
AVectorAlgebra

In various sections of this book we referred to the notion of a vector. We assumed
the reader to have a basic knowledge on standard school level. In this appendix we
recapitulate some basic notions of vector algebra. For a more detailed presentation
we refer to [2].

A.1 Cartesian Coordinate Systems

A Cartesian coordinate system in the plane (in space) consists of two (three) real
lines (coordinate axes) which intersect in right angles at the point O (origin). We
always assume that the coordinate system is positively (right-handed) oriented. In a
planar right-handed system, the positive y-axis lies to the left in viewing direction of
the positive x-axis (Fig.A.1). In a positively oriented three-dimensional coordinate
system, the direction of the positive z-axis is obtained by turning the x-axis in the
direction of the y-axis according to the right-hand rule, see Fig.A.2.

The coordinates of a point are obtained by parallel projection of the point onto
the coordinate axes. In the case of the plane, the point A has the coordinates a1 and
a2, and we write

A = (a1, a2) ∈ R
2.

In an analogous way a point A in space with coordinates a1, a2 and a3 is denoted as

A = (a1, a2, a3) ∈ R
3.

Thus one has a unique representation of points by pairs or triples of real numbers.
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A.2 Vectors

For two points P and Q in the plane (in space) there exists exactly one parallel
translation which moves P to Q. This translation is called a vector. Vectors are thus
quantities with direction and length. The direction is that from P to Q and the length
is the distance between the two points. Vectors are used to model, e.g., forces and
velocities. We always write vectors in boldface.

For a vector a, the vector −a denotes the parallel translation which undoes the
action of a; the zero vector 0 does not cause any translation. The composition of
two parallel translations is again a parallel translation. The corresponding operation
for vectors is called addition and is performed according to the parallelogram rule.
For a real number λ ≥ 0, the vector λ a is the vector which has the same direction
as a, but λ times the length of a. This operation is called scalar multiplication. For
addition and scalar multiplication the usual rules of computation apply.

Let a be the parallel translation from P to Q. The length of the vector a, i.e. the
distance between P and Q, is called norm (or magnitude) of the vector. We denote
it by ‖a‖. A vector e with ‖e‖ = 1 is called a unit vector.

A.3 Vectors in a Cartesian Coordinate System

In a Cartesian coordinate system with origin O , we denote the three unit vectors in
direction of the three coordinate axes by e1, e2, e3, see Fig.A.3. These three vectors
are called the standard basis of R3. Here e1 stands for the parallel translation which
moves O to (1, 0, 0), etc.
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Fig.A.3 Representation of a
in components
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The vector a which moves O to A can be decomposed in a unique way as a =
a1e1 + a2e2 + a3e3. We denote it by

a =
⎡
⎣
a1
a2
a3

⎤
⎦ ,

where the column on the right-hand side is the so-called coordinate vector of a with
respect to the standard basis e1, e2, e3. The vector a is also called position vector
of the point A. Since we are always working with the standard basis, we identify a
vector with its coordinate vector, i.e.

e1 =
⎡
⎣
1
0
0

⎤
⎦ , e2 =

⎡
⎣
0
1
0

⎤
⎦ , e3 =

⎡
⎣
0
0
1

⎤
⎦

and

a = a1e1 + a2e2 + a3e3 =
⎡
⎣
a1
0
0

⎤
⎦+

⎡
⎣
0
a2
0

⎤
⎦+

⎡
⎣
0
0
a3

⎤
⎦ =

⎡
⎣
a1
a2
a3

⎤
⎦ .

To distinguish between points and vectors we write the coordinates of points in a
row, but use column notation for vectors.

For column vectors the usual rules of computation apply:

⎡
⎣
a1
a2
a3

⎤
⎦+

⎡
⎣
b1
b2
b3

⎤
⎦ =

⎡
⎣
a1 + b1
a2 + b2
a3 + b3

⎤
⎦ , λ

⎡
⎣
a1
a2
a3

⎤
⎦ =

⎡
⎣

λa1
λa2
λa3

⎤
⎦ .

Thus the addition and the scalar multiplication are defined componentwise.
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The norm of a vector a ∈ R
2 with components a1 and a2 is computed with

Pythagoras’ theorem as ‖a‖ =
√
a21 + a22 . Hence the components of the vector a

have the representation

a1 = ‖a‖ · cosα and a2 = ‖a‖ · sinα,

and we obtain

a = ‖a‖ ·
[
cosα
sinα

]
= length · direction,

see Fig.A.4. For the norm of a vector a ∈ R
3 the analogous formula ‖a‖ =√

a21 + a22 + a23 holds.

Remark A.1 The plane R2 (and likewise the space R3) appears in two roles: On the
one hand as point space (its objects are points which cannot be added) and on the
other hand as vector space (its objects are vectors that can be added). By parallel
translation,R2 (as vector space) can be attached to every point ofR2 (as point space),
see Fig.A.5. In general, however, point space and vector space are different sets, as
shown in the following example.

Example A.2 (Particle on a circle) Let P be the position of a particle which moves
on a circle and v its velocity vector. Then the point space is the circle and the vector
space the tangent to the circle at the point P , see Fig.A.6.

Fig.A.4 A vector a with its
components a1 and a2
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Fig.A.5 Force F
applied at P F

P
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Fig.A.6 Velocity vector is
tangential to the circle
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A.4 The Inner Product (Dot Product)

The angle �(a, b) between two vectors a,b is uniquely determined by the condition
0 ≤ �(a, b) ≤ π. One calls a vector a orthogonal (perpendicular) to b (in symbols:
a ⊥ b), if �(a,b) = π

2 . By definition, the zero vector 0 is orthogonal to all vectors.

Definition A.3 Let a,b be planar (or spatial) vectors. The number

〈a,b〉 =
{

‖a‖ · ‖b‖ · cos�(a, b) a 	= 0, b 	= 0,

0 otherwise,

is called the inner product (dot product) of a and b.

For planar vectors a, b ∈ R
2 the inner product is calculated from their compo-

nents as

〈a,b〉 =
〈[
a1
a2

]
,

[
b1
b2

]〉
= a1b1 + a2b2.

For vectors a,b ∈ R
3 the analogous formula holds:

〈a,b〉 =
〈⎡
⎣
a1
a2
a3

⎤
⎦ ,

⎡
⎣
b1
b2
b3

⎤
⎦
〉

= a1b1 + a2b2 + a3b3.

Example A.4 The standard basis vectors ei have length 1 and are mutually orthog-
onal, i.e.

〈ei , e j 〉 =
{
1, i = j,

0, i 	= j.

For vectors a, b, c and a scalar λ ∈ R the inner product obeys the rules

(a) 〈a, b〉 = 〈b, a〉,
(b) 〈a, a〉 = ‖a‖2,
(c) 〈a, b〉 = 0 ⇔ a ⊥ b,
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(d) 〈λa,b〉 = 〈a,λb〉 = λ〈a,b〉,
(e) 〈a + b, c〉 = 〈a, c〉 + 〈b, c〉.

Example A.5 For the vectors

a =
⎡
⎣

2
−4
0

⎤
⎦ , b =

⎡
⎣
6
3
4

⎤
⎦ , c =

⎡
⎣

1
0

−1

⎤
⎦

we have

‖a‖2 = 4 + 16 = 20, ‖b‖2 = 36 + 9 + 16 = 61, ‖c‖2 = 1 + 1 = 2,

and

〈a, b〉 = 12 − 12 = 0, 〈a, c〉 = 2.

From this we conclude that a is perpendicular to b and

cos�(a, c) = 〈a, c〉
‖a‖ · ‖c‖ = 2√

20
√
2

= 1√
10

.

The value of the angle between a and c is thus

�(a, c) = arccos
1√
10

= 1.249 rad.

A.5 The Outer Product (Cross Product)

For vectors a,b in R2 one defines

a × b =
[
a1
a2

]
×
[
b1
b2

]
= det

[
a1 b1
a2 b2

]
= a1b2 − a2b1 ∈ R,

the cross product of a and b. An elementary calculation shows that

|a × b| = ‖a‖ · ‖b‖ · sin�(a,b).

Thus |a × b| is the area of the parallelogram spanned by a and b.
For vectors a,b ∈ R

3 one defines the cross product as

a × b =
⎡
⎣
a1
a2
a3

⎤
⎦×

⎡
⎣
b1
b2
b3

⎤
⎦ =

⎡
⎣
a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1

⎤
⎦ ∈ R

3.

This product has the following geometric interpretation: If a = 0 or b = 0 or a = λb
then a × b = 0. Otherwise a × b is the vector
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(a) which is perpendicular to a and b : 〈a × b, a〉 = 〈a × b,b〉 = 0;

(b) which is directed such that a, b, a × b forms a right-handed system;

(c) whose length is equal to the area F of the parallelogram spanned by a and b :
F = ‖a × b‖ = ‖a‖ · ‖b‖ · sin�(a,b).

Example A.6 Let E be the plane spanned by the two vectors

a =
⎡
⎣

1
−1
2

⎤
⎦ and b =

⎡
⎣
1
0
1

⎤
⎦ .

