
Appendix A
Algebraic Structures

This appendix is an elementary introduction to basic notions of set theory, together
with those of group, ring and field. The reader is only supposed to know about
numbers, more precisely natural (containing the zero 0), integer, rational and real
numbers, that will be denoted respectively by N, Z, Q, R. Some of their properties
will also be recalled in the following. We shall also introduce complex numbers
denoted C and (classes of) integers Zp = Z/pZ.

A.1 A Few Notions of Set Theory

Definition A.1.1 Given any two sets A and B, by A × B we denote their Cartesian
product. This it is defined as the set of ordered pairs of elements from A and B,
that is,

A × B = {(a, b) | a ∈ A, b ∈ B}.

Notice that A × B �= B × A sincewe are considering ordered pairs. The previous
definition is valid for sets A, B of arbitrary cardinality. The set A × A is denoted A2.

Exercise A.1.2 Consider the set A = {♦, ♥, ♣, ♠}. The Cartesian product A2 is
then

A2 = A × A

= {
(♦,♦), (♦,♥), (♦,♣), (♦,♠), (♥,♦), (♥,♥), (♥,♣), (♥,♠),

(♣,♦), (♣,♥), (♣,♣)(♣,♠), (♠,♦), (♠,♥), (♠,♣), (♠,♠)
}
.

Definition A.1.3 Given any set A, a binary relation on A is any subset of the Carte-
sian product A2 = A × A. If such a subset is denoted byR, we say that the pair of
elements a, b in A are related or in relation if (a, b) ∈ R and write it as aR b.
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Fig. A.1 A binary relation in N2

Example A.1.4 Consider A = N, the set of natural numbers, with R the subset of
N

2 = N × N given by the points as in the Fig.A.1. We see that 2R1, but it is not true
that 1R1. One may easily check thatR can be written by the formula

nRm ⇔ m = n − 1, for any (n,m) ∈ N
2.

Definition A.1.5 A binary relation on a set A is called an equivalence relation if the
following properties are satisfied

• R is reflexive, that is aRa for any a ∈ A,
• R is symmetric, that is aRb ⇒ bRa, for any a, b ∈ A,
• R is transitive, that is aRb and bRc ⇒ aRc for any a, b, c ∈ A.

Exercise A.1.6 In any given set A, the equality is an equivalence relation. On the set
T of all triangles, congruence of triangles and similarity of triangles are equivalence
relations. The relation described in the Example A.1.4 is not an equivalence relation,
since reflexivity does not hold.

Definition A.1.7 Consider a set A and let R be an equivalence relation defined on
it. For any a ∈ A, one defines the subset

[a] = {x ∈ A | xRa} ⊆ A

as the equivalence class of a in A. Any element x ∈ [a] is called a representative
of the class [a]. It is clear that an equivalence class has as many representatives as
the elements it contains.

Proposition A.1.8 WithR an equivalence relation on the set A, the following prop-
erties hold:

(1) If aR b, then [a] = [b].
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(2) If (a, b) /∈ R, then [a] ∩ [b] = ∅.
(3) A = ⋃

a∈A[a]; this is a disjoint union.
Proof (1) One shows that the mutual inclusions [a] ⊆ [b] and [b] ⊆ [a] are both

valid if aR b. Let x ∈ [a]; this means x R a. From the hypothesis aR b, so by
the transitivity of R one has x R b, that is x ∈ [b]. This proves the inclusion
[a] ⊆ [b]. The proof of the inclusion [b] ⊆ [a] is analogue.

(2) Let us suppose that A 
 x ∈ [a] ∪ [b]. It would mean that x R a and x R b.
From the symmetry of R we would then have aR x , and from the transitivity
this would result in aR b, which contradicts the hypothesis.

(3) It is obvious, from (2). �

Definition A.1.9 The decomposition A = ⋃
a∈A[a] is called the partition of A

associated (or corresponding) to the equivalence relation R.

Definition A.1.10 IfR is an equivalence relation defined on the set A, the set whose
elements are the corresponding equivalence classes is denoted A

/R and called the
quotient of A modulo R. The map

π : A → A
/R given by a �→ [a]

is called the canonical projection of A onto the quotient A
/R.

