
Appendix A
The Complex Numbers

The complex numbers are an extension of the real numbers.

Definition A.1. A complex number is a formal expression a + bi , with a, b ∈ R.
The set of all complex numbers is denoted C.

We define addition and multiplication on C via

(a + bi) + (c + di) = (a + c) + (b + d)i

and
(a + bi)(c + di) = (ac − bd) + (ad + bc)i

for all a, b, c, d ∈ R.

Example A.1. Observe that (2+3i)+(5−9i) = 7−6i and (2+3i)(5−9i) = 37−3i .

We identify the real number awith the complex number a+0i . A complex number
0 + bi , with b ∈ R, is said to be purely imaginary. We simply write bi for such a
number. In particular, note that i2 = −1. Also, if u = a + bi , write −u = −a − bi .

Let us summarize a few properties concerning complex addition.

Theorem A.1. Let u, v,w ∈ C. Then

1. u + v ∈ C;
2. u + v = v + u;
3. (u + v) + w = u + (v + w);
4. u + 0 = u; and
5. u + (−u) = 0.

Proof. The calculations are all straightforward. For instance, to show (2), we note
that

(a+bi)+ (c+di) = (a+c)+ (b+d)i = (c+a)+ (d+b)i = (c+di)+ (a+bi).

The remaining parts are left to the reader. �
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254 Appendix A: The Complex Numbers

Similarly, we can list some properties of complex multiplication.

Theorem A.2. Let u, v,w ∈ C. Then

1. uv ∈ C;
2. uv = vu;
3. (uv)w = u(vw);
4. u(v + w) = uv + uw;
5. 1u = u; and
6. if u �= 0, then there exists a z ∈ C such that uz = 1.

Proof. Again, all of the calculations in (2) through (5) are straightforward. For
instance, to prove (3), let u = a + bi , v = c + di and w = e + f i , with
a, b, c, d, e, f ∈ R. Then

(uv)w = ((ac − bd) + (ad + bc)i)(e + f i)

= (ace − bde − ad f − bc f ) + (ac f − bd f + ade + bce)i

= (a + bi)((ce − d f ) + (c f + de)i)

= u(vw).

(6) If u = a + bi , then let z = a
a2+b2 − b

a2+b2 i. �
(Readers who have finished Chapter 3 will realize that Theorem A.1 shows that

C is an abelian group under addition. Those who have completed Chapter 8 will
understand that the two theorems combined show that C is a field.)

Let us discuss a simple example of a way in which the complex numbers differ
from the real numbers.

Definition A.2. If z ∈ C and n is a positive integer, then we say that z is a primitive
nth root of unity if zn = 1 but zm �= 1 for any positive integer m < n.

In R, the only roots of unity are 1 and −1. But we see immediately that in C, we
have a primitive fourth root of unity, i . We can say more, however. We will need this
well-known theorem due to Abraham de Moivre.

Theorem A.3 (De Moivre’s Theorem). Let θ ∈ R. Then

(cos(θ) + sin(θ)i)n = cos(nθ) + sin(nθ)i,

for any positive integer n.

Proof. We proceed by induction on n. If n = 1, there is nothing to do. Assume that
the theorem holds for n. Then

(cos(θ) + sin(θ)i)n+1 = (cos(nθ) + sin(nθ)i)(cos(θ) + sin(θ)i)

= (cos(nθ) cos(θ) − sin(nθ) sin(θ))

+ (cos(nθ) sin(θ) + sin(nθ) cos(θ))i

= cos((n + 1)θ) + sin((n + 1)θ)i,
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as required. �

Corollary A.1. Let n be a positive integer. Then cos
(
2π
n

)+ sin
(
2π
n

)
i is a primitive

nth root of unity in C.

Proof. By Theorem A.3,

(
cos

(
2π

n

)
+ sin

(
2π

n

)
i

)m

= cos

(
2mπ

n

)
+ sin

(
2mπ

n

)
i,

for any positive integer m. If m = n, then we obtain cos(2π) + sin(2π)i = 1. On
the other hand, if 1 ≤ m < n, then 0 < m

n < 1, and hence cos
(
2mπ
n

) �= 1. �

Example A.2. Letting n = 3, we obtain a primitive cube root of unity, namely,
−1
2 +

√
3
2 i .



Appendix B
Matrix Algebra

Let us discuss a few definitions and basic properties of matrices. The entries in the
matrices will come from rings and fields. Readers who are not yet familiar with these
terms can simply assume that the entries are real numbers.

Definition B.1. Let R be a ring andm and n positive integers. Then anm×nmatrix
over R is an array of elements of R with m rows and n columns. If our matrix is A,
then we write ai j for the (i, j)-entry of A; that is,

A =

⎛

⎜
⎜⎜
⎝

a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...

am1 am2 · · · amn

⎞

⎟
⎟⎟
⎠

.

Example B.1. If we let

A =
(
4 6 7
3 8 5

)
,

then A is a 2 × 3 matrix over R. Furthermore, a12 = 6 and a21 = 3.

Definition B.2. Let A and B bem×n matrices over a ring R. Then their sum A+B
is the m × n matrix C such that ci j = ai j + bi j for all i and j .

Example B.2. Working with 2 × 2 matrices over R, we have

(
3 6
2 5

)
+

(
4 6
1 2

)
=

(
7 12
3 7

)
.

For anym×nmatrix A, we also let−A be them×nmatrix B such that bi j = −ai j
for all i and j . Furthermore, the m × n zero matrix has every entry 0. We denote
this matrix by 0.

Let us list a few properties of matrix addition.
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258 Appendix B: Matrix Algebra

Theorem B.1. Let R be a ring, and m and n positive integers. If A, B and C are
m × n matrices over R, then

1. A + B is an m × n matrix over R;
2. A + B = B + A;
3. (A + B) + C = A + (B + C);
4. A + 0 = A; and
5. A + (−A) = 0.

Proof. The first part is contained in the definition. The other parts are all obtained by
calculating the (i, j)-entry of each side. For instance, to prove (3), we note that the
(i, j)-entry of (A+B)+C is (ai j +bi j )+ci j , whereas the (i, j)-entry of A+(B+C)

is ai j + (bi j + ci j ), and these are equal. The rest of the proof is left to the reader. �

Anyone who has read Chapter 3 will note that Theorem B.1 implies that them×n
matrices over a ring form an abelian group under addition.

Definition B.3. Let A be an m × n matrix over a ring R. If r ∈ R, then the scalar
multiple r A is the m × n matrix B such that bi j = rai j for all i and j .

Example B.3. Working with 3 × 2 matrices over R, we have

5

⎛

⎝
1 3
12 6
1 2

⎞

⎠ =
⎛

⎝
5 15
60 30
5 10

⎞

⎠ .

Here are a few properties of scalar multiplication.

Theorem B.2. Let R be a ring and m, n ∈ N. If A and B are m × n matrices over
R and r, s ∈ R, then

1. r A is an m × n matrix over R;
2. r(A + B) = r A + r B;
3. (r + s)A = r A + s A; and
4. r(s A) = (rs)A.

Proof. (1) is clear from the definition. Each of the other parts is proved by calculating
the (i, j)-entry of both sides of the equation. For instance, the (i, j)-entry of r(A+B)

is r(ai j + bi j ), whereas that of r A + r B is rai j + rbi j , but these are the same,
establishing (2). The rest of the proof is left to the reader. �

If F is a field, then Theorems B.1 and B.2, when combined with the obvious fact
that 1A = A, show us that the m × n matrices over F form a vector space over F ,
as discussed in Chapter 12.

Matrix multiplication is a bit different.
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Definition B.4. Let R be a ring, and let A be a k×m matrix over R, and B anm×n
matrix over R. Then the product AB is the k × n matrix C such that

ci j = ai1b1 j + ai2b2 j + · · · + aimbmj ,

for all i and j .

Example B.4. Let

A =
(
1 3 2
2 0 3

)
and B =

⎛

⎝
3 4 1 5
2 1 2 0
1 2 6 1

⎞

⎠

be matrices over R. Then

AB =
(
11 11 19 7
9 14 20 13

)
.

If R is a ring with identity, then we also have the n× n identity matrix In , which
is the n × n matrix A such that aii = 1 for all i and ai j = 0 if i �= j . For instance,

I3 =
⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ .

For any positive integer n, write Mn(R) for the set of n × n matrices over a ring
R.

Theorem B.3. Let R be a ring, n a positive integer, and A, B,C ∈ Mn(R). Then

1. AB ∈ Mn(R);
2. (A + B)C = AC + BC;
3. A(B + C) = AB + AC;
4. (AB)C = A(BC); and
5. if R is a ring with identity, then In A = AIn = A.

Proof. (1) follows from the definition.
(2) The (i, j)-entry of (A + B)C is

(ai1 + bi1)c1 j + (ai2 + bi2)c2 j + · · · + (ain + bin)cnj ,

whereas the (i, j)-entry of AB + AC is

(ai1c1 j + ai2c2 j + · · · + aincnj ) + (bi1c1 j + bi2c2 j + · · · + bincnj ),

and these are equal.
(3) is similar to (2).
(4) Through repeated applications of (2) and (3), we can reduce (4) to the case

where each of A, B and C has at most one nonzero entry. But then it is trivial.



260 Appendix B: Matrix Algebra

(5) Let D = In . Then the (i, j)-entry of DA is

di1a1 j + di2a2 j + · · · + dinanj = ai j .

Thus, In A = A. The proof that AIn = A is similar. �

As discussed in Chapter 8, we have now proved that if R is a ring, then so is
Mn(R), for any positive integer n. Furthermore, if R is a ring with identity, then so
is Mn(R). It is, however, worth mentioning, that Mn(R) need not be commutative,
even if R is. For instance, in M2(R),

(
1 1
0 1

)(
1 0
1 1

)
=

(
2 1
1 1

)
�=

(
1 1
1 2

)
=

(
1 0
1 1

)(
1 1
0 1

)
.

Definition B.5. Let F be a field and n a positive integer. Then a matrix A ∈ Mn(F)

is said to be invertible if there exists a B ∈ Mn(F) such that AB = BA = In . In
this case, we call B the inverse of A and write B = A−1.

Example B.5. In M2(R), the matrix

A =
(
3 2
7 5

)

is invertible, as

A−1 =
(

5 −2
−7 3

)
.

In most linear algebra courses, a couple of different methods of finding the inverse
of a matrix are presented (often just in Mn(R), but the samemethods work in Mn(F),
for any field F). There is, however, a shortcut for determining if a matrix is invertible.

Definition B.6. Let F be a field and n a positive integer. If A ∈ Mn(F), then the
determinant of A, det(A), is an element of F defined recursively as follows. If
n = 1, then det((a11)) = a11. If n > 1, then for any 1 ≤ i, j ≤ n, let Ai j ∈ Mn−1(F)

be the matrix obtained by discarding row i and column j of A. Then

det(A) = a11 det(A11) − a12 det(A12) + a13 det(A13) − · · · + (−1)n+1a1n det(A1n).

Example B.6. In M2(F), we have

det

((
a11 a12
a21 a22

))
= a11a22 − a12a21.

Example B.7. In M3(R), let
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A =
⎛

⎝
2 5 3
1 4 6
8 9 7

⎞

⎠ .

Then

det(A) = 2 det

((
4 6
9 7

))
− 5 det

((
1 6
8 7

))
+ 3 det

((
1 4
8 9

))

= 2(−26) − 5(−41) + 3(−23)

= 84.

We conclude with the following result.

Theorem B.4. Let F be a field and n a positive integer. If A, B ∈ Mn(F), then

1. det(AB) = det(A) det(B); and
2. A is invertible if and only if det(A) �= 0.

Proof. We will prove the n = 2 case. The general case can be found in standard
introductory linear algebra textbooks.

(1) Observe that

AB =
(
a11b11 + a12b21 a11b12 + a12b22
a21b11 + a22b21 a21b12 + a22b22

)
.

Thus,

det(AB) = (a11b11 +a12b21)(a21b12 +a22b22)− (a11b12 +a12b22)(a21b11 +a22b21).

On the other hand

det(A) det(B) = (a11a22 − a12a21)(b11b22 − b12b21),

and these are equal.
(2) If det(A) �= 0, then let

B = (det(A))−1

(
a22 −a12

−a21 a11

)
.

It is easy to verify that AB = BA = I2; thus, B = A−1. Suppose, on the other hand,
that det(A) = 0. If AB = I2, then by (1), det(A) det(B) = det(I2) = 1, which is
impossible. �



Solutions

Solutions to the odd-numbered problems.

Problems of Chapter 1

1.1 S ∩ T = {3}, S ∪ T = {1, 2, 3, 4}, S\T = {1, 2}, T \S = {4} and S × T =
{(1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4)}.
1.3 Let a ∈ R ∪ T . Then a ∈ R or a ∈ T . If a ∈ R, then as R ⊆ S, we have a ∈ S,
and hence a ∈ S ∪ T . If a ∈ T , then a ∈ S ∪ T .

1.5 Take a ∈ R ∪ (S ∩ T ). Then a ∈ R or a ∈ S ∩ T . If a ∈ R, then a ∈ R ∪ S
and a ∈ R ∪ T , so a ∈ (R ∪ S) ∩ (R ∪ T ). If a ∈ S ∩ T , then a ∈ S and
a ∈ T . Therefore, a ∈ R ∪ S and a ∈ R ∪ T , so a ∈ (R ∪ S) ∩ (R ∪ T ). Thus,
R ∪ (S ∩ T ) ⊆ (R ∪ S) ∩ (R ∪ T ). Conversely, suppose that a ∈ (R ∪ S) ∩ (R ∪ T ).
If a ∈ R, then a ∈ R ∪ (S ∩ T ). If a /∈ R, then as a ∈ R ∪ S, we must have
a ∈ S and, similarly, a ∈ T . Thus, a ∈ S ∩ T , and hence a ∈ R ∪ (S ∩ T ). That is,
(R ∪ S) ∩ (R ∪ T ) ⊆ R ∪ (S ∩ T ).

1.7 (2, 3), (2, 4), (2, 5), (3, 8).

1.9 Reflexive? Yes. If a ∈ R, then a−a = 0 ∈ Q, so aρa. Symmetric? Yes. If aρb,
then a − b ∈ Q, so b − a = −(a − b) ∈ Q, and hence bρa. Transitive? Yes. If aρb
and bρc, then a − b, b − c ∈ Q. But then a − c = (a − b) + (b − c) ∈ Q, so aρc.

1.11 (1) A relation is a subset of {1, 2, 3} × {1, 2, 3}. This Cartesian product has 9
elements, and therefore 29 = 512 subsets. (See Exercise 1.4.)

