Appendix: Numerical Tables

A.1 The Gaussian Distribution and the Error Function

The Gaussian distribution (3.11) is defined as

1 _(x—;é)z
f(x)=J2ﬂaze 202, (A.1)

The maximum value is obtained at x = p, and the value of x where the Gaussian is
a times the peak value is given by

=" "H =V 2ma (A2)
o

Figure A.1 shows a standard Gaussian normalized to its peak value, and values of a
times the peak value are tabulated in Table A.1. The Half Width at Half Maximum
(HWHM) has a value of approximately 1.180.

The error function is defined in (3.13) as

1 S
erf z = / e “dx (A.3)
NG g

and it is related to the integral of the Gaussian distribution defined in (3.12),

utzo 1 z 52
A(z) = / fx)dx = e 2dx. (A4)
w \/27T -z

—Z0

The relationship between the two integrals is given by

erf (z/ «/2) = A(2). (A.5)
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Fig. A.1 Normalized values of the probability distribution function of a standard Gaussian (u = 0
ando = 1)

Table A.1 Values of a times the peak value for a Gaussian distribution

a b4 a b4 a Z a Z a Z

0.980  0.201 0.960 0286 0.940 0352 0920 0.408 0.900  0.459
0.880  0.506  0.860  0.549 0.840  0.591 0.820  0.630  0.800  0.668
0.780  0.705  0.760  0.741 0.740 0.776  0.720  0.811 0.700  0.845
0.680 0.878 0.660 0912 0.640 0945 0.620 0978  0.600 1.011
0.580 1.044  0.560 1.077  0.540 1.110  0.520 1.144  0.500 1.177
0.480 1.212  0.460 1.246  0.440 1.281 0.420 1.317  0.400 1.354
0.380 1.391 0.360 1.429  0.340 1.469  0.320 1.510  0.300 1.552
0.280 1.596  0.260 1.641 0.240 1.689  0.220 1.740  0.200 1.794
0.180 1.852  0.160 1.914  0.140 1.983  0.120  2.059  0.100  2.146
0.080 2.248 0.060 2372  0.040 2537 0.020 27797 0.010 3.035

The function A(z) describes the integrated probability of a Gaussian distribution
to have values between p — zo and p + zo. The number z therefore represents the
number of o by which the interval extends in each direction. The function A(z) is
tabulated in Table A.2, where each number in the table corresponds to a number z
given by the number in the left column (e.g., 0.0, 0.1, etc.), and for which the second
decimal digit is given by the number in the top column (e.g., the value of 0.007979
corresponds to z = 0.01).

The cumulative distribution of a standard Gaussian function was defined in (3.14)
as

B(z) = /_ OO \/lzjre_tZdt; (A.6)
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and it is therefore related to the integral A(z) by

1 A(z)
B(z) = ) + 5 (A7)
The values of B(z) are tabulated in Table A.3. Each number in the table corresponds
to a number z given by the number in the left column (e.g., 0.0, 0.1, etc.), and for
which the second decimal digit is given by the number in the top column (e.g., the
value of 0.503990 corresponds to z = 0.01).

Critical values of the standard Gaussian distribution functions corresponding to
selected values of the integrals A(z) and B(z) are shown in Table A.4. They indicate
the value of the variable z required to include a given probability, and are useful for
either two-sided or one-sided rejection regions in hypothesis testing.

A.2 Upper and Lower Limits for a Poisson Distribution

The Gehrels approximation described in [16] can be used to calculate upper
and lower limits for a Poisson distribution, when n,,, counts are recorded. The
confidence level is described by the parameter S, corresponding to the number of
standard deviations o for a Gaussian distribution; for example, S = 1 corresponds
to an 84.1 % confidence level, S = 2 to a 97.7 %, and S = 3 corresponds to 99.9 %;
see Table 5.2 for correspondence between values of S and probability. The upper
and lower limits are described, in the simplest approximation, by

$?+3 3
/Xup = Nops + 4 + S\/nobx + 4

1 s\
Alo = nps | 1 — -
9nohs 3\/nohs

and more accurate approximations are provided in [16] (Tables A.5 and A.6).

(A.8)

A.3 The x? Distribution

The probability distribution function for a y? variable is defined in (7.11) as

l)f/2 1 ¢ I

#20=(o) rgm
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Table A.4 Table of critical

Probability Two-sided z One-sided z
values of the standard

Gaussian distribution to 0.01 0.013 —2.326
include a given probability, 0.05 0.063 —1.645
for two-sided confidence 0.10 0.126 —1.282
intervals (-z, z) of the integral 0.20 0.253 —0.842
A(z), and for one-sided 0.30 0.385 —0.524
intervals (-00, z) of the
integral B(2) 0.40 0.524 —0.253
0.50 0.674 —0.000
0.60 0.842 0.253
0.70 1.036 0.524
0.80 1.282 0.842
0.90 1.645 1.282
0.95 1.960 1.645
0.99 2.576 2.326
0.999 3.290 3.090
0.9999 3.890 3.718
Table A.5 Selected upper Upper limits

limits for a Poisson variable

using the Gehrels Poisson parameter S or confidence level

approximation S=1 §=2 §=3
neps (l-o,or 84.1%) (2-0,0r97.7%) (3-0,0r99.9 %)
0 1.87 3.48 5.60
1 3.32 5.40 7.97
2 4.66 7.07 9.97
3 5.94 8.62 11.81
4 7.18 10.11 13.54
5 8.40 11.55 15.19
6 9.60 12.95 16.79
7 10.78 14.32 18.35
8 11.96 15.67 19.87
9 13.12 16.99 21.37
10 14.28 18.31 22.84
20 25.56 30.86 36.67
30 36.55 42.84 49.64
40 47.38 54.52 62.15
50 58.12 66.00 74.37
60 68.79 77.34 86.38
70 79.41 88.57 98.23
80 89.99 99.72 109.96
90 100.53 110.80 121.58

100 111.04 121.82 133.11
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Table A.6 Selected lower
limits for a Poisson variable
using the Gehrels

