Appendix A
Algebraic Structures

An algebraic structure is a set X with one or more operations satisfying certain
axioms. In this appendix, we will briefly review groups and vector spaces.

A.1  Groups

Group. A group is a set G equipped with an operationm : G x G — G such
that:
1. Vx,y,z € G,m(x,m(y, z)) = m(m(x, y), z) (associativity);
2. Vx € G, there exists an element u € G such that m(u, x) = m(x, u) = x
(existence of the identity element);
3. Vx € G, thereexists x ! suchthatm(x, x~') = m(x~!, x) = u (existence
of the inverse element).
Ifm(x, y) =m(y, x) Vx,y € G then G is an abelian group.

Note that in every group the identity element is unique. If we assume there are two
identity elements, say u and u’, we should have m(u, ') = u and m(u, u') = u’,
and therefore u = u’. Even the inverse element must be unique. If x had two inverse
elements, say x Vand x'71, then

x P =mu,xH) =mm& x), x7h

=m@ ", m, x™Y)) =m& u) =X, (A.1)

The set of real numbers R with the common operation of sum is an abelian group
with the identity element O; the inverse of the element x is denoted —x. The set R/{0}
with the common operation of product is an abelian group with the identity element
1; the inverse of the element x is denoted 1/x.

Let M (n, R) be the set of real matrices n x n. Then
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GL(n,R) ={A € M(n,R) | detA # 0} , (A2)

is the subset of invertible matrices in M (n, R). If we introduce the common product
of matrices, GL(n, R) is a non-abelian group.

The Galilei group, the Lorentz group, and the Poincaré group introduced in
Chaps. 1 and 2 are other examples of groups.

A.2  Vector Spaces

Vector space. A vector space over a field K is a set V equipped with two
operations, m : V x V — V (addition) and p : K x V — V (multiplication
by an element of K), such that:

1. Vx,y € V, m(x,y) = m(y, X) (commutativity);

2. Vx,y,ze€ V,mx,m(y, z)) = m(m(X,y), z) (associativity);

3. Vx € V, there exists an element 0 € V such that m(x, 0) = x (existence

of the identity element);

4. Vx € V, there exists —x such that m(x, —x) = 0 (existence of the inverse

element);

Vx,y € Vand Va € K, p(a, m(x,y)) = m(p(a, x), p(a,y));

Vx € VandVa,b € K, p(a + b,x) = m(p(a, x), p(b, X));

Vx € VandVa, b € K, p(ab,x) = p(a, p(b, X)),

p(l,x) =x.
The elements of V are called vectors and the elements of K are called
scalars.

oS

Note that the definition above of vector space is equivalent to saying that V is an
abelian group with the operation p : K x V — V satisfying the points 5-8. It is
common to employ the symbol + to denote the operation m, i.e. m(X,y) =X+,
and no symbol for the operation p, i.e. p(a, x) = ax. Vector spaces over R are called
real vector spaces, while those over C are called complex vector spaces.

Linear operator. Let V and W be two vector spaces over K. The function
f 'V — W s a linear operator if:

flav+bw)=af(v)+bf(w), (A.3)

Vv,we VandVa,b € K.

Let us denote with L(V; W) the set of all linear operators from V into W. We
define the operator
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m:L(V;W)x L(V; W) — L(V; W) (A4)

as the sum at every point of two elements of L(V; W), and the operator
p:K x L(V;W)— L(V; W) (AS5)

as the product at every point of an element of L(V; W) with an element of K. The
operators m and p provide L(V; W) the structure of a vector space. The concept
of linear operators can be extended to define bilinear operators and, more in gen-
eral, n-linear operators. The function f : V x W — Z is called a bilinear operator
if f(v,:): W — Zand f(-,w) : V — Z are linear operators Vv € V and Vw € W.
Let us indicate with L(V, W; Z) the set of all bilinear operators from V x W into
Z. If we define the operation of sum between two bilinear operators and the oper-
ation of product between a bilinear operator and an element of K as done in the
case of linear operators, then L(V, W; Z) becomes a vector space. The generaliza-
tion to n-linear operators from V; x V, x --- x V, into Z and to the vector space
LV, Vo, ..., Vy; Z) is straightforward.

Isomorphism. Let V and W be two vector spaces. The function f : V — W
is an isomorphism if it is bijective, linear, and the application inverse is also
linear. The vector spaces V and W are said to be isomorphic if there exists an
isomorphism between V and W.

Dual space. Let V be a vector space. The dual space of V is the vector space
L(V;R) and is denoted V*.

Subspace. A subspace of a vector space V over K is a subset W of V such
that, Vw;, w, € W and Va, b € K, aw, + bw, € W.

Let U be a subset of a vector space V over K. A linear combination of elements
of U isanelementv € V of the formv = aju; + au, + - - - 4+ a,u,, where {u;} is a
finite subset of U and {a;} are elements of K. The subspace generated by U is the set
of linear combinations that can be obtained from the elements of U and is denoted
(U). The elements {u;} are linearly independent if

aju; +aup + - -+, +a,u, =0 (A.6)

if and only if (note the difference between the element 0 € V and the element 0 € K)
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ag=ay=---=a,=0. (A.7)

Basis. A basis of a vector space V is a subset B of V consisting of linearly
independent elements and such that (B) = V. If B has n elements, then we
say that the vector space V has dimension 7.

Every vector space admits a basis and the number of elements of the basis is
independent of the choice of the basis (for the proof, see e.g. Ref. [1]). Let us now
consider a vector space V of dimension n and with the basis B = {e;}. If n is a finite
number, then V* has the same dimension as V [1]. We indicate with e’ the elements
of V* such that € (e;) = &', where &} is the Kronecker delta. The set B* = {e} is a
basis of V* and is called the dual basis of B.

Let us consider another basis of V, say B’ = {e}}, and the transformation of the
change of basis M defined as (note that we use the Einstein convention of summation
over repeated indices)

¢ = Mle; . (A8)
Every element v € V can be written in terms of the basis B, v = vie;, as well as in
terms of the basis B’, v =v"e/. v/ and v" are the components of the vector v with
respect to the bases B and B’, respectively. It is easy to see that the components of a
vector must change with the inverse transformation with respect to the basis vectors

V= (M’l);vj ) (A.9)

We say that the basis vectors transform covariantly under a change of basis and we
employ lower indices. The components of a vector transform contravariantly and are
written with upper indices. In a similar way, we can see that the vectors of the dual
basis transform contravariantly, while the components of an element of V* transform
covariantly. If B’ = {e"} is the dual basis of B’ and N is the transformation of the
change of basis from B* and B’* defined as

e’ =Nie/, (A.10)

then
8 =e€'(¢}) = Nje"(M7e,) = NiM'e (e,,) = N;MJ'S,, = N(M . (A.11)
and therefore N} = (M~')}. Since these transformations map quantities that trans-
form covariantly (contravariantly) into quantities that transform in the same way,

indices under summation are placed as upper (lower) indices, while free indices
are placed as lower (upper) indices. A deeper investigation can show that M and
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N are matrices in which the indices of row and column transform covariantly or
contravariantly, depending on the cases.

If V is of finite dimension, V and V* are isomorphic. However, in general there is
no preferred isomorphism between the two vector spaces. The situation is different
if V is a real vector space and is provided with a non-degenerate symmetric bilinear
form.

Bilinear form. A bilinear form on a real vector space V is an operator g €
L(V, V;R). The bilinear form g is called symmetric if g(v,w) = g(w, v)
Vv, we V.

If g is a symmetric bilinear form on a real vector space V, then an elementv € V
is called (with respect to g):

1. Time-like if g(v,v) < O;
2. Light-like if g(v,v) = 0;
3. Space-like if g(v,v) > 0.

As already pointed outin Sect. 2.2, there are two opposite conventions in the literature.
The definition above is more popular in the gravity community. In the particle physics
community, it is more common to say that v is a time-like vector if g(v, v) > 0 and
a space-like vector if g(v, v) < 0.

If g is a symmetric bilinear form on a real vector space V and v and w are two
elements of V, v and w are said to be orthogonal if g(v, w) = 0.

A symmetric bilinear form g on a real vector space V is called non-degenerate it
the function g : V — V* that transforms an element v € V into the element g(v, ) €
V* is injective.

If the vector space V is of finite dimension, then the form g is represented, with
respect to a basis B = {e;}, by an n X n matrix in which the element ij is

8ij = g(ei,e;). (A.12)

If g is anon-degenerate symmetric bilinear form, then g is the natural isomorphism of
V onto V*, while its inverse g ! is the natural isomorphism of V* onto V: an element
v € V is associated to the element Vv € V* given by v = g(v) = g(v, -). If B = {e;}
is a basis of V and B* = {e'} is its dual basis, we write v = v'e; and v = v;e’. From
Eq. (A.12), we find that the components of v are obtained by lowering the indices
with g

vi = gijv’ . (A.13)
Denoting g/ the components of the inverse matrix associated to the bilinear form g,

the components of the vector v are obtained by raising the indices of the components
of the vector v
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v =g"v;.

Note that, by definition, g;;g/* = 811.‘.

Reference

1. M. Nakahara, Geometry, Topology and Physics (I10OP, Bristol, 1990).

(A.14)



Appendix B
Vector Calculus

This appendix briefly reviews some basic operators and identities of vector calculus
in a 3-dimensional Euclidean space with a Cartesian coordinate system (x, y, z). The
metric is the Kronecker delta §;;

100
15;1l=1010]. (B.1)
001

Indices are (trivially) raised and lowered with 6% and d;j, respectively. The inner
product is the algebraic operation that transforms two vectors, say V and W, into the
number

V-W=¢,Viw/, (B.2)

where the Einstein convention of summation over repeated indices is used.
In what follows, ¢ = ¢(x, y, z) denotes a generic scalar function and V =
(V*, V7, V), where Vi = Vi(x, y,z2),is a generic vector field.

B.1 Operators

The del operator V is defined as

V_8§+3A+82 (B.3)
ox 8yy 0z '

where (X, ¥, Z) is the natural basis, namely X, ¥, and Z are the unit vectors pointing
in the direction of the axes of the Cartesian coordinate system.
The gradient of the scalar function ¢ is the vector field
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¢ 09, 3¢A
v o ¥
A e

The components of the resulting vector field are
(Vg) =0'¢.
The divergence of the vector field V is the scalar function

avy vy  QV*

V.V= —_—
ox + ay + 0z

’

SO We can write
V.V=29V.