(2) A relation ρ is symmetric provided 1ρ2 if and only if 2ρ1, 1ρ3 if and only
if 3ρ1 and 2ρ3 if and only if 3ρ2. In short, we do not get to decide if 2ρ1, 3ρ1 or
3ρ2, once all the other possibilities are decided. Thus, only 6 of the 9 possible pairs
remain to be determined, so the total number is 26 = 64.
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1.13 Reflexivity: As a − a = 3 · 0, we have a ∼ a for all a ∈ N. Symmetry: If
a ∼ b, then a − b = 3k, and hence b − a = 3(−k); thus, b ∼ a. Transitivity:
Suppose a ∼ b and b ∼ c. Then a − b = 3k, b − c = 3l, for some k, l ∈ Z. Thus,
a − c = (a − b) + (b − c) = 3(k + l); that is, a ∼ c. It is an equivalence relation.
As for the classes, [1] = {1, 4, 7, . . .}, [2] = {2, 5, 8, . . .} and [3] = {3, 6, 9, . . .}.
1.15 Reflexivity: As |a| = |a|, we have a ∼ a for all a ∈ Z. Symmetry: If a ∼ b,
then |a| = |b|. Therefore, |b| = |a| and hence b ∼ a. Transitivity: If a ∼ b and
b ∼ c then |a| = |b| = |c|, and hence a ∼ c. It is an equivalence relation. The
classes are [0] = {0}, [1] = {1,−1}, [2] = {2,−2}, and so on.

1.17 Note that {1} is a subset of {1, 2}, but {1, 2} is not a subset of {1}. Therefore,
∼ is not symmetric, and hence not an equivalence relation.

1.19 Reflexivity: If (a, b) ∈ R
2, then 3a−b = 3a−b, so (a, b) ∼ (a, b). Symmetry:

If (a, b) ∼ (c, d), then 3a−b = 3c−d, so 3c−d = 3a−b and hence (c, d) ∼ (a, b).
Transitivity: If (a, b) ∼ (c, d) and (c, d) ∼ (e, f ), then 3a − b = 3c− d = 3e− f ,
andhence (a, b) ∼ (e, f ).Also, (a, b) ∈ [(4, 2)] if andonly if 3a−b = 3·4−2 = 10;
that is, if and only if b = 3a − 10. Thus, [(4, 2)] = {(a, 3a − 10) : a ∈ R}.
1.21 Let a ∼ b if and only if either both or neither of a and b lie in {1, 2, 3}.
Reflexivity and symmetry are clear. Suppose a ∼ b and b ∼ c. If a ∈ {1, 2, 3},
then b ∈ {1, 2, 3} and hence c ∈ {1, 2, 3}. Similarly if a /∈ {1, 2, 3}. Thus, ∼ is an
equivalence relation. The classes are [1] = {1, 2, 3} and [4] = {4, 5, 6, . . .}.
1.23 If α(a) = α(b), then 2a−1 = 2b−1, and hence a = b. Thus, α is one-to-one.
But there is no a ∈ {1, 2, 3, 4} such that α(a) = 2, so α is not onto.

1.25 If α(a) = α(b), then 23a−5 = 23b−5. Taking the base 2 logarithm, we have
3a−5 = 3b−5, and hence a = b. Thus, α is one-to-one. If c ∈ T , then α(((log2 c)+
5)/3) = c. Therefore, α is onto as well. In fact, we will use β : T → S given by
β(c) = ((log2 c) + 5)/3. We have β(α(a)) = β(23a−5) = (log2(2

3a−5) + 5)/3 = a,
for all a ∈ S.

1.27 (1) and (3) are binary operations, as ab ∈ N for all a, b ∈ N, and 3 ∈ N. But
(2) is not, as 1 ∗ 2 = −1 /∈ N.

1.29 Surely β is onto. If t ∈ T , then there exists an r ∈ R such that (βα)(r) = t .
But then β(α(r)) = t . However, α need not be. To see this, let R and S be the set of
real numbers and let T be the set of nonnegative real numbers. Let α(r) = r2 and
β(s) = s2. Then α is not onto, as there is no r ∈ R such that α(r) = −1. However,
if t ∈ T , then β(α( 4

√
t)) = β(

√
t) = t ; thus, βα is onto.

1.31 (1) For each of the m elements a of S, there are n possible choices for α(a),
so nm .

(2) If n < m, the answer is 0, as the m elements of S need to map to m different
places. Suppose n ≥ m and let S = {a1, . . . , am}. Then there are n choices for α(a1),
leaving n − 1 choices for α(a2), and so on. The answer is n(n − 1) · · · (n −m + 1).
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Problems of Chapter 2

2.1 Apply induction. When n = 1, both sides are 1. Assume the result for n, then
prove it for n+1: 1+· · ·+n+(n+1) = n(n+1)/2+(n+1) = (n+1)(n+2)/2 =
(n + 1)((n + 1) + 1)/2, as required.

2.3 (1) This is the Binomial Theorem with a = b = 1.
(2) This is the Binomial Theorem with a = 1, b = −1.

2.5 (1) By induction on n. We have nothing to prove for n = 1, so we begin with
n = 2. Here, (1 + a)2 = 1 + 2a + a2 > 1 + 2a, as a is positive. Assume the result
for n, and prove it for n+1. But (1+a)n+1 = (1+a)n(1+a) > (1+na)(1+a) =
1 + (n + 1)a + na2 > 1 + (n + 1)a, as a > 0.

(2) Apply (1) with a = (n − 1)/n, then take nth roots.

2.7 By strong induction on n. If n = 1 or 2, the result is obvious, so assume that
n > 2 and the result is true for smaller n. Then fn = fn−1 + fn−2 ≤ (7/4)n−2 +
(7/4)n−3 = (7/4)n−3(7/4 + 1) < (7/4)n−1, since 11/4 < (7/4)2.

2.9 By strong induction on the area a = rc of the bar. If the area is 1, then r = c = 1
and no actions are necessary. Suppose the area is a > 1 and the result is true for
bars of smaller area. Then a break turns the bar into two bars with areas b and c,
both less than a. By our inductive hypothesis, it will take b − 1 and c − 1 actions,
respectively, to break down these two bars. We have already used 1 action, so the
total is 1+ (b−1)+ (c−1) = (b+c)−1 = a−1, as required. Alternative solution:
We must turn 1 bar into rc bars. Each action adds one bar. So we need rc−1 actions.

2.11 (1) 57 = 20(2) + 17; 20 = 17(1) + 3; 17 = 3(5) + 2; 3 = 2(1) + 1;
2 = 1(2) + 0. Thus, (57, 20) = 1.

(2) 117 = 51(2) + 15; 51 = 15(3) + 6; 15 = 6(2) + 3; 6 = 3(2) + 0. Thus,
(117, 51) = 3.

2.13 Let us write b = ac and a = bd, with c, d ∈ Z. Then a = acd; that is,
a(1 − cd) = 0. If a = 0, then as b = ac, we have b = 0 as well. Otherwise,
1 − cd = 0, so cd = 1. Thus, d ∈ {1,−1}, so a ∈ {b,−b}.
2.15 Let d = (b, c). Then d|c and c|a, so d|a. But also d|b. As (a, b) = 1, we must
have d = 1.

2.17 If a and n are relatively prime, write au + nv = 1. Then n(−v) = au − 1.
On the other hand, if (a, n) = d > 1 and au − 1 = nb, for some b ∈ Z, then
1 = au − nb. Now, d|a and d|n, so d|1, which is impossible.

2.19 By strong induction on n. It is clear if n ≤ 4. So let n > 4 and suppose
that it is true for smaller n. Then fn = fn−1 + fn−2 = ( fn−2 + fn−3) + fn−2 =
2 fn−2 + fn−3 = 2( fn−3 + fn−4) + fn−3 = 3 fn−3 + 2 fn−4. If 4|n, then 4|(n − 4),
so 3| fn−4, and hence 3| fn . Suppose that 4 � n. Then 4 � (n − 4), so 3 � fn−4. If
3| fn , then 3|( fn − 3 fn−3) = 2 fn−4. As (3, 2) = 1, we see that 3| fn−4, giving us a
contradiction.
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2.21 3528 = 23 · 32 · 72, 30030 = 2 · 3 · 5 · 7 · 11 · 13 and 220000 = 25 · 54 · 11.
2.23 Let d = (p, n). As d is a positive integer and d|p, we can only have d = 1 or
p. If d = 1, we are done. If d = p, then as d|n, we are done.
2.25 If pi |(p1 · · · pk + 1), then as pi |p1 · · · pk , we have pi |(p1 · · · pk + 1 −
p1 · · · pk) = 1, which is impossible.

2.27 By Corollary 2.4, p|a. Let us say a = pb, with b ∈ Z. Then an = pnbn , so
pn|an .
2.29 (1) and (2) are clearly commutative, but (3) is not, since 1∗2 = 1 but 2∗1 = 2.

2.31 (1) No. There is no e ∈ Z such that 2e + 1 = 2.
(2) Yes, let e = 0. Then a ∗ e = a = e ∗ a for all a ∈ Z.

2.33 (1) 4.
(2) (4 · 5)25 = (−1)25 = −1 = 6.

2.35 (2)We have [a]+([b]+[c]) = [a]+[b+c] = [a+(b+c)] = [(a+b)+c] =
[a + b] + [c] = ([a] + [b]) + [c].

(4) Note that [a] + [0] = [a + 0] = [a].
(5) Observe that [a] + [−a] = [a + (−a)] = [0].

2.37 2 · 10 = 4 · 5 = 6 · 10 = 8 · 15 = 12 · 5 = 14 · 10 = 16 · 5 = 18 · 10 = 0. If
a ∈ {1, 3, 7, 9, 11, 13, 17, 19}, there is no such b.

2.39 If a2 = 1 inZp, then a2 ≡ 1 (mod p); that is, p|(a2−1) = (a−1)(a+1). By
Euclid’s lemma, p|(a−1) or p|(a+1). That is, a ≡ 1 (mod p) or a ≡ −1 ≡ p−1
(mod p). If p = 8, then 1, 3, 5 and 7 are solutions.

2.41 Proceeding as in the proof of Theorem 2.13, we have d1 = 70, d2 = 30
and d3 = 21. Solving 3u1 + 70v1 = 1 using the Euclidean algorithm, we get
u1 = −23 and v1 = 1. Solving 7u2 + 30v2 = 1, we get u2 = 13 and v2 = −3.
Solving 10u3 + 21v3 = 1, we get u3 = −2 and v3 = 1. Thus, our answer is
a = 70 ·1 ·2+30(−3)(4)+21 ·1 ·3 = −157. (As our answer is only unique modulo
3 · 7 · 10 = 210, we can also add 210 and get 53.)

Problems of Chapter 3

3.1 (1)

(
1 2 3 4
4 2 3 1

)
.

(2)

(
1 2 3 4
1 3 2 4

)
.

(3)

(
1 2 3 4
2 4 1 3

)
.
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3.3 There are n places to map 1, then n − 1 to map 2, and so on. So there are n!
permutations. If we fix 2, then the other four numbers can be arranged at will, so
there are 4! = 24 possibilities.

3.5 Closure: Yes, the composition of two functions is a function. Associativity:
Yes, the composition of functions is associative. Identity: Yes, we have the identity
function sending each element of {1, 2, 3, 4, 5} to itself. Inverses: No. Define α :
{1, 2, 3, 4, 5} → {1, 2, 3, 4, 5} via α(i) = 1 for all i . There is no possible function
β : {1, 2, 3, 4, 5} → {1, 2, 3, 4, 5} such that αβ is the identity function.

3.7 (1)
0 1 2

0 0 1 2
1 1 2 0
2 2 0 1

(2)
(0, 0) (1, 0) (2, 0) (0, 1) (1, 1) (2, 1)

(0, 0) (0, 0) (1, 0) (2, 0) (0, 1) (1, 1) (2, 1)
(1, 0) (1, 0) (2, 0) (0, 0) (1, 1) (2, 1) (0, 1)
(2, 0) (2, 0) (0, 0) (1, 0) (2, 1) (0, 1) (1, 1)
(0, 1) (0, 1) (1, 1) (2, 1) (0, 0) (1, 0) (2, 0)
(1, 1) (1, 1) (2, 1) (0, 1) (1, 0) (2, 0) (0, 0)
(2, 1) (2, 1) (0, 1) (1, 1) (2, 0) (0, 0) (1, 0)

3.9 Take gi ∈ G, hi ∈ H . Now, (g1, h1)(g2, h2) = (g2, h2)(g1, h1) if and only if
(g1g2, h1h2) = (g2g1, h2h1); that is, if and only if g1g2 = g2g1 and h1h2 = h2h1.

3.11 (1) Division is not associative; for instance, (1/2)/3 �= 1/(2/3).
(2) There is no inverse for 2 (or anything else other than 1).

3.13 Yes. Let G be our set. If a + bi, c + di ∈ G, then (a + bi)(c + di) =
(ac−bd)+(ad+bc)i . Now, (ac−bd)2+(ad+bc)2 = a2c2+b2d2+a2d2+b2c2 =
(a2 + b2)(c2 + d2) = 1 · 1 = 1, so (a + bi)(c + di) ∈ G. Complex multiplication
is associative. Clearly 1 ∈ G, and it will serve as the identity. If a + bi ∈ G, then
(a + bi)(a − bi) = a2 + b2 = 1. Now, a2 + (−b)2 = 1, so a − bi ∈ G and
(a + bi)−1 = a − bi .

3.15 Yes. To show closure, note that (a/pn) + (b/pm) = (apm + bpn)/pm+n ∈ G.
Addition of rational numbers is certainly associative, and 0 = 0/p is the additive
identity. The additive inverse of a/pn is −a/pn ∈ G.

3.17 (1) aca−1b−1c−1.
(2) a−1c−1b−1a.
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3.19
a b c d

a d a b c
b a b c d
c b c d a
d c d a b

3.21 If (1) holds, then for any g, h ∈ G, let a = g, b = hg, c = gh. Then
ab = ca = ghg, so by assumption, hg = gh, and G is abelian. If (2) holds, then
whenever ab = ca, we have ab = ac, so by cancellation, b = c.

3.23 (1) |Z12| = 12. Also, |0| = 1, |1| = |5| = |7| = |11| = 12, |2| = |10| = 6,
|3| = |9| = 4, |4| = |8| = 3 and |6| = 2.

(2) |Z2 × Z4| = 8. Also, |(0, 0)| = 1, |(1, 0)| = |(1, 2)| = |(0, 2)| = 2 and every
other element has order 4.

3.25 |a3| = 20/(3, 20) = 20/1 = 20, |a12| = 20/(12, 20) = 20/4 = 5 and
|a15| = 20/(15, 20) = 20/5 = 4.

3.27 We are looking for the smallest positive integer n such that (a, b)n = (e, e);
that is, such that an = e and bn = e. But an = e if and only if 12|n and bn = e if
and only if 18|n. Thus, we want the smallest positive integer n divisible by both 12
and 18. The order is 36.

3.29 (1) Note that an = e if and only if (an)−1 = e−1; that is, if and only if
(a−1)n = e.

(2) Recall that conjugates have the same order. Also, ab = b−1(ba)b.

3.31 First, note that U (8) has exactly three elements of order 2, namely 3, 5 and 7.
Suppose that a and b are distinct elements of order 2. Now, (ab)2 = a2b2 = e2 = e,
since G is abelian. Furthermore, if ab = e, then a = b−1 = b, since b has order 2.
But this is impossible. Thus, |ab| = 2. Furthermore, if ab = a, then b = e and if
ab = b, then a = e. Thus, a, b and ab are distinct elements of order 2. Let c be a
fourth distinct element of order 2. By the same argument, ac has order 2. If ac = a,
then c = e. If ac = b, then c = a−1b = ab. If ac = ab, then c = b. None of these
are true. Thus, ac is a fifth distinct element of order 2.