Lower limits
Poisson parameter S or confidence level

approximation S=1 §=2 §=3
neps (l-o,0r84.1%) (2-0,0r97.7%) (3-0,0r99.9 %)

1 0.17 0.01 0.00

2 0.71 0.21 0.03

3 1.37 0.58 0.17

4 2.09 1.04 0.42

5 2.85 1.57 0.75

6 3.63 2.14 1.13

7 4.42 2.75 1.56

8 5.24 3.38 2.02

9 6.06 4.04 2.52

10 6.90 4.71 3.04

20 1557 12.08 9.16

30 24.56 20.07 16.16

40 33.70 28.37 23.63

50 42.96 36.88 31.40

60 52.28 45.53 39.38

70  61.66 54.28 47.52

80 71.08 63.13 55.79

90 80.53 72.04 64.17

100 90.02 81.01 72.63

where f is the number of degrees of freedom. The critical value or p-quantile of the
distribution is given by

Xzz‘rit
P < Xi) = / fp@dz=p (A9)
0
or, equivalently,
o0
Po@z= i) = /2 fp@dz=1-p. (A.10)
Xerit

The critical value is a function of the number of degrees of freedom f and the level
of probability p. Normally p is intended as a large number, such as 0.68, 0.90, or
0.99, meaning that there is just a 32, 10, or 1 % probability to have values higher
than the critical value 2.

As described in Sect.7.2, the )(2 distribution has the following mean and
variance:

n=f
o? = 2f.
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It is convenient to tabulate the value of reduced y?, or )(fm /f, that corresponds to
a given probability level, as function of the number of degrees of freedom. Selected
critical values of the y? distribution are reported in Table A.7. When using this table,
remember to multiply the tabulated reduced y? by the number of defrees of freedom
f to obtain the value of x.

If Z is a y2-distributed variable with f degrees of freedoms,

oz
Jim, o = N(0, 1). (A.11)

In fact, a y? variable is obtained as the sum of independent distributions (Sect. 7.2),
to which the central theorem limit applies (Sect. 4.3). For a large number of degrees
of freedom, the standard Gaussian distribution can be used to supplement Table A.7
according to (A.11). For example, for p = 0.99, the one-sided critical value of the
standard Gaussian is approximately 2.326, according to Table A.4. Using this value
into (A.11) for f = 200 would give a critical value for the y? distribution of 1.2326
(compare to 1.247 from Table A.7). The values of f = oo in Table A.7 is obtained
using the Gaussian approximation, according to (A.11).

A.4 The F Distribution

The F distribution with fi, f> degrees of freedom is defined in (7.22) as

r (f1 +f2) S i

2 1) 2 z2
fF(Z) o 1 2 ( 2) fitf "
r r Sy 2
2 2 1+z
f2
The critical value F,;, that includes a probability p is given by
o0
P(z>Fei) = | fr(x)dz=1-p, (A.12)

Ferit

and it is a function of the degrees of freedom f; and f,. In Table A.8 are reported
the critical values for various probability levels p, for a fixed value f; = 1, and as
function of f>. Tables A.9, A.10, A.11, A.12, A.13, A.14, and A.15 have the critical
values as function of both f; and f;.

Asymptotic values when fi and f, approach infinity can be found using (7.25),
reported here for convenience:

leillgofF(Za.fl,fz) = f,2(x,f1) where x = fiz
flh_,ngofF(Zsfhfz) = f2(x.f2) where x = f»/z.
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Table A.8 Critical values of F statistics for fi = 1 degrees of freedom

Probability p to have a value of F below the critical value

)i 0.50 0.60 0.70 0.80 0.90 0.95 0.99

1 1.000 1.894 3.852 9.472 39.863 161.448 4052.182
2 0.667 1.125 1.922 3.556 8.526 18.513 98.503
3 0.585 0.957 1.562 2.682 5.538 10.128 34.116
4 0.549 0.885 1.415 2.351 4.545 7.709 21.198
5 0.528 0.846 1.336 2.178 4.060 6.608 16.258
6 0.515 0.820 1.286 2.073 3.776 5.987 13.745
7 0.506 0.803 1.253 2.002 3.589 5.591 12.246
8 0.499 0.790 1.228 1.951 3.458 5.318 11.259
9 0.494 0.780 1.209 1.913 3.360 5.117 10.561
10 0.490 0.773 1.195 1.883 3.285 4.965 10.044
20 0.472 0.740 1.132 1.757 2.975 4.351 8.096
30 0.466 0.729 1.112 1.717 2.881 4.171 7.562
40 0.463 0.724 1.103 1.698 2.835 4.085 7.314
50 0.462 0.721 1.097 1.687 2.809 4.034 7.171
60 0.461 0.719 1.093 1.679 2.791 4.001 7.077
70 0.460 0.717 1.090 1.674 2.779 3.978 7.011
80 0.459 0.716 1.088 1.670 2.769 3.960 6.963
90 0.459 0.715 1.087 1.667 2.762 3.947 6.925
100 0.458 0.714 1.085 1.664 2.756 3.936 6.895
200 0.457 0.711 1.080 1.653 2.731 3.888 6.763
o0 0.455 0.708 1.074 1.642 2.706 3.842 6.635

For example, the critical values of the F distribution for fj = 1 and in the limit of
large f, are obtained from the first row of Table A.7.

