Epilogue

In this book we have developed the basic theory of quantum mechanics, explored
some of its consequences for physics, chemistry and technology, and studied what
the theory says about the nature of reality. I hope that I have managed to convey some
of the beauty and elegance of the theory and its applications, and at the same time
made you feel a little uncomfortable about the things that quantum mechanics has to
say about nature. Fundamentally, quantum mechanics tells us how we should reason
about physical systems without falling into the trap of assuming that things behave
the way we expect even when we are not looking at them. In this sense, quantum
theory is a refinement of our understanding of probabilities. As such, the theory has
a much broader application than it is traditionally afforded in atomic, solid state, and
particle physics.

WhatI presented here is just the tip of the iceberg, and if you continue your studies
in quantum mechanics, what can you expect to learn further? First of all, you will
learn how to solve the Schrodinger equation for a range or problems in one, two, and
three dimensions. We discussed here the particle in a one-dimensional box, a one-
dimensional pendulum, and we sketched roughly the solutions for the hydrogen atom
in three dimensions, but there is a whole family of interesting potentials V (x, y, z)
that we can substitute into the Hamiltonian. One important example is when we have
a periodic potential, describing for example the (attractive) nuclei in a crystal. An
electron with a certain energy in such a crystal can be bound to a particular nucleus,
or it may be able to move freely through the crystal. The available energy levels for
the electrons then determine the physical properties of the crystal, from insulators,
to metals and semiconductors, and they determine properties like heat capacity and
conductivity.

Solving partial differential equations is generally hard, and given a particular
potential V (x, y, z) itis unlikely that you can find solutions in closed form. However,
the potential may be somewhat close to a different, simpler potential for which we
do have solutions. In that case the solutions to the complicated problem will be close
to the solutions of a simple problem, and by studying how the potential changes
between the two we can find approximations to the quantum state and the eigenvalues
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of various observables of interest, usually energy. This is an example of perturbation
theory. For example, our system may have a potential in the Hamiltonian that has

a quadratic term %ma)zx2 like the pendulum, but it may also contain a small term

proportional to x3 or x*, etc. The motion of the system will be almost harmonic, but
not quite. Perturbation theory can tell us how the motion will be different from the
ideal pendulum.

There are many different perturbation theory techniques: first and second order,
time-dependent, the variational method (which describes the above example), and
the Wentzel-Kramers-Brillouin method that is suitable when the system behaves
almost classically. In particle physics, perturbation theory takes the form of Feynman
diagrams: all possible ways for the particles to interact are organised in an infinite
series of increasingly complex—and unlikely—processes, represented graphically
by a Feynman diagram. The more of these processes we calculate, the more precise
the answer of our calculation will be. Problems in chemistry and solid state physics
also almost always require us to use one or more methods from perturbation theory.
While this is typically a very technical topic it is nevertheless essential, since it allows
us to get meaningful answers from quantum mechanics in almost any application.

Sometimes perturbations are caused by external classical fields, such as electric
and magnetic fields. Since electrons are both electrically charged and have a magnetic
moment (their spin), we would expect that such fields will have an influence on the
energy levels of the electron. Indeed, this is the case. You will learn about so-called
Stark shifts of energy levels that are created by electric fields, and Zeeman splittings
of energy levels that are due to magnetic fields. Typically, these effects cannot be
calculated exactly, and you will again have to use perturbation theory.

The next topic you may encounter is the complete description of angular momen-
tum. We encountered angular momentum mostly in the form of the electron spin in
this book, but there is also the orbital angular momentum associated with particles
in a rotational motion. Angular momentum is important any time there is a central
potential in a physics problem, such as the Coulomb potential in Sect.8.7. Classi-
cally, the angular momentum is defined as the cross product L = r x p, where r is
the position vector of the particle, and p is its momentum vector. Since r and p do
not commute in quantum mechanics, the three components of L. do not commute
and cannot be measured simultaneously (just like we saw in chapter three that S, S,
and S, cannot be measured simultaneously). The commutation relations between L.,
L, and L. are ultimately responsible for the quantisation of angular momentum. We
already encountered this in Sect. 8.7, Eq. (8.91) where we introduced two new integer
quantum numbers, [ and m, connected to angular momentum. In a more advanced
course in quantum mechanics you will learn how to combine spin and orbital angular
momentum into a combined total angular momentum, and in quantum optics you
will encounter a very deep connection between angular momentum and the polari-
sation of light, but also, more surprisingly, with optical networks of beam splitters
and phase shifters.