The curl or rotor of the vector field V is the vector field

av: VY, avy vy | vy
VxV= - — X+ ——— )yt -
ay 9z 9z ax ox

The components of the resulting vector field can be written as
(V x V) =¢gliky,v,

where £/ is the Levi-Civita symbol (see next section).

The Laplacian of the scalar function ¢ is the scalar function

2¢ 82¢ 82_¢
ayr 972’

Ap =V = (V- Vg=-5+-3

We can also write

Ap =879;9;¢.

The d’Alembertian of the scalar function ¢ is the scalar function

2 2
|:|¢=<_la_+ )qs:_iz ¢)+_¢+_¢+

2 92 B2 ax2 | 9y?

(B.4)
(B.5)
(B.6)
(B.7)
) i, (B.S)

(B.9)

(B.10)

(B.11)

’p
PR (B.12)

The d’ Alembertian can be seen as the Laplacian in Minkowski spacetime

O¢ = n""0,0,¢ .

(B.13)
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B.2 Levi-Civita Symbol

The Levi-Civita symbol ¢;j; is defined as

+1 if (i, j, k) is an even permutation of (1, 2, 3),
gijk = —1 if (G, j, k) is an odd permutation of (1, 2, 3), (B.14)
0  if any index is repeated.

Indices can be raised and lowered with 8/ and §; ;> but often the position of the indices
is ignored because §'/ and §;; have a trivial effect. For this reason, sometimes only
lower indices are used. The following formulas hold

gijue™" = 8781 — 815y, (B.15)
Eimne’™ = 28], (B.16)
Si.ijijk =6. (B17)

B.3 Properties

The divergence of the curl of a vector field is identically zero
V- (VxV)=0. (B.18)
This can be easily proved by rewriting this expression with the Einstein convention
3 ("%, Vi) = 0. (B.19)
The expression vanishes because we sum over i and j, and ¢;;; and 9;9; are, respec-
tively, antisymmetric and symmetric with respect to i and ;.
The curl of the gradient of a vector field is identically zero
V x (Vg) =0. (B.20)
If we rewrite this expression as
e7%d; () =0, (B.21)
we see that, again, we sum over i and j, and ¢;;; and 0;0; are, respectively, antisym-
metric and symmetric with respect to i and j.

The following identity holds

Vx(VxV)=V (V-V)=-V>V, (B.22)
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As in the previous cases, we write the component i

7%, (V x V)i = 759 84nd™ V" . (B.23)
Let us exchange i and k, so we can directly apply Eq. (B.15). We find

gkf"a,-si,,mam v — —Sijkajgimnam V" — (8,{(an — 3#5ﬁ) ;9" V"
= akan V” - amam Vk ’ (B24)

and we recover Eq. (B.22).



Appendix C
Differentiable Manifolds

Differentiable manifolds are the natural generalization of curves and surfaces in the
case of spaces of arbitrary dimensions. Their key-property is that we can locally
define a one-to-one correspondence between the points of a differentiable manifold
of dimension n with the points of an open subset of R". In this way we can “label”
every point of the manifold with n numbers, representing the local coordinates of
that point, and use the differential calculus developed in R". If the differentiable
manifold is globally different from R”, it is necessary to introduce more than one
coordinate system to have all the points of the manifold under control. In such a case,
we need that the transformations to change coordinate system are differentiable in
order to have results independent of the choice of the coordinate system.

C.1 Local Coordinates

Differentiable manifold. A differentiable manifold of dimension 7 is a set M
equipped with a family of bijective operators ¢; : U; C M — R” such that:
1. {U;} is a family of open sets and | J; U; = M;
2. Vi, j suchthat U; N U; # @, the operator A;; = goi(pj_l from ¢;(U; NU;)
to ¢; (U; N Uj) is infinitely differentiable.
The pair (U;, ¢;) is a local parametrization of M or a map of M. The family
of maps {(U;, ¢;)} is called the atlas of M.

Figure C.1 illustrates the concepts of differentiable manifold and maps. The function
@; can be thought of as an object with n components in which every component
is a function x*(p). These n functions evaluated at a point p of the differentiable
manifold are the coordinates of p with respect to the map (U;, ¢;).

Let us consider an example. The spherical surface of dimension 7 is the subset of
R**! defined as
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Fig. C.1 Differentiable
manifold M with the maps

(Ui7(pi) and (Ua(p) )
i %i U, u
¢i ¢j
A
R" il
Rn
- >
n+1
st = {(xl,x2,...,x"+1) | Y )= 1} : (C.1)
i=1
We define the operator
o U =8"/{Q©,...,0,1)} > R" (C.2)
as
1 2 n
1.2 nly _ X X x
(pl(x9x1"'7-x )_<1_xn+171_xn+11"'a1_xn+1)1 (C'3)
and the operator
v Uy =5"/{(0,...,0,—-1)} - R" (C4)
as
1 2 n
12 ntly X X X
o) = (o pr e ) (©)

The differentiable manifold S” is parametrized by the maps (U, ¢;) and (U,, ¢2).
The two maps together are an atlas of S”.

Let M and N be two differentiable manifolds, respectively of dimension m and
n. The function f : M — N is said to be differentiable at a point p € M if, for any
parametrization ¢ : V C N — R” with f(p) € V, there exists a parametrization
¢ :U C M — R" with p € U, such that the function



Appendix C: Differentiable Manifolds 279
T=vyfe ' :R" - R" (C.6)

is differentiable in ¢(p). From the definition of differentiable manifold, the differ-
entiability of f is independent of the choice of the coordinate system.

C.2 Tangent Vectors

Since a differentiable manifold of dimension n can be identified only locally with an
open set of R”, even all objects that we can construct on the manifold are just locally
defined. Tangent vectors can be defined after introducing the concept of curve.

Curve. A curve on a differentiable manifold M is a differentiable function
y:[th,b] CR— M.

With the concept of curve, we can define tangent vectors and their vector space.

Tangent vector. Let y (¢) be a curve on a differentiable manifold M and .# be
the set of differentiable functions f : M — R. We call the fangent vector to
M at p = y (1) along the direction of the curve y (¢) the operator X : .#Z — R
that provides the directional derivative of the function f € .# along the curve
y (t) at p; that is,

Ayl _ o df

X[f]= .
L/] dt 1=ty axH

(C.7)

The tangent space to the differentiable manifold M at the point p is the space
generated by the tangent vectors to M at p and is denoted 7, M.

The tangent space at a point on a differentiable manifold is a vector space whose
elements are the tangent vectors at that point.
Let us consider the map (U, ¢) of the differentiable manifold M around the point

p=o ', X%, ...,%"). With this parametrization, the curve y can be written as
x'(1)
x3(1)
slyor=|["." |, (C3)
xn (t)

and therefore
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x'(®)
N B0
yt) =¢- : (C.9)
x"(1)
The tangent vector X applied at the function f at y (fp) = p is
x'(®)
2
d x=(1) afe~' | dx*
X[ fl= — fo~! = —_— . C.10
U =gile : axk Ixex di li=y €10
x"(t) =i
The tangent vector X can be written as
X = X¥e;, (C.11)
where
. dxt
= — (C.12)
dt =t
are the components of the vector X, while
e, = (C.13)

~ oxk

are the basis vectors of the tangent space at the point p of the parametrization (U, ¢).
The set {e;} is called the basis of the coordinates and is usually denoted {9y }.

We can now show that, given p € M and X € T, M, it is always possible to find
a curve y(¢) such that y (o) = p and y(fp) = X. It is sufficient to write the vector
X in terms of some local parametrization (U, ¢)

9
X =xF— C.14
ok (C.14)

and solve n differential equations

d i _ i
i) =X (C.15)

1=ty

The curve is
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u' (1)
u(r)

yt)=¢! (C.16)

u" ()
A vector X = X*e, exists independently of the choice of the coordinate system

on M and therefore it can also be written in terms of another local parametrization
with coordinates {x*}

X' = X"e, (C.17)
where
d 1k
xh = . (C.18)
dt’ =g

The components of the vector X in the two systems of coordinates are related by

a 1k .
xh =2 xi (C.19)
ox/

while the relation between the two bases is

ox/

/—_ .
= ax/kej .

e, (C.20)

As already seen in Sect. A.2, the basis vectors of a vector space transform with the
opposite rule with respect to the one for the components of vectors.

C.3 Cotangent Vectors

Cotangent vector. Let M be a differentiable manifold. The cotangent space
at the point p is the vector space Ty M, dual of T), M. A cotangent vector is an
element of the cotangent space.

A cotangent vector is thus a linear functionw : T,M — R.If B* = {e’} is a basis of
T[’,*M , We can write

» = wie*. (C.21)

If X = X¥e¢; is an element of T, M written in terms of the basis B, we have
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o(X) = o X*. (C.22)

It is common to use the notation {dx*} to indicate the basis of T[;"M with respect to
the coordinates {x*}.

Letus now consider another local parametrization in the neighborhood of the point
p with local coordinates {x’*} and that provides the basis {e;} to the vector space
T, M and the basis {e*} to T;M. Since the quantity (X) € R does not depend on
the choice of the basis, we have w; X* = a),éX ’* where a),/( and X’* are, respectively,
the components of w and X with respect to the new bases. From Egs. (C.19) and
(C.20), we find

j 1k
dx/ % 0x

— J
=R w;, e o0 el . (C.23)

C.4 Tensors

Tensors are the generalization of tangent and cotangent vectors.

Tensor. Let M be a differentiable manifold and p an element of M. A tensor
of type (r, s) and of order r + s at p is an (r + s)-linear function

T T, M x T MxT,M x---xT,M — R. (C.24)

r times s times

With such a definition of tensor, tangent vectors are tensors of type (1, 0), while
cotangent vectors are tensors of type (0, 1). The set of tensors of type (7, s) at p
forms a vector space that we indicate with x; (M, p). Let {e;} be a basis of T), M and
{eX} its dual basis. A tensor T € X+ (M, p) can be written as

itiz.iy i\ oo i
T=T0 e e, ... e el el el (C.25)
Let {e;} be another basis of T, M with dual basis {e’*}. Since the rules of transfor-
mation for the bases and for the dual bases are the same encountered in the previous
sections for tangent and cotangent vectors, the components of the tensor T change
as follows

L. a2 /i /i q1 Q@ qs
jitigedy dx" dx ax" ax? dx dx® PLp2Pr C.26
T = - — ... —T . ( . )
Jij2eJs dxP 9xP2 AxPr dx'N 9x' Ox'Js 9192--4s
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Tensor field. Let M be a differentiable manifold. A fensor field of type (r, s)
on M is a function that at every point p € M associates with an element
T € x; (M, p) in a differentiable way.