A.5 The Student’s ¢ Distribution

The Student ¢ distribution is given by (7.34),
1
1 T((f+1)/2) ( ﬂ)‘z(f“’
1) = 1+ ,
TO= e rgy Uty

where f is the number of degrees of freedom. The probability p that the absolute
value of a 7 variable exceeds a critical value T,; is given by

Terit

P(Itl = Tcrit) = P(|)_C_ :u“| = Terir S/\/I’l) = fT(t)dt =1 —Pp- (A13)
—Terit
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Table A.9 Critical values of F statistic that include p = 0.50 probability

S

)i 2 4 6 8 10 20 40 60 80 100

1 1.500 1.823 1.942 2.004 2.042 2119 2158 2.172 2.178 2.182
2 1.000 1.207 1.282 1.321 1.345  1.393 1.418 1.426  1.430 1.433
3 0.881 1.063 1.129 1.163 1.183 1.225 1.246  1.254  1.257 1.259
4 0.828 1.000 1.062 1.093 1.113 1.152  1.172 1.178  1.182 1.184
5 0.799 0.965 1.024 1.055 1.073 1.111 1.130  1.136  1.139 1.141
6 0.780 0.942 1.000 1.030  1.048 1.084  1.103 1.109 1.113 1.114
7 0.767 0.926 0.983 1.013 1.030 1.066  1.085  1.091 1.094 1.096
8 0.757 0915 0971 1.000 1.017 1.053 1.071 1.077  1.080 1.082
9 0.749 0906 0.962 0.990  1.008 1.043 1.061 1.067  1.070 1.072
10 0.743 0.899 0.954 0.983 1.000  1.035  1.053 1.059  1.062 1.063
20 0.718 0.868 0.922 0950 0.966 1.000 1.017 1.023 1.026  1.027
30 0.709 0.858 0.912 0939 0955 0989 1.006 1.011 1.014 1.016
40  0.705 0.854 0.907 0.934 0.950 0.983 1.000  1.006  1.008 1.010
50 0703 0.851 0.903 0930 0947 0980 0.997 1.002 1.005 1.007
60 0.701 0.849 0.901 0928 0945 0978 0.994 1.000 1.003 1.004
70  0.700 0.847 0.900 0.927 0943 0976 0993 0.998 1.001 1.003
80 0.699 0.846 0.899 0926 0942 0975 0992 0.997 1.000 1.002
90 0.699 0.845 0.898 0925 0941 0974 0991 0.996 0.999 1.001

100 0.698 0.845 0.897 0924 0940 0973 0990 0.996  0.998 1.000
200 0.696 0.842 0.894 0921 0937 0970 0.987 0.992 0.995 0.997
oo 0.693 0.839 0.891 0918 0.934 0.967 0.983  0.989  0.992 0.993

These two-sided critical values are tabulated in Tables A.16, A.17, A.18, A.19, A.20,
A.21, and A.22 for selected values of f, as function of the critical value T,;. In these
tables, the left column indicates the value of T, to the first decimal digit, and the
values on the top column are the second decimal digit.

Table A.23 provides a comparison of the probability p for five critical values,
T..i; = 1 through 5, as function of f. The case of f = oo corresponds to a standard
Gaussian.

A.6 The Linear Correlation Coefficient r

The linear correlation coefficient is defined as

2= (NY xiyi— > xi Z)’i)z |
(N = xi)2) (N Ty — (X yi)z) (A.14)
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Table A.10 Critical values of F statistic that include p = 0.60 probability

S

)i 2 4 6 8 10 20 40 60 80 100

1 2,625 3.093 3.266 3355 3.410 3.522 3.579 3598  3.608 3.613
2 1.500 1.718 1.796 1.835 1.859 1908  1.933 1.941 1.945 1.948
3 1.263 1.432 1.489 1.518 1.535 1.570 1.588 1.593 1.596  1.598
4 1.162 1310 1.359 1.383 1.397 1.425 1439 1444 1446 1.448
5 1.107 1.243 1.287 1.308 1.320 1345 1356 1360 1.362 1.363
6 1.072 1.200 1.241 1.260 1.272  1.293 1.303 1.307  1.308 1.309
7 1.047 1.171 1.209 1.227  1.238 1.257  1.266 1269 1270 1.271
8 1.030  1.150 1.186 1.203 1.213 1.231 1.239  1.241 1.242  1.243
9 1.016 1.133 1.168 1.185 1.194 1210 1217 1.219 1.220 1.221
10 1.006 1.120 1.154 1.170 1.179 1.194 1.200 1.202  1.203 1.204
20 0960 1.064 1.093 1.106 1.112 1.122 1.124 1.124 1.124 1.124
30 0945 1.046 1.074 1.085 1.090 1.097 1.097 1.097  1.096 1.096
40  0.938 1.037 1.064 1.075 1.080 1.085 1.084  1.083 1.082  1.081
50 0933 1.032 1.058 1.068 1.073 1.078 1.076  1.074 1.073 1.072
60 0930 1.029 1.054 1.064 1.069 1.073 1.070  1.068  1.066 1.065
70 0.928 1.026 1.052 1.061 1.066  1.069 1.066 1.064 1.062 1.061
80 0927 1.024 1.049 1.059 1.064 1.067 1.063 1.060  1.059 1.057
90 0926 1.023 1.048 1.057 1.062 1.065 1.061 1.058  1.056 1.054

100 0.925 1.021 1.047 1.056 1.060 1.063 1.059 1.056  1.054 1.052
200 0921 1.016 1.041 1.050 1.054 1.055 1.050 1.046 1.043 1.041
oo 0916 1.011 1.035 1.044 1.047 1.048  1.041 1.036  1.032 1.029

and it is equal to the product bb’, where b is the best-fit slope of the linear regression
of Y on X, and &’ is the slope of the linear regression of X on Y. The probability
distribution function of r, under the hypothesis that the variables X and Y are not
correlated, is given by

rd f-2

1 2 )1\ 2
Jr F(f) (1 - r2) (A.15)
2

fr(n) =

where N is the size of the sample, and f = N— 2 is the effective number of degrees
of freedom of the dataset.