3.33 (1) Yes. Clearly H contains the identity matrix. If A, B ∈ H , then det(AB) =
det(A) det(B) = 1 · 1 = 1, so AB ∈ H . Furthermore, det(A−1) = 1/ det(A) = 1,
so A−1 ∈ H .

(2) No. H does not contain the identity.
(3) Yes. First, we see that 0 = 0/1 ∈ H . Next, if a/b, c/d ∈ H , then (a/b) +

(c/d) = (ad + bc)/(bd) ∈ H , and −(a/b) = (−a)/b ∈ H .

3.35 Let F be any flip and R any rotation. Drawing out the effects of each operation,
we find that FR = R−1F . This is RF if and only if R = R−1. Letting R = R360/n ,
we find that R �= R−1. Thus, no flip is central. In fact, R = R−1 if and only if
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R = R0 or R = R180. If n is odd, there is no R180, so Z(D2n) = {R0}. If n is
even, we see that R180 commutes with every flip, and surely with every rotation, so
Z(D2n) = {R0, R180}.
3.37 Let H and K be subgroups of G. If a, b ∈ H ∩ K , then a, b ∈ H , so ab ∈ H .
Similarly, ab ∈ K , and therefore ab ∈ H ∩ K . By the same argument, a−1 ∈ H ,
a−1 ∈ K , so a−1 ∈ H ∩ K . Finally, as H and K are subgroups, e ∈ H and e ∈ K ,
so e ∈ H ∩ K . The argument for an arbitrary intersection is similar.

3.39 (1) 〈0〉 = {0}, 〈1〉 = 〈3〉 = 〈7〉 = 〈9〉 = 〈11〉 = 〈13〉 = 〈17〉 = 〈19〉 = Z20,
〈2〉 = 〈6〉 = 〈14〉 = 〈18〉 = {0, 2, 4, 6, 8, 10, 12, 14, 16, 18}, 〈4〉 = 〈8〉 = 〈12〉 =
〈16〉 = {0, 4, 8, 12, 16}, 〈5〉 = 〈15〉 = {0, 5, 10, 15}, 〈10〉 = {0, 10}.

(2) 〈1〉 = {1}, 〈3〉 = 〈11〉 = {1, 3, 9, 11}, 〈5〉 = 〈13〉 = {1, 5, 9, 13}, 〈7〉 = {1, 7},
〈9〉 = {1, 9}, 〈15〉 = {1, 15}.
3.41 Label the vertices of the regular n-gon from 1 to n, counterclockwise. Then
notice that a rotation leaves the vertices in counterclockwise order, whereas a flip
changes them to clockwise. This makes clear what must happen in each case.

3.43 (1) We have 〈a1〉 = G, 〈a2〉 = {e, a2, a4, a6, a8, a10}, 〈a3〉 = {e, a3, a6, a9},
〈a4〉 = {e, a4, a8}, 〈a6〉 = {e, a6}, 〈a12〉 = {e}.

(2) As Z12 is cyclic of order 12 with generator 1, we have 〈1〉 = Z12, 〈2〉 =
{0, 2, 4, 6, 8, 10}, 〈3〉 = {0, 3, 6, 9}, 〈4〉 = {0, 4, 8}, 〈6〉 = {0, 6}, 〈0〉 = {0}.
3.45 A positive integer is not relatively prime to pn if and only if it is divisible by
p. Thus, we are excluding p, 2p, 3p, . . . , pn . There are pn−1 such numbers.

3.47 It does follow, as H ∩ K is a subgroup of H , and every subgroup of a cyclic
group is cyclic.

3.49 Let G = 〈a〉 be a cyclic group of order n. Now, |ai | = n/(n, i), for every
integer i . In particular, each element of G has order dividing n. Now, for every k
dividing n, the number of elements of order k is ϕ(k). Thus, the sum of the ϕ(k) is
the number of elements in G, namely, n.

3.51 (1) If a ∈ H ∩ K has order n, then 〈a〉 is a subgroup of order n in both H and
K . As |H | = |K | = n, this means that H = K = 〈a〉, which is impossible.

(2) If G has no elements of order n, we are done. Otherwise, take a ∈ G of order
n. Then 〈a〉 has ϕ(n) elements of order n. If those are all of the elements in G, we are
done. Otherwise, find b /∈ 〈a〉 of order n. Then 〈b〉 contains ϕ(n) elements of order
n, and by (1), 〈a〉 and 〈b〉 have no elements of order n in common. Thus, we now
have 2ϕ(n) elements of order n. Repeat. If the process stops, we have a multiple of
ϕ(n). If not, we have infinitely many.

3.53 (1) Left cosets: 0+H = {. . . ,−4, 0, 4, 8, . . .}, 1+H = {. . . ,−3, 1, 5, 9, . . .},
2 + H = {. . . ,−2, 2, 6, 10, . . .}, 3+ H = {. . . ,−1, 3, 7, 11, . . .}. As G is abelian,
the right cosets are the same.

(2) Left cosets: R0H = {R0, F2}, R90H = {R90, F4}, R180H = {R180, F1},
R270H = {R270, F3}. Right cosets: HR0 = {R0, F2}, HR90 = {R90, F3}, HR180 =
{R180, F1}, HR270 = {R270, F4}.
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3.55 Let G = pq. If H ≤ G, then |H | divides |G|, so |H | ∈ {1, p, q, pq}. As H
is a proper subgroup, the order is not pq. But the trivial group is cyclic, as is any
group of prime order.

3.57 As H ∩ K is a subgroup of H and K , its order divides both 28 and 65. But
(28, 65) = 1, so we can only have H ∩ K = {e}.
3.59 By Exercise 3.30, a1 · · · ak has order 1 or 2. But a group of odd order has no
elements of order 2.

3.61 Suppose otherwise, and let h1(H∩K ), . . . , hn+1(H∩K ) be distinct left cosets
of H ∩ K in H . Then if i �= j , we have h−1

i h j /∈ H ∩ K . Since h−1
i h j ∈ H , we have

h−1
i h j /∈ K . That is, h1K , . . . , hn+1K are distinct left cosets of K inG, contradicting

the assumption that [G : K ] = n.

Problems of Chapter 4

4.1 (1) Yes. Clearly H contains the identity matrix. If A, B ∈ H , then det(AB) =
det(A) det(B) ∈ Q, and det(A−1) = 1/ det(A) ∈ Q; thus, AB, A−1 ∈ H , and H is
a subgroup. Also, if C ∈ GL2(R), then det(C−1AC) = det(C−1) det(A) det(C) =
det(A) det(C−1) det(C) = det(AC−1C) = det(A) ∈ Q; thus, C−1AC ∈ H , so H
is normal.

(2) No,

(
1 1
0 1

)−1 (
1 0
0 2

) (
1 1
0 1

)
=

(
1 −1
0 2

)
, which is not diagonal.

4.3 Let N = {e, a}. If b ∈ G, then b−1ab ∈ N . But if b−1ab = e, then a =
beb−1 = e; impossible. Thus, b−1ab = a, and a is central; naturally, e is always
central.

4.5 Let N and K be normal subgroups ofG. By Exercise 3.37, N ∩K is a subgroup.
Let a ∈ N∩K and g ∈ G. Since a ∈ N , we have g−1ag ∈ N . Similarly, g−1ag ∈ K ,
so g−1ag ∈ N ∩ K . The proof of the generalization is similar.

4.7 If a ∈ G, then a−1Ha is a subgroup of order n, so a−1Ha = H .

4.9 If g ∈ G, n ∈ N , then n−1g−1ng ∈ N ; thus, g−1ng = n(n−1g−1ng) ∈ N .

4.11 We know that |a| is divisible by 5. Also, (aN )5 = eN , so a5 ∈ N . By
Lagrange’s theorem, (a5)14 = e. Thus, the order of a divides 70. So |a| ∈
{5, 10, 35, 70}. To see that these are all possible, let G = Z70, N = 〈5〉 and let
a be 14, 7, 2 and 1, respectively.

4.13 For both parts, G = D8 × Z will suffice. We have Z(G) = 〈R180〉 × Z.
As G/Z(G) has order 4, it clearly satisfies (2). As for (1), it remains to show that
D8/〈R180〉 is abelian. But this can be seen by examining the group table from Exer-
cise 4.12.
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4.15 Let |aN | = 42. As G is finite, we know that a has finite order, and so its order
is a multiple of 42, say 42n. But then an has order 42. It need not hold for infinite
groups. Indeed, let G = Z, N = 〈42〉 and a = 1. We see that |1 + N | = 42, but
every nonidentity element of G has infinite order.

4.17 By Exercise 4.16, a−1b−1ab ∈ K , for all a, b ∈ G. Similarly, a−1b−1ab ∈ N .
But K ∩ N = {e}, so a−1b−1ab = e, and hence ab = ba.

4.19 Clearly e ∈ N . If a, b ∈ N , say ak = bl = e, for some k, l ∈ N, then
(ab)kl = (ak)l(bl)k = elek = e; thus, ab ∈ N . Also, |a| = |a−1|, so a−1 ∈ N . Thus,
N is a subgroup. As G is abelian, it is normal. Take any c ∈ G. If, for some n ∈ N,
we have (cN )n = eN , then cn ∈ N ; that is, cn has finite order, so cnm = e for some
m ∈ N. In other words, c ∈ N , so cN = eN .

4.21 (1) It is a homomorphism. Indeed, α(ab) = log10(ab) = log10 a + log10 b =
α(a) + α(b). It is one-to-one, as if α(a) = 0, then log10 a = 0, so a = 1; that is,
ker(α) = {1}. It is also onto, as if b ∈ R, then α(10b) = b.

(2) It is not a homomorphism, as β(0 + 0) = 1 �= 2 = β(0) + β(0).

4.23 We have α((a, b)(c, d)) = α((ac, bd)) = ac(bd)−1 = ab−1cd−1 (since
U (16) is abelian), and this is α((a, b))α((c, d)). Thus, α is a homomorphism. Also,
〈7〉 = {1, 7}. Now, α((a, b)) = 1 if and only if ab−1 = 1; that is, we have the pairs
(1, 1), (3, 3), . . . , (15, 15). Similarly, α((a, b)) = 7 if and only if a = 7b, so we
have the pairs (7, 1), (5, 3), (3, 5), (1, 7), (15, 9), (13, 11), (11, 13), (9, 15).

4.25 (1) Not necessarily. For instance, H could be the trivial group.
(2) Yes. Let h ∈ H have order n. As α is onto, say α(g) = h. Since G is finite,

|g| < ∞, so |h| divides |g|. Let us say that |g| = mn. Then |gm | = n.

4.27 Note that gh = α((g, h)) = α((e, h)(g, e)) = α((e, h))α((g, e)) = hg.

4.29 Let H = G/N . Define α : G → H via α(g) = gN . It is a homomorphism,
as α(g1g2) = g1g2N = g1Ng2N = α(g1)α(g2), and g ∈ ker(α) if and only if
gN = eN ; that is, if and only if g ∈ N .

4.31 (1) Count the elements of order 2.
(2) One is abelian and the other is not.
(3) We know that Z is cyclic. Suppose that Z×Z = 〈(a, b)〉. Then there exists an

n ∈ Z such that (1, 0) = n(a, b). Since n cannot be 0, we see that b = 0. Similarly,
a = 0. But this is impossible.

4.33 Define α : Z → GL2(R) via α(a) =
(
1 0
a 1

)
. Note that α(a + b) =

(
1 0

a + b 1

)
=

(
1 0
a 1

)(
1 0
b 1

)
= α(a)α(b). Thus, α is a homomorphism. In par-

ticular, α(Z) = G is a subgroup of GL2(R). Furthermore, if α(a) is the identity
matrix, then a = 0; thus, α is one-to-one. Therefore, Z is isomorphic to α(Z) = G.
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4.35 Define α : H → a−1Ha via α(h) = a−1ha. Then for any h, k ∈ H , we have
α(hk) = a−1hka = a−1haa−1ka = α(h)α(k); thus, α is a homomorphism. By
definition, it is onto. Also, if h ∈ ker(α), then a−1ha = e; therefore, h = aa−1 = e,
and α is one-to-one.

4.37 If n > 1 is a positive integer, then nZ is a proper subgroup which is infinite
cyclic, and therefore isomorphic to Z.

4.39 Define α : G → G via α((a1, a2, . . .)) = (0, a1, a2, . . .). It is a homomor-
phism; indeed, if a = (a1, a2, . . .) and b = (b1, b2, . . .), then α(a + b) = α(a) +
α(b) = (0, a1+b1, a2 +b2, . . .). Furthermore, it is one-to-one; if α(a) = (0, 0, . . .),
then clearly a = (0, 0, . . . ). Thus, G is isomorphic to α(G), which is a proper
subgroup of G.

4.41 Define α : G → Z via α((a, b)) = a − b. Now, α is a homomorphism, since
α((a, b) + (c, d)) = α((a + c, b+ d)) = (a + c) − (b+ d) = (a − b) + (c− d) =
α((a, b)) + α((c, d)). Also, α is onto, since for any a ∈ Z, α((a, 0)) = a. Finally,
the kernel is the set of all (a, b) such that a − b = 0; that is, ker(α) = N . Apply the
First Isomorphism Theorem.

4.43 Define α : R → H via α(r) = cos(2πr) + sin(2πr)i (where we are working
in radians). As cos2(θ) + sin2(θ) = 1 for any θ ∈ R, we see that α(R) ⊆ H .
Furthermore, for any a, b ∈ R such that a2 + b2 = 1, we can surely find r ∈ R

such that cos(2πr) = a and sin(2πr) = b; thus, α(R) = H . To show that α is a
homomorphism, calculate α(r + s) and α(r)α(s) and use trigonometric identities.
Finally, the kernel is the set of all r ∈ R such that cos(2πr) = 1 and sin(2πs) = 0;
that is, ker(α) = Z. Apply the First Isomorphism Theorem.

4.45 (1) If

⎛

⎝
1 a b
0 1 c
0 0 1

⎞

⎠ commutes with

⎛

⎝
1 1 0
0 1 0
0 0 1

⎞

⎠, then c = 0. Similarly, a = 0. But

matrices with a = c = 0 are easily seen to commute with everything in G, so those
matrices form the centre.

(2) Define α : G → Z × Z via α

⎛

⎝

⎛

⎝
1 a b
0 1 c
0 0 1

⎞

⎠

⎞

⎠ = (a, c). We can see that

α

⎛

⎝

⎛

⎝
1 a b
0 1 c
0 0 1

⎞

⎠

⎛

⎝
1 d e
0 1 f
0 0 1

⎞

⎠

⎞

⎠ = α

⎛

⎝

⎛

⎝
1 a + d e + a f + b
0 1 c + f
0 0 1

⎞

⎠

⎞

⎠

= (a + d, c + f ) = α

⎛

⎝

⎛

⎝
1 a b
0 1 c
0 0 1

⎞

⎠

⎞

⎠ + α

⎛

⎝

⎛

⎝
1 d e
0 1 f
0 0 1

⎞

⎠

⎞

⎠ ,

so α is a homomorphism. It is clearly onto. Furthermore, its kernel is precisely Z(G),
as we found in the first part. Now apply the First Isomorphism Theorem.
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4.47 As α(ab) = (ab)m = ambm = α(a)α(b) (since G is abelian), we know that
α is a homomorphism. If α(a) = e, then am = e, and hence |a| divides m. But
by Lagrange’s theorem, |a| divides n as well. Since (m, n) = 1, we can only have
|a| = 1. Thus, α is one-to-one. As G is finite, it must be onto as well.