Then

a × b =
⎡
⎣

1
−1
2

⎤
⎦×

⎡
⎣
1
0
1

⎤
⎦ =

⎡
⎣

−1
1
1

⎤
⎦

is a vector perpendicular to this plane.

For a, b, c ∈ R
3 and λ ∈ R the following rules apply

(a) a × a = 0, a × b = −(b × a),

(b) λ(a × b) = (λa) × b = a × (λb),

(c) (a + b) × c = a × c + b × c.

However, the cross product is not associative and

a × (b × c) 	= (a × b) × c

for general a, b, c. For instance, the standard basis vectors of the R
3 satisfy the

following identities

e1 × (e1 × e2) = e1 × e3 = −e2,

(e1 × e1) × e2 = 0 × e2 = 0.

A.6 Straight Lines in the Plane

The general equation of a straight line in the (x, y)-plane is

ax + by = c,
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where at least one of the coefficients a and bmust be different from zero. The straight
line consists of all points (x, y) which satisfy the above equation,

g = {
(x, y) ∈ R

2; ax + by = c
}
.

If b = 0 (and thus a 	= 0) we get

x = c

a
,

and thus a line parallel to the y-axis. If b 	= 0, one can solve for y and obtains the
standard form of a straight line

y = −a

b
x + c

b
= kx + d

with slope k and intercept d.
The parametric representation of the straight line is obtained from the general

solution of the linear equation

ax + by = c.

Since this equation is underdetermined, one replaces the independent variable by a
parameter and solves for the other variable.

Example A.7 In the equation

y = kx + d

x is considered as independent variable. One sets x = λ and obtains y = kλ + d and
thus the parametric representation

[
x
y

]
=
[
0
d

]
+ λ

[
1
k

]
, λ ∈ R.

Example A.8 In the equation

x = 4

y is the independent variable (it does not even appear). This straight line in parametric
representation is

[
x
y

]
=
[
4
0

]
+ λ

[
0
1

]
.

In general, the parametric representation of a straight line is of the form

[
x
y

]
=
[
p
q

]
+ λ

[
u
v

]
, λ ∈ R
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(position vector of a point plus a multiple of a direction vector). A vector perpendic-
ular to this straight line is called a normal vector. It is a multiple of

[
v

−u

]
, since

〈[
u
v

]
,

[
v

−u

]〉
= 0.

The conversion to the nonparametric form is obtained by multiplying the equation
in parametric form by a normal vector. Thereby the parameter is eliminated. In the
example above one obtains

vx − uy = pv − qu.

In particular, the coefficients of x and y in the nonparametric form are just the
components of a normal vector of the straight line.

A.7 Planes in Space

The general form of a plane in R3 is

ax + by + cz = d,

where at least one of the coefficients a, b, c is different from zero. The plane consists
of all points which satisfy the above equation, i.e.

E = {
(x, y, z) ∈ R

3; ax + by + cz = d
}
.

Since at least one of the coefficients is nonzero, one can solve the equation for the
corresponding unknown.

For example, if c 	= 0 one can solve for z to obtain

z = −a

c
x − b

c
y + d

c
= kx + ly + e.

Here k represents the slope in x-direction, l is the slope in y-direction and e is the
intercept on the z-axis (because z = e for x = y = 0). By introducing parameters
for the independent variables x and y

x = λ, y = μ, z = kλ + lμ + e

one thus obtains the parametric representation of the plane:

⎡
⎣
x
y
z

⎤
⎦ =

⎡
⎣
0
0
e

⎤
⎦+ λ

⎡
⎣
1
0
k

⎤
⎦+ μ

⎡
⎣
0
1
l

⎤
⎦ , λ,μ ∈ R.
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In general, the parametric representation of a plane in R3 is

⎡
⎣
x
y
z

⎤
⎦ =

⎡
⎣
p
q
r

⎤
⎦+ λ

⎡
⎣
v1
v2
v3

⎤
⎦+ μ

⎡
⎣
w1
w2
w3

⎤
⎦

with v × w 	= 0. If one multiplies this equation with v × w and uses

〈v, v × w〉 = 〈w, v × w〉 = 0,

one again obtains the nonparametric form

〈⎡
⎣
x
y
z

⎤
⎦ , v × w

〉
=
〈⎡
⎣
p
q
r

⎤
⎦ , v × w

〉
.

Example A.9 We compute the nonparametric form of the plane

⎡
⎣
x
y
z

⎤
⎦ =

⎡
⎣
3
1
1

⎤
⎦+ λ

⎡
⎣

1
−1
2

⎤
⎦+ μ

⎡
⎣
1
0
1

⎤
⎦ .

A normal vector to this plane is given by

v × w =
⎡
⎣

1
−1
2

⎤
⎦×

⎡
⎣
1
0
1

⎤
⎦ =

⎡
⎣

−1
1
1

⎤
⎦ ,

and thus the equation of the plane is

−x + y + z = −1.

A.8 Straight Lines in Space

A straight line in R3 can be seen as the intersection of two planes:

g :
{
ax + by + cz = d,
ex + f y + gz = h.

The straight line is the set of all points (x, y, z) which fulfil this system of equations
(two equations in three unknowns). Generically, the solution of the above system
can be parametrised by one parameter (this is the case of a straight line). However,
it may also happen that the planes are parallel. In this situation they either coincide,
or they do not intersect at all.



Appendix A: Vector Algebra 341

A straight line can also be represented parametrically by the position vector of a
point and an arbitrary multiple of a direction vector

⎡
⎣
x
y
z

⎤
⎦ =

⎡
⎣
p
q
r

⎤
⎦+ λ

⎡
⎣
u
v

w

⎤
⎦ , λ ∈ R.

The direction vector is obtained as difference of the position vectors of two points
on the straight line.

Example A.10 We want to determine the straight line through the points P =
(1, 2, 0) and Q = (3, 1, 2). A direction vector a of this line is given by

a =
⎡
⎣
3
1
2

⎤
⎦−

⎡
⎣
1
2
0

⎤
⎦ =

⎡
⎣

2
−1
2

⎤
⎦ .

Thus a parametric representation of the straight line is

g :
⎡
⎣
x
y
z

⎤
⎦ =

⎡
⎣
1
2
0

⎤
⎦+ λ

⎡
⎣

2
−1
2

⎤
⎦ , λ ∈ R.

The conversion from parametric to nonparametric form and vice versa is achieved
by elimination or introduction of a parameter λ. In the example above one computes
z = 2λ from the last equation and inserts it into the first two equations. This yields
the nonparametric form

x − z = 1,

2y + z = 4.



BMatrices

In this book matrix algebra is required in multi-dimensional calculus, for systems of
differential equations and for linear regression. This appendix serves to outline the
basic notions. A more detailed presentation can be found in [2].

B.1 Matrix Algebra

An (m × n)-matrix A is a rectangular scheme of the form

A =

⎡
⎢⎢⎣

a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

⎤
⎥⎥⎦ .

The entries (coefficients, elements) ai j , i = 1, . . . ,m, j = 1, . . . , n of the matrix A
are real or complex numbers. In this section we restrict ourselves to real numbers.
An (m × n)-matrix has m rows and n columns; if m = n, and the matrix is called
square. Vectors of length m can be understood as matrices with one column, i.e as
(m × 1)-matrices. In particular, one refers to the columns

a j =

⎡
⎢⎢⎣

a1 j
a2 j
...

amj

⎤
⎥⎥⎦ , j = 1, . . . , n

of a matrix A as column vectors and accordingly also writes

A = [a1 ... a2
... . . .

... an]
© Springer Nature Switzerland AG 2018
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for the matrix. The rows of the matrix are sometimes called row vectors.
The product of an (m × n)-matrix A with a vector x of length n is defined as

y = Ax,

⎡
⎢⎢⎣

y1
y2
...

ym

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

a11x1 + a12x2 + . . . + a1nxn
a21x1 + a22x2 + . . . + a2nxn

...

am1x1 + am2x2 + . . . + amnxn

⎤
⎥⎥⎦

and results in a vector y of length m. The kth entry of y is obtained by the inner
product of the kth row vector of the matrix A (written as a column) with the vector
x.

Example B.1 For instance, the product of a (2 × 3)-matrix with a vector of length 3
is computed as follows:

A =
[
a b c
d e f

]
, x =

⎡
⎣

3
−1
2

⎤
⎦ , Ax =

[
3a − b + 2c
3d − e + 2 f

]
.

The assignment x �→ y = Ax defines a linear mapping from R
n to R

m . The lin-
earity is characterised by the validity of the relations

A(u + v) = Au + Av, A(λu) = λAu

for all u, v ∈ R
n and λ ∈ R, which follow immediately from the definition of matrix

multiplication. If e j is the j th standard basis vector of Rn , then obviously

a j = Ae j .

This means that the columns of the matrixA are just the images of the standard basis
vectors under the linear mapping defined by A.