In Table A.24 we report the critical values of r calculated from the following
equation,

l—-p= " fr(r)dr (A.16)

—erit
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Table A.11 Critical values of F statistic that include p = 0.70 probability

S

)i 2 4 6 8 10 20 40 60 80 100

1 5056 5.830 6.117 6267 6358 6.544 6.639  6.671 6.687 6.697
2 2.333 2.561 2.640 2.681 2705 2754 2779 2787 2791 2.794
3 1.847 1985 2.028 2.048 2.061 2.084 209 2.100 2.102 2.103
4 1.651 1.753 1.781 1.793 1.800 1.812  1.818 1.819  1.820 1.821
5 1.547 1.629 1.648 1.656 1.659 1.665 1.666 1.666 1.667 1.667
6 1.481 1.551 1.565 1.570 1.571 1.572  1.570  1.570  1.569 1.569
7 1.437 1.499 1.509 1.511 1.511 1.507  1.504 1.502 1501 1.501
8 1.405 1.460 1.467 1.468 1.466 1.460 1.455 1.452 1.451 1.450
9 1.380 1.431 1.436 1.435 1.433 1.424 1417 1414 1413 1412
10 1.361 1.408 1.412 1409 1406 1395 1.387 1.384  1.382 1.381
20 1.279 1.311 1.305 1.297 1290 1.268 1.252 1.245 1.242 1.240
30 1.254 1.280 1.271 1.261 1.253 1.226  1.206  1.197 1.192 1.189
40  1.241 1.264 1.255 1.243 1.234  1.205 1.182 1.172 1.167 1.163
50  1.233 1.255 1.245 1.233 1.223 1.192  1.167 1.156  1.150 1.146
60 1228 1.249 1.238 1.226 1215 1.183 1.157  1.146  1.139 1.135
70  1.225 1.245 1.233 1.221 1.210 1.177  1.150  1.138  1.131 1.127
80  1.222 1.242 1.230 1217 1206 1.172 1.144 1.132  1.125 1.120
90 1220 1.239 1.227 1214 1.203 1.168  1.140 1.127 1.120 1.115
100 1.219 1.237 1.225 1212 1200 1.165 1.137 1.123 1.116  1.111
200 1.211 1.228 1.215 1.201 1.189  1.152  1.121 1.106  1.097 1.091
oo 1204 1.220 1.205 1.191 1.178 1.139  1.104 1.087 1.076 1.069

where p is the probability for a given value of the correlation coefficient to exceed, in
absolute value, the critical value r,;. The critical values are function of the number
of degrees of freedom, and of the probability p.

To evaluate the probability distribution function in the case of large f, a
convenient approximation can be given using the asymptotic expansion for the
Gamma function (see [1]):

I'(az + b) ~ V2we “(az)=t0=1/2, (A.17)

For large values of f, the ratio of the Gamma functions can therefore be approxi-
mated as

F(f—f—l

2 )N f
)"



A.7 The Kolmogorov—Smirnov Test

Table A.12 Critical values of F statistic that include p = 0.80 probability
fi

Hho 2 4 6 8 10 20 40 60 80

1 12.000 13.644 14.258 14.577 14772 15.171 15.374 15.442 15.477
2 4.000 4.236 4317 4358 4382 4432 4456 4.465 4.469
3 2886 2956 2971 2976 2979 2983 2.984 2984 2984
4 2472 2483 2473 2465 2460 2445 2436 2433 2431
5 2259 2240 2217 2202 2.191 2166 2.151 2.146 2.143
6 2.130  2.092 2.062 2042 2.028 1.995 1976 1.969 1.965
7 2.043  1.994 1957 1934 1918 1.879 1.857 1.849 1.844
8 1.981 1.923 1.883 1.856 1.838 1.796 1.770 1.761 1.756
9 1.935 1.870 1.826 1.798 1.778 1.732 1.704 1.694 1.689
10 1.899 1.829 1.782 1.752 1.732 1.682 1.653 1.642 1.636
20 1.746  1.654 1596 1.558 1.531 1.466 1.424 1408 1.399
30 1.699 1.600 1.538 1.497 1.468 1395 1347 1328 1.318
40 1.676 1.574 1.509 1.467 1.437 1360 1.308 1.287 1.276
50 1.662 1.558 1.492 1.449 1418 1338 1.284 1.262 1.249
60 1.653 1.548 1.481 1.437 1406 1324 1.268 1.244 1.231
70 1.647 1540 1473 1429 1.397 1314 1256 1231 1.218
80 1.642 1.535 1.467 1422 1.390 1.306 1.247 1222 1.208
90 1.639 1.531 1.463 1.418 1385 1300 1.240 1.214 1.200
100 1.636 1.527 1.459 1.414 1381 1.296 1.234 1.208 1.193
200 1.622 1.512 1.443 1396 1.363 1.274 1.209 1.180 1.163
00 1.609 1.497 1426 1379 1.344 1252 1.182 1.150 1.130

A.7 The Kolmogorov—Smirnov Test

The one-sample Kolmogorov—Smirnov statistic Dy is defined in (13.7) as

Dy = max |Fy(x) — F(x)|,

where F(x) is the parent distribution, and Fy(x) the sample distribution.
The cumulative distribution of the test statistic can be approximated by

P(Dy < z/(¥N 4 0.12 4+ 0.11/+/N)) ~ &(z).

where

o

@(Z): Z (_l)re—ZrZZZ'

r=—00
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100
15.497
4.471
2.984
2.430
2.141
1.963
1.842
1.753
1.686
1.633
1.394
1.312
1.269
1.241
1.223
1.209
1.199
1.191
1.184
1.152
1.117
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Table A.13 Critical values of F statistic that include p = 0.90 probability
fi