4.49 Let α be an automorphism of Z2 × Z2. Now, any homomorphism sends the
identity to the identity. As α is one-to-one, α((1, 0)) ∈ {(1, 0), (0, 1), (1, 1)}. Fur-
thermore, once α((1, 0)) is chosen, that leaves only two possibilities for α((0, 1)).
Once both of these are decided, there is only one option left for α((1, 1)). So there
are only 3 · 2 = 6 possible automorphisms. This does not mean that all of them are
necessarily automorphisms, but as it happens, they are. To see this, note that every
group of prime order is cyclic, and groups of order 4 are abelian. Thus, since Exam-
ple 4.26 shows us that there are noncommuting automorphisms, no order less than 6
is possible. So all of the functions we have considered are actually automorphisms.
Also, every group of order 6 is isomorphic to Z6 or D6. As the automorphism group
is nonabelian, it must be D6.

4.51 As α(e) = e, we see that e is in our set. If α(a) = a and α(b) = b, then
α(ab) = α(a)α(b) = ab, so ab is in our set. Also, α(a−1) = (α(a))−1 = a−1, so
a−1 is in our set.

4.53 As α(〈a〉 × {e}) ⊆ 〈a〉 × {e}, let us say that α((a, e)) = (ai , e). Similarly,
α((e, b)) = (e, b j ) and α((a, b)) = (a, b)k . But then (ai , b j ) = (ak, bk). That is,
α((a, e)) = (ak, e) and α((e, b)) = (e, bk). Then for any r, s ∈ Z, α((ar , bs)) =
α((a, e))rα((e, b))s = (ak, e)r (e, bk)s = (ar , bs)k .

4.55 If m is an integer, then we know that α(m) = α(m · 1) = m · α(1). If n is a
nonzero integer, thenα(m) = α

(
n · m

n

) = nα
(
m
n

)
. Thus,α

(
m
n

) = 1
nα(m) = m

n α(1).

Problems of Chapter 5

5.1 Let H = 〈3〉 and K = 〈31〉. We see that |H | = 8, |K | = 2. As the group is
abelian, both subgroups are normal, and H ∩ K = {1}. Thus |HK | = 8 · 2/1 =
16 = |U (32)|, so U (32) = H × K .

5.3 Note that 5(a, b) = (0, 0) if and only if 5a = 0 and 5b = 0. But 5a = 0 for all
a, whereas 5b = 0 if and only if b ∈ {0, 5, 10, 15, 20}. Thus, 5 · 5 = 25 elements
satisfy 5(a, b) = 0. Now, these elements have order dividing 5, so we need only
exclude the identity, which has order 1; thus, there are 24 elements of order 5. As
25(a, b) = (0, 0) for all a and b, we see that every element has order 1, 5 or 25. We
have found 25 elements not having order 25, which means that 5 · 25 − 25 = 100
elements have order 25.

5.5 If D8 = H × K , then |H ||K | = 8. As the subgroups are both proper, |H | = 4
and |K | = 2 (or vice versa). By Corollaries 4.2 and 4.3, H and K are abelian, so D8

is abelian, giving us a contradiction.
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5.7 Let G = Z2 × Z2, N1 = 〈(1, 0)〉, N2 = 〈(0, 1)〉 and N3 = 〈(1, 1)〉. As
G is abelian, normality is not an issue. We can see that G = N1N2, so surely
G = N1N2N3. Also, each Ni∩N j = {(0, 0)}. Butwe cannot haveG = N1×N2×N3,
since the order is wrong.

5.9 It does not follow. Let G = Z2 × Z2 and H = Z2. Define α : G → H via
α((a, b)) = a+b.We haveα((a, b)+(c, d)) = a+b+c+d = α((a, b))+α((c, d)),
so α is a homomorphism. As α((0, 0)) = 0 and α((1, 0)) = 1, we see that α is
onto. Now, G = 〈(1, 0)〉 × 〈(0, 1)〉, but α(〈(1, 0)〉) = α(〈(0, 1)〉) = H ; thus, the
intersection of the images is not trivial, so we do not have a direct product in H .

5.11 (1) Z3 × Z7.
(2) Z81, Z27 × Z3, Z9 × Z9, Z9 × Z3 × Z3, Z3 × Z3 × Z3 × Z3.
(3)Z8×Z25×Z49,Z4×Z2×Z25×Z49,Z2×Z2×Z2×Z25×Z49,Z8×Z5×Z5×Z49,

Z4 × Z2 × Z5 × Z5 × Z49, Z2 × Z2 × Z2 × Z5 × Z5 × Z49, Z8 × Z25 × Z7 × Z7,
Z4 × Z2 × Z25 × Z7 × Z7, Z2 × Z2 × Z2 × Z25 × Z7 × Z7, Z8 × Z5 × Z5 × Z7 × Z7,
Z4 × Z2 × Z5 × Z5 × Z7 × Z7, Z2 × Z2 × Z2 × Z5 × Z5 × Z7 × Z7.

5.13 As |U (56)| = ϕ(56) = 24, the possibilities are Z8 × Z3, Z4 × Z2 × Z3 and
Z2 × Z2 × Z2 × Z3. But running through the elements of U (56), we see that none
have order larger than 6. As Z8 × Z3 and Z4 × Z2 × Z3 both have elements of order
12, it must be Z2 × Z2 × Z2 × Z3.

5.15 We see that G is isomorphic to a direct product of groups of the form Zpni , for
various ni ∈ N. But if ni > 1, then such a group has elements of order p2.

5.17 Solving 5u + 7v = 1 in Z, one possible solution is u = 3, v = −2. Then
a = a5u+7v = (a5)3(a7)−2. Now |a15| = 7 and |a−14| = |a21| = 5.

5.19 We proceed by strong induction on |G|. There is nothing to do if |G| = 1, so
we start the induction with |G| = 2. In this case, p = 2 and G has an element of
order 2. Let |G| > 2 and assume the result for groups of smaller order. If e �= b ∈ G,
then choose some prime q dividing |b|. Let a = b|b|/q . Then |a| = q. If q = p,
we are done. Otherwise |G/〈a〉| = |G|/q, and this is still divisible by p. By our
inductive hypothesis, G/〈a〉 has an element c〈a〉 of order p. Thus, cp ∈ 〈a〉, so
cpq = e. Hence, |cq | = 1 or p. But if cq = e, then (c〈a〉)q = e〈a〉. As |c〈a〉| = p,
this is impossible.

5.21 (1) 8, 2, 3, 3, 25, 7, 7.
(2) 2, 2, 2, 3, 9, 27.

5.23 p3, q2, r ; p2, p, q2, r ; p, p, p, q2, r ; p3, q, q, r ; p2, p, q, q, r ; p, p, p,
q, q, r .

5.25 It is obviously the case for n = 1. For larger n, we claim that it is true if and
only if n is a product of distinct primes. If n = p1 · · · pk , where the pi are all distinct,
then the only possible list of elementary divisors is p1, . . . , pk , so the groups are all
isomorphic. On the other hand, if p2|n for some prime p, then we have the cyclic
group of order n and Zp × Zn/p. Since (p, n/p) = p > 1, we see that this group is
not cyclic.
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5.27 The list of elementary divisors of G1 × G2 is obtained by combining the lists
of elementary divisors of G1 and G2. Similarly for G1 × G3. If these lists are the
same, then deleting the elementary divisors of G1 from each list, we see that G2 and
G3 have the same elementary divisors, and hence are isomorphic.

5.29 We know that G is isomorphic to Z2n1 × · · · × Z2nk . If 2(a1, . . . , ak) =
(0, . . . , 0), then 2ai = 0 for all i ; that is, each ai has order 1 or 2. But a cyclic
group of order 2ni has only one element of order 2, so there are only two such ai , for
each i . In total, we get 2k elements. But we must exclude the identity, so our number
is 2k − 1.

5.31 (1) Remember that q + Z = r + Z if and only if q − r ∈ Z. This is basically
the same as Example 1.19, using Q instead of R.

(2) We have b(a/b + Z) = a + Z = 0 + Z. Thus, |a/b + Z| ≤ b. But if c ∈ N

and c(a/b + Z) = 0+ Z, then ca/b ∈ Z; that is, b|ac. Since (a, b) = 1, this means
that b|c. In particular, c ≥ b, so the order is b.

5.33 We have α(a+ b) = n(a+ b) = na+ nb = α(a)+α(b), so α is a homomor-
phism. If a ∈ G, then since G is divisible, there exists a b ∈ G such that nb = a.
Thus, α(b) = a, and α is onto. But it is not necessarily an isomorphism. Let G be
the Prüfer p-group and take n = p. Then we see that 1/p + Z ∈ ker(α).

5.35 If N is a subgroup of G, take a + N ∈ G/N . Then for any n ∈ N, there exists
a b ∈ G such that nb = a. Therefore, n(b + N ) = a + N , and G/N is divisible.
However, Q is divisible but Z is not, as there is no b ∈ Z such that 2b = 1.

5.37 Let G/N = 〈aN 〉. If gN ∈ G/N , then gN = (aN )k , for some k ∈ Z. That
is, g = akn, for some n ∈ N . In other words, G = 〈a〉N . If e �= b ∈ 〈a〉 ∩ N ,
then b = al ∈ N , for some 0 �= l ∈ Z. If l < 0, then we may replace b with b−1,
so let l > 0. Then (aN )l = eN , which means that aN has finite order in G/N . As
G/N = 〈aN 〉 andG/N is infinite cyclic, this is impossible. Therefore,G = 〈a〉×N .
It remains only to show that 〈a〉 is infinite cyclic. It is surely cyclic, and if |a| = k,
then again, (aN )k = eN gives us a contradiction.

Problems of Chapter 6

6.1 (1) (2 4 7 6)(3 5)
(2) (1 2 5)(3 6 4)(7 8)

6.3 (1) (1 4 2)(3 6 7 5).
(2) Writing the permutation as a product of disjoint cycles, we get (1 2)(3 5 4),

so the inverse is (1 2)(3 4 5).

6.5 An element of order 3 must be a product of one or more disjoint 3-cycles. Let
us count the 3-cycles (a b c). There are 9 choices for a, 8 for b and 7 for c. But
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(a b c) = (b c a) = (c a b), so we must divide by 3, giving 9 · 8 · 7/3 = 168.
For pairs of disjoint 3-cycles, we get 9 · 8 · 7 · 6 · 5 · 4/(3 · 3 · 2) = 3360, using the
same argument and the fact that the order of the two cycles is irrelevant. Finally, to
get three disjoint 3-cycles, we have 9!/(3 · 3 · 3 · 3!) = 2240, again noting that the
three cycles can be permuted as we please. Our total is 5768.

6.7 If τ exists, then it has order k. Thus, if k is even, then τ 2 has order k/2, and
therefore it cannot be a k-cycle. So suppose that k is odd. Let τ = σ (k+1)/2. Then
τ 2 = σ k+1 = σ , as σ has order k. Furthermore, as 2((k + 1)/2) + (−1)k = 1, we
know that ((k + 1)/2, k) = 1. The preceding exercise tells us that τ is a k-cycle.

6.9 Let |σ | = 105 = 3 · 5 · 7. We know that |σ | is the least common multiple of the
lengths of its cycles in the disjoint cycle decomposition. The product of a 3-cycle, a
5-cycle and a 7-cycle would work, so m = 15 is a possibility. Can there be a smaller
value? There must surely be a cycle whose length is a multiple of 7 and a divisor of
105. If it is smaller than 15, it can only be 7. Similarly for 3 and 5. Thus, m = 15 is
the smallest possible value.

Let |τ | = 125. The only way to make this happen is for the disjoint cycle decom-
position for τ to include a 125-cycle. We see that n = 125.

6.11 (1) even
(2) odd

6.13 Without loss of generality, the possible products are (1 2)(1 2) = (1), having
order 1, (1 2)(1 3) = (1 3 2), having order 3 and (1 2)(3 4), having order 2.

6.15 It is certainly impossible if n is 2 or 3, as the groups are too small. But if n ≥ 4,
then An has the subgroup {(1), (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. (It contains the
identity, and closure is easily checked.) This subgroup is not cyclic. Indeed, if σ is
a permutation of order 4, then its disjoint cycle decomposition is a product of one
or more 4-cycles and, possibly, some 2-cycles. But a 4-cycle by itself is odd, so we
need n ≥ 6 to get something like (1 2 3 4)(5 6) ∈ An .

6.17 The order of an element in Sn is the least common multiple of the lengths of
its disjoint cycles. If this order is odd, then these cycles all have odd length. But a
cycle of odd length is even.

6.19 We see by inspection that n = 1 falls into the second category and n = 2 and
3 fall into the third category. Let n ≥ 4. By Exercise 6.17, all elements of odd order
lie in An . As An contains half the elements of Sn , we see that there are at least as
many elements of even order as of odd order, and they can only be equal if every
element of An has odd order. However, (12)(34) ∈ An has order 2. So if n ≥ 4, we
are in the first category.

6.21 Such a subgroupwould have index 2, and therefore be normal, by Theorem 4.1.
But A5 is simple.
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6.23 It can. Note that A6 has an isomorphic copy of A5 as a proper subgroup. (Just
use the exact same permutations as in A5, assuming that each fixes the number 6.)

6.25 Let N be a nontrivial proper normal subgroup of A4. By the preceding exercise,
N contains no 3-cycles, so N is a subgroup of the group exhibited in Example 6.11.
If it is not the same group, then it can only have order 2. But by Exercise 4.3, a
normal subgroup of order 2 is central. However, the elements of order 2 in A4 are
the products of two disjoint transpositions, and these are not central. For instance,
(1 2)(3 4)(1 2 3) �= (1 2 3)(1 2)(3 4).

6.27 In view of the preceding exercise, it suffices to show that each (1 i), 2 ≤ i ≤ n,
is the product of such transpositions. We proceed by induction on i , beginning with
i = 2. There is nothing to do there, so assume the result for i and prove it for i + 1,
when 1 < i < n. However, (i (i + 1))(1 i)(i (i + 1)) = (1 (i + 1)), completing the
proof.

Problems of Chapter 7

7.1 Let A =
(
a b
c d

)
∈ GL2(R). Then A commutes with

(
1 1
0 1

)
if and only if

a = a + c, a + b = b + d and c + d = d; that is, if and only if c = 0 and a = d.

Thus, the matrices in the centralizer have the form

(
a b
0 a

)
, where a, b ∈ R (and

a �= 0, so that the matrix is invertible).

7.3 We always haveC(H) ⊆ N (H). Let A =
(
2 3
5 6

)
, and suppose that B ∈ N (H).

Then B−1AB ∈ H , so B−1AB = An , for some integer n. However, det(B−1AB) =
det(A) = −3, whereas det(An) = (det(A))n = (−3)n . We conclude that n = 1, and
hence B−1AB = A.

7.5 As always, C(H) ⊆ N (H). Let H = {e, a}. If b ∈ N (H), then b−1eb = e and
wemust have b−1ab ∈ H . If b−1ab = e, then a = e, which is impossible. Therefore,
b−1ab = a, and b ∈ C(H).