Matrix arithmetic. Matrices of the same format can be added and subtracted by
adding or subtracting their components. Multiplication with a number λ ∈ R is also
defined componentwise. The transpose AT of a matrix A is obtained by swapping
rows and columns; i.e. the i th row of the matrix AT consists of the elements of the
i th column of A:

A =

⎡
⎢⎢⎣

a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

⎤
⎥⎥⎦ , AT =

⎡
⎢⎢⎣

a11 a21 . . . am1
a12 a22 . . . am2
...

...
...

a1n a2n . . . amn

⎤
⎥⎥⎦ .

By transposition an (m × n)-matrix becomes an (n × m)-matrix. In particular, trans-
position changes a column vector into a row vector and vice versa.
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Example B.2 For the matrix A and the vector x from Example B.1 we have:

AT =
⎡
⎣
a d
b e
c f

⎤
⎦ , xT = [

3 −1 2
]
, x = [3 −1 2]T.

If a,b are vectors of length n, then one can regard aT as a (1 × n)-matrix. Its
product with the vector b is defined as above and coincides with the inner product:

aTb =
n∑

i=1

aibi = 〈a,b〉.

More generally, the product of an (m × n)-matrixAwith an (n × l)-matrix B can be
defined by forming the inner products of the row vectors ofAwith the column vectors
of B. This means that the element ci j in the i th row and j th column of C = AB is
obtained by inner multiplication of the i th row of A with the j th column of B:

ci j =
n∑

k=1

aikbk j .

The result is an (m × l)-matrix. The product is only defined if the dimensions match,
i.e. if the number of columns n of A is equal to the number of rows of B. The matrix
product corresponds to the composition of linear mappings. If B is the matrix of
a linear mapping R

l → R
n and A the matrix of a linear mapping R

n → R
m , then

AB is just the matrix of the composition of the two mappingsRl → R
n → R

m . The
transposition of the product is given by the formula

(AB)T = BTAT,

which can easily be deduced from the definitions.

Square matrices. The entries a11, a22, . . . , ann of an (n × n)-matrix A are called
the diagonal elements. A square matrix D is called diagonal matrix, if its entries are
all zero with the possible exception of the diagonal elements. Special cases are the
zero matrix and the unit matrix of dimension n × n:

O =

⎡
⎢⎢⎣

0 0 . . . 0
0 0 . . . 0
...

...
. . .

...

0 0 . . . 0

⎤
⎥⎥⎦ , I =

⎡
⎢⎢⎣

1 0 . . . 0
0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

⎤
⎥⎥⎦ .

The unit matrix is the identity with respect to matrix multiplication. For all (n × n)-
matrices A it holds that IA = AI = A. If for a given matrix A there exists a matrix
B with the property

BA = AB = I,
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then one calls A invertible or regular and B the inverse of A, denoted by

B = A−1.

Let x ∈ R
n , A an invertible (n × n)-matrix and y = Ax. Then x can be computed

as x = A−1y; in particular, A−1Ax = x and AA−1y = y. This shows that the linear
mapping R

n → R
n induced by the matrix A is bijective and A−1 represents the

inverse mapping. The bijectivity of A can be expressed in yet another way. It means
that for every y ∈ R

n there is one and only one x ∈ R
n such that

Ax = y, or

a11x1 + a12x2 + . . . + a1nxn = y1,
a21x1 + a22x2 + . . . + a2nxn = y2,
...

...
...

...

am1x1 + am2x2 + . . . + amnxn = yn .

The latter can be considered as a linear system of equations with right-hand side y
and solution x = [x1 x2 . . . xn]T. In other words, the invertibility of a matrix A is
equivalent with the bijectivity of the corresponding linear mapping and equivalent
with the unique solvability of the corresponding linear system of equations (for
arbitrary right-hand sides).

For the remainder of this appendix we restrict our attention to (2 × 2)-matrices.
Let A be a (2 × 2)-matrix with the corresponding system of equations:

A = [a1 ... a2] =
[
a11 a12
a21 a22

]
,

a11x1 + a12x2 = y1,
a21x1 + a22x2 = y2.

An important role is played by the determinant of the matrix A. In the (2 × 2)-case
it is defined as the cross product of the column vectors:

detA = a1 × a2 = a11a22 − a21a12.

Since a1 × a2 = ‖a1‖‖a2‖ sin�(a1, a2), the column vectors a1, a2 are linearly
dependent (so—in R

2—multiples of each other), if and only if detA = 0. The fol-
lowing theorem characterises invertibility in the (2 × 2)-case completely.

Proposition B.3 For (2 × 2)-matrices A the following statements are equivalent:

(a) A is invertible.

(b) The linear mapping R2 → R
2 defined by A is bijective.

(c) The linear systemof equationsAx = y has aunique solutionx ∈ R
2 for arbitrary

right-hand sides y ∈ R
2.

(d) The column vectors of A are linearly independent.

(e) The linear mapping R2 → R
2 defined by A is injective.
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(f) The only solution of the linear system of equations Ax = 0 is the zero solution
x = 0.

(g) detA 	= 0.

Proof The equivalence of the statements (a), (b) and (c) was already observed above.
The equivalence of (d), (e) and (f) can easily be seen by negation. Indeed, if the
column vectors are linearly dependent, then there exists x = [x1 x2]T 	= 0 with
x1a1 + x2a2 = 0. On the one hand, this means that the vector x is mapped to 0
by A; thus this mapping is not injective. On the other hand, x is a nontrivial solution
of the linear system of equations Ax = 0. The converse implications are shown in
the same way. Thus (d), (e) and (f) are equivalent. The equivalence of (g) and (d) is
obvious from the geometric meaning of the determinant. If the determinant does not
vanish then

A−1 = 1

a11a22 − a21a12

[
a22 −a12

−a21 a11

]

is an inverse to A, as can be verified at once. Thus (g) implies (a). Finally, (e)
obviously follows from (b). Hence all statements (a)–(g) are equivalent. �

PropositionB.3 holds for matrices of arbitrary dimension n × n. For n = 3 one
can still use geometrical arguments. The cross product, however, has to be replaced by
the triple product 〈a1 × a2, a3〉 of the three column vectors, which then also defines
the determinant of the (3 × 3)-matrix A. In higher dimensions the proof requires
tools from combinatorics, for which we refer to the literature.

B.2 Canonical Form of Matrices

In this subsection we will show that every (2 × 2)-matrix A is similar to a matrix
of standard type, which means that it can be put into standard form by a basis
transformation. We need this fact in Sect. 20.1 for the classification and solution of
systems of differential equations. The transformation explained below is a special
case of the Jordan canonical form1 for (n × n)-matrices.

If T is an invertible (2 × 2)-matrix, then the columns t1, t2 form a basis of R2.
This means that every element x ∈ R

2 can be written in a unique way as a linear
combination c1t1 + c2t2; the coefficients c1, c2 ∈ R are the coordinates of x with
respect to t1 and t2. One can regard T as a linear transformation of R2 which maps
the standard basis {[1 0]T, [0 1]T} to the basis {t1, t2}.

Definition B.4 Two matrices A,B are called similar, if there exists an invertible
matrix T such that T−1AT = B.

1C. Jordan, 1838–1922.

https://doi.org/10.1007/978-3-319-91155-7_20


348 Appendix B: Matrices

The three standard types which will define the similarity classes of (2 × 2)-
matrices are of the following form:

type I type II type III
[
λ1 0
0 λ2

] [
λ 1
0 λ

] [
μ −ν
ν μ

]

Here the coefficients λ1,λ2,λ,μ, ν are real numbers.
In what follows, we need the notion of eigenvalues and eigenvectors. If the equa-

tion

Av = λv

has a solution v 	= 0 ∈ R
2 for some λ ∈ R, then λ is called eigenvalue and v eigen-

vector of A. In other words, v is the solution of the equation

(A − λI)v = 0,

where I denotes again the unit matrix. For the existence of a nonzero solution v it is
necessary and sufficient that the matrix A − λI is not invertible, i.e.

det(A − λI) = 0.

By writing

A =
[
a b
c d

]

we see that λ has to be a solution of the characteristic equation

det

[
a − λ b
c d − λ

]
= λ2 − (a + d)λ + ad − bc = 0.

If this equation has a real solution λ, then the system of equations (A − λI)v = 0 is
underdetermined and thus has a nonzero solution v = [v1 v2]T. Hence one obtains
the eigenvectors to the eigenvalue λ by solving the linear system

(a − λ) v1 + b v2 = 0,

c v1 + (d − λ) v2 = 0.

Depending on whether the characteristic equation has two real, a double real or two
complex conjugate solutions, we obtain one of the three similarity classes of A.

Proposition B.5 Every (2 × 2)-matrix A is similar to a matrix of type I, II or III.
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Proof (1) The case of two distinct real eigenvalues λ1 	= λ2. With

v1 =
[
v11
v21

]
, v2 =

[
v12
v22

]

we denote the corresponding eigenvectors. They are linearly independent and thus
form a basis of theR2. Otherwise they would bemultiples of each other and so cv1 =
v2 for some nonzero c ∈ R. ApplyingAwould result in cλ1v1 = λ2v2 = λ2cv1 and
thus λ1 = λ2 in contradiction to the hypothesis. According to Proposition B.3 the
matrix

T = [v1 ... v2] =
[
v11 v12
v21 v22

]

is invertible. Using

Av1 = λ1v1, Av2 = λ2v2,

we obtain the identities

T−1AT = T−1A [v1 ... v2] = T−1[λ1v1
...λ2v2]

= 1

v11v22 − v21v12

[
v22 −v12

−v21 v11

] [
λ1v11 λ2v12
λ1v21 λ2v22

]
=
[
λ1 0
0 λ2

]
.