Another key topic in the study of quantum mechanics, particularly in the context
of particle physics, is scattering. In a particle accelerator we prepare particles in
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states that are close to momentum eigenstates, typically with high energy. When the
particles collide, this means that they will be deflected into a superposition of different
momentum eigenstates. For each input momentum p there will be an amplitude for
the scattering probability into an output momentum ¢. If we call this amplitude
S(p, q), then S is the so-called scattering matrix. The form of the scattering matrix
tells us about the structure of the particles, and this is how, for example, we discovered
that protons and neutrons are made up of three quarks. A simple one-dimensional
example of scattering is the tunnelling example in Sect. 8.6. A particle in a momentum
eigenstate gets scattered back from the barrier or gets transmitted (note that we
assumed the particle was in a momentum eigenstate), and by measuring the reflected
and transmitted parts for different initial momentum states we can infer the height and
width of the potential barrier. You can also think of the beam splitter matrix in chapter
two as a scattering matrix, because it sends a photon with a specific momentum either
into the reflected beam or into the transmitted beam. The scattering matrix is therefore
basically the unitary transformation that changes the input state of a particle to the
output state, written in the momentum basis. Another interesting example is Compton
scattering, in which a photon scatters off an electron and changes frequency due to
energy transfer between the electron and the photon. This was discovered in 1923
by Arthur Compton, and it played a key role (alongside the photo-electric effect) in
establishing that light cannot be thought of as a simple wave phenomenon.

We started this book by considering the definition of a photon. We could get quite
some way towards our description of quantum theory, but a full description of the
photon must take into account that two photons can be fundamentally indistinguish-
able from each other: Nothing can tell these photons apart, not their position, nor their
polarisation, frequency, or shape of the wave packet. We cannot individually label
the photons, and yet there are two of them. Similarly, two electrons can also be indis-
tinguishable, but whereas photons can all happily sit together in the same quantum
state, electrons do not want to share their quantum state with any other electron. This
is the difference between bosons (like photons) and fermions (like electrons). The
concept of identical particles plays a central role when we wish to extend quantum
mechanics to the special relativistic case (excluding gravity; we still do not know
how to reconcile that with quantum theory). In relativistic quantum mechanics you
will learn how the spin of a particle determines whether it is a boson or a fermion.
This is the so-called spin-statistics theorem: particles with integer spin (0, 1, 2, ...)
are bosons, while particles with half-integer spin (%, %, % ...) are fermions. This
will lead to the relativistic Klein-Gordon equation for massive bosons and the Dirac
equation for electrons, which are the relativistic analogs of the Schrodinger equation.
These equations must allow negative energy solutions, which was a big puzzle until
Dirac identified these solutions with anti-particles.

A comprehensive description of relativistic quantum particles requires quantum
field theory, which is the basis for the Standard Model of particle physics. However,
quantum field theory also has important applications in optical physics and solid
state physics. A fully quantum mechanical treatment of an atom interacting with
quantum light needs a quantum theory for electric and magnetic fields. The standard
tool for this type of problems is the Jaynes—Cummings model, which describes the
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interaction of an atom in a cavity with the quantised electromagnetic field in the cavity.
In condensed matter, we can treat crystal lattice vibrations as quantum fields at finite
temperatures. This requires the concept of the density matrix that we encountered in
chapter seven, but now for a very large number of identical particles. Generally, you
will need non-relativistic quantum field theory to study the discipline of quantum
statistical physics, and it will lead to such beautiful behaviour as Bose—Einstein
condensation, superconductivity, and superfluidity, which have all been observed
experimentally (in the case of superconductivity even before quantum theory was
developed).

These are the more traditional topics in advanced textbooks on quantum mechan-
ics. However, in recent years great progress has been made in controlling individual
quantum systems. We can now control the interaction between a single atom and a
single photon quite precisely (Serge Haroche and David Wineland won the Nobel
prize for this in 2012), we can control single electrons in very small electrical circuits,
and we are getting to the point where we can fully control electrons locked in small
semiconductor boxes, called quantum dots. To make experimental progress on this
front we need a theory that can cope with the imperfections that inevitably arise in
the setup. Detectors will not always give the “right” answer, and we must develop
a method that includes such errors. We can take a similar approach to the way we
derived the density matrix: we construct a probability distribution that governs how
likely it is that quantum state |a;) triggers a measurement outcome 1y instead of m ;.
This is enough to construct the most general measurement operators, which are no
longer projectors but probability distributions over projectors called POVMs. This
leads to a new definition of “generalised observables”, where instead of a spectral
decomposition in terms of projectors, the observable is given in terms of the POVM.