A.2 Groups

A set has an algebraic structure if it is equipped with one or more operations. When
the operations are more than one, they are required to be compatible. In this section
we describe the most elementary algebraic structures.

Definition A.2.1 Given a set G, a binary operation ∗ on it is a map

∗ : G × G −→ G.

The image of the operation between a and b is denoted by a ∗ b. One also says that
G is closed, or stable with respect to the operation ∗. One usually writes (G, ∗) for
the algebraic structure ∗ defined on G, that is for the set G equipped with the binary
operation ∗.
Example A.2.2 It is evident that the usual sum and the usual product in N are binary
operations.

As a further example we describe a binary operation which does not come from
usual arithmetic operations in any set of numbers. Let T be an equilateral triangle
whose vertices are ordered and denoted by ABC . Let R be the set of rotations on a
plane under which each vertex is taken onto another vertex. The rotation that takes
the vertices ABC to BCD, can be denoted by
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(
A B C
B C A

)
.

It is clear that R contains three elements, which are:

e =
(
A B C
A B C

)
x =

(
A B C
B C A

)
y =

(
A B C
C A B

)
.

The operation—denoted now ◦—that we consider among elements in R is the com-
position of rotations. The rotation x ◦ y is the one obtained by acting on the vertices
of the triangle first with y and then with x . It is easy to see that x ◦ y = e. The
TableA.1 shows the composition law among elements in R.

◦ e x y
e e x y
x x y e
y y e x

(A.1)

Remark A.2.3 The algebraic structures (N,+) and (N, ·) have the following well
known properties, for all elements a, b, c ∈ N,

a + (b + c) = (a + b) + c, a + b = b + a,

a · (b · c) = (a · b) · c, a · b = b · a .

The set N has elements, denoted 0 and 1, whose properties are singled out,

0 + a = a, 1a = a

for any a ∈ N. We give the following definition.

Definition A.2.4 Let (G, ∗) be an algebraic structure.

(a) (G, ∗) is called associative if

a ∗ (b ∗ c) = (a ∗ b) ∗ c

for any a, b, c ∈ G.
(b) (G, ∗) is called commutative (or abelian) if

a ∗ b = b ∗ a

for any a, b ∈ G.
(c) An element e ∈ G is called an identity (or a neutral element) for (G, ∗) (and the

algebraic structure is often denoted by (G, ∗, e)) if
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e ∗ a = a ∗ e

for any a ∈ G.
(d) Let (G, ∗, e) be an algebraic structure with an identity e. An element b ∈ G such

that
a ∗ b = b ∗ a = e

is called the inverse of a, and denoted by a−1. The elements for which an inverse
exists are called invertible.

Remark A.2.5 If the algebraic structure is given by a ‘sum rule’, like in
(N,+), the neutral element is usually called a zero element, denoted by 0, with
a + 0 = 0 + a = a. Also, the inverse of an element a is usually denoted by −a and
named the opposite of a.

Example A.2.6 It is easy to see that for the sets considered above one has (N,+, 0),
(N, ·, 1), (R, ◦, e). Every element in R is invertible (since onehas x ◦ y = y ◦ x = e);
the set (N, ·, 1) contains only one invertible element, which is the identity itself, while
in (N,+, 0) no element is invertible.

From the defining relation (c) above one clearly has that if a−1 is the inverse
of a ∈ (G, ∗), then a is the inverse of a−1. This suggests a way to enlarge sets
containing elements which are not invertible, so to have a new algebraic structure
whose elements are all invertible. For instance, one could define the set of integer
numbers Z = {±n : n ∈ N} and sees that every element in (Z,+, 0) is invertible.

Definition A.2.7 An algebraic structure (G, ∗) is called a groupwhen the following
properties are satisfied

(a) the operation ∗ is associative,
(b) G contains an identity element e with respect to ∗,
(c) every element in G is invertible with respect to e.

Agroup (G, ∗, e) is called commutative (orabelian) if the operation∗ is commutative.

Remark A.2.8 Both (Z,+, 0) and (R, ◦, e) are abelian groups.