7.7 Take b ∈ C(a). AsC(a) is a subgroup, b−1 ∈ C(a), so b−1a = ab−1. Inverting,
we get a−1b = ba−1; thus, b ∈ C(a−1). This means that C(a) ⊆ C(a−1) ⊆
C((a−1)−1) = C(a).

7.9 (1) As H has prime order, it is abelian, so H ≤ C(H). In particular, |C(H)| is
divisible by 11 and divides 77, so it is 11 or 77. If it is 11, we must have C(H) = H .
Otherwise, H ≤ Z(G). In the same way, we now have |Z(G)| = 11 or 77. Since G
is not abelian, Z(G) = H . But this contradicts Corollary 4.1.

(2) Suppose otherwise. Combining (1) with Theorem 7.3, and noting that H is
normal, we have G/H isomorphic to a subgroup of Aut(H). By Theorem 4.14, H is



278 Solutions

isomorphic to Z11, and Theorem 4.22 tells us that Aut(H) is isomorphic to U (11).
But this is a group of order 10 and cannot have a subgroup of order 7.

7.11 {R0}, {R180}, {R90, R270}, {F1, F2}, {F3, F4}.
7.13 It does not follow. Let G = S3, H = 〈(1 3)〉 and K = 〈(1 3 2)〉. Now
consider the subgroups 〈(1 2)〉 and 〈(2 3)〉. As (1 3)−1(1 2)(1 3) = (2 3) =
(1 3 2)−1(1 2)(1 3 2), it follows immediately that these subgroups are both H - and
K -conjugate. However, H ∩ K = {(1)}, so they are not (H ∩ K )-conjugate.

7.15 If each [G : C(a)] in the class equation is divisible by p2, then since |G| is
also divisible by p2, we must have p2 dividing the order of |Z(G)|, which is not the
case. Thus, since each [G : C(a)] divides pn , one of them must be p. It follows that
|C(a)| = pn−1.

7.17 (1) No. Groups of order 25 are abelian, so all conjugacy classes would have
just one element.

(2) Yes, S3.
(3) No, the identity is always in a conjugacy class by itself.

7.19 Suppose that b−1ab = a−1. Then b−2ab2 = b−1a−1b = (b−1ab)−1 = a. That
is, b2 ∈ C(a). If G has odd order, so does b. Thus, write |b| = 2m − 1, for some
m ∈ N. Then (b2)m = b, so b ∈ C(a). But then b−1ab = a, so a = a−1. That is,
a2 = e. As a has odd order, a = e, giving us a contradiction.

7.21 Sylow 2-subgroup: 〈25〉×〈7〉. Sylow 5-subgroup: 〈(4, 0)〉. Sylow 7-subgroup:
〈(0, 2)〉.
7.23 We have |G| = 2 · 3 · 72. The number of Sylow 7-subgroups is 1 + 7k, for
some nonnegative integer k, and divides 6. The only possible solution is k = 0.

7.25 Let H be a Sylow p-subgroup of G. By definition, its order is pm , the largest
power of p dividing |G|. Thus, n ≤ m. By Exercise 7.16, H has a subgroup of order
pn .

7.27 By the Second Isomorphism Theorem, HN/N is isomorphic to H/(H ∩ N ).
In particular, its order divides |H | and is therefore a power of p. Furthermore, H ≤
HN ≤ G, so |G|/|HN | is a divisor of |G|/|H |. In particular, |G|/|HN | is relatively
prime to p. However, [G/N : HN/N ] = (|G|/|N |)/(|HN |/|N |) = |G|/|HN |.
Thus, HN/N is indeed a Sylow p-subgroup of G/N .

7.29 The number of Sylow 7-subgroups is 1+ 7k and divides 12. Thus, it is 1, and
the Sylow 7-subgroup is normal.

7.31 The number of Sylow 17-subgroups is 1 + 17k and divides 256, so it is 1 or
256. If it is 1, the 17-Sylow subgroup is normal. If it is 256, then we note that each
Sylow 17-subgroup is cyclic and has 16 elements of order 17. Distinct groups of
prime order intersect trivially, so we have 16 · 256 = 4096 elements of order 17.
This leaves only 256 other elements. But this is the size of a Sylow 2-subgroup, so
there can be only one, and it is normal.
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7.33 The number of Sylow p-subgroups is 1 + kp and divides q. If it is not 1, it is
q, so p|(q − 1), giving us a contradiction. Thus, the Sylow p-subgroup is normal.
Similarly, the number of Sylow q-subgroups is 1 + lq and divides p2. Thus, it is 1,
p or p2. Suppose it is not 1. If it is p, then q|(p− 1), and since (p− 1)|(p2 − 1), we
have a contradiction. If it is p2, we again obtain a contradiction. Therefore, the Sylow
q-subgroup is normal as well. Thus, G is the direct product of its Sylow subgroups.
Now, groups of order a prime or the square of a prime are abelian, and we are done.

7.35 The number of Sylow 3-subgroups is 1 + 3k and divides 19, so it is 1 or 19.
If it is 1, then there are 2 elements of order 3. If it is 19, then there are 38, since
subgroups of prime order intersect trivially.

7.37 Let H be a Sylow 7-subgroup and K a Sylow 17-subgroup. The number of
Sylow 7-subgroups is 1 + 7k and divides 85, so it is 1 or 85. If it is 1, then H is
normal. By Theorem 4.5, HK is a subgroup, and its order is 7 · 17/1 = 119. So
assume that there are 85 Sylow 7-subgroups. Then we have 6 · 85 = 510 elements
of order 7. The number of Sylow 17-subgroups is 1 + 17l and divides 35, so it is
1 or 35. If it is 1, then K is normal, and as above, we are done. Otherwise, we get
16 · 35 = 560 elements of order 17. But we now have too many elements.

7.39 It is not abelian, so we can rule out the two abelian groups. It has an element of
order 6, namely (R120, 1), so we can rule out A4. But it has no elements of order 4,
unlike the group H from Example 7.14, which has ((1 2), 1). Thus, it must be D12.

7.41 It suffices to show that every cyclic subgroup is normal, for then if K ≤ Q8

and a ∈ K , b ∈ Q8, we have b−1ab ∈ 〈a〉 ≤ K . As 1 and −1 are central, we need
not worry about them. The remaining cases just involve checking, for instance, that
j−1i j = − j i j = k j = −i = i−1 ∈ 〈i〉.
7.43 (1)We haveαa,bαc,d(x) = αa,b(cx+d) = a(cx+d)+b = acx+ad+b. Thus,
αa,bαc,d = αac,ad+b ∈ G, since p � a and p � c imply that p � ac; that is, ac is not 0
in Zp. Thus, we have closure. Composition of functions is always associative. The
identity is α1,0. To find the inverse of αa,b, note that we want ac = 1 and ad+b = 0.
Now, (a, p) = 1, so write au + pv = 1, for some u, v ∈ Z. Thus, au = 1 in Zp. Let
c = u. Similarly, letting d = −ub, we have ad + b = −aub + b = 0 in Zp. To see
that the group is not abelian, note that α2,0 and α1,1 do not commute.

(2) Let H = {αa,b ∈ G : a ∈ {1, 2, 4}}. Closure checks out as above, since
products of 1, 2 and 4 remain in {1, 2, 4} in Z7. Clearly α1,0 ∈ H , so H ≤ G. There
are 3 choices for a and 7 for b, so |H | = 21. Also, H is not abelian for the same
reason given in the first part.

7.45 The number of Sylow p-subgroups is 1 + kp and divides q. As p > q, it is
1. The number of Sylow q-subgroups is 1 + lq and divides p, so it is 1 or p. But if
it is p, then q|(p − 1), which is not allowed. Therefore, both Sylow subgroups are
normal, and G is the direct product of Zp and Zq , and hence isomorphic to Zpq , as
(p, q) = 1.
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Problems of Chapter 8

8.1 The addition table is found in Table 3.1. For multiplication, the table is as
follows.

0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

8.3 It is easy to see that R is closed under addition and contains {0}. Thus, since it is a
finite set, it is an additive subgroup ofZ15, which is an abelian group. Furthermore, R
is closed under multiplication in Z15, and we know that this multiplication operation
is associative and satisfies the distributive laws. Therefore, R is a ring. It is certainly
commutative, and we can see that 6 is the identity.

8.5 It is not a ring, as it does not satisfy the distributive laws. Let α(x) = x2, β(x) =
x and γ (x) = 2x . Then (α ◦ (β + γ ))(x) = 9x2, but (α ◦β)(x)+ (α ◦ γ )(x) = 5x2.

8.7 It is easy to see that the sum of two matrices in R also lies in R. Also, matrix
addition is commutative and associative. The zero matrix is the additive identity,
and negatives of matrices in R lie in R. Thus, R is an abelian group under addition.
The product of two matrices in R is easily seen to be in R. Furthermore, matrix
multiplication is associative and satisfies the distributive laws. Therefore, R is a ring.

It contains the identity matrix, so it is a ring with identity. However,

(
1 1
0 0

)
and

(
0 1
0 1

)
do not commute, so it is not a commutative ring.

8.9 Not necessarily. Consider the additive group Zp, but define a multiplication
operation via ab = 0 for all a and b. Clearly this operation is associative and the
distributive laws are satisfied. Thus, we have a ring with p elements, but there is no
identity.

8.11 (1) a2 + ba − ab − b2.
(2) a3 − a2b − aba − ba2 + ab2 + bab + b2a − b3.

8.13 We have b = b1 = bac = 1c = c.

8.15 No, use R = Z2 ⊕ Z2.

8.17 Note that (a+bi)− (c+di) = (a−c)+ (b−d)i ∈ R and (a+bi)(c+di) =
(ac−bd)+ (ad+bc)i ∈ R, for all a, b, c, d ∈ Z. Also, 0 ∈ R. Thus, R is a subring.
In addition, R is a unital subring, as it contains 1 + 0i , the identity of C.
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8.19 Certainly R contains the zero matrix. If a, b ∈ R, then

(
0 0
0 a

)
−

(
0 0
0 b

)
=

(
0 0
0 a − b

)
∈ R, and

(
0 0
0 a

)(
0 0
0 b

)
=

(
0 0
0 ab

)
∈ R. Thus, R is a subring. It is a ring

with identity, as

(
0 0
0 1

)
serves as the identity. But the identity of M2(R) is not there,

so it is not a unital subring.

8.21 We have (0, 0) ∈ T . If r1, r2 ∈ R, then (r1, 0) − (r2, 0) = (r1 − r2, 0) ∈ T
and (r1, 0)(r2, 0) = (r1r2, 0) ∈ T .

8.23 We have 0 = 0a ∈ S. If r1, r2 ∈ R, then r1a − r2a = (r1 − r2)a ∈ S and
(r1a)(r2a) = (r1ar2)a ∈ S.

8.25 Not necessarily. Let R = Q, S = Z and a = 2. Then 1/2 ∈ T , but (1/2)2 /∈ T .

8.27 We have 1 ∈ R. If a + bi, c + di ∈ R, then (a + bi) − (c + di) = (a − c) +
(b − d)i ∈ R. Furthermore, (a + bi)(c + di) = (ac − bd) + (ad + bc)i ∈ R. If
c + di �= 0, then (c + di)(c − di) = c2 + d2, which is a nonzero rational number,
so the inverse of c + di is c

c2+d2 − d
c2+d2 i ∈ R.

8.29 We have (r, s) ∈ U (R ⊕ S) if and only if there exist r1 ∈ R, s1 ∈ S such that
rr1 = r1r = 1 and ss1 = s1s = 1; that is, if and only if r ∈ U (R) and s ∈ U (S).

8.31 If a2 = a, then a(a − 1) = 0, so since there are no zero divisors, a = 0 or 1.
An integral domain must have these two elements.

8.33 By Exercise 8.20, K ∩L is a subring. As 1 ∈ K and 1 ∈ L , we have 1 ∈ K ∩L .
Also, if 0 �= a ∈ K ∩ L , then a−1 ∈ K and a−1 ∈ L , so a−1 ∈ K ∩ L . Thus, K ∩ L
is a subfield. The proof for an arbitrary collection of subfields is similar.

8.35 Wehave (a10)4 = (b10)4 and (a13)3 = (b13)3. That is,a40 = b40 anda39 = b39.
So, a39a = b39b = a39b. If a = 0, then since b40 = 0 and there are no zero divisors,
b = 0. If a �= 0, then cancelling a39, we obtain a = b.

8.37 (1) 7.
(2) 0.

8.39 As 1 cannot have infinite order in a finite additive group, we know that char
R = p, for some prime p. Thus, pa = 0 for all a ∈ R, so every element of R has
additive order 1 or p. If |R| is divisible by some prime q �= p, then by Cauchy’s
theorem, R has an element of additive order q, which is impossible. Thus, the only
prime dividing |R| is p.

8.41 (1) We have (1 + a)(1 − a + a2 − a3 + · · · + (−1)n−1an−1) = 1.
(2) Let char R = p and choose k such that pk > n. Then (1 + a)p

k = 1 + a pk

(using the Freshman’s Dream). But a pk = ana pk−n = 0, so (1 + a)p
k = 1.
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Problems of Chapter 9

9.1 (1) (0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5).
(2) (0, 0), (2, 0), (0, 3), (2, 3).

9.3 By Exercise 8.20, I ∩ J is a subring. Take a ∈ I ∩ J and r ∈ R. Then a ∈ I
implies ra, ar ∈ I . Similarly, ra, ar ∈ J , so ra, ar ∈ I ∩ J , and I ∩ J is an ideal.
The argument for an arbitrary collection of ideals is similar.

9.5 (1) Let R = 2Z, a = 2.

(2) Let R = M2(R), a =
(
1 0
0 0

)
. Every matrix in S is of the form

(
b 0
c 0

)
, for

some b, c ∈ R. Clearly a ∈ S, but multiplying on the right by

(
1 1
1 1

)
, we get a matrix

not in S, so S is not an ideal.

9.7 Let R = Z8, I = (2) and J = (4).

9.9 We know from Exercise 3.42 that G is an additive group. It is clearly abelian.
It is also closed under multiplication. Furthermore, (a1, a2, . . .)((b1, b2, . . .)
(c1, c2, . . .)) = (a1b1c1, a2b2c2, . . .) = ((a1, a2, . . .)(b1, b2, . . .))(c1, c2, . . .). Thus,
we have associativity of multiplication. The distributive law follows similarly, and
we have a ring. By Exercise 3.42, H is an additive subgroup of G, so it remains only
to check absorption. If (a1, a2, . . .) ∈ H , (b1, b2, . . .) ∈ G, then only finitely many
of the ai are different from 0, so only finitely many of the aibi are different from 0,
and (a1b1, a2b2, . . .) ∈ H . Similarly for (b1a1, b2a2, . . .).

9.11 The addition table may be found in Table 4.2 (replacing each instance of “N”
with “I”). The multiplication table follows.

0 + I 1 + I 2 + I 3 + I 4 + I
0 + I 0 + I 0 + I 0 + I 0 + I 0 + I
1 + I 0 + I 1 + I 2 + I 3 + I 4 + I
2 + I 0 + I 2 + I 4 + I 1 + I 3 + I
3 + I 0 + I 3 + I 1 + I 4 + I 2 + I
4 + I 0 + I 4 + I 3 + I 2 + I 1 + I

9.13 Expanding,we obtain 8x4+2x3+7x2+5x+2+I . Now, 2(x3+6x2+2) ∈ I , so
2x3+ I = −12x2−4+ I . Also, 8x(x3+6x2+2) ∈ I , so 8x4+ I = −48x3−16x+ I .
Similarly, 48x3 + I = −288x2 − 96+ I . Thus, our answer is 288x2 + 96− 16x −
12x2 − 4 + 7x2 + 5x + 2 + I = 283x2 − 11x + 94 + I .