Similarly, it will be very difficult in most experiments to ensure that our system
is completely isolated from the environment. As a result, the evolution of the system
over time is no longer perfectly reversible since some information about the state
of the system may leak into the environment. That means the evolution is no longer
unitary. Generally, this is how a pure state turns into a mixed state, and the general
method was described in Chap.7 via the tracing out of the environment. However,
in practice, this will be a very difficult calculation for all but the simplest systems,
and we need additional techniques to describe non-unitary evolution of quantum
systems. We can again consider probability distributions over various possible unitary
transformations, but this also has limited use. Instead we will have to introduce a
replacement for the Schrodinger equation, called the Lindblad equation. It is an
equation for density matrices instead of vectors, and in the case of unitary evolution
it reduces to the Schrodinger equation, as required. The Lindblad equation is a very
powerful tool, and requires sophisticated mathematical techniques to set up and solve.

Finally, you may study quantum mechanics in a completely different context,
namely that of quantum information theory. This includes quantum computing and
quantum communication, and a large effort is currently underway to come up with
ways to implement error correction that allows us to actually build quantum com-
puters and communication systems even in the presence of practical imperfections.
The theory of quantum error correction is less a physical theory and more a quantum
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computer science research area, even though the errors will be physical in origin.
Similarly, quantum mechanics can be used to study the capacity of communication
channels for transmitting information. It asks questions like “how much information
can Alice transmit to Bob if they have access to shared entanglement?” Quantum
information theory is very much built upon the mathematics of density matrices and
entropy that we encountered in chapter seven.

In all these topics, the basic principles described in this book still apply, even
though the mathematics will get much more complicated. Hopefully, this book, along
with its interactive figures will have given you a solid conceptual foundation of
quantum mechanics so that you can focus on the technical aspects of the more
advanced subjects.



Further Reading

The following is a list of recommended reading for anyone who wants to learn
quantum mechanics in more detail. It is by no means an exhaustive list of all the
excellent books on the topic, but these are the ones that are close to my heart.

Matrix Operations for Engineers and Scientists  Alan Jeffrey, Springer (2010).
Any serious study of quantum mechanics requires a good grounding in linear alge-
bra, and especially the theory of matrices. Jeffrey takes a pedagogical approach
similar to what I adopted here, and develops the material from example problems.
I highly recommend Matrix Operations alongside this book.

Matrix Analysis R. A. Horn and C. R. Johnson, Cambridge University Press
(2013). This book is a comprehensive textbook that covers everything you need
to know and more. It is written in a mature mathematical style, and is a good
follow-up from Jeffrey’s book. It has a wealth of practice problems.

Quantum Mechanics A. Rae, Fifth Edition, Taylor and Francis (2008). This is
an introductory textbook on quantum mechanics based on a more traditional
approach. The book starts with the photoelectric effect, the Compton effect and
wave-particle duality, and proceeds via the Schrodinger equation in one and three
dimensions to angular momentum, perturbation theory, scattering theory and
many-particle systems. It assumes a good working knowledge of calculus and
complex numbers.

Quantum Systems, Processes and Information B.  Schumacher and M.
Westmoreland, Cambridge University Press (2010). This textbook is the natu-
ral next step from the present book, in that it approaches quantum mechanics as
a theory of information and processes. After a brief introduction to the small-
est physical systems—qubits—the book develops the mathematical formalism of
quantum theory in terms of Hilbert spaces. It covers the topics in this book with
more generality, and includes more dedicated chapters on quantum information
processing, entropy, and error correction.

Quantum Computer Science D. Mermin, Cambridge University Press (2007).
This is a textbook aimed at readers from different backgrounds, including
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mathematics and computer science. Written in his inimitable style, Mermin
explores quantum mechanics with a focus on computation, rather than physics.
It requires some basic knowledge of matrices and complex numbers, but is gen-
erally very accessible and heartily recommended to readers who enjoyed Chap. 6
and want to know more about the information theoretic applications of quantum
mechanics.

Qs for Quantum Terry Rudolph, Amazon (2017). In this highly accessible book
Rudolph explores the fundamental puzzles that quantum mechanics poses to our
classical world view. The style of the book is much like Chap. 1, but it penetrates
deeply into the topics we covered in Chap. 10. Recommended reading for anyone
who wants to explore the foundations of quantum mechanics further.