Let t be a tensor field of type (7, s) on a differentiable manifold M. If all the
components of T vanish in a particular coordinate system, then they vanish in any
coordinate system. Such a conclusion directly follows from Eq. (C.26).

C.5 Example: Spherical Surface of Dimension 2

Let us consider the spherical surface of dimension 2. The definition in (C.1) can be
rewritten as

P ={x.y. | +y+7=1}. (C.27)

The map (¢, S2/{(0, 0, 1), (0,0, —1)}) is defined as

sin 6 cos ¢ sin @ cos ¢
¢ | sinfsing | =©0,¢), ¢ 'O, ¢)=| sinfsing |, (C.28)
cost cosf

where 6 € (0, ) and ¢ € [0, 27). A curve y assumes the form

_ (o0
oly (0] = ( M) . (C.29)

A generic (1, 0) tensor field can be written as
V="Vl + Ve, (C.30)

where V? = V%9, ¢) and V¢ = V4(0, ¢) are the components of the tensor field
with respect to the basis vectors

0 d
€ = —,

TR (C.31)

Figure C.2 shows the tangent space at two different points of the differentiable
manifold.
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Fig. C.2 S? with the
parametrization ¢ and the
tangent space at two points.
e and e; are the two basis
vectors of the
parametrization ¢ and can be
employed to write tensor
fields on the manifold
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Appendix D
Ellipse Equation

An ellipse is a curve in a plane with two focal points. The sum of the distances of
every point on the curve from the two focal points is constant. In Fig.D.1, the two
focal points are F} and F5. The distance between F; and F; is 2c:

FiF =2c. (D.1)

The ellipse with focal points F| and F, and eccentricity e = c¢/a (0 < e < 1) is the
set of points P such that

FP+ 5P =2a. (D.2)

We adopt a polar coordinate system (7, ¢) centered at the point Fj. r describes

the distance of the point P from F; and ¢ the angle @’ Equation (D.2) can be
rewritten as

r+ \/(20 +rcosg)’ + (rsing)’ =2a. (D.3)
We consider the square of this equations and, after some simple calculations, we find
r(a + ccos¢) =a>—c%. (D.4)

Since e = c/a, Eq. (D.4) can be written as
r(a+ccosg) =a*(1—e?), (D.5)

and in the more compact form

1
—=A+ Bcosg, (D.6)
;

© Springer Nature Singapore Pte Ltd. 2018 285
C. Bambi, Introduction to General Relativity, Undergraduate Lecture Notes
in Physics, https://doi.org/10.1007/978-981-13-1090-4



286 Appendix D: Ellipse Equation

Fig. D.1 Ellipse: the focal
points are F| and F;

where

A=—— B=— . (D.7)



Appendix E
Mathematica Packages for Tensor Calculus

There are several Mathematica packages for tensor calculus available. Most of them
can be downloaded from the web for free. It is also quite easy to write a Mathematica
program to evaluate the main tensors and the Christoffel symbols for a given metric.
In this appendix, we will introduce the package called RGTC (Riemannian Geometry
and Tensor Calculus) for tensor calculus in Riemannian geometry. It is available for
free at

http://www.inp.demokritos.gr/~sbonano/RGTC/

where there is also a manual with a number of examples.

With a few simple steps, RGTC computes the explicit expressions for some tensors
(Riemann, Ricci, Einstein, Weyl) and checks if the spacetime belongs to any of the
following categories: flat, conformally flat, Ricci flat, Einstein space or space of
constant curvature.

First, it is necessary to initialize the code with the command

<< EDCRGTCcode.m

Then, we have to define the coordinates and the metric. As an example, we can
consider the Schwarzschild metric in the usual Schwarzschild coordinates. For the
coordinates, we can write

Coord = {t,r,0,¢};

Then we write the non-vanishing metric coefficients

gtt = - (1 - 2M/r);
grr = 1/(1 - 2M/r);
gpp = r"2;

gvv = r"2 Sinl[0]"2;
and we define the metric

g = {{gtt, 0, 0, 0}, {0, grr, O, 0}, {0, 0, gpp, 0},
{0, 0, 0, gvv }};
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To launch the code, the command is
RGtensors|[g, Coord, {1, 1, 1}]
and the output is something like

gdd =

LineElement =

guu =

gUU computed in 0.007923 sec

Gamma computed in 0.003136 sec

Riemann (dddd) computed in 0.002824 sec
Riemann (Uddd) computed in 0.002247 sec
Ricci computed in 0.000167 sec

Weyl computed in 0.000015 sec

Ricci Flat

All tasks completed in 0.019439 seconds

where in the place of the ellipses . . . there are the expressions for the metric, the
line element, and the inverse metric, respectively.

The option {1, 1, 1} canbe manipulated to skip the evaluation of some ten-
sors. If the firstnumberis 0,i.e. wehave {0, 1, 1},thepackage doesnotcompute
the Riemann tensor R¥, , and instead of the line

Riemann (Uddd) computed in 0.002247 sec
the output produces the line
RUdAdd not computed

For {1, 0, 13},thecode skipstheevaluation ofthe Weyl tensor. For {1, 1, 0},
it skips the evaluation of the Einstein tensor. It is just a command to save time if we
do not need some tensors.

After RGTC has evaluated the tensors of the input metric, we can write their
expression or work with them. For instance, if we want to visualize the Christoffel

symbol I}, we write the command

Guddl[[1,1,2]]

The output will be the expression of I}, of the input metric. To visualize the com-
ponent R, of the Ricci tensor, we write

RAA[[1,1]]

Note that indices run from 1 to n, where n is the number of the dimensions of the
spacetime, according to the definition in Coord; that is, there is no index O.

The package has some built-in functions to raise/lower indices, contract indices,
evaluate the covariant derivative, etc. More details can be found in the manual of
the package. We can also use standard Mathematica functions. For instance, the
Kretschmann scalar can be evaluated with the command
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Kretschmann = Simplify[ Sum|[

Rdddd[[i, j, k, 1]]1*RUddA[[i, m, n, o]]*gUU[I[],

*gUu[ [k, n]]*gUU[[1, o]],
{i, 1, 4y, {3, 1, 43}, {(k, 1, 4}, {1, 1, 43},
{m, 1, 4}, {n, 1, 4}, {o, 1, 4} 1]
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Appendix F
Interior Solution

The Schwarzschild metric found in Sect. 8.2 is the exterior vacuum solution for any
spherically symmetric matter distribution in 4-dimensional Einstein’s gravity; that is,
itis the solution for the region r > r(, where ry is the radius of the matter distribution.
In this appendix, we want to find a simple solution for the interior region r < ry.

First, we have to specify the matter energy-momentum tensor appearing on the
right hand side of the Einstein equations. The simplest case is that of a perfect fluid
and 7}, reads

Uy

u

where p, P, and u* are, respectively, the energy density, the pressure, and the fluid
4-velocity. The most general line element for a spherically symmetric spacetime is
given in (8.8). Here, we further simplify the problem, and we impose that the line
element is also independent of time, namely we do not want possible radial inflows
or outflows of matter. Our line element becomes

ds> = — f(r)c*dt* + g(r)dr® + r* (d6* + sin” 0d¢*) . (F2)

Since we are employing the coordinate system in which matter is at rest, the only
non-vanishing component of the fluid 4-velocity is the temporal one and u* is

| = L,o), F3
[l (ﬂ (F.3)

because g, u"u” = —c?. The matter energy-momentum tensor is

of 0 0 0
0 Pg 0 0

Tull = , F4

| | Ay | | 0 0 Pr2 0 ( )
0 0 0 Pr’sin’6
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where p and P can be (at most) functions of the radial coordinate r.

At this point we have all the ingredients to write the Einstein equations. Unlike
in Sect. 8.2, now we are not in vacuum, so the scalar curvature is non-vanishing in
general and has to be calculated. Its expression is (R,,, s were calculated in Sect. 8.2)

R=2g"Ri+8" R+ 8" Rog + g Ry

I A AT AN
= 2fg+4fg< * ) * < * >+

foog rfg 2fg 4fg\f &g rg
2 2 1 (g f
gt (5 F)
__f L’(L’ g_’) E_i_£<i’_g_’> -
fg+2fg f+g T rrlg rg\f g/} (3

The non-vanishing components of the Einstein tensor G, are

_f// f/ f/ g/ f/

1t

f g rg
1 ﬁ_£<£ g_/)_ﬁ 2f ﬁ(i_g_ﬂ
Z[g 2¢g f+g r2+r2g+rg f g
LS "o

2f T4 \f rg
l[ﬂ_i<ﬁ+§)_28 2 %(ﬁ_g_/)}
2L fF 2f\f & 2ot \f g
__ s 1. I (E7)

g 28\g f
1 r2f// r2f/ <f/ g/) 2 2r <f/ g/>i|
— — EATR A N S I A
+2[fg 2fg f+g +g+g f g
r f/ g/ r2f// r2f/ (f/ g/>
=—(=-= - 42, F.8
2g<f g>+2fg arg 7 g =9
Gy = Gapsin® 6 . (F.9)

With the Einstein tensor G, and the matter energy-momentum tensor 7),,, we
can write the Einstein equations
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87TGN 1 1 g/ 87TGN
G, = oA Ttt—)},_z_%'i_@: A P (F.10)
8t G 1 1 ! 8t G
G, =GNy 1 1 %Oy, (E11)
c* rlg r?  rfg c*
8 G
Ggyg = o Y Too —
1 ! / " / ! / 8 G
_(i_g_)+ o f (£+g_): TONp . (E12)
2rg \f g 2fg 4fe\f g ¢

The ¢¢ component is as the #9 component with the factor sin® 6 and therefore it is
not an independent equation. The off-diagonal components are all trivial 0 = 0. We
have thus three equations and four unknown functions ( f, g, p, and P). The system
can be closed by specifying the matter equation of state. The simplest case is that in
which the energy density is constant in the matter rest-frame, i.e.

p = constant . (F.13)

More realistic equations of state typically require the equations to be solved numer-
ically. Now we have three equations for three unknown functions ( f, g, and P).