Hho 2 4 6 8 10 20 40 60 80 100

1 49.500 55.833 58.204 59.439 60.195 61.740 62.529 62.794 62.927 63.007
2 9.000 9.243 9.326 9.367 9.392 9.441 9.466 9475 9.479 9.481
3 5462 5343 5285 5252 5230 5.184 5160 5.151 5147 5.144
4 4325 4.107 4.010 3955 3.920 3.844 3.804 3.790 3.782 3.778
5 3.780 3.520 3.404 3339 3297 3.207 3.157 3.140 3.132 3.126
6 3463 3.181 3.055 2983 2937 2.836 2781 2762 2.752 2.746
7 3257 2960 2.827 2752 2.703 2.595 2535 2514 2504 2.497
8 3.113  2.806 2.668 2.589 2.538 2425 2361 2339 2328 2.321
9 3.006 2.693 2551 2469 2416 2298 2.232 2208 2.196 2.189
10 2,924  2.605 2461 2377 2323 2201 2132 2107 2.095 2.087
20 2.589 2249 2.091 1999 1.937 1.794 1.708 1.677 1.660 1.650
30 2489 2.142 1980 1.884 1.820 1.667 1.573 1.538 1.519 1.507
40 2440 2.091 1.927 1.829 1.763 1.605 1.506 1.467 1.447 1.434
50 2412 2.061 1.895 1.796 1.729 1.568 1.465 1.424 1402 1.389
60 2393 2.041 1.875 1.775 1.707 1.544 1437 1395 1372 1.358
70 2.380 2.027 1.860 1.760 1.691 1.526 1.418 1374 1.350 1.335
80 2370 2.016 1.849 1.748 1.680 1.513 1.403 1358 1.334 1.318
90 2362 2.008 1.841 1.739 1.671 1503 1.391 1.346 1320 1.304
100 2.356 2.002 1.834 1.732 1.663 1.494 1382 1.336 1.310 1.293
200 2329 1973 1.804 1.701 1.631 1.458 1339 1.289 1.261 1.242
00 2303 1.945 1.774 1.670 1.599 1.421 1295 1240 1.207 1.185

and it is independent of the form of the parent distribution F(x). For large values of
N, we can use the asymptotic equation

P(Dy < z/v/N) = &(2).

In Table A.25 are listed the critical values of v/NDy for various levels of probability.
Values of the Kolmogorov—Smirnov statistic above the critical value indicate a
rejection of the null hypothesis that the data are drawn from the parent model.

The two-sample Kolmogorov—Smirnov statistic is

DNM = l’nle |FM(X) — GN(X)I

where Fy(x) and Gy(x) are the sample cumulative distribution of two independent
sets of observations of size M and N. This statistic has the same distribution as the
one-sample Kolmogorov-Smirnov statistic, with the substitution of MN/(M + N) in
place of N, and in the limit of large M and N, (13.12).
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Appendix: Numerical Tables

296

801¢96°0
¥£9096°0
€L0656°0
0CrLS6°0
899556°0
L08ES60
0€8156°0
LTL6Y6'0
L8YLY6°0
860S¥6°0
LYSTY6°0
0286¢6°0
0069¢6°0
TLLEE60
117060
008926°0
Cl16Cc60
61L816°0
1617160
7626060
¥86€06°0
8680
LS6168°0
CEIS88°0
¥89LL80

6

961960
18¥096°0
168560
0SCLS6°0
L8YSS6°0
S19€56°0
979156°0
60S616°0
SSTLY6'0
0S8¥¥6°0
8CTY6°0
LES6E6°0
L659¢6°0
SPPee60
900€6°0
YTr9C6°0
LOSTT60
8C816°0
8ILET6'0
08.806°0
6C1€06°0
619L68°0
10€168°0
LT¥¥88°0
069L8°0

8

0281960
620960
05L856°0
8LOLS6°0
S0€556°0
TCres60
0Cr1S6°0
0626¥6°0
1C0LY6°0
109%¥6°0
9102¥6°0
5T6¢6°0
T6C9¢6°0
8I1€E6°0
0TL6C6°0
S$¥0926°0
860CC6°0
1¥8L16°0
reel60
$97806°0
698206°0
1T0L68°0
6€9068°0
$69¢88°0
YI19L8°0

L

¥L9196°0
SL1096°0
L8S856°0
§06956°0
1215560
LTTES6'0
€ICIS6°0
0L06¥6°0
98L916°0
0SErr6°0
8YLI¥6°0
§968¢6°0
¥865€6°0
88LCE6°0
§5€6C6°0
995260
L891¢C6°0
L6ELT60
C9LT16°0
SYLLO6'0
S0€206°0
86£968°0
1266880
9967880
8I€SL80

9

8CS196°0
0200960
Y8560
CELIS60
LE6YS6°0
1€0€S6°0
S00156°0
8¥88¥6°0
0SS916°0
L60YY6°0
8LY1¥6°0
9L98¢6°0
§L95€6°0
95¥CE6'0
866876°0
6LCST6°0
€LTIT6°0
056916°0
8LCCI6°0
0CCLO6°0
9€L106°0
08L568°0
867688°0
TETTB80
SISYL8 0

S

18€196°0
§98656°0
6578560
LSS956°0
CSLYS6°0
¥€8CS6°0
$6L0S6°0
§T98Y6°0
11€9t6°0
£V8EY6°0
90C1v6°0
G8€8¢6°0
£9€5€6°0
1C12€6°0
6€9826°0
°681C6°0
$680C6°0
66¥916°0
06L116°0
2699060
€91106°0
951568°0
819888°0
06¥188°0
Y0LELSO

14

€€C196°0
80L656°0
£60856°0
18€956°0
§95¥S6°0
9€92S6°0
¥85056°0
00¥816°0
CLO9Y6°0
L8SEY6'0
£€60¥6°0
2608¢6°0
6¥05€6°0
¥8L1€6°0
9LT8C6'0
c0S¥C6'0
YEv0C6°0
¥¥0916°0
86CI116°0
651906°0
¥85006°0
LTSY68°0
£€6L88°0
£€7L088°0
L88TLY 0

€

$80196°0
1556560
9C6L56°0
§02956°0
LLEYS6'0
9EYCS6°0
CTLEOS60
YLI8Y6°0
1€8516°0
0€EEr6'0
LS90¥6°0
L6LLEG O
€ELYE6 0
SYP1€6°0
116260
601¥26°0
010026°0
986616°0
€08016°0
TC9506°0
100006°0
£68¢68°0
TPCL88°0
8866L8°0
190CL8°0

[4

§€6096°0
26€656°0
6SLLS6°0
LT0956°0
881¥56°0
GECCS6°0
861056°0
9Y6L16°0
886S¥6°0
0L0EY6°0
08€016°0
005L€6°0
YIvve6'0
€01T€6°0
€VSLT6°0
€ILETO0
£85616°0
SCISI60
€0€016°0
0805060
€1¥668°0
£5C€68°0
$¥$988°0
LTT6LY 0
6CCIL80