The Principles of Quantum Mechanics P. A. M. Dirac, Oxford University Press
(1988). Not often in science would one recommend reading the earlier textbooks
on a topic, but this book by Paul Dirac is a notable exception. It is still one of
the clearest expositions of quantum mechanics (including his famous treatment
of the relativistic electron), and it is the original source for the bracket notation
that almost everybody uses today.
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Useful Formulas

Complex numbers:

(x+ip*=x—iy
x+iy)(u+iv) = (xu—yv)+i(xv+yu)
(rlei'f’l)(rzeim) — rlrzei(¢1+¢2)

Series expansion and trigonometry:

X2 a3
€x=1+x+5+§+“'
€'’ =cos¢ +ising

€' + e

cos¢p = R a—

el — e
Sln¢ = 2—1

Dirac delta function:

1 too
S(x — x9) = —/ el 0y gy

27 J_wo

When a < xo < b we have

b
/ f(x)8(x — x0) dx = f(xo)
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Fourier transform of complex functions:

1 +00 i/
Y(p) = —/ dx ¥ (x)e 'P*
P v 2mh J - w
Gaussian function with peak at xo and
width o:
_ 1 (x — x0)?
fx) =+ — exp[ 752 .

Operator definitions:

Hermitian: AT = A
Unitary: Ur=u-!
Projector: P’=P

Commutator: [A, B] = AB — BA

Determinant and trace of 2 x 2 matrices:

ab
det (c d> =ad — bc

)

Cyclic property of the trace:

Tr[ABC] = Tr[CAB]
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Eigenvalue equation:

det(A — Al) = 0

The Pauli matrices:

Anti-commutation relations of the Pauli
matrices:

0x0y + 0,0, =0
0,0, + 0,0, =0

0,0, +0,0,=0
Born rule:
Pr(outcome) = |{outcome|)|?
Pr([a, b]) = / ax P
Expectation value and variance:

(A) = (VIAlY)
(AA)? = (Y| A|Y) — (VIAlY)?

Uncertainty relation for operators:

AAAB > %I([A, BJ)|

Useful Formulas

Error propagation formula:

The Schrodinger equation:

ihly (1)) = HIy (1))

Time evolution:

Wty = U@ (0)
= exp (—%Ht) 1¥(0))

Ladder operators:

R U 1 .
a= —2Xx+i
2h 2mha)p
At mo 1 N
a'= |—Xx—i
2h me'w)p
Bell states for qubits:
00) £+ |11
oy _ 1000 £ 1)
V2
01) £ 110
) _ 100 £ 110
V2

Von Neuman entropy:

S(p) = —Tr[plog, p]

=- ZP/’ log, p;
J

where the p; are eigenvalues of p.



Answers to Selected Problems

1.2 Pr(D;) = 0.3 and Pr(D;) = 0.7.

1.5 A partial memory of the pho-
ton path will partially destroy the
interference. So instead of detec-
tor D) being always silent, it now
occasionally fires (but not as often

as D).
2.1
27 60 54 39
2.2

71 = 3 eiarctan(4/3)

= 4 /13e—iarctan(2/3)
3= 3mefiarcta.n(4/5)-

2.6 (Y|p) = —(21+ 15i) and

(ply) = —(21 — 15i).

Pr(right) = 9/25.

¢ =m/3.

For any state ¢/?|y) and event
a, the probability of a is
given by Pr(a) = [¢/(aly)| =
e?e™®|(a|y)|?. But e’%e ' =1,
so the probability does not depend
on ¢.

2.9
2.11
2.15
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3.1
3.3

3.11

3.13

4.2

4.4

5.1
54
5.6

5.11

Pr()=2/3, Pr(+)=1/2 4+ v/2/3.
The normalisation constant is
V13, and Pr(}) = 2/13, Pr(+) =
1/2. The expectation value in the
z-direction is (S,) = —5h/26.
[¥) =0.500] 1)+ (0.433 4+ 0.750
Dl ).

(Sy) = 12h/25,
7h/50.

W (1)) = (Ig) + ~2e'|e)) //3,
and Pr(+) = 1/2 + 12 cos wt.

(a)
ehB 11
H=_——"
2\/§mc (1 _1)

(b) Use that 1/4/2 = cos(rr/4) =
sin(;r/4) and use the addition
formulas from trigonometry.