The covariant conservation of the matter energy-momentum tensor is a direct
consequence of the Einstein equations

v = 2
T =

ot rhr™ + 't =o0. (F.14)
xl)

Even if it does not provide an independent equation, it is sometimes more convenient
to use. As it can be easily imagined from the symmetry of our system, only the
equation for u = r has a non-trivial solution. The equation reads (the Christoffel
symbols were calculated in Sect. 8.2)

aTrr
ar

r 06
+ T + LT + I, T + 17,77

+ (M + I+ T+ %) T =0,
P Pg f'p gP rP rsin’ P

g & 2f 2gg gr? g r2sin?6

fog 1 1\P
+<2f+2g+r+r)g_0,
P S =0
J— _p — s
g 2fg
, o f
P=—2—(p+P). (F.15)

2f
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From Eq. (F.10) we have

1 rg 81GNn
S LY
8 8
d 8n G
Sl TN
dr g c*
87Gn [
L ”4N/ pFdF +C, (F.16)
8 ¢ 0

where C is an integration constant. For r = 0, we see that C = 0. If we employ
Eq. (F.13), we find g

1
= (F.17)
N
We rewrite Eq. (F.15) as
d dPpP f’
- P)= — =_"_ P) . F.18
dr(p+ ) P 2J,(p+ ) (F.18)
The solution is
C
p+P=—, (F.19)
Na
where C; is a constant. We sum Eq. (F.10) with (F.11) and we get
! ! 871G 8rGn C
S S O gy NG (F.20)
rg*  rfg ¢ t Jf
From Eq. (F.17) we can write
1 8 GN 2
—=1- F.21
B 3cd P (F21)
! d 1 167G
g __ 4. _0roN . (F.22)
g2 dr g 3¢t
We combine Egs. (F.20)—(F.22) to write
167G ! 81 G 81Gn C
TGN (230N ) 8TCN G (F23)
3ct rf 3¢t &t Jf

Let us define & = +/f. Equation (F.23) can be rewritten as
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167TGN 2hn 167TGN h SJTGN Cl
y— = —_

3cv P n T T3 T T e
8 GN ’ 8 GN 2. 4 GN
e prh+h" — o preh’ = o rCy,
1— 871G r2 3C
R (F.24)
3C4N or 2)0
The homogeneous solution of this equation is
8n G
h=—Cy /1= 2N 0 (F.25)
3¢t
where C, is a constant. An inhomogeneous solution is
3C
h=""1. (F.26)
2p
The function f is thus
3C 8n G ’
1 TUN
=|— —Cy/l ———pr?| , F.27
f (2/0 2 30 PV) (F.27)
and the line element of the spacetime reads
3C 8n G ?
ds* = | =L — ¢y )1 — i Norz| dr?
2p 3c4
dr’ 2 (102 1 wn? 2
- m +r (d9 + sin“ Od¢ ) . (F.28)
T T34 pr

At this point we have two metrics. The Schwarzschild metric holds in the exterior
region r > ro and is characterized by the parameter M. The matter solution holds in
the interior region r < r(y and has two parameters, C| and C,. We can now link these
constants by imposing physically reasonable conditions.

We require that at r = ry, which is the surface separating the matter interior from
the vacuum exterior, the metric is continuous and the pressure vanishes. The rr
component of the metric tensor is continuous if

8out(ro) = &in(ro) (F.29)

where go and g, are, respectively, the g,, coefficients of the exterior and of the
interior solutions. Plugging in their explicit expression we have



296 Appendix F: Interior Solution

ZGNM 8 GN 2
1 - r =1- 3t o7y (F.30)
and we find
4
3C2 —pr, o (F.31)

M can thus be interpreted as the effective mass of the body generating the gravitational
field. Note that (4/3)7r; is not the volume of the massive body. Indeed ry is only
the value of the radial coordinate of its surface. If we had not imposed the equation
of state in (F.13), p = p(r), and Eq. (F.31) would read

4 (7o
M== / oF2dF | (F.32)
= Jo

The total mass of the body in this spacetime should be given by

, 4w [T Fdr
M =— P, (F.33)
¢ Jo /1 — SngN ,0;72
and we can thus define as the gravitational mass defect the quantity
AM =M —M. (E34)

From Egs. (F.19) and (F.27) we can write the pressure P as

/ 87Gn .2 Ci
C Crpy /1 — ZFHprs— =t
P="L - 2 = (F.35)

— p_
ﬁ %—CQ 1—8nGN,0r2

The condition P (ry) = O reads

C1 8JTGN
— =y /1 —
2p 3¢t

,or0 (F.36)

and links together the quantities Cy, C,, and rg.
Lastly, we impose that even the g;; coefficient is continuous at the boundary r = rg

Jout(ro) = fin(ro) - (E.37)

We find
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2GnM 3C 81 G
1= SN (g 1= N2 (F38)
c2rg 2p 3¢t
Employing Eqs. (F.31) and (F.36), we find
87TGN SJTGN
1-=5 pré = 4C? (1 o pr§> :
C?= : (E39)
2= .

The solution with the negative sign is not physical because it would imply C; < 0
and then p + P < 0. Eventually, the only solution is

4T,
=3
SJTGN
C =,0\/1—7:0”0v
1
C, = 3 (F.40)

The three constants M, Cy, and C, are now completely determined by the energy
density p and the radius of the body ry.
The pressure P is given by

\/1 8”GN pr? — \/1 SggN ,Oro

P = (F41)
3\/1 2 prg — \/1 S pr?
It remains finite at » = 0 if the denominator in (F.41) is larger than zero
8 GN
3 1_—304 pr§—1>0
8 GN ) 1
- ry > —,
3ch P07
3nG
”C Norg < 1. (F42)
‘We multiply both sides by ry and we find the condition
3Gy 53 9 (2Gn4m 4 9 (2GNM 9
e ATy ( 2 320 ) =g\ T B (F43)
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where rg is the Schwarzschild radius of the body. Our solution with constant energy
density is only possible if the surface of the body satisfies Eq. (F.43). There is no
solution for more compact objects.



Appendix G
Metric Around a Slow-Rotating Massive Body

In this appendix, we want to derive the metric around a slow-rotating and quasi-
Newtonian (i.e. the gravitational field is weak) massive body. The result can be used
to see that the parameter a in the Kerr metric is the specific spin of the black hole.

For simplicity, we consider a spherically symmetric and rigidly rotating homoge-
neous ball of dust. The matter energy-momentum tensor reduces to 7" = pu*u”,
where p is the mass density (not the energy density),

u' = (yc,yv) (G.1)

is the 4-velocity of every element of the ball of dust, and v is the 3-velocity. Let us
assume that the object is rotating in the xy plane. The Lorentz factor of every element
of the ball of dust is

1

Y= iove

where v> = 22(x? + y?) and 2 = constant is the angular velocity. The 3-velocity
is v = (—£2y, £2x,0). The matter energy-momentum tensor is

=1+0 (2%, (G.2)

pc? —pcf2y pcf2x 0

—pcf2y 0 0 0

“vyp 2
NTH)| = pe2r 0 0 0 + 0 (2%), (G.3)
0 0 0 0
and, with lower indices,
pct pcRy —pcf2x 0
| pcs2y 0 0 0 5
Tl = Cpefx 0 o ol *t 0 (£2°). (G.4)
0 0 0 0
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We can now proceed as in Sect. 12.2. We write the metric g, as the Minkowski
metric plus a small perturbation

8uv = N + h;w . (G.5)

The Einstein equations provide the following solution for the trace-reversed pertur-
bation &,

) T, (x
i = 20N / iy T ) (G.6)

Note that here, unlike in Sect.12.2, T},, is independent of time. If the ball of dust
is at the origin of the coordinate system and we are interested in the metric at large
radii, we can expand the term 1/|x — x’| inside the integral as

1 |
Ix—x/|=;+r_3+m' G

For the 77-component we have

4G 4GnM
h”:_N BxXp+--= ; 4, (G.8)
cr c’r
where M is the mass of the slow-rotating object. Since h = ﬁfj = —h,,, we find that
the r¢-component of the metric perturbation is
- 1 -~ 2GwM
hi = hiy — 50uh = —5— . (G.9)
2 c°r

hi; = 0 because T;; = 0 (we ignore terms of order £2? or higher because the
rotation is slow). The ij-components of the metric perturbation are

2 ifi=j.

1 - 0 ifi i,
hij = —=nijh = { 26\ M = (G.10)

c2r

Lastly, we have the terms /;;s. fz,i = h;; because n,; = 0. h;, = Obecause T;, = 0.
For the 7x-component we have

4G
. :C—:I d*x' p2y +—/dzx/p.{2y (xx'+yy +22) + -
4G
= c3rN X pR2yy”? + - (G.11)

and for the ty component we have the same expression exchanging x and y and
adding a minus sign
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4Gn

33

hyy = / X pRxx?+ . (G.12)

We introduce the spin angular momentum of the object J as
J= 2/d3x’,0.{2x/2 = 2/d3x/p.s?y/2 = /d3x/p9 (x?+y?), (G.13)

and the 4,;s terms can be written as

2GnJy 2GnJx
h’x:&T hty:_c37 -, hiy=0. (G.14)

Considering only the leading order terms in £, the line element of the spacetime
at large radii reads

2G\M 4GnJ AGNJ
ds> = — (1 ) )czdﬁ + 22X grax - 2 aray
cr cr cr
2GM
- <1 + Cfr ) (dx* +dy* +dz*) . (G.15)

Let us now rewrite the line element in spherical coordinates (ct, r, 0, ¢). The
relation between Cartesian and spherical coordinates is

t=t,
X =rsinfcosg,
y=rsinfsing,
z=rcosH. (G.16)
The metric tensor transforms as
;o 0x® axP G.17)
glw - Ix'm Jx’v 8ap - :

g does not change, because there is no mixing between the time and the space
coordinates. g;;s change as in the Euclidean space (see Sect. 1.2). g;;s vanish except