I

$8L096°0
£€0656°0
065L56°0
8¥8556°0
866£56°0
¥€0CS6°0
£¥66¥6°0
LILLY6'0
EVESY6°0
608C16°0
1010v6°0
10CLE6°0
Y601€6°0
86L0€6°0
E€LILTO0
1€€C6°0
€51616°0
099t16°0
0086060
€5106°0
0288680
809768°0
Tr8588°0
65¥8L8°0
68¢0L8°0

0

6v
8y
L'y
9
Sy
vy
[ 7
(a4
'y
0y
6'¢
8¢
Lt
9°¢
S
e
|3
(a3
I'e
0'¢
6C
8¢
L'c
9¢C
§C

(panunuod) LI'V dlqeL,



297

A.7 The Kolmogorov—Smirnov Test

(panunuod)

9ISIT6°0
65C€06°0
Y¥0¥68°0
9YLE8Y0
€CCCL80
91€658°0
9¥8¥¥8°0
1198280
6¢£018°0
EV668L°0
C00L9L°0
68CIVL0
80SCIL0
¥9€089°0
S9SHY9°0
<r8¥09°0
0L6095°0
98LCIS 0
02C09¥°0
81EE0V°0
69CCre0
ECYLLT O
¥6260C°0
9s8¢1°0
1709900

6

0€L016°0
£8€C06°0
$90€68°0
1592880
8660.L8°0
£V6L58°0
S0EEY80
£889¢8°0
15¥808°0
99LL8L0
19S¥9L°0
€558€L°0
0S¥60L°0
£€569L9°0
€LLOYI0
$¥9009°0
8¥€955°0
LTLLOS O
E€CLYSY0
S6€L6€°0
8V6SEE°0
8VLOLTO
9C€C0T0
SLETET0
SCL8SO0

8

9£6606°0
96¥106°0
SL0T68°0
PyS188°0
85L698°0
$$S9S8°0
LYL1¥8°0
PEIST80
887908°0
£9558L°0
160C9L°0
L8LSEL0
85€90L°0
90S€L9°0
r69¢€9°0
90¥965°0
891550
¥29205°0
8levy 0
Ieviee o
0656C¢0
0¥0¥9C°0
cees610
CLIYCI'0
10¥150°0

L

€£€1606°0
0090060
¥L0168°0
STy088°0
$05898°0
8¥15S8°0
0L10¥8°0
§9€€C80
£05¥08°0
SEEE8L0
£€6565L°0
066CEL0
CTETEOL0
1200L9°0
1L0€€9°0
SCIT6s 0
€L69YS 0
LLYL6Y 0
665ErY0
9TrS8e0
Y61€C€0
10€LST0
€1€881°0
€56911°0
1L0V¥0°0

9

12€806°0
§69668°0
900680
T6T6L8°0
9€CLI980
LTLESS0
9L68¢8°0
SLSTT8 0
¥6¥208°0
18018L°0
990LSL0
1910€L°0
1L000L°0
6619990
09162C9°0
C08L8S0
0TS0
98CCo10
CLOLEY0
08€6L€°0
19L91¢€°0
1€505CT°0
1LC181°0
81L601°0
SEL9E00

S

005L06°0
6LL868°0
6€0688°0
LY18L8°0
56598°0
68CCS8°0
7969¢8°0
¥9L618°0
29¥008°0
TO88LL'O
0IS¥YSL0
00€LCL0
$L8969°0
6€6799°0
602590
LEYESS O
YTrLES O
1S0L8Y°0
20€TeEY0
Y6CELED
£€6C01€°0
0€LEVYTO
SOTYLI 0
69¥C01°0
¥6€6C0°0

14

0299060
£68L68°0
¥00888°0
6869.8°0
9591980
¥€8058°0
1€€5€8°0
€€6L18°0
90¥86L°0
S6¥9LL 0
ST61ISL0
LOYYCL O
¥¥9€69°0
17€659°0
81¢CIC9°0
6C06LS°0
¥85TES0
CLLI8Y0
0659Cr°0
891L9¢°0
88L£0E°0
0069¢C°0
8IIL9T°0
L0TS60°0
6¥0CC0°0

€

1€8506°0
9169680
LS6988°0
818SL8°0
Pree98'0
£9¢6¥8°0
089¢€8°0
080918°0
LTE96L0
€9IYLL O
11€6vL°0
8Y1CLO
8L£069°0
S0LSS9°0
981L19°0
6LSYLS0
00LLTS0
6¥¥9LY°0
S€80CY 0
20019¢°0
8¥CL6T 0
0r¥00€C°0
600091°0
TE€6L80°0
10L¥10°0

[4

£86¥06°0
6965680
668588°0
€E9YL8°0
L10298°0
YL8LY8'0
0102€8°0
90Cr18°0
€CTreL 0
€08ILLO
L999%L°0
PCSBIL0
9L0L89°0
0€02S9°0
(4883 CX1]
G800LS°0
E€LLTTS 0
€801LY°0
8€0ST¥°0
96LvSE°0
¥L906C°0
¢S1€CTo
6L8CS1°0
$¥9080°0
1S€L00°0

I

9C1v06°0
105680
8C8¥88°0
SEVELSO
¥L9098°0
69¢918°0
0C€0€8°0
01€CI8°0
960C6L°0
91¥69L°0
£€66£YL0
€ESSIL0
8€LE890
L1E8Y9°0
866809°0
6755950
108L1S°0
€L9S9%°0
661601°0
°SS8re0
§90¥8C°0
LETITTO
0€LSYT0
8¥€€L00
000000°0

0

T
€C
(4
1C
0T
61
8’1
L1
9l
ST
'l
€1
1l
'l
0’1
60
80
Lo
90
S0
0
€0
0
10
00

MO T anTeA TeonTId Jo uonounj se ‘d Ayiqeqoid 1o (¢ = J) uonouny s,juepniS jo [eI13ou] §I'V dqeL



Appendix: Numerical Tables
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A.7 The Kolmogorov—Smirnov Test
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A.7 The Kolmogorov—Smirnov Test
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A.7 The Kolmogorov—Smirnov Test
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Table A.23 Comparison of integrals of Student’s function at different critical values.