Proposition A.2.9 Let (G, ∗, e) be a group. Then

(i) the identity element is unique,
(ii) the inverse a−1 of any element a ∈ G is unique.

Proof (i) Let us suppose that e, e′ are both identities for (G, ∗). Then it should be
e ∗ e′ = e since e′ is an identity, and also e ∗ e′ = e′ since e is an identity; this
would then mean e = e′.

(ii) Let b, c be both inverse elements toa ∈ G; thiswould givea ∗ b = b ∗ a = e and
a ∗ c = c ∗ a = e. Since the binary operation is associative, one has
b ∗ (a ∗ c) = (b ∗ a) ∗ c, resulting in b ∗ e = e ∗ c and then b = c. �
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A.3 Rings and Fields

Next we introduce and study the properties of a set equipped with two binary
operations—compatible in a suitable sense—which resemble the sumand the product
of integer numbers in Z.

Definition A.3.1 Let A = (A,+, 0A, ·, 1A) be a set with two operations, called sum
(+) and product (·), with two distinguished elements called 0A and 1A. The set A is
called a ring if the following conditions are satisfied:

(a) (A,+, 0A) is an abelian group,
(b) the product · is associative,
(c) 1A is the identity element with respect to the product,
(d) one has a · (b + c) = (a · b) + (a · c) for any a, b, c ∈ A.

If moreover the product is abelian, A is called an abelian ring.

Example A.3.2 The set (Z,+, 0, ·, 1) is clearly an abelian ring.

Definition A.3.3 By Z[X ] one denotes the set of polynomials in the indeterminate
(or variable) X with coefficients in Z, that is the set of formal expressions,

Z[X ] =
{

n∑

i=0

ai X
i = an X

n + an−1X
n−1 + . . . + a1X + a0 : n ∈ N, ai ∈ Z

}

.

If Z[X ] 
 p(X) = an Xn + an−1Xn−1 + . . . + a1X + a0 then a0, a1, . . . , an are the
coefficients of the polynomial p(X), while the term ai Xi is a monomial of degree i .
The degree of the polynomial p(X) is the highest degree among those of its non zero
monomials. If p(X) is the polynomial above, its degree is n provided an �= 0, and
one denotes deg p(X) = n. The two usual operations of sum and product in Z[X ]
are defined as follows. Let p(X), q(X) be two arbitrary polynomials in Z[X ],

p(X) =
n∑

i=0

ai X
i , q(X) =

m∑

i=0

bi X
i .

Let us suppose n ≤ m. One sets

p(X) + q(X) =
m∑

j=0

c j X
j ,
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with c j = a j + b j for 0 ≤ j ≤ n and c j = b j for n < j ≤ m. One would have an
analogous results were n ≥ m. For the product one sets

p(X) · q(X) =
m+n∑

h=0

dh X
h,

where dh = ∑
i+ j=h aib j .

Proposition A.3.4 Endowed with the sum and the product as defined above, the
set Z[X ] is an abelian ring, the ring of polynomials in one variable with integer
coefficients.

Proof One simply transfer to Z[X ] the analogous structures and properties of the
ring (Z,+, 0, ·, 1). Let 0Z[X ] be the null polynomial, that is the polynomial whose
coefficients are all equal to 0Z, and let 1Z[X ] = 1Z be the polynomial of degree 0
whose only non zero coefficient is equal to 1Z. We limit ourselves to prove that
(Z[X ],+, 0Z[X ]) is an abelian group.

• Clearly, the null polynomial 0Z[X ] is the identity element with respect to the sum
of polynomials.

• Let us consider three arbitrary polynomials in Z[X ],

p(X) =
n∑

i=0

ai X
i , q(X) =

m∑

i=0

bi X
i , r(X) =

p∑

i=0

ci X
i .

We show that

(
p(X) + q(X)

) + r(X) = p(X) + (
q(X) + r(X)

)
.