(d) No.

(a) =3, (b) =5 + 14i, (c) —69.

Both, neither, Hermitian.

(@) cos (5) | 1)+sin (S2L) | ).

(b) Pr(+) = 5+ 3 sin (<2L).

(@) P, =la){al, P, =|b){bl,
and P.=|c){c|. Pr(a)=
(¥ |P,]¥), and so on.

(b) Pr(nota) = (¢[Pnoral ),
with Pyorg =1 — Py.

and AS, =
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(C) Pioty = Py + Py — Py Py

6.1 (a) and (b).

6.3 X =0,, A1 = +1with (1, 1)/+/2,
and X = —1 with (1, —1)/+/2.
(X)=0.

6.5 For all possible pairs of states cal-
culate that their scalar product is
zero. So

1
(P1l2) = 5((0, 110, =) + (1,011, +))

)

6.7 U|0) = |0) and U =
e“'|1). Apply U to both
qubits:  U;U,|00) = |00) and

U,U,|11) = €¥®'|11). The phase
€% returns to 1 twice as fast as
eiwtl
7.1 Purity is % < 1, so a mixed state.
7.2 (a) We can consider the Hamil-
tonian as a conditional oper-
ation that acts on qubit two
only if the state of qubit 1 is
[1). We then have W (¢)) =
%(IOO) + coswT' [10)—i sin
oT|11)).
(b) Take the partial trace of the
state in (a):

_ 1 1 coswT
pL= 2 \coswT 1 ’

1 (1 + cos? wT —i sin 2a)T)

P2 = 1 isin2wT sin T

(c) The entropy of p; and p, are
the same. Eigenvalues of p;
are (1 £coswT)/2, and the
entropy becomes

1 —coswT
S = coswT log Tt cosaT T eosoT
w

log ———.
& sinwT|

Answers to Selected Problems

(d) T =n/2w. This is when
the entropy of the individual
qubits is maximal.

7.8 Top view of equatorial plane of the

Bloch sphere:

S -

w is the angular (rotation) fre-
quency, while y is the rate that
determined how quickly the state
moves to the origin.

7.10

S=-Y pjlogp;
j

e PEi

=—Zl7j10g Z
j
:—ij (—BE; —log Z)

J
=ij10gZ+ﬂijEj
j j

(A1)

=logZ + B(E).

7.14 (AA)* = Tr[A%p] — Tr[Ap]*.
8.1 (a) Differentiating v, twice gives

n’m?

v, = —7% .
In the region where V =0,
the energy eigenvalue equa-
tion becomes
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n2 2R
Sz Vn = Envn.
e
/iy /\
n=4 v \.\ "’ I.\‘-. |
\ / L 3
4 L85
n=3 |
n=2
— '“'H.H__\\
n=1 / L ~
0 L/2 L

(b) From (a) we see the result for
E, immediately.

(c) Since the derivative of v, is
not proportional to ¥,, it is
not an eigenfunction of the
momentum operator.

(d) Differentiate and find p =
+hk.

() ¥n(x) o r(x) + d—i(x),
which means two counter-
propagating momentum func-
tions. The position wave func-
tion ¥, is a standing wave,
and k = nm/L.

8.3 Both Ax for the state |p) and Ap
for the state |x) diverge. When
we measure the position of a par-
ticle in a momentum eigenstate,
the wave function collapses to the
position eigenstate corresponding
to the measured position.

8.6 (a) The probability is

exp[—(x — xo)z/oz]
dx
mo?
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The probability density func-
tion looks like a bell curve
with width o.

(b)
__r_ipxn
EXP | = 3257/57 h

Jmh?/o?

The probability density func-
tion looks like a bell curve
with width /o

(c) The widths of the bell curves
are inverses of each other (up
to a factor h).

V(p) =

8.8
) = f5(p - p)HIp’) =1p).
9.1

(A) =Y _a;lla; )
J
2

— D ajlta;lv)l?
J

when |Y) = |a;), (A) becomes

(A) = "au— | D aisi
J J
=a; — (@)’ =0

9.2 The precision of a grandfather
clock is measured in millisec-
onds per cycle, whereas quantum
mechanics puts the ultimate limit
at

h
§t >/ ——=~10""s.
2mw3 A2
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9.7

(x) = Acos(wt + ¢)
(x) = —mwA sin(wt + ¢)

where ¢ is the phase of the pendu-
lum at ¢ = 0.
10.3 (a) For general angles 6 for Alice
and 0’ for Bob:

Pr(++) = Pr(——)
_sin?[(6' — 6)/2]

2
Pr(+—-) =Pr(—+)

cos?[(0' —6)/2]
2

(b)

(©

Answers to Selected Problems

2 2

Since cos2x = cos® x — sin”,
the range of values for P is
between +1 and —1.