T I I e N N T N

AL L LW W LW LWL L LW W NN NN NN NN = = e s s e e e e e
O O 0 NN R WD = O 0 0NN R WD = O O 0NN R WD = O

Critical value
T=1
0.500000
0.577351
0.608998
0.626099
0.636783
0.644083
0.649384
0.653407
0.656564
0.659107
0.661200
0.662951
0.664439
0.665718
0.666830
0.667805
0.668668
0.669435
0.670123
0.670744
0.671306
0.671817
0.672284
0.672713
0.673108
0.673473
0.673811
0.674126
0.674418
0.674692
0.674948
0.675188
0.675413
0.675626
0.675826
0.676015
0.676194
0.676364
0.676525
0.676678

T=2

0.704833
0.816497
0.860674
0.883884
0.898061
0.907574
0.914381
0.919484
0.923448
0.926612
0.929196
0.931345
0.933160
0.934712
0.936055
0.937228
0.938262
0.939179
0.939998
0.940735
0.941400
0.942005
0.942556
0.943061
0.943524
0.943952
0.944348
0.944715
0.945057
0.945375
0.945673
0.945952
0.946214
0.946461
0.946693
0.946912
0.947119
0.947315
0.947501
0.947678

T=3
0.795168
0.904534
0.942332
0.960058
0.969901
0.975992
0.980058
0.982929
0.985044
0.986657
0.987921
0.988934
0.989762
.990449
0.991028
0.991521
0.991946
0.992315
0.992639
0.992925
0.993179
0.993406
0.993610
0.993795
0.993962
0.994115
0.994255
0.994383
0.994501
0.994610
0.994712
0.994806
0.994893
0.994975
0.995052
0.995123
0.995191
0.995254
0.995314
0.995370

T=4

0.844042
0.942809
0.971992
0.983870
0.989677
0.992881
0.994811
0.996051
0.996890
0.997482
0.997914
0.998239
0.998488
0.998684
0.998841
0.998968
0.999073
0.999161
0.999234
0.999297
0.999351
0.999397
0.999438
0.999474
0.999505
0.999533
0.999558
0.999580
0.999600
0.999619
0.999635
0.999650
0.999664
0.999677
0.999688
0.999699
0.999709
0.999718
0.999727
0.999735

T=5

0.874334
0.962251
0.984608
0.992510
0.995896
0.997548
0.998435
0.998948
0.999261
0.999463
0.999598
0.999691
0.999757
0.999806
0.999842
0.999870
0.999891
0.999908
0.999921
0.999932
0.999940
0.999948
0.999954
0.999959
0.999963
0.999967
0.999970
0.999973
0.999975
0.999977
0.999979
0.999981
0.999982
0.999983
0.999984
0.999985
0.999986
0.999987
0.999988
0.999989

(continued)
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Table A.23 (continued)

41
49
43
44
45
46
47
48
49
50

Table A.24 Critical values of the linear correlation coefficient

O 0 1 N N B W

O X0 N NN B W N =
S O O O O O o o O

100
200
300
500
1000

Critical value

T=1

0.676824
0.676963
0.677095
0.677222
0.677343
0.677458
0.677569
0.677675
0.677777
0.677875
0.682690

T=2

0.947846
0.948006
0.948158
0.948304
0.948443
0.948576
0.948703
0.948824
0.948941
0.949053
0.954500

T=3

0.995424
0.995474
0.995522
0.995568
0.995611
0.995652
0.995691
0.995729
0.995765
0.995799
0.997301

Appendix: Numerical Tables

T=4

0.999742
0.999749
0.999755
0.999761
0.999767
0.999773
0.999778
0.999782
0.999787
0.999791
0.999937

Probability p to have an absolute value of r below the critical value

0.50

0.500
0.404
0.347
0.309
0.281
0.260
0.242
0.228
0.216
0.152
0.124
0.107
0.096
0.087
0.081
0.076
0.071
0.068
0.048
0.039
0.030
0.021

0.60

0.600
0.492
0.426
0.380
0.347
0.321
0.300
0.282
0.268
0.189
0.154
0.133
0.119
0.109
0.101
0.094
0.089
0.084
0.060
0.049
0.038
0.027

0.70

0.700
0.585
0.511
0.459
0.420
0.390
0.365
0.344
0.327
0.231
0.189
0.164
0.147
0.134
0.124
0.116
0.109
0.104
0.073
0.060
0.046
0.033

0.80

0.800
0.687
0.608
0.551
0.507
0.472
0.443
0.419
0.398
0.284
0.233
0.202
0.181
0.165
0.153
0.143
0.135
0.128
0.091
0.074
0.057
0.041

0.90

0.900
0.805
0.729
0.669
0.621
0.582
0.549
0.521
0.497
0.360
0.296
0.257
0.231
0.211
0.195
0.183
0.173
0.164
0.116
0.095
0.073
0.052

0.95

0.950
0.878
0.811
0.754
0.707
0.666
0.632
0.602
0.576
0.423
0.349
0.304
0.273
0.250
0.232
0.217
0.205
0.195
0.138
0.113
0.087
0.062

T=5

0.999989
0.999990
0.999990
0.999991
0.999991
0.999992
0.999992
0.999992
0.999993
0.999993
1.000000

0.99

0.990
0.959
0.917
0.875
0.834
0.798
0.765
0.735
0.708
0.537
0.449
0.393
0.354
0.325
0.302
0.283
0.267
0.254
0.181
0.148
0.114
0.081
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Table A.25 Critical values of the Kolmogorov—Smirnov statistic Dy