For simplicity we consider the case n = m = p, since the proof for the general
case is analogue. From the definition of sum of polynomials, one has

A(X) = (p(X) + q(X)) + r(X)

=
n∑

i=0

(ai + bi )X
i +

n∑

i=0

ci X
i =

n∑

i=0

[(ai + bi ) + ci ]Xi

and

B(X) = p(X) + (q(X) + r(X))

=
n∑

i=0

ai X
i +

n∑

i=0

(bi + ci )X
i =

n∑

i=0

[ai + (bi + ci )]Xi .
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The coefficients of A(X) and B(X) are given, for any i = 0, . . . , n, by

[(ai + bi ) + ci ] and [ai + (bi + ci )]

and they coincide being the sum in Z associative. This means that A(X) = B(X).
• We show next that any polynomial p(X) = ∑n

i=0 ai X
i is invertible with respect

to the sum in Z[X ]. Let us define the polynomial p′(X) = ∑n
i=0(−ai )Xi , with

(−ai ) denoting the inverse of ai ∈ Z with respect to the sum. From the definition
of the sum of polynomials, one clearly has

p(X) + p′(X) =
n∑

i=0

ai X
i +

n∑

i=0

(−ai )X
i =

n∑

i=0

(ai − ai )X
i .

Since ai − ai = 0Z for any i , one has p(X) + p′(X) = 0Z[X ]; thus p′(X) is the
inverse of p(X).

• Finally, we show that the sum in Z[X ] is abelian. Let p(X) and q(X) be two arbi-
trary polynomials in Z[X ] of the same degree deg p(X) = n = deg q(X) (again
for simplicity); we wish to show that

p(X) + q(X) = q(X) + p(X).

From the definition of sum of polynomials,

U (X) = p(X) + q(X) =
n∑

i=0

(ai + bi )X
i

V (X) = q(X) + p(X) =
n∑

i=0

(bi + ai )X
i :

the coefficients of U (X) and V (X) are given, for any i = 0, . . . , n by

ai + bi and bi + ai

which coincide since the sum is abelian in Z. This means U (X) = V (X).

We leave as an exercise to finish showing that Z[X ] with the sum and the product
above fulfill the conditions (b)–(d) in the Definition A.3.1 of a ring. �

Remark A.3.5 Direct computation show the following well known properties of the
abelian ring Z[X ] of polynomials. With f (X), g(X) ∈ Z[X ] it holds that:
(i) deg( f (X) + g(X)) ≤ max{deg( f (X)), deg(g(X))};
(ii) deg( f (X) · g(X)) = deg( f (X)) + deg(g(X)).

It is easy to see that the set (Q,+, ·, 0, 1) of rational numbers is an abelian ring as
well. The setQ has indeed a richer algebraic structure than Z: any non zero element
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0 �= a ∈ Q is invertible with respect to the product. If a = p/q with p �= 0, then
a−1 = q/p ∈ Q.

Definition A.3.6 An abelian ring K = (K ,+, 0, ·, 1) such that each element
0 �= a ∈ K is invertible with respect to the product ·, is called a field. Equivalently
one sees that (K ,+, 0, ·, 1) is a field if and only if both (K ,+, 0) and (K , ·, 1) are
abelian groups and the product is distributive with respect to the sum, that is the
condition (d) of the Definition A.3.1 is satisfied.

Example A.3.7 Clearly (Q,+, 0, ·, 1) is a field, while (Z,+, 0, ·, 1) is not. The fun-
damental example of a field for us will be the setR = (R,+, 0, ·, 1) of real numbers
equipped with the usual definitions of sum and product.

Analogously to the Definition A.3.3 one can define the sets Q[X ] and R[X ] of
polynomials with rational and real coefficients. For them one naturally extends the
definitions of sum and products, as well as that of degree.

Proposition A.3.8 The set Q[X ] and R[X ] are both abelian rings. �
It is worth stressing that in spite of the fact that Q and R are fields, neither Q[X ]

nor R[X ] are such since a polynomial need not admit an inverse with respect to the
product.

A.4 Maps Preserving Algebraic Structures

The Definition A.2.1 introduces the notion of algebraic structure (G, ∗) and we have
described what groups, rings and fields are. We now briefly deal with maps between
algebraic structures of the same kind, which preserve the binary operations defined
in them. We have the following definition

Definition A.4.1
A map f : G → G ′ between two groups (G, ∗G, eG) and (G ′, ∗G ′ , eG ′) is a group
homomorphism if

f (x ∗G y) = f (x) ∗G ′ f (y) for all x, y ∈ G.