The matrix A is similar to a diagonal matrix and thus of type I.
(2) The case of a double real eigenvalue λ = λ1 = λ2. Since

λ = 1

2

(
a + d ±

√
(a − d)2 + 4bc

)

is the solution of the characteristic equation, this case occurs if

(a − d)2 = −4bc, λ = 1

2
(a + d) .

If b = 0 and c = 0, then a = d and A is already a diagonal matrix of the form

A =
[
a 0
0 a

]
,

thus of type I. If b 	= 0, we compute c from (a − d)2 = −4bc and find

A − λI =
[
a − λ b
c d − λ

]
=
[

1
2 (a − d) b

− 1
4b (a − d)2 − 1

2 (a − d)

]
.

Note that
[

1
2 (a − d) b

− 1
4b (a − d)2 − 1

2 (a − d)

][
1
2 (a − d) b

− 1
4b (a − d)2 − 1

2 (a − d)

]
=
[
0 0
0 0

]
,



350 Appendix B: Matrices

or (A − λI)2 = O. In this case, A − λI is called a nilpotent matrix. A similar cal-
culation shows that (A − λI)2 = O if c 	= 0. We now choose a vector v2 ∈ R

2 for
which (A − λI)v2 	= 0. Due to the above consideration this vector satisfies

(A − λI)2v2 = 0.

If we set

v1 = (A − λI)v2,

then obviously

Av1 = λv1, Av2 = v1 + λv2.

Further v1 and v2 are linearly independent (because if v1 were a multiple of v2, then
Av2 = λv2 in contradiction to the construction of v2). We set

T = [v1 ... v2].
The computation

T−1AT = T−1[λv1 ... v1 + λv2]

= 1

v11v22 − v21v12

[
v22 −v12

−v21 v11

] [
λv11 v11 + λv12
λv21 v21 + λv22

]
=
[
λ 1
0 λ

]
.

shows that A is similar to a matrix of type II.
(3) The case of complex conjugate solutions λ1 = μ + iν,λ2 = μ − iν. This case
arises if the discriminant (a − d)2 + 4bc is negative. The most elegant way to deal
with this case is to switch to complex variables and to perform the computations in
the complex vector space C2. We first determine complex vectors v1, v2 ∈ C

2 such
that

Av1 = λ1v1, Av2 = λ2v2

and then decompose v1 = f + ig into real and imaginary parts with vectors f , g in
R
2. Since λ1 = μ + iν,λ2 = μ − iν, it follows that

v2 = f − ig.

Note that {v1, v2} forms a basis of C2. Thus {g, f} is a basis of R2 and

A(f + ig) = (μ + iν)(f + ig) = μf − νg + i(νf + μg),

consequently

Ag = νf + μg, Af = μf − νg.

Again we set

T = [g ... f] =
[
g1 f1
g2 f2

]
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from which we deduce

T−1AT = T−1[νf + μg
...μf − νg]

= 1

g1 f2 − g2 f1

[
f2 − f1

−g2 g1

] [
ν f1 + μg1 μ f1 − νg1
ν f2 + μg2 μ f2 − νg2

]
=
[
μ −ν
ν μ

]
.

Thus A is similar to a matrix of type III.



CFurther Results onContinuity

This appendix covers further material on continuity which is not central for this book
but on the other hand is required in various proofs (like in the chapters on curves
and differential equations). It includes assertions about the continuity of the inverse
function, the concept of uniform convergence of sequences of functions, the power
series expansion of the exponential function and the notions of uniform and Lipschitz
continuity.

C.1 Continuity of the Inverse Function

Weconsider a real-valued function f defined on an interval I ⊂ R. The interval I can
be open, half-open or closed. By J = f (I )we denote the image of f . First, we show
that a continuous function f : I → J is bijective, if and only if it is strictly mono-
tonically increasing or decreasing. Monotonicity was introduced in Definition 8.5.
Subsequently, we show that the inverse function is continuous if f is continuous,
and we describe the respective ranges.

Proposition C.1 A real-valued, continuous function f : I → J = f (I ) is bijective
if and only if it is strictly monotonically increasing or decreasing.

Proof We already know that the function f : I → f (I ) is surjective. It is injective
if and only if

x1 	= x2 ⇒ f (x1) 	= f (x2).

Strict monotonicity thus implies injectivity. To prove the converse implication we
start by choosing two points x1 < x2 ∈ I . Let f (x1) < f (x2), for example. We will
show that f is strictly monotonically increasing on the entire interval I . First we
observe that for every x3 ∈ (x1, x2) we must have f (x1) < f (x3) < f (x2). This

© Springer Nature Switzerland AG 2018
M. Oberguggenberger and A. Ostermann, Analysis for Computer Scientists,
Undergraduate Topics in Computer Science,
https://doi.org/10.1007/978-3-319-91155-7
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is shown by contradiction. Assuming f (x3) > f (x2), Proposition 6.14 implies that
every intermediate point f (x2) < η < f (x3) would be the image of a point ξ1 ∈
(x1, x3) and also the image of a point ξ2 ∈ (x3, x2), contradicting injectivity.

If we now choose x4 ∈ I such that x2 < x4, then once again f (x2) < f (x4). Oth-
erwisewewould have x1 < x2 < x4 with f (x2) > f (x4); this possibility is excluded
as in the previous case. Finally, the points to the left of x1 are inspected in a simi-
lar way. It follows that f is strictly monotonically increasing on the entire interval
I . In the case f (x1) > f (x2), one can deduce similarly that f is monotonically
decreasing. �

The function y = x · 11(−1,0](x) + (1 − x) · 11(0,1)(x), where 11I denotes the indi-
cator function of the interval I (see Sect. 2.2), shows that a discontinuous function
can be bijective on an interval without being strictly monotonically increasing or
decreasing.

Remark C.2 If I is an open interval and f : I → J a continuous and bijective func-
tion, then J is an open interval as well. Indeed, if J were of the form [a, b), then
a would arise as function value of a point x1 ∈ I , i.e. a = f (x1). However, since I
is open, there are points x2 ∈ I , x2 < x1 and x3 ∈ I with x3 > x1. If f is strictly
monotonically increasing then we would have f (x2) < f (x1) = a. If f is strictly
monotonically decreasing then f (x3) < f (x1) = a. Both cases contradict the fact
that a was assumed to be the lower boundary of the image J = f (I ). In the same
way, one excludes the possibilities that J = (a, b] or J = [a, b].

Proposition C.3 Let I ⊂ R be an open interval and f : I → J continuous and
bijective. Then the inverse function f −1 : J → I is continuous as well.

Proof We take x ∈ I , y ∈ J with y = f (x), x = f −1(y). For small ε > 0 the ε-
neighbourhoodUε(x) of x is contained in I . According to Remark C.2 f (Uε(x)) is
an open interval and therefore contains a δ-neighbourhood Uδ(y) of y for a certain
δ > 0. Consider a sequence of values yn ∈ J which converges to y as n → ∞. Then
there is an index n(δ) ∈ N such that all elements of the sequence yn with n ≥ n(δ) lie
in the δ-neighbourhood Uδ(y). That, however, means that the values of the function
f −1(yn) from n(δ) onwards lie in the ε-neighbourhoodUε(x) of x = f −1(y). Thus
limn→∞ f −1(yn) = f −1(y) which is the continuity of f −1 at y. �

C.2 Limits of Sequences of Functions

We consider a sequence of functions fn : I → R, defined on an interval I ⊂ R. If
the function values fn(x) converge for every fixed x ∈ I , then the sequence ( fn)n≥1
is called pointwise convergent. The pointwise limits define a function f : I → R by
f (x) = limn→∞ fn(x), the so-called limit function.

https://doi.org/10.1007/978-3-319-91155-7_6
https://doi.org/10.1007/978-3-319-91155-7_2
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Example C.4 Let I = [0, 1] and fn(x) = xn . Then limn→∞ fn(x) = 0 if 0 ≤ x < 1,
and limn→∞ fn(1) = 1. The limit function is thus the function

f (x) =
{
0, 0 ≤ x < 1,
1, x = 1.

This example shows that the limit function of a pointwise convergent sequence of
continuous functions is not necessarily continuous.

Definition C.5 (Uniform convergence of sequences of functions) A sequence of
functions ( fn)n≥1 defined on an interval I is called uniformly convergent with limit
function f , if

∀ε > 0 ∃n(ε) ∈ N ∀n ≥ n(ε) ∀x ∈ I : | f (x) − fn(x)| < ε.

Uniform convergence means that the index n(ε) after which the sequence of
function values ( fn(x))n≥1 settles in the ε-neighbourhood Uε( f (x)) can be chosen
independently of x ∈ I .