147

at dx at dy
8ir = Eafrgtx + gafrgty
_ sinfcos (M) + sin6sing GM) 0.
c3r 37
dat dx at dy
819 = E@gm + E@g""

2GNJrsin 6 sin ¢

. 2GNJrsinf cos ¢
=rcosfcosp| ———— | Freosfsing | ———————— | =0,
c3r

3,3
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_ Jat dx at dy
8ip = 3t 9¢ 8ix Py a¢g”
2GNJrsin @ si 2GnJr sin 6
= _rSin05i0¢<w> + rsin@ cos ¢ <—%3COS¢)
o 3r
2GNJ sin? 6

T A G.18

A3r ( )

The line element in spherical coordinates thus reads

2GNM 4GnaM sin’ 6
ds? = — (1 - TN> Adr? — NI T g

cer c2r
2GaM
+(1 += )(dr2+r2d@2+r2 sin’ 0d¢?) (G.19)
c°r

where we have introduced the specific spin a = J/M. These coordinates are still
isotropic. If we want Boyer—Lindquist-like coordinates, we need another coordinate
transformation, as done in Sect.9.5.
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Appendix H
Friedmann-Robertson—Walker Metric

Alexander Friedmann in the early 1920s and, independently, Georges Lemaitre in the
late 1920s and early 1930s were the first to employ the Friedman—Robertson—Walker
metric and study the corresponding cosmological models assuming the Einstein
equations. In the mid 1930s, Howard Percy Robertson and Arthur Geoffrey Walker
rigorously proved that the Friedman—Robertson—Walker metric is the only geometry
compatible with the Cosmological Principle. Such a statement is independent of
the field equations of the gravity theory, which can only determine the scale factor
a(t). In this appendix, we want to outline a possible derivation of the Friedman—
Robertson—Walker metric.

We want to obtain the most general metric describing a spatially homogeneous
and isotropic spacetime. Isotropy means that there are no preferred directions: the
spacetime should thus look spherically symmetric and we can proceed as in Sect. 8 1,
finding the line element in Eq. (8.5). We can then consider a coordinate transformation
to remove the off-diagonal metric coefficient and we get the metric

ds* = — f(t,r)Pdt> + g(t, r) (dr* + r’d6* + r* sin> 0d$?) . (H.1)

Unlike the spherically symmetric spacetime in Chap. 8, here the spacetime is also
spatially homogeneous; that is, there are no preferred points. This means, in particu-
lar, that the clock of any static observer should measure the same time and therefore
f = f(¢) because it cannot depend on the radial coordinate r. If g;; only depends
on the time coordinate, we can always consider the transformation (which is a
redefinition of time and is called synchronization)

dt — dt’ = \/fdt, (H.2)
and set g,; = —1. Because of isotropy, we can write g(t, r) = a*(t)h(r) and the line
elements becomes

ds* = —c*dt* + a*(t)dl*, (H.3)
© Springer Nature Singapore Pte Ltd. 2018 303

C. Bambi, Introduction to General Relativity, Undergraduate Lecture Notes
in Physics, https://doi.org/10.1007/978-981-13-1090-4


https://doi.org/10.1007/978-981-13-1090-4_8
https://doi.org/10.1007/978-981-13-1090-4_8
https://doi.org/10.1007/978-981-13-1090-4_8

304 Appendix H: Friedmann—Robertson—Walker Metric
where dI? is given by

dI* = h(r) (dr* + r’d6* + r*sin” 0d¢*)
= h(r) (dx* +dy* +dz*) . (H.4)

It is straightforward to calculate the scalar curvature of the 3-metric g;; with a
Mathematica package for tensor calculus (see Appendix E). We find

R 30— (8h'/r + 4h")
B 23

. (H.5)

Because of homogeneity, R must be spatially constant. Imposing this condition, the
solution for the function # is

1

h(r) = ———,
(r) ( +kr2/4)2

(H.6)

where k = 0, £1. R = 6k and therefore R > 0, < 0, and O for, respectively, k =
1, —1, and 0. The line element of the spacetime turns out to be

dx?® 4+ dy* + dz?
dr? +r?d6? + r* sin> 6d¢*
(1+ kr2/4)*

ds* = —c*dt* + d* (1)

= —cXdt* + d*(t) (H.7)

Note that we have obtained the most general expression for a metric describing a
spatially homogeneous and isotropic spacetime. We can always rescale r to have
k = 0, 1, and therefore other values of k£ do not represent different metrics but just
the same metric with a different radial coordinate.

With the following transformation for the radial coordinate

.
L H.$
" T k24 (H8)

we get the Friedman—Robertson—Walker metric in the coordinates employed in
Chap. 11

~2

p
1 — k2

ds* = —c2di* + a* (1) [ + 72d#* + 7 sin® 9d¢2i| ) (H.9)

Let us check that the transformation in (H.8) transforms the line element in (H.7)
into the line element in (H.9). For ggg and g4, it is easy to see that
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2

2 20 2\ =2 (102 L i g2
—(1 N kr2/4)2 (d6® + sin* 0d¢p*) = 7% (dO* + sin® 0d¢*) . (H.10)

For g7z, we can write

_oror

"o Brg"

(=24 (1—kr?/4) 1

T (k24 (1 + k24 T — kP

_ (k) (k) (k)

(U kr2/a) (14 kr2/4) (14 kr2j4)” — k2
1

= (H.11)
(1+kr2/4)°

&rr

and we obtain the correct metric coefficient in (H.7).



Appendix I
Suggestions for Solving the Problems

I.1 Chapter 1

Problem 1.1: In Cartesian coordinates {x'} = (x, ¥, z), the metric tensor is §;;. In
spherical coordinates {x"} = (r, 6, ¢), the metric tensor is given by
ax™ oax"
/ —
7 gy ax/jam"' 1.0

Fori = j = r, we have

_0x™ 9x" _8x8x+8y3y+318z
8 = ar or " 9rdr  oror  oror
= sin? 0 cos® ¢ + sin’ @ sin® ¢ + cos> 6 = 1. 1.2)

Fori =r and j = 6, we have

_0x™ ox" _ 0xox n ay dy " 0z 0z
8 = T 90 ™ T ar 90 " ar a0 ' or o0

= rsin@cosf cos’ ¢ + rsinf cos@sin’¢ — rsinfcos® =0. (L3)

Fori = r and j = ¢, we have

ax™ 9x" dx dx  dy dy 0z 0z
gr¢:__5111n=__+_— —_—
ar 0d¢ ar d¢p  dr d¢p ~ Or AP

= —rsinfcos¢sing + rsin>Hcospsing =0. (L.4)

‘We calculate the other components of the metric tensor in the same way and eventually
we find that the only non-vanishing components are g, = 1, ggg = %, and gyp =
r? sin? 0. The line element in spherical coordinates is thus
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di* = dr® + r?d6* + r? sin? 0d >, (L5)
and we have verified Eq. (1.14).

Problem 1.2: We proceed as in Problem 1.1. In spherical coordinates {x'} =
(r, 0, ¢), the metric tensor g;; is given in Eq. (1.15). In cylindrical coordinates
{x"} = (p, z, @), we calculate the metric tensor from

;o 0x™ 9x"

i j mn - 1.6
i ox 9 8 (16)

Fori = j = p, we have

ox™ ax" oror 0000 , 09 0dp , . ,
8pp = —8&m=——+——r"+——r"sin“0
ap dp dp dp  dp dp ap dp

= P < 2 2 oy
_\/,Oz—i—zz\/,oz—l-zz+,02+12,02+z2('0 +Z)—1- @$.mn

Fori = p and j = z, we have

ox™ ax" ordr 0000 , 0¢dp , . ,
8pz = —8mn — T — —r — —r°sin“ 6@
9o 8z dp dz  dp 3z p 9z
p < Z - 2, 2
= + +z7)=0. 1.8
Vor+22o?+ 22 ,02+Z2p2+12('0 ) (1.8)

Fori = p and j = ¢', we have

ax™ ax" or or 090 90 , 0¢ 09 ,
8oy = — ——8mn = — + ——r’4+ " r%sin’0 =0. (19)
dp 0¢’ dp 09’ dp a¢’ op 09’
We calculate the other components of the metric tensor in the same way and eventually
we find that the only non-vanishing componentsare g,, = 1,g.; = 1,and gy¢ =
The line element in cylindrical coordinates is thus

di* = dp* + dz* + p*d¢” . (1.10)

Problem 1.3: The Jacobian of the inverse transformation of the transformation in
Eq. (1.36) is

Hence the new metric is glfj = 81’."8;.’8,"” = 4ij.

axm
ox't

=[167"1] - (L11)

Problem 1.4: The transformation from the Cartesian coordinates (x, y, z) to the
Cartesian coordinates (x’, y’, z’) is given by
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x'=x cosf +ysind,
y = —x sinf +y cosb,
7 =z. (I.12)

The inverse transformation is

x =x" cos —y sinf,
y = x'sinf +y' cosh,
z=27. 1.13)

We proceed as in the previous exercises to find the metric in the new coordinate
system

Fori = j = x/, we have
gox =c0s? 0 +sin’f = 1. (1.15)
Fori = x" and j = y’, we have
gxy = —cosfsinf +sinfcosf =0. (1.16)
Fori = x’ and j = 7/, we have
oy = 0. L17)

We can calculate all the metric components. The result is that g/ ; = 6ij and the
expression of the Euclidean metric does not change.

Problem 1.5: The Lagrangian of a free point-like particle is

1 L

In cylindrical coordinates, the metric tensor is (see Problem 1.2)
100
llgijll=1010 |]. (1.19)
00 p?

Equation (1.18) thus becomes
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1 .
L= m(p*+2 +0%7) . (1.20)

The Euler—Lagrange equations are
. 2 . G 2 Y
p—pp =0, 7=0, ¢+;p¢=0. 1.21)
Problem 1.6: We have just to match the geodesic equations
4+t =0, (1.22)

with Eq. (I.21). It is straightforward to see that
P _ ¢ ¢ 1 (I 23)
lyy =—p, 1p¢'—1¢'p—p" :

and all other Christoffel symbols vanish.