The CHSH inequality becomes

lcos | + |cos |
COS — COS —
4 4

+ 37T| | n|<2
COS — | — |COS — .
4 4' =

However, the left-hand side is
24/2, which is greater than
2. Any hidden variable model
must admit superluminal sig-
nalling.
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A

Absorption, 57-59, 80

Adjoint, 82, 83, 182

Amplitude, 23, 26, 101, 141, 145, 152, 157-
159, 186, 193

Amplitudes, 145, 152

Amplitudse, 159

Angular momentum, 163, 165, 226

Anti-particles, 227

Arrow of time, 67, 130

Average, 24, 30, 39, 42

B

Beam splitter, 4-9, 11-14, 16, 18, 20, 21, 25,
26, 28, 31, 109, 219

Bell inequality, 223

Bloch sphere, 4448, 54, 61, 62, 68, 71, 72,
93,113

Boltzmann constant, 128

Born rule, 27, 80, 96, 208

Bose-Einstein condensation, 130

Boson, 227

Bracket, 26

C
Caesium 133, 68, 69
Cauchy-Schwarz inequality, 175
Causality, 105, 116
Chemistry, 161, 164, 166
CHSH inequality, 223
Classical theory, 8
Clock
atomic, 68, 70, 71
grandfather, 69, 186

quartz, 69
CNOT gate, see operator, CNOT
Coherence, 117, 127, 128, 135
Commutator, 85-87, 94, 168, 175-177, 183,

208-210
Complementarity principle, 213
Completeness relation, 145, 148, 152
Complex conjugate, 19, 26, 27, 46
Complex number, 18-20, 23, 27, 30, 42, 44,
95

imaginary part, 18

real part, 18
Complex plane, 18, 19
Composite system, 98, 99, 123-127
Compton scattering, 227
Conductivity, 225
Contextuality, 206, 211, 212, 214, 217
Continuous variable, 143
Continuum, 141-143

limit, 143
Correlation, 100-103, 220
Cryptography, 112
CZ gate, see operator, CZ

D
Decoherence, 117, 127, 197, 198, 213, 216,
220
Detector
photo-, 3-6, 8,9, 11, 12, 21, 22, 25, 29,
31, 115,116
quantum nondemolition, 6-9, 50, 116,
123-125, 132, 171
Determinism, 178
Deutsch algorithm, 108, 110, 111

© Springer International Publishing AG, part of Springer Nature 2018 239

P. Kok, A First Introduction to Quantum Physics,

Undergraduate Lecture Notes in Physics,
https://doi.org/10.1007/978-3-319-92207-2



240

Deutsch-Jozsa algorithm, 111
Dirac equation, 227

Dirac’s constant, 39
Distribution, 142, 144, 202, 203
Distributive law, 215, 216

Dot product, see scalar product
Double-slit experiment, 150

E
Eigenstate, 63-65, 72, 75-78, 80, 86, 87, 89,
94,95, 128, 129, 143, 144, 168, 201,
204, 208, 210, 218
Eigenstates, 72, 143, 145, 146, 151, 154,
162, 168
Eigenvalue, 64,72, 75-78, 80-82, 84, 86, 89,
92, 95, 96, 121, 129-133, 137, 152,
162, 163, 165, 168, 210
Eigenvalues, 64, 146, 163, 164, 168
Eigenvector, 63, 64, 76-80, 86, 91, 92, 94,
96, 121, 202
Electric field, 60
Electronic configurations, 165, 166
Emission, 80
Energy, 4, 57-66, 69, 71, 75-78, 80, 81, 84
conservation, 105, 187, 220
kinetic, 155, 162, 182, 187
level, 59-62, 68
hyperfine, 68
levels, 59
operator, 63
potential, 51,52, 155-160, 162, 164, 181,
182, 187
Entanglement, see state, entangledEntropy,
130-138
Boltzmann, 131, 137, 138
Shannon, 131, 137
Environment, 117, 122, 123, 125-127, 195,
197, 198
Epistemic, 199-203, 213, 214
first kind, 199, 214
second kind, 199, 200
Epistemology, 198-202
EPR paradox, 177, 178
Escapement, 69
Everett interpretation, see interpretation,
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155, 179, 188, 201, 216, 221
free, 65,77, 94
Evolutions, 168