Amap f : A → B between two rings (A,+A, 0A, ·A, 1A) and (B,+B, 0B, ·B, 1B)

is a ring homomorphism if

f (x +A y) = f (x) +B f (y), f (x ·A y) = f (x) ·B f (y) for all x, y ∈ A.

Example A.4.2 The natural inclusionsZ ⊂ Q,Q ⊂ R are rings homomorphisms, as
well as the inclusion Z ⊂ Z[x] and similar ones.

Exercise A.4.3 The map Z → Z defined by n �→ 2n is a group homomorphism
with respect to the group structure (Z,+, 0), but not a ring homomorphism with
respect to the ring structure (Z,+, 0, ·, 1).
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To lighten notations, from now on we shall denote a sum by + and a product by ·
(and more generally a binary operation by ∗), irrespectively of the set in which they
are defined. It will be clear from the context which one they refers to.

Group homomorphisms present some interesting properties, as we now show.

Proposition A.4.4 Let (G, ∗, eG) and (G ′, ∗, eG ′) be two groups, and f : G → G ′
a group homomorphism. Then,

(i) f (eG) = eG ′ ,
(ii) f (a−1) = ( f (a))−1, for any a ∈ G.

Proof (i) Since eG is the identity element with respect to the sum, we can write

f (eG) = f (eG ∗ eG) = f (eG) ∗ f (eG),

where the second equality is valid as f is a group homomorphism. Being
f (eG) ∈ G ′, it has a unique inverse (see the Proposition A.2.9), ( f (eG))−1 ∈ G ′,
that we can multiply with both sides of the previous equality, thus yielding

f (eG) ∗ ( f (eG))−1 = f (eG) ∗ f (eG) ∗ ( f (eG))−1.

This relation results in

eG ′ = f (eG) ∗ eG ′ ⇒ eG ′ = f (eG).

(ii) Making again use of the Proposition A.2.9, in order to show that ( f (a))−1 is the
inverse (with respect to the product in G ′) of f (a) it suffices to show that

f (a) ∗ ( f (a))−1 = eG ′ .

From the definition of group homomorphism, it is

f (a) ∗ ( f (a))−1 = f (a ∗ a−1) = f (eG) = eG ′

where the last equality follows from (i).
If f : A → B is a ring homomorphism, the previous properties are valid with

respect to both the sum and to the product, that is

(i’) f (0A) = 0B and f (1A) = 1B ;
(ii’) f (−a) = − f (a) for any a ∈ A, while f (a−1) = ( f (a))−1 for any invertible

(with respect to the product) element a ∈ A with inverse a−1. �

If A, B are fields, a ring homomorphism f : A → B is called a field homomor-
phism. A bijective homomorphism between algebraic structures is called an isomor-
phism.
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A.5 Complex Numbers

It is soon realised that oneneeds enlarging thefieldRof real numbers to consider zeros
of polynomials with real coefficients. The real coefficient polynomial p(x) = x2 + 1
has ‘complex’ zeros usually denoted±i, and their presence leads to defining the field
of complex numbers C. One considers the smallest field containing R, ±i and all
possible sums and products of them.

Definition A.5.1 The set of complex numbers is given by formal expressions

C = {z = a + ib | a, b ∈ R}.

The real number a is called the real part of z, denoted a = �(z); the real number b
is called the imaginary part of z, denoted b = �(z).

The following proposition comes as an easy exercise.

Proposition A.5.2 The binary operations of sum and product defined in C by

(a + ib) + (c + id) = (a + c) + i(b + d),

(a + ib) · (c + id) = (ac − bd) + i(bc + ad)

make (C,+, 0C, ·, 1C) a field, with 0C = 0R + i0R = 0R and
1C = 1R + i0R = 1R. �

Exercise A.5.3 An interesting part of the proof of the proposition above is to deter-
mine the inverse z−1 of the complex number z = a + ib. One easily checks that

(a + ib)−1 = a

a2 + b2
− i

b

a2 + b2
= 1

a2 + b2
(a − ib).