Proposition C.6 The limit function f of a uniformly convergent sequence of func-
tions ( fn)n≥1 is continuous.

Proof We take x ∈ I and a sequence of points xk converging to x as k → ∞. We
have to show that f (x) = limk→∞ f (xk). For this we write

f (x) − f (xk) = (
f (x) − fn(x)

)+ (
fn(x) − fn(xk)

)+ (
fn(xk) − f (xk)

)

and choose ε > 0. Due to the uniform convergence it is possible to find an index
n ∈ N such that

| f (x) − fn(x)| < ε

3
and | fn(xk) − f (xk)| < ε

3

for all k ∈ N. Since fn is continuous, there is an index k(ε) ∈ N such that

| fn(x) − fn(xk)| < ε

3

for all k ≥ k(ε). For such indices k we have

| f (x) − f (xk)| < ε

3
+ ε

3
+ ε

3
= ε.

Thus f (xk) → f (x) as k → ∞, which implies the continuity of f . �
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Application C.7 The exponential function f (x) = ax is continuous onR. In Appli-
cation5.14 it was shown that the exponential function with base a > 0 can be defined
for every x ∈ R as a limit. Let rn(x) denote the decimal representation of x , truncated
at the nth decimal place. Then

rn(x) ≤ x < rn(x) + 10−n .

The value of rn(x) is the same for all real numbers x , which coincide up to the
nth decimal place. Thus the mapping x �→ rn(x) is a step function with jumps at a
distance of 10−n . We define the function fn(x) by linear interpolation between the
points

(
rn(x), a

rn(x)
)

and
(
rn(x) + 10−n, arn(x)+10−n )

,

which means

fn(x) = arn(x) + x − rn(x)

10−n

(
arn(x)+10−n − arn(x)

)
.

The graph of the function fn(x) is a polygonal chain (with kinks at the distance of
10−n), and thus fn is continuous. We show that the sequence of functions ( fn)n≥1
converges uniformly to f on every interval [−T, T ], 0 < T ∈ Q. Since x − rn(x) ≤
10−n , it follows that

| f (x) − fn(x)| ≤ ∣∣ax − arn(x)
∣∣+ ∣∣arn(x)+10−n − arn(x)

∣∣.

For x ∈ [−T, T ] we have

ax − arn(x) = arn(x)
(
ax−rn(x) − 1

) ≤ aT
(
a10

−n − 1
)

and likewise

arn(x)+10−n − arn(x) ≤ aT
(
a10

−n − 1
)
.

Consequently

| f (x) − fn(x)| ≤ 2aT
(

10n
√
a − 1

)
,

and the term on the right-hand side converges to zero independently of x , as was
proven in Application 5.15.

The rules of calculation for real exponents can now also be derived by taking
limits. Take, for example, r, s ∈ R with decimal approximations (rn)n≥1, (sn)n≥1.
Then Proposition 5.7 and the continuity of the exponential function imply

aras = lim
n→∞

(
arnasn

) = lim
n→∞

(
arn+sn

) = ar+s .

With the help of Proposition C.3 the continuity of the logarithm follows as well.

https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_5
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C.3 The Exponential Series

The aimof this section is to derive the series representationof the exponential function

ex =
∞∑

m=0

xm

m!

by using exclusively the theory of convergent series without resorting to differential
calculus. This is important for our exposition because the differentiability of the
exponential function is proven with the help of the series representation in Sect. 7.2.

As a tool we need two supplements to the theory of series: Absolute convergence
and Cauchy’s2 formula for the product of two series.

Definition C.8 A series
∑∞

k=0 ak is called absolutely convergent, if the series∑∞
k=0 |ak | of the absolute values of its coefficients converges.

Proposition C.9 Every absolutely convergent series is convergent.

Proof We define the positive and the negative parts of the coefficient ak by

a+
k =

{
ak, ak ≥ 0,
0, ak < 0,

a−
k =

{
0, ak ≥ 0,
|ak |, ak < 0.

Obviously, we have 0 ≤ a+
k ≤ |ak | and 0 ≤ a−

k ≤ |ak |. Thus the two series∑∞
k=0 a

+
k

and
∑∞

k=0 a
−
k converge due to the comparison criterion (Proposition 5.21) and the

limit

lim
n→∞

n∑
k=0

ak = lim
n→∞

n∑
k=0

a+
k − lim

n→∞

n∑
k=0

a−
k

exists. Consequently, the series
∑∞

k=0 ak converges. �

We consider two absolutely convergent series
∑∞

i=0 ai and
∑∞

j=0 b j and ask how
their product can be computed. Term-by-term multiplication of the nth partial sums
suggests to consider the following scheme:

a0b0 a0b1 . . . a0bn−1 a0bn
a1b0 a1b1 . . . a1bn−1 a1bn
... . .

. ...

an−1b0 an−1b1 . . . an−1bn−1 an−1bn
anb0 anb1 . . . anbn−1 anbn

2A.L. Cauchy, 1789–1857.

https://doi.org/10.1007/978-3-319-91155-7_7
https://doi.org/10.1007/978-3-319-91155-7_5
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Adding all entries of the quadratic scheme one obtains the product of the partial sums

Pn =
n∑

i=0

ai

n∑
j=0

b j .

In contrast, adding only the upper triangle containing the bold entries (diagonal by
diagonal), one obtains the so-called Cauchy product formula

Sn =
n∑

m=0

(
m∑

k=0

akbm−k

)
.

We want to show that, for absolutely convergent series, the limits are equal:

lim
n→∞ Pn = lim

n→∞ Sn .

Proposition C.10 (Cauchy product) If the series
∑∞

i=0 ai and
∑∞

j=0 b j converge
absolutely then

∞∑
i=0

ai

∞∑
j=0

b j =
∞∑

m=0

(
m∑

k=0

akbm−k

)
.

The series defined by the Cauchy product formula also converges absolutely.

Proof We set

cm =
m∑

k=0

akbm−k

and obtain that the partial sums

Tn =
n∑

m=0

|cm | ≤
n∑

i=0

|ai |
n∑
j=0

|b j | ≤
∞∑
i=0

|ai |
∞∑
j=0

|b j |

remain bounded. This follows from the facts that the triangle in the scheme above has
fewer entries than the square and the original series converge absolutely. Obviously
the sequence Tn is also monotonically increasing; according to Proposition 5.10 it
thus has a limit. This means that the series

∑∞
m=0 cm converges absolutely, so the

Cauchy product exists. It remains to be shown that it coincides with the product of
the series. For the partial sums, we have

∣∣∣Pn − Sn
∣∣∣ =

∣∣∣∣
n∑

i=0

ai

n∑
j=0

b j −
n∑

m=0

cm

∣∣∣∣ ≤
∣∣∣∣

∞∑
m=n+1

cm

∣∣∣∣,

since the difference can obviously be approximated by the sum of the terms below
the nth diagonal. The latter sum, however, is just the difference of the partial sum

https://doi.org/10.1007/978-3-319-91155-7_5
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Sn and the value of the series
∑∞

m=0 cm . It thus converges to zero and the desired
assertion is proven. �

Let

E(x) =
∞∑

m=0

xm

m! , En(x) =
n∑

m=0

xm

m! .

The convergence of the series for x = 1 was shown in Example 5.24 and for x = 2
in Exercise 14 of Chap.5. The absolute convergence for arbitrary x ∈ R can either
be shown analogously or by using the ratio test (Exercise 15 in Chap.5). If x varies
in a bounded interval I = [−R, R], then the sequence of the partial sums En(x)
converges uniformly to E(x), due to the uniform estimate

∣∣∣E(x) − En(x)
∣∣∣ =

∣∣∣∣
∞∑

m=n+1

xm

m!
∣∣∣∣ ≤

∞∑
m=n+1

Rm

m! → 0

on the interval [−R, R]. Proposition C.6 implies that the function x �→ E(x) is
continuous.

For the derivation of the product formula E(x)E(y) = E(x + y) we recall the
binomial formula:

(x + y)m =
m∑

k=0

(
m
k

)
xk ym−k with

(
m
k

)
= m!

k!(m − k)! ,

valid for arbitrary x, y ∈ R and n ∈ N, see, for instance, [17, Chap.XIII, Theo-
rem7.2].

Proposition C.11 For arbitrary x, y ∈ R it holds that

∞∑
i=0

xi

i !
∞∑
j=0

y j

j ! =
∞∑

m=0

(x + y)m

m! .

Proof Due to the absolute convergence of the above series, Proposition C.10 yields

∞∑
i=0

xi

i !
∞∑
j=0

y j

j ! =
∞∑

m=0

m∑
k=0

xk

k!
ym−k

(m − k)! .

An application of the binomial formula

m∑
k=0

xk

k!
ym−k

(m − k)! = 1

m!
m∑

k=0

(
m
k

)
xk ym−k = 1

m! (x + y)m

shows the desired assertion. �

https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_5
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Proposition C.12 (Series representation of the exponential function) The exponen-
tial function possesses the series representation

ex =
∞∑

m=0

xm

m! ,

valid for arbitrary x ∈ R.