Index

Expectation value, 40—44, 48, 49, 53, 54, 83,
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147, 175, 179, 180, 186, 190, 192,
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F
Fair coin, 24
Faster than light, 105, 178, 205, 206
Feedback, 69, 70
Fermion, 227
Feynman diagrams, 226
Fluctuation, 128, 185, 187
Fourier transform, 154, 155, 169
Frequency, 52, 58-61, 66, 68-70, 72
relative, 24
Function
balanced, 108, 110, 111
constant, 108, 110, 111
delta, 144, 148, 149, 155
deltas, 144
partition, 130, 137

G
Generalised probability theory, 200

H

Hamiltonian, 62-64, 6668, 71, 72, 75, 77,
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164, 167, 168, 179, 182, 183, 186,
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interaction, 66-68, 77, 123, 127

Harmonic motion, 181, 186
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Heisenberg limit, 192, 193

Heisenberg’s uncertainty principle, 171,
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Hidden variables, 199, 203, 205, 206, 217,
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Hydrogen atom, 162-165

Hydrogen atoms, 166

I
Incompleteness, 177
Information, 102, 103, 105, 106, 116, 124,
127, 131-134, 171, 192
theory, 131, 134
Inner product, see scalar product
Insulator, 225
Integer factorisation, 111
Integration, 143, 144, 153
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Bayesian, 214
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Copenhagen, 213, 214
cosmological, 221
de Broglie-Bohm, 217
Ghirardi-Rimini-Weber, 216
many worlds, 218-220
modal, 217, 218
objective collapse, 216
quantum logic, 215, 216
relational, 220, 221
statistical, 221
transactional, 222
Interval, 145, 152, 169

J

Jaynes—Cummings model, 227

K

Klein-Gordon equation, 227
Knowledge, see epistemology
Kochen-Specker theorem, 211, 217, 218

L

Landauer’s principle, 130, 134
Laser, 3, 5, 66, 68, 69, 219
Lasers, 65, 66

M
Magnetic field, 33, 34, 50-52, 188, 189, 191,
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Magnetic moment, 50
Magnetic resonance imaging, 53
Magnetron, 69
Maser, 69, 70
Matrix, 14-17,21, 40,41, 76,77, 80-85, 88,
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density, 117, 119-122, 124, 125, 127-
133, 136, 137, 228
determinant, 30, 77, 78, 80, 81
diagonal, 76, 77, 82, 86, 91, 93
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inverse, 84, 85
multiplication, 15, 16, 22, 29, 40, 43
Pauli, 41, 82, 83, 85, 86, 92, 93, 204
positivity, 121
row, 15
trace, 30, 91, 121, 122, 125-128, 132,
136
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transpose, 82
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Metal, 225
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185, 193
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N

Noble gas, 166

Noble gases, 166

Noise, 185

Nonlocality, 203, 205, 206, 214, 217
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99,110, 122,129, 141-144, 146, 147,
156, 159, 168, 183

Nuclear magnetic resonance, 53
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Ontic, 199
¥-complete, 199, 200, 202, 216, 218
¥-supplemented, 199, 200, 203, 217
Ontology, 199, 214
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Operator, 16, 21, 41
Bell, 103
CNOT, 190, 191, 193
CZ, 112
density, 117, 119-122, 124, 125, 127-
133, 136, 137
Hadamard, 108-110, 113
Hermitian, 82-84, 86, 89, 92,93, 95, 146
identity, 77, 83, 84, 89, 93, 145
inverse, 109
ladder, 183
logical, 106
momentum, 151-155, 168
position, 146, 149, 154
positivity, 121
projection, 87-92, 94, 95, 120, 208-211
self-adjoint, 146
time, 179
unitary, 84, 86, 92, 93, 95
Orbitals, 163
Oscillator, 69, 187
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Particle, 5, 8, 115, 116, 128, 130

Pauli Exclusion Principle, 161, 165

PBR theorem, 201, 203

Pendulum, 180-187, 193

Perturbation theory, 226
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shift, 22, 28, 31
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Phenomenon, 2, 8, 212