Again an easy exercise establishes the following proposition.

Proposition A.5.4 Given z = a + ib ∈ C one defines its conjugate number to be
z̄ = a − ib. Then, for any complex number z = a + ib the following properties hold:

(i) z = z,
(ii) z = z if and only if z ∈ R,
(iii) zz = a2 + b2,
iv) z + z = 2�(z). �

Exercise A.5.5 The natural inclusions R ⊂ C given by R 
 a �→ a + i0R is a field
homomorphism, while the corresponding inclusionR[x] ⊂ C[x] is a ring homomor-
phism.

Remark A.5.6 Wementioned above that the polynomial x2 + 1 = p(x) ∈ R[x] can-
not be decomposed (i.e. cannot be factorised) as a product of degree 1 poly-
nomials in R[x], that is, with real coefficients. On the other hand, the identity
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x2 + 1 = (x − i)(x + i) ∈ C[x] shows that the same polynomial can be decomposed
into degree 1 terms if the coefficients of the latter are taken in C. This is not sur-
prising, since the main reason to enlarge the field R to C was exactly to have a field
containing the zero of the polynomial p(x).

What is indeed surprising is that the field C contains the zeros of any polynomial
with real coefficients. This is the result that we recall as the next theorem.

Proposition A.5.7 (Fundamental theorem of algebra) Let f (x) ∈ R[x] be a polyno-
mial with real coefficients and deg f (x) ≥ 1. Then, f (x) has at least a zero (that is
a root) inC. More precisely, if deg f (x) = n, then f (x) has n (possibly non distinct)
roots in C. If z1, . . . , zs are these distinct roots, the polynomial f (x) can be written
as

f (x) = a(x − z1)
m(1)(x − z2)

m(2) · · · (x − zs)
m(s),

with the root multiplicities m( j) for j = 1, . . . s, such that

s∑

j=1

m( j) = n.

That is the polynomial f (x) it is completely factorisable on C. �

A more general result states that C is an algebraically closed field, that is one has
the following:

Theorem A.5.8 Let f (x) ∈ C[x] be a degree n polynomial with complex coeffi-
cients. Then there exist n complex (non distinct in generall ) roots of f (x). Thus the
polynomial f (x) is completely factorisable on C. �

A.6 Integers Modulo A Prime Number

We have seen that the integer numbers Z form only a ring and not a field. Out of
it one can construct fields of numbers by going to the quotient with respect to an
equivalence relation of ‘modulo an integer’. As an example, consider the set Z3 of
integer modulo 3. It has three elements

Z3 = {[0], [1], [2]}

which one also simply write Z3 = {0, 1, 2}, although one should not confuse them
with the corresponding classes.

One way to think of the three elements of Z3 is that each one represents the
equivalence class of all integers which have the same remainder when divided by 3.
For instance, [2] denotes the set of all integers which have remainder 2 when divided
by 3 or equivalently, [2] denotes the set of all integers which are congruent to 2
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modulo 3, thus [2] = {2, 5, 8, 11, . . . }. The usual arithmetic operations determine
the addition and multiplication tables for this set as show in TableA.2.

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

and

∗ 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

. (A.2)

Thus−[1] = [2] and−[2] = [1] andZ3 is an abelian group for the addition. Further-
more, [1] ∗ [1] = [1] and [2] ∗ [2] = [1] and both nonzero elements have inverse:
[1]−1 = [1] and [2]−1 = [2]. All of this makes Z3 a field.

The previous construction works when 3 is substituted with any prime number p.
We recall that a positive integer p is called prime if it is only divisible by itself and
by 1. Thus, for any prime number one gets the field of integers modulo p:

Zp = Z/pZ = {[0], [1], . . . , [p − 1]}.

Each of its elements represents the equivalence class of all integers which have
the given remainder when divided by p. Equivalently, each element denotes the
equivalence class of all integers which are congruent modulo p. The corresponding
addition and multiplication tables, defines as in Z but now taken modulo p, can be
easily worked out. Notice that the construction does not work, that isZp is not a ring,
if p is not a prime number: were this the case there would be divisors of zero.