Problem 1.7: Here the Lagrangian coordinates are (¢, ¢). The Euler-Lagrange
equations are

d oL BL_O doL oL

- —=0, ——=—-—= (1.24)
dt 90 00 dtd¢p 3¢

We find

6 —sin@cosfp> =0, ¢+ 2cotfp =0. (1.25)

Problem 1.8: The Lagrangian does not explicitly depend on the time #, so we have
the conservation of the energy E

LT TR IR M
E—axx—i—a),)y L—zm(x +y)—|—2k(x —l—y). 1.26)

The Euler—Lagrange equations are
k k
X4+ —x=0, y+—y=0. 1.27)
m m
Problem 1.9: Let us consider the Galilean transformation

X'=x—-vt, Y=y, =z, t'=t, (1.28)

We have



Appendix I: Suggestions for Solving the Problems 311

0 ax™ 9 0
= - (1.29)
ax! dax! ax™  9x"
and therefore V = V'. For the derivative of the temporal coordinate, we have
0 ) + ) 1.30)
—=—-v— 4+ —. .
ot ax’ ot
Maxwell’s third and fourth equations would change to
1 d d
VxE =— — —v— | B, (1.31)
¢ +v \at ox’
, 1 0 0 ,
VxB =—\——-v— |E, 1.32)
¢ +v \aor ax’

since ¢’ = ¢ — v in Galilean relativity. Independently of the transformation rule of
the electric and magnetic fields, in general these equations are not invariant under a
Galilean transformation.

I.2 Chapter 2

Problem 2.1: The relation between Cartesian coordinates {x'} = (ct, x, y, z) and
spherical coordinates {x"} = (ct’, r, 0, ¢) is

t=t, x=rsinfcos¢p, y=rsinfsing, z=rcosf, (1.33)

with inverse

V24 yr+ 22
¢ = arctan (X) . (1.34)

X

Z
f=t r=J@TRT2, gzmos(—),

As a tensor, 7" transforms according to the rule in Eq. (1.30). From the expression
in Eq. (2.60), we find

ax™ ox"

T/Mv — Tolﬂ
ax® 9xP
1 ax™ ax" ax™ ax" ox'* ax" ax™ ax"
=S—— &+ P+ P+ P (1.35)
¢? 0t ot ox 0x dy dy dz 0z

For instance, for © = v = t’ we have
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’ /
T = a—ta—te =c. (1.36)
Jat ot

After calculating all the components, we find that the energy-momentum tensor of
a perfect fluid in spherical coordinates and in the rest-frame of the fluid has the
following form

e00 O
7" = 8](; 2 8 (1.37)
000 5oy
T’#, is obtained by lowering the second index with g,,,
T, = g, T . (1.38)
The result is
000
=l oo o (139)
00o0rp
Similarly, 7, = g,,T'",, and we find
e0 0 0
=0t pe o (140)

00 0 PrZsin’6

Problem 2.2: We have to move from the Cartesian coordinates {x*} to the Cartesian
coordinates {x"*}, where

ax'® u
T = Al (L41)

and A*, is the transformation in Eq. (2.8). The energy-momentum tensor in the
coordinates {x"*} can be calculated from

T = AF AV, T (1.42)
For instance, for 4 = v = t’ we have

T — Az/aAr’ﬁTocﬂ — At/tAt’tg + Af’fo/xP = yz (g + IBZP) . (1L43)
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The other components can be computed with the same procedure.

Problem 2.3: The Lorentz boost connecting the references frames (ct, x, y, z) and
(ct',x', ', 2) is

y —vBO0O
wiy_|-vB v 00
0 0 01

_ _ 2 _
where 8 =v/c, y = 1/4/1 — B2, and we have x* = A;*,x“. The Lorentz boost
connecting the references frames (ct’, x’, y', z') and (ct”, x”, y", 7") is

v’ —v'B00
—y'p v 00
M| —
||A2a|| - O 0 1 0 ’ (145)
0 0 01

where 8’ =V//c,y' = 1/y/1 — B’?, and we have x"* = A,* x'®. The Lorentz boost
connecting the references frames (ct, x, y, z) and (ct”, x”, y”, z”") can be found from

A, = AP A, (1.46)

Problem 2.4: We can just show that the matrices in Egs. (2.28) and (2.29) do not
commute. For instance

A A, E A AT (147)

Problem 2.5: Let us indicate with At a time interval measured by a clock on Earth
and with At the same time interval measured by a clock on one of these satellites.
Considering only the effect of the orbital motion of the satellite, we have

A 2
At = _ar ~ (1 + %) AT = (1 +84- 10711) AT, (1.48)

Ny

where B = v/c = 1.3 - 107 is the satellite speed in units of the speed of light.

I.3 Chapter 3

Problem 3.1: We follow the 4-dimensional formalism. From the actionin Eq. (3.22),
in spherical coordinates the Lagrangian is
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1 . : :
L = _Em (cztz — 2 —r%6? — r? sin? 9¢)2) . (1.49)

We employ Eq. (3.23) to calculate the components of the conjugate momentum. For
W =t, we have

aL 10L ; 1.50)
=— =—-— = —mct. .
Pr= %0 = ¢ ai
For u =r, 6, and ¢, we find
pr=mi, pg=mrio, Dy = mr?sin® 6¢ . @151

The components of the 4-momentum can be obtained raising the index in p, with
the inverse of the metric tensor. For . = ¢, we have

p'=g"p, =mci. (1.52)

Similarly, for the spatial components we get

pr=mi, p’=mb, p®=mo. (1.53)

Problem 3.2: The Lagrangian in Eq. (I.49) does not depend on the coordinates ¢
and ¢, and therefore we have the conservation of the energy E and of the axial
component of the angular momentum L,

E=—p =mci, L,=py=mr’sin’0¢. (L54)

Note that the energy E is defined as — p,. If we adopt a metric with signature (+ —
——), as it is common in particle physics, we would define the energy E = p, and
the axial component of the angular momentum L, = —p,. The system has also a
third constant of motion, which is associated to the conservation of the norm of the
4-velocity and follows from Eq. (3.24).

Problem 3.3: In cylindrical coordinates, the Lagrangian in (I1.49) becomes

1 . .
L=—om (Pi* = p* — 22— p?¢?) . (1.55)

The components of the conjugate momentum are
pi=—mct, p,=mp, p.=mi, ps=mpP. (1.56)

The components of the 4-momentum are obtained raising the index of p, with the
inverse of the metric tensor
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pl=mct, p’=mp, p‘=mz, p®=m¢. (L57)

The Lagrangian does not depend on the coordinates ¢, z, and ¢, so we have the
conservation of the energy — p;, of the momentum along the z axis p, (=p*), and of
the axial component of the angular momentum pg.

Problem 3.4: We assume that the high-energy photon moves in the xy plane and
the CMB photon moves along the x axis. Their 4-momenta are, respectively,

Pyl = (p, pcost, psin®,0). [Ip¢y,ll = (q.9,0,0), (1.58)

The reaction is energetically allowed when

— pl'pl, = 4mc”, (1.59)

where p;* = pl 4 piy - We find

P2 +q*+2pg — p*cos’ 6 — g* —2pg cosf — p*sin? 6 > dm>c?
2pq (1 —cos0) = 4mgc?. (L60)

The average energy of CMB photons is (gc) =2-10* eV. Ignoring the term
pq cosB in Eq. (1.60), we find that the threshold energy for the high-energy pho-
tonis E, ~ 10" eV.

Problem 3.5: The binding energy of iron-56 is

Ep = (26 -mpc* +30 - m,c* — Mc?)
= (26-0.938 4+ 30-0.940 — 52.103) GeV = 485MeV.  (L61)

The binding energy per nucleon is eg = Eg/56 = 8.7 MeV.

Problem 3.6: The first part in the Euler—Lagrange equation is

1 ad 0.7
e [ a)
19 ho0(0.9) 3 (3,9)
=-——= —3 )
J—_gax" VIR G gy 0 Ve () (M)}
1 h
G e 00 - v e )]
h
- raxo (V=88 (0.6)] = —hTp. (162)

where we have introduced the operator []
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1 9 a
O= ——J—gg""— 1.63
=g bxn 88 55 (1.63)
The second part in the Euler—Lagrange equation reads
0.7 m2c?
- = ) 1.o4
o0 5 ¢ (1.64)

In the end, the Euler—Lagrange equation can be written in the following form

2.2
(D — mh—2C> $=0. (1.65)

This is the Klein—-Gordon equation.

Problem 3.7: The problem reduces to writing the operator []in Cartesian and spher-
ical coordinates. In Cartesian coordinates, this is trivial, as g*¥ = diag(—1, 1, 1, 1)
and therefore

92 1 92 92 92 92

0= S A 1.66
T oxroxy c2? 312 + dx2 + 9y?2 + 972 (1.66)

In spherical coordinates, we have /—g = r2 sin 0 and therefore

1 92 92 20 1 92 cotf 9 1 92 1.67)
c2ot?  9rr  ror  r?oe? r2 960 r2sin?0 d¢?
Problem 3.8: From Eq. (1.62) we know that
0.7
= —hg" (0:¢9) = —h(0"¢) . (1.68)
2 (0,9)
The energy-momentum tensor is thus
h 1 m2c?