Photon, 3, 5-9, 11-14, 16-18,20-23, 25, 26,
28, 30, 31, 58-60, 63, 72

indivisible, 4, 8

Photons, 58, 59

Piezo-electric, 69

Pilot-wave theory, see interpretation, de
Broglie-Bohm

Planck’s constant, 39

Polar coordinates, 19, 20, 30

Polarisation, 72, 93, 94
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163, 168, 169, 171, 173, 176-182,
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95, 198, 208, 213, 218

Purity, 121, 135
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Quantisation, 39
Quantum, 8, 116, 151
erasure, 174, 193
Quantum computing, 106, 108, 127, 213
Quantum error correction, 228
Quantum field, 228
Quantum number
magnetic, 163, 165
principal, 163-165
Quantum teleportation, 102-106, 113, 201,
221
Quantum tunnelling, 157, 158, 160, 161, 169
Qubit, 106, 108-110, 112, 113, 201-205,
221

R
Radiation, 51
RF, 52
VHE, 52
Random, 4
Reality, 8, 197, 199, 200, 202, 203, 212, 218,
219,222,225
element of, 178
Real number, 19
Reflectivity, 4, 17, 18, 25, 30, 158, 159
Resonance, 53
fluorescence, 59, 61
Robertson relation, 175, 176, 179, 180

S

Scalar product, 15, 26, 27, 30, 35, 46, 82, 84,
87,90, 96, 175, 176

Scanning tunnelling microscope, 157, 160

Scattering, 226

Schmidt decomposition, 218

Schrodinger equation, 64, 65, 71, 95, 155,
156, 159, 162, 180, 201, 217
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Second, 68
Semiconductor, 225
Shor algorithm, 111, 112
Skin depth, 160
Solid state physics, 226
Spectral decomposition, 95, 129
Spectroscopy, 57, 80
Spectrum, 57-59, 64, 71, 80, 183, 184
Spherical harmonics, 163
Spin, 33-38, 40, 42, 43, 45, 46, 48-51, 53,
226
component, 38
Spin-orbit coupling, 163
Spin-statistics theorem, 227
Standard deviation, 48
Standard Model, 227
Standard quantum limit, 190, 192
Stark effect, 226
State, 11-14, 16-18, 20-23, 25-27, 30, 35,
37,43, 95,96
Bell, 103, 104, 113
coherent, 186, 193
entangled, 100, 101, 103-105, 112, 174,
191, 193, 201
excited, 58, 61, 62, 66, 68, 71, 127, 137,
138, 193
GHZ, 135, 136, 191
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127, 137, 183-185
mixed, 120-122, 135, 137
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124, 126, 143, 163
partial trace, 126, 127, 197
preparation, 42
pure, 120, 121, 125, 132-135
separable, 100, 112
separator, 69
space, 14, 42, 62
W, 136
State space, 148
Statistical physics, 130
Stern—Gerlach apparatus, 33, 34, 36-39, 42,
43, 46, 48, 50, 69, 82, 87, 89, 93, 97,
172, 173, 189, 191, 204
Stimulated emission, 66
Structure constant, 163
Superconductivity, 130, 228
Superfluidity, 130, 228
Superluminal, see faster than light
Superposition, 12-14, 34, 98, 99, 106, 140,
141, 144, 147, 151, 168, 186, 191,
196, 197, 216-220
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Superpositions, 140
Szilard engine, 133

T
Temperature, 128-131, 137, 138
Thermal
bath, 128, 129, 137, 138
equilibrium, 128, 129, 137
Thermodynamics, 130, 134
second law, 130, 134
Tomography, 53
Trajectory, 147, 217
Transformation, 16, 42, 52
Transmissivity, 30, 159
Truth value, 207-209, 211, 217, 218

U
Uncertainty, 48-50, 53, 54, 197, 198, 213,
215,216
classical, 116-122, 126, 127, 131, 171,
197, 198
quantum, 115, 116, 118, 120, 126, 127,
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energy-time, 179, 180, 186
position-momentum, 179
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Vacuum tube, 69
Valence electron, 166
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193
Vector, 13-16, 18, 19, 26, 27, 35-38, 41
basis, 14

w
Wave, 5, 8, 12,22, 116
electromagnetic, 60
gravitational, 28, 31
Wave function, 145, 146, 153, 154, 156-159,
163, 168, 201, 213, 216-218
Wavelength, 21, 22, 58, 150, 151
Wave packet, 219, 220
Wave-particle duality, 151, 213
WKB method, 226

Z
Zeeman effect, 226
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