Index

A
Affine line, 241
Affine plane, 288, 299, 306
Affine space, 183, 235, 236, 238, 244, 245,

247, 252, 269, 271, 272, 275
Algebraicmultiplicity of an eigenvalue, 148,

149, 170
Angle between vectors, 35
Angular momentum, 14, 194, 309
Angular velocity, 14, 191–194
Applied vector, 1–3
Axial vector, 189–193

B
Basis in a vector space, change of, 118
Basis of a vector space, 65

C
Characteristic polynomial of a matrix, 138
Characteristic polynomial of an endomor-

phism, 138
Cofactor, 77, 78
Commutator, 176, 187, 188, 206, 228, 229
Commuting endomorphisms, 137
Complex numbers, 129, 201, 329, 339
Component of a vector, 224, 225
Composition of linear maps, 116
Composition of maps, 104, 117, 130
Conic sections, 293, 309, 310

Coordinate system, 1, 5, 6, 8, 11, 13, 14, 191,
237, 318

Coriolis acceleration, 193, 194

D
Degenerate conic, 301, 302, 305, 308, 318,

320
Diagonalisation of a matrix, 145
Diagonalisation of an endomorphism, 143
Diagonalmatrix, 56, 133, 144, 147, 215, 216,

221, 222
Dimension of a vector space, 55
Dirac’s bra-ket notations, 129
Directrix of a conic, 293, 297, 318, 321, 322
Direct sum, 24, 34, 143, 158, 162
Distance between linear affine varieties, 275
Divergence, 15
Dual basis, 126, 128, 129, 233
Dual space, 125, 126, 197, 233

E
Eccentricity of a conic, 327
Eigenvalues, 134–139, 142–145, 147, 149,

156, 158, 168, 169, 171, 194, 195,
203, 205, 211, 215, 216, 223, 314,
319, 320

Eigenvector, 134, 135, 137, 149, 163, 194,
195, 207

Ellipse, 294, 295, 297–299, 302, 305, 318,
321, 322, 324

Endomorphism, 131–139, 142–145, 155–
159, 163, 166, 169, 170, 173, 174,
188, 198, 200, 202, 203, 205, 206,
225, 226
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Equivalence relation, 156, 218, 223, 330,
331, 340

Euclidean affine space, 271, 275
Euclidean structure, 173, 299
Euclidean vector space, 37–41, 153, 159,

174
Euler angles, 186
Exponential of a matrix, 208, 210

F
Field, 15–17, 20, 190, 191, 204, 329, 337,

339–341
Field strengthmatrix, electro-magnetic, 231,

232

G
Gauss’algorithm, 61, 85
Geometric multiplicity of an eigenvalue,

145, 148
Gradient, 15
Gram-Schmidt orthogonalization, 43
Grassmann theorem, 34, 144
Group, 2, 4, 17–19, 51, 52, 153, 154, 178,

180–182, 184, 207, 211, 225–227,
333, 335, 337, 338

H
Hermitian endomorphism, 197, 204–206
Hermitian structure, 205
Homomorphism, 211, 337–339
Hyperbola, 296–298, 308, 317, 318, 320,

322, 324

I
Image, 61, 105, 108, 109, 115, 142, 331
Inertia matrix of a rigid body, 195
Injectivity of a linear map, 104, 109, 114
Intrinsic rotation, 187
Invertiblematrix, 69, 117, 120, 132, 145, 178
Isometry, linear, 183
Isomorphism, 35, 107–109, 111, 112, 115,

117, 118, 130, 155, 238

J
Jordan normal form of a matrix, 147

K
Keplerian motions, 309

Kernel, 105, 106, 109, 110, 137, 138, 177,
182

Kinetic energy, 11

L
Laplacian, 16, 230
Levi-Civita symbol, 187–190, 194
Lie algebra of antisymmetric matrices, 175,