TS = h(3"¢) (3,¢) — 8% [En”” 3 (9,¢) + 5 — ¢>2] . (169)

or
wv " v h wv ap mZCZ 2
T" =h(3"¢) (0"¢) — M| (0:9) (ap¢)+F¢ . (1.70)

Problem 3.9: In Eq. (3.104) we see n*”, which is the metric tensor in Cartesian
coordinates. If we replace n**" with gV, we have

Hwysv

T = (¢ + P) + Pgh. (1.71)

c?
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This is the energy-momentum tensor of a perfect ﬂuid in a general coordinate system.
For spherical coordinates g,,, = diag( 1, 1,72, r%sin 9) and in the fluid rest-frame
we have

e00 O e0 0 0
orPO O opP O 0
A —
ITlI={g0z o |+ Mall=|gop2 o (172)
000 50 00 0 Prisin®6
I.4 Chapter 4
Problem 4.1: We can write
FWE,, =FMF, + FPF, 4 FF,, + FF,, . (1.73)
The first term on the right hand side is
F“F, =—E; - E, - E.. (1.74)
Similarly, we calculate the other terms
F*F,, =—E; + B+ B},
F"F,, =—E; + B + B,
F'“F,. = —E!+ B, + B} (1.75)
So we find
F"F,,=2(B*—E?%), (1.76)
where we have defined B> = B} + B} + B and E* = E7 + E; + E.
Mo F,, F,; can be calculated w1th the same approach and the result is
et F, Foe =4E-B, 1.77)
where E-B = E.B, + E,B, + E_B;
Problem 4.2: Let us write the component i of the left hand side. We have
[VV-W)]' =0 (VIW;) = (0'V/)W; + V/ (3'W;) . (1.78)

Let us now consider the right hand side. The component i of the first term is

[(W-V)V] =W/y,V'. (1.79)
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The second term is similar to this with V and W exchanged. The component i of the
third term is

W x (Vx V)] =W, (V x V), = " W,e4,0' V" = e gy, W;0' V"
= (5;’3,{1 —5 3/) W'V = W'V — Wi Vi (180)

m

The fourth term is similar to the third term with V and W exchanged. If we combine
Egs. (I.79) and (1.80), we have

[(W-V) VI +[W x (Vx V)] =W, (3'V/) . (I.81)
Similarly, we have
[(V-VYWT +[Vx (Vx W] =V (W), (1.82)
and the sum of Eqs. (I.81) and (I.82) gives the expression in Eq. (1.78).
Problem 4.3: The Faraday tensor in the first reference frame is
0—-EO00
E 0 00

0 0 00]"
0 000

I Euwll = (1.83)

The Faraday tensor in the second reference frame can be calculated from
F,, = A%AlFup = AL ASF, + AL ALF,, (1.84)
where

y —vBO0O

wy — _VIB Y 00

0 0 01

B =v/candy =1/y/1 — B2 The result is that F,, = F,,.

Problem 4.4: The faraday tensor is given in Eq. (I.83), so the only non-vanishing
components are Fy, = —F,, = Eand F'* = —F* = E.Wehave F*° F,, = —2E>.
The energy momentum tensor is

1000
1 1 E>|0-100
KV Ho v _ Y po —
[T ||——4n||F Fo _16;1”’7 | F?% Fpo s=loo 10 , (1.86)

0001
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and its trace vanishes, T} = E*/8m (=1 —14+14+1)=0.

L5 Chapter 5

Problem 5.1: From Eq. (5.50) we have

3 Aup

ViAap = ——= = T Aop = Tig Ao
dAYP
af _ a pop B poao
VpA = S T AP T A
V Aa — aAaﬂ +I-vot A(T _I-vo’ Aa
BB T gxm no B o
B
v, A f = A —T°AP+TP AC (1.87)
K a ax“ na‘to no a0 .

Problem 5.2: It is straightforward to compute these quantities with Cartesian coor-
dinates, where the metric tensor is n,,, = diag(—1, 1, 1, 1). In Cartesian coordinates,
all the components of the Riemann tensor vanish, and therefore all the components
of the Ricci tensor and the scalar curvature vanish as well. From the transformation
rules for tensors and scalars, we see that all the components of the Riemann ten-
sor, the Ricci tensor, and the scalar curvature are identically zero in the Minkowski
spacetime.

Problem 5.3: We write Ry,3, With the help of Eq. (5.76)

1 < 8280{1} 328,43 82gaﬁ 32g,w )
Raupr = 5 - -

T2\ 9xroxP T 9x@dx¥  9xHIx¥  9x%9xh
A A
+ 8 (D Ty — T Tg) - (I1.88)

The Ricci tensor is

R,uv = gaﬁRomﬂv
_l aﬁ( 82gav 82g;u3 )_l af azgaﬂ . 1 af azg/w
ad

=28 \oxraxs " oxeaxr) T 2% oxrax 2% axvoxp
1 o, K 1 o, K
+ 58" gl — 38 T iy (1.89)

2

and is explicitly symmetric in the indices p and v.
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1.6 Chapter 6

Problem 6.1: Since the metric matrix is diagonal, it is straightforward to find the
vierbeins. Ef,, will be zero for a # 1 and 1/,/]g,,,.| for @ = p1. We thus have

Eqp = <%,0, 0, 0) . Ep = (0, JT.0, 0) ,

1 1
Egop=(0,0,-,0), Eg =1(0,0,0, — . 1.90
© < - ) @) ( " sm@) (1.90)

Problem 6.2: If the observer has constant spatial coordinates, in the line element
dx' = 0 and therefore

2 2 r'Sch?” 2
dt” = —g”dt = (1 — m) dt”. (191)

Note that this requires r > rg = rsen/2 + /73, /4 — a? cos? 0. For r < rq we have
g1 > 0 and therefore an observer with constant spatial coordinates would follow a
space-like trajectory, which is not allowed. Observers with r < rq are allowed but
they have to move. We will discuss this point in Sect. 10.3.3.

Problem 6.3: For a general reference frame, we simply have to replace the partial
derivative d,, with the covariant derivative V. The result is that the equation now
reads V,J#* = 0. Note that d,J* = 0 holds in an inertial reference frame in flat
spacetime in Cartesian coordinates. V,J* = 0 holds for any other case, including
when we do not have a Cartesian coordinate system, or when the spacetime is flat
but the reference frame is not inertial, or in a curved spacetime.

In a general reference frame, we have

v = e Zg (1.92)
" dxn ‘ :

To write this expression in an inertial reference frame in flat spacetime in spherical
coordinates, it is necessary to evaluate the Christoffel symbols and then plug them
into Eq. (1.92). Alternatively, it is possible to employ the formula (5.64) and write

1 0 1 0
_ Jt 2 . 0 _ Jr 2 0
r2siné Bt( rosm )+rzsin9 Br( rosm )
+ ! i(Jgi’zsin9)+ ! i(J"’rzsiné)
r2sinf 90 r2sinf d¢
aJt  2J7 aJ-  aJel aJ?
= — —_— t0J% + — . 1.93
o T T T Tt g 1.93)

V=
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Problem 6.4: In the case of minimal coupling, we can just apply our standard recipe
and replace partial derivatives with covariant derivatives. The result is

2.2

<VM8" _ mhzc ) $=0. (1.94)

Note that we have V,,0* instead of V,, V# because ¢ is a scalar and therefore V/¢ =
da*¢. Since 0" ¢s are the components of a vector field, we need the covariant derivative
and therefore we write V,,0%¢. If in flat spacetime in Cartesian coordinates we had
the expression

90" AY, (1.95)
where A" is some vector field, then the generalization to curved spacetime would be
vV, VIAY. (1.96)

In the case of non-minimal coupling, we have an extra term coming from 0.2’ /9¢
and the field equation becomes

u m?c®  2ER
Vv, 0t — s +T ¢ =0. @.97)

Problem 6.5: We have to change sign in front of the term with g/¥. The Lagrangian
density reads

h 1 m?c?
Z =38" (0.0) (2v) — 3R ¢* + ERQ*. (1.98)
The Klein—Gordon equation becomes
u m*c®> 2R
v, 0" + i ¢=0. (1.99)

Problem 6.6: The Minkowski metric n*" has to be replaced by the general expres-
sion for the metric tensor g"”. The energy-momentum tensor of a perfect fluid reads

Uty
T = (¢ + P)

S+ P (1.100)

1.7 Chapter 7

Problem 7.1: We already know from Sect. 7.4 that the action


https://doi.org/10.1007/978-981-13-1090-4_7
https://doi.org/10.1007/978-981-13-1090-4_7

322 Appendix I: Suggestions for Solving the Problems

leads to the energy-momentum tensor

2
¢2} V—gdx, (L101)

L LV o mZCZ 2
T =h(0"$) (3"p) — =g"" | 8”7 (0,0) (39) + s ¢ . (L102)
Now we have to evaluate the contribution from
1
Skg = Z/sm%/—gd“x. (1.103)

Instead of Eq. (7.38), now we have

8Sgg> = — /g¢ ( g™ R — R”")\/—_g(égw) d*x
+;/$¢2VpH"«/—_gd4x- (1.104)

The first term on the right hand side leads to the left hand side of the Einstein
equations with an effective Einstein constant ki = 1/(2£$?). The second term on
the right hand side cannot be ignored now, as we did in Sect.7.3, and contributes
to the energy-momentum tensor of the scalar field. In Eq. (7.37), H” is written in
terms of 877, and now we have to write it extracting §g,,,. After some tedious but
straightforward calculation, we can recast the second term on the right hand side in
Eq. (I.104) in the form (7.42) with the energy-momentum tensor

Thp = =25 (g"'01 = V") ¢? (1.105)
where [ = V,, 7. The final energy-momentum tensor of the scalar field ¢ is 7" =

" + T R¢2, where T"" is given in Eq. (1.102).

Problem 7.2: The equations of motion for the gravity sector are the Einstein equa-
tions and can be obtained by considering the variation g,, — g;w = guv + 08u-
The result is

1
26¢* (R/w - Eg,wR> =T, (1.106)

where le’v is the energy-momentum tensor of the scalar field found in Problem 7.1.
The equations of motion for the matter sector can be obtained by considering the
variations in ¢ and 9,,¢. The result is

m>c®>  2ER
(D__hz +T>¢_O’ L.107)
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where [1 =V, 0",
Problem 7.3: Without a cosmological constant, the action is

1

S =
2Kc

Ry —=gd*x + Sy (1.108)

When we consider the variation g, — g;/w = guv + 8guv, we find

1

1
KC

which leads the the Einstein equations without a cosmological constant.
Now we want to include the cosmological constant A. The variation g,,, — g;/w =
&uv + 88, should lead to

1 1
58 = 2_ (ng)R — R® _ AgMV +K‘T”v> /—g (Sglw) d4x . (I.110)
KC

From Eq. (7.29), we see that the Einstein—Hilbert action should be

1
Sty = %/(R —2A)/—gd*x. (L111)

I.8 Chapter 8

Problem 8.1: We write the geodesic equations as

d . 10gu ..

e (") = TR X", (L.112)
where the dot "stands for the derivative with respect to the proper time of the particle,
7. For simplicity and without loss of generality, we consider orbits in the equatorial
plane, so 6 = /2 and 6 = 0. In the case of circular orbits, we have 7 = ¥ = 0 and
for u = r Eq. (I.112) reduces to

gy . 0 .
81t P24 ) ¢2 -0 (L113)
ar ar

when we consider the Schwarzschild metric, because only the diagonal metric coef-
ficients are non-vanishing. The angular velocity of the particle is

. ;
Q=2 [ d8n _ = (L114)
t 8,g¢,¢ 2r
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Fig. 1.1 Penrose diagram
for the Minkowski
spacetime, trajectory of the
massive particle (red
arrows), and trajectory of the
electromagnetic pulse (blue
arrow)

From g,,x*x" = —1 withr7 = 6 = 0, we can write

8ni2 + g¢¢(i.52 =i (gtt + ngdxb) =-1,

i ! s (L115)
o /—g” — Q2g¢¢ - 2r — 3}’5 ’ )

Since f = dt/d, the relation between the particle proper time t and the coordinate

time ¢ is
2r
At = At | ———. (I1.116)
2r — 3rg

Note that for r — 3rs/2 we have At — 0. As we will see in Sect. 10.3.1, r = 3rg/2
is the photon orbit of the Schwarzschild spacetime. Massive particles can orbit at the
photon orbit in the limit v — ¢ and therefore have Lorentz factor y — oo.