Proof By definition of the number e (see Example 5.24) we obviously have

e0 = 1 = E(0), e1 = e = E(1).

From Proposition C.11 we get in particular

e2 = e1+1 = e1 e1 = E(1)E(1) = E(1 + 1) = E(2)

and recursively

em = E(m) for m ∈ N.

The relation E(m)E(−m) = E(m − m) = E(0) = 1 shows that

e−m = 1

em
= 1

E(m)
= E(−m).

Likewise, one concludes from
(
E(1/n)

)n = E(1) that

e1/n = n
√
e = n

√
E(1) = E(1/n).

So far this shows that ex = E(x) holds for all rational x = m/n. From Application
C.7 we know that the exponential function x �→ ex is continuous. The continuity
of the function x �→ E(x) was shown above. But two continuous functions which
coincide for all rational numbers are equal. More precisely, if x ∈ R and x j is the
decimal expansion of x truncated at the j th place, then

ex = lim
j→∞ ex j = lim

j→∞ E(x j ) = E(x),

which is the desired result. �

Remark C.13 The rigorous introduction of the exponential function is surprisingly
involved and is handled differently by different authors. The total effort, however, is
approximately the same in all approaches. We took the following route: Introduction
of Euler’s number e as the value of a convergent series (Example 5.24); definition
of the exponential function x �→ ex for x ∈ R by using the completeness of the

https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_5
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real numbers (Application 5.14); continuity of the exponential function based on
uniform convergence (Application C.7); series representation (Proposition C.12);
differentiability and calculation of the derivative (Sect. 7.2). Finally, in the course
of the computation of the derivative we also obtained the well-known formula e =
limn→∞ (1 + 1/n)n , which Euler himself used to define the number e.

C.4 Lipschitz Continuity and Uniform Continuity

Some results on curves and differential equations require more refined continuity
properties. More precisely, methods for quantifying how the function values change
in dependence on the arguments are needed.

Definition C.14 A function f : D ⊂ R → R is called Lipschitz continuous, if there
exists a constant L > 0 such that the inequality

| f (x1) − f (x2)| ≤ L|x1 − x2|

holds for all x1, x2 ∈ D. In this case L is called a Lipschitz constant of the function f .

If x ∈ D and (xn)n≥1 is a sequence of points in D which converges to x ,
the inequality | f (x) − f (xn)| ≤ L|x − xn| implies that f (xn) → f (x) as n → ∞.
Every Lipschitz continuous function is thus continuous. For Lipschitz continuous
functions one can quantify how much change in the x-values can be allowed to
obtain a change in the function values of ε > 0 at the most:

|x1 − x2| < ε/L ⇒ | f (x1) − f (x2)| < ε.

Occasionally the following weaker quantification is required.

Definition C.15 Afunction f : D ⊂ R → R is called uniformly continuous, if there
exists a mapping ω : (0, 1] → (0, 1] : ε �→ ω(ε) such that

|x1 − x2| < ω(ε) ⇒ | f (x1) − f (x2)| < ε

for all x1, x2 ∈ D. In this case the mapping ω is called a modulus of continuity of
the function f .

Every Lipschitz continuous function is uniformly continuous (with ω(ε) = ε/L),
and every uniformly continuous function is continuous.

https://doi.org/10.1007/978-3-319-91155-7_5
https://doi.org/10.1007/978-3-319-91155-7_7
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Example C.16 (a) The quadratic function f (x) = x2 is Lipschitz continuous on
every bounded interval [a, b]. For x1 ∈ [a, b] we have |x1| ≤ M = max(|a|, |b|)
and likewise for x2. Thus

| f (x1) − f (x2)| = |x21 − x22 | = |x1 + x2||x1 − x2| ≤ 2M |x1 − x2|

holds for all x1, x2 ∈ [a, b].
(b) The absolute value function f (x) = |x | is Lipschitz continuous on D = R (with
Lipschitz constant L = 1). This follows from the inequality

∣∣|x1| − |x2|
∣∣ ≤ |x1 − x2|,

which is valid for all x1, x2 ∈ R.
(c) The square root function f (x) = √

x is uniformly continuous on the interval
[0, 1], but not Lipschitz continuous. This follows from the inequality

∣∣√x1 − √
x2
∣∣ ≤ √|x1 − x2|,

which is proved immediately by squaring. Thusω(ε) = ε2 is a modulus of continuity
of the square root function on the interval [0, 1]. The square root function is not
Lipschitz continuous on [0, 1], since otherwise the choice x2 = 0 would imply the
relations

√
x1 ≤ L|x1|, 1√

x1
≤ L

which cannot hold for fixed L > 0 and all x1 ∈ (0, 1].
(d) The function f (x) = 1

x is continuous on the interval (0, 1), but not uniformly
continuous. Assume that we could find a modulus of continuity ε �→ ω(ε) on (0, 1).
Then for x1 = 2εω(ε), x2 = εω(ε) and ε < 1 we would get |x1 − x2| < ω(ε), but

∣∣∣∣
1

x1
− 1

x2

∣∣∣∣ =
∣∣∣∣
x2 − x1
x1x2

∣∣∣∣ = εω(ε)

2ε2ω(ε)2
= 1

2εω(ε)

which becomes arbitrarily large as ε → 0. In particular, it cannot be bounded from
above by ε.

From the mean value theorem (Proposition 8.4) it follows that differentiable func-
tions with bounded derivative are Lipschitz continuous. Further it can be shown that
every function which is continuous on a closed, bounded interval [a, b] is uniformly
continuous there. The proof requires further tools from analysis for which we refer
to [4, Theorem3.13].

Apart from the intermediate value theorem, the fixed point theorem is an important
tool for proving the existence of solutions of equations. Moreover one obtains an
iterative algorithm for approximating the fixed point.

https://doi.org/10.1007/978-3-319-91155-7_8
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Definition C.17 A Lipschitz continuous mapping f of an interval I to R is called a
contraction, if f (I ) ⊂ I and f has a Lipschitz constant L < 1. A point x∗ ∈ I with
x∗ = f (x∗) is called fixed point of the function f .

Proposition C.18 (Fixed point theorem) A contraction f on a closed interval
[a, b] has a unique fixed point. The sequence, recursively defined by the iteration

xn+1 = f (xn)

converges to the fixed point x∗ for arbitrary initial values x1 ∈ [a, b].

Proof Since f ([a, b]) ⊂ [a, b] we must have

a ≤ f (a) and f (b) ≤ b.

If a = f (a) or b = f (b), we are done. Otherwise the intermediate value theorem
applied to the function g(x) = x − f (x) yields the existence of a point x∗ ∈ (a, b)
with g(x∗) = 0. This x∗ is a fixed point of f . Due to the contraction property the
existence of a further fixed point y∗ would result in

|x∗ − y∗| = | f (x∗) − f (y∗)| ≤ L|x∗ − y∗| < |x∗ − y∗|

which is impossible for x∗ 	= y∗. Thus the fixed point is unique.
The convergence of the iteration follows from the inequalities

|x∗ − xn+1| = | f (x∗) − f (xn)| ≤ L|x∗ − xn| ≤ . . . ≤ Ln|x∗ − x1|,

since |x∗ − x1| ≤ b − a and limn→∞ Ln = 0. �



DDescriptionof the Supplementary
Software

In our view using and writing software forms an essential component of an analysis
course for computer scientists. The software that has been developed for this book
is available on the website

https://www.springer.com/book/9783319911540

This site contains the Java applets referred to in the text as well as some source files
inmaple, Python and MATLAB.

For the execution of the maple and MATLAB programs additional licences are
needed.

Java applets.The available applets are listed in TableD.1. The applets are executable
and only require a current version of Java installed.

Source codes in MATLAB and maple. In addition to the Java applets, you can find
maple andMATLAB programs on this website. These programs are numbered accord-
ing to the individual chapters and are mainly used in experiments and exercises. To
run the programs the corresponding software licence is required.