9.15 By the preceding exercise, R/(I ∩ J ) is commutative if and only if ab− ba ∈
I ∩ J for all a, b ∈ R. But this happens if and only if ab− ba ∈ I and ab− ba ∈ J
for all a, b ∈ R; that is, if and only if R/I and R/J are commutative.

9.17 The only ideals of F are {0} and F , so 81 and 1.
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9.19 If (a + I )n = 0 + I , then an ∈ I , and hence there exists an m ∈ N such that
(an)m = 0; that is, anm = 0, which means that a ∈ I , and hence a + I = 0 + I .

9.21 (1) No, as α(1 · 1) = 2 but α(1)α(1) = 4.
(2) Yes. If f (x), g(x) ∈ R[x], then α( f (x)+ g(x)) = f (2)+ g(2) = α( f (x))+

α(g(x)) and α( f (x)g(x)) = f (2)g(2) = α( f (x))α(g(x)).

9.23 For any r1, r2 ∈ R, we have β(α(r1 + r2)) = β(α(r1) + α(r2)) = β(α(r1)) +
β(α(r2)), and similarly for multiplication.

9.25 It is a homomorphism, as α((a, b) + (c, d)) = α((a + c, b + d)) = (a +
c, 0) = α((a, b))+α((c, d)), and similarly for multiplication. The kernel is {0}⊕Z.
Furthermore, α−1(2Z ⊕ 3Z) = 2Z ⊕ Z.

9.27 Let S = R/I and define α : R → S via α(a) = a + I . We have α(a + b) =
a + b + I = (a + I ) + (b + I ) = α(a) + α(b), and similarly for multiplication, so
α is a homomorphism. Also, a ∈ ker(α) if and only if a + I = 0 + I ; that is, if and
only if a ∈ I .

9.29 Let α : F → K be a homomorphism. Now, ker(α) is an ideal of F . As F is a
field, this means that ker(α) = {0} or F . In the former case, α is one-to-one, which
is impossible, as K has fewer elements than F . In the latter case, α(a) = 0 for all a,
so this is the only possible homomorphism.

9.31 (1) The additive groups are not isomorphic. (See Exercise 4.31.)
(2) One has an identity, the other does not.

9.33 Let α : R → S be an isomorphism. We claim that α(Z(R)) ⊆ Z(S). But if
a ∈ Z(R), then for any r ∈ R, we have ar = ra, and hence α(a)α(r) = α(r)α(a).
As α is onto, α(a) commutes with everything in S. Thus, restricting α to Z(R), we
have a one-to-one homomorphism into Z(S). But if b ∈ Z(S), then for any r ∈ R,
we have α(r)b = bα(r). Letting b = α(c), this means that α(r)α(c) = α(c)α(r);
that is, α(rc) = α(cr), and since α is one-to-one, rc = cr . In particular, b = α(c) ∈
α(Z(R)). Therefore, α : Z(R) → Z(S) is onto as well, and hence an isomorphism.

9.35 Let K be the field of fractions, and define α : F → K via α(a) = [a, 1] for
all a ∈ F . If a, b ∈ F , then α(a + b) = [a + b, 1] = [a, 1] + [b, 1] = α(a) + α(b)
and α(ab) = [ab, 1] = [a, 1][b, 1] = α(a)α(b); thus, α is a homomorphism. If
[a, 1] = [0, 1], then a = 0, so α is one-to-one. Furthermore, if a, b ∈ F , with b �= 0,
then α(ab−1) = [ab−1, 1] = [a, b]; thus, α is onto.

9.37 No: Z and Q are certainly not isomorphic (Q is a field but Z is not), however,
we already know that the field of fractions of Z is isomorphic to Q, and by Exercise
9.35, the field of fractions of Q is isomorphic to Q as well.

9.39 (1) Note that

α

((
a b
c d

)
+

(
e f
g h

))
=

(
a + e c + g
b + f d + h

)
= α

((
a b
c d

))
+ α

((
e f
g h

))
.
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Furthermore,

α

((
a b
c d

) (
e f
g h

))
=

(
ae + bg ce + dg
a f + bh c f + dh

)
= α

((
e f
g h

))
α

((
a b
c d

))
.

Also, it is clear that applying α twice returns the original matrix.
(2) requires similar computations.

9.41 Define α : R ⊕ S → S via α((r, s)) = s. If ri ∈ R, si ∈ S, then α((r1, s1) +
(r2, s2)) = α((r1 + r2, s1 + s2)) = s1 + s2 = α((r1, s1)) + α((r2, s2)), and similarly
for multiplication. Thus, α is a homomorphism. If s ∈ S, then α((0, s)) = s, and
henceα is onto. Finally, (r, s) ∈ ker(α) if and only if s = 0; that is, ker(α) = R⊕{0}.
Apply the First Isomorphism Theorem.

9.43 Define α : Z[x] → Z5 via α( f (x)) = [ f (0)], where the square brackets
denote the congruence class in Z5. If f (x), g(x) ∈ Z[x], then α( f (x) + g(x)) =
[ f (0) + g(0)] = [ f (0)] + [g(0)] = α( f (x)) + α(g(x)), and similarly for multipli-
cation. Thus, α is a homomorphism. If [a] ∈ Z5, then letting f (x) be the constant
polynomial a, we see that α( f (x)) = a; thus, α is onto. Furthermore, as f (0) is
the constant term of f (x), we see that ker(α) is precisely I . Now apply the First
Isomorphism Theorem.

9.45 The first part is the Third Isomorphism Theorem. To see the second part, note
that 3Z/12Z = {0+ 12Z, 3+ 12Z, 6+ 12Z, 9+ 12Z} is a commutative ring having
identity 9+12Z. Furthermore, its characteristic is 4. Thus, it has a subring isomorphic
to Z4. As the ring only has four elements, the ring is itself isomorphic to Z4.

9.47 Note that (1+ i)(1− i) = 2 ∈ (2), and yet neither 1+ i nor 1− i is a multiple
of 2 in R. The ideal is not prime and hence, as R is a commutative ring with identity,
not maximal.

9.49 Let I be a prime ideal. Then R/I is an integral domain. But a finite integral
domain is a field (see Theorem 8.10), so R/I is a field, and hence I is maximal.

9.51 Let R = 2Z4 = {0, 2} and I = {0}. Now, I is surely maximal, since if it got
any larger, it would be R. But it is not prime, as 2 /∈ I , but 2 · 2 = 0 ∈ I .

9.53 In a field, the only element that is not a unit is 0, and {0} is an ideal. In Zpn , we
know (see Exercise 8.30) that the units are precisely the elements a that are relatively
prime to pn . In other words, the elements that are not units are those that are divisible
by p, so (p) is the ideal in question.

9.55 Use P = R⊕ I . As I �= R, we see that P �= R⊕ R. Also, if (a, b)(c, d) ∈ P ,
then bd ∈ I . As I is prime, either b or d is in I , and hence (a, b) or (c, d) is in P .
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Problems of Chapter 10

10.1 f (x) − g(x) = 9x4 + 8x3 + 4x2 + 6x + 4, f (x)g(x) = 4x7 + 7x6 + 2x5 +
x4 + 7x2 + 4x + 5.

10.3 q(x) = 5x2 + 6x + 3, r(x) = 4x2 + 1.

10.5 No. According to the preceding exercise, x is not a unit.

10.7 Suppose that char R[x] = n > 0. Then, in particular, for every constant
polynomial a, we have na = 0. Thus, 0 < char R ≤ n. On the other hand, if char
R = m > 0, then for any f (x) ∈ R[x], we note that for each coefficient ai appearing
in f (x), we have mai = 0; thus, m f (x) = 0, and 0 < char R[x] ≤ m. The only
remaining case is where char R and char R[x] are both 0.

10.9 Certainly 0 ∈ S[x]. Take f (x), g(x) ∈ S[x]. Then all coefficients of f (x) and
g(x) lie in S. The coefficients of f (x) − g(x) are differences of elements of S, and
hence lie in S, so f (x) − g(x) ∈ S[x]. Similarly, the coefficients of f (x)g(x) are
sums of products of elements of S and thus lie in S. Hence, S[x] is a subring. Let S be
an ideal. If f (x) ∈ S[x] and g(x) ∈ R[x], then the coefficients of f (x)g(x) are sums
of products, where each term in the sum is an element of S multiplied by an element
of R, and therefore lies in S. Thus, f (x)g(x) ∈ S[x]. Similarly, g(x) f (x) ∈ S[x].
10.11 As a and ab are associates, write ab = au, where u is a unit. If a �= 0, then
cancellation gives b = u.

10.13 Let a be a unit. Then for any 0 �= b ∈ R, we have b = a(a−1b). Thus,
ε(a) ≤ ε(b), so ε(a) is indeed the smallest possible value, n. Now suppose that a is
not a unit. We can write 1 = aq+r , where q, r ∈ R and either r = 0 or ε(r) < ε(a).
In the former case, a is a unit, which is a contradiction. In the latter case, ε(a) is not
the smallest possible value.

10.15 We have

f (x) = g(x)

(
3

2

)
+

(
−7

2
x3 − 13

2
x2 − 19

2
x + 3

2

)

g(x) =
(

−7

2
x3 − 13

2
x2 − 19

2
x + 3

2

) (
−4

7
x − 46

49

)
+

(
72

49
x2 + 144

49
x + 216

49

)
,

and since 72
49 x

2 + 144
49 x + 216

49 divides− 7
2 x

3 − 13
2 x

2 − 19
2 x + 3

2 , the former is a gcd. We
must make it monic, so multiplying by 49/72, we get ( f (x), g(x)) = x2 + 2x + 3.

10.17 Beginning with the second of the two equations in the solution to Exer-
cise 10.15, we see that
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( f (x), g(x)) = 49

72

(
g(x) −

(
−7

2
x3 − 13

2
x2 − 19

2
x + 3

2

) (
−4

7
x − 46

49

))

= 49

72

(
g(x) −

(
f (x) − g(x)

(
3

2

)) (
−4

7
x − 46

49

))

= f (x)

(
7

18
x + 23

36

)
+ g(x)

(
− 7

12
x − 5

18

)
.

10.19 We must apply the Euclidean algorithm. Let us use the notation established
in Example 10.8, taking u = 5 + 7i and v = 1 + 3i . Now, (1 + 3i)(1 − 3i) = 10,
so uv−1 = (5+ 7i)(1− 3i)/10 = 2.6− 0.8i . Thus, we have m = 3 and n = −1, so
q = 3 − i and r = (5 + 7i) − (1 + 3i)(3 − i) = −1 − i . That is,

5 + 7i = (1 + 3i)(3 − i) + (−1 − i).

For the next step, we let u = 1+ 3i and v = −1− i . But (−1− i)(−1+ i) = 2, so
uv−1 = (1 + 3i)(−1 + i)/2 = −2 − i . Therefore,

1 + 3i = (−1 − i)(−2 − i) + 0.

Thus, −1 − i is a gcd of 5 + 7i and 1 + 3i .

10.21 Using the notation as in Example 10.15, we note that N (1 + 2
√
5i) = 21.

If 1 + 2
√
5i = uv, then N (u)N (v) = 21, and assuming without loss of generality

that N (u) ≤ N (v), we have N (u) = 1 or 3. As in Example 10.15, N (u) = 3 is
impossible and N (u) = 1 means u ∈ {1,−1}. In particular, u is a unit and 1+ 2

√
5i

is irreducible. However, (1+ 2
√
5i)(1− 2

√
5i) = 21 = 3 · 7. Thus, (1+ 2

√
5i)|21.

But as N (3) = 9 and N (7) = 49, we cannot possibly have 1 + 2
√
5i dividing 3 or

7. Thus, 1 + 2
√
5i is not prime.

10.23 Combine the preceding two exercises with Theorem 10.11.

10.25 Not necessarily. We know that Z is a Euclidean domain, but Z[x] is not a
PID, hence not a Euclidean domain.

10.27 This is essentially the same as Exercise 2.24.

10.29 Suppose not, and let 0 �= a ∈ R be a nonunit. Let In = (an). As an|an+1, we
see that In+1 ⊆ In . Suppose that In = In+1. Then an ∈ (an+1); that is, an = an+1b,
for some b ∈ R. Cancelling an , we get 1 = ab. Thus, a is a unit, giving us a
contradiction.

10.31 Using the notation in Example 10.8, we have ε(1 + i) = 2. As we noted in
that example, if u and v are in our ring, and uv = 1 + i , then ε(u)ε(v) = 2. But
ε(u) and ε(v) are nonnegative integers, so without loss of generality, ε(u) = 1. This
means u ∈ {±1,±i}, and so u is a unit. Thus, 1 + i is irreducible. However, we
know that R is a Euclidean domain, and hence a PID, so every irreducible is prime,
by Theorem 10.11.
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10.33 Not necessarily.We know thatQ[x] is a UFD, and yet its subring R discussed
in Example 10.18 is not.

10.35 Let a = 2, b = 5, c = 2 + √
6i and d = 2 − √

6i . Clearly ab = cd = 10.
Defining a norm as in Example 10.15 via N (m + n

√
6i) = m2 + 6n2, we see from

the same calculation that N (uv) = N (u)N (v) for all u, v ∈ R. Suppose that uv = 2.
Then N (u)N (v) = 4, so either N (u) = N (v) = 2 (which is impossible) or N (u) = 1
and N (u) = 4 (or vice versa). But this means u is 1 or −1. In particular, u is a unit,
so 2 is irreducible. Similar calculations show that b, c and d are irreducible. It is
immediate that neither a nor b divides c or d. That R is not a UFD follows from the
definition.

10.37 Let p be an irreducible of R. Then p is a nonzero nonunit. Suppose that p|ab,
for some a, b ∈ R. If a is a unit, then b and ab are associates, so p|b. If a = 0, then
p|a. Similarly if b is zero or a unit. So let a and b be nonzero nonunits. We may
write a = p1 · · · pk and b = q1 · · · ql , where the pi and q j are irreducible. By the
preceding exercise, p divides some pi or some q j . Without loss of generality, say
p|q1. Since q1|b, we have p|b.

Problems of Chapter 11

11.1 (1) As 5 is a root and the degree is greater than 1, no.
(2) Trying each possible root in Z7, we see that this polynomial has no root there.

Thus, since the degree is 3, it is irreducible.
(3) No, since it factors as (x2 + 4)(x2 + 4).

11.3 The possibilities are x3 + ax2 + bx + c, where a, b, c ∈ {0, 1}. If c = 0, then
0 is a root, so c = 1. Also, 1 is a root of x3 + 1 and x3 + x2 + x + 1, so we can rule
them out. The remaining polynomials are x3 + x2 + 1 and x3 + x + 1. Both have
degree 3, and neither has a root, so they are irreducible.

11.5 Let h(x) = f (x)−g(x). If f (x) �= g(x), then h(x) is not the zero polynomial.
Say deg(h(x)) = n. Then h(x) can have at most n roots, but h(a) = f (a)−g(a) = 0
for all a ∈ F , giving us a contradiction.