176, 180, 206, 229
Lie algebra of skew-adjoint matrices, 206
Lie algebra, matrix, 176, 187, 188, 206
Linear affine variety

cartesian equation, 249, 252, 253, 262
parametric equation, 242, 243, 249, 251,
253, 254, 256, 291, 323

skew, 247
vector equation, 245, 257, 260, 261, 323

Linear combinations, 24, 134
Linear independence, 26, 69, 106
Linear transformation, 97

image, 105, 109, 111
kernel, 104, 109, 110, 122

Line of nodes, 187
Lorentz boost

event, 226
Lorentz force, 190, 191
Lorentz group, 225–227

special, 226

M
Matrix, 151–153, 155, 157, 160, 161, 164,

166–168, 172, 173, 175, 176
Matrix determinant, 69, 72, 73, 76, 215, 226,

303
Laplace expansion, 73, 74, 77

Matrix trace, 66, 67, 150, 160
Matrix transposition, 78, 199, 312
Maxwell equations, 229–232
Minkowski spacetime, 230, 231
Minor, 45, 72, 188, 189
Mixed product, 9, 14, 16
Momentum of a vector, 13

N
Normal endomorphism, 203–206
Norm of a vector, 10, 37
Nutation, 187

O
One parameter group of unitary matrices,

211
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Orthogonal basis, 181
Orthogonal group, 153, 176, 178, 180, 181

special, 153, 181, 184
Orthogonality between affine linear variety,

271, 272, 276
Orthogonal map, 156
Orthogonal matrix, 153, 167, 171, 177, 179,

182, 184, 191–193, 315
Orthogonal projection, 11, 42, 158–162,

276, 294

P
Parabola, 293, 294, 297–301, 307, 311, 317–

319, 324, 325
Parallelismbetween affine linear variety, 245
Parallelogramm

sum rule, 236, 333
Polar vector, 190–193
Precession, 187
Pseudo vector, 189, 190

Q
Quadratic form, 213–220, 222, 224, 225,

233, 300, 311, 313, 314, 319, 326

R
Rank of a matrix, 55, 58
Reduced mass, 309
Ring, 51, 329, 334–337, 339, 341
Rotation, 6, 173, 183, 184, 186, 192, 194,

227, 228, 301, 311, 312, 316, 326,
332

Rotation angle, 184
Rotation axis, 183–185
Rotor, 15
Rouché-Capelli theorem, 94
Row by column product, 50, 67, 130, 152

S
Scalar field, 16, 229, 230
Scalar product, 9, 11, 12, 16, 35, 36, 41, 42,

45, 49, 154, 166, 213, 218, 220, 269,
299

Self-adjoint endomorphism, 156, 157, 159,
163, 166, 169, 175, 205

Signature of a quadratic form, 216, 218, 219
Skew-adjoint endomorphism, 174–176, 206
Spatial parity, 226, 227
Spectral theorems, 197, 203
Spectrum of an endomorphism, 134, 205
Surjectivity of a linear map, 114
Symmetric matrix, 164, 165, 178, 213, 216,

220, 221
System of linear equations, 47, 249

homogeneous, 137, 146, 149, 164, 248,
249

T
Time reversal, 226, 227
Triangular matrix

lower, 58
upper, 56–59, 76, 83, 200

U
Unitary endomorphism, 205
Unitary group, 207

special, 207
Unitary matrix, 202, 208, 210, 223

V
Vector, 1–8, 11, 13, 15, 19, 22, 23, 26, 30,

39, 44, 49, 183, 189, 190, 202, 225,
226, 235, 239, 241, 243, 256, 270,
271, 274, 285, 288, 291, 309, 323

Vector field, 15, 16, 190, 191, 229, 230
Vector line, 23, 166, 183–185, 239
Vector plane, 242, 245
Vector product, 9, 12–14, 189, 190, 192–194
Vector space, 4, 18–24, 26, 28, 30–33, 35,

38, 39, 42, 48, 60, 65, 97, 100, 107,
118, 125, 128, 131–133, 137, 142,
143, 166, 173, 176, 182, 198, 206,
213, 214, 218, 222, 229, 235, 238,
255, 263, 269

complex, 45, 128, 163, 222
Vector subspace, 21–24, 40, 53, 104, 105,

134, 159, 162, 176, 240, 245
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