Source codes in Python. For each MATLAB program, an equivalent Python program
is provided. To run these programs, a current version of Python has to be installed.
We do not specifically refer these programs in the text; the numbering is the same as
for the M-files.
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Table D.1 List of available Java applets

Sequences

2D-visualisation of complex functions

3D-visualisation of complex functions

Bisection method

Animation of the intermediate value theorem

Newton’s method

Riemann sums

Integration

Parametric curves in the plane

Parametric curves in space

Surfaces in space

Dynamical systems in the plane

Dynamical systems in space

Linear regression
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Symbols
C, 39
N, 1
N0, 1
Q, 1
R, 4
Z, 1
e, 21, 61, 85, 168, 323
i, 39
π, 3, 30
∇, 222
∞, 7

A
Absolute value, 7, 40

function, 19
Acceleration, 90

vector, 192, 202
Addition theorems, 32, 42, 85
Affine function

derivative, 84
Analysis of variance, 261
Angle, between vectors, 335
ANOVA, 261
Antiderivative, 140
Approximation

linear, 88, 89, 219
quadratic, 224

Arccosine, 33
derivative, 95
graph, 34

Archimedean spiral, 200
Archimedes, 200

Arc length, 30, 196
graph, 159
parametrisation, 196

Arcosh, 23
derivative, 95

Arcsine, 33
derivative, 95
graph, 33

Arctangent, 34
derivative, 95
graph, 34

Area
sector, 74
surface of sphere, 160
triangle, 29
under a graph, 150

Area element, 247
Area functions, 23
Area hyperbolic

cosine, 23
sine, 23
tangent, 23

Argument, 42
Arithmetic of real numbers, 56
Arsinh, 23

derivative, 95
Artanh, 23

derivative, 95
Ascent, steepest, 222
Axial moment, 253

B
Basis, standard, 332
Beam, 119
Bijective, see function
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Binomial formula, 359
Binormal vector, 202
Bisection method, 77, 110, 114
Bolzano, B., 64, 75
Bolzano–Weierstrass

theorem of, 64
Box-dimension, 126

C
Cantor, G., 2

set, 128
Cardioid, 201

parametric representation, 201
Cauchy, A.L., 357

product, 358
Cavalieri, B., 244
Cavalieri’s priciple, 244
Centre of gravity, 248

geometric, 249
Chain rule, 91, 219
Characteristic equation, 348
Circle

of latitude, 238
osculating, 198
parametric representation, 186
unit, 30

Circular arc
length, 195

Clothoid, 198
parametric representation, 198

Coastline, 126, 264
Coefficient of determination, 263

multiple, 267
partial, 268

Column vector, 343
Completeness, 2, 55
Complex conjugate, 40
Complex exponential function, 42
Complex logarithm, 44, 45

principal branch, 45
Complex number, 39

absolute value, 40
argument, 42
conjugate, 40
imaginary part, 40
modulus, 40
polar representation, 41
real part, 40

Complex plane, 41
Complex quadratic function, 44
Complex root, principal value, 45

Concavity, 108, 109
Cone, volume, 159
Consumer price index, 117
Continuity, 70, 212

componentwise, 232
Lipschitz, 194, 361
uniform, 361

Contraction, 363
Convergence

linear, 111
Newton’s method, 112
order, 111
quadratic, 111
sequence, 53

Convexity, 108, 109
Coordinate curve, 210, 236
Coordinates

of a point, 331
polar, 35, 42

Coordinate system
Cartesian, 331
positively oriented, 331
right-handed, 331

Coordinate vector, 333
Cosecant function, 37
Cosine, 28

antiderivative, 142
derivative, 85
graph, 32
hyperbolic, 22

Cotangent, 28
graph, 32

Countability, 2
Cuboid, 241
Curvature

curve, 196
graph, 198

Curve, 185
algebraic, 188
arc length, 196
ballistic, 186
change of parameter, 187
curvature, 196
differentiable, 189
figure eight, 201
in the plane, 185, 187
length, 193, 194
normal vector, 191
parameter, 185
polar coordinates, 200
rectifiable, 193
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reparametrisation, 187
Curve in space, 202

arc length, 202
binormal vector, 202
differentiable, 202
length, 202
normal plane, 202
normal vector, 202
rectifiable, 202

Curve sketching, 105, 109
Cusp, 188
Cycloid, 190

parametric representation, 190
Cyclometric functions, 33

derivative, 95

D
Damping, viscous, 290
Density, 247
Derivative, 83, 217

affine function, 84
arccosine, 95
arcosh, 95
arcsine, 95
arctangent, 95
arsinh, 95
artanh, 95
complex, 133
cosine, 84
cyclometric functions, 95
directional, 221
elementary functions, 96
exponential function, 85, 94
Fréchet, 217, 233
geometric interpretation, 213
higher, 87
higher partial, 215
hyperbolic functions, 95
inverse function, 93
inverse hyperbolic functions, 95
linearity, 90
logarithm, 93
numerical, 96
of a real function, 83
partial, 212
power function, 94
quadratic function, 84
root function, 84
second, 87
sine, 85
tangent, 91

Determinant, 346
Diagonal matrix, 345
Diffeomorphism, 249
Difference quotient, 82, 83

accuracy, 171
one-sided, 97, 98
symmetric, 98, 99

Differentiability
componentwise, 232

Differentiable, 83
continuously, 215
Fréchet, 217
nowhere, 86
partially, 212

Differential equation
autonomous, 288, 299
blow up, 284
characteristic equation, 290
conserved quantity, 309
dependent variable, 276
direction field, 277
equilibrium, 289
existence of solution, 284
first integral, 309
first-order, 275
homogeneous, 278, 292
independent variable, 276
inhomogeneous, 278, 293
initial condition, 277
initial value problem, 301
invariant, 309
linear, 278, 290
linear system, 298
Lotka–Volterra, 298
nonlinear system, 298
particular solution, 282
power series, 286, 315
qualitative theory, 288
saddle point, 303
second-order, 290
separation of variables, 276
solution, 275
solution curve, 301
stationary solution, 281, 289
stiff, 325
trajectory, 301
uniqueness of solution, 285

Differentiation, 83
Differentiation rules, 90

chain rule, 91
inverse function rule, 93
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product rule, 90
quotient rule, 91

Dimension
box, 126
experimentally, 126
fractal, 126

Directional derivative, 221
Direction field, 277
Dirichlet, P.G.L., 152

function, 152
Discretisation error, 97
Distribution

Gumbel, 118
lognormal, 118

Domain, 14
Double integral, 243

transformation formula, 251

E
Eigenvalue, 348
Eigenvector, 348
Ellipse, 189

parametric representation, 189
Ellipsoid, 228
Energy

conservation of, 313
kinetic, 313
potential, 313
total, 313

Epicycloid, 201
eps, 10
Equilibrium, 289, 301

asymptotically stable, 289, 302
stable, 302
unstable, 302

Equilibrium point, 301
Error sum of squares, 262
Euler, L., 21
Euler method

explicit, 322, 327
implicit, 325
modified, 328
stability, 325

Euler’s formulas, 43
Euler’s number, 21, 61, 85, 168, 323
Exponential function, 20, 57

antiderivative, 142
derivative, 85, 94
series representation, 360
Taylor polynomial, 168

Exponential integral, 143

Extremum, 106, 109, 225
local, 108, 109
necessary condition, 106

Extremum test, 170

F
Failure wedge, 119
Field, 40
First integral, 309
Fixed point, 120, 363
Floor function, 25
Fractal, 124
Fraction, 1
Fréchet, M., 216
Free fall, 81
Fresnel, A.J., 143

integral, 143, 199
Fubini, G., 244
Fubini’s theorem, 244
Function, 14

affine, 218
antiderivative, 140
bijective, 2, 15
complex, 44
complex exponential, 42
complex quadratic, 44
composition, 91
compound, 91
concave, 108
continuous, 70, 212
convex, 108
cyclometric, 33
derivative, 83
differentiable, 83
elementary, 143
exponential, 57
floor, 25
graph, 14, 209
higher transcendental, 143
hyperbolic, 22
image, 14
injective, 14
inverse, 16
inverse hyperbolic, 23
linear, 17
linear approximation, 89
monotonically decreasing, 107
monotonically increasing, 107
noisy, 99
nowhere differentiable, 86
piecewise continuous, 153
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quadratic, 14, 18, 218
range, 14
real-valued, 14
slope, 107
strictly monotonically increasing, 107
surjective, 15
trigonometric, 27, 44
vector valued, 231
zero, 75

Fundamental theorem
of algebra, 41
of calculus, 156

G
Galilei, Galileo, 81
Galton, F., 257
Gauss, C.F., 115, 257
Gaussian error function, 143
Gaussian filter, 101
Gradient, 221, 232

geometric interpretation, 222
Graph, 14, 209

tangent plane, 220
Grid

mesh size, 242
rectangular, 241

Grid points, 175

H
Half life, 280
Half ray, 189
Heat equation, 228
Helix, 203

parametric form, 203
Hesse, L.O., 224
Hessian matrix, 224
Hyperbola, 190

parametric representation, 190
Hyperbolic

cosine, 22
function, 22
sine, 22
spiral, 200
tangent, 22

Hyperbolic functions, 22
derivative, 95

Hyperboloid, 228

I
Image, 14
Imaginary part, 40
Indicator function, 20, 245
Inequality, 7
INF, 9
Infimum, 52
Infinity, 7
Inflection point, 109
Initial value problem, 277, 301
Injective, see function
Integrable, Riemann, 151, 243
Integral

definite, 149, 151
double, 241, 243
elementary function, 142
indefinite, 140
iterated, 243
properties, 154
Riemann, 149

Integration
by parts, 144
numerical, 175
rules of, 143
substitution, 144
symbolic, 143
Taylor series, 172

Integration variable, 154
Intermediate value theorem, 75
Interval, 6

closed, 6
half-open, 6
improper, 7
open, 6

Interval bisection, 75
Inverse function rule, 93
Inverse hyperbolic

cosine, 23
sine, 23
tangent, 23

Inverse hyperbolic functions, 23
derivative, 95

Inverse, of a matrix, 346
Iterated integral, 243
Iteration method, 363

J
Jacobian, 217, 232
Jacobi, C.G.J., 217
Jordan, C., 347
Julia, G., 131
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set, 131
Jump discontinuity, 71, 72