11.7 No, take a, b ∈ R such that ab �= ba. Let r = a, f (x) = x and g(x) = b.
Then α( f (x)g(x)) = α(bx) = ba, whereas α( f (x))α(g(x)) = ab.

11.9 As deg(x2 + 1) = 2, the polynomial is reducible if and only if it has a root
m ∈ {0, 1, . . . , p − 1}. Factoring out x − m, we can only be left with x − n, for
some n ∈ {0, 1, . . . , p − 1}. Thus, x2 + 1 = x2 − (m + n)x +mn. That is, x2 + 1 is
reducible if and only if there exist m, n ∈ {0, 1, . . . , p− 1} such that p|(m + n) and
p|(mn−1). Given the range of values form and n, we can only havem+n ∈ {0, p}.
But m and n cannot possibly both be 0, so m + n = p.
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11.11 (1) The only possible rational roots are ±1,±2. But none of these work, so
it has no rational roots.

(2) The possible rational roots are of the formm/n, wherem|(−2) and n|6. Trying
all of the possibilities, we see that −1/2 and 2/3 are roots.

11.13 (1) Looking first for rational roots, we know that they must be integers and
divide 18. We find that 3 is a root, so we have (x −3)(x3 −7x2 +14x −6). Now, 3 is
also a root of x3 −7x2 +14x −6, so we have (x −3)2(x2 −4x +2). By Eisenstein’s
criterion, we are now done.

(2) Looking first for rational roots, we see that they can only be ±1,±2. In fact,
−2 is a root, so we have (x + 2)(x3 + x + 1). Now, the only possible rational roots
of x3 + x + 1 are 1 and −1, and these do not work. A degree 3 polynomial with no
roots is irreducible, so we are done.

11.15 Note that f (x) is a constant polynomial if and only if f (x + a) is a constant
polynomial. Thus, we may assume that both have degrees larger than 1. Suppose
that f (x) = g(x)h(x), where g(x) and h(x) are nonconstant polynomials. Then
f (x+a) = g(x+a)h(x+a). As g(x+a) and h(x+a) are nonconstant polynomials,
it follows that f (x + a) is reducible. The converse is similar.

11.17 It is irreducible, using the preceding exercise with p = 7.

11.19 (1) We know that 2 − 3i must also be a root of f (x), so f (x) is divisible
by (x − (2 + 3i))(x − (2 − 3i)) = x2 − 4x + 13. Performing the division, we get
f (x) = (x2 − 4x + 13)(x − 7), so the third root is 7.
(2) Here, 1+ i is also a root, so f (x) is divisible by (x − (1− i))(x − (1+ i)) =

x2 − 2x + 2. Performing the division, we get f (x) = (x2 − 2x + 2)(x2 + 2x + 3).
By the quadratic equation, the remaining roots are −1 + √

2i and −1 − √
2i .

11.21 (1) By Eisenstein’s criterion, the polynomial is irreducible over Q. In R[x],
we can factor it as (x − 4

√
10)(x + 4

√
10)(x2 + √

10). In C[x], we factor further and
get (x − 4

√
10)(x + 4

√
10)(x − 4

√
10i)(x + 4

√
10i).

(2) Using the Rational Roots Theorem, we find that 2 is a root. Thus, we can
factor it as (x − 2)(x2 + 3x + 11). But x2 + 3x + 11 is irreducible over R, hence
over Q, so we are done in those two cases. For C, we use the quadratic equation and
get (x − 2)(x − (−3 + √

35i)/2)(x − (−3 − √
35i)/2).

11.23 The roots must also include 2 + 5i and 4 − i , so we can use

(x − (2 − 5i))(x − (2 + 5i))(x − (4 + i))(x − (4 − i))(x − 6)

= x5 − 18x4 + 150x3 − 768x2 + 2293x − 2958.

11.25 (1) Reducing modulo 5, we get x3 + 2x + 1. We see that it has no roots in
Z5, and since it has degree 3, the polynomial is irreducible in Z5[x], and hence f (x)
is irreducible in Q[x].

(2) Reducing modulo 3, we get x4 + x2 + 2. This has no roots in Z3, but we must
rule out the possibility of a product of two polynomials of degree 2. We may assume
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that both such polynomials are monic, and we can only have something of the form
(x2 + ax + 1)(x2 + bx + 2) = x4 + x2 + 2. Comparing coefficients, we find that
a + b = 0 and 2a + b = 0. Thus, a = b = 0. But (x2 + 1)(x2 + 2) = x4 + 2 �=
x4 + x2 + 2. Thus, our polynomial is irreducible in Z3[x], and f (x) is irreducible in
Q[x].
11.27 Themonic polynomials of degree 2 are precisely those of the form x2+ax+b,
with a, b ∈ F . There are thus n2 of them. Such a polynomial is reducible if and only if
it factors as (x−c)(x−d), with c, d ∈ F . When c = d, there are n choices. If c �= d,
there are n choices for c and n−1 for d. Of course, (x −c)(x −d) = (x −d)(x −c),
so we get n(n − 1)/2 possibilities, for a total of n + n(n − 1)/2 = n(n + 1)/2
reducible polynomials. By unique factorization, all of them are distinct. Thus, the
number of irreducibles is n2 − n(n + 1)/2 = n(n − 1)/2.

11.29 (1) x4 + 1 = (x2 + a)(x2 − a).
(2) x4 + 1 = (x2 + ax − 1)(x2 − ax − 1).
(3) x4 + 1 = (x2 + ax + 1)(x2 − ax + 1).

Problems of Chapter 12

12.1 No, as xn + 1 and xn lie in V but their difference, 1, does not.

12.3 We have 0 ∈ U and 0 ∈ W , so 0 ∈ U ∩W . If v1, v2 ∈ U ∩W , then v1, v2 ∈ U ,
so v1 + v2 ∈ U . Similarly, v1 + v2 ∈ W , so v1 + v2 ∈ U ∩W . If a ∈ F , then av1 ∈ U
and av1 ∈ W , so av1 ∈ U ∩W . The argument for an arbitrary collection of subspaces
is similar.

12.5 As 0 ∈ U , we have 0 = α(0) ∈ α(U ). (This follows immediately from the fact
that α is, by definition, a homomorphism of additive groups.) Also, if α(u1), α(u2) ∈
α(U ) and a ∈ F , then α(u1) + α(u2) = α(u1 + u2) ∈ α(U ), since u1 + u2 ∈ U ,
and aα(u1) = α(au1) ∈ α(U ), since au1 ∈ U .

12.7 It is. As 2 · 0 + 3 · 0 + 7 · 0 = 0, we see that (0, 0, 0) ∈ W . Suppose that
(a1, b1, c1), (a2, b2, c2) ∈ W and a ∈ F . Then 2(a1+a2)+3(b1+b2)+7(c1+c2) =
(2a1+3b1+7c1)+(2a2+3b2+7c2) = 0+0 = 0, so (a1+a2, b1+b2, c1+c2) ∈ W .
Also, 2aa1 +3ab1 +7ac1 = a(2a1 +3b1 +7c1) = a ·0 = 0; thus, (aa1, ab1, ac1) ∈
W .

12.9 We have v + v + v = 1v + 1v + 1v = (1 + 1 + 1)v = 0v = 0.

12.11 (1) As 3(1, 3, 5) + 2(2, 1, 4) − 1(7, 11, 23) = (0, 0, 0), they are linearly
dependent.

(2) Suppose that a(1, 3, 4)+b(2, 2, 1)+c(3, 6, 3) = (0, 0, 0). Then a+2b+3c =
3a + 2b+ 6c = 4a + b+ 3c = 0. Thus, 3a − b = a − 2b = 0. We see immediately
that a = b = 0, and hence c = 0. Therefore, the vectors are linearly independent.
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12.13 (1) No. If they did, then as (1, 0, 2) + (2, 5, 3) = (3, 5, 5), the vectors are
linearly dependent, which means that some proper subset would form a basis for Q

3.
But Q

3 is 3-dimensional over Q, so this is impossible.
(2) Yes. We claim that the vectors are linearly independent. If a(1, 0, 2) +

b(2, 3, 5) + c(0, 0, 4) = (0, 0, 0), we see immediately that b = 0, from which
it follows that a = 0 and then c = 0. Thus, we can add vectors to this set to find a
basis for Q

3. But again, we are in a space with dimension 3, so no more vectors can
be added. Therefore, the vectors span the space.

12.15 If the field is C, we can see that every matrix can be written in a unique and

obvious way as a linear combination of

(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)
, so these

matrices form a basis and the dimension is 4. Working over R, we would also need(
i 0
0 0

)
,

(
0 i
0 0

)
,

(
0 0
i 0

)
,

(
0 0
0 i

)
, so the dimension is 8.

12.17 Let dim V = n. If n = 0, then V = {0} and the only possible subspace is
{0}, so there is nothing to do. So assume that n ≥ 1. If W = {0}, then again, there
is nothing to do. So assume that there exists 0 �= w1 ∈ W . Then w1 is, by itself,
linearly independent. If w1 spans W , then we have a basis for W . If not, then there
exists a w2 ∈ W such that w2 is not a scalar multiple of w1. But now w1 and w2 are
linearly independent. If they span W , we have a basis. Otherwise, find w3 ∈ W such
that w3 is not a linear combination of w1 and w2. Repeat this procedure. We cannot
possibly go beyond wn , as V cannot have n + 1 linearly independent vectors. Thus,
W has a basis consisting of at most n elements, so dimW ≤ dim V . IfW �= V , then
we can add to the basis for W to obtain a basis for V , which means we must have
dimW < dim V .

12.19 Suppose that a1α(v1)+a2α(v2)+· · ·+anα(vn) = 0, for some ai ∈ F . Then
α(a1v1 + · · · + anvn) = 0. As α is one-to-one, a1v1 + · · · + anvn = 0. But the vi are
linearly independent. Thus, a1 = · · · = an = 0.

12.21 Let a = √
5 + √

7. Then a2 = 12 + 2
√
35, so (a2 − 12)2 = 140. Thus, a

satisfies f (x) = x4−24x2+4.Wemust show that f (x) is irreducible overQ. If it has
a root in Q, then by the Rational Roots Theorem, the root must lie in {±1,±2,±4}.
But none of these work. The only other possibility is that f (x) is the product of two
polynomials of degree 2. By Theorem 11.4, they may be assumed to be in Z[x]. Up
to a factor of −1, and noting that there is no x3 term in f (x), the factorization must
be (x2 + bx + c)(x2 − bx + d), for some b, c, d ∈ Z. As there is no x term in f (x),
either b = 0 or c = d. If b = 0, we have c + d = −24 and cd = 4. No integers can
possibly satisfy these equations. So, assume that c = d. We are left with the cases
(x2 + bx + 2)(x2 − bx + 2) and (x2 + bx − 2)(x2 − bx − 2), for some integer b.
These possibilities yield, respectively, 4 − b2 = −24 and −4 − b2 = −24. Neither
of these equations has a solution in Z.

12.23 Suppose that [K : F] = n. If a ∈ K , then 1, a, a2, . . . , an are linearly
dependent over F , by Lemma 12.1. Thus, there exist bi ∈ F , not all zero, such that
b0 + b1a + b2a2 + · · · + bnan = 0. That is, a is a root of b0 + b1x + · · · + bnxn .
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12.25 Let L = ⋃∞
n=1 Fn . As 1 ∈ F1, we have 1 ∈ L . Suppose that r, s ∈ L . Then

r ∈ Fm , s ∈ Fn , for some m, n ∈ N. Letting k be the larger of m and n, we have
r, s ∈ Fk . Thus, r − s ∈ Fk ⊆ L and, if s �= 0, rs−1 ∈ Fk ⊆ L .

12.27 As a ∈ F(a) and F(a) is a field, we must have a2 ∈ F(a). Also, F ⊆ F(a).
As F(a2) is the intersection of all subfields of K containing F and a2, it follows that
F(a2) ⊆ F(a). For the second part, let F = Q and a = i . Then Q(a2) = Q(−1) =
Q, but Q(a) contains i , so the fields are different.

12.29 The minimal polynomial of a is irreducible over C. By the Fundamental
Theorem of Algebra, this minimal polynomial has degree 1, and must therefore be
x − a ∈ C[x]; thus, a ∈ C.

12.31 Note that f (x) = x3 + x + 1 is irreducible over Z7. (It has degree 3 and no
roots in Z7.) Thus, F = Z7[x]/( f (x)) will work. Letting a = x + ( f (x)), we know
that the elements of F are the linear combinations of 1, a and a2 over Z7. Also, a is
a root of f (x), so a3 = −a − 1 = 6a + 6 and a4 = (6a + 6)a = 6a2 + 6a. Thus,
(a2 + 5a + 4)(3a2 + 6) = 3a4 + a3 + 4a2 + 2a + 3 = 3(6a2 + 6a) + (6a + 6) +
4a2 + 2a + 3 = a2 + 5a + 2.

12.33 If a and b are any two roots of x3 − 2, then (ab−1)3 = 1, so ab−1 is one of
the roots of x3 − 1. One such root in C is 1 and another is ω. Also, (ω2)3 = 1, so
ω2 is the third complex root of x3 − 1. Thus, since Q(

3
√
2, ω) must contain 3

√
2, 1, ω

and ω2, we see that it contains every root of x3 − 2; in particular, x3 − 2 splits over
Q(

3
√
2, ω). On the other hand, if x3 − 2 splits over any subfield, then that subfield

would have to contain all three roots, namely, 3
√
2, ω 3

√
2 and ω2 3

√
2. As it is a field,

this means it must contain ω as well, so it is all of Q(
3
√
2, ω).

12.35 Note thatQ(
√
2) is a splitting field of x2−2 overQ. (Both roots,

√
2 and−√

2
are in the field, and would have to be in any splitting field.) As an automorphism α

must map the identity to the identity, we see immediately that α(c) = c for all c ∈ Z.
Similarly, ifm, n ∈ Zwith n > 0, thenm = α(m) = α(n(m/n)) = nα(m/n). Thus,
α(c) = c for all c ∈ Q. By the preceding exercise, α(

√
2) must be a root of x2 − 2;

in particular, α(
√
2) ∈ {√2,−√

2}. In the former case, α is the identity function. In
the latter case, α(a + b

√
2) = a − b

√
2 for all a, b ∈ Q. By Lemma 12.4, this is an

automorphism.

12.37 Let K be a splitting field for f (x) over F . Say that in K [x], we have f (x) =
a(x−a1)(x−a2) · · · (x−an). Then g(x) = a(x+1−a1)(x+1−a2) · · · (x+1−an) =
a(x − (a1 − 1))(x − (a2 − 1)) · · · (x − (an − 1)). Since the ai lie in K , so do the
ai − 1; thus, g(x) splits over K . Furthermore, for g(x) to split, all of the ai − 1 must
be present, and hence so must all of the ai . Thus, we cannot make K any smaller
and have g(x) split, so K is a splitting field for g(x). Showing that splitting fields
for g(x) must be splitting fields for f (x) involves a similar argument.