OOO\IO\LII#UJN'—‘Z

O 0 N1 QA N A B W WY = =
S O O OO LK O Lo L O WL O

100
200
300
500
1000

Probability p to have Dy X +/N below the critical value

0.50

0.750
0.707
0.753
0.762
0.765
0.767
0.772
0.776
0.779
0.781
0.788
0.793
0.796
0.799
0.801
0.803
0.804
0.805
0.807
0.808
0.810
0.811
0.811
0.816
0.818
0.820
0.822
0.828

0.60

0.800
0.782
0.819
0.824
0.827
0.833
0.838
0.842
0.844
0.846
0.855
0.860
0.863
0.866
0.868
0.869
0.871
0.872
0.874
0.875
0.877
0.878
0.879
0.883
0.885
0.887
0.890
0.895

0.70

0.850
0.866
0.891
0.894
0.902
0.910
0.914
0.917
0.920
0.923
0.932
0.937
0.941
0.943
0.946
0.947
0.949
0.950
0.952
0.953
0.955
0.956
0.957
0.961
0.964
0.966
0.968
0.973

0.80

0.900
0.967
0.978
0.985
0.999
1.005
1.009
1.013
1.017
1.020
1.030
1.035
1.039
1.042
1.045
1.046
1.048
1.049
1.051
1.053
1.054
1.055
1.056
1.061
1.063
1.065
1.067
1.073

0.90

0.950
1.098
1.102
1.130
1.139
1.146
1.154
1.159
1.162
1.166
1.177
1.184
1.188
1.192
1.194
1.196
1.198
1.199
1.201
1.203
1.205
1.206
1.207
1.212
1.214
1.216
1.218
1.224

0.95

0.975
1.191
1.226
1.248
1.260
1.272
1.279
1.285
1.290
1.294
1.308
1.315
1.320
1.324
1.327
1.329
1.331
1.332
1.335
1.337
1.338
1.339
1.340
1.346
1.348
1.350
1.353
1.358
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0.99

0.995
1.314
1.436
1.468
1.495
1.510
1.523
1.532
1.540
1.546
1.565
1.576
1.583
1.588
1.591
1.594
1.596
1.598
1.601
1.604
1.605
1.607
1.608
1.614
1.617
1.620
1.622
1.628
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degrees of freedom, 212
nested component, 214
two independent y? measurements, 212
use on same dataset, 213
factorial function, Stirling’s approximation, 51
Fisher, R.A., 133, 165
fractional errors, 109
full conditional distribution, 258
full-width at half maximum (FWHM), 44
function of random variables, 64
mean, 69
multi-dimensional method, 66
variance, 70

gamma distribution, 123
Gamma function, 124, 134
asymptotic expansion, 288
Gaussian distribution, 40
comparison with binomial and Poisson, 51
confidence intervals, 94
cumulative distribution function, 44



Index

log-normal distribution, 110
mean, 43
moment generating function, 59
moments, 44
probability function, 43
simulation, 45, 79
upper and lower limits, 95
variance, 43
tables, 273
Geherels approximation, 99
tables of upper and lower limits, 277
Gelman Rubin statistic, 260, 264
between—chain variance, 265
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unbiased estimator, 234
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resampled dataset, 234
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Kolmogorov axioms, 2
Kolmogorov Smirnov test, 216
Dy statistic, 217
Dy statistic, 219
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Law of heredity (Mendel experiment), 8
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law of large numbers, 68, 226
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probability function, 188
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state of system, 238
communication of states, 243
detailed balance, 254
irreducible aperiodic chains, 244
limiting probability, 243
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stationary distribution, 243
time reversible, 253
Markovian property, 238
mass distribution function, see probability
mass function
maximum likelihood method
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fit to two—dimensional data, 149
Gaussian data, 149
Gaussian variable, 85
estimate of mean, 86
estimate of sample variance, 87
estimate of variance, 87
other variables, 90
Poisson data, 160
Poisson variable, 90
MCMC, see Monte Carlo Markov chains
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function of random variables, 69
linear combination of variables, 55
weighted, 89
Bayesian expectation for Poisson mean,
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method of moments, 91
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orthonormal transformation, 129
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Poisson distribution, 45
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S parameter, 100
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posterior probability, 11, 13
Poisson mean, 102
prior distribution, 250
MCMC, 251
prior probability, 11
probability
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frequentist method, 1, 3
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probability distribution function, 19
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proposal distribution, 251
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exponential distribution, 77
uniform distribution, 77

Raftery Lewis test, 267
random error, 198
random variables, 17
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recurrence of states, 241
transition probability, 239
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Rayleigh distribution, 66
cumulative distribution, 80
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relative-error weighted average, 113
resampled dataset, 234
residual variance, 172
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sample covariance, 27, 28
sample distribution, 18
sample mean, 21
comparison of two means, 141
comparison with parent mean, 137
sample space, 1
partition, 2
sample variance, 23
sampling distribution of mean, 137
sampling distribution of variance, 127
degrees of freedom, 130
probability function, 130
sequence of events, 36
sequence of random variables, 237
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simulation of number 7, 228
simulation of random variables, 78
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Monte Carlo methods, 228
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standard deviation, 22
standard error, 22
standard Gaussian, 45
stationary distribution, 237
statistic, 117
statistical error, 108, 199
statistical independence, 5
necessary conditions for, 6

statistical independence of random variables,
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Stirling’s approximation, 51
stochastic processes, 237
stopping time of MCMC, 260
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hypothesis testing, 141
mean, 140
probability function, 139
tables, 285

sum of random variables, 62

synthetic dataset, 230

systematic error, 108, 199
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multiplicative, 199
parameter estimation, 200

T test, 170
thinning of MCMC, 263
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analysis of experimental data, 222
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Total probability theorem, 10
transition kernel, 239
transition probability, 239
triangular distribution, 64, 67
two—variable dataset, 147
bivariate errors, 203
independent variable, 147, 187
Monte Carlo estimates of errors, 230
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uniform distribution, 67
probability function, 67
simulation, 79
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Geherels approximation, 99
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Gaussian, 96

Poisson, 101
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