K
Koch, H. von, 129
Koch’s snowflake, 129, 136, 193

L
Lagrange, J.L., 166
Lateral surface area

solid of revolution, 160
Law of cosines, 36
Law of sines, 36
Least squares method, 256
Leibniz, G., 153
Lemniscate, 201

parametric representation, 201
Length

circular arc, 195
differentiable curve, 194
differentiable curve in space, 202

Leontief, W., 318
Level curve, 210
Limit

computation with Taylor series, 171
improper, 54
inferior, 64
left-hand, 70
of a function, 70
of a sequence, 53
of a sequence of functions, 354
right-hand, 70
superior, 64
trigonometric, 74

Limit function, 354
Lindemayer, A., 134
Linear approximation, 88, 89, 165, 219
Line of best fit, 115, 256

through origin, 115, 116
Line, parametric representation, 189
Liouville, J., 143
Lipschitz, R., 284

condition, 285
constant, 285, 361
continuous, 361

Lissajous, J.A., 204
figure, 204

Little apple man, 131
Logarithm, 21

derivative, 93

natural, 21
Logarithmic

integral, 143
spiral, 200

Loop, 200
parametric representation, 200

Lotka, A.J., 298
Lotka–Volterra model, 308, 327
L-system, 135

M
Machine accuracy

relative, 10, 12
Malthus, T.R., 281
Mandelbrot, B., 130

set, 130
Mantissa, 8
Mapping, 2, 14

linear, 344
Mass, 247
Mass–spring–damper system, 290
Mass–spring system, nonlinear, 319
Matrix, 343

coefficient, 343
determinant, 346
diagonal element, 345
element, 343
entry, 343
inverse, 346
invertible, 346
Jordan canonical form, 347
nilpotent, 350
product, 345
product with vector, 344
regular, 346
similar, 347
square, 343
transposed, 344
unit, 345
zero, 345

Matrix algebra, 343
Maximum, 52

global, 105
isolated local, 227
local, 106, 108, 170, 224
strict, 106

Mean value theorem, 107
Measurable, 245
Meridian, 238
Minimum, 52

global, 106
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isolated local, 227
local, 106, 170, 224

Mobilised cohesion, 119
Model, linear, 256, 265
Modulus, 40
Modulus of continuity, 361
Moment

of inertia, 119
statical, 248

Monotonically decreasing, 107
Monotonically increasing, 107
Moving frame, 192, 202
Multi-step method, 323

N
NaN, 9
Neighbourhood, 53, 124
Neil, W., 188
Newton, I., 110, 294
Newton’s method, 111, 114, 119

in C, 133
local quadratic convergence, 235
two variables, 233

Nonstandard analysis, 154
Normal domain, 246

of type I, 246
of type II, 246

Normal equations, 258
Numbers, 1

complex, 39
decimal, 3
floating point, 8
largest, 9
normalised, 9
smallest, 9

integer, 1
irrational, 4
natural, 1
random, 100
rational, 1
real, 4
transcendental, 3

Numerical differentiation, 96

O
Optimisation problem, 109
Orbit, periodic, 310
Order relation, 5

properties, 6
rules of computation, 6

Osculating circle, 198

P
Parabola

Neil’s, 188
quadratic, 18

Paraboloid
elliptic, 211
hyperbolic, 210

Partial mapping, 210
Partial sum, 58
Partition, 151

equidistant, 153
Peano, G., 284
Pendulum, mathematical, 312, 314
Plane

in space, 339
intercept, 339
normal vector, 340
parametric representation, 339
slope, 339

Plant
growth, 136
random, 138

Point of expansion, 167
Point space, 334
Polar coordinates, 233
Population model, 281

discrete, 51
Malthusian, 281
Verhulst, 51, 66, 281

Position vector, 333
Power function, 18

antiderivative, 142
derivative, 94

Power series, equating coefficients, 287
Precision

double, 8
single, 8

Predator-prey model, 298
Principal value

argument, 42
Product rule, 90
Proper range, 14
Pythagoras, 27

theorem, 27

Q
Quadratic function

derivative, 84
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graph, 18
Quadrature formula, 177

efficiency, 180
error, 181
Gaussian, 180
nodes, 177
order, 178
order conditions, 179
order reduction, 182
Simpson rule, 177
stages, 177
trapezoidal rule, 176
weights, 177

Quotient rule, 91

R
Radian, 30
Radioactive decay, 24, 280
Rate of change, 89, 280
Ratio test, 67
Real part, 40
Rectifiable, 193
Regression

change point, 273
exponential model, 257, 273
linear, 255
loglinear, 257
multiple linear, 265
multivariate linear, 265
simple linear, 256
univariate linear, 256

Regression line, 256
predicted, 259
through origin, 115

Regression parabola, 120
Regression sum of squares, 261
Remainder term, 166
Residual, 259
Riccati, J.F., 287

equation, 287, 328
Riemann, B., 149

integrable, 151, 243
integral, 151
sum, 151, 242

Right-hand rule, 331
Root, complex, 41, 43
Root function, 19

derivative, 84
Rounding, 10
Rounding error, 97
Row vector, 344

Rules of calculation
for limits, 53

Runge–Kutta method, 323

S
Saddle point, 225, 227
Saddle surface, 210
Scalar multiplication, 332
Scatter plot, 115, 255
Schwarz, H.A., 216

theorem, 216
Secant, 82

slope, 83
Secant function, 37
Secant method, 115
Self-similarity, 123
Semi-logarithmic, 111
Sequence, 49

accumulation point, 62
bounded from above, 51
bounded from below, 52
complex-valued, 50
convergent, 53
geometric, 55
graph, 50
infinite, 49
limit, 53
monotonically decreasing, 51
monotonically increasing, 51
real-valued, 50
recursively defined, 50
settling, 53
vector-valued, 50, 211
convergence, 211

Sequence of functions
pointwise convergent, 354
uniformly convergent, 355

Series, 58
absolutely convergent, 357
Cauchy product, 358
comparison criteria, 60
convergent, 58
divergent, 58
geometric, 59
harmonic, 60
infinite, 58
partial sum, 58
ratio test, 67

Set
boundary, 124
boundary point, 124
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bounded, 124
Cantor, 128
cardinality, 2
closed, 124
covering, 125
interior point, 124
Julia, 131
Mandelbrot, 130
of measure zero, 245
open, 124

Sexagesimal, 5
Shape function, 256
Sign function, 19
Simpson, T., 177

rule, 177
Sine, 28

antiderivative, 142
derivative, 84
graph, 32
hyperbolic, 22
Taylor polynomial, 168
Taylor series, 170

Sine integral, 143
Snowflake, 129
Solid of revolution

lateral surface area, 160
volume, 158

Space-time diagram, 300
Sphere, 237

surface area, 160
Spiral, 200

Archimedean, 200
hyperbolic, 200
logarithmic, 200
parametric representation, 200

Spline, 101
Spring, stiffness, 290
Square of the error, 116
Standard basis, 332
Stationary point, 106, 225
Step size, 322
Straight line

equation, 337
in space, 340
intercept, 17, 338
normal vector, 339
parametric representation, 338
slope, 17, 29, 338

Subsequence, 62
Substitution, 144
Superposition principle, 278, 292

Supremum, 51
Surface

in space, 210
normal vector, 237
of rotation, 237
parametric, 236
regular parametric, 236
tangent plane, 237
tangent vector, 213

Surjective, see function
Symmetry, 99

T
Tangent, 28

graph, 32, 82, 87
hyperbolic, 22
plane, 220
problem, 82
slope, 87
vector, 191, 202

Taylor, B., 165
expansion, 97
formula, 165, 223
polynomial, 167
series, 169
theorem, 170

Telescopic sum, 60
Thales of Miletus, 28

theorem, 28
Total variability, 261
Transformation formula, 251
Transport equation, 228
Transpose

of a matrix, 344
Trapezoidal rule, 176
Triangle

area, 29
hypotenuse, 27
inequality, 11
leg, 27
right-angled, 27

Triangle inequality, 195
Trigonometric functions, 27, 28

addition theorems, 32, 36
inverse, 33

Triple product, 347
Truncated cone

surface area, 37
surface line, 37
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U
Uniform

continuity, 361
convergence, 355

Unit circle, 30, 43
Unit matrix, 345
Unit vector, 332

V
Variability

partitioning, 262
sequential, 268

total, 261
Variation of constants, 281
Vector, 332

cross product, 336
dot product, 335
inner product, 335
magnitude, 332
norm, 332
orthogonal, 335
perpendicular, 335
unit, 332

zero, 332
Vector algebra, 331
Vector field, 231
Vector space, 50, 334
Velocity, 89

average, 81
instantaneous, 82, 89

Velocity vector, 191, 202
Verhulst, P.-F., 51, 66, 281, 289
Vertical throw, 141
Volterra, V., 298
Volume

cone, 159
solid of revolution, 158

W
Weber–Fechner law, 24
Weierstrass, K., 64

Z
Zero matrix, 345
Zero sequence, 69
Zero vector, 332
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