12.39 If |F | = pn , for some prime p and positive integer n, then F has one proper
subfield for each integer m, 1 ≤ m < n, with m|n. The first value n that works is 6,
so the smallest such field has order 26 = 64. Specifically, it is the splitting field of
x64 − x over Z2.
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12.41 Let a ∈ K be a root of f (x). Then [Z5(a) : Z5] = 3. If all roots of f (x)
lie in Z5(a), then K = Z5(a), and |K | = 53. Otherwise, in Z5(a)[x], we have
f (x) = (x − a)g(x), where g(x) is an irreducible polynomial of degree 2. Letting
b be a root of g(x) in K , we see that [Z5(a, b) : Z5(a)] = 2. Furthermore, in
Z5(a, b), the polynomial f (x) splits into linear factors, so K = Z5(a, b). Now,
[K : Z5] = [K : Z5(a)][Z5(a) : Z5] = 2 · 3 = 6, and |K | = 56.

12.43 Every field of characteristic 0 is perfect, so char F = p, for some prime
p. The fact that f (x) = a0 + apx p + · · · + ampxmp follows exactly as in the
proof of Theorem 12.16. Suppose that all of the ai are algebraic over the prime
subfield, (an isomorphic copy of) Zp. Then [Zp(a0) : Zp] < ∞. Also, ap is
algebraic over Zp, and hence over Zp(a0), so [Zp(a0, ap) : Zp(a0)] < ∞. Thus,
[Zp(a0, ap) : Zp] = [Zp(a0, ap) : Zp(a0)][Zp(a0) : Zp] < ∞. In the same way,
[Zp(a0, ap, . . . , amp : Zp] < ∞, which means that Zp(a0, ap, . . . , amp) is a finite
field, and hence perfect. If f (x) is irreducible over F , it is surely irreducible over
Zp(a0, . . . , amp). An irreducible polynomial over a perfect field cannot havemultiple
roots in any extension field.

12.45 If it were cyclic, it would be infinite cyclic. But note that −1 ∈ U (F), and
−1 has order 2. An infinite cyclic group has no such element.

12.47 Let F be the splitting field of x125 − x over Z5. We know that it has order
125. Let f (x) ∈ Z5[x] be an irreducible factor of x125 − x . If a ∈ F is a root of
f (x), then [Z5(a) : Z5] = deg( f (x)). But Z5(a) is a subfield of F . A subfield of a
field of order 53 can only have order 5 or 53. Thus, deg( f (x)) = 1 or 3.

Problems of Chapter 13

13.1 WKHWUHDVXUHLVEXULHGWZHQWBSDFHVQRUWKRIWKHSDO-
PWUHH

13.3 We need k to be relatively prime to 26. If it is not, then letting d = (26, k), we
see that both 0 and 26/d will be encrypted as 0, so decryption will be impossible.
On the other hand, if (k, 26) = 1, then k ∈ U (26), so we can decrypt by multiplying
by k−1. (If k ≡ 1 (mod 26), then multiplying by k does not change the text at all,
so it would be reasonable to rule out this key as well.)

13.5 JGVSHNEGJESCRPPRBSXBPPVGHBSJKEHXVT

13.7 KXTNRHIOQJHVKWNKSVNHSWOXCLFAAMJSKSBO

13.9 Writing n = pq, the smaller of p and q must certainly be less than
√
n,

so we only need to try primes up to 44. We discover that p = 37 and q = 53.
Thus, ϕ(n) = 36 · 52 = 1872. To find d, we use the Euclidean algorithm. In
particular, 1872 = 43(43) + 23; 43 = 23(1) + 20; 23 = 20(1) + 3; 20 = 3(6) + 2;
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3 = 2(1)+1; 2 = 1(2)+0. Thus, 1 = 3(1)+2(−1) = 3(1)+(20(1)+3(−6))(−1) =
20(−1) + 3(7) = 20(−1) + (23(1) + 20(−1))(7) = 23(7) + 20(−8) = 23(7) +
(43(1)+23(−1))(−8) = 43(−8)+23(15) = 43(−8)+(1872(1)+43(−43))(15) =
1872(15) + 43(−653). Therefore, 43(−653) ≡ 1 (mod 1872). As we need d to be
positive, adding 1872, we get d = 1219.

13.11 We must break our message into blocks of length 2. As we have an odd
number of letters, we add a Q to the end. Then AL is 0011, GE is 0604, BR is 0117
and AQ is 0016. Next, 11149 ≡ 5581 (mod 17399), 604149 ≡ 2315 (mod 17399),
117149 ≡ 4926 (mod 17399) and 16149 ≡ 9527 (mod 17399), so our encrypted
message consists of the four numbers 5581, 2315, 4926 and 9527.

13.13 Note thatn = 103·179 = 18437 andϕ(n) = 102·178 = 18156. Tofindd, we
apply the Euclidean algorithm. Namely, 18156 = 151(120) + 36; 151 = 36(4) + 7;
36 = 7(5) + 1; 7 = 1(7) + 0. Thus, 1 = 36(1) + 7(−5) = 36(1) + (151(1) +
36(−4))(−5) = 151(−5) + 36(21) = 151(−5) + (18156(1) + 151(−120))(21) =
18156(21) + 151(−2525). Therefore, −2525e ≡ 1 (mod ϕ(n)). As we need d to
be positive, we add 18156 and get d = 15631. We now calculate 246915631 ≡ 1514
(mod 18437), 709315631 ≡ 1124 (mod 18437), 1477315631 ≡ 1314 (mod 18437),
1090015631 ≡ 1208 (mod 18437) and 14315631 ≡ 11 (mod 18437) (which we
remember to write as 0011). So, our message is 15141124131412080011, which
translates to POLYNOMIAL.

Problems of Chapter 14

14.1 Construct the line through A and B. Next, construct the circle centred at A
with radius AB. Say it meets the line at B and C . Construct the circle centred at B
with radius AB, and say that it meets the line at A and E . Then the distance from C
to E is 3, so if we construct the perpendicular bisector of CE , and it meets the line
at D, then the distance from C to D is 1.5.

14.3 Construct the circle centred at A with radius AB and the circle centred at
B with radius AB. Let C be either of the intersection points of these circles. By
construction, the three sides of ABC have the same length.

14.5 We begin by constructing the line through B and A. Next, construct the circle
centred at B with radius BC . It meets the line through B and A at two points; let E
be the one of those points on the same side of B as A. Then replacing A with E , we
may assume that in our original angle, A and C were equidistant from B. Construct
the line through A and C , then construct the perpendicular bisector of AC . These
two lines meet at the desired point, D.
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14.7 Proceeding as in the solution to Exercise 14.3, construct a point E such that
ABE is an equilateral triangle. It must lie on the circle. Now do the same thing with
A and E ; that is, construct a pointC (the one that is different from B) such that AEC
is an equilateral triangle. Again, C must be on the circle. Now do the same with A
and C , and construct a new point F on the circle such that ACF is an equilateral
triangle. Performing the same construction for A and F , we obtain a new point D
on the circle such that AFD is an equilateral triangle. And then in the same way, we
can construct a point G on the circle such that ADG is an equilateral triangle. But
now BECFDG is a regular hexagon, so BCD is an equilateral triangle.

14.9 As the constructible numbers form a field, if a + b were constructible, then
a+b−a = bwould also be constructible, giving a contradiction. Similarly, if abwere
constructible, then the field of constructible numberswould includea−1ab = b. Now,
if −b were constructible then b would be constructible as well, so letting c = −b,
we see that b + c = 0 is constructible. On the other hand, if we let c = b, then we
get b + c = 2b. If this were constructible, then since 1/2 is also constructible, we
would find that b would be constructible as well.

14.11 (1)Yes.As all integers are constructible and the field of constructible numbers
is closed under the taking of square roots of its nonnegative elements, we see that
2 + √

5 − √
3 is constructible, and then we can take the square root twice to obtain

this element.
(2) No. Once again, we know that

√
3 is constructible, but 3

√
3 is a root of x3 − 3.

By Eisenstein’s criterion, this polynomial is irreducible over Q, so 3
√
3 has minimal

polynomial x3 − 3. As the degree is not a power of 2, 3
√
3 is not constructible. By

Exercise 14.9, the sum of a number that is constructible with one that is not is not
constructible.

14.13 By Eisenstein’s criterion, this polynomial is irreducible over Q. Thus, it is
the minimal polynomial of a over Q. As the degree is not a power of 2, a is not
constructible.

14.15 We will prove a stronger statement, that an angle of π/6 can be constructed.
We are given the points (0, 0) and (1, 0). To obtain such an angle, we only need to
construct the point (cos(π/6), sin(π/6)) = (

√
3/2, 1/2). But by Theorems 14.1 and

14.2, the numbers
√
3/2 and 1/2 are constructible, so the point is constructible.

14.17 There is nothing to do for n = 1.When n = 2,we have cos(2θ) = 2 cos2(θ)−
1. For the n = 3 case, we look to the proof of Theorem 14.6, and see that cos(3θ) =
4 cos3(θ) − 3 cos(θ). To handle the remaining cases, we simply note that cos(θ) =
cos(−θ) = cos(2π − θ). Thus, cos(4θ) = cos(8π/7) = cos(6π/7) = cos(3θ) and,
similarly, cos(5θ) = cos(2θ) and cos(6θ) = cos(θ).
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14.19 Let D = A. We know that the number
√
2 is constructible, which means

that the point E = (
√
2, 0) is constructible. Construct the circle centred at A and

passing through C . It will meet the x-axis (which we can construct) at (m, 0), where
m is the distance from A to C . Thus, the number m is constructible, and so m

√
2

is constructible. In particular, we can construct the point (m
√
2, 0). Now draw the

circle centred at A and passing through (m
√
2, 0). It intersects the line through A

and C at a point F , where the distance from A to F is m
√
2 and F is on the same

side of A as C . The triangles ABC and DEF are similar. As the side lengths are
increased by a factor of

√
2, the area is increased by a factor of 2.
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Galois, 108
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Gcd, 20, 178
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Greatest common divisor, 20, 178
Group, 38
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cyclic, 45, 54, 74
decomposable, 97
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quotient, 65
simple, 108
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symmetric, 37, 40, 101
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Group table, 38

H
Homomorphism

of groups, 69
of rings, 155

I
Ideal, 149

maximal, 167
prime, 169
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Identity, 36, 38, 136
additive, 26, 29, 135
group, 38

multiplicative, 26, 29, 136
Identity matrix, 259
Image, 71
Imperfect field, 227
Indecomposable group, 97
Index, 58
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Infinite-dimensional, 213
Infinite group, 45
Infinite order, 46
Injective, 10
Inner automorphism, 82
Inner automorphism group, 82
Integers, 3
Integers modulo n, 28
Integral domain, 143
Internal direct product, 85
Intersection, 4
Invariant factor, 95
Invariant factor decomposition, 95
Inverse, 36, 38, 143, 260

additive, 26, 29
multiplicative, 26

Inverse image, 71
Invertible matrix, 260
Involution, 165

symplectic, 165
transpose, 165

Irreducible, 184
Irreducible polynomial, 191
Isomorphic groups, 72
Isomorphic rings, 159
Isomorphism

of groups, 72
of rings, 159

J
Jordan, 108

K
Kernel, 69, 156
Key, 233

private, 235
public, 235

L
Lagrange, 58
Lagrange’s theorem, 58
Leading coefficient, 172
Leading term, 172
Least common multiple, 104
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Linear transformation, 210

M
Mathematical induction, 16

strong, 18
Matrix, 257

identity, 259
invertible, 260
zero, 257

Matrix ring, 136
Maximal ideal, 167
Minimal polynomial, 218, 219
Modular arithmetic, 27
Monic polynomial, 172
Motzkin, 183
Multiple, 20
Multiple root, 225
Multiplicative cipher, 235
Multiplicative identity, 26, 29, 136
Multiplicative inverse, 26
Multiplicative notation, 42

N
Natural numbers, 3
N/C Theorem, 117
Nonempty set, 3
Norm, 184
Normalizer, 116
Normal subgroup, 61, 63

O
Odd permutation, 106
One time pad, 234
One-to-one, 10
One-to-one correspondence, 11
Onto, 11
Order

finite, 46
infinite, 46
of a group, 45
of a group element, 46

P
Partition, 7
p-element, 88
Perfect field, 226
Permutation, 12, 35

even, 106
odd, 106

p-group, 88, 125
Prüfer, 98

PID, 182
Polynomial, 171

constant, 172
irreducible, 191
minimal, 218, 219
monic, 172
primitive, 195
reducible, 191
zero, 172

Polynomial degree, 172
Polynomial ring, 136, 172
Power, 45
Power automorphism, 84
Preimage, 71
Prime, 24, 183
Prime factorization, 24
Prime ideal, 169
Prime number, 24
Prime subfield, 166
Primitive nth root of unity, 254
Primitive polynomial, 195
Principal ideal, 151
Principal ideal domain, 182
Private key, 235
Proper subgroup, 49
Proper subset, 4
Proposition, 15
Prüfer, 98
Prüfer p-group, 98
Public key, 235
Purely imaginary, 253

Q
Quadratic extension, 215
Quaternion group, 129
Quotient, 20
Quotient group, 65
Quotient ring, 152

R
Rational numbers, 3
Rational Roots Theorem, 195
Real numbers, 3
Reducible polynomial, 191
Reflexive, 5
Relation, 5

equivalence, 6
reflexive, 5
symmetric, 5
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transitive, 6
Relative complement, 4
Relatively prime, 20
Remainder, 20
Remainder Theorem, 192
Right coset, 59
Ring, 135

commutative, 136
factor, 152
of complex numbers, 136
of integers, 136
of integers modulo n, 136
of matrices, 136
of polynomials, 136, 172
of rational numbers, 136
of real numbers, 136
quotient, 152
with identity, 136

Ring automorphism, 163
Ring homomorphism, 155
Ring isomorphism, 159
Rivest, 236
Root, 192

multiple, 225
Rotation, 52
RSA scheme, 236

S
Scalar multiplication, 207
Schönemann, 196
Second Isomorphism Theorem for Groups,

79
Second Isomorphism Theorem for Rings,

166
Second Sylow Theorem, 123
Set, 3

empty, 3
nonempty, 3

Set difference, 4
Shamir, 236
Simple extension, 217
Simple group, 108
Simple substitution cipher, 234
Span, 211
Special linear group, 63
Splits, 221
Splitting field, 222
Squaring the circle, 242, 250
Straightedge, 241
Strong induction, 18
Subfield, 145

prime, 166
Subgroup, 48

cyclic, 49

normal, 61, 63
of a cyclic group, 54
of index 2, 62
proper, 49

Subring, 140
unital, 141

Subset, 4
proper, 4

Subspace, 209
Surjective, 11
Sylow, 122
Sylow p-subgroup, 122
Sylow theorems, 122
Symmetric, 5
Symmetric group, 37, 40, 101
Symmetry of a polygon, 52
Symplectic involution, 165

T
Third Isomorphism Theorem for Groups, 80
Third Isomorphism Theorem for Rings, 167
Third Sylow Theorem, 123
Transcendental, 217
Transitive, 6
Transpose, 165
Transposition, 105
Trisecting the angle, 243, 251
Trivial group, 39

U
UFD, 185
Union, 4
Unique factorization domain, 185
Unit, 143
Unital subring, 141
Unit group, 143

V
Vector space, 207

finite-dimensional, 213
infinite-dimensional, 213

W
Well Ordering Axiom, 15

Z
Zero divisor, 142
Zero matrix, 257
Zero polynomial, 172
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