Problem 8.2: The possible trajectory of the massive particle is shown in red in
Fig.1.1, while the trajectory of the electromagnetic pulse is in blue. Note that the
trajectory of the massive particle starts from past time-like infinity, ends at future
time-like infinity, and it is always inside the light-cone of the particle (the particle
velocity is lower than the speed of light). The trajectory of the electromagnetic pulse
is a straight line at 45°, starts at ¢+ = 0, and reaches future null infinity.

Problem 8.3: The future-light cones of an event in region I, of an event inside the
black hole (region II), and of an event inside the white hole (region IV) are shown
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in, respectively, the top, central, and bottom panels in Fig.1.2. Time-like and null
trajectories in region I can either fall to the singularity of the black hole at r = 0
or reach future time-like infinity (time-like trajectories) and future null infinity (null
trajectories). All time-like and null trajectories in region I must end at the singularity
of the black hole at » = 0. Time-like and null trajectories in region IV may go to
region I, region II, or region III.

1.9 Chapter 10

Problem 10.1: From the line element in Eq. (10.4) we see that the metric tensor of
the Reissner—Nordstrom spacetime is

0 0

-0 0

r? 0 ’
0 rZsin’0

—f
(1.117)

S OI= O

0
lgwll = 4
0

where (in units in which Gy = ¢ = 4mgg = 1)

f=1-"—=4+=. (1.118)

By definition of inverse metric g,,,¢" = §/. Since the metric matrix in Eq. (L.117)
is diagonal, the inverse is

—} 00 0
0 f0 0
MV —
g""ll = 0 0L o0 (L.119)
1
000 r2sin? 6

Problem 10.2: From the line element in Eq. (10.6) we see that the metric tensor of
the Kerr spacetime is

_ 2aMrsin® @

2Mr
_(1 D) ) 00 =
0 % 0 0
lgull = 0 0 0 . (L120)
2aMr sin” 0 2 2 | 2a*Mrsin® )\ o:..2
—TS OO(r +a ++>sm9

We have to find the inverse matrix. For the metric coefficients involving at least one
index r or 0, it is straightforward because we can still treat the matrix as diagonal. For
the metric coefficients g/, g1¢, &4, and g4, the problem reduces to find the inverse
matrix of a symmetric matrix 2 x 2. For a general symmetric matrix 2 x 2
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Fig. 1.2 Schwarzschild spacetime. The top diagram shows the future light-cone of an event in
region I, the central diagram shows the future light-cone of an event inside the black hole (region II),
and the bottom diagram shows the future light-cone of an event inside the white hole (region IV)
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ab
A= (bc> , (I.121)
the inverse matrix is

1 c —b 1 c —b
A= — =— . 1.122
ac — b? <—b a > det|A| <—b a ) ( )

For the metric of the Kerr spacetime in Boyer-Lindquist coordinates, we find

_ (r2+a2)27a2A sin’ @

2aMr
P a0 &
| = bl 1.123
g™l 0 0L o ( )
2aMr A—a®sin’ 0
- %A 00 EZsinZO
Problem 10.3: The left hand side of Eq. (10.21) can be written as
d . 0guv .. o
19guw .. 10gup .. -
= zﬁx X’ + zﬁx P+ gk’ . 1.124)
Equation (10.21) thus becomes
ey 108w .., 108 ., . 10gu ., .
v - [ veLp - Mo cvep P v ep
guX’ + > oxr x"xP 4+ > x'xP = 2_8x“x X (L.125)

We move the term on the right hand side to the left hand side and we multiply
everything by g°# summing over the repeated index . We find

)'C'a + lgU/L (l aglw lagplt _ agpv

E 2 9xP 2 9xv axll))bvxp = x° _i_]—vvz;)'cv)'cp — O, (1126)

which are the geodesic equations in their standard form.
Problem 10.4: Let us model Earth as a uniform sphere. Its moment of inertia is

2 2
= MR, (1.127)

where M = 6.0 - 10?* kg is Earth’s mass and R = 6.4 - 10° m is Earth’s radius.
Earth’s spin angular momentum is J = /w, where @ = 7.3 - 107> rad/s is Earth’s
angular velocity. The spin parameter of Earth is

cJ

N

Ay
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Note that a, > 1 does not imply that the effect of frame dragging is strong, because
Earth’s physical radius is much larger than Earth’s gravitational radius.

.10 Chapter 11

Problem 11.1: If we want to do the calculations by hand, we can start deriving the
geodesic equations in the Friedmann—Robertson—Walker metric in order to get the
Christoffel symbols, then we calculate the Ricci tensor and the scalar curvature, and
eventually we write the 7 component of the Einstein equations in which matter is
described by a perfect fluid in its rest-frame. We find the first Friedmann equation.

Alternatively, we can use the RGTC package presented in Appendix E. We ini-
tialize the code

<< EDCRGTCcode.m
‘We define the coordinates
Coord = {t,r,0,¢};

We define the non-vanishing metric coefficients

gtt = - 1;

grr = alt]™2/(1 - k r"2);
gpp = altl™2 r°2;

gvv = alt]”™2 "2 Sinl[0]"2;

and then the metric

g = {{gtt, 0, 0, 0}, {0, grr, 0, 0}, {0, 0, gpp, 0},
{0, 0, 0, gvv }};

We launch the code with the command
RGtensors[g, Coord, {1, 1, 1}]

At this point, we ask the code to provide us the ¢ component of the Einstein tensor
G! (note: an upper index and a lower index because this is what the code calculates
as default)

EUA[[1,1]]
The output is

a4k

—3—=.

(1.129)

a

Since we have used units in which ¢ = 1, we reintroduce the speed of light
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a2 + kc?

-3
a?c?

(1.130)
The tt component of the Einstein equations (with an upper index and a lower index)
is

a* + kc?

_3 :GZZST[GNTt:_gﬂGN

f P
a?c? ! ct ct

(1131)

and we find the first Friedmann equation.

Problem 11.2: As in the previous exercise, we can calculate these quantities either
by hand or with a program like the RGTC package. In the latter case, we proceed
with the same commands as in the previous exercise and then we ask the code to
provide us the Kretschmann scalar

Kretschmann = Simplify[ Sum|[
Rdddd[[i, J, k, 1]1]*RUAAdA[[i, m, n, o]]*gUU[[], m]]
*gUU[ [k, n]]1*gUU[[1l, ol],
(i, 1, 43y, {3, 1, 43, {k, 1, 43y, {1, 1, 4%,
{m, 1, 4}, {n, 1, 4}, {o, 1, 4} 1 1

and the scalar curvature

ScalarCurvature = Simplify[ Sum[ RAA[[i, Jjl11*gUUI[I[i, JI11,
{1, 1, 43}, {3, 1, 4y 1 1

Reintroducing the speed of light ¢, we obtain the expressions in Eqs. (11.3) and
(11.4).

Problem 11.3: Let us consider a small change in either the value of the matter
energy density p, the cosmological constant A, or the scale factor a. The result is
that the universe either starts expanding forever (a — 00) or recollapses to a singular
solution (a = 0).

Problem 11.4: If we include a radiation component, we have to add the following
energy density to the list in Eq. (11.62)

or=p’(1+2)*, (1.132)
and Eq. (11.63) becomes
H=Hj [2)1+2'+ 20 (1 +2° + 20+ 20 (1 +2°] . (1133)
Now 20 =1— 20 — 29 — 29 and Eq. (11.67) becomes

I:L/“’ z_ ! . (L134)
Hodo 142 Fotna+?Q0+(1+292)0+7 —22+5 2
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Let us consider the situation in our Universe. If we ignore the contribution from
radiation, we have 20 = 0.31 and .Qg = 0.69, and the integral gives the numerical
factor 0.9553. The contribution of radiation today is £20 = 5 - 107°. If we take this
contribution into account, the integral in Eq. (I.134) gives the numerical factor 0.9551.
Note that here we are ignoring the possibility that some matter is relativistic at some
early time and becomes non-relativistic at a later time.

.11 Chapter 12

Problem 12.1: For M = 10° M, the maximum frequency is vy ~ 10 mHz. For
M =10° Mg, we have vy, ~ 10 nHz. This is consistent with the expected signal
from these objects in Fig. 12.4.

.12 Chapter 13

Problem 13.1: Let us use units in which ¢ = i = 1 for simplicity. The area of the
event horizon is Ag ~ ré, where r, = Gy M is the gravitational radius of the black
hole. Since the black hole temperature is Tgyg ~ 1/r, the black hole luminosity is

1

4 —
LBH ~ AHTBH ~ % = G%Mz . (1135)
We write Lgy = d M /dt and Eq. (I1.135) gives
GiM?dM ~ dt . (1.136)

We integrate both sides and we get a rough estimate of the evaporation time
2 2p2 1 s
Teyap = [ dt ~ | Gy\M~dM = §GNM(‘) , 1.137)

where My is the initial mass of the black hole. Since G§, = Tpi/Mj,, we have

My \*® My \°
Tevap ™ <M—§1> Tp ~ 107# (10—(5);;) S, (1.138)

For My = Mg, ~ 10% g, we find Tevyp ~ 107" s, which is about 10% years and is much
longer than the age of the Universe (about 10'° years). A more accurate calculation
would lead to Teyap ~ 107 s.
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