Space-time trellis codes, 436
decoder, 437
encoder description, 436
Viterbi algorithm, 438
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Spatial efficiency, 25
Spatial modulation, 316
Spectral efficiency, 24

bandwidth efficiency, 25
spatial efficiency, 25
trunking efficiency, 27

Spreading
dual-channel quaternary, 451
balanced quaternary, 451
complex, 450
simple binary, 451

Spreading sequences, 454
full period autocorrelation, 454
aperiodic autocorrelation, 454
full period cross-correlation, 454
partial period correlation, 454
Zadoff–Chu sequences, 462

Spreading waveforms, 455
autocorrelation, 455
Barker sequences, 459
complementary codes, 462
Gold sequences, 458
Kasami sequences, 459
m-sequences, 456
variable length orthogonal codes, 461
Walsh-Hadamard sequences, 460

Spread spectrum, 449
Squared-envelope correlation, 51
Squared-envelope spectrum, 51
Square-law combining, 289
Standard array decoding, 402
Syndrome decoding, 403

T
Tamed frequency modulation, 200
Tone interference, 467
Transmission functions, 63

delay Doppler-spread function, 65
impulse response, 63
output Doppler-spread function, 64
transfer function, 65

Transmit diversity, 310
Trellis-coded modulation (TCM), 420

asymptotic coding gain, 424
design rules, 432
encoder, 420
mapping by set partitioning, 421
pairwise error probability, 424
partition chain, 421
performance AWGN channel, 423
power spectrum, 222
symbol interleaving, 429
union bound, 424

Trellis coding
minimum built-in time diversity, 431
minimum product squared Euclidean distance, 431

Trunking efficiency, 27
Erlang-B formula, 27
grade of service, 643

Turbo codes, 438
error floor, 443
parallel decoder, 440
parallel encoder, 439
serial encoder, 441
uniform interleaver, 443

weight distribution, 442
parallel codes, 443
serial codes, 445
spectral thinning, 442

U
Uncorrelated scattering channel, 66
Universal Mobile Telecommunications System (UMTS), 6, 7
Upper bounds

Chebyshev bound, 682
Chernoff bound, 426, 683
union-Chernoff bound, 427

V
Variable length orthogonal codes, 461
Vector-space representation, 231

remainder process, 232
sufficient statistics, 234

Velocity estimation, 601
level crossing rate, 603

covariance method, 606
envelope, 603
zero crossing rate, 603

sensitivity, 607
Gaussian noise, 609
sampling density, 612
scattering distribution, 608

Viterbi algorithm, 357, 414
branch metric, 415
path metrics, 357, 414
surviving sequences, 357
survivors, 414

W
Walsh-Hadamard sequences, 460

orthogonal CDMA, 461
orthogonal modulation, 461

Wideband Code Division Multiple Access (WCDMA), 6
Wide sense stationary channel, 66
Wide sense stationary uncorrelated scattering channel, 67
Wireless systems and standards, 1

analog cellular systems, 1
cordless telephones

DECT, 10
PHS, 10

fifth generation cellular systems, 10
fourth generation cellular systems, 8

LTE, 9
WiMAX, 9

second generation cellular systems
GSM, 3
IS-54/136, 4
IS-95, 4
Personal Digital Cellular, 5
systems and standards, 2

third generation cellular systems, 5
cdma2000, 6, 7
EV-DO, 7
HSPA, 8
UMTS, 6, 7
W-CDMA, 6

wireless LANS, 11
IEEE802.11, 11
and PANs, Bluetooth, 13
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and PANs, IEEE802.15, 13
wireless PANs, IEEE802.15, 13

Worldwide Interoperability for Microwave Access (WiMAX), 9

Z
Zadoff-Chu sequences, 462

Zero crossing rate, 55
Zero-forcing equalizer, 344

adaptive solution, 346
data mode, 346
performance, 346
tap solution, 345
training mode